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0 INTRODUCTION

In his booklet [18] George Glauberman asks whether it is possible to generalise his
Z*-Theorem [17] to odd primes. The so called “Odd Z;-Theorem” might be stated as:

Let G be a finite group and p an odd prime. Suppose that P is a Sylow p-subgroup with an
element x € P such that, whenever x8 € P for some g € G, then g € Cg(x).
Then x is an element of Z;(G).

Here Z;;(G) denotes the full pre-image of Z(G/0,(G)) and O, (G) is the largest normal
subgroup of G of order prime to p.

Glauberman’s question was answered positively (see for example 7.8.3 of [24]). In order to
prove the theorem, a minimal counterexample is investigated. The first step is a reduction
to the case where the counterexample is almost simple. Then the Classification of Finite
Simple Groups is applied. By running through the list of the 26 sporadic groups and 17
infinite families of finite simple non-abelian groups it is possible to check that none of these
groups occur as a counterexample.

But there is still neither a Classification-free proof of the Odd Z;-Theorem nor a proof
which provides some structure theoretical insight in terms of the subgroup structure.

Glauberman proved the Z*-Theorem with modular representation theory. Recently Rebecca
Waldecker [37] gave local arguments for a new proof of the Z*-Theorem under the addi-
tional hypothesis that the simple groups involved in the centraliser of an isolated involution
are known simple groups.

In 1981 Peter Rowley [32] weakened the hypothesis of the Odd Z,-Theorem by introducing
the following concept:

In a finite group G an element x of a Sylow p-subgroup P is called p-locally central in G
with respect to G if and only if Ng(R) < Cg(x) forall 1 # R < P.

He proved the following theorem using group theoretical arguments.

Let P be a Sylow 3-subgroup of a finite group G. Suppose that x € P is a 3-locally central
element in G with respect to P. Then x is an element of Z3(G).

Rowley’s and Waldecker’s results raise hopes of finding a new proof of the Odd Z,-Theorem
for the prime 3 that is independent of the Classification of Finite Simple Groups and pro-
vides a better knowledge of the structure of finite groups in general.

In his proof Rowley analyses a minimal counterexample G to his theorem. He reduces G to
an almost simple group. The main part of Rowley’s proof is to investigate the components
of Cg(a)/O(Cg(a)) for all involutions a of G. He shows that they all belong to a list of finite
quasisimple groups. Finally he proves that G’ is a known simple group.

Altogether he cites many results from the contents of the Classification of Finite Simple
Groups which reduce his problem to the case that G’ belongs to a list of known simple
groups. This list includes six sporadic groups and five infinite families of groups of Lie
type, and in the end Rowley says that G’ cannot be any simple group of this list, but without
explicitly proving this.

A first step to the desired proof of the Odd Z,-Theorem for the prime 3 is a new proof of
Rowley’s theorem that avoids arguments in certain finite simple groups and instead gives
more structural insight.



The main result of this thesis is such a new proof of Rowley’s theorem.

Except for Helmut Bender’s classification of finite groups with a strongly embedded sub-
group [6], we try to avoid theorems that yield lists of finite simple groups. We use more
heavily the property of an element to be 3-locally central and give structural arguments.
Moreover we do not need any special knowledge about finite simple groups except for the
Suzuki groups, PS U(3,2") for some natural number n > 2 and PS L(2, g) for some prime
power q.

In Part 1 of this thesis we state results that are independent of the concept of 3-locally cen-
tral elements. Therefore the first chapter includes well-known statements and elementary
results. Moreover we collect properties of the above stated simple groups. The results pre-
sented here will be used in the subsequent chapters.

The next chapter is an introduction to the important concepts for the proof of the main the-
orem. We define a notion of balance and get acquainted with the concept of strongly closed
elementary abelian subgroups of a finite group. This plays an important role in the follow-
ing investigation of the structure of finite simple groups with a strongly closed elementary
abelian subgroup where the centralisers of many involutions are 3-soluble. For this we use
arguments and ideas of Daniel Goldschmidt [20], but not the classification of finite groups
with a strongly closed 2-subgroup in its full strength.

Finally we introduce the Bender method. We adopt this and other ideas of Bender [4]
to give an alternative proof of the well-known statement that finite simple groups with a
Sylow 2-subgroup of order 4 are isomorphic to PS L(2, g), where ¢q is a prime power such
that ¢ = 3 or 5 (mod 8).

Part 2 consists of the proof of Rowley’s theorem. Analogously to Rowley, we investigate
a minimal counterexample G to the theorem with a 3-locally central element x. The main
idea of our proof is to conclude that the minimal counterexample has a strongly embedded
subgroup. Then we apply Bender’s classification of these groups [6] to deduce that G’ is
isomorphic to PS U(3,2"), PS L(2,2") or S z(2") for some suitable natural number n > 2. In
the beginning of the third chapter we exclude these cases.

Then the real work starts. Similarly to Rowley, we reduce to the case where a minimal
counterexample G is almost simple, more precisely G = G’ - (x) where G’ is non-abelian
simple and has order divisible by 3 and an index equal to 1 or 3 in G. Moreover we describe
properties of the important objects Cg(x) and o := {g € 7(G) | ¢ 1 |G : Cc(x)|}.

The most relevant result of the third chapter is that every non-cyclic elementary abelian
2-subgroup has an involution whose centraliser is not contained in C(x). This implies that
the centraliser of every non-cyclic elementary abelian 2-subgroup is S 4-free. Moreover we
show that our minimal counterexample itself is S 4-free or that we can already see its whole
{2, 3}-structure in Cg(x).

This illustrates that the connection between the 2-structure and the 3-structure of our mini-
mal counterexample is either deep or non-existent. This dichotomy intensively influences
the structure of our proof.

Concerning the 2-structure of G we divide our investigation into two cases. The first where
G has an elementary abelian 2-subgroup of order at least 8 and the other.

The first case is excluded in the fourth chapter. Using signalizer functors and further argu-
ments of balance, we show that ([x, Oy (C(a))] | a € A*) is trivial, if we have 2 € o. On the
other hand for every involution of Cg(x) we have Cg(a) = (Cg(a) N Cg(x)) - [x, Oy (Cg(a))]
in this case. It follows that C(x) is strongly embedded.

If there is almost no connection between the 2- and the 3-structure, then G is S4-free and



possesses a strongly closed elementary abelian 2-subgroup. We use our results about finite
simple groups with a strongly closed elementary abelian 2-subgroup, where the centralisers
of many involutions are 3-soluble, to obtain a contradiction.

In the second case with small 2-rank we first determine the structure of the Sylow 2-
subgroups of G.

With arguments about fusion from Jonathan Alperin [1] we show that a Sylow 2-subgroup
T of G is either homocyclic abelian, dihedral or isomorphic to a Sylow 2-subgroup of U3(4).
If T is abelian, then a result of Richard Brauer [10] forces T to be elementary abelian of
order 4. Since we classified these groups before, we find a contradiction.

In the case where T is dihedral we follow Bender’s investigation of finite simple groups with
dihedral subgroups [4] and we intensively use the Bender method. In our situation many
arguments become simplified. Quoting a result of Bender and Glauberman from [7] and a
variation [5] of the Brauer-Suzuki-Wall-Theorem due to Bender, the group G’ is forced to
be isomorphic to PS L(2, g) for some prime power g, which leads to a contradiction.

The case remains where 7' is isomorphic to a Sylow 2-subgroup of the group U3(4). From a
result of Richard Lyons [31] we could immediately conclude that G’ is isomorphic to Us(4).
But this would not deliver the desired structural insights.

We first prove that Cg(x) contains a Sylow 2-subgroup of G and is not soluble. With the
additional hypothesis that the theorem of Lyons holds in sections of Cg(x) we adopt ideas
of Graham Higman [28] to obtain a final contradiction.

Throughout the proof we often use the “Odd Order Theorem” of Walter Feit and John
Thompson [13], and the Z*-Theorem of Glauberman [17].

Our notation is standard as in [30] or explicitly defined except that we write U max G if U
is a maximal subgroup of G and cyclic groups of order n are denoted by Z,.
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GENERAL RESULTS






1 PRELIMINARIES

1.1 BACKGROUND RESULTS

This section is a congeries of notation and required results that we often use in this thesis.
Most results stated are well-known and we just give a reference.

Throughout this section let p be a prime and G be a finite group.

Furthermore let S be a Sylow p-subgroup of G.

1.1.1 DEFINITION

(a) The rank of an elementary abelian finite p-group A is a natural number n such that
|A| = p" holds.

(b) The rank of a finite p-group P is equal to the rank of the largest elementary abelian
subgroup of P. We denote the rank of P by r(P).

(c) The p-rank of G is the rank of a Sylow p-subgroup of G and denoted by r,(G).

1.1.2 LemMma

Let G be a p-group.
If we have r(G) = 1, then G is cyclic or we have p = 2 and G is a quaternion group.

Proor
This is Proposition 1.3 of [8]. O

1.1.3 LeMma

If G is a cyclic 2-group, a dihedral group of order at least 8, a quaternion group of order at
least 16 or semidihedral, then Aut(G) is a 2-group.
Furthermore we have Aut(Qg) = S 4.

Proor
These are 1 4.6 of [29], Theorem 34.8 of [8] and 5.3.3 of [30]. ]

1.14 Lemma
Let G be a p-group. If H is a subgroup of G such that G = H - ¢(G), then G = H.
Moreover G/¢(G) is elementary abelian.

Proor
These are 5.2.3 and 5.2.7 (a) of [30]. m]

1.1.5 LemMA (DEDEKIND IDENTITY)
Let G = U -V, where U and V are subgroups of G. Then every subgroup H satisfying
U < H < G admits the factorisation: H = U - (V N H).

Proor
Thisis 1.1.11 of [30]. O



1.1.6 DEFINITION

If G and H are finite groups, then G is called H-free if and only if G contains no section
isomorphic to H.

1.1.7 Lemma
Let G be a finite group and suppose that G is not S 4-free. Then there exists a non-trivial
2-subgroup T" of G such that Ng(T) is not S 4-free.

Proor
This is Lemma 2.3 of [32]. O

1.1.8 TarEorEM (HALL)

If G is soluble, then there exist Hall 7-subgroups for every set 7 of primes.
Moreover all Hall w-subgroups are conjugate in G and every m-subgroup is contained in
some Hall 7-subgroup.

Proor
This is VI 1.8 of [29]. O

1.1.9 FocAL SusGrour THEOREM
We have S NG’ = (a"'a8 | a,a® € S and g € G).

Proor
This is Theorem 7.3.4 of [22]. m]

1.1.10  p-ComPLEMENT THEOREM OF BURNSIDE
Suppose that Ng(S) = Cg(S). Then G has a normal p-complement.

Proor
This is Theorem 7.4.3 of [22]. ]

1.1.11  p-CompLEMENT THEOREM OF FROBENIUS
The finite group G possesses a normal p-complement if and only if one of the following
conditions holds:

(a) For every non-identity p-subgroup P of G we have that Ng(P)/Cg(P) is a p-group.
(b) For every non-identity p-subgroup P of G the group Ng(P) has a normal p-comple-
ment.

Proor
This is Theorem 7.4.5 of [22]. O

1.1.12 Opbp OrbpER THEOREM OF FEIT AND THOMPSON
All finite groups of odd order are soluble.

Proor
This is [13]. m]

1.1.13 Z*-THEOREM OF (GLAUBERMAN

Let p = 2 and suppose that ¢ € S. A necessary and sufficient condition for ¢ ¢ Z*(G) is that
there exists an element a € Cs (c) such that a is conjugate to ¢ in G and a # c.

Proor
This is Corollary 1 of [17]. ]



1.1.14 LzemMA (COPRIME ACTION)

Let 7 be a set of primes. Suppose that G is a n’-group and let A be a finite 7-group acting
on G and let p € 7’. Then the following hold:

(a) If G is normal in H and A also acts on H, then Cy;6(A) = Cy(A) - G/G.
(b) There exists an A-invariant Sylow g-subgroup of G for every prime q.
(c) If G is soluble, then there exists an A-invariant Hall p-subgroup of G.
(d) We have G = [G,A] - Cg(A) and [G, A] = [G, A, Al
(e) If A is elementary abelian and non-cyclic, then we have

G = (Cg(B) | B max Ay = (Cg(a) | a € A¥).
(f) If G is abelian, then G = C5(A) X [G, A] holds.

(g) If A centralises some normal (or subnormal) subgroup H of G satisfying Cs(H) < H,
then A centralises G.

Proor

From the Odd Order Theorem 1.1.12 we see that either G or A is soluble. Thus we may
apply Chapter 8 of [30]. Parts (a) to (f) are 8.2.2 (a), 8.2.3 (a), 8.2.6 (a), 8.2.7, 8.3.4 (a) and
8.4.2 of [30]. Part (g) is a variation of Thompson P X Q-Lemma 8.2.8 of [30]. To see this
we remark that H X A acts on G. m]

1.1.15 DEFINITION

Let p be odd and G be a p-group. A characteristic subgroup R of G of class at most 2
and of exponent p such that every non-trivial p’-automorphism of G induces a non-trivial
automorphism of R is called critical.

1.1.16 Lemma
If pis odd and G is a p-group, then G possesses a critical subgroup.

Proor
This is Corollary 14.4 of [8]. O

1.1.17 LemMMa

Let a be an involution acting on an elementary abelian 2-group A.
Then we have [Ca(a)]® > |A].

Proor
This is 9.1.1 (b) of [30]. O
1.1.18 LeEmma
Let K be a component of G. Then the following hold:
(a) The group E(G) is the central product of the components of G.

(b) If N is a subnormal subgroup of G, then we have K < N or [N, K] = 1.

(c) If L is a component of G with K # L, then we have K N L < Z(K) and,
if F is a subgroup of F(G), then F N K < Z(K) holds.

(d) If g is an element of G such that g normalises some subgroup U of K with U £ Z(K),
then g normalises K.



(e) Letn € N and let Gy, ..., G, be non-abelian simple groups. If N is a normal subgroup
of G X ... X G, then there is a subset J C {1, ..., n} such that N = Xjej G;.

(f) If N is a subnormal subgroup of G, then E(N) is a subset of E(G).
(g) If U is a subgroup of G and K is contained in U, then K is a component of U.
(h) We have Cg(F*(G)) = Z(F*(G)).

Proor

Part (a) is 6.5.6 (a) of [30] and Part (b) is 6.5.2 of [30].

Part (c) follows from (b), since components of G and subgroups of F(G) are subnormal in
G and none of these contains a proper subnormal non-abelian quasisimple subgroup.

For Part (d) we observe that K¢ is a component of G and we see that U < K N Ké. Hence
we apply (c) to K and K8 to obtain K& = K from U £ Z(K).

Part (e) is 1.6.3 (b) of [30].

If K is a component of N, then K is a quasi simple subnormal subgroup of N and therefore
a quasi simple subnormal subgroup of G. Thus Part (f) holds.

If K is contained in U < G, then K = K N U is subnormal in U. As K is quasisimple, the
assertion of (g) follows.

Finally Part (h) is 6.5.8 of [30]. O

1.2 SpectFic NoN-SOLUBLE GROUPS

In this section we collect knowledge about certain non-abelian simple groups that occur
specificly in our investigation. We give an explicit proof of every result or refer to the
literature.

1.2.1 DEFINITION
A finite group G is almost simple if and only if F*(G) is simple and G/F*(G) is soluble.

1.2.2 'THEOREM OF DICcKsON
Let p be a prime and let f be a natural number. The group PSL(2, p/) contains exactly the
following subgroups:

(a) elementary abelian p-groups of order p™ with m < f,

(b) cyclic groups of order k where k divides either @ or L;l andd = (p/ - 1,2),
(c) dihedral groups of order 2 - k with k as in (b),

(d) alternating groups Ay, if p >2 or p = 2 and f is even,

(e) symmetric groups S 4, if p*f —1 =0 (mod 16),

(f) alternating groups As, if p = 5 or p>/ — 1 = 0 (mod 5),

(g) semidirect products of elementary abelian groups of order p™ and cyclic groups of
order k where k is as in (b) with the additionally condition k | p"—1landk|p/ -1,

(h) groups PSL(2, p™) with m | f and PGL(2, p™) with 2 - m | f.

Proor
This is IT 8.27 of [29]. O
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1.2.3 ProroOSITION

Let G be a finite group with O(G) = 1. Suppose further that F(G) contains exactly one
involution and E(G) = PSL(2,5) or E(G) = SL(2,5).

Then Oy 3y (Cg(b)) = 1 for all involutions b € G.

Proor

Let ¢ be the involution of F(G).

Then we have ¢ € Z(G) and hence O3y (Cg(c)) < O(Cg(c)) = O(G) = 1. The outer
automorphism group of E(G) has order 2 by Theorem 3.2. (ii) of [39]. Moreover from
Lemma 1.1.2 and Lemma 1.1.3 we deduce that F(G) admits only automorphisms that are
{2, 3}-elements. Therefore we see with Lemma 1.1.18 (h) that G/F*(G) is a {2, 3}-group. It
follows for all involutions b € G that the group Oy .3y (Cs(b)) is a subgroup of Cgg)(b).
Let — : G — G/Z(E(G)) be the natural epimorphism and let first » be an involution of
F*(G) \ {c}. Then there are elements ¢ € E(G) and f € F(G) such that b = ¢ - f. From
f € F(G) < Cg(E(G)) we obtain that Cg)(b) = Ce)(e - f) = Cg)(e). Moreover we see
1 =b>=(e- f)> = - f2. This shows that ¢*> = (f~1)?> € E(G) N F(G) < (c). We conclude
that e is a 2-element of E(G). From E(G) = PSL(2,5) = Ajs it follows that Cm(é) is
elementary abelian of order 4. Thus we have that Op 3y (Cg(b)) = 1, if E(G) is simple. In
the other case, if E(G) is not simple, then c is the unique involution of E(G) and E(G) has
quaternion Sylow 2-subgroups of order 8.

Suppose for a contradiction that e = ¢. Then we obtain 1 = b> = fZ and hence f is trivial
or an involution of F(G). Since c is the unique involution of F(G), it follows that b € {1, c}.
This is a contradiction. Therefore e has order 4 and e has order 2. Consequently the group

Npg)(e) - Z(E(G))) = Ng,(@)) = Ciy(¢e) = Cyi5(e)

is of order 4. Thus its full pre-image Ng()({e) - Z(E(G))) has order 8. Moreover Cgg)(e) is
a subgroup of Ng(g)({e) - Z(E(G))). This implies that Cg)(b) = Cg()(e) is a 2-group. In
particular O3y (Cg(b)) < O3y (CeG) (D) = Op sy (Ceey(e) = 1.

Let now b be an involution of G not contained in F*(G). If we have b € Cg(E(G)), then
Oy23y(Cg (b)) is a normal subgroup of E(G) of odd order. Thus O3 (Cg(b)) is trivial.

We finally suppose that b induces a non trivial automorphism on E(G). Then we have that
E(G) - {by = S5. Since b is an involution, b is a transposition in E(G) - (b) = S5. In S5 it we
obtain that Cs,((4,5)) = ((1,2),(4,5),(1,2,3)) = {(4,5)) - S 3. Since all transpositions in S 5
are conjugate Cm.(l_a) is a {2, 3}-group. Consequently |Cr)(D)| = |Ce)(D)| - |Z(E(G))|
is a divisor of the {2, 3}-number |Cm(b)| |Z(E(G))|. In particular CgG)(b) is a {2, 3}-group
and so 0{2,3}1((7(;([9)) =1. O

1.2.4 LeMmMma

Suppose that G = PSL(2, p") for some prime p.
Then the outer automorphism group of G is isomorphic to (@) X (5), where @ has order n
and induces a field automorphism in G and g is of order 2, if p is odd, or trivial for p = 2.
Moreover G - (8) = PGL(2, p"*) and, if 8 is non trivial, then C5(B) is dihedral order p" — 1.
If y € (@) has order i, then Cg(y) = PSL(2, p7).

Proor

By Theorem 3.2. (ii) of [39] we obtain that OQut(PSL(2, p")) = Z, X Zp pi_1) = (@) X (B),
where @ has order n and 8 is of order 2 for odd p or trivial for p = 2.

The analysis in section 3.3.4 in [39] yields that @ induces a field automorphism in G and
that G - (8) = PGL(2, p"). If k is an algebraically closed field such that GF(p") < k, then
PGL(2, p*) < PGL(2,k) and all involutions of PGL(2, p") \ PSL(2, p"*) are conjugate in
PGL(2, k). In particular we may choose 8 = Z(GL(2, p")) - (_01 ?) to obtain the structure of
its centraliser.
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a

0

We suppose that H = S L(2, p") and (Z ;) € H. Then we observe that Z(H) - (Z ;) € Cg(p) if
and only if

—-a b a b -1 0
(2 2)-am {2 2o ()

:Z(H)-(_Ol ?)-Z(H)-(j Z):Z(H)-(_Ca _db).

Equivalently we either have b = ¢ = 0 ora = d = 0. As we moreover havea-d —b-c =1,
this is the case if and only if either

(2 0)=(4 9)-(0 2 )era
()=(00) = a)er (S o)

a b . .[a b 0 1
c d)eCG(ﬂ)lfandonlylf(c d)ELUL-(_1 O)'

Letp+#2and L = {( a(31 ) |ae GF(p”)#}. Then L has p" — 1 elements.

Combined we have Z(H) - (

We set y = (_01 {)) Then we observe [LU L -y| = 2-|L| = 2-(p" — 1). Since for all

z€ LUL-ywe have z- (61 _01) € LU L -, it follows that Cs(8) has order w =pt-1.
From Dickson’s Theorem 1.2.2 we conclude that C5(B8) is dihedral.

Since « induces field automorphisms in G, the assertion of the lemma follows from Propo-
sition 4.9.1 (a) of [24]. O

1.2.5 Lemma

Let n be a natural number and let 7 be a Sylow 2-subgroup of PSL(3, 2").

Then there are exactly two elementary abelian subgroups of order 22" in T and every ele-
mentary abelian subgroup of T is contained in one of them.

Proor
By Sylow’s Theorem and II 7.1 of [29] we may choose T such that T consists of all 3 x 3
lower triangular matrices where every diagonal entry is 1. For such an element we have

100) 1 0 0 1 00
a 1 0 = a+a 1 0 |= 0 1 0.
b ¢ 1 b+a-c+b c+c 1 a-c 0 1

Thus the set of elements of T of order at most 2 is

1 00
f(T):zI(T)U{id}z{{a 1 0]|a:00rc=0}.
b ¢ 1

In particular every elementary abelian subgroup of T is a subset of I(T).
Furthermore for all a, b, x,y € GF(2") such that a # 0 # y, the following holds:

1 00 1 00 1 00
[a 1 0 ~[0 1 0]:[ a 1 0]¢1"(T).
b 0 1 x y 1 b+x y 1
For this reason every elementary abelian subgroup of 7T is a subset of one of the following
sets.
1 00 1 00
{[a 1 0J|a,bEGF(2”)},{[O 1 0]|a,beGF(2")}.
b 0 1 b a 1
As every of this sets is an elementary abelian subgroup of 7', the assertion follows. O
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1.2.6 Lemma

Let A be an elementary abelian group of order 16 and G = Aut(A).

If H is subgroup of G that acts irreducibly on A and its order is divisible by 7, then H has a
section isomorphic to S 4.

Proor

Let H be subgroup of G that acts irreducibly on A and such that H is no 7’-group.

In [11] all maximal subgroups of G are listed. Since H is neither contained in a point or
plane stabiliser, we conclude that H is a subgroup of A7. We check again in [11], that all
maximal subgroups of A7 of order divisible by 7 are isomorphic to PSL(2,7). Finally [11]
yields that all maximal subgroups of order divisible by 7 of PSL(2, 7) are Frobenius groups
of order 21.

Moreover 16 — 1 is not divisible by 7. Hence a cyclic group C of order 7 that acts on A does
not act irreducible on A. If C is normalised by some group D of order 3 that also acts on A,
then C4(C) is normalised by D. We conclude that a Frobenius group of order 21 does not
act irreducible on an elementary abelian group of order 16. Since G, A7 and PSL(2,7) are
not S 4-free, the assertion follows. O

1.2.7 THEOREM

Let G be the outer automorphism group of an extra-special 2-group 7 of order 22"*! for an
n € {1,2,3,4}. Then G is isomorphic to the orthogonal group O¢(2 - n,2) with € € {—, +}.
Moreover G has no non-soluble section that does not involve a § 3.

Proor

The first part follows from Theorem 1 (c) of [40]. Moreover the same theorem provides an
order formula of O¢(2 - n,2). If we have n = 1 or n = 2 and € = +, then we compute that
G is a 2-group or a {2, 3}-group and therefore soluble by Burnside’s p?¢®-Theorem 10.2.1
of [30]. If G is not soluble, then we know from [11] that O*(G) is isomorphic to one of
0;(2) = As, O£ (2) = Ag, O4(2) = PSU(4,2), O¢(2) or Og(2). For all this groups we again
obtain the assertion from [11].

More precisely the simple section that occur are 08‘(2), 0;(2), Sp(6,2), Ag, PSU(4,2), Ag,
A7,PSL(2, 16), Ag, PSL(2, 8), PSL(2, 7), A5. The minimal non-soluble section are PSL(2, 8)
that has a maximal subgroup isomorphic to Djg, which contains a 3, PSL(2,7) that has a
maximal subgroup isomorphic to S 4, that contains a S 3, and As that has a maximal subgroup
isomorphic to S 3. m|

1.2.8 THEOREM

Let G be a finite quasisimple non-abelian group of order prime to 3 and let — : G — G/Z(G)
denote the natural epimorphism.

Then there exists a natural number n > 1 such that G = S z(22"*). Moreover if T is a Sylow
2-subgroup of G, then the following hold:

(a) The centre of G is trivial except for the case n = 1, then it is a subgroup of an
elementary abelian group of order 4.

(b) If G is not simple, then G admits no outer automorphism.

(c) If G is simple, then the outer automorphism group of G is cyclic of order 2n + 1 and
induces Galois automorphisms on Q (7).

(d) The group T has order (2>*1)? and we have that Q(T) = Z(T) = ¢(T) is elementary
abelian of order 22"*! > 8. Furthermore Q;(7) is the full pre-image of Q (7).
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(e) The group Nz(T) = Ng(Q(T)) is a Frobenius group of order (22+1)? . (2271 — 1)
with kernel T and cyclic complement.

(f) All involutions of G are conjugate.
(g) If 7 is an involution of G, then Cy(7) € Syl,(G) or t € Z(G).

(h) Whenever we have # € T for an element g € G and an involution 7 € Z(T), then
8 € Z(T). Moreover Z(T) is the only elementary abelian 2-subgroup of T with that

property.
(1) If U is subgroup of G containing Q(7'), then O(U) is trivial.
(j) If L be a non-soluble subgroup of G, then we have Ng(L) = L and Z(L) = Z(G).

Proor
The first statement of the Theorem is proven in [36].

(a) This follows from Theorem 1 and 2 of [2].
(b) This is Theorem 2 of [2].
(c) This is Theorem 11 of [35] and its proof.

(d) The statement about T follows from Theorem 9 of [35] together with Lemma 1 of the
same article. We have that Q;(T) is contained in the full pre-image of Q(T). More-
over in [11] we check that the pre-images of the elements in Q;(7’) are involutions.
Thus Q(T) = Q(T).

(e) This follows from Theorem 9 of [35] together with Lemma 7 of the same article.
(f) The assertion follows by Lemma 1 and Lemma 7 of [35].
(g) This again is a combination of Theorem 9 and Lemma 1 of of [35].

(h) Since Z(T) = Q(T) is the set of all elements of T of order 2 or 1 by (d), the group
Z(T) has the described property. From (f) it follows that Z(T') is the unique elementary
abelian subgroup of 7 with that property.

(1)(j) Both of the last statements follow again from Theorem 9 of [35]. O

1.2.9 DEFINITION
If G is one of the groups in Theorem 1.2.8, then we call G a Suzuki group.

1.2.10 Lemma

Let K be a component of the finite group G such that K/Z(K) is a Suzuki group.

Suppose that y € G is an element of order 3. Then y normalises K or there is a section of
Cs(y) isomorphic to K/Z(K). In both cases Cg(y) is of even order.

Proor

We suppose first that Z(K) = 1. If y centralises K, then the assertion follows immediately
from the fact that K is of even order by Theorem 1.2.8 (d).

If y normalises but does not centralise K, then y induces an automorphism of order 3 on K.
Thus we obtain from Theorem 1.2.8 (c) an element x € G and a Sylow 2-subgroup 7" of K
such that x induces a Galois automorphism on Q;(7) and moreover, such that there is an
element k € K such that x - k and y induce the same automorphism on K. From Proposition
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4.9.1 (d) of [24] we see that x - k is conjugate to x in a K-invariant group. In particular
Ck(y) = Cg(x - k) = Cg(x). As x induces a Galois automorphism on Q(7T), the group
Ck(x) is of even order. It follows that C(y) is of even order.

In the other case, if K is not normalised by y, then K” is a component of G different from
K. Consequently Lemma 1.1.18 (b) implies that [K, K] = 1. We further consider the map
v:K—->G,am a-d .. From [K, K] = 1 we deduce that the map i is a homomorphism.
From the Homomorphism Theorem we observe that {a-a” @’ | a € K} = im(¥) = K/ker().
For all a € K we have (a - @’ -ayz)y =a"-a -a=a-a - a". Thus im(y) € Cg(y). Since
K is simple and ker(iy) < K, we have im(y) = K or im() = 1. In the first case the assertion
follows immediately. We assume for a contradiction that im(¥) = 1. Then for all a € K we
obtain that @ = (@-@) " =a'- (a'). This shows that the component K isa subgroup
of K X K”. From Lemma 1.1.18 (e) it follows that K € {K, K”}. This implies that K = K
which is a contradiction.

Let now Z(K) # 1. Then we have 3 t |Z(K)| by Theorem 1.2.8 (a). Denote Z((K®)) with
Z. Then we observe that Z is normal in (K¢) and y-invariant. In the factor group (y, K%)/Z
all assumptions of our lemma are fulfiled. As we showed above C, xay,7(Zy) has a section
isomorphic to KZ/Z or Zy normalises KZ/Z and C, kcy/7(Zy) is of even order. In the first
case the assertion follows from KZ/Z = K/(Z N K) = K/Z(K) and from Lemma 1.1.14 (a),
in particular Cyy, x6y/7(Zy) = Cyy, k6y/2(¥) = Cy k6y(V)Z/Z is a section of Cg(y).

In the second case y normalises K - Z and hence it normalises E(K - Z) = K. Moreover from
Lemma 1.1.14 (a) we see that |C, xay,7(Zy)| is a divisor of |Cs(y)|. Thus Cg(y) is of even
order too. m|

1.2.11 DEFINITION

Let G be a finite group. A subgroup H of G of even order is called strongly embedded in
G if and only if o* (G) £ H and for all involutions ¢ € H we have Cg(c) < H.

1.2.12 THEOREM

Let G be a quasi simple group. Suppose that G possesses a strongly embedded subgroup.
Then there is a power ¢ of 2 such that G/Z(G) is isomorphic PSL(2, ¢), S z(¢g) or PSU(3, g).
Moreover the following hold:

(a) If we have G/Z(G) = PSL(2, g), then Z(G) is trivial or ¢ = 4. In the case g = 4 the
group Z(G) has order at most 2.

(b) If we have G/Z(G) = PSU(3, ¢), then Z(G) is cyclic of order 1 or 3.
(c) If G has a section isomorphic to a Suzuki group, then G is a Suzuki group.

(d) If G no 3’-group and G/Z(G) ¢ PSL(2,4) and if moreover H < Aut(G) such that
Inn(G) < H and s € H is an involution, then we have O(Cg(s)) = 1.

(e) The group G has an elementary abelian Sylow 2-subgroup of order 4 if and only if
G = PSL(2,4).

(f) If G is isomorphic to PSU(3, 24) = Usz(4), then a Sylow 2-subgroup of G does not
involve a Sylow 2-subgroup of a Suzuki group.

(g) Suppose that G = PSU(3,2%) and T be a Sylow 2-subgroup of G. If T is isomorphic
Sylow 2-subgroup for a finite simple group H, then Ng(T)/O(Ng(T)) = T - {8) where
B is a fixed-point-free automorphism of 7" of order 15.
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Proor
The first statement of the theorem is proven in [6].
Parts (a) and (b) are consequences of Lemma 4.2.8 of [25].

(c) This follows by the Theorem of Dickson 1.2.2 together with Theorem 6.5.3 of [24].

(d) In [27] the authors remark this statement directly under Definition 1. We want to
convince ourselves.
Let G be of order divisible by 3 and G/Z(G) ¢ PSL(2,4). Suppose further that there is
a subgroup H < Aut(G) such that Inn(G) < H and let s be an involution of H. As |G|
is no 3’-group G is no Suzuki group. We remark at first that for a Sylow 2-subgroup
T of G we have Cy(T) = Z(T) (*) by Lemma 4.3.6 (a) of [25].

Assume that G = PSL(2,2") for some natural number n > 3. Then the group Out(G)
is an isomorphic image of the cyclic group of field automorphism of PSL(2,2") of
order n by Lemma 4.3.1 (a) of [25].

If we have s € G, then Lemma 4.3.4 (b) of [25] yields that Cs(s) is a Sylow 2-
subgroup 7. Because of (*) and T = 0>(Cg(s)) < O02(Cg(s)), we conclude that
O(Cy(s)) = 1.

Suppose that s ¢ G. Then Lemma 4.3.4 (c) of [25] yields that Cs(s) = PSL(2,2"/?).
Since every field automorphism of odd order centralising s normalises C(s) and
induces a field automorphism in Cg(s), we conclude that O(Cg(s)) = 1.

Assume now that G = PSU(3, 2") for some natural number n > 2. Then we obtain
from Lemma 4.3.1 (c¢) of [25] that Out(G) is an extension of a cyclic group (8) of order
(3,2" + 1) by the isomorphic image of the cyclic group (a) of field automorphism of
PSU(3,2") of order 2n.

If we have s € G, then Lemma 4.3.4 (b) of [25] yields that Cs(s) is an extension of
Sylow 2-subgroup T by a cyclic group of order % As above we conclude that
O(Cy(s)) is trivial, because of T = 02(Cg(s)) < O2(Ch(s)) and (*).

Let s be no element of G. Then we have Cg(s) = PSL(2,2") by Lemma 4.3.4 (c) of
[25]. Moreover because of Lemma 4.3.4 (a) of [25] we may suppose that s € (a).
Since s does not centralise § and every field automorphism of odd order centralising
s normalises Cg(s) and induces a field automorphism in Cg(s), we conclude again
O(Cp(s)) = L.

(e) This follows by the Theorem of Dickson 1.2.2, Theorem 1.2.8 (d) and the fact that
the Sylow 2-subgroups of PSU(3, g) for ¢ a power of 2 have at least order 8, as in
stated Section 3.6 of [39].

(f) If G is isomorphic to Us(4) = PSU(3,2%), then we know from [11] a Sylow 2-
subgroup T of G has order 64 = 2% and exactly 3 involutions. By Theorem 1.2.8 (d) a

Sylow 2-subgroup S of a simple factor of a Suzuki group has order (22'”“ )2 for some
n € N\ {0}. Suppose for a contradiction that 7 involves S. Then we observe n = 1
and T = S. By Theorem 1.2.8 (d) the group S contains seven involutions. This is a
contradiction.

(g) This is Lemma 1 of [31]. m|

1.2.13 DEFINITION
If G is one of the groups in Theorem 1.2.12, then we call G a Bender group.
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1.3 MISCELLANEOUS

Here we conglomerate result that do not fit in any of the previous sections.
All the results stated here are quite elementary.

1.3.1 Lemma
Let G be a finite group and suppose that x € G acts coprimely on H < G.

(a) Suppose that H is a p-subgroup of G. If there exists a subgroup K < [H, x] such that
[H, x] <{Cinx(x), K), then we have [H, x] = K.

(b) If there is an elementary abelian subgroup A < Cg(x) acting also coprimely on H,
then we have [H, x] = (Ciz(B) | Bmax A, Cg(B) € Cg(x)).

Proor
We set Hy = [H, x].
Since x acts coprimely on H, Lemma 1.1.14 (d) yields [Hy, x] = [H, x, x] = [H, x] = Hp.
(a) The element x acts on Hy/¢(Hp). This group is elementary abelian by Lemma 1.1.4.
From Lemma 1.1.14 (a) we observe that Cr,¢m,)(x) = Ch,(x) - ¢(Ho)/p(Hp).
Since the natural epimorphism Hy — Hy/¢(Hp) is a homomorphism it follows that

[Ho/$(Ho), x] = [Ho, x] - $(Ho)/p(Ho) = Ho - ¢(Ho)/Pp(Ho) = Ho/P(Hop).
Applying Lemma 1.1.14 (f) we get
Hy/¢(Ho) = [Ho/Pp(Hp), x]1 X ChyspHo)(X) = Ho/p(Ho) X Chy(x) - ¢(Ho)/Pp(Hp).

We deduce that Cg,(x) < ¢(Hp) and so Hy < (Crpx(x), K) = (¢(Hp), K) = ¢(Hp) - K.
Finally Lemma 1.1.4 implies the assertion.

(b) As A centralises x and normalises H, the group Hy = [H, x] is (A, x)-invariant. From
Lemma 1.1.14 (b) we obtain an (A, x)-invariant Sylow g-subgroup Q of H, for all
primes g dividing |H|. Part (e) of the same lemma shows that

[0, x] = (C0x(B) | Bmax A) C (C0,x(x),{Cigx(B) | Bmax A, Cg(B) £ C5(x))).
From Part (a) of our lemma we deduce
[Q. x] = (Cig.x(B) | Bmax A, Cc(B) £ Cg(x))
< (CiHy.x)(B) | Bmax A, Cg(B) £ Cg(x)).

Finally Lemma 2.8 of [19] yields that
Hy = ([0, x] | Qis {x,A)-inv. Sylow subgr. of Hyp)

C (Cray.x(B) | Bmax A, Cg(B) £ Ci(x))

= <C[H,x](B) | B max A, Cc;(B) ;t_ CG()C)>, as [H(),X] = Ho = [H, x]. O

1.3.2 Lemma

Let V be a finite vector space over GF(2) and B be a basis of V. Then W = ({b+a | a,b € B})
is the unique hyperplane of V with WN B = 2.

Proor

Let M ={b+alabe B} Wedefineamapa : V - GF(2)suchthatv = },cpdp - bis
mapped to Y ,cp Ap With {1 | b € B} € GF(2) suitable. Then « is linear and therefore ker(a)
is a hyperplane of V. Since GF(2) has characteristic 2, we conclude that (M) = ker(a).
From b® =1 # O for all b € B we deduce that (M) N B = ker(a) N B = @.

If W is a hyperplane W of V with W N B = @, then we see that |V/W| = 2. This implies that
W+a=W+b+ Wiorevery b € B. Hence (By) < {a+b|b e By < Wyields W = (By). O
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1.3.3 Lemma

Let G be a finite group and suppose that V is a 2-subgroup of G such that Ng(V) is not
S 3-free. Then there exist an element y of order 3 and there is a 2-element b of Ng(V) such
that (y, by/(b*) = S 3.

If further V is abelian and the element y does not centralise the 2-group V, then there is an
involution a of V such that {(a, y, b)/ (b?) = S 4. Moreover (a, y) = Ay,

Proor

Let A be a subgroup of Ng(V) and B < A such that A/B = § 3. Furthermore let R € Syl;(A).
Then we observe that No(R) # Ca(R) and 2 divides [Nao(R) : Co(R)|. Let T € Syl,(Na(R))
and let b € T be of minimal order such that [b, R] # 1. Then there is an element yy € R with
1 # [yo, b] € R. The element b? centralises R and so yo. Consequently we have

o, b1 = Gy - ¥5)? = (v 1P ~y82 = (") - yo = [b,y0] = [yo. b1 7"
Hence b inverts ([yg, b]) # 1. Let y € ([yo, b]) be of order 3. Then we have (y, by/(b*) = S5,
as asserted.
In addition we suppose now that y does not centralise the abelian group V. Then we observe
that 1 # [V,{(y)] < V. Moreover [V, (y)] is normalised by b, because V and (y) are b-
invariant. Since V is abelian, Lemma 1.1.14 (f) shows that [V, (y)] N Cy({y)) = 1. Moreover
the 2-element b acts on the 2-group [V,(y)]. This provides an involution ag € Ciy,y)(b).

The group (ay, aé, ag) is a y-invariant subgroup of [V, (y)] and hence elementary abelian.

2 ) 2 ’2 . . . .
Therefore {ay - a(y), ap - af) Yy={l,ap- ai), ap - aé ,aﬁ . af) } is a y-invariant elementary abelian
group of order 4 that is not centralised by y. This implies that for a := ag - ag the group

(a,y) is isomorphic to A4. Furthermore we notice that

2 2 b 2\b 2 5 2
@)’ =(ap-a =@-adY=a"a"=d" ) = d=d a =a
(@)’ = (a0 - ap)")" = (ag - ay

0 % 0 0 70 "%~ % %
b _ YNo _ b YD _ by” _ byy? _ o _ )’
a’ =(ap-ay)” =ay-a, =ap-a, =ap-(a)) =ao-ay, =a, -ap=a",
2 2 ,2b b,Zb
and (&’ )b:(ao-aé)b:ag-a)o 200'6100) =ao-a{):a.

In particular b* € Cs({a,@)) and (a, a”) is normalised by (y, b).
Altogether we see that (a, y, b)/(b*) = S 4. O

1.3.4 Lemma
Let T be a finite 2-group and S be a self-centralising subgroup of 7.

(a) If § = V4, then T is dihedral or semidihedral.
(b) If S = Qs, then T is semidihedral or a quaternion group.

Proor
(a) As S is self-centralising it, contains the non-trivial group Z(T'). Let ¢ € Z(T)* and
a € S\ {c). Then we have that § < Cr(a) = Cr({a,c)) = Cr(S) < §, since § is
elementary abelian of order 4. This shows that Cy(a) = S. Now the assertion follows
from 5.3.10 of [30].

(b) Again we have Z(T) < Cg(S) < S. It follows from 1 # Z(T) < Z(S), that Z(T) is of
order 2. Let — : T — T/Z(T) be the natural epimorphism. We consider C7(S). Let
t € T such that 7 € C7(S). Then we see that t € Nr(S - Z(T)) = N(S).
Suppose for a contradiction that ¢+ ¢ §. Then ¢ induces a non-trivial outer auto-
morphism on S. Every non-trivial element of the outer automorphism group of §
permutes the three maximal subgroups of S non-trivially by 5.3.3 of [30]. Thus 7
permutes the involutions of § non-trivially. This is a contradiction.
Thus ¢ € S and hence S is self-centralising in 7. Applying (a) we conclude that T is
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dihedral or semidihedral.

For this reason T has exactly one central involution ¢ and ¢ is contained in S. Thus
its pre-images are elements of order 4. Moreover there is an element ¢ € T such
that (g) is a maximal subgroup of 7 and there is some natural number 7 such that
g" = ¢. Hence g" is a pre-image of ¢ and has therefore order 4. It follows that g
has order 2 - 0o(g). This implies that 7 has a maximal cyclic subgroup. The fact that
T is semidihedral or dihedral together with Theorem 1.2 of [8] finally leads to the
assertion. O

1.3.5 Lemma

Let A be an extra-special group of order 27 and of exponent 3 and let Z denote Z(A).

Then we have Cauia)(Z2)/Inn(A) = SL(2,3). If ¢ € Aut(A) is of order 3 and normalises
every subgroup of order 9 of A, then ¢ centralises a subgroup of order 9 of A.

Proor

From [40] and II 9.12 of [29] we deduce that C4us4)(Z)/Inn(A) = Sp(2,3) = SL(2, 3).

Let ¢ € Aut(A) have order 3 and normalise every subgroup of order 9 of A. Then ¢ nor-
malises the characteristic subgroup Z of A. Hence the 3-automorphism ¢ centralises the
cyclic group Z of order 3. Suppose further that a and b are elements of A such that A = (a, b)
and neither (a, Z) nor (b, Z) is centralised by ¢. As ¢ has order 3 and normalises (b, Z) and
centralises Z, we may choose a and b such that b¥ = b% = b - z for an element z € Z*. In
addition we have a? = a - 7' for a suitable i € {1,2}. It follows that

. . _'ZGZ(A) . . . . ca s .
(a-b3 ‘)‘/’za-z’-(b-z)3’ = a-z‘-b3 l'Z3 t:a_b3 t_Zt+3 lZCl'b3 i

This implies that {a - b>~, Z) is a subgroup of order 9 of A centralised by ¢. |

1.3.6 LevmMma

Let P be a 3-group of rank 2.

Then P has a characteristic non-cyclic subgroup of exponent 3 containing Q;(Z(P)).

If R is a subgroup of exponent 3 of P, then R is cyclic, elementary abelian of order 9 or
extra-special of order 27.

Proor

Suppose first that #(Z(P)) > 2. Then we conclude that 2 < +(Z(P)) < r(P) = 2. There-
fore Q(Z(P)) fulfils the first part of the conclusion of our lemma. Since r(P) = 2, we
further have Q;(Z(P)) = Q;(P). Hence every subgroup of exponent 3 is a subgroup of the
elementary abelian group (Z(P)). Thus the lemma holds in this case.

Suppose now that Z(P) is cyclic. Then P is non-abelian because of r(P) = 2. Consequently
P contains an elementary abelian normal subgroup Y of order 9 by Lemma 1.4 of [8].

If Y is the unique elementary abelian normal subgroup of order 9 of P, then Y is char-
acteristic in P and fulfils the first part of the assertion. From Y £ Z(P) we obtain that
[P : Cp(Y)| = |Np(Y) : Cp(Y)| = 3. Moreover we have Y = Q(Cp(Y)), since P has rank
2. If R is a non-cyclic subgroup of exponent 3 of P and different from Y, then R £ Cp(Y)
and so R - Cp(Y) = P. Further we have Cgr(Y) = Cp(Y) N R < Q(Cp(Y)) = Y. Together
this implies that R/Cr(Y) = R/(Cp(Y)NR) = (R- Cp(Y))/Cp(Y) = P/Cp(Y) = C3. For this
reason we conclude that [R| = 3 - |Cr(Y)| < 3-1Y| = 27. We deduce from the fact that R is of
exponent 3 and rank 2 that R is elementary abelian of order 9 or non-abelian. In the second
case Theorem 5.5.1 of [22] forces R to be extraspecial of order 27.

Suppose that there is another elementary abelian normal subgroup X of order 9 of P. Then
R := X-Y is anormal subgroup of P and we have |R| = |[X-Y| = % = 93;9 = 27. Moreover
R contains the 8 elements of order 3 of ¥ and as X is elementary abelian and different from
Y there is at least one element of order 3in X \ ¥ € R\ Y. The hypothesis on P having rank

19



2 forces the group R to be non-abelian. There exist exactly two non-abelian groups of order
27, the extra-special ones, by Theorem 5.5.1 of [22]. The group of order 27 of exponent 9
possesses exactly eight elements of order 3. Hence R is of exponent 3.

Suppose for a contradiction that there exists an element y € P\ R of order 3. Then (R, y) is a
subgroup of P of order 81. Since P and hence (R, y) = R - (y) have rank 2, the element y in-
duces a non-trivial automorphism on R and y normalises X and Y. Since R has exactly four
maximal subgroups and y has order 3, the element y normalises every elementary abelian
subgroup of order 9 of R and centralises (x) = Z(R). Now Lemma 1.3.5 provides an ele-
mentary abelian subgroup Q of P of order 9 that is centralised by y. Therefore (y, Q) is ele-
mentary abelian of order 27. This is contradicts (P) = 2. Thus we have R = Q(P) char P.
Furthermore every subgroup of exponent 3 is a subgroup of the extra-special group Q(P)
of order 27 and hence it is cyclic elementary abelian of order 9 or Q;(P). |

1.3.7 LemMma

Let p € {2,3} and H be a finite group with a normal p-complement.

Suppose that P € Sylp(H) and let X < Z(P) act faithfully on O, (H). Furthermore let o
denote the set of primes g such that |H : Cy(X)| is not divisible by ¢. If we have 2 € o, then
the following hold:

(a) [HaX7X] = [HaX] = [Op'(H)7X]7
(b) H=Cyg(X)-O(H) = Cyx(X) - [X,O(H)] and [X, H] = [X, O(H)] and
(¢) H=Cy(X) - Ox(H) = Cy(X) - [X, O (H)] for all & C o with p € .

Proor
(a) Since H has a normal p-complement, we conclude that H = O, (H) - P. The as-
sumption that X < Z(P) implies [H,X] = [0, (H) - P,X] = [Oy(H),X]. Finally
Lemma 1.1.14 (d) yields

Thus Part (a) holds.

(b) Let first p be 2. Then H = P - O(H), since H has a normal 2-complement.
Consequently Lemma 1.1.14 (d) and the fact that P < Cy(X) imply that
H=P-0(H) < Cy(X)-OH) < Cu(X) - Com(X) - [O(H), X] = Cu(X) - [O(H), X].
Furthermore [X, H] = [X, O(H)] holds by (a).

Suppose now that p = 3. Then we obtain from Lemma 2.7 of [32] that
03 (H) = Coym)(X) - 003 (H)) < Cx(X) - O(H).
From P < Cy(X) we deduce that H = P-O3(H) < Cy(X)-O(H) and Lemma 1.1.14(d)
shows that
O3 (H) = Coyu)(X)-[03(H), X] < Coyu)(X) [CH(X)-O(H), X] < Cu(X)-[O(H), X].

Consequently we also obtain H = P - O3 (H) < Cy(X) - [O(H), X]. In particular we
have [H,X] = [Cy(X) - [O(H),X],X] = [[O(H), X],X] < [O(H),X] < [H, X].

(c) For Part (c) we suppose that r is a subset of o with p € 1. Moreover suppose that H
is a minimal counterexample to H = Cy(X) - O (H).
From Lemma 1.1.14 (d) an the fact that H has a normal p-complement we obtain that
H = Cy(X)-Op(H) = Cy(X) - [X, O,y (H)]. Thus the minimal choice of H implies
that H = [O,y(H), X]- X. In particular we observe that X is a Sylow p-subgroup of H.
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From [0, (H),X] < [H,X] = [O(H),X] < O(H) by (b) we deduce that [0, (H), X]
is a normal subgroup of odd order of H with a p-factor group. Hence H is soluble by
the Odd Order Theorem 1.1.12.

Suppose for a contradiction that O (H) # 1. Then the minimality of H implies that
the assertion is true for H/Oy (H) and H/O(H) = Chjo,,1)(X) - O (H/Or (H)).
Since p is an element of 7, Lemma 1.1.14 (a) implies that

H/Op(H) = Chyjo,,m)(X) - Ox (H/Op(H)) = Cyjo,,)(X) = Cu(X)- Op(H)/Or (H).

Altogether H = Cy(X) - O, (H) contradicting the choice of H as a counterexample.
Therefore the group O, (H) is trivial and we conclude that O(H) > F(H) # 1.
Suppose for a contradiction that the order F(H) is divisible by p. Then we have
[0p(H),O0y(H)] < O,(H)NOpy(H) = 1and 1 # O,(H) < X. This contradicts the
assumption that X acts faithfully on O, (H).

This shows that X acts coprimely on O,(H) and we conclude from the minimal choice
of H and Lemma 1.1.14 (a), that

H/Ox(H) = Ch0,)(X)-Ox (H/ Ox(H)) = (Cu(X) - Ox(H)) | Ox(H)-(Or (H/ Oz(H)))
= (Cu(X) - Ox(H)) |Ox(H) - O (H)] Ox(H) = (C(X) - Onw(H)) | Ox(H).

Consequently we have H = Cy(X) - O, (H). Since X acts coprimely on O,(H),
it acts coprimely on O, »(H). Therefore Lemma 1.1.14 (c) yields that O, »(H) has
a X-invariant Hall n’-subgroup K. This implies that O, (H) = Ox(H) - K. The
assumption that r C o forces O,(H) < Cy(X).

We finally conclude that [X, H] = [X, Cy(X) O, ~(H)] = [X, Cy(X)-K] = [X, K] < K.
As we have [X, H] < H and O, (H) = 1, it follows that [X, H] = 1.

This is a contradiction. In conclusion Lemma 1.1.14 (d) yields that

H = Cp(X) - O (H) = Cu(X) - Cix0, t1y)(X) - [X. O (H)] = Cy(X) - [X, O (HD)]. T

REMARK

The proof of Lemma 2.7 of [32] uses heavily the fact that O3 (H) is a 3’-group and that
all its components are Suzuki groups (compare Theorem 1.2.8). This implies that the
Lemma 1.3.7 is dependent on the primes 2 and 3.

1.3.8 Lemma

Let G be a finite S 4-free group with O(G) = 1 that has no normal 3-complement.

Suppose for every involution ¢ € G that Cs(¢) is a 3’-group. Then F*(G) is simple and no
3’-group. Further G = F*(G)-Ng(R) for a Sylow 3-subgroup R of F*(G) and ry(Ng(R)) < 1.
Moreover if ¢ is an involution of G, then Cg(f)/CF+(G)(?) is soluble.

Proor

It follows from the assumption that the centraliser of every 3-group is of odd order. (*)
Assume for a contradiction that O>(G) # 1. Then Lemma 1.1.14 (e) forces the Sylow 3-
subgroups of G to be cyclic. Since G is not 3-nilpotent, Burnside’s p-Complement Theorem
1.1.10 provides a section of G = Ng(0O>(G)) isomorphic to S3. But the elements of order 3
act non trivial on Z(0,(G)), so Lemma 1.3.3 forces a contradiction to the assumption on G
to be S 4-free.

From O(G) = 1 = 0,(G) we deduce that F*(G) = E(G) is semi-simple. Moreover the group
G contains a 3-element. Therefore Lemma 1.2.10 and (*) show that no component of G is a
Suzuki group. In particular F*(G) is no 3’-group. Since components have even order by the
Odd Order Theorem 1.1.12 and since different components commute by Lemma 1.1.18 (b),
the Statement (*) forces F*(G) to be simple.

Let R be a Sylow 3-subgroup of F*(G). Then we obtain from a Frattini argument that
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G = F*(G) - Ng(R). If Ng(R) had a non-cyclic elementary abelian 2-subgroup, then
Lemma 1.1.14 (e) and (*) would contradict each other. Thus we have r(Ng(R)) < 1.
More precisely Ng(R) has cyclic or quaternion Sylow 2-subgroups by Lemma 1.1.2. Con-
sequently Theorem 1.2.8 (d) implies that Ng(R) does not involve a Suzuki group. If 7 is an
involution of G, then we have that

Co(D)/Cr (1) = C(D)/(Co(t) N F*(G)) = Cs(1) - F*(G)/F*(G) < G/F*(G)
= NG(R) - F*(G)/F*(G) = NG(R)/NF+G)(R)
Since Cg(t) is a 3’-group and Ng(R) does not involve a Suzuki group, Cg(1)/Cr+G)(t) is
soluble. m]

1.3.9 Lemma

Let G be a finite group and ¢ be an involution of G such that CrG)(#) is Hall subgroup of
F(G). Then {g € G | g' = g~! and 2 1 o(g)} is a subset of CG(F(G)).

If in addition F*(G) = F(G), then{g € G | g' = g ' and 2 t 0(g)} = [F(G), 1].

Proor

As Cr(c)(?) is a Hall subgroup of the nilpotent group F'(G), it is a characteristic subgroup of
F(G). Moreover Cr()(t) has a unique complement K in F(G), which is also characteristic
in F(G). Since K N Cg(#) = 1, the group K is inverted by ¢. Furthermore we observe that
K =[K,t] < [F(G),t] = [Cre)(D) - K, t] = [K,t] = K.

We fix elements h e {ge G| g = g land 2t o(g)}, c € Cr)(t) and k € K. Then we have
ecC FG)(H) and k" € K, since C F(G)(t) and K are characteristic subgroups of the normal
subgroup F(G) of G. It follows that

Ch — (Ch)t — Chl — Cth_1 — Ch_' and kh — ((kh)t)—l — (kth")—l — ((k—l)h‘l)—l — kh‘l.
Altogether we conclude that h* € Cg(F(G)). Thus we have h € Cg(F(G)), because & has
odd order. In addition we assume now that F*(G) = F(G).

Then we have that & € Cg(F(G)) < F(G) by Lemma 1.1.18 (h) and hence
heh?y=Ch-(h"H™) = (h- () = (71, 1]) < [F(G), 1.
From [F(G),t] = K C{ge G| g' = g~" and 2 1 0(g)} the assertion follows. |
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2  SpeciFic PREPARATORY RESULTS

2.1 BALANCE

The notion of balance and signalizer functors was developed in the last century. In the litera-
ture there are several concepts of balance. The definition of a balanced group of Gorenstein
and Walter in [27] differs for example with the concept given in Section F of [23].

To avoid any possible misunderstanding, we explicitly define a notion of balance in this
section. Moreover we introduce signalizer functors as in [3].

2.1.1 DEFINITION

Let G be a finite group and p be a prime.
For some elements a € G of order p let 6(a) be a p’-subgroup of Cg(a).

(a) Suppose that a € G is an element of order p.

Then a is called 6-balanced in G if and only if for all b € Cg(a) of order p the group
6(b) is defined and normal in C;(b) and we have

0(b) N Cg(a) < 6(a).

(b) The group G is called 6-balanced if and only if all elements of order p are -balanced
in G.

(c) An elementary abelian non-cyclic p-subgroup A of G is said to be 6-balanced in G if
and only if for all elements a € A* the group 6(a) is defined and A-invariant and such
that for all a, b € A* the following holds:

0(b) N Cg(a) < 6(a).

2.1.2 REMARK

If p = 2 and for all involutions a in G we have 8(a) = O(Cg(a)), then we omit the 8 and say
that a is balanced in G instead of a is 6-balanced. Respectively we say that G is balanced
and A is balanced in G in this case.

2.1.3 Levmma

Let G be a finite group and p be a prime.

For all elements b of order p in G we set 8(b) := O,/(Cg(b)). If b € G is an element of order
p such that C(b) is p-constrained, then b is 6-balanced in G.

Proor

We set H := C(b) and assume that a € H is an element of order p. We suppose further that
D := 0y(Cg(a)) N H and let — : H — H/O,(H) denote the natural epimorphism.

Then D acts on O,(H) and Lemma 1.1.14 (a) yields

[Co, (@, D] =[Co,, ,an(a), D1 =[Co, (@), D] < Op ,(H)ND = 1.
We remark that D moreover centralises @ to obtain that D centralises the subnormal sub-
group C @,Op(g)(a) of the D-invariant group {a) - Op(I-_I). Hence Lemma 1.1.14 (g) implies

that D acts trivially on OI,(EI). Since H is p-constrained and D has p’-order, this leads to
D < 0,(Cg(b)). m
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2.1.4 LeEMMA

Let G be a finite group and suppose that b is an involution in G such that the only non-
abelian composition factors of Cg(b) are Suzuki groups. Then b is balanced in G.

Proor
This is Lemma 1.6. of [36]. m]

2.1.5 DEFINITION

Let G be a finite group, let p be a prime and suppose that A is an elementary abelian p-
subgroup of G.

(a) An A-signalizer functor on G is a map 6 from A* into the set of all A-invariant
p’-subgroups of G such that A is #-balanced in G.

(b) An A-signalizer functor on G is complete if and only if there exists an A-invariant
p’-subgroup 6(G) of G such that 8(a) = Cy)(a) for all a € A*.

(c) An A-signalizer functor on G is soluble if and only if 6(a) is soluble for all a € A*.

(d) A soluble A-signalizer functor on G is solubly complete if and only if 6 is complete
and 6(G) is soluble.

2.1.6 Theorem (Soluble Signalizer Functor Theorem)

Let G be a finite group, p be a prime and suppose that A is an elementary abelian p-subgroup
of G of order at least p°>.

Then each soluble A-signalizer functor 8 on G is solubly complete.

In particular (6(a) | a € A*) is a soluble p’-group.

Proor
This can be found in Chapter 15 of [3]. O

2.1.7 LEMMA

Let G be a finite group such that E(G) is quasisimple and F(G) = O,(G) has at most one
involution. Suppose that B; and B, are non-cyclic elementary abelian 2-subgroups of G
such that B N Z(G) = 1 = B, N Z(G) and [By, B2] < Z(G).

Furthermore assume that for every involution b of By and B; the group C(b) is 3-soluble.
Then we have (O(Cgz6)(Z(G)b)) | b € Bf) =(0(Cgz6)(Z(G)b)) | b € Bg).

Proor

Let — : G — G/Z(G) denote the natural epimorphism and set (z) := Q;(Z(G)).

For all b € B*f we observe By < Cg(b) from [By, B,] < Z(G). Thus B, acts coprimely

on O(CG‘(I_Q)). From B, N Z(G) = 1 we obtain that B, is non-cyclic and as B, is elemen-

tary abelian, we see that also B, is elementary abelian. Thus Lemma 1.1.14 (e) yields

O(Cs(b)) = (Corcyip @) | € € 5’3) =(Cocsy(© | c € B’;).

Moreover for all a € Bf U BY the group Ng({a, Z(G))) = Ng(Q:({a, Z(G)))) = Ns({a,z)) is

the full pre-image of C(a) in G. Since (a, z) is elementary abelian of order 4 and z € Z(G),

it follows that Cg(a)/m = Ng(a,2))/Cgla) = Ng({a, z))/Cc({a, z)) < Z,. In particular

the assumption that Cg(a) is 3-soluble implies that Cs(a) is 3-soluble.

Consequently Lemma 2.1.4 forces the involutions of By and B, to be balanced in G. More

precisely, for all b € B} and ¢ € B} we have Cpc,.(5)(€) = C5(€) N O(C(h)) < O(C5(@)).

This shows that
(O(Csb)) | be By = UCocs@y(© | c € BY) | b e BY)

< (O(Cs@) | ceBy)|beB)) =(0(Cs(@)|ce B

As all conditions on B and B, are symmetric, we also obtain the other inclusion. O
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2.2 STRONGLY CLOSED ABELIAN SUBGROUPS

In this section we want to become acquainted with the concept of strongly closed subgroups.
The strength of this concept will arise in the following section.

Our definition of a strongly closed subgroup differs slightly from the general literature but
the concept is the same.

2.2.1 DEFINITION

Let G be a finite group, let p be a prime and suppose that S € Syl,(G).
A subgroup A of S is strongly closed in G with respect to S if and only if, whenever we
have g € G, then A4 N S < A holds.

2.2.2 LEMMA

Let G be a finite group, let p be a prime and suppose that S € Syl,(G).
Furthermore assume that A < § is elementary abelian and strongly closed in G with respect
to S. Then the following hold:

(a) For all subgroups S of S with A <S¢ we have Ng(So) < Ng(A).

(b) Forall §¢ € Syl,(G) suchthat A < § the group A is strongly closed in G with respect
t0 So.

(¢) Forall U < G such that S N U € Syl,(U) the group A N U is strongly closed in U
with respectto S N U.

(d) If we have A < U < G, then there exists a Sylow p-subgroup S of U such that A is
strongly closed in U with respect to S .

(e) The group Ng(A) controls the fusion of its p-elements.

(f) For all N <G the group A - N/N is strongly closed in G/N with respectto S - N/N.
(g) We have that G = Ng(A) - (A®) holds.

(h) If we have N < O,(G), then A N N is normal in G.

(i) Let N be a normal p’-subgroup of G and suppose that G/N has a subgroup B/N that
is strongly closed in G/N with respect to SN/N. If B is the full pre-image of B/N,
then BN S is strongly closed in G with respect to §.

(j) For all B < A with Ng(B) > Ng(A) the group B is strongly closed in G with respect
toS.

(k) For all B < A the group (BN¢W) is strongly closed in G with respect to S..
(1) If Z < Z(G) is a p-subgroup of G, then A - Z is strongly closed in G with respectto S.

Proor
(a) Suppose that Sg < § with A < §¢ and let g be an element of Ng(S ).
Then we have A8 < §o < §. Since A is strongly closed in G with respect to S, it
follows that A$ = A$ NS < A. Thus we have that g € Ng(A).

(b) Let Sg € Syl,(G). Then Sylow’s Theorem provides an element 2 € S such that
S g = S and we have A" < § g < S. Since A is strongly closed in G with respect to S,
we see that A" = A" NS < A and consequently £ is an element of Ng(A). Let g € G
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and a € A such that a8 € S. Then we have a8” € Sg = §. The assumption that A is
strongly closed in G with respect to S forces a8” € A. As h € Ng(A), we finally see
that a¢ = (a")""' € A.

Suppose that U < G with A < U. Letu € Uanda € AN U suchthata” € S N U.
Then we observe that a* € S and, as A is strongly closed in G with respect to S, we
conclude that a“ € A. Altogethera* e ANSNU<ANU.

Let S be a Sylow p-subgroup of U < G containing A. Suppose that §| € Syl,(G)
such that Sy < §;. By (b) the group A is strongly closed in G with respect to S .
Finally U NSy = 8¢ € Syl,(U) implies together with (c) the assertion.

By Theorem 6.1 of [16] the group A controls strong fusion in S with respect to G.
Moreover every p-element of Ng(A) is contained in a Sylow p-subgroup of N;(A) by
Sylow’s Theorem. Thus the assertion follows from (b).

Let N be a normal subgroup of G. Suppose that g € G and a € A are elements of G
such that (Na)® € § - N/N. Then we have a® € § - N. Since § is a Sylow p-subgroup
of S - N and a® is a p-element, Sylow’s Theorem provides an element 2z € N with
a%" € §. From the assumption that A is strongly closed in G with respect to S we
deduce that a®” € A. Hence we have a¢” € A - N and consequently we obtain that
(Na)® = (Na)$" € A- N/N.

Let Sy € S yl,,((AG)) such that A < §¢. From (d) and (b) we conclude that A is
strongly closed in (A%) with respect to So. Thus (a) implies that Ng(Sg) < Ng(A).
Finally a Frattini arguments shows that G = (A%) - N(S¢) < (A%) - Ng(A).

Let N < O,(G). Then we observe that N < §. This implies for all g € G and
a€ AN N thata® € N < S. Again the assumption that A is strongly closed in G with
respect to S implies a® € A. Altogether we have thata® € AN N.

Let B be the full pre-image of B/N. Since B/N is a subgroup of SN/N, Lemma 1.1.5
yields B=BNSN=(BNS)N.Letge Gand b € BN S such that b8 € §. Then we
see that Nb € B/N and Nb8® € SN/N. As B/N is strongly closed in G/N with respect
to S - N/N, it follows that b8 € BN = B. This shows that b5 € BN S.

Suppose that B < A with Ng(B) > Ng(A). Let g € G and b € B such that b% € §.
Since Ng(A) controls by (e) the fusion of S, there is an element & € Ng(A) < Ng(B)
such that b8 = b". Thus b% = b" € B holds.

We have (BN6™) < A and Ng(A) < Ng((BN6AY). The assertion follows from (j).

LetZ < Z(G) be a p-subgroup of G. Then Z is a subgroup of §. Suppose that there are
elements g € G and ¢ € A - Z such that ¢8 € §. Then there is an element a € A and an
element z € Z such that ¢ = a-zand we obtain a8 = 8-z 'z =a8-(z71)8-z=c8-z€S.
Since A is strongly closed in G with respect to S, it follows that a® € A. This shows
thatc® =af -z =af-z€A-Z. ]

2.2.3 REMARK

Part (b) of Lemma 2.2.2 shows that the property of being a strongly closed elementary
abelian p-subgroup of a finite group with respect to a Sylow subgroup does not depend on
the choice of the Sylow subgroup. For this reason in the remainder of this thesis we omit
the “respect”-part and say that an elementary abelian p-subgroup A of a finite group G is
strongly closed in G, if it is strongly closed in G with respect to one and therefore all Sylow
p-subgroups of G containing A.

26



2.2.4 ProprosITION (GLAUBERMAN)

Let G be S 4-free and suppose that every composition factor of every 2-constrained section
of G is a 3’-group or abelian. Let further T be a Sylow 2-subgroup of G.

Then (Q(Z(T))NeT)} is a strongly closed elementary abelian 2-subgroup of G.

Proor
This is a consequence of Proposition I1 6.1 of [18]. m|

2.2.5 ProrosITION (GOLDSCHMIDT)

Let A be an elementary abelian 2-subgroup of a 3-soluble group G. Suppose that A is
strongly closed in G.

Furthermore let 7 be a Sylow 2-subgroup of O*((A®)) containing A N O*({A%)).

Then m = (A%)/O((A%)) is a central product of an elementary abelian 2-subgroup and
Suzuki groups with possibly trivial factors. Moreover we have A = Oz(m) -Qu(T).

Proor Compare with (4.2) of [20].

Let G be a minimal counterexample and let A be an elementary abelian strongly closed
2-subgroup of G and T be a Sylow 2-subgroup of O*({A®)) containing A N O>((A®)). We
choose A of minimal order such that our proposition false for A and G. Then A is non-trivial.

(1) We have O(G) = 1, G = (A®) and Z(G) = 1.

Proof. By Lemma 2.2.2 (f) the group A - O(G)/O(G) is strongly closed in G/O(G). From
O((A%)) < O(G) and the minimal choice of G we deduce that O(G) is trivial.

Moreover we see that (AC) = (AN¢A<A%)y = (AA9)y by Lemma 2.2.2 (g). The strong
closure of A in (A9) by Lemma 2.2.2 (d) and the minimal choice of G imply that (AY9) = G.
Let now — : G — G/Z(G) be the natural epimorphism and let U denote the full pre-image
of O(G). Then U has a central Sylow 2-subgroup and Burnside’s p-Complement Theorem
1.1.10 implies that U has a normal 2-complement. We observe that O(U) char U < G to
conclude that O(U) = 1 by O(G) = 1. This shows that U = Z(G) < 0,(G). Suppose for a
contradiction that Z(G) # 1. Then the minimal choice of G and the fact that A is strongly
closed in G by Lemma 2.2.2 (f) imply that our proposition holds for G and A.

From O(G) = 1 it follows that O((A%)) = 1. In particular (AC) = (AG) is a central product
of an elementary abelian 2-subgroup and Suzuki groups. This implies that (A®) - Z(G) is a
central product of an abelian 2-subgroup and Suzuki groups. But A is elementary abelian
and Z(G) centralises G. Consequently (A®) is a central product of an elementary abelian
2-subgroup and Suzuki groups. Moreover A intersects each of this factors non-trivially and
the intersection is strongly closed in the factor by Lemma 2.2.2 (c). From Theorem 1.2.8 (h)
it follows that A = 02((A%)) - Q(T). This is a contradiction, as G is a counterexample. We
conclude that Z(G) = 1. ]

(2) We have F(G) = 1 and E(G) # 1. In particular every component of G is simple.

Proof. Suppose for a contradiction that O»(G) # 1. Then the 2-group O,(G) normalises the
2-group A by Lemma 2.2.2 (a) and hence C := Co,)(A) # 1. Letg € Gand ¢ € C. Then we
have ¢ € 02(G) < Ng(A). Consequently Lemma 2.2.2 (e) provides an element & € Ng(A)
such that ¢8 = ¢". Since Ng(A) normalises C, we conclude that ¢8 = ¢ € C. This shows
that C is a normal subgroup of G. Moreover for every g € G we have [A8,C] = [A,C]8 = 1.
Altogether we have G = (A®) < C5(C) and hence 1 # C < Z(G) = 1 by (1). Thisis a
contradiction.

From O,(G) = 1 = O(G) by (1) we deduce that F(G) = 1 and therefore we have E(G) # 1
and every component of G is simple. |
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(3) All components of G are normal in G.

Proof. Let E := E(G) and set E| := {(AN E)E). Suppose that K is a component of E{. Then
we have AN K # 1 = Z(K) and Lemma 1.1.18 (d) shows that A normalises K.

Let Ey be the product of all components of G which are not contained in E;. Then Ej is
A-invariant. Let T be a Sylow 2-subgroup of Ej that is normalised by A. Then (A, Ty) is a
2-subgroup of G. From Lemma 2.2.2 (a) we deduce that [A,Ty] < ToNA < EygNA=1.
We apply again Lemma 1.1.18 (d) to observe that A normalises every component of Ej.
Altogether A normalises every component of G. Because of G = (A%), it follows that every
component of G is normal G. [ |

(4) We have A < E(G).

Proof. Let K be a component of G. Then A normalises K by (3). From the fact that G
is 3-soluble, Theorem 1.2.8 and Part (c) of the same theorem we conclude that A induces
inner automorphisms in K. It follows that A < K - Cg(K) for every component K of G.
This implies that A < E(G) - Cg(E(G)). From (2) we deduce that E(G) = F*(G) and
Lemma 1.1.18 (h) yields that A < E(G) - C6(E(G)) < F*(G) - Cc(F*(G)) £ F*(G) = E(G).

]

Finally from Theorem 1.2.8 we deduce that the 3-soluble group G = (A®) = E(G) is
a central product of Suzuki groups. Moreover A intersects each of the components non-
trivially and the intersection is strongly closed in the component by Lemma 2.2.2 (¢). From
Theorem 1.2.8 (h) it follows that A = Q (7). This contradiction, as G is a counterexample.O

2.2.6 Levmma (GOLDSCHMIDT)
Let G be a finite simple group and 7" € Sylr(G). If A < T is a strongly closed elementary
abelian subgroup of G, then we have G = (Cg(a) | a € A*) or G is a Bender group.

Proor
This is (4.4) of [20]. ]

2.3 FINITE GROUPS WITH MANY INVOLUTIONS HAVING A 3-
SoLUBLE CENTRALISER

In [20] Goldschmidt showed that the appearance of a strongly closed abelian 2-subgroup has
a strong influence on the structure of finite groups. In this section we capture and develop
his ideas in finite groups where the centralisers of almost all involutions are 3-soluble.

2.3.1 DEFINITION

Let G be a finite group and p be a prime.

A p-subgroup A of G is minimal strongly closed in G if and only if A is strongly closed in
G and A has no proper non-trivial subgroup which is strongly closed in G.

2.3.2 Levmma

Let G be a finite group with a non-cyclic elementary abelian subgroup A that is minimal
strongly closed in G. For |A| = 16 let Ng(A) be S 4-free. Suppose that W is a subgroup of G
of odd order and normalised by I'* := (Ng(B) | B < A and r(B) > 2).

Furthermore assume that @ € A* is such that C5(a) is 3-soluble and O((AC¢@Y)) < W.

Then Cg(a) is contained in W - T,
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Proor

For all b € A* we set Cj, := Cg(b).

By Lemma 2.2.2 (d) the group A is strongly closed in the 3-soluble group C,. (*)
Suppose for a contradiction that C, ¢ W - T'™*.

(1) There is a n € N such that (A%)/O((A)) = C * Sz(2***!) and C is cyclic of order 2.

Proof. Since A is not cyclic, it follows that Ng(A) < I'*. The Statement (*), Proposition 2.2.5
and Lemma 2.2.2 (g) imply that C, = N¢,(A)-(A%) and (A%)/O((A%)) is a central product
of an elementary abelian 2-subgroup and Suzuki groups.
Let—: C, — C,/O({A%)) be the natural epimorphism and let S denote a Sylow 2-subgroup
of a pre-image of 0,({A%)) in C,. By Proposition 2.2.5 we may choose S such that S < A.
Suppose for a contradiction that S has an elementary abelian subgroup of order 4. Then we
observe Ng(S) < I'*. Further a Frattini argument leads to
Ca = N¢,(A)-(A%) = N¢,(A)- Nyscay(S) - O 2((A)) € NG(A) - NG(S) - O(ACe)) T - W.
This is a contradiction. From a € S we conclude that S = {(a). It follows that (ACa) is a
central product of (a) and Suzuki groups.
From Nc, (A)-O((AC)) < W-T* we obtain a component of (AC«), which we denote by L. Let
S| be a Sylow 2-subgroup of a pre-image of L. Again by Proposition 2.2.5 we may choose
S| such that Q(§1) < A. Then § is not of rank 1. Thus Ng(S1) < Ng(Qi(S1)) <T*. In
addition a Frattini argument yields:

Ca = N¢,(A) - (A%) = Nc,(A) - Nc,(S1) - L- O(AS) < T - W - L.
Suppose for a contradiction that m has a second component K. Then we similarly con-
clude that C, € I'" - W - K holds. Furthermore Lemma 1.1.14 (a) and Lemma 1.1.18 (b)
lead to K < C@a(i) < Cc'a(gl) = Cc,(S1). This implies K < Cc,(S1) - O(ACy) CcT* - W.
Altogether C, CI™ - W - K CT™ - Q is a contradiction. [

Let K be the full pre-image of E((A%)/O((AC4))).
(2) EAC)/O({ACY)) is simple and K N A is the centre of a Sylow 2-subgroup of K.

Proof. Suppose for a contradiction that E({(A%)/O({A%))) is not simple then (1) and Theo-
rem 1.2.8 (a), (d) and (c) imply that A has order 16 and Ng(A) is divisible by 7. Since A is
minimal strongly closed in G, Lemma 2.2.2 (j) yields that Ng(A) acts irreducibly on A. From
the assumption Ng(A) is S 4-free in this case we obtain a contradiction with Lemma 1.2.6.
Consequently E({(AC)/O((A%*))) is simple.

Moreover K N A is strongly closed in K by Lemma 2.2.2 (d). Finally Theorem 1.2.8 (h)
forces K N A to be the centre of some Sylow 2-subgroup of K. |

(3) The group Ng(A) acts transitively on A*,

Proof. Since {(a) < A is not strongly closed in G, Lemma 2.2.2 (j) provides an element
g € Ng(A) < W -T”" such that a # a8 € A. Hence we have C, = (C,)® = C, and
Cu £ W -T". Moreover (1) and (2) yield that a ¢ K. We set B := K N B. By (2) and
Theorem 1.2.8 (f) all involution of B are conjugate. Thus {a}, B* and a - B \ {a} are exactly
the conjugacy classes of A in N¢,(A). Consequently a8 € Bt ora% e a- B\ {a).

Suppose for a contradiction (3) is false and let C := a%. If we have a® € B*, then {a} U B*
is contained in C. More precisely we obtain that (a - B \ {a}) N C = @. The groups B and
B are maximal subgroups of A. Moreover, as A has order at least 16, we conclude that
BN B¢ # 1. Further we obtain that all involutions of B¢ are conjugate in G from the fact that
all involutions of B are conjugate in G. This implies that (B$)* C C. Since a® € B C C, it
follows that {a}UB* = CNA = {a®}U(B?)". Thus we conclude a-B\{a} = A*\C = a8-B$\{a¥}.
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Let finally 1 # ¢ € BN B8. Then we have a® -c € BN (a8 - B8\ {a%}) = BN (a- B\ {a}). This
implies the contradiction (a - B\ {a}) N C # @.

Consequently we obtain that a8 ¢ B* and hence {a} U (a - B\ {a}) is contained in C and
B* N C = @. Thus we obtain that Ng(B) > Ng(A). Finally Lemma 2.2.2 (j) yields that B is
strongly closed in G this is a contradiction. ]

(4) The group Ng(A)/Cg(A) is of odd order.

Proof. Let t be a 2-element such that € Ng(A). Since A is a 2-group, there exists an element
b € A* such that t € Cp,. By (3) we may assume that b = a. Then ¢ normalises K by (1). The
outer automorphism group of Suzuki groups is of odd order by Theorem 1.2.8 (c). Moreover
(2) yields that the elementary abelian group K N A is contained in the centre of a Sylow 2-
subgroup of K. Thus we conclude that O(K)t € Cc,;0x)(KNA) = Cc,(KNA)-O(K)/O(K)
from Lemma 1.1.14 (a). Since ¢ is a 2-element that normalises A N K, we deduce that ¢
centralises A N K. Altogether t € C4(AN K)NC, < Cg(A). ]

Let H := Ng(A). Let — : H — H/Cg(A) be the natural Epimorphism and let N be a minimal
normal subgroup of Ng(A) such that N is the full pre-image of N in H.

(5) The group N is cyclic of prime order and acts fixed-point-freely on A*.

Proof. By (4) and the Odd Order Theorem 1.1.12 we see that Ng(A)/Cg(A) is soluble and
of odd order. This implies that N is an elementary abelian group of odd order.
Since all elements of A* are conjugate by (3), Lemma 2.2.2 (e) implies that they are conju-
gate by H = Ng(A). As the kernel of — is C;(A), there is a natural action from H on A" that
is also transitive.
Suppose for a contradiction that N does not act elementwise fixed point freely on A*. Then
there is an element » € A* such that Cyy(b) # 1. Since H is transitive on A* we may
suppose that b = a. Suppose for a contradiction that Cgy(a) = N. Then it follows from
the fact A normalises N and acts transitively on A* that Cg(b) = N for all b € A*. But
this is a contradiction. Thus N # Cy(a) and there is an element 2 € N such that a' £ a.
Consequently we have Cy(a) = (C N(a))h =C ]\—,,;(a'_l) = CN(ai’). In particular Cy(a) has
more than one fixed point in A*. Altogether we observe that Cg(A4) < Cy(a) < N and
C4(Cn(a))>{a). Moreover we deduce from (1) we deduce that A = (a) X (A N K) and hence
we have C4(Cn(a)) N K # 1.
Let b be an involution of C4(Cn(a)) N K. Then we have Cy(a) < Cg(b) N C, = Cc, (D).
Let further A denote the natural epimorphism from C, onto C,/O(K). Since N is a normal
subgroup of H, the group Cy(a) is normal in Cg(a). Thus K N H normalises CW(TJ). This
implies together with the fact that K is normal in C, by (1) and Lemma 1.1.14 (a) that
[Cy(@),KNH] < Cy@n K < Co,(0)N K = Ce (b) N K = Cy(b).
Theorem 1.2.8 (g) forces C f((fo) to be a 2-group. Since CTV(\a) is of odd order, it follows that
[Cv(@), HNK] = HNK N Cx(a) < Cy(a) N Cg(b) = 1.
By (1) and Theorem 1.2.8 (c) there is a cyclic subgroup O of K that acts transitively on
K NA. Then Q acts like the "Singer-cycle" on K N A. By I1 7.3 (a) of [29] we see that
Cn(@) < Co(KNH) < Cr (O < O < HNK.
But H N K intersects CW(?:) trivially. Hence we conclude that Cy(a) is a subgroup of O(K).
Finally [Cn(a),A] < O(K) N A = 1 leads to a contradiction.
For this reason N acts elementwise fixed point freely on A*. Since N is elementary abelian
Lemma 1.1.14 (e) forces N to be cyclic. In particular N has prime order, because N is a
minimal normal subgroup of H. |

By (2) and Theorem 1.2.8 (d) there isan € N such thatn > 1 and |A N K| = 221 hence
|A| = 220D by (1).
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(6) 22"*+1 _ 1 divides [N| — 1

Proof. Theorem 1.2.8 (e) and (1) imply that (H N K) - O(K)/O(K) is soluble. Thus H N K
is soluble by the Odd Order Theorem 1.1.12.

Let Q be a Hall 2’-subgroup of H N K < Cg(a). Then [O(K) N Q,A] < O(K)NA = 1.
This shows that O(K) N Q < Cg(A) N Q = Cp(A). Theorem 1.2.8 (e) yields together with
Lemma 1.1.14 (a) that 1 = Cg.ok)0k)(A) = Co(A) - O(K)/O(K). Altogether we have
O(K)N Q =Cp(A) = 0N Cg(A) and so

0 =0-Cs(A)/Cs(A) = Q/(QN Cs(A)) = Q/(Q N O(K)) = Q- O(K)/O(K).

Consequently we have |Q| = |Q - O(K)/O(K)| = 22"*! — 1 by Theorem 1.2.8 (e).
Moreover the same statement yields that Q- O(K)/O(K) acts elementwise fixed-point freely
on (K N A) - O(K)/O(K))*. This implies for every element g € Q \ O(K) that we have
Ca(g) = (a).
Let now g € Q < Cg(a) such that g € Cz(N) and let h € N*. Then (5) yields that a" +a
and there is an element ¢ € Cg(A) such that g” = g - c. We have g" € Cg(a”) and hence
g = g"- ¢ € Cs(d"). This implies that g centralises the two different involutions a and a”
and therefore we conclude that g € O(K). From QO N O(K) = Q N Cg(A) we deduce that
Q N Cg(N) = 1. For that reason we see that

0=0/0NCrIN)= Q- Cg(N)/Cr(N) < Ng(N)/Cx(N) < Aut(N).
In particular 22+l _ 1 = |Q| divides |Aut(N)| = |N| — 1, since |N| is a prime by (5). [

We further have N < H = Ng(A)/Cg(A) < GL(2*'*2,2).

Thus |N| is an odd prime divisor of IGL(2%"+2,2)| = lzfg ! (2242 — 2y, Consequently there
isani € {0, ...,2n + 1} such that |N| is an odd prime divisor of 22+2 — 2! = 2/(22n+2= _ 1),
By (6) we have 22"*! — 1 divides |N| — 1. This yields that 2>"*! < |N| < 22"*2=1 _ 1. This
implies that i = 0.

Altogether |N|is a prime divisor of 22"*2—1 = (2"*! =1)(2"*! +1). In particular we conclude
that 22! < |N| < 2"*! + 1. This forces n < 0 contradicting n > 1. o

2.3.3 THEOREM

Let G be a finite group with O(G) = 1. Suppose that r(0>(G)) < 1 and E(G) is quasi-
simple. For a Sylow 2-subgroup T let Q(Z(T)) > Q(Z(G)) and let the possibly trivial
group Q1(Z(G)) be generated by c.

Furthermore assume that E(G) has an elementary abelian subgroup Ag such that Ay is
strongly closed in G and (Ag, c)/{c) is not cyclic. Finally suppose that for all involutions
b € G\ {c) the group C(b) is 3-soluble. Then one of the following holds:

(a) We have E(G) = 2.5z(8).
(b) There is an elementary abelian subgroup of order 4 of Ay that is strongly closed in G.

(c) We have that Z(E(G)) # 1 and there is an elementary abelian subgroup of order 8 of
Ay that is strongly closed in G and contains c.

(d) The group E(G) is a simple Bender group but not isomorphic to PSL(2, 4).

(e) There is an element xy € G with xg = 1 such that for all involutions b € T we have
O(Cg (D)) < (x0) and O(Cgc)(D)) = 1.

(f) The group G/Z(G) has a strongly closed elementary abelian subgroup A/Z(G) order
16 such that NG/Z(G)(A/Z(G))/CG/Z(G)(A/Z(G)) is not S 4-free.
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Proor

We set K := E(G) and Z := Z(G). Then Z is an abelian 2-group of rank 1 and Lemma 1.1.2
force Z to be cyclic.

Let G be a minimal counterexample and let A < Aj be an elementary abelian subgroup of
K that is strongly closed in G and such that A £ Z. Moreover we choose A such that |A] is
minimal with this properties.

Then by Lemma 2.2.2 (d) the group A is strongly closed in K. Since K is quasi-simple and
0,(G) has at most one involution, we observe that Q(Z(K)) < Z. Thus the fact that A £ Z
together with the Z*-Theorem 1.1.13 shows that A is not cyclic. Moreover we have |A| > 8,
since (b) is false, as G is a counterexample. We further obtain from the fact (c) is false that
[{A, c)| > 16 in the case that Z # 1.

Furthermore let — : G — G/Z be the natural epimorphism.

(1) We have O(G) = 1, K = E(G) and O,(G) = 0,(G) is either cyclic or dihedral.

Proof. Let U denote the full pre-image of O(G). Then U is normal in G. Since O(G)
is of odd order and Z = Z(G) is 2-group, Z is a central Sylow 2-subgroup of U. We
conclude that U has a normal 2-complement U; and observe that U; = O(U)charU < G.
Therefore U is a normal subgroup of odd order of G. This implies that U; < O(G) = 1 and
0G)=U=Z=1.

Let F be the full pre-image of O,(G). Then F is normal in G. Moreover, as Z is a 2-group,
F is a 2-group. For this reason we conclude that F < O,(G). It follows from 0,(G) < F
that F = O0,(G). Consequently we have r,(F) = r(0O2(G)) < 1 and Lemma 1.1.2 forces F to
be either cyclic or a quaternion group. If we have F # 1, then Q(F) is a normal subgroup
of order 2 of G. Thus Q(F) < Z(G) = Z. This shows that O,(G) is a proper factor group
of F in this case. Since cyclic groups and generalised quaternion groups have only cyclic
or dihedral proper factors, the assertion about O»(G) follows.

Let finally L be a component of G with full pre-image L. Then L is, as a full pre-image of
a subnormal group of G, subnormal in G. In particular L’ is subnormal in G. The facts that
Z is cyclic and L is perfect, force L’ to be perfect and L = L’ - Z. Thus L’ is a component of
G. Since E(G) is quasi-simple, we observe L' = Kand K = L' = L' - Z = L.

Altogether G has exactly one component and hence we conclude K = L = E(G). ]

(2) We have K < (Ci(a) | a € A*").

Proof. Suppose for a contradiction that K # (Cz(@) | a € A*) < (Cz(@) | a € A*).
Then Lemma 2.2.6 forces K to be a Bender group. Since G is a counterexample the failure
of (d) yields that either K = PSL(2,4) or Z > Z(K) # 1 holds. In the first case K has
elementary abelian Sylow 2-subgroups of order 4. This contradicts |A| > 8. We conclude
that Z > Z(K) # 1. But Z(K) is a cyclic 2-group. This implies that K is not isomorphic
to PSU(3, g) by Theorem 1.2.12 (b). Part (a) of the same theorem yields that K is a non-
simple Suzuki group or K = SL(2,4). By Theorem 1.2.8 (a) the first case yields (a). This
contradiction shows that K = S L(2,4). But then again a Sylow 2-subgroup of K has order
4 and A has order at least 8, since Z # 1. This is a final contradiction. [

For all involutions 7 € G we set 6() := O(C(?)) and for every elementary abelian subgroup
Bof T we set Wg := (D) | b € BY).

(3) For every involution b € G \ Z we have that b =b - ¢ is balanced in G. Moreover Cg(l_))
is 3-soluble and has the full pre-image Ng({b, ¢)) and O(Cg(b)) = O(Ng({b, c))) holds.

Proof. Let b € G \ Z be an involution. Then we observe from ¢ € Z thatb = b - .
Moreover we have Ng({b,c)) = Z. Since Ng({b, c)) is a pre-image of CG(E) that contains
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Z, the group Ng({b, c)) is the full pre-image of C5(b).

Furthermore we obtain |[Ng({b, ¢)) : Cg(b)| < 2 from ¢ € Q(Z) < Z(G). This implies that
O(Cg(b)) = O(Ng({b, c))) and, as C(b) is 3-soluble, Ng({b, c)) is 3-soluble. In particular
b is balanced in G by Lemma 2.1.4. n

(4) The group W has odd order and for all non-cyclic elementary abelian subgroups B of
T with BNZ =1 we have Wz = Wj.

Proof. From (3) and the Odd Order Theorem 1.1.12 we deduce that 6 is a soluble A-
signalizer functor in G. Therefore the Soluble Signalizer Functor Theorem 2.1.6 yields
that (8(a) | a € A*) = Wz has odd order. We further observe together with (3) that
Wz = (6(b) | b € B*Y = (6(b) | b € B\ {c)) for every elementary abelian subgroup B
of T.

Let B be a non-cyclic elementary abelian subgroups B of 7 with BN Z = 1. From the
hypothesis of our theorem, we have Q(Z(T)) £ Z. Thus we observe that 1 # Q;(Z(T)).
This provides, together with |B| > 4 and BNZ = 1, anelement b € B* such that (Q,(Z(T)), b)
is an elementary abelian group of order at least 4. In addition the pre-image (Q,(Z(T)), b)
is also elementary abelian. Thus there is a subgroup C of order 4 of (Q;(Z(T)), b) such that
CNZ = 1. From B C Cg({Q1(Z(T)), b)) we obtain that [B, C] = 1 and Lemma 2.1.7 implies
that WB = Wc‘v.

From Lemma 1.1.17 we deduce that ICA(E)I2 > |A| > 8 and hence |[C5(b)| > 4. Let A| < Abe
a subgroup of the full pre-image of C A(IB) suchthatc ¢ Ajand A; = C A(B). Then A; is not
cyclicand A} N Z = 1. Moreover we have that [A|, C] < [A1,{(Q(Z(T)),b)] = [A1,b] < Z.
Again Lemma 2.1.7 yields Wi = Wg = Wp.

Let finally A, be a complement of {(c) N A in A. Then we have [A,A>] = 1, since A is
abelian. Thus Lemma 2.1.7 yields W, = Wy,.

Since we have A = A, we finally conclude that Wz = W4, = W, = Wp. |

We set I := (Ng(B) | B < Aund r(B) > 2). Furthermore we denote by T the set all 2-
subgroups of G that contain an elementary abelian subgroup of order at least 4 and intersect
Z trivially and we set I' := (Nz(U) | U < T and U € T).

(5) Wehave I'" <T" < Nz(Wy)

Proof. Let B < A such that #(B) > 2. Then B is elementary abelian and has a subgroup B;
of order 4 that intersects Z trivially. This shows that ™" < T.

Let U € T be a subgroup of 7. Then U has an elementary abelian subgroup B of order 4
such that BN Z = 1. Hence (4) yields Wz = Wj.

Let g € G such that § € Ng(U). Then g € Ng(U - Z) and so BS is an elementary abelian
subgroup of order 4 of T. Moreover we see that BENZ = BENZ8 = (BN Z)S = 1. Thus
Wj = Wg by (4). Altogether we conclude

W =W = (0b) | be B#>)g = (0(b)® | b € B*Y = (0(®) | b € By = (0(b%) | b € B*)
=(0(d) | d € (B®)*) = Wz = Wy n

(6) We have [K, Wil < KnWy=1.

Proof. By the minimal choice of A, we see that A is minimal strongly closed in G. As (f) is
false, the group Ng(A)/Cs(A) is S 4-free in the case that |A| = 16. Moreover we deduce from
(4) and (5) that W has odd order and is normalised by I'*. So we may apply Lemma 2.3.2
to G. Let @ € A*. Then C(a) is 3-soluble by (3) and O(AC6 D)) < O(Ci(a)) = 6(a) < Wj.
Thus Lemma 2.3.2 yields Cs(a) < Wy - T™.

Further (2) shows that K < (Cs(a) | @ € A*) < Wy - T*. In particular (5) implies that K
normalises Wj. Consequently we obtain that [K, Wz] < KN W; < K. Since Wy N K is a

33



normal subgroup of odd order of the simple group K, the Odd Order Theorem 1.1.12 yields
that Wz N K is trivial. n

By (1) we have that O(G) = 1 and K = E(G). This implies with Lemma 1.1.18 (h) that
Cw;(02(G)) = Cwy(F*(Wg)) < Wz N F*(G) = L.

Thus Wy acts faithfully on O2(G). The group O,(G) is by (1) either cyclic or dihedral. Thus
0,(G) admits no automorphism of odd order except for the case where O,(G) is elementary
abelian of order 4 by Lemma 1.1.3. In this case it admits an automorphism of order 3. In
every case we have W < O*(Aut(02(G))) < Zs. Let W denote the full pre-image of Wy in
G. Then W is a {2, 3}-subgroup of G and there is an possibly trivial element xy € G such
that (xo) X Z = W and xj = 1.

For all involutions b € T \ Z, we observe that (b) - Q;(Z(T)) has order at least 4 or we
have that b € Q[(Z(T)) and (b) - A has at least order 4. In every case b is contained in
a non-cyclic elementary abelian subgroup B, of G with B, N Z = 1. Hence (3) and (4)
imply that O(Cg(b)) = O(Ng({b,c))) < O(Ng({b,c))) = O(Cs(b)) < Wz = W. This
shows that O(C (b)) < O*(W) = (x¢). Since Ck(b) is normal in Cg(b), we conclude that
O(Ck(b)) < O(Cg(b)) N K < {(xg) N K = 1. Finally (e) holds. This is a contradiction. O

2.3.4 LEMMA

Let H be a finite group 3-soluble group such that O(H) = 1 and let A be an elementary
abelian 2-subgroup that is strongly closed in H. Suppose further that U = A - E(U) is a
Cy(a)-invariant subgroup of H for an element a € A*.

If L is a component of (AY), then Lis a component of (AT,

Proor Compare with 3.7(2) of [20].
Let L be a component of (AY). By assumption the group U is 3-soluble and Lemma 2.2.2 (d)
implies that A is strongly closed in (AY). We set E := E((AY)) and apply Proposition 2.2.5
to conclude that E is a central product of Suzuki groups. Furthermore the same proposition
implies that A N E = Q(S) for a Sylow 2-subgroup S of E and hence ((E N A)f) = E. We
notice from Theorem 1.2.8 (d) that (L N A)/Z(L) determines the size of L/Z(L).
Moreover we deduce from Proposition 2.2.5 and O(H) = 1 that

E = ((ENAF) <(A") = A- E(A™)).
Since E = E’ is perfect, we conclude that E < E((A)). The fact that Z(E((A"))) is abelian
and L is not abelian provides a component K of (A, such that [K, L] # 1. We see that E
normalises K < E((A")). This implies that C;(K) < L. Hence, as L is simple, we deduce
from [K, L] # 1 that Cr(K) < Z(L). This implies that L induces inner automorphism on K,
since the outer automorphism group of K is soluble by Theorem 1.2.8 (b) and (c).
In addition we observe that Cx(a) > AN K £ Z(K) from Proposition 2.2.5. Furthermore we
notice from Theorem 1.2.8 (d) that (K N A)/Z(K) determines the size of K/Z(K).
Since E is Cy(a)-invariant, we see that [E,Cg(a)] < KN E. If we had EN K = 1, then
L would centralise Cx(a) > A N K. Consequently we would have a contradiction, because
Ck(AN K)is a?2-group by Theorem 1.2.8 (g) and L induces inner automorphism in K.
We conclude that 1 # ENK<E and from Lemma 1.1.18 (e) we deduce that (ENK)-(E)/Z(E)
is a direct product of components of E/Z(FE). Since different components of £ commute by
Part (b) of the same lemma, we conclude that L < K. Moreover Theorem 1.2.8 (j) yields
that Z(K) = Z(L) and Ng(L) = L.
In addition we have KNA < KN((ANL)-Ca(L)) < KNN(L) < Nx(L)NA = LNA < KNA.
The fact that the sizes of L/Z(K) and K/Z(K) are determined by (LNA)/Z(K) = (KNA)/Z(K)
implies L = K. |
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2.3.5 THEOREM

Let G be a finite simple group and let A be an elementary abelian 2-subgroup of G of order at
least 8 that is minimal strongly closed in G. Suppose that the centralisers of the involutions
of A are 3-soluble. If A has order 16, then assume further that Ng(A) is S 4-free.

Moreover, for all a € A*, suppose that (A€6@) is soluble or that Cg(a) is contained in a
3-soluble maximal subgroup of G.

Then G is a Bender group.

Proor Compare with 4.3 and paragraph 7 of [20].
Let G be minimal counterexample. Then the assumption that the centralisers of the involu-
tions in A are 3-soluble and Lemma 2.1.4 force involutions of A to be balanced in G.

(1) We have G = (Cg(a) | a € A*). Moreover O(Cg(a)) is trivial for all a € A*.
If further H is a 3-soluble subgroup of G containing A with O(H) = 1, then we have
H = Ny(A) - ECA™)Y) and (AY = A - E(AT)) € F*(H).

Proof. We first obtain G = (Cg(a) | a € A*) from Lemma 2.2.6, as G is not a Bender group.
For all involutions a € A* the group O(Cg(a)) is soluble by the Odd Order Theorem 1.1.12.
Moreover |A| > 8 and A is balanced in G. Altogether we may apply the Soluble Signalizer
Functor Theorem 2.1.6 to conclude that W = (O(Cg(a)) | a € A*) has odd order. Let B be a
non-cyclic subgroup of A. Then B acts coprimely on O(Cg(a)) for every a € A*. Since A is
balanced in G, Lemma 1.1.14 (e) yields that

0(Cg(a) = (O(Cg(a)) N Cg(b) | b € BY) <(O(Cs(b)) | b € BY).

It follows that W < (O(Cg(b)) | b € B*) < (O(Cg(a)) | a € A*) = W and consequently
we have W = (O(Cg(b)) | b € B*). This implies that W is normalised by the group
I = (Ng(B) | B < A, r(B) > 2). Moreover we have O(A¢W) < O(Cg(a)) < W for
all a € A*. Applying Lemma 2.3.2 we deduce that G = (Cg(a) | a € A%y < Ng(W).
Consequently W is trivial, as G is simple. In particular we have O(Cg(a)) = 1 for all
ae A*.
Additionally let H be a 3-soluble subgroup of G containing A with O(H) = 1. Then A is
strongly closed in H by Lemma 2.2.2 (d). Moreover we have O((A”)) < O(H) = 1. Hence
we deduce from Lemma 2.2.2 (g) and Proposition 2.2.5 that

H = Ny(A) - (A7) = Ny(A) - ECAM)Y) and that (A1) = A - E(AT)). m

(2) The group Ng(A) = O*(Ng(A)) acts irreducibly on A and there exists an element a € A
such that Cs(a) is not soluble.

Proof. By Lemma 2.2.2 (e) the group Ng(A) controls the fusion of its 2-elements. Thus
for all Sylow 2-subgroups T of the simple group G such that A < T, the Focal Subgroup
Theorem 1.1.9 leads to
T=GNT=G'NT= ('¥|teT,gcGand T)
= ('88|teT,geNgA)and 8 € T) = T N (Ng(A))'.

It follows that Ng(A) = O*(Ng(A)). As A is minimal strongly closed in G, the group Ng(A)
acts irreducibly on A by Lemma 2.2.2 (j). Finally suppose for a contradiction that Cg(a) is
soluble for all a € A*. Then (1) implies that C;(a) C Ng(A) for all a € A*. Thus again (1)
leads to G = (Cg(a) | a € A*Y C Ng(A). This is a contradiction. ]

(3)If b € A* and Cg(b) < H < G, then O(H) = 1.

Proof. Let b € A* and suppose that H is a subgroup of G containing Cg(b). Then (1) yields
that O(H) N Cg(b) < O(Cg(b)) = 1. In particular b acts fixed-point-freely on O(H) and
hence b inverts O(H). Let d € A*. Then we have:
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O(H) N Cs(d) = [O(H) N Cg(d), b] < O(H) N (ACoun @)y
< OH)N A - E{QAS@DY) = O(H) N E(ACc@Dy),

The group E((A%@)Y) is 3-soluble and A is a strongly closed subgroup of E((ACc@y) by
Lemma 2.2.2 (d). Consequently Proposition 2.2.5 yields that E((A¢ @)y) is a central product
Suzuki groups such that EAS DY) n A = Q;(S) for a Sylow 2-subgroup S of E({(AC¢(@)Y),
From Theorem 1.2.8 (i) we obtain that O(H N E(AC¢@Y)) = 1.

Altogether it follows that O(H) N Cg(d) < O(H) N ECASDY) < O(H N E(AC@Dy)) = 1.
Finally Lemma 1.1.14 (e) implies O(H) = (O(H) N Cy(d) | d € A*y = 1. ™

Let a € A" such that G has a 3-soluble maximal subgroup H containing Cg(a). Such an
element exists by the assumption and (2). Moreover let K denote a component of (A¥).

(4) We have E(H) = E(K - C5(K)).

Proof. We obtain from (3) that O(H) = 1 and so (1) implies that H = Ny(A) - E(AMY)
and A < F*(H). This shows that A - K is a subgroup of the 3-soluble group H. Moreover
from our choice of K and Proposition 2.2.5 we obtain an element b € A N K¥ and we ob-
serve that Cg(K) < Cg(b). Additionally we remark that O(Cs(b)) = 1 by (1). From the
fact that (K is normalised by Cg(a) < H we deduce that ECK™) N Cg(b)) is Ccyp)(a)-
invariant. Moreover every component L of A - (K') that is different from K is a component
from E((K") N C;(b)) by Lemma 1.1.18 (g). We apply Lemma 2.3.4 to observe that L is
a component of Cg(b). From L < Cg(K) and Lemma 1.1.18 (f) we conclude that L is a
component of Cg(K).

Altogether (KHy is a product of components of K - C(K) and so (KHy is normalised by
E(K - Cg(K)). Since H is a maximal subgroup of the simple group G, we conclude that
E(K - C5(K)) < Ng((Kf)) = H. Thus we see from Lemma 1.1.18 (g) that we have
E(Cs(K)) € E(Ch(K)) is a subnormal subgroup of H and Lemma 1.1.18 (f) implies that
E(Cs(K)) < E(H).

On the other hand from the fact that K is a component of (A™) and hence of H we deduce
that E(H) < K - Cg(K).

Finally Lemma 1.1.18 (g) yields that E(H) < E(K - Cg(K)) = K - E(Cg(K)) < E(H). ]

(5) For all b € C4(K)* the unique maximal 3-soluble subgroup of G containing Cg(b) is H.

Proof. Let b € Co(K y* and let H, be a maximal 3-soluble subgroup of G containing Cg(b).
Then we have K < H; and O(H;) = 1 by (3). Moreover K s a component of the Cy, (a)-
invariant group E(H; N E(H)). Thus K is a component of H; by Lemma 2.3.4. Furthermore
(4) yields that E(H,) = E(K-Cs(K)) = E(H) is normalised by H| and by H. As G is simple
and H and H; are maximal subgroups of G, it follows that H| = H. [

We further choose a, H and K such that |C4(K)| is minimal.
(6) Ng(A) is not contained in H.

Proof. Suppose for a contradiction that Ng(A) < H.

We know from (2) that O*(Ng(A)) = Ng(A) and that Ng(A) acts irreducibly on A.

Assume first that A < K. Then we may apply Proposition 2.2.5, since H is 3-soluble and
A is strongly closed in H by Lemma 2.2.2 (d), to observe that K < H. Since K is a Suzuki
group either 1 # AN Z(K) < Z(K) < Z(H) and A N Z(K) # 1 or all elements of A" are
conjugate in K < H by Theorem 1.2.8 (f). The first case is not possible, as Ng(A) = Ng(A)
acts irreducibly on A. In the second case we have Cg(b) < H for all b € A* and hence (1)
yields that G = (Cg(b) | b € A"y < H. This is a contradiction.

Thus 1 # AN K # A. The irreducible action of Ng(A) on A implies that Ng(A) does
not normalise K. From O*(Ng(A)) = Ng(A) it follows that (A") has at least three distinct
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components that are isomorphic to K. This implies |C4(K)| > V|A]. We fix an element
b € A*. If we have E((A“6®)y) = 1, then we obtain from (1) that C;(b) < Ng(A) < H.

If we have E((AS6®)) % 1, then (A¢®) is not soluble. Thus by the assumption of our
theorem Cg(b) is contained in a 3-soluble maximal subgroup of G. Let H; be a 3-soluble
maximal subgroup of G containing Cg(b) and let E be a component of (A1), From the
choice of K it follows that [CA(E)| > |Ca(K)| > VIA] and so Co(K) N CA(E) # 1. Let
c € Co(K) N C4(E)*. Then we have ¢ € C4(K) and so (5) yields that Cg(c) < H. Thus
E < Cg(c) < H. Altogether we conclude that E((A"1)) < H. Moreover, as O(H;) = 1 by
(3), Part (1) implies that Cg(b) < H; = Ny, (A) - E(AfY) < H.

Finally we have shown that (Cg(b) | b € A*) < H. This contradicts (1). ]

(7) Ca(K) N Ca(K)E = 1 for all g € Ng(A)\Ny(K).

Proof. Let g € Ng(A) be such that C4(K) N Ca(K)8 # 1 and let b € C4o(K)* N C4(K)$. From
b beC '4(K) and (5) we deduce that H is the unique maximal subgroup of G containing
Ci(b) and Cs(b)¢ . Hence we have H¢ ' = H and so g€H.

Applying (6) we choose an element i € Ng(A)\H. Then we have C4(K)NCy(K Y = 1. This
forces (|CA(K))* = |CA(K)| - ICA(K)"| = |Ca(K) - Ca(K)"| < |A]. Since A = Ca(K) - (A N K)
it follows that |[K N A| > V|A].

We suppose for a contradiction that g ¢ Ny (K). Then [K, Ké] = 1 by Lemma 1.1.18 (b) and
so we have VJA| < [KNA| < |Ca(K®)| = |Ca(K)| < V]A|. This implies that K N A = C,(K?)
and similar we conclude K8 N A = C4(K).

From all this we deduce

IKNA|-|KEN Al = [KNA|-|(KNAE| = KNAP = (VIA])? = |A] = [Ca(K) - (AN K))

=|(Aan)-(AﬂK)I=%'

It followthat 1 = KNANKS =KNANANKS =Cx(K8) N Ca(K)
= (Ca(K))® N Ca(K) # 1.
But this is a contradiction. [

Let X := Ng(A)/Cg(A), let Yy be a complement of the Sylow 2-subgroup of Ng(A) (the
group Nk(A) is a Frobenius group by Theorem 1.2.8 (e)) and Y = Yp - Cg(A)/Cg(A).

(8) The groups X and Y satisfy hypothesis (2.9) of [20] in their action on A, and Z(K) # 1.

Proof. We recall that Ng(A) acts irreducibly on A and O*(Ng(A)) = Ng(A) by (2). Hence
X acts faithfully and irreducibly on A and O*(X) = X. By Theorem 1.2.8 (e) the group
Y is cyclic of odd order and acts transitively on [A, Y1*. By (7) the distinct elements of
{CA(Y)" | h € X} intersect pair-wise trivially. Thus hypothesis (2.9) of [20] is fulfiled.
Assume that Z(K) = 1. Let h € Nx(Ca(K)) and let g € Ng(A) be a pre-image of hinG.
Then C4(K) N C4(K)$ # 1, so (7) implies that g € Ng(K) N Ng(A) < Ny(Nk(A)). By the
definition of Y it follows that g € Ny (Yy - Cx(A)) and so i € Nx(Y). Applying (2.11) of
[20], we conclude that [A| = 8 and |C4(K)| = 2. This is a contradiction to Theorem 1.2.8 (d).
[ ]

(9) We have |C4(K)| = 2.

Proof. We want to apply (2.10) of [20]. Thus, it remains to show that Y acts semi-regularly
on the set {C4(Y)" | h € X}\{Ca(K)}.

Suppose for a contradiction that ¥ does not act semi-regularly on {C4(Y Yo | he X\ (Ca(K)).
Then there exists an element g € NG(A)\Cg(A) and there is an element y € Y* such that
Ca(K)8 # C4(K) and Cx(K)8 is fixed by y. Since Z(K) # 1 we conclude K/Z(K) = Sz(8)
from Theorem 1.2.8 (a). This forces y to have order 7 and hence C4(K)8 is Y- and so Yy-
invariant. Since C4(K)¢ N C4(K) = 1 by (7) and since Y acts transitively on [A, Yo]#, we
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conclude that C4(K)$ = [A, Y.

Now we have |C4(K)|? = |C4(K)| - |[A, Yol = |A] and K is not simple by (8), so K < H and
CA(K) = O2({AY)<H. The fact that H is a maximal subgroup of the simple group G yields
that Yg_l < Ng(Ca(K)) = H and that 1 # C4(K) N K is a proper H-invariant subgroup of

C4s(K). But Yg_l acts transitively on [A, Yo]g_l = C4(K). This is a contradiction.
Now (2.10) of [20] forces |C4(K)| = 2 and thus C4(K) = Z(K). [

Finally A = 2 -8 = 16 and 8 - 7 divides |[Ng(A)/Cs(A)|. Bearing in mind that Ng(A) acts
irreducibly on A, Lemma 1.2.6 contradicts the assumption that in this case Ng(A) is S 4-free.
O

2.3.6 Lemma

Let G be a finite S 4-free group such that Z*(G) = 1.

Suppose that A is an elementary abelian 2-subgroup of G of order at least 8 that is strongly
closed in G. For every involution ¢t € G suppose that Cg(t) is a 3’-group. Moreover let
a € A* such that (A€6@) is not soluble.

Then every subgroup of A that is minimal strongly closed in G has order at least 8.

Additionally if N is a normal subgroup of G such that Z*(N) = 1 and (A“¢@) N N is not
soluble, then all subgroups of A N N that are minimal strongly closed in N and of order at
least 8. Moreover there exists at least one.

Proor

Let B be a non-trivial subgroup of A that is minimal strongly closed in G.

Suppose for a contradiction that B has order 4. From Lemma 2.2.2 (a) we observe that
Ng(A) < Ng(B). Moreover the assumptions that Z*(G) = 1 and that G is S4-free force
Ng(B)/Cg(B) to be cyclic of order 3. We further know that C(B) is a 3’-group. It follows
that Ng(B) is 3-soluble and possesses cyclic Sylow 3-subgroups of order 3. Let x € Ng(B)
be an element of order 3. Then B = [B, x] and hence x ¢ O(Ng(B)). Moreover Cg(x)
is of odd order, since the centralisers of involutions are 3’-groups by assumption. We set
H := Ng(B) and let — : H — H/O({A™)) denote the natural epimorphism. Then we deduce
from Lemma 1.1.14 (a) that C#(X) is of odd order.

In addition we observe that the group A is strongly closed in the 3-soluble group Ng(B) by
Lemma 2.2.2 (d). Hence we may apply Proposition 2.2.5 to obtain that (A#) is a central
product of an abelian 2-group and quasi-simple Suzuki groups. Since C#(X) is of odd order,
Lemma 1.2.10 yields that (Af) is a 2-group. In particular (A¢¢®) is soluble.

Now we set C := (AS6@Y and let A : C — C/O(C) be the natural epimorphism. More-
over we observe from Lemma 2.2.2 (d) that B < C is strongly closed in C. From the
assumption that C is a 3’-group and from Ng(B)/Cs(B) = Z; we deduce together with
the Z*-Theorem 1.1.13 that B € Z*(C). We further obtain from our above investigation
and Lemma 1.1.14 (a) that C = C@(E) = Cc(B) - O(C)/O(C) is soluble. The Odd Order
Theorem 1.1.12 finally forces C = (A“6\¥) to be soluble. This is a contradiction.

Let additionally N be a normal subgroup of G such that Z*(N) = 1 and such that (AS¢@ynNN
is not soluble. We set X := (a) - N. Since X is a subgroup of G, it is S 4-free and for every
involution € X we have that Cx(?) is a 3’-group. Moreover we observe that ANX is strongly
closed in X and A is strongly closed in the 3-soluble group (A¢¢@) from Lemma 2.2.2 (d).
Applying Proposition 2.2.5 we deduce that ((AC@y N N)- O(AC@DY) ] O((ACED)Y) contains
a Suzuki group. Let L be its full pre-image and L = L; N N. Then L N A has at least 8
elements by Theorem 1.2.8 (d). Moreover ((L N ALY < ((A N L)S¥@)Y is not soluble.

Finally we apply our Lemma to X and deduce that every elementary abelian subgroup B of
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A N X that is minimal strongly closed in X has order at least 8§ or that Z*(X) # 1. In the
first case such a B is centralised by (@) and hence B N N is strongly closed in N{a). The
minimality of B implies that B < N. Moreover the fact that (a) centralises every subgroup
of B yields that B is also minimal strongly closed in N. This is the assertion.

In the second case we deduce from Z*(N) = 1 that there is an element n € N such that
a-neZ(X)=2X)and (a-n)® = 1. The assumption forces N to be a 3’-group. Let B be a
subgroup of A N N that is minimal strongly closed in N. Then the fact that N is a 3’-group
with Z*(N) = 1 implies together with the Z*-Theorem 1.1.13 that B has order at least §. O

2.3.7 PRroPOSITION
Let G be a finite S 4-free group such that O(G) = 1 and G has no normal 3-complement.
Let further A be an elementary abelian 2-subgroup of G of order at least 8 that is minimal

strongly closed in G. For every involution 7 € G let Cg(f) be a 3’-group.
Then (AC6@) is soluble for all a € A*.

Proor

Let G be a minimal counterexample. Since the centralisers of involutions are 3’-groups, the
centraliser of every 3-group is of odd order. (*)

By assumption we have O(G) = 1 and G is S4-free and has no normal 3-complement.
Hence Lemma 1.3.8 implies that F*(G) = E(G) is simple and no 3’-group. In particular we
have Z*(G) = 1 and Z*(E(G)) = 1.

Moreover there is an element a € A* such that (A€6@) is not soluble. Lemma 1.3.8 implies
that C(a)/Cg(G)(a) is soluble. Consequently (AS¢@) n E(G) is not soluble. We apply
Lemma 2.3.6 to observe that all subgroups of A which is minimal strongly closed in E(G)
are of order at least 8.

Now the simple group E(G) fulfils the hypothesis of our proposition. From our choice of
G as a minimal counterexample we conclude that (BC£©®) is soluble for all b € B* or
G = E(G) is simple. In the first case Theorem 2.3.5 forces E(G) to be a Bender group.
The centraliser of the involutory automorphism of E(G) that is induced by a involves a
Suzuki group. Therefore Theorem 1.2.12 (c¢) forces E(G) to be a Suzuki group. This is a
contradiction, as E(G) is not a 3’-group.

Consequently G is no Bender group and hence G = E(G) is simple. Again by Theorem 2.3.5
there exists an involution b € A such that neither (A6 is soluble nor Cg(b) is contained
in a 3-soluble maximal subgroup of G.

Let H be a maximal subgroup containing Cg(b) and let — : H — H/O(H) be the natural
epimorphism. From Lemma 1.3.8 we obtain that F*(H) = E(H) is simple and no 3’-group
and we see that Z*(H) = Z*(E(H)) = 1.

Further we get A < H and A is strongly closed in A by Lemma 2.2.2 (d) and (f). Since we
have Cg(b) < H, we conclude that Cg(b) = Cp(b). The fact that (A“#®) is not soluble
yields together with Lemma 1.1.14 (a) that (AC#®) = (AC#®))y = (ACa®)y is not soluble.
But Cj3(b)/Cry(b) is soluble by Lemma 1.3.8. Thus the group (A%4®)) N E(H) is not
soluble. We apply Lemma 2.3.6 to observe that A has a subgroup B of order at least 8 that
is minimal strongly closed in E(H). )

Altogether E(H) fulfils the assumption of our proposition and hence (B =@ ®)} is soluble for
every b € B. For that reason E(H) fulfils the hypothesis of Theorem 2.3.5 and so E(H) is a
Bender group. Since b induces an involutory automorphism on E(H) such that its centraliser
involves a Suzuki group, again Theorem 1.2.12 (c) and the fact that E(H) = F*(H) is no
3’-group lead to a contradiction. m|
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2.4 TaE BENDER METHOD

With the Bender method we analyse maximal subgroups of almost simple groups, where
the generalised Fitting subgroup has at most prime index. Bender elaborated this method
for finite simple groups. In [38] Waldecker showed that it can be adopted to almost simple
groups with a simple normal maximal subgroup of index 2. We need the results for almost
simple groups with a simple normal maximal subgroup of index 3. Therefore we need to
prove some of the standard results with our additional assumption again. The ideas are due
to Bender.

2.4.1 DEFINITION

Let G be a group then G is called m-simple if and only if G is a finite almost simple and 1,
E(G) and G are all normal subgroups of G.

REMARK

Every simple group is m-simple.

24.2 LevmMma

Let G be a m-simple group. Then |G : E(G)| is 1 or a prime.

Suppose further that H is a maximal subgroup of G and N is a normal subgroup of H. Then
we have H = Ng(N)or N =1or E(G) =N = H.

Proor

Assume first that G # E(G). Then G/E(G) is soluble and simple, since G is m-simple.
As all simple soluble groups are cyclic of prime order, there exists a prime p such that
IG : E(G)| = p.

Assume now that G is arbitrary. If we have H = E(G), then H is simple and we have
H = E(G) = N. Otherwise 1 is the unique normal subgroup of G contained in H. If we
have H # Ng(N), then we observe that H < Ng(N), since N is a normal subgroup of H. The
maximality in G of H implies that Ng(N) = G. This forces N to be trivial. m|

2.4.3 DEFINITION

Let G be a finite group. Suppose that H is a maximal subgroup of G and let U be a proper
subgroup of G.

The group H infects the group U if and only if there is a subgroup A < F(H) such that
Nrp«@(A) < U. If H infects U, then we write H ~ U.

244 LeMMA

Let G be a m-simple group. Suppose further that H # E(G) is a maximal subgroup of G
that infects the proper subgroup U # E(G) of G. Moreover we set « := n(F(H)).

Then the following hold:

(a) O,(F(U)) < Hor F*(H) is a p-group.
®) Ox(F(U)NH=1.
(c) If U~ H,then H = U or F*(H) and F*(U) are p-groups for the same prime p.

Proor Compare with 6.1 and 6.2 of [38].
Let A be a subgroup of F(H) such that Np«(A) < U. Then we have
(*) E(H) < Cpr@y(A) < U and Z(F(H)) < Cp(A) < U.
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We further observe that Cryy(U N F(H)) < Cry(A) < U and Lemma 2.4.2 yields that
Ny(X) < H for every non-trivial characteristic subgroup X of H. Now Part (a) follows from
Lemma X 15.6 (b) of [9].

If we additionally have U ~» H, then we similarly observe that E(U) is a subgroup of H and
Crw)(HN F(U)) < H and Lemma 2.4.2 yields also that Ny(X) < U for every non-trivial
characteristic subgroup X of U. So we may apply Theorem X 15.7 of [9] to obtain (c).

It remains to prove Part (b). Suppose that p € n’. Then we observe
[0,(U)NH,A-Cru(A)] < 0,(U)NF(H) = 1.

Moreover O,(U) N H acts coprimely on F(H). We apply Lemma 1.1.14 (g) to the group
O,(U) N H that acts on F(H) and the self-centralising subnormal subgroup A - Cr)(A).
Then we conclude that O,(U) N H centralises F(H). Moreover we obtain from (*) that
E(H) < U normalises O,(U) and so H N O,(U). Since H N O,(U) normalises E(H), we
deduce from Lemma 1.1.18 (b) that [0,(U) N H, E(H)] = 1.
Finally Part (h) of the same lemma implies together with Lemma 2.4.2 that

HNOp(H) < C6(F*(H)) = Cy(F*(H)) = Z(F*(H)) < F(H).
Now the fact that F'(H) has p’-order leads to the assertion. O

24.5 Lemma

Let G be a m-simple group and let H and U be distinct maximal subgroups of G both
different from E(G).

Suppose that both F*(H) and F*(U) are p-subgroups of G for an odd prime p.

If we have H ~» U, then H or U is not S L(2, p)-free.

Proor Compare with 2.4 of [4].

Suppose for a contradiction that H and U are S L(2, p)-free groups and fix a Sylow p-
subgroup S of H and a Sylow p-subgroup Q of U.

Since H is S L(2, p)-free, 1.4 of [15] yields Z(J(S)) < H. Hence Lemma 2.4.2 implies that
H = Ng(Z(J(S))). Moreover Ng(S) is a subgroup of Ng(Z(J(S))) = H. As U is SL(2, p)-
free, we also observe Ng(Q) < Ng(Z(J(Q))) = U. Thus S and Q are Sylow p-subgroups of
G and therefore conjugate in G. This implies that H = Ng(Z(J(S))) and U = Ng(Z(J(Q)))
are conjugate in G. Let g € G with H = US.

From the assumption H ~» U we deduce that Z(O,(H))* is a subgroup of H. Because of
Sylow’s Theorem we may choose g such that Z(O,(H))® < S. Now 1.5 of [15] yields that
g = c¢-nwith ¢ € Ng(Z(O,(H))) = H and n € Ng(Z(J(S))) = H. This means g € H and
hence we have H = U. This is a contradiction. O

2.4.6 LeMMA

Let G be a m-simple group and suppose that H # E(G) is a maximal subgroup of G such that
either F*(H) is no p-group or F*(H) is a p-group for an odd prime p and H is S L(2, g)-free.
If we have F(H) = F*(H) and if there is a g € G with H ~» H$, then g is an element of H
or O(H) is trivial.

Proor Compare with 2.5 of [4].

Assume that O(H) # 1. Because of Lemma 2.4.5 we may assume that F*(H) is not a p-
group. Then we have F(H?®) = Oxrm(H®) < H by Lemma 2.4.4 (a). As F(H®) = F*(H®)
it follows that H8 ~» H. Now Lemma 2.4.4 (c) yields H = H® andso g € Ng(H) =H. O

2.4.7 DEFINITION

Let G be a finite group, ¢ be a prime and ¢ be an involution. We say that t commutes q
down in G if and only if [, Q] < F(G) for every Cg(f)-invariant g-subgroup Q of G.
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2.4.8 LevMA

Let G be a m-group and suppose that A is an elementary abelian subgroup of order 4 of G
such that there exists an element y acting transitively on A#. Assume further that there is an
involution ¢ of A and a Cg(c)-invariant g-subgroup Q of G for an odd prime g such that Q
is not centralised by c¢ but every proper Cg(c)-invariant subgroup of Q lies in Cg(c).
Moreover let H # E(G) be a maximal subgroup of G such that Cg(c) < Ng(Q) < H and
every element of A* commutes ¢ down in H. Then one of the following holds:

(a) The element y normalises H.

(b) There is an element a € A\ {c), such that [c, Cp(a)] # 1 and there is no S L(2, g)-free,
maximal subgroup M # E(G) of G containing Ng([c, Cg(a)]) such that a commutes
g down in M.

(c) There is a maximal subgroup of G containing Cg(c) that is not S L(2, g)-free and
different from E(G).

Proor

Suppose that (b) and (c) are false and set C := Cg(c).

The group Q does not centralise c. This implies that the C-invariant group [Q, c] is non-
trivial. From the assumption on Q we deduce that Q = [Q, c]. The further assumption that
¢ € A* commutes ¢ down in H immediately forces Q to be a contained in F(H).

Moreover O,(C) - Q is a c-invariant g-group. We see that Np(O,(C)) # 1. Suppose for
a contradiction that ¢ centralises Ky := Ng(O4(C)). Then Lemma 1.1.14 (g) implies that
[04(C) - O,c] = 1. This contradicts 1 # [Q,c]. Hence ¢ does not centralises No(O4(C)).
That leads to O = No(O,4(C)).

Suppose for a contradiction that ¢ centralises the C-invariant group Co(O4(C)). Then we
have Cp(04(C)) < C and hence we conclude that

[Co(04(C)), Oy (F(C)] € QN Oy (F(C)) = 1.

Therefore Cp(0,4(C)) is a subgroup of O,(C). Again Lemma 1.1.14 (g) yields a contradic-
tion to [c, Q] = 1. Thus we have [Co(O4(C)), c] # 1 and conclude Q = Cp(04(C)).

We further observe from ¢ € A that the abelian group A is a subgroup of C. Hence
Lemma 1.1.14 (e) implies that Q = (Cp(?) | t € A"y and we obtain an involution a € A
such that [¢, Co(a)] # 1. Moreover there exists an element i € {1,2} such that a = . We
want to show that y € H. We notice from y*> € Cg(c) < H that it suffices to show that y' € H.
Hence we may assume that y = y.

We set Qg := [c,Cp(a)] € Cg(a) = C¥ € H”. From Q < F(H) it follows that Qy is a
subgroup of [F(H),c] < F(H). The group H” N Q is Cyy(c)-invariant. Since every invo-
Iution of A commutes g down in H, every involution of A = AY commutes g down in H”.
Consequently we observe Qg = [c,Co(a)] < [c, H N Q] < F(HY).

Altogether we have Qg < O,(H”) N C7 < 04(C?) = 04(C) < Cg(Q). This implies that
Q¥ < Cs(Qo) < Ng(Qop) £ M for every maximal subgroup M of G, containing Ng(Qp).
Since Q is normalised by C, the group Q" is Cy(c”)-invariant. As (b) is false there is a
maximal subgroup M # E(G) containing Ng(Qp) such that @ commutes g down in M and
furthermore M is S L(2, q)-free. We see that 0 is Cy(a)-invariant and hence we deduce
that 0” = [Q,c) =[Q”,a] £ F(M).

Finally we have M ~» H” via 0%, H” ~ M via Qg and H ~ M via Q.

Thus Lemma 2.4.4 implies that M = H” or F*(M) and F*(H") are both g-subgroups of G.
In the second case Lemma 2.4.5 implies that M = H” since M and H” are S L(2, g)-free by
the failure of (c¢). For this reason H ~» M = H” holds. Now Lemma 2.4.6 yields H = H".
Finally Part (a) follows, because H is a maximal non-normal subgroup of G. O
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2.5 SivMpLE GROUPS WITH SMALL SYLOW 2-SUBGROUPS

In this section we will prove the following well-known theorem.

2.5.1 THEOREM

Let G be a finite simple group such that a Sylow 2-subgroup of G is elementary abelian of
order 4. Then G = PS L(2, g) for some g = 3 or 5 mod 8.

In [4] Bender gave a new proof for the classification of finite simple groups with dihedral
Sylow 2-subgroups that is due to Gorenstein and Walter. The ideas of the second section in
Bender’s article are sufficient to verify Theorem 2.5.1

For the remainder of this section let G be a minimal counterexample to Theorem 2.5.1.
Moreover suppose that 7' is a Sylow 2-group of G and c is an involution of 7. Let further C
be a maximal subgroup of G containing Cg(c).

2.5.2 LemMA

All involution of G are conjugate in G.

Moreover if U is a proper subgroup of G containing Cg(c), then U has exactly three
conjugation-classes of involutions. Moreover U has a normal 2-complement and every
involution of 7 commutes every odd prime down in H.

Proor

If H is a of G such that Cg(c) < H, then the index [Ny(T) : Cyx(T)| is odd, since T is an
abelian Sylow 2-subgroup of G contained in Cg(c) < H.

Suppose first that H = G. The group G has no normal 2-complement and hence Burnside’s
p-Complement Theorem 1.1.10 implies that Ng(T) # Cg(T). As T is elementary abelian of
order 4, we conclude that Ng(T)/Cg(T) = Zz. Thus T has exactly one class of involutions
in G.

Assume now that H = U is a proper subgroup of G and suppose for a contradiction that all
involutions of T' are conjugate in U. Then all involutions of U are conjugate in U by Sylow’s
Theorem. It follows that U contains all G-centralisers of its involutions. This means that U
is strongly embedded in G. Finally Theorem 1.2.12 (e) yields a contradiction.

It follows that Ny(T') = Cy(T') and the p-Complement Theorem of Burnside 1.1.10 together
with Lemma 3.6 of [38] imply the assertion. O

2.5.3 Levmma
We have C = Cg(c) and F*(C) = F(C) > 0,(C) = {c).

Proor Compare with Theorem 2.6 of [4]

We first observe that the group G and hence every maximal subgroup of G is S L(2, g)-free
for every odd prime g, because 8 divides |S L(2, g)| for every odd prime g but not the order
of G. From Lemma 2.5.2 we deduce that C has a normal 2-complement. The Odd Order
Theorem 1.1.12 forces C to be soluble. In particular we have F*(C) = F(C).

Suppose for a contradiction that there is a prime g and a Cg(c)-invariant g-subgroup of G
which is not centralised by c. Let Q be a g-group of minimal order such that Q is normalised
by Cg(c) but not centralised by c. We may choose C such that Cg(c) < Ng(Q) < C. Then
Lemma 2.5.2 shows that every involution of C commutes ¢ down in C. Thus Lemma 2.4.8 is
applicable. The involutions of T are not conjugate in C by Lemma 2.5.2 and every maximal
subgroup of G is S L(2, g)-free. So Lemma 2.4.8 provides an element a € T \ {c), such that
[c,Cp(a)] # 1 and there is no maximal subgroup H of G containing Ng([c, Cp(a)]) such
that @ commutes ¢ down. As G is a minimal counterexample, Lemma 1.10 (i) of [4] leads
to a contradiction.
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It follows that ¢ € Co(T - O(F(H))) < C(F(H)) < F(H) from Lemma 1.1.18 (h). Suppose
for a contradiction that T = O,(C). Then we obtain 7" < Z(C), because C has a normal
2-complement. Consequently we have C = Cg(a) for every involution a € C. This means
that C is a strongly embedded subgroup of G contradicting Theorem 1.2.12 (e). Finally we
conclude O,(C) = (c) and observe that C = Ng(0>2(C)) = Ng({c)) = Cg(c). Altogether we
deduce from Lemma 1.1.18 (h) that F(C) > {(c). m]

2.5.4 LemMa

Suppose that H # C is a subgroup of G containing 7" and such that Ng(Q) < H for some
subgroup Q of F(C) and such that ¢ ¢ E(H).

Then we have that [H, ¢] < Oxr(c)yy (F(H)) and [T, O(C)] £ F(O(C)).

Proor Compare with Lemma 2.7 of [4]

We set 1 := n(F(C)) and F := F(H). Then Lemma 2.5.3 implies that [7] > 2. We observe
that Nrp+c)(Q) < H and hence C infects H.

Since ¢ ¢ E(H), the group E(H) has cyclic Sylow 2-subgroups and is therefore trivial by
Burnside’s p-Complement Theorem 1.1.10 and the Odd Order Theorem 1.1.12.

Suppose for a contradiction that [F,c] = 1. Then we have F*(H) < F < C and hence
H ~ C. From Lemma 2.4.4 (c¢) and |7| > 2 we deduce the contradiction H = C. From
Lemma 2.4.4 (a) we see that O,(F) is centralised by c. We conclude that 1 # Oy (F(H)).
Moreover (b) of the same lemma implies that O,/ (F(H)) is inverted by c.

Thus Lemma 1.3.9 is applicable. Since [A, c]¢ = (W' ho) =[c,h] = [h,c] forall h € H,
Lemma 1.3.9 yields [0*(H), ¢] < ([F, c]?’®) < (0 (F)?"®) = 0,.(F). We conclude that
[H,c] = [0*(C) - T,c] = [0*(H), c] < O (F).

Furthermore Lemma 1.1.14 (e) implies that O (F) = (Co,,(r) (1) | t € T#). Therefore there
is an element a € T% such that 1 # Co, r)(a) = [Co,(F)(a),c] < [O(Cg(a)), T]. We obtain
that F(O(Cg(a))) is a m-group, since F(O(C)) is a m-group since a and ¢ are conjugate in G.
We finally conclude that [T, O(Cg(a))] £ F(O(Cg(a))). As a and c are conjugate in Ng(T'),
the assertion follows. O

2.5.5 Levmma
Letae T \{(cyandset N :={g€ OC) | g* =g~ '}.
Then N is a normal subgroup of F(O(C)) and Ng(X) < Cforall 1 # X < N.

Proor Compare with Theorem 2.10 of [4]

Suppose for a contradiction that there is a subgroup H of G with T < H and ¢ € E(H) and a
T-invariant g-subgroup Q for some odd prime g that is not centralised by 7. Then we deduce
from Burnside’s p-Complement Theorem 1.1.10 and the Odd Order Theorem 1.1.12 that
T < E(H). We conclude that E(H) is isomorphic to PS L(2, r) for some prime power r from
our choice that G is a minimal counterexample. We further see that Cgy(T) # Ne@(T)
and, since Ng(T)/Cg(T) is cyclic of order 3, we obtain that Ny(T) - E(H) = Cy(T) - E(H).
Moreover Frattini argument yields that H = E(H) - Ny(T) = E(H) - Cgy(T). It follows from
[T, Q] # 1 that [T, Q] N E(H) # 1. Butnow [T, Q] N E(H) is an T-invariant g-subgroup of
E(H), which is impossible by Dickson’s Theorem 1.2.2.

Suppose for a contradiction that there is a prime g such that 1 # X := Co,c)(@) # O4(O).
From O,(C) = {c¢) < Cg(a) we obtain that ¢ is odd.

The group Cg(a) has a normal 2-complement by Lemma 2.5.2. Hence Lemma 1.1.14 (b)
provides a T-invariant Sylow g-subgroup Q of Cg(a) containing X. Since a and c are
conjugate in G, we have Q@ £ C. In particular from Lemma 1.1.14 (g) we deduce that
1 # [c,Co(X)] < [c, No(X)].

Let H <G be such that Ng(X) < H. Then we observe that [c, No(X)] < [c, H] N Q. This
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forces [c, H] to be no ¢’-groups. Now Lemma 2.5.4 implies that ¢ € E(H). But [c, No(X)] is
a non-trivial T-invariant g-subgroup of H, which is impossible by the above investigation.
Consequently we have that Co,(c)(a) = O4(C) or Co,(c)(a) = 1 for all primes g. In particu-
lar Crmy(a) is a Hall subgroup of F(H). We apply Lemma 1.3.9 to observe that we have
N =[F(C),a] £ F(O(C)).

Suppose for a contradiction that there is a subgroup X # 1 of N such that Ng(X) £ C. Then
X is T-invariant, as it is centralised by ¢ and inverted by a. Let H be a proper subgroup
of G that contains Ng(X). Then the above investigation shows that ¢ ¢ E(H). Finally
Lemma 2.5.4 implies that F(O(C)) 2 [T, O(C)] = [a, O(C)] = N. This is a contradiction. O

Proor or THEOREM 2.5.1

Lemma 2.5.5 yields exactly the configuration from Lemma 2.2 of [4]. Thus Theorem 3 of
[7] yields that C = T - N = (a) - N with N = {g € O(C) | g* = g~'} for an involution
a € T \ {a). Now we can apply [5] to conclude that G is considered as permutation group a
Zassenhaus group of degree ¢ for some odd natural number ¢, that has order (g+1)-q-(g—1).
Moreover there is a subgroup Q of order ¢ such that N(Q) is a stabiliser of a point and has
the form Q - D, where D is an abelian group of order %. Theorem 13.1.1 of [22] yields
that Ng(Q) is a Frobenius group with abelian Frobenius complement D. Finally 10.3.1 (iv)
of [22] implies that D is cyclic. Thus 13.3.5 of [22] forces G to be isomorphic to S L(2, g).
Since the order of G is (¢ + 1) - ¢ - (¢ — 1) and divisible by 4 but not by 8, we conclude that
q = 3 or 5 mod 8. This is a contradiction. m|
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3 A FiIrsT APPROACH

3.1 THE MAIN THEOREM

In this section we present the main theorem and its minimal counterexample.
We examine some first cases and introduce the most important objects.

3.1.1 DEFINITION
Let G be a finite group, p be a prime and suppose that P is a Sylow p-subgroup of G.

(a) The group Z[*,(G) is the full pre-image of Z(G/0,(G)) in G.

(b) An element x € P is p-locally central in G with respect to P if and only if for all
non-trivial subgroups R of P we have x € Z(Ng(R)).

3.1.2 LemMA

Let G be a finite group and p be a prime and suppose that P is a Sylow p-subgroup of G.
Then x € P is p-locally central with respect to P if an only if for all non-trivial subgroups R
of P we have Ng(R) < Cg(x).

In particular, if x € P is p-locally central, then P < Cg(x) and further the following hold:

(a) The element x is strongly closed in G with respect to P. This means, if g € G such
that x¢ € P, then g € Cg(x).

(b) If x € H and H is a subgroup of G, then x is p-locally central in H with respect to
H N P& for some g € Cg(x).

(c) If N <G, then Nx is p-locally central in G/N with respect to PN/N.
(d) If x€ § and § € Syl,(G), then x is p-locally central in G with respect to S.

Proor

Let 1 # R < P and x be an element of P. If we have Ng(R) < Cg(x), then x centralises R
and Ng(R). Thus we conclude x € Cg(R) N Cg(Ng(R)) < Ng(R) N Cg(Ng(R)) = Z(Ng(R)).
On the other hand x € Z(Ng(R)) implies that Ng(R) < Cg(x).

Part (a), (b) and (c) are Lemma 3.1 and Lemma 3.2 of [32].

For Part (d) let x € S and § € Syl (G). Then we apply Part (b) to conclude that x is p-
locally central in § with respect to S N P& for some g € Cg(x). In particular we observe
that S,5 N P8 € Sylp(S). It follows that S = P¢. Let 1 # R < S. Then RY ' is a non-trivial
subgroup of P. Consequently we obtain Ng(R)g_1 = N(;(Rg_l) < Cg(x), since x is p-locally
central in G with respect to P. From g € Cg(x) we conclude that Ng(R) < Cg(x). O

3.1.3 REMARK

From Lemma 3.1.2 (d) we obtain that the property of being p-locally central in a finite group
with respect to a Sylow subgroup does not depend on the choice of the Sylow subgroup.
Therefore we omit the “respect”-part and say that an element x of a finite group G is p-
locally central in G, if it is p-locally central in G with respect to one and therefore all Sylow
p-subgroups of G containing x.
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Now we state the main theorem.

3.1.4 MaIN THEOREM

Let G be a finite group and P be a Sylow 3-subgroup of G. Suppose that x € P is a 3-locally
central element in G with respect to P. Then x is an element of Z’; (G).

For the remainder of this part let G be a minimal counterexample to the main theorem. Then
G is a finite group and there exists a 3-locally central element x € G such that x ¢ Z*(G).
We choose first |G| minimal and then x of minimal order.

We set M := Cs(x) and let P be a Sylow 3-subgroup of G contained in M.
We further define
M:={H|Hmax G, x€ Hand H # M},
o:={qgen(G)|q1|G: M|},
D*(M):={ye M|y’ =1andy¢ (x)} and I*(M) := {a € M* | &> = 1 and C(a) < M}.

3.1.5 Levmma
If we have G = G’ - (x) such that |G : G’| € {1, 3}, then G’ is not isomorphic to PSL(2, g) for
any prime power q.

Proor

Suppose for a contradiction that we have G’ = PSL(2, ¢) for some prime power ¢ and that
G =G -(x)with |G : G'| € {1, 3}.

If x is not contained in G’, then there is an element g € G’ such that x - g induces field
automorphisms in G’ by Lemma 1.2.4. Thus x - g is a conjugate of x by Proposition 4.9.1
of [24]. Moreover g = r> for some prime power r and Cgr(x) = PSL(2, r) by Lemma 1.2.4.
Thus we obtain

PSL(2,r )2 +1)-(P -1
G : Cor()| = sty = it - (2 = r+ 1) - (P +r+ 1.

If we have r = 0 (mod 3), then 3 divides r*. If we have r = 1 (mod 3), then we conclude
»+r+1=12+1+1 =0 (mod 3). Finally, if we have r = 2 (mod 3), then we observe
r?—r+1=4-2+1=0(mod 3). In all cases 3 divides |G’ : C¢(x)|. This is a contradiction,
because x is 3-locally central in G and therefore centralises a Sylow 3-subgroup of G’ by
Lemma 3.1.2.

We conclude that G = G’. If G had cyclic Sylow 3-subgroups, then the property of x
to be 3-locally central would force Ng(P) to be Cg(P). This would contradict the p-
Complement Theorem of Burnside. Now Dickson’s Theorem 1.2.2 implies that g is a
power of 3. By the same theorem G has elementary abelian Sylow 3-subgroups of order
q and Ng(P)/Cg(P) is cyclic of order g — 1. In particular Ng(P) is transitive on P*. This
contradicts Lemma 3.1.2 (a). ]

3.1.6 ProrosITION

If we have G = G’ - (x) such that |G : G’| € {1, 3} and Cs(x) is a maximal subgroup of G,
then G’ is not a simple Bender group.

Proor

Suppose for a contradiction that the Lemma is false.

If G’ is a Suzuki group, then G’ = O3 (G) and G'x € G/G’ = (x) - G’ /G’ = Z(G/O03(G)).
In particular G is not a counterexample. This is a contradiction.

Thus G’ is not a Suzuki group. Moreover G’ is not isomorphic to PSL(2, ¢) for any prime
power g by Lemma 3.1.5. Hence Theorem 1.2.12 forces G’ to be isomorphic to PSU(3, 2")
for some natural number n > 2.

Suppose for a contradiction that x ¢ G’, then by 3.6.3 of [39] either x € Inndiag(G) or we
obtain from Proposition 4.9.1 (d) of [24] an element z € G that is conjugate to x and induces
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a field automorphism of G’.

In the first case x € PGU(3, 2"). In particular 2" +1 is divisible by 3. Moreover Lemma 4.3.6
of [25] yields that Cg/(x) is isomorphic to the direct product PSL(2,2") with a cyclic group
of order @ We use order formulas of the sections 3.3.1 and 3.6 of [39] to conclude that:

G+ Col = FHEHN GRS =2 Tt =2 -2
In addition we observe that 2" —2" + 1 =1—(-1) + 1 = 0 (mod 3).
This contradicts the fact that P < M, as x is 3-locally central.
In the second case Lemma 4.3.10 of [25] yields that Cs/(x) = PGU(3, 2"3)if n is odd.
For even n Proposition 4.9.1 (a) of [24] implies that 0% (Cg(x)) = PSU(3,2"3). From
Theorem 6.5.3 of [24] we obtain that Cg/(x) = PSU(3,2"/3) = PGU(3,2"3) in this case
too. We observe that:

,. _ QY@@ D A 2l 2%
|G . CG'(X)l - (3’2n+1),(2n/3)3,(2n+1),((27!/3)2_1) - 2 (3,2n+1).2n+1 22n/3_1

- oo, 2(23"5”2?{)1 ,(24;1/3 +02n/3 4 1.

As above 22" — 2" + 1 is divisible by 3 if n is odd. Therefore 2(23"5%;')1 is a natural number.
Moreover we observe 2¥/3 +22"/3 1 1 =1+ 1+ 1 = 0 (mod 3). This again contradicts the
fact that P < Cg(x).

This contradiction shows that G = G’ is isomorphic to PSU(3,2"). We apply Theorem
6.5.3 of [24] to obtain from x € Z(Cg(x)) and Cg(x) max G that Cg(x) is the image of the
stabiliser in SU(3,2") of a non-degenerate subspace of the natural module of SU(3,2") in
its natural action.

By section 3.6.2 of [39] the stabiliser in GU(3,2") of a non-degenerate subspace of the
natural module of GU(3,2") in its natural action is isomorphic to GU(1, g) X GU(2, g).
Moreover x € Z(Cg(x)) is a 3-element. It follows that 3 divides 2" + 1. Additionally
GU(l, g¢) x GU(2, ¢) has order (2" + 1)> - (2%" — 1) - 2". Thus its image in PGU(3, 2") has
order (2" +1)-(2*"—1)-2". In particular Cs(x) has order W Finally we calculate

. _ @@+ D@2 -D-B2"+1)  _ A2n 2541 _ 520 . 421 _ An
G 1 Co(w) = ELLEUHHCVDOZAD - _ g2, Ztl = 92 (220 - 2" 4 1),

As 3 divides 2" + 1, we conclude that 3 divides |G : Cg(x)|.
This finally and again contradicts P < Cg(x). a

3.2 THE ReEpuctioN AND FIrRsT RESULTS OF ROWLEY

In this section we start to investigate our minimal counterexample.
We go along Rowley’s reduction in Section 3 of [32].

3.2.1 Levmma
‘We have:

(a) We have O03(G) = F(G) = Z*(G) = Z;(G) = 1.
(b) The group G has no non-trivial normal soluble subgroup.
(c) The element x is of order 3.

(d) The Sylow 3-subgroups of G are not cyclic.
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(e) The group G’ is non-abelian simple and G = (x) - G’ holds.
In particular |G : G’| € {1, 3}.

Proor
This is Lemma 3.3 of [32]. As the first part of Rowley’s lemma is here divided into four
statements, we prove part (a).

By Lemma 3.1.2 (c) the element O3/(G)x is 3-locally central in G/O3/(G). Suppose for a
contradiction that O3/ (G) # 1. Then the minimal choice of |G| together with the fact that
03 (G/03(G)) is trivial, imply that

03(G)x € Z3(G/03(G)) = Z(G/ 03 (G)).
Therefore x is an element of Z3(G) contradicting the choice of G as a counterexample.
Thus O3/(G) is trivial and for all primes p € P\ {3} we obtain that O,(G) < 03(G) = 1.
Suppose for a contradiction that O3(G) # 1. Then we have x € Z(Ng(O3(G))), because x
is 3-locally central in G with respect to P and O3(G) < P. Hence Ng(O3(G)) = G leads to
x € Z(G) < Z3(G). This contradicts again the fact that G is a counterexample. Therefore we
have F(G) = 1. It follows that O(G) = 1 and hence we obtain Z*(G) = Z(G) < F(G) = 1.
From O3 (G) = 1 we similarly observe that Z3(G) = Z(G) < F(G) = 1. ]

3.2.2 LemMma
The following hold:

(a) If H is a maximal subgroup of G containing x, then H contains no non-trivial normal
subgroup of G.

(b) Suppose that g € Gissuchthat@ # Y € M N M5.
Then g = m - ¢ for an element ¢ € Cg(Y) and an element m € M.

(c) If L is a non-trivial subgroup of M, then Ng(L) = Ny (L) - Cg(L) holds.
(d) Let H be a maximal subgroup of G containing x. Then we have one of

(1) H=Cg(x) =M or
(2) H =R 0Ox(H), where R is a cyclic 3-group with Q;(R) = (x).

(e) We have 9t # @.

(f) Suppose that x € U < G. If U has non-cyclic Sylow 3-subgroups or no normal
3-complement, then U is a subgroup of M.

(g) If we have a € I"(M), then a% N M is a subset of I*(M).

Proor

Part (a) to (e) are Lemmas 3.4. to 3.7. of [32].

Part (f) follows directly from Part (d), since every proper subgroup of G is contained in at
least one maximal subgroup of G.

Part (g) is Lemma 3.9 (ii) of [32]. O

3.2.3 CoROLLARY

The group G’ is neither a Bender group nor isomorphic to PSL(2, g) for any prime power 2.
Proor

By Lemma 3.2.1 (e) we have that G = G’ - (x) such that |G : G’| € {1,3}. Moreover
G’ is non-abelian simple and C(x) is a maximal subgroup of G by Lemma 3.2.1 (d) and
Lemma 3.2.2 (d). Hence Lemma 3.1.5 and Proposition 3.1.6 yield the assertion. m|
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3.3 THE SET O

In this section we consider Sylow subgroups of M. Moreover we show that we either obtain
the whole {2, 3}-structure of G in M or that G is S 4-free.

3.3.1 LeMMa

Let g € n(G) and suppose there is a non-trivial x-invariant g-subgroup of G.

Then there exists a x-invariant Sylow g-subgroup of G. In addition all those x-invariant
Sylow g-subgroups of G are conjugate in M.

Proor

Let Q be a x-invariant g-subgroup of G with maximal order. Then we have x € Ng(Q) and
Lemma 3.2.2 (f) yields that Ng(U) < M or Ng(U) has a normal 3-complement. In both
cases Ng(Q) has a x-invariant Sylow g-subgroup, in the second case by Lemma 1.1.14 (b).
From the maximal choice of Q it follows that Q is a Sylow g-subgroup of Ng(Q). Therefore
Q is a Sylow g-subgroup of G.

Let now Q; and Q> be x-invariant Sylow g-subgroups of G. By Sylow’s Theorem there
exists an element g € G such that Qél' = @». This leads to x, x € Ng(Q»).

If we have Ng(Q2) £ M, then Ng(Q) has cyclic Sylow 3-subgroups by Lemma 3.2.2 (f).
Hence Sylow’s Theorem provides an element 7 € Ng(Q») such that (x) = (x8 Y= (x)$". In
particular, as x is 3-locally central in G, we see that g-h € Ng({x)) < M and th = Qg = 0.

If we have Ng(Q>) < M, then we conclude that x € Ng(Q>) N N(;(Qz)gf1 <Mn M and
Lemma 3.2.2 (b) forces g~! to be an element of M - Ci(x) = M. O

3.3.2 Levmma
Let g € n(M) \ {3} and y € D*(M). Then all of the following conditions lead to g € o

(a) There is a non-trivial g-subgroup Q of M such that C(Q) < M.
(b) There is a g-element g € M such that Cg(g) < M.

(c) There is a non-trivial {x, y)-invariant g-subgroup Q of G.

(d) We have g € n(Cs(y)).

(e) There is a (x, y)-invariant subgroup H of G such that H has a normal 3-complement
and g € n(H).
Proor
(a) Suppose condition (a) holds and let S be a Sylow g-subgroup of M such that Q < S.
Then Lemma 3.2.2 (c) shows that Ng(S§) = Ny(S) - Ca(S) € Ny(S) - Co(Q) € M.
Therefore S is a Sylow g-subgroup of G.

(b) (Compare with 3.10 of [32]).
This follows immediately from (a) since Cg(g) = C5({g)) for every element g € G.

(c) Suppose condition (c) holds. Then we have (x,y) < Ng(Q). Therefore Ng(Q) has
non-cyclic Sylow 3-subgroups and contains x. By Lemma 3.2.2 (a) the group Ng(Q)
is a proper subgroup of G. Thus Part (f) of the same lemma yields that we have
Cs(Q) < Ng(Q) < M. Now the assertion follows by Part (a).

(d) Suppose condition (d) holds. If we have g = 3, then we obtain g € o from the fact
that x is 3-locally central. Suppose that ¢ # 3 and let 1 # O be a g-subgroup of
Cc(y). Then Q is (x, y)-invariant, since Cg(y) < Ng({y)) < M. Therefore Part (c)
forces g € 0.
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(e) Suppose condition (e) holds. If we have g = 3, then we observe again g € . Suppose
that ¢ # 3. Then, as H has a normal 3-complement, we have ¢ € 1(O3/(H)). Since
H is {(x,y)-invariant, {x,y) acts coprimely on O3 (H). Consequently we obtain from
Lemma 1.1.14 (b) a {x, y)-invariant Sylow g-subgroup of Oz (H). Now Part (c) yields
that we have g € 0. |

3.3.3 ProrosiTioN (ROWLEY)

Suppose that I*(M) # @. If V = {a, b) is an elementary abelian subgroup of G of order 4
for some involutions a and b of G, then (V")* ¢ I"(M) for all h € G.

Moreover, if g € G and H is a maximal subgroup of G that contains Cg(ab) and {a, b)®,
then we have g € H. In particular we observe that Ng(T") < H for some Sylow 2-subgroup
T of H and thereby of G.

Proor
This result is basically Lemma 4.2, Lemma 4.7 and Lemma 4.8 of [32].

As G’ is no Bender group by Corollary 3.2.3 and since I*(M) # @, Lemma 4.2 of [32]
provides some elements ¢, d € I*(M) such that [c,d] = 1 and ¢ - d ¢ I"(M).
Let H be a maximal subgroup of G that contains Cg(cd).
Since x € Cg(c) N Cg(d) < Cg(cd) and Cg(cd) is not a subgroup of M, Lemma 3.2.2 (f)
forces H to be an element of 9)i. We obtain 2 € o from Lemma 3.3.2 (b). From this and
Lemma 1.3.7 (b) we deduce that H = Cy(x) - O(H). Applying Lemma 1.3.1 (b) we get

[H, x] = [O(H), x] < {Cio@).x(B) | Bmax {c,d), Cc(B) £ CG(x)) = Clo).x(cd).
Consequently (*): H = Cy(x) - [O(H), x] = Cu(x) - Com(cd) holds.

Let T be a x-invariant Sylow 2-subgroup of H containing {(c,d). Then x centralises T by
Lemma 3.3.1. Let further g be an element of Ng(T). Then ¢$ € (¢,d)® < TNMS < MNMS.
According to this Lemma 3.2.2 (b) yields that g € M-Cs(c) = M and we have ¢&, d$ € I"(M)
by Lemma 3.2.2 (g). Analogously to (*) we get
H = Cg(x) - Con((cd)®) and [H, x] < Co((cd)®) < Cglcd)s < HE.
Applying Lemma 1.3.7 (a) we observe that
[H, x] = [03(H),x] = [[O3(H), x], x] = [[H, x], x] < [HE,x].

From g € M we deduce [H, x] < [HS, x] = [H, x]® and so [H, x] = [H, x]¢ = [HS, x]. Since
[HS, x] is normal in HS, it follows that H8 < Ng([H, x]) = H. Now the fact that H is a
maximal subgroup of G together with Lemma 3.2.2 (a) implies g € H. Therefore T is a
Sylow subgroup of G and we have Ng(T') < H.

Let now a, b € I*(M) such that {a, b) is elementary abelian of order 4. By Sylow’s Theorem
there is some g € M such that {(a,b)® < T < H = Cyg(x) - O(H). Since {a, b) is elementary
abelian Lemma 1.1.14 (e) leads to O(H) = (Com)(v) | v € {a®,b%,(ab)5}). As we have
O(H) £ M and a8,b8 € I"(M) by Lemma 3.2.2 (g), it follows that (ab)$ ¢ I*(M). Finally
the same lemma implies a - b ¢ I*(M). O

3.3.4 COROLLARY
The following hold:

(a) For all elementary abelian non-cyclic 2-subgroups V of G the centraliser C5(V) has
cyclic Sylow 3-subgroups R such that Q;(R) is conjugate to a possibly trivial sub-
group of (x).

(b) For all y € D*(M) we have r(Cg(y)) < 1.
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©

Proor

(a)

(b)

©

For all elementary abelian non-cyclic 2-subgroups V of G such that all involutions of
V are conjugate in G, we have V N I"(M) = @.

If Cg(V) is a 3’-subgroup of G, then the assertion is true.

Suppose that 1 # R € Syl;(Cg(V)). By Sylow’s Theorem there is an element g € G
such that R < P8. As x8 is 3-locally central in G with respect to P$, it follows that
V < Cg(R) £ Ng(R) < M8. In particular we observe that x8 € Cg(V). Since V
is non-cyclic, Proposition 3.3.3 provides an element v € V¥ such that v ¢ (I*(M))5.
From v ¢ Z(G) we deduce with Lemma 3.2.2 (f) that C(;(vgfl) has cyclic Sylow
3-subgroups. Due to Cg(V) < Cg(v) = C(;(vg_l)g also Cg(V) has cyclic Sylow 3-
subgroups and contains x8. This is the assertion.

Suppose for a contradiction that r,(Cg(y)) = 2. Then there is an elementary abelian
non-cyclic 2-subgroup V of Cs(y). We obtain that V < Cg(y) < Ng({y)) < M, as x is
3-locally central in G. Now (x,y) < C5(V) contradicts (a).

If we have V N I*(M) # @, then we conclude V# C I*(M) from Lemma 3.2.2 (g).
As V is non-cyclic, this is a contradiction to Proposition 3.3.3. m|

3.3.5 LevMMma

(a)

(b)

Proor

(a)

(b)

Suppose that H is a {2, 3}-subgroup of G. If we have ry(H) > 3, then O3(H) is cyclic
and Q;(03(H)) is conjugate to a subgroup of (x).

Suppose that H is a subgroup of G with cyclic Sylow 3-subgroups and x € H. Then
H has a normal 3-complement.

If we have O3(H) = 1, then the assertion holds.

Let Oz(H) be non-trivial. By Sylow’s Theorem we may suppose that HNP € Syl;(H).
Then we have O3(H) < HN P = P and so we obtain xX° N 03(H) € x° NP C {x} from
Part (a) of Lemma 3.1.2. Suppose that rp(H) > 3. Then there is an elementary abelian
subgroup A of order 8 of H. Corollary 3.3.4 (a) implies for every Sylow 3-subgroup
R of the centraliser of every non-cyclic subgroup V of A that Q;(R) is conjugate to a
subgroup of (x).

By Lemma 1.1.16 there exists a critical subgroup K of O3(H). The exponent of K
is 3. Altogether Lemma 1.1.14 (e) implies K = (Cg(V) | V max A) < (x). From
x € Z(Ng({x))) we obtain that A acts trivially on K. As K is critical in O3(H), the
group A acts trivially on O3(H). According to Corollary 3.3.4 (a) the group Cg(A)
has cyclic Sylow 3-subgroup containing x.

Let R be a Sylow 3-subgroup of H containing x. Then every non-trivial 3’-automor-
phism of R acts non-trivially on Q;(R) = (x). Since x is 3-locally central, x is not
inverted in G. Thus G does not induce any non-trivial automorphisms on R. Hence
we observe that Cy(R) = Ngy(R), as R is a Sylow 3-subgroup of H. For the same
reason Burnside’s p-Complement Theorem 1.1.10 finishes the proof of Part (b). O

3.3.6 Lemma
Let S be a non-trivial 2-subgroup of G such that Ng(S) involves a S 4.
Then we have 2 € o or Ng(S) contains a subgroup that is isomorphic to S 4.
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Proor

Since Ng(S) is not S4-free, Ng(Z(S)) > Ng(S) involves a S3. Therefore Lemma 1.3.3
provides elements y and b of Ng(Z(S)) such that y has order 3 and b is a 2-element and
(y,by/ (b?) = S5. In particular b inverts y. As x is 3-locally central, x is not inverted in G
and so we see y # x. Via conjugation in G we may choose S and y such that y € P. Then
y € D*(M). If b is not an involution or if y acts trivially on Z(S'), then Cg(y) is of even
order and Lemma 3.3.2 (d) leads to 2 € 0. Otherwise Lemma 1.3.3 provides an involution
a € Z(S) such that S4 = (a,y, b)/(b*) = (a,y,b) < Ng(S). o

3.3.7 THEOREM (STELLMACHER AND ROWLEY)
If we have 2 ¢ o, then G is S 4-free.

Proor This is almost Lemma 5.2. of [32]. But we do not need the full strength of [34].
Suppose for a contradiction that 2 ¢ o and that G is not S 4-free.

Then there is a non-trivial 2-subgroup S of G such that its normaliser Ng(S) is not S 4-free
by Lemma 1.1.7.

Let S be of maximal order with that property and such that Np(S) € Syl;(Ng(S)). Then
Ng(S) has a subgroup U isomorphic to 4 by Lemma 3.3.6. We set H := 0% (N5($)).
Then U is a subgroup of H. By Sylow’s Theorem we may choose U such that UNNp(S) # 1.
Let finally T € Syl,(H) = Syl,(Ng(S)) be such that U N T € Syl,(U).

(1) We have S = Ox(H) and Oy 2(H) = S - O(H).
Proof. The maximal choice of S implies that S = O2(Ng(S)) = O,(H).

If we have S¢ € Syl,(Ox 2(H)), then S = Oy(H) is contained in So. A Frattini argument
yields that H = Ng(S¢)- Oz 2(H) = Nu(So)-O(H). From O(H)NU < O(U) = 1 we deduce

that S4=2U=U/(OH)NU)=U-0OH)/OH) < H/OH)
= Nu(So) - O(H)/O(H) = Nu(S0)/Now (S o)
In particular Ng(S o) is not S 4-free and the maximal choice of S forces S to be Sg. [

(2) No conjugate of x is contained in Ng(S ) but x normalises a Sylow 2-subgroup of G.
Moreover S is not characteristic in 7'.

Proof. Suppose for a contradiction that X e Ng(S) for some g € G. Then we have
that x € Ng(S)% and Ng(S)® has no normal 3-complement, as it is not S 4-free. Hence
Lemma 3.2.2 (f) implies that Ng(S8) = Ng(S)$ < M. Now Lemma 3.3.2 (a) leads to the
contradiction 2 € o.

From §4 = U < Ng(S) we obtain that the Sylow 3-subgroup Np(S) has a non-trivial
subgroup R such that Ng(R) < Cg(x) = M is of even order. This and Lemma 3.3.1 yield
that x normalises some Sylow 2-subgroup of G.

Assume for a contradiction that S char T. Then we see that N;(S) > Ng(T) and conclude
that 7" is a Sylow 2-subgroup of G. Thus T is normalised by some conjugate of x. But now
Ng(T) < Ng(S) leads to a contradiction. [

(3) The group H has no element of order 6 and Np(§) is cyclic and acts fixed-point-freely
on §. In particular O(H) is a 3’-group.

Proof. By (2) we have x% N Ng(S) = @. It follows that every element of order 3 in H is
conjugate to an element of D*(M). Since every element of D*(M) has a centraliser of odd
order by Lemma 3.3.2 (d), the group H has no element of order 6. This also shows that
Np(S) acts elementwise fixed-point-freely on S. Consequently Lemma 1.1.14 (e) forces
Np(S)tobe cyclic. From [O(H),S] < SNO(H) = 1 we see that Np(S)NO(H) < Cp(S) = 1.
Hence O(H) is a 3’-group. ]

Let R < Np(S) be a Sylow 3-subgroup of H <Ns(S) and y € R be of order 3. Then we have
y€eU,as UNP e Syly(U). Moreover (2) implies that y € D*(M).
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(4) The group S is abelian.

Proof. Since y acts fixed-point-freely on S, the group U - S fulfils "Voraussetzung A" of
[14]. Let ¢t € U be an involution that inverts y. Then we have for every maximal abelian
subgroup A of S that (y,7) < (yY) < (yUS) < Ny.s(A) by Lemma 1.1 (c) of [14]. So we
may apply Lemma 1.2 of [14] that forces S to be abelian. [ |

(5) If H is soluble, then we have (y) - T = U and O,(U) = S.

Proof. If H is soluble, then we may choose T such that R - T is a Hall {2, 3}-subgroup of H.
We observe that

M- O2R-T)/O2R-T) =Q1(O3(R-T/O2(R-T)))IR-T/O(R-T).
This shows that the product (y) - T is a subgroup of H. Since O(H) is a {2, 3}’ -group by (3),
we may apply Lemma (3.2) of [34] to H/O(H). By (1) and (2) we have T # S = O»(H).
This implies together with (1) that 7 - O(H)/O(H) # S - O(H)/O(H) = O,(H/O(H)) holds.
Combined we get (y)-T/S M-T/y)y-TNS -0(H))
) -T-0H)/S - OH)
(- T-0H)/OH))/O(H/OH)) = §3.
It follows that S = O,({y)T). As S is not characteristic in 7 by (2), Statement 8.1(iii) of
[28] shows that |[S| = 4. Now 24 = |U| < [(3) - T| = Ky) - T/S|-|S| = 6 - 4 = 24 yields
U=Q)-T. [

(6) The group H is not soluble.

1R

Proof. Assume for a contradiction that H is soluble.
Then S is an elementary abelian group of order 4 by (5). Let ¢ € Z(T)* and ¢ € S be such
that S = (¢, ¢). Then (5) shows that c is a square in 7. Furthermore let 7 € Syl,(G) be such
that T < Ty and take an involution a € Cr,(?).
Suppose for a contradiction that a ¢ Cg(c). Then D := (a, c) < Cr,(t) is a dihedral group of
order at least 8. Let b be the central involution of D. From a ¢ Cg(c) we conclude that b # c.
Moreover b € Cg(c) N Cry(t) = C1y(S) = Cr,(S) N N7,(S) = Cr,(S)NT = Cr(S) = S.
Consequently we have S = (b,c) and § is a subgroup of D. From |D| > 8 it follows that
S < Np(S) and that T < D holds. This implies that ¢ is also a square in D. Being a
dihedral group D has only one involution that is a square. This is the central involution.
That contradicts ¢ # b. Consequently we have Q;(Cr,(?)) < Cg(c) and

Q(Cry (1) < Ci(c) N Cry (1) = Cry(S) = Cr(S) =5 < Qi(Cr (D).
This yields that Q;(Cr,(#)) = §. Hence we obtain Cz,(f) < N7,(Q1(Cr,(#))) = N1,(S) =T.
As t is not central in T, we see that Cz,(f) = Cr(f) = § is elementary abelian of order 4.
Lemma 1.3.4 (a) implies that T is dihedral or semi-dihedral. Thus having order at least 8
the group T admits no automorphism of order 3 by Lemma 1.1.3. From the existence of a
conjugate of x that normalises Ty by (2) we deduce that T is a subgroup of a conjugate of
M. This contradicts 2 € o. ]

(7) The group O,/ (H) is of order prime to 3.

Proof. Suppose for a contradiction that 3 divides |02 2/ (H)|.
Then a Frattini argument shows for some Sylow 3-subgroup Ry of O,5/(H) contained in
R, that T - Oy (H) = 022(H) - NT-Oz,Z/(H)(RO)- From (3) we know that Ry < R < Np(S)
is cyclic. We conclude that Ny (Rp)/Cr(Rp) is of order at most 2. As y is an element of
order 3 of R, it is contained in Rg. Hence Cr.0,, (#)(Ro) < Cg(y) is of odd order by (3).
Consequently we have
22 |Na(Ro)l2 = INT.0,, (t)(Ro)l2 2 |02,2/(H) - Nr.0,,,11)(R0) : O22/(H)2
=T - 02 (H) : O22(H)|.

57



Therefore H/ O, (H) has cyclic Sylow 2-subgroups and Burnside’s p-Complement Theo-
rem and the Odd Order Theorem 1.1.12 force H/ O3 (H) to be soluble. The conclusion that
H is soluble contradicts (6). ]

Let —: H — H/O,2/(G) be the natural epimorphism.
(8) The group H is S 4-free.

Proof. Suppose for a contradiction that H is not S 4-free. Then we obtain from Lemma 1.1.7
a non-trivial 2-subgroup S of H such that N;(S ) has a section isomorphic to S 4. Let L be
the full pre-image of N5(S¢) in H and S| be a Sylow 2-subgroup of the full pre-image S .
Then S¢ := S - O22/(H) is a normal subgroup of L and from a Frattini argument it follows
that L = So - Np(S1) = Or2(H) - NL(S1). As L = N;(S1) has a section isomorphic to S,
the maximal choice of S forces S = S;. This is a contradiction to S # 1. n

(9) Forallt € T\ S with * € S we have |Cq,5)()I* = 1Q1(S)].

Proof. (Compare with 1.3 (d) of [14].)

Lett € T\ S such that ¥ € S. From (4) we obtain that 7 induces an automorphism
of order at most 2 of Q;(A). We apply Lemma 1.1.17 to see that |CQ1(S)(t)|2 > |Qi(S).
Suppose for a contradiction that |CQ|(S)(t)|2 > [Q1(S)]. Then Cq,s)(t) N Cq,is)(1) # 1
and there is an element a € Q(S) such that a € Cq,(5)(#) and @@ € Cq,s)(1). From
(4) we observe that A = {(a,a’, ay2> is an elementary abelian y-invariant group. Moreover
Cy(A) is a 3’-group by (3). Thus Lemma 1.1.14 (b) provides a (y)-invariant Sylow 2-
subgroup 7T of Cy(A). By Sylow’s Theorem there is an element 7 € Cy(A) < Ny(Q1(S))
such that #* € T;, as we have r € C (A). We may suppose that ¢t € Ty, since we have
ICa,s)(D] = 1(Ca,s) )] = [Cays) ).

Let d € U < H be an involution that inverts y. Then we have |Cgl(5)(a’)l2 > |Q(S)
by Lemma 1.1.17. From this, |CQI(S)(t)|2 > |Q1(S)| and the fact that Q(S) is elementary
abelian by (4) we obtain an element b € Cq,s)(d) N Cq,s)(H) < Q1(S) < T1. Applying
Theorem 8.1 (ii) of [28] on (y)T| we observe that ({t, b), (¢, b)”) is abelian. In particular we
have t € Cy({b,b”)). We set B := (b, }’, byz). Then y normalises the by (4) abelian group
B. Since y does not centralise any involution of H by (3), we conclude that B has order 4.
Moreover d centralises b and normalises (y). Hence B is d-invariant. Moreover we obtain
that r € Cy((b,b”)) = Cy(B). Altogether we have S3 = (y,d) < Ng(B) and Cgx(B) is of
even order.

Let 7> € Syl,(Cy(B)). Then a Frattini argument yields that Ng(B) = Cy(B) - Ny, )(T2).
The group Cg(B) is of order prime to 3 by (3). Consequently Ny(T2) < Ny, m)(12) is
not Ss-free. From 3 { |0y 2(H)| by (7) we observe that Ny(T3) < NH(T_Z) is not S3-
free and Lemma 1.1.14 (a) and (3) yield that every element of order 3 in N H(Z(T_z)) acts
fixed-point-freely on the non-trivial abelian group Z(7>). Finally Lemma 1.3.3 implies that
Ng(Z(T5)) > N5(T>) is not S 4-free. This contradicts (8). n

(10) The group F*(H) is simple and has an order divisible by 3.

Proof. Let 022/(G) < N < H be such that N is a minimal normal subgroup of H.

Suppose for a contradiction that N is soluble. Then N is an elementary abelian 2-group. Let
T, € Syl,(N). Then a Frattini argument shows that H = N - Ng(T'1). As 3 does not divide
IN|and S4 = U < H, the group H/N = Ng(T1) - N/N is not S 3-free. Consequently Ny (T)
is not §'3-free. Since every 3-element of Ny(7) acts fixed-point-freely on 7 by (3), it acts
non-trivially on Z(7';). We apply Lemma 1.3.3 to obtain that Ngy(7) is not S 4-free. The
maximal choice of S forces 7 to be S. This contradicts N # 1.

Suppose now for a contradiction N is a 3’-group. Then N is a direct product of simple
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Suzuki groups by Theorem 1.2.8. As 3 divides |H| = |[Ng(N)|, the group N is normalised
by some element y of order 3. Thus Lemma 1.2.10 implies that C () is of even order.
Since O,/ (H) is of order prime to 3 by (7), Lemma 1.1.14 (a) yields Cz(y) = m This
contradicts (3).

Finally suppose for a contradiction that F*(H) is not simple. Then F*(H) is the direct
product of at least two simple groups with order divisible by 3. Let K; and K, be the full
pre-images of two of those groups such that K; # K>. And let z be an element of order
3in K;. Then [z,K>] < [K1, K] < O20/(H). In particular K> < C(z) = Cy(z), the last
equation holds by Lemma 1.1.14 (a). This implies that C(z) is of even order which again
contradicts (3). ]

(11) We have Cy(Q((S)) < O22(H)and J(T) £ S.

Proof. From (3) we observe that C(€Q(S)) has order prime to 3. So Cy(Q1(S)) is a normal
3’-subgroup of H. Now (10) forces C(Q21(S)) < 022/ (H).

Suppose for a contradiction that J(T') < S. Then we see from (4) that Q,(S) = J(S) = J(T).
Furthermore we deduce that H < Ng(S) < Ng(J(S)) = Ng(J(T)). Let T; be a Sylow 2-
subgroup of Cg(J(T)) = Ce(21(S)) such that § < Ty. If § is properly contained in 7'y, then
we have S < N7, (§) < Cx(J(T)) = Cu(Q1(S)) < O (H). This is a contradiction since
S € Syl,(Oy 2(H)) by (1). Thus S is a Sylow 2 subgroup of Cg(J(T)).

Letnow T € Syl,(Ng(J(T))) such that S < T5. Then we obtain from the fact that C¢(J(T))
is normal in Ng(J(T)) that we have S = Cg(J(T)) N T, < T,. Consequently we see that
T, < Ng(S) and T, is a subgroup of H. From T < Ny(J(T)) we obtain that T = T»,.
Therefore T is a Sylow 2-subgroup of Ng(J(T')) = Ng(T). This implies that T is a Sylow
2-subgroup of G. Part (2) provides an element g € G such that x8 € Ng(T). In particular
we have x8 € Ng(J(T)). From Lemma 3.3.2 (a) and our assumption 2 ¢ o we observe that
Ng(J(T)) is no subgroup of M&. So Lemma 3.2.2 (d) implies that Ng(J(T")) has a normal
3-complement. This finally contradicts S4 = U < Ng(S) < Ng(J(T)). ]

(12) We have A = PSL(2,2") and S is elementary abelian of order 2%" for some n € N,
n > 2. Furthermore T is isomorphic to some Sylow 2-subgroup of PSL(3, 2").

Proof. We want to apply Lemma 1.4 of [14] to H. "Voraussetzung B" of [14] holds by (1),
(3), (11) and the choice of H. Furthermore (6) and (11) yield the remaining assumptions
of the lemma. Its proof uses Lemma 1.3 of the same article which is proven by using non-
elementary results. But the assertion of Lemma 1.3 in [14] holds in our case by (3), (4), (8),
(9) and (10). |

(13) The group T is a chracteristic subgroup of some Sylow 2-subgroup T of Ng(T).

Proof. We show that T = J(T)).

From (12) and Lemma 1.2.5 we conclude that T possesses exactly two elementary abelian
subgroups S and S of order 22". Moreover S is not normalised by any element of T \ 7.
This shows that every element of Ty \ T interchanges S and S. For all s,t € Ty \ T we
have §* = S‘(‘) = §. Thisleads to - s € N1, (S) = T. Therefore we see that [Ty : 7| = 2. In
particular S is a maximal elementary abelian subgroup of TY.

Let A be an elementary abelian subgroup of order 22" of T and suppose for a contradiction
that A ¢ T. Then A N T is elementary abelian of order 22"~!. By Lemma 1.2.5 we conclude
that ANT is contained in S or Sg. Since 7 is normal in 7, we may suppose that ANT < §
(else we investigate A® instead of A for some s € Tg\ 7). Forallt € A\ (AN T) we have
shown that S’ = S .

Therefore we have ANS =ANT =A'NT' =(ANT)Y =(ANS) =A'"NnS'=ANS for
allte A\ (ANT). This showsthat ANT < ANS NSy =ANZ(T). Although we have
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|Z(T)| = 2". Together we get 22n=1 = 2n This implies n = 1 contradicting (12).
In total we have J(Ty) < T = J(T). This leads to our assertion. ]

The fact that Ng(Ty) < Ng(T) forces Ty to be as Sylow 2-subgroup of G. Finally (2) pro-
vides an element g € G such that x8 € Ng(Ty) < Ng(T). As T has exactly two elementary
abelian subgroups of order 22" by Lemma 1.2.5, they are normalised by x8. This implies
x8 € Ng(S) contradicting (2). m]
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4 Tuae Bic RANK CASE

4.1 SusGrours oFr M

In this section we investigate elementary abelian 2-subgroups of order 8 of G and their
appearance in M and other maximal subgroups.

4.1.1 LeMMA
Suppose that ¢ € M is involution and that V is an elementary abelian subgroup of Cg(c) of
order 4. Assume further that V is normalised by an element y € D*(M) N Cg(c). Then the
following hold:

(a) We have ¢ € I*(M).

(b) The set m(Cg(V)) is contained in .

(c) Forall v e V¥ the group O, (Cg(v)) is abelian and [x, O, (Cg(cv))] is non-abelian.
(d) We have (V,c) N I*(M) = {c}.

(e) The element c is not balanced in G.

(f) There is no elementary abelian subgroup of order 8 of G which contains V and is
contained in Cg(2) \ {z}.

Proor

We set C := Cg(c). From ¢ € M = Cg(x) we deduce x € C. Further C contains (x, y)
and has therefore non-cyclic Sylow 3-subgroups. Altogether Lemma 3.2.2 (f) yields that
C < M. This implies that ¢ € I"(M). This is (a).

By Corollary 3.3.4 (a) the group V is not centralised by y. From V < C < M we observe
that the element x centralises V. Moreover we have Cs(V) < Ng(V). Therefore Cs(V) is
(x, yy-invariant. By Corollary 3.3.4 (a) and Lemma 3.3.5 (b) the group C¢(V) has a normal
3-complement. Finally Lemma 3.3.2 (e) forces n(Cs(V)) € o. This is(b).

(*) There is no elementary abelian subgroup A of G of order at least 8 such that
A contains V and admits a soluble A-signalizer functor 6 in G
with O (Cg(vg)) N B(vg) # 1 for some vy € V.

Proof. Assume that Statement (*) is false. Then the Soluble Signalizer Functor Theo-
rem 2.1.6 implies that Wy := (6(a) | a € A*yisa subgroup of G of odd order. This implies
that also Wy := (A(v) | v € V¥) < W, is a subgroup of G of odd order. Moreover Wy is
normalised by A and Theorem 1.1.8 provides a Hall {2, 3}-subgroup of the soluble group
A - Wy4. From both parts of Lemma 3.3.5 we obtain that A - W4 has a normal 3-complement.
It follows that W4 has a normal 3-complement and hence Wy has a normal 3-complement
too. Since (x,y) normalises V, the group (x,y) normalises Wy. Thus Lemma 3.3.2 (e)
yields 7(Wy) C o. But now the assumption 1 # O, (Cg(vp)) N 6(vg) € Wy leads to a
contradiction. ]

We set A := (V,c). Then A is elementary abelian and has order 8.
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The Statements (c) and (d) are true.

Proof Letv e V¥ and w € V \ (v). Then from Ccsy(w) € Cg(V) and (b) it follows that
m(Ccyvy(Ww)) C o. Thus the involution w acts fixed point freely on O, (Cg(v)). This implies
that O, (Cg(v)) is abelian. For all involutions a € A we set y(a) := [0y (Cg(a)), x].
Assume for a contradiction that y(a) is abelian for all a € A*. We will show that y is a
soluble A-signalizer functor. Since A < M for all a € A* the group y(a) is A-invariant and
soluble by the Odd Order Theorem 1.1.12. We fix an element a € A*. Since x € Cg(a) and
3 € o, the element x acts coprimely on y(a). From Lemma 1.1.14 (f) and (d) we deduce

Y(@) = Cy(x) X [y(@), x] = Cy)(x) X [05(Cg(a)), x, X]

= y(a)(x) X [0 (Cg(a)), x] = Cy(a)(-x) X y(a).
This implies C,4)(x) = 1 and hence the element x acts fixed-point-freely on y(a). In partic-
ular we have that y(a) = {[g, x] | g € y(a)} by Lemma 10.1.1 of [22].
For all d € A N I*(M) we have y(d) = y(d) < [M,x] = 1. If additionally b € A*, then
Cs(b) ny(d) =1 < y(b) and we observe that

Ca(d) Ny(b) < M Ny) < Cypy(x) = 1 = y(d).
Let now d, b € A* \ I"(M) and suppose that h € Cg(b) N y(d).
Then h € y(d) = {[g, x] | g € y(d)}. This provides an element g € y(d) = [Ox(Cs(d)), x]
such that 7 = [g, x]. In particular we obtain that [g,x] = h = h = lg, x]P = [gb,x]. We
conclude that g~'g” € Cg(x). Since y(d) is A-invariant, we moreover have g, g” € y(d) and
hence g~ !¢’ € Cy@(x) = 1. Consequently we observe g = g” and so g € C(b). This shows
together with Lemma 1.3.7 (c) that i € [Cg(b), x] = [O5 (Cg(D)), x] = y(b).
Altogether v is a soluble A-signalizer functor in G. Finally (*) yields a contradiction.

The contradiction provides an element a € A* such that y(a) is not abelian. For all v € V#
the group y(v) is abelian, because it is a subgroup of the abelian group O, (Cg(v)). From
1 = [0s(C),x] = y(c) and we obtain an element vy € V¥ such thata = v -c. Asy
acts transitively on V# and centralises ¢, we conclude that y(vc) = [0, (Cg(vc)), x] is non-
abelian for all v € V*. This implies (c).

In particular we obtain that v - ¢ ¢ I = (M) for all v € V an thus (A \ V) N I"(M) = {c}.
Moreover, since all involutions of V are conjugate by y € G, Corollary 3.3.4 (c) implies that
VN I'(M) = @. This leads to (d). ]

For all involutions a € G we set 8(a) := O(Cg(a)).

The statement of (e) holds.

Proof. From (d) and Lemma 3.2.2 (d) we see that all involutions of A \ {c} have a 3-
soluble centraliser in G. This shows together with Lemma 2.1.4 and Theorem 1.2.8 that all
involutions of A \ {c} are balanced in G. Suppose for a contradiction that there is no element
a € A\ {c) such that O(Cg(a)) N Cg(c) £ O(Cg(c)). Then A is balanced in G and 6 is a
soluble A-signalizer functor in G. But this contradicts (*). In particular (e) holds. ]

(**) For all a € A\ {¢) we have 71(O(Cc(a))) € 0.

Proof Letv € V*. Then (c) yields that [x, O5 (Cg(cv))] is not abelian. In particular the
group O, (Cg(cv)) is not abelian. This implies that ¢ does not act fixed-point-freely on
Oy (Cg(cv)). We conclude that 1 # Oy (Cg(cv)) N C < O(Cc(cv)). Consequently we have
7(O(Cc(cv))) € o.

Moreover we see that Co(v) = Ca(v) N C = Cs({c,v)) = Cg(cv) N C = Cc(cv). This leads
to 1(O(Cc(v))) = 7(O(Cc(cv))) € o

Finally the assertion follows from A \ {c) = V#U{cev | v e V). [ ]

62



Suppose for a final contradiction that (f) is false. Then there is an elementary abelian sub-
group B of G of order at least 8 such that V < B and such that B is a subset of C \ {c}. Corol-
lary 3.3.4 and Lemma 3.3.5 (b) imply that C5({b, ¢)) = C¢(b) has a normal 3-complement
for all involutions b of C \ {c}. Thus we conclude from Lemma 2.1.4 that all involutions of
C except for c are balanced in C. For all a € B* let 8(a) := O(Cc(a)). Then 8 is a soluble
B-signalizer functor in C by the Odd Order Theorem 1.1.12. The Soluble Signalizer Func-
tor Theorem 2.1.6 forces Wg := (O(Cc(b)) | b € B*) to have odd order. As x € 8(a) < Wp
for all a € B and Wp is normalised by B, both parts of Lemma 3.3.5 imply that B - Wp has
a normal 3-complement. It follows that Wy := (O(Cc(v)) | v € V#) < W - B has a normal
3-complement too. Since V is normalised by (x, y), the group Wy is (x, y)-invariant. Finally
Lemma 3.3.2 (e) yields n(Wy) € o. In particular 7(O(Cc¢(v))) € o for all v € v#. This
contradicts (¥%). O

4.1.2 LEMMA

Suppose that A is an elementary abelian subgroup of M of order 8. Assume that A has a
maximal subgroup V such that I*(M)NV = @ but |ANI*(M)| > 3. Then the following hold:

(a) Forall H € M such that A < H, we have H = Cy(x) - Cy(V) and [H, x] < Cgx(V).
(b) The group C(V) is contained in an unique element Hy of .
(c) If U is a subgroup of Hy N M such that A < U, then Ng(U) < Hy holds.

(d) The group (O(C(v)) | v € V*) is of odd order and a subgroup of Hy. Moreover for
every involution b € Cg(V) we have O(Cg(b)) < (O(Ce(v)) | v € V.

Proor

(a) The assumptions imply for all v € V¥ that we have Cg(v) £ M and (A, x) < C(v).
Thus we obtain from Lemma 3.2.2 (d) an element H € 9 that contains A. Since
I*(M) is non-empty, Lemma 3.3.2 (b) implies that 2 € o. By Lemma 1.3.7 (b) we
obtain that H = Cy(x) - O(H) and hence that [H, x] = [Cyx(x) - O(H), x] = [O(H), x].
Moreover |[I*(M)NA| > 3 forces A to be equal to (I*(M)NA). Thus from Lemma 1.3.2
and I*(M)NV = @ we deduce that V is the unique maximal subgroup of A containing
no involution of I*(M). If B # V is a maximal subgroup of A and b € B N I*(M),
then Cg(B) € Cg(b) € Cg(x). Furthermore (x) X A acts coprimely on O(H). Finally
Lemma 1.3.1 (b) yields

[H, x] = [O(H), x] £ (Cio)x(B) | Bmax A, Cg(B) £ Cg(x)) < Cy(V).
Altogether we get H = Cy(x) - Cy(V).

(b) The element x centralises V and for all v € V# we observe Cg(V) < Cg(v) and

v ¢ I*(M). Therefore there exists an element Hy € 9 such that Cg(V) < Hy. We
apply (a) to obtain Hy = Cp,(x) - Cg, (V) = Cp,(x) - Cc(V).
Suppose that H € M such that A < Cg(V) < H. Then (a) and Lemma 1.3.7 (a)
imply that [H,x] = [H,x,x] < [Cug(V),x] = [Cc(V),x] < [Hy,x] and similarly
we conclude [Hy, x] = [Hy,x,x] < [Cg(V),x] < [H,x]. Altogether we observe
that [Hy,x] = [H,x] < (H,Hy). Consequently, as H and Hy are maximal in G,
Lemma 3.2.2 (a) leads to H = Hy.

(c) From I"(M) = @ and |A N I*(M)| > 3 we obtain an involution v € V# and elements
a,b € I"(M) such that v = a - b. Moreover we have Cg(V) < Cg(v). This implies
together with (b) that Cg(v) < Hy. Let U be a subgroup of M such that A < U < Hy
and suppose that g € Ng(U). Then we have (a,b) < U8 = U < Hy. Consequently
Proposition 3.3.3 yields that g € Hy.
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(d) For all a € A* we set 6(a) := O(Cp,(a)). Then 6(a) is soluble for all a € A* be-
cause of the Odd Order Theorem 1.1.12. Since Hy is 3-soluble by Lemma 3.2.2 (d),
Lemma 2.1.4 implies that 6 is a soluble A-signalizer functor in Hy. As r(A) = 3, the
Soluble Signalizer Functor Theorem 2.1.6 forces (O(Cp, (a)) | a € A" to have odd or-
der. For all v € V¥ we deduce from (b) and x € C5(V) < Cg(v) that Cg(v) = C o, (V).
Moreover Lemma 3.2.2 (d) yields that Cy, (v) = Cg(v) has a normal 3-complement
for all v € V¥, In particular the centralisers of the involutions of V are 3-soluble. Thus
the involutions of V are balanced in G by Lemma 2.1.4.

Altogether we conclude with Lemma 1.1.14 (e) that

O(Cg(b)) = (O(Cg(b)) N Ci(v) | v e VY <(O(C(») | v € VH)
=(O0(Cr, (")) | v € V¥) <(O(Chy(a)) | a € A*).
In particular (O(Cg(v)) | v € V¥) has odd order. o

4.1.3 PROPOSITION

Let ¢ € I"(M) be an involution such that (¢) = Q(Z(T)) for some T € Syl,(G).
Then ([0 (C(b)), x] | b € T*, b> = 1) is of odd order.

Proor

By Lemma 3.2.1 (a) we have Z*(G) = 1. Thus the Z*-Theorem 1.1.13 provides an element
g€ G\ Cg(c) such that d := z8 € Cr(c) < M. We conclude that d ¢ Z(T) = Z*(T) and by
the same theorem there is an element ¢ € T such that d’ € C7(d) < M and d' # d.

We set A :={(c¢,d,d"yand V := {c¢-d,c-d"). Then A is an elementary abelian subgroup of M
of order 8 and hence V is elementary abelian. From ¢, d,d" € I*(M) and Proposition 3.3.3
it follows that V. N I*(M) = @. Since we have |[A N I"(M)| > [{c,d,d'}| = 3, we may
apply Lemma 4.1.2. By Lemma 4.1.2 (b) the group C(V) is contained in a unique element
H € M. For all v € V¥ we have Cg(v) > Cg(V). The uniqueness of H implies that
Cs(v) < H and hence Cg(v) = Cy(v) for all v € V¥,

Since A is contained in Cg(d), there is a Sylow 2-subgroup T of Cg(d) such that A < Ty. As
d and c are conjugate in G, we conclude that Ty € Syl,(G). Moreover by Lemma 3.2.2 (g)
we have Cg(d) < M and hence Ty € Syl,(M). From Lemma 4.1.2 (c) we observe that
H contains Ng(H N Ty) and Ng(H N T). This leads to T,Ty < H, since T and T are
Sylow 2-subgroups. We further obtain from Sylow’s Theorem an element 4 € H such that
T" = Ty. In particular we have (d) = Q(Z(Ty)) = Q(Z(T") = Q(Z(T))" = (c)". For
that reason we conclude ¢ = d and so ¢ ¢ Z*(H). Finally we deduce Z*(H) = O(H) from
TNZH)<Z(T).

We set Z := (Q(Z(T))NtU D)y = (NN and Wy := (O(Cy(a)) | a € ZF).

(*) We have W, = (O(Cg(v)) | v € V¥) > (O(Cg(a)) | a € Z*) and W, has odd order.

Proof. As H has a normal 3-complement by Lemma 3.2.2 (d), the group Z is elementary
abelian and strongly closed in H by Theorem 2.2.4. Thus Lemma 2.2.2 (g) yields that
H = Ny(Z) - (ZH). In particular we have d = ¢ € Z and d' € Z. This implies A < Z.

For all a € Z* we set 6(a) := O(Cy(a)). Since H has a normal 3-complement, Lemma 2.1.4
yields that H is balanced. Furthermore the Odd Order Theorem forces 6(a) to be soluble
for all a € A*. Therefore 6 is a soluble A-signalizer functor in H. Consequently the Soluble
Signalizer Functor Theorem 2.1.6 forces W; = (O(Cy(a)) | a € Z*) to have odd order.
Moreover for all non-trivial elements a of the abelian group Z the subgroup V of Z acts
coprimely on O(Cg(a)). From Lemma 1.1.14 (e) we obtain

O(Cu(a)) = (O(Ch(a)) N Cu(v) | v € V) <(O(CH(M)) | v € VF).
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This yields (O(Cy(v)) | v € V¥ < W; < (O(Cu(v)) | v € V*). Since we have Cg(v) = Cy(v)
for all v € V#, we obtain that Wz = (O(Cx(v)) | v € V¥#) = (O(Cc()) | v € V).
Moreover, as H and hence C(v) = Cg(v) is 3-soluble for all v € V¥, Lemma 2.1.4 yields
that all v € V¥ are balanced in G. In addition V acts on O(Cg(a)) coprimely for all a € Z*.
From Lemma 1.1.14 (e) we conclude that

O(Cg(a)) = (O(Cg(a)) N C(v) | v € VF) <(O(Ccm) | v e VF) = Wy. L]

For all involutions b € T we set y(b) := [Oy (Cg(b)), x].
If for every involution b € T the group y(b) is contained in W, then the proposition holds.
So it suffices to prove y(b) < Wy for all involutions b € T. Let b € T be an involution.

1. Case: Suppose that |Cz(b)| > 8.
From T < M, Lemma 3.2.2 (f) and Lemma 2.1.4 we deduce that the involutions of T'\ I* (M)
are balanced in G. If there are involutions a;, a», a3 € Cz(b) such that {ay,ay,a3} C I"'(M)
and |{ay,a»,as}| = 3, then B := {a; - ay, a; - a3) is an elementary abelian subgroup of order 4
of Cz(b). Furthermore all involutions of B are not contained in /*(M) by Proposition 3.3.3
and so balanced in G. In the other case, if |Cz(b) N I*(M)| < 2, then there also exists an
elementary abelian subgroup B of order 4 of Cz(b) such that BN I*(M) = @.
In both cases Lemma 1.1.14 (e) and (*) imply that

O(Cg(b)) = (O(Cs(b)) N Cg(a) | a € By <(O(Cg(a)) | a € BY) < Wy.
We finally recall 2 € o to conclude that y(b) = [Oy (Cg(b)), x] < O(Cg(b)) < Wy.

2. Case: Suppose that |Cz(b)| < 4.
Then we have 8 = |A| < |Z| < |Cz(b)? by Lemma 1.1.17. It follows that |Cz(b)| = 4.
From Lemma 3.2.2 (g) and the fact that Z < Cg(c) < M, we see that [*(M) N Z is an union
of G-conjugacy classes of elements in Z.
Since A is generated by {c,d,d'} € I"(M) and V N I*(M) = @. Lemma 1.3.2 forces V
to be the unique maximal subgroup of A containing no element of /*(M). Therefore V
is not conjugate to another subgroup of A. It follows that Ng(A) < Ng(V). If Z = A
held, then we would have Ng(V) > Ng(A) = Ng(Z) > T and from V N Z(T) = 1 would
follow a contradiction. Thus we have A <Z. Hence we conclude that |Z| = 16, because of
8 = JA|<|Z| < |Cs(b)* < 16. If A = Z N (6@ held, then we would have Ng(Z) < Ng(A)
and again T < Ng(Z) < Ng(A) < Ng(V) would imply together with VN Z(T) = 1 a
contradiction.
Consequently we have that A < Z N (c"¢®) and as |Z| = 16 = 2 - |A|, we conclude that
Z = ZN{(No@Dy < (No@y < 7. For this reason Z = (c¥6®) is generated by a subset
{ai,ar, a3, a4} of I"(M) with four elements. By Lemma 1.3.2 there is a unique maximal
subgroup B of Z such that BN {aj,a»,a3,as4} = @.
Suppose for a contradiction that B N I*(M) = @. Then B is the unique maximal subgroup
of Z such that BN I*(M) = @. From the fact that /*(M) N Z is an union of G-conjugacy
classes of elements in Z we deduce that Ng(Z) < Ng(B). In particular b normalises B. By
Lemma 1.1.17 we see |Cz(b)|> > |B| = 8. Therefore we have that [Cg(b)| > 4 = |Cz(b)]
holds. It follows that ¢ € Cz(b) = Cp(b) < B, which is a contradiction. Consequently
BN I*(M) is not empty. From Lemma 1.3.2 we see that

B={aja;|i,jel{1,2,3,4},i # j}) ={aia;|i,j€{1,2,3,4},i # j} U{aiarazay, 1}.
Therefore Proposition 3.3.3 leads to ajaazas € I*(M). We set as := ajazazas. Then
Proposition 3.3.3 finally implies that Z N I*(M) = {a;, a2, a3, a4, as}.
The element b permutes the elements of /*(M) N Z and so b centralises an odd number of
elements of I*(M) N Z. Since the product of two elements in /*(M) N Z is not an element
of I"(M) N Z by Proposition 3.3.3 and since we have |Cz(b)| = 4, the element b fixes
exactly one element of Z N I*(M). This unique element is ¢, because of b € T = Cr(c).
Let v,w € Z \ I"(M) be such that Cz(b) = {1,c,v,w}. Then (v,w, x) acts coprimely on
O4,(Cg(b)). By Lemma 1.3.1 we conclude that
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Y(b) = [05(Ci(b)), x] < {Cyp)(D) | D max (v,w), Cc(D) L C;(x))
={(Cypy(e) | e € (v,w) \ I"(M)) S (Cyyiry(W), Cyp)(V)).
Assume that C(v) and Cg(w) are subgroups of H. Then y(b) < (Cypy(w), Cyiy(v)) < H.
According to this Lemma 1.1.14 (d) implies
¥(b) = [05(Ci(b)), x] = [0 (Ci(D)), x, x] = [y(b), x] C [H, x].
From 2 € ¢ and Lemma 1.3.7 (c) we deuce that that [H, x] = [O,(H), x]. Therefore we
obtain that y(b) < [O,(H), x] < H.
Finally for all a € Z" the group Cio,.,()x(@) = [0y (H), x] N Cy(a) is a normal subgroup
of odd order of Cy(a). Now Lemma 1.1.14 (e) yields
y(b) < [0y (H), x] < (Clo,.(t)x1(@) | a € Z*) < (O(Cn(a)) | a € Z*) = Wy.

Consequently it suffices to show that Cg(v), Co(w) < H.

For this let u € {v,w}. Then we have u = a;a; for some i, j € {1,2,3,4,5} withi # j. We
further choose k € {1,2,3,4,5}\ {i, j} and set U := (u, a;ar) = {1, a;a;, a;ax, ajar}. Then we
have UNI*(M) = @ by Proposition 3.3.3. We set C := (a;,aj,ax) < M. Then U < C and we
may apply Lemma 4.1.2 for C and U. Part (b) provides a unique element K € 9t such that
Cs(U) < K. It follows that A < Cg(U) < K and from x € Cg(U) < Cg(u) £ M we deduce
that Cs(u) is a subgroup of K. We further obtain from Lemma 4.1.2 (a) that [H, x] < Cg(U).
Analogously Lemma 4.1.2 (a) applied to A and V with K yields that [K, x] < Cg(V). As H
and K have normal 3-complements by Lemma 3.2.2 (d), Lemma 1.3.7 (a) shows

[H,x] =[H,x,x] <[Cq(U),x] <[K,x] =[K,x,x] <[Cc(V),x] <[H, x].

This implies that [H, x] = [K, x] < (H, K). Since H and K are maximal subgroups of G,
Lemma 3.2.2 (a) yields H = K. This shows Cg(u) < K = H. m]

4.1.4 PropPoSITION

Let ¢ € I"(M) and suppose that Cg(c) is S4-free. Then for every section E of Cs(c) of
even order and Tz € Syl,(E) the group (Q(Z(Tz))VeVTe)) is a strongly closed elementary
abelian 2-subgroup of E.

Proor

We set C := Cg(c) and let further E be a 2-constrained section of C and Tz e Sylz(E).

If every non-abelian composition factor of E is a 3’-group, then Theorem 2.2.4 yields the
assertion of our proposition.

Suppose for a contradiction that this is not the case. Let H < C be of minimal order such
that there is a normal subgroup N of H with O>(H/N) = F*(H/N) and H/N has a non-
abelian composition factor of order divisible by 3. Moreover we choose N in H of maximal
order. Further let — : H — H/N be the natural epimorphism, U be the full pre-image of
O>(H) and choose T € Syl,(U).

(1) The group H is perfect and 7T is elementary abelian of order at least 23,

Proof. By the minimal choice of H we immediately see that H is perfect.

A Frattini argument shows that H = U - Ny(T) = N - Ny(T). Furthermore T is non-
cyclic and hence T /¢(T) is non-cyclic by a result of Burnside III 3.15 of [29]. Additionally
&(T) char T < H and so ¢(T) is normal in H. As we have Cz(T) < T, there is no element
of odd order in H acting trivially on 7. From Lemma 1.1.14 (a) and Lemma 1.1.4 we
conclude that there is no element of odd order in H/¢(T) acting non-trivially on T /¢(T).
Therefore Cp 47T /¢(T)) is a 2-group. Since T /¢(T) < Oo(H/¢(T)) holds, it follows that
FUHIHT)) < Crpgr (02 ST)) - 02T < Cprypr(T16(T)) - O2F[S(T) is
2-group. By the maximal choice of N, we conclude that 7" is elementary abelian.

As H is non-soluble, T has oder at least 2. n

Let R € Syl;(Nu(T)).
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(2) The group H is S3-free and R is non-cyclic.

Proof. Suppose for a contradiction that H involves some S 3.

Then H has an element ¥ of order 3 and a 2-element b such that (y,b)/(b?) = S3 by
Lemma 1.3.3. Since j has odd order, it acts non-trivially on 7. From the same lemma
we see that H and hence C is not S 4-free. This is a contradiction.

Further R € Syl;(H). Suppose for a contradiction that R is cyclic. Then, as H is perfect by
(1), the p-Complement Theorem of Burnside 1.1.10 implies that R is inverted in H. This
provides some S 3 involved in H, which is a contradiction. ]

(3) There is an elementary abelian subgroup Y of order 9 of R such that x ¢ Y.

Proof. Suppose for a contradiction that (3) is false. Then R is of rank 2. From the fact that
H has no normal 3-complement we obtain a subgroup Ry of R such that Ng(Ry)/C7(Ro) is
no 3-group by Frobenius’ p-Complement Theorem 1.1.11. Let Ry denote the full pre-image
of Ry in R. _

Assume for a contradiction that 7 € Ng(Ro) \ Cz(Ry) is a 2-element with 12 € C(R). Then
f acts non-trivially on Ry/¢(Ry). Thus there is an element € R such that [¥, 7] ¢ ¢(Rp) and

y’2 =y - Z for a suitable Z € ¢(Rp). It follows that:

G =" =¥ =G 5zi=[E5 =51z
But this shows that H involves (7, [y, f])#(R)/$(R) = S5 which contradicts (2).
Consequently Ng(Ro)/Cz(Ro) is of odd order and there exists a prime g € n(H) with g > 5
such that ¢ divides the order of Ng(Ro)/Cz(Ro). Since we have Ng(Rg) = Ny(Ro - N) and
Ci(Ro) = Cy(Ry), it follows that g divides |[Ng(Ry - N) : Cy(Ro)| = INg(Ro-N) : Cr(Ro)-N)|.
A Frattini argument yields that [Ny, &,.n)(Ro) - N : Cu(Ro) - N| is divisible by g. Altogether
g divides the order of Ny (Ro)/Cr(Ro).
By Lemma 1.1.16 there exists a critical subgroup R; of Ry. Hence R admits a non-trivial g-
automorphism induced by an element of H. Therefore R; is neither cyclic nor we have
that R; contains x and is elementary abelian of order 9 or extraspecial of order 27 by
Lemma 1.3.5. From r(Ry) < r(Ry) < r(R) = 2 and Lemma 1.3.6 we obtain a contradiction.m

(4) For all y € Y* we have ¢ € C7(y) = Qg or C7(y) = {(c) and we have that
Cr(y), {c) and 1 are all Y-invariant subgroups of Cr(y).

Proof. The group Y acts coprimely on 7. Thus Lemma 1.1.14 (e) yields that we have
T =(Cr(y) |yce Y*). In particular Cr(z) # 1 for an element z € Y*. Lety € Y. From
H < C we deduce that y centralises the element c. From Corollary 3.3.4 (b) and (3) we see
that 7(Cg(y)) < 1. This implies that ¢ is the unique involution of C¢(y). From Cr(z) # 1
we conclude that ¢ € T and we have c € Cr(y) forally e Y #,

Moreover Cr(y) is either cyclic or a quaternion group by Lemma 1.1.2. Since Y is abelian,
Cr(y) is Y-invariant.

Suppose for a contradiction that there is a z € Y* such that C7(z) has a Y-invariant subgroup
QO which is neither a subgroup of {c¢) nor isomorphic to Qg. Choose z and Q among those
such that Q has the largest order. All subgroups of cyclic 2-groups and quaternion groups are
cyclic 2-groups or quaternion groups. Hence Q is one of those. Since Q is not isomorphic
to QOg, the group QO admits no automorphism of order 3 by Lemma 1.1.3. It follows that
Y < Cs(Q) and equivalently that Q < Cr(y) for all y € Y. If the order of Q was at least
8, then the maximal choice of Q would imply that Q = Cr(y) for all y € Y and hence
T ={(Cr(y) | y € Y*) = Q would contradict (1).

This contradiction shows that Q = Z;. Let y € Y*. Then we observe from the maximal
choice of Q that C7(y) is isomorphic to some subgroup of QOg. Since the group Q is Y-
invariant and a subgroup of Cr(y), we conclude that Cr(y) is centralised by Y. Altogether
we have T = (Cr(y) | y € Y*) < Cy(Y). This contradicts the choice of H.

Consequently we have either C7(y) = Qg or Cr(y) = {(c) for all y € Y*. ]

67



(5) The group T is extraspecial of order 22"*! for some n € {1,2,3,4}.

Proof. From Theorem 5.3.16 of [22] we observe that T = I—[yey# Cr(y).

Because of C7(y) = Cr((y)) = Cr(y~") for all y € Y*, there exist elements yi, y2, y3,v4 € Y
such that T = [];e(123.4; Cr(yi) (the y; are just some representatives of the four cyclic sub-
group of order 3 of Y). For every i € {1,2,3,4} we set C; := Cr(y;). Since Cr(y) is
Y-invariant for all y € Y#, we see that for every subset I of {1,2, 3,4} the group [];; C; is
normalised by Y. Hence ([],c; C;)NC; is a Y-invariant subgroup of C; forall j € {1,2,3,4}.
Moreover for all j € {1,2,3,4} we have that ¢ € ([];;Ci) N C; and (4) implies that
| (ITie; Ci) N Cj| € {2, 8}. Consequently we have

G TTien o) Cil

7] = l—l il = |C4] - | Hie{1,2,3} Cil _ |Cal IC3N[ Licp1,2) Gil
= | = =

e(12.3.4) ICa N [ Tien1 23 Cil - 1Ca N [igqi 2.3 Cil

B ICal - 1C3] - [ TTieq1.2y Cil
ICa N [Tieq123) Cil - 1C3 0 [Tigqi2 Cil
|Cal|Cy]
_ ICal - 1G5l - i Ere
ICa N [Tieq123) Cil - 1C3 N0 [Tieqi 2 Cil

_ IC4l - 1C5] - IC2| - IC]
IC4 N TTic123) Cil - IC3 N Tigi 2y Cil - IC2 N Gl

Every factor of the numerator and every factor of the denominator in this fraction is either 2
or 8. As the numerator has four factors and the denominator has three factors, we conclude
that |T| = 22"*! for some suitable n € {1, 2, 3, 4}.

Additionally Y normalises every abelian characteristic subgroup A of 7. This implies
Qi(A) = (Co,w®) | y € Y*y by Lemma 1.1.14 (e). Since we have (¢} = Q;(Cr(y))
and since A is abelian, we obtain Cq,)(y) < Qi(Cr(y)) = (c) for all y € Y*. Thus it
follows that Q1(A) = (Cq,)) | y € Y*) < (c). This forces A to be cyclic.

P. Hall’s Theorem III 13.10 of [29] yields that T is extra-special or a central product of an
extra-special group and a cyclic, dihedral, semi-dihedral or generalised quaternion group.
(As T has an elementary abelian section of order at least 23 by (1), the group T is not isomor-
phic to any dihedral, semi-dihedral or generalised quaternion group.) In particular ¢(7) is
non-trivial and cyclic. For all y € Y# we have that Cg(r)(y) is an abelian Y-invariant subgroup
of Cr(y). Therefore (4) yields that Cy1)(y) < (c) forall y € Y*. From Lemma 1.1.14 (e) we
obtain that 1 # ¢(T) = (Cyr)(») | y € Y*) < (c). In particular [T /¢(T)| = % =27,

This implies that T is not a central product of an extra-special group with a cyclic group of
order at least 4, because otherwise |T/¢(T)| would be a power of 2 with an odd exponent.
Suppose for a contradiction that 7 is the central product of an extra-special group and dihe-
dral, semi-dihedral or generalised quaternion group, such that the second factor has order at
least 16. Then ¢(T') = {c) is cyclic of order at least 4. This is a contradiction.

It remains that T is extraspecial. ]

We recall that U is the full pre-image of O»(H).

The Frattini argument H = U - Ny(T) = N - Ny(T) shows that H is isomorphic to a
section of Ny (T). But T is self-centralising in H. Altogether we observe from (5) that H is
isomorphic to a section of the automorphism group of an extra-special group of order 2%7+1,
Hence from Theorem 1.2.7 we deduce that H is isomorphic to a section of an orthogonal
group over a vector space of order 2>" < 28, Since H is non-soluble, the same theorem

implies that A involves a S 3. This contradicts (2). ]
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4.2 FAILURE OF BALANCE

In this section we obtain a subgroup of odd order generated by specific normal subgroups
of the centralisers of involutions in an elementary abelian 2-group of order 8. In order to do
this we consider several possible signalizer functors and especially analyse involutions that
are not balanced in G.

Throughout this section we fix T € Syl,(M) and suppose that there is an involution ¢ € T
such that Cg(c) is neither 3-soluble nor 2-constrained. Additionally we set C := Cg(c) and
denote by — : C — C/O(C) the natural epimorphism.

4.2.1 LeEmMa
The following hold:

(a) There is an element d € ¢c® NC and an element s € C such that {c, d, d*) is elementary
abelian of order 8.

(b) We have c € I"(M). Moreover x € O(C) and O(C) = O23y(C) - R for a cyclic Sylow
3-subgroup R of O(C).

(c) Every component of E(C/O(C)) is not 3-soluble. Furthermore there is a unique com-
ponent or the Sylow 2-subgroups of every component are quaternion groups.

(d) The element c is the unique involution of Oy »(C).

Proor
From x € C, the assumption that C is not 3-soluble and Lemma 3.2.2 (f) we deduce that
C<M.

(a) From Z*(G) = 1 by Lemma 3.2.1 (a) and the Z*-Theorem 1.1.13 we obtain an element
d € C\ {c} that is conjugate to ¢ in G. Suppose for a contradiction that d € Z*(C).
Then we have (c,d) < Z*(C). By Corollary 3.3.4 (a) and Lemma 3.3.5 (b) the group
C;({z,d)) has a normal 3-complement and is 3-soluble. Now the Odd Order Theo-
rem 1.1.12 yields that C = C¢({c, d)) - O(C) is 3-soluble. This is e a contradiction.
Thus we have d ¢ Z*(C) and the Z*-Theorem 1.1.13 provides an element s € C\Cg(d)
such that d and d* commute. From s € C we observe that d* # c. Moreover, by
Proposition 3.3.3 there is no elementary abelian subgroup of order 4 such that all its
involutions are contained in /*(M). For that reason (z, d, d°) is elementary abelian of
order 8.

(b) Since C is a subgroup of M, we have ¢ € I*(M) and x € O(C). From (a) we obtain
that C has an elementary abelian subgroup of order 8. Hence Lemma 3.3.5 (a) implies
that O(C) has cyclic Sylow 3-subgroups containing x. By Part (b) of the same lemma
the group O(C) has a normal 3-complement.

(*) For all y € D*(M) N C we have r(Cx(3)) = 1.

Proof. Lety € D*(M) N C and let U be the full pre-image of C#(7). Further leta € U
be an involution. Then, as O(C) has odd order, we may choose a pre-image a of @ in U
also as an involution. The group (y) - O(C) is normal subgroup of odd order of U. By
Lemma 1.1.14 (b) there is an a-invariant Sylow 3-subgroup R of (y) - O(C). From (b) we
obtain an element xg € R such that x € (xp). So there exists an element g € O(C) such that
R = (y%, x0). We remark that U = C(¥9). Moreover (xp) = R N O(C) is a-invariant. Since
x € {xp) and x is centralised by a, also x? = xg holds. We know that (y8)* € (O(C) - y¥$) N R.

0 ;
This provides a natural number i such that (y¥)? = x;, - y%. It follows that
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¥ = 097 = (¥ = () 09" = - x5
This forces xéi to be trivial. We conclude that xf) = 1, since xg is a 3-element, and hence we
have a € Cc(y8). From y € D*(M) we observe that y8 € D*(M). By Corollary 3.3.4 (b) we
have r(Cc(y%)) = 1 and we know ¢ € Z(C¢(y%)). This shows that a = c. Altogether ¢ is the
unique involution of U. m

(c) Since C is not 3-soluble and the 3-locally central element x is contained in Z(C), the
p-Complement Theorem of Burnside 1.1.10 implies that C has non-cyclic Sylow 3-
subgroups. In particular there is an element y € D*(M) N C.

Moreover there is a component in the non 2-constrained group C. Let K be such a
component and let K denote its full pre-image. Suppose for a contradiction that K is
of order prime to 3. Then K is a Suzuki group by Theorem 1.2.8. Thus Lemma 1.2.10
implies that Cz(y) is of even order. From r(Cis(y)) < 1 by (*) and ¢ € Ca(y) we
deduce that ¢ € Z(K). Finally Theorem 1.2.8 (a) forces K to be a central extension of
Sz(8) and Part (c) of the same theorem yields that K has an automorphism group of
order prime to 3. Hence C#() has a section isomorphic to K/{¢) by Lemma 1.2.10.
In particular C#(9) has an elementary abelian section of order 8 by Theorem 1.2.8 (d).
This contradicts (*) and Lemma 1.1.2.

Thus 3 divides |K| and K has no normal 3-complement. It follows that K has non-
cyclic Sylow 3-subgroups from Lemma 3.3.5 (b) and x € K. For that reason there is
an element yx € K N D*(M).

If we have K = E(C), then the assertion of (c) is true. Suppose that L be a component
of C different from K. Then we get L < C#(K) < Ca(yk) by Lemma 1.1.18 (b).
As r(Ce(yk)) < 1 by (*) and a Sylow 2-subgroup of (¢, L) is contained in Ca(yx),
we conclude that ¢ € L. The quasi-simple group L has non-cyclic Sylow 2-groups
by Burnside’s p-Complement Theorem 1.1.10 and the Odd Order Theorem 1.1.12.
Consequently Lemma 1.1.2 forces L to have Sylow 2-subgroups that are quaternion
groups. Similarly this holds for K.

(d) Let K and yg be as in (c).
For Ty € Syl,(Oy2(C)) we have that Top = 0(C) < Ca(K) € Cg(k). From
r(Ce(¥k)) < 1 by (*) we conclude that #(Ty) = r(Tp) < 1. Finally the fact that
¢ € Ty implies (d). O

4.2.2 LEMMA

Suppose that C has a strongly closed elementary abelian subgroup A such that {(c) <Aj.
Let E be a pre-image of a component of C. Then Ay N E is not contained in {c).

Proor

We may suppose that Ag < T. Since Ay is strongly closed in C, Lemma 2.2.2 (a) and (b)
imply that A¢ is normal in every 2-subgroup of C containing Ag.

Suppose for a contradiction that Ag N E < {c). Then for every Sylow 2-subgroup T of E
such that Ag - Tg < T we observe that [Ag, Te] < Ag N E < {c). Thus Ag normalises Tg{c)
and Lemma 1.1.18 (d) implies that Ag < N(E) and consequently A/(¢) normalises E /().
Additionally Lemma 2.2.2 (f) yields that Ao/{c) is strongly closed in C/{c).

Moreover we observe that E/(¢) N Ag/(¢) = 1. Since we have O(E/{(c¢)) = 1, we may apply
(2.4) of [21] to conclude that [E,A]/{(¢) = [E/{c),A¢/(¢)] = 1. Consequently we have
[E,Ap] < (¢) and hence [E,Ag] < {c) - O(C). As E is not 3-soluble by Lemma 4.2.1 (c),
there exists an element y € D*(M) N E. We obtain that [y, Ag] < [E, Ag] < {(c)- O(C) and so
it follows that (y) - Ag - O(C) is soluble from the fact that O(C) is soluble by the Odd Order
Theorem 1.1.12.
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By Theorem 1.1.8 there exists a Hall {2, 3}-subgroup H of (y) - Ag - O(C) such that Ay is
a Sylow 2-subgroup of H. The group O(C) has cyclic Sylow 3-subgroups containing x by
Lemma 4.2.1 (b). This provides an element xp € O(C) with H N O(C) = (xp) € Syl;(0(C)).
Let further yy € H be such that yg is conjugate to y in {c) - O(C). Then H = {xg, yo) - Ag and
yo € D*(M). Since c centralises yg, Corollary 3.3.4 implies that r2(Cg(yo)) = 1. Moreover
O,(H) < Ag is elementary abelian. Hence Lemma 1.1.14 (f) and the Dedekind Identity
Lemma 1.1.5 imply that
O2(H) = Co,my(yo) X [02(H), yol = {c) X [O2(H), yo] < {c) - [Ao, Yol

<(e) - ((ey - O(C) N H) ={c) - (O(C) N H) = {c, x0)-
This shows that O>(H) = {c). From (xg) = O(C) " H < H and Q{({xp)) = (x) < Z(H)
we deduce that Ag < Cg(xp) and xo € O3(H). Suppose for a contradiction that yg is not
contained in O3(H). Then we have O3(H) = {x¢). Hence we conclude that

Ao < Cu(02(H)) N Cu(O3(H)) = Cu(F*(H)) < F*(H)

from Lemma 1.1.18 (h). This contradicts the assumption Ay >{c) = O,(H).
Therefore we have yg € O3(H) and O3(H) = (x9,y0) € Syl3(H). Since (xp,yo) is a 3-
group with a cyclic maximal subgroup, we obtain that Q({O3(H))) = (x,yo) is abelian
from Theorem 1.2 (a) of [8]. Again Lemma 1.1.14 (f) yields that

(X, 30) = Cayey(Ao) X [{x) - (¥0), Ao] = Cixyp)(Ao) X [y0, Aol
From [yo, Ag] < ({c)-O(C))NO3(H) = (x0) < C(x,0)(Ao) and Lemma 1.1.14 (a) we conclude
that [yo, Aol = [{x) - (yo), Aol = [Q1(O3(H)), Ag] = [Q1(O3(H)), Ao, Aol = [y0,Ao,Ao] = 1.
This contradicts 7 (Cg(yp)) = 1, because we have r(Ag) > 2. O

4.2.3 LeEMMA
One of the following holds:

(a) The group ([0, (Cg (b)), x]| b € T# and b* = 1) is of odd order and
Q(Z(T))* c I'(M).

(b) The group C is S 4-free.

Proor
From ¢ € I"(M) by Lemma 4.2.1 (b) we observe that2 € o by Lemma 3.3.2 (b)and T < M
by Lemma 3.3.1. If we have (c) = Q;(Z(Ty)) for a Sylow 2-subgroup T of G, then (a)
follows from Proposition 4.1.3.
Suppose for a contradiction that the assertion is false.
Then {(c¢) # Q(Z(Tp)) for all Sylow 2-subgroups Ty of G and C is not S4-free. By
Lemma 1.1.7 there is a 2-subgroup of C such that its normaliser contains a section iso-
morphic to S4. Let S be such a 2-subgroup of C of maximal order.
Moreover let T € Syl,(Cc(S)), T2 € Syl,(C) and T3 € Syl,(G) be such that T; = Cr,(S)
and T, = Cr,(c). Then we have
(€, Z(T3)) < Cr;(c) N Cc(Cry(0)) = Z(Cry(c)) = Z(T2)

< Cr,(S) N Cry(Cry(8)) = Z(Cr1y(S)) = Z(T).
It follows that r(Z(T1)) > r(Z(T»)) = r({c, Z(T3))) = 2.
A Frattini argument shows that Nc(S) = Ny.s)(T1) - Cc(S). As Nc(S)/Cc(S) is not S 3-
free, we deduce that N¢(T) is also not Ss-free. Altogether the group N¢(Z(Tp)) is not
S 3-free.
By Lemma 1.3.3 there is a subgroup (y, b) of Nc(Z(T)) such that (y, by/(b*) = S3, the
element y has order 3 and b is a 2-element. Additionally we see that (y, b) has cyclic Sylow
3-subgroups and no normal 3-complement. For that reason y € D*(M). Moreover the ele-
ment y acts by Corollary 3.3.4 (a) non-trivially on Z(T1), since »(Z(T)) > 2. Consequently
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Lemma 1.3.3 provides an involution a € Z(Ty) such that (a, b, y)/(b*) = S4. In particular
Lemma 1.3.3 yields that V := (a, &’, ayfl) = {a, @) is elementary abelian of order 4.

Let now Ty € Syl,(C) be such that b € Nr,(V) € Syl,(Nc(V)). Then, as y permutes the
involutions of V transitively, Corollary 3.3.4 (c) yields VN I*(M) = @. Therefore we obtain
that ¢ ¢ V. Moreover by Lemma 4.1.1 (f) there is no elementary abelian subgroup of
order 8 of C contained in C \ {c} that contains V. For that reason we have Q(Cr,(V)) =
(V,c). This forces Qi(Z(Ty)) < (V,c). Since Ty = T, and r(©1(Z(T3))) > 2 hold, the
group Q(Z(Tp)) N V is non-trivial. From the fact that b € T acts non-trivially on V we
conclude that Q;(Z(Tp)) N V is cyclic of order 2. More precisely, as Cy(b) = (a), we
see that Q;(Z(Tp)) NV = (a). Altogether we conclude that Q;(Z(Ty)) = (a,c) and that
V,c) = Q1(Cry(V)) = Q1(Cry(a”)) hold.
Furthermore Lemma 4.1.1 (d) leads to (V, ¢) N I*(M) = {c} and for all v € V¥ Part (c) of the
same lemma implies that
(*) O, (Cg(v)) is abelian and [x, O, (Cg(c - v))] is not abelian.
From Lemma 4.2.1 (a) we obtain an element d € ¢® N C \ {c} and from Lemma 3.2.2 (g)
we see that d € I"(M). Hence d ¢ (V,c) = Q(Cr,(a”)). This implies that (d, a”) is a non-
abelian dihedral group. Let e denote the central involution of {(d, @”). Then we observe that
e € Q(Cr,(@)) = (V,c). Since d is conjugate to d - e in (d, @”), Lemma 3.2.2 (g) implies
that d - e € I"(M). Thus Proposition 3.3.3 shows thate = d - (d - ¢) ¢ I*(M). In particular we
have e # ¢ and hence, from ¢ € C;({(d, @”)) it follows that {c) N {(d, a”) = 1. Since C 4 (a”)
is elementary abelian of order 4, we conclude that (V,c) = Qi(Cr,(a”)) = {e,a’,c). This
shows that {c,d, V) = {c,{d, a”)) = {c) X {d,a’) = Zp X Dy for a suitable n € N.
Consequently we have (a, ¢) = Q1(Z(T)) < {c, V)NC1,({c,d, V)) <{c,d, V)NCr,({c,d, V)
=Z({c,d,V)) = {e,c).
It follows that e € (a, c). More precisely, we have that e € {a, ac}.
In addition (x) - {d, e) acts coprimely on O,/ (Cg(ce)). From Lemma 1.3.1 we conclude that
[O5(Cg(ce)), x] < (Cio,. (cs(cen.x)(B) | Bmax{d,e), Cc(B) £ Cg(x))
= (Clo,,(Co(cenx1(b) | b € (d, e)* \ I*(M))
€ Cg(e),
sinced,d - e € I'(M).

Let g € [Oy(Cg(c - e)), x] € Cg(e). From 2 € o and Lemma 1.3.7 we deduce that
(8. x] € [Cg(e), x] 127 [Ccoe)(X) - Og(Cile)), x] = [0y (Cg(e)), x] € O (Cge)).

This shows together with Lemma 1.1.14 (d) that

[0 (Cg(ce)), x] = [[O5(Cg(ce)), x], x] = ([g, x] | g € [O5(Ci(ce)), x]) € Oy (Ci(e)).
Suppose first that e = a. Then O, (Ci(e)) is abelian by (*) although it follows that also the
group [0y (Cg(ce)), x] = [Os(Cg(ca)), x] is abelian. But this contradicts (*).
Suppose now that e = ¢ - a. Then @’ is conjugate to e - @’ = c-a-a” in {d,a”) C Cgs(x).
As [0y (Cg(a”)), x] is abelian by (x) this shows that also [0, (Cg(c - a - @”)), x] is abelian
contradicting (*) as well. ]

4.2.4 PROPOSITION
Suppose that Q(Z(T))* ¢ I*(M).
Then E(C) is quasi-simple and one of the following holds:

(a) The group E(C) is a simple Bender group or isomorphic to SL(2, 5).
(b) For every involution b € C we have O3y (Cg(b)) N C < Op 3y (C).

(c) The group C is balanced.
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Proor

Let Ty € Syl,(C) and let T € Syl,(G) be such that To < T7.

Then Z(T1) < Cr,(c) N Cr,(To) = To N Cr,(To) = Z(Tp). By assumption we have
QUZ(T))* ¢ I"(M). This implies that Q(Z(T1))* # {c} € I"(M). Hence Q{(Z(Ty)) is
non-cyclic.

Moreover we deduce from Lemma 4.2.3 that C is S 4-free. Thus Proposition 4.1.4 implies
that the group defined by Ag := (Q(Z(T))NcT0)y is a strongly closed elementary abelian
2-subgroup of C. As Q(Z(T)y)) is non-cyclic, also Ay is non-cyclic and contains c.

Let E denote the full pre-image of a component of E(C) in C. Then Lemma 4.2.2 yields
AgNE £<{c). From 1 # ENTy< Ty we obtain that 1 # Q(Z(Ty)) N E < AgN E and further
Ao N E is an elementary abelian strongly closed subgroup of £ by Lemma 2.2.2 (c) and (f).
Moreover c is the unique involution of Oy 2(C) by Lemma 4.2.1 (d). Hence we conclude
from Z(C) < 0,(C) = 02 ,(C) that Ag N E £ Z(E). Applying the Z*-Theorem 1.1.13 we
see that (A9 N E) - (¢)/{c) is non-cyclic. In particular the Sylow 2-subgroups of E are not
quaternion groups. Finally Part (¢) of Lemma 4.2.1 yields that E = E(C) is the unique
component of C. It follows that E(C) is quasi-simple.

We need to verify one of (a), (b) or (c). Suppose for a contradiction that none of the state-
ments is true.

(1) There is no x¢ € C such that x(3) € O(C) and O(Cc-(l_a)) < (Xp) for all involutions b € T.

Proof. Assume for a contradiction that there is an element xy € C with xg € O(C) and
such that O(C#(b)) < (Xo) holds for all involutions b € Ty. Let further b € Ty be an
involution. Then O3y (Cs(b)) N C is a normal subgroup of Cc(b) of odd order and so
O3y (Cg(b)) N C < O(Cc(b)) < (x0,0(C)). By Lemma 4.2.1 (b) the group O(C) has a
normal 3-complement. Thus we have:

O3y (Cs(b)) N C < Opay(Ca(b)) N (xg, O(C)) < O3 ((xp) - O(C)) = Oy 3y (C).
This is Part (c) and therefore a contradiction. [

We set F := E{c) and let Z be the full pre-image of Z(F). Then Z < 0,(C) and hence
by Lemma 4.2.1 (d) the abelian group Z is cyclic. Furthermore let A : C — C/{c) be the
natural epimorphism.

(2) The group F has an elementary abelian subgroup A of order 8 with ¢ € A and such that
A is strongly closed in C.

Proof. We want to apply Theorem 2.3.3 to C.

We know that C is a finite group with O(C) = 1. Moreover we have r(0>(C)) = 1 by
Lemma 4.2.1 (d). The group E(C) is quasi-simple. Since Q;(Z(T)) is non-cyclic and O(C)
has odd order, we see that Q;(Z(Ty)) > (¢) = Q(F(C)) = Q(Z(C)). The group E(C)
contains the elementary abelian subgroup Ap N E. Furthermore we already observed that
(Ag N E) - (c)/(c) is a non-cyclic group. i

Moreover for all g € Na(Ap) we see that Ag NE™ = (Ag N E)¢ = Ag N ES = AgN E. This
shows that Nn(Ag) < Na(Ag N E). Hence Lemma 2.2.2 (j) implies that Ag N E is strongly
closed in C.

In addition let b # ¢ be an involution of C. Then, as O(C) has odd order, we may choose a
pre-image b as an involution in C. Then C¢(b) = Cs({b, ¢)) has cyclic Sylow 3-subgroups
containing x by Corollary 3.3.4 (a). Thus Lemma 3.3.5 (b) implies that C¢(b) has a normal
3-complement. In particular C¢(b) is 3-soluble. Since O(C) is of odd order, we may apply
Lemma 1.1.14 (a) to conclude that also C@(l_)) = m is 3-soluble.
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Altogether the assumptions on Theorem 2.3.3 are satisfied. Thus one of (a)-(f) of Theo-
rem 2.3.3 is true.

Since E is not 3-soluble by Lemma 4.2.1 (c), Part (a) of Theorem 2.3.3 false. As we sup-
posed that the assertion (a) of our proposition is false, also Part (d) of Theorem 2.3.3 is not
true. Moreover Part (e) of the theorem is false by (1). Also Part (f) of the theorem is not
valid, because C is S 4-free. Consequently we are left with two cases:

Case 1: There is a strongly closed elementary abelian subgroup A; of order 4 of C contained
in E. Then, as O(C) has odd order, Lemma 2.2.2 (i) implies that C has a strongly
closed elementary abelian subgroup A; of order 4 that is contained in £ and a pre-
image of A;. Suppose for a contradiction that ¢ € A;. Then ¢ € E and the cyclic
group A;/(¢) is by Lemma 2.2.2 (c) and (f) strongly closed in £/(¢). This contradicts
the Z*-Theorem 1.1.13, since E - (¢)/Z is simple and Q;(Z) = (¢) is cyclic.

Thus ¢ ¢ A and as {c) is obviously strongly closed in C = Cg(c), Lemma 2.2.2 (1)
yields that {(c, A1) =: A is strongly closed in C. Moreover A is elementary abelian of
order 8 and ¢ € A.

Case 2: We have Z(E) # 1 and E has an elementary abelian subgroup A of order 8 that is
strongly closed in C and such that Q(Z(E)) < A.
Then Lemma 2.2.2 (i) provides a strongly closed elementary abelian subgroup A of
order 8 of C that is contained in E and a pre-image of A, since O(C) has odd order.
From Z(E) # 1 we see that (¢) = Q;(Z2) < Q(Z(E)). We conclude that ¢ € A, as A
contains Q(Z(E)). N
Let V be a complement of (c) in A.

(3) Let v € V* and let b be an involution of Ty. Then following hold:
(i) Nc((b,cy) is the full pre-image of C@(E),
(i1) Nr({v,c)) - O(C) is the full pre-image of Cr/z(Zv),
(ii) Cc((b,c)) = Cc(b) = Cc(bo),
(iv) O*(Nc((v,¢))) = O*(Cc({v,¢))) and

(V) Nc((v,¢)) € Nc(A) - O(Cc(v)).
Proof. Since b is an involution, we observe that CC(E) = N@(<13>) = Né(@) = NC@C».
Thus (i) holds, as {¢) C Nc({v, c)).
For Part (ii) we first observe that
Criz(Zv) = Npjz((Zv)) = NFjz((v) - Z]Z) = Njz((v, ) - Z|Z) = Nr({v, ¢) - Z)/Z.
Hence Nr({v, c) - Z) is the full pre-image of Cr/z(Zv) in C. Moreover we have
Np(v,¢)-Z) = Np({v,¢) - Z) < Np(Q1({v, ¢) - Z2)) = Np((v, ¢)) = Np((v, ¢) - O(C)).
This implies together with a Frattini argument that
Np({v,c) - Z) < Np({v,c) - O(C)) = (v, ¢} - O(C) - Ny (v.ey-oc){v, €)) < O(C) - NE({v, ¢)).

In particular O(C) - Nr({v, c)) contains the full pre-image of Cr/z(Zv) in C. Finally the
assertion (ii) follows by O(C)-Np({v, ¢))/Z = Nr({v,¢))-Z/Z < Nr({v,c)-Z)|Z = CF/z(Zv).

From ¢ € Z(C) we obtain C¢c(b) = Cc({b, c)) = Cc(bc). This implies (iii).

Moreover we observe that [Nc({v, ¢))/Cc({v,c))| < 2 from ¢ € Z(C). Therefore we have
O*(Cc({v, c))) = O*(Nc({v, ¢))) and (iv) is valid.
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For (v) we first recall that A is strongly closed in C. This implies that Ty € Nc(A) and that A
is strongly closed in C¢({v, ¢)) by Lemma2.2.2 (a) and (d). We further deduce from (iv) that
Nc(v,c)) € Cc({v,c))-T € Cc({v,c))-Nc(A) . By Corollary 3.3.4 (a) and Lemma 3.3.5 (b)
the group Cc({v, ¢)) has a normal 3-complement and is therefore 3-soluble. Consequently
we may apply Proposition 2.2.5 to obtain that (AC¢(-)y ] O((ACc("D}y) is a central product
of Suzuki groups with an elementary abelian 2-group such that Q;(§) < A for a Sylow 2-
subgroup of (ACcCNY From |A/{(c)| = 4 and Theorem 1.2.8 (d) we deduce that (ACc(c))
is soluble. Finally Lemma 2.2.2 (g) yields that Cc({(v, €)) = Ncp(qv.ep(A) - O(ACCy),

Moreover we observe from (iii) that O((ACcVDy) = O((ACC DY) < O(Cs(v)). Altogether
we conclude Ne((v, ¢)) € Nc(A) - Cc({v, ¢)) € Ne(A) - O(ACCC DYy C Ne(A) - O(Ce(v)). m

(4) We have F = (Np({c,v)) | v € V¥) - O(C). Moreover A < Z(Ty) and Ns(A)/Cp(A) = Z.

Proof. Since F/Z is a simple non-Bender group and A-Z/Z is an elementary abelian strongly
closed 2-subgroup of F/Z, Lemma 2.2.6 yields that F'//Z = {(Cp/z(Zv) | Zv € (AZ/Z)"y. We
conclude by Part (3)(ii) that
FIZ = (Criz(Zv) | Zv € (A~ Z)Z)*) © (Np((v,¢)) - O(C)/Z | v € A\ Z)

= (Np((v,)) - O(C)/Z | v € V¥) = (Np({v,¢)) - O(C) | v € V¥)/Z
As for all v € V¥ we have Z < Np((v, c)) - O(C), we finally obtain that

F = (Np((v,c)) - O(C) | v € V¥) = (Np({v,c)) | v € V¥) - O(C).

Further we observe that |A| = 4 and that N@(A) / CC(A) is S3-free by Lemma 1.3.3 and the
fact that C is S 4-free. Moreover we obtain that A N Z*(C) is trivial from A N 022(C) <{c)
and (c) < Z(C). Altogether NC(A) /C C(A) is a cyclic group of order 3. [

(5) We have A # Q;(T)p).

Proof. Suppose for a contradiction that A = Q;(T). Then there are elements d € ¢¢ N C
and s € C by Lemma 4.2.1 (a) such that A = {(c,d, d*). Moreover Proposition 3.3.3 yields
that c-d, c-d° and d - d° are not elements of I*(M), as d,d, c € I"(M) by Lemma 3.2.2 (g).
From NC(A) / CC(A) =~ 73 by (4), we see that there is an element y € C such that $ permutes
the elements of {{c)d, {(c)d’,{c)(d - d°)} transitively. As d is neither conjugated to c - d nor
c-d* nord - d’ by Lemma 3.2.2 (g), we conclude that no element of {c - d,c - d*,d - d*} is
conjugate to its product with c. Further we may choose V = (d - ¢,d”* - ¢). Then we have
V=A\I'(M) and |A N I*(M)| = [{c,d,d*}| = 3. Thus we can apply Lemma 4.1.2. Part (b)
of the lemma provides a subgroup H € M such that H is the unique maximal subgroup of
G containing C(V). In particular we conclude that Cg(v) < H for all v € V¥,

Altogether we observe that Ne({v, ¢)) = Cc(v) forall v € v, By (4) we have

F = (Np((v,c)) | ve V*)-O(C) = (Ck(v) | v € V¥) - O(C) < Cp(c) - O(C).

Since F/Z is not 3-soluble by Lemma 4.2.1 (c), there is a contradiction to the fact that H
has a normal 3-complement by Lemma 3.2.2 (d). ]

(6) We have W := (O(Cc(v)) | v € V*) < O(C) - {xq), for some xg € C with xg € 0(C).

Proof. If we have A < Z(T)), then we obtain from (5) an involution e € T such that
c ¢ (V,e). In this case we set D := (V, e).

If we have A £ Z(T)), then we deduce from 3 | INc(A)/Cc(A)| and A< Z(To) by (4) that
Nc(A)/Cc(A) = Ay. This implies that A N Z(Ty) = (c) <Q1(Z(Tp)). In this case we let D be
a complement of (c) in the elementary abelian group A - Q;(Z(Ty)) containing V. Then D
has order at least 8, since Q,(Z(T)) is non-cyclic.

In both cases D is an elementary abelian group of order at least 8 such that ¢ ¢ D. This
implies that the involutions of D have a 3-soluble centraliser in C by Corollary 3.3.4 (a) and
Lemma 3.3.5 (b). In particular the involutions of D are balanced in C by Lemma 2.1.4.
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We set 6(a) := O(Cc(a)) for all a € D¥. Then 6(a) is soluble for all @ € D* by the Odd
Order Theorem 1.1.12. Consequently 6 is a soluble D-signalizer functor and the Soluble
Signalizer Functor Theorem 2.1.6 implies that (O(Cc(a)) | a € D¥) has odd order As
(O(Cc(a)) | a € D*y > (O(Cc(v)) | v € V¥) = W, we conclude that W has odd order.
By (3)(ii) we have for all v € V# that Cc(v) = Ce(ve). Thus we see that

W =(0(Cc(») | ve V) =(0(Cc)|veA\ ().
This and the fact that ¢ € Z(C) is strongly closed in C show that W is normalised by N¢(A).
Moreover (3)(v) yields for all v € V# that Nc({v, c)) € Nc(A) - O(Cc(v)). Since we have
O(Cc(v)) < W for all elements v € V¥, the group W is also normalised by the group
Nc(v,c)) € Nc(A) - O(Cc(v)). Altogether W <(Nc({c,v)) | v € V#). Now (4) together with
the facts that F/Z is simple and Z is a 2-group imply that [W, F] < W N F is trivial.
But we already showed that F*(C) = 0,(C) - E = 0(C) - F. From Lemma 1.1.18 (h) we
deduce that W acts faithfully on O»(C). As r2(02(C)) = 1 by Lemma 4.2.1 (d), the group
0,(C) only admits in the case O,(C) = Qg an automorphism of odd order by Lemma 1.1.2
and Lemma 1.1.3. In this case there is an element xy € C with xg € O(C) and such that
W = (O(Cc(v) | v e VFY < O(C) - (x¢). In the other case W < O(C) and we set xg = 1 to
verify (6). ]

Let finally b € T be an involution different from c.

By (4) the element b acts trivially on A. Thus V is contained in CC(IB) = NC@@) by (3)(@).
Since O(C?(\b)) char @) = Cc@c)) g Nc@c)) by 3(iii), the group V acts coprimely
on O(Cc(b)).

Moreover O(Cc(b)) - {c)/{c) is a normal subgroup of odd order of CR<\C>) and so it is con-
tained in 0(@)). Since the full pre-image of 0(@)) has {c) as a Sylow 2-subgroup, it
has a central Sylow 2-subgroup and by Burnside’s p-Complement Theorem 1.1.10 a normal
2-complement. Consequently we have O(@)) = O(Cc(b)) - {c)/{c).

By Lemma 1.1.14 (e), Part (3) and Part (6) we get:

— LLI4 (o)
O(Cc(b)) =

(O(Cc(B) N Cad) | v e VH

= (O(Cc(b)) - {c)/{c) N Nc(v,e)/(c) | v e V¥
= ((O(Cc(b)) - {c) N Ne(v, ) [{c) | v e VF)

= (O(Cc(b)) - {c) N Nc(v,e)) | v e VFY/{c)

=1 {(O(Cc(b)) N Ne(v,e)) - ey | ve VY {c)

= ((O(Cc) N O* N (v, c))) - (o) [ v e VFY/(c)
((O(Ccb)) N OHC((v,c))) - (Y | v e V) /(o)
= ((0(Ccb)) N OHCc)) - ey | v e V) /(o)

< {(O(Cc(b) N Cc()) - {c) | v e VFY/(c)

< {OCW) - {c) [ ve VH(c)

= (O(Cc(v) | veVHy-(c)/{c)

< O(C) - {Xo).

The equation (+) holds as O(C¢ (b)) - {c) and N¢({v, c)) are full pre-images of 0(@(77)) re-
spectively Nc@c)). The inclusion (++) is valid as b and the involutions of V are balanced
in C by Corollary 3.3.4 (a), Lemma 3.3.5 (b) and Lemma 2.1.4. Moreover Ded denotes the
Dedekind Identity Lemma 1.1.5.

Altogether O(Cc (D)) - {c) < O(C) - {xqg) - {c).

But O(Cc¢(b)) = O*(O(Cc(b)) - {c)) < O*(O(C) - (xq) - {c)) = O(C) - (xo) contradicts (1). O
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4.2.5 LeEMMA
The following hold:

(a) If E(C)is a simple Bender group but not isomorphic to PSL(2, 5), then C is balanced.

(b) If E(C) = PSL(2,5) or E(C) = SL(2,5),
then O3y (Cg(b)) N C < Oy 3y (C) for every involution b € C.

Proor
(a) By Lemma 4.2.1 (c) the group E(C) is not 3-soluble. Thus E(C) is no Suzuki group.
Theorem 1.2.12 (d) shows that for all Bender groups L with order divisible by 3 except
for PSL(2, 5), for all subgroups H of Aut(L) containing /nn(L) and for all involutions
s of H, the group O(Cg(s)) is trivial. Finally Proposition 2 of [27] yields for every
two commuting involutions a, b € C, that O(C¢(a)) N Cc(b) < O(Cc(b)) holds. This
is, that C is balanced.

(b) Obviously we have that O(C) = 1. By Lemma 4.2.1 (d) it follows that O(C) = F(C)
contains exactly one involution. Thus we may apply Proposition 1.2.3 to C. This
yields the assertion. O

4.2.6 THEOREM
Let 2 € o0 and let A be an elementary abelian 2-subgroup of M of order at least 8.
Then ([0 (Cg(a)), x] | a € A*) has odd order.

Additionally suppose that Q;(Z(T))* ¢ I*(M) for all x-invariant Sylow 2-subgroup T of G
and set 6(a) := O(Cg(a)) and p(a) := Op3y(Cg(a)) forall a € A,

Then 6 or p is a solubly complete A-signalizer functor in G.

Proor
If Q(Z(T))* C I'"(M) for a x-invariant Sylow 2-subgroup T of G, then the assertion follows
by Lemma 4.1.3.

Suppose that Q;(Z(T))* ¢ I*(M) for all x-invariant Sylow 2-subgroups T of G.

We set 6(a) := O(Cg(a)) and p(a) := O3y (Cg(a)) forall a € A*,

If £ € {6,p)} is a soluble A-signalizer functor in G, then we deduce for all a € A* from
our assumption {2,3} C o that [0, (Cg(a)), x] < {(a) holds. Thus the Soluble Signalizer
Functor Theorem 2.1.6 implies the assertion.

By Lemma 2.1.3 and Lemma 2.1.4 all involutions of G with 3-soluble or 2-constrained
centraliser are balanced in G. If all a € A" are balanced in G, then 6 is a soluble A-signalizer
functor in G.
Suppose that there exists an involution ¢; € A* such that ¢ is not balanced in G. Then we
may apply Proposition 4.2.4 and Lemma 4.2.5 to observe that Cs(cy) is balanced or ¢ is
p-balanced in G. Let b € Cg(cy) be an involution. Since O(Cg(b)) N Cg(cy) is a normal
subgroup of odd order of Cc,)(b), we conclude in the first case that

O(Cg(b)) N Cg(c1) < O(Ceye)) (D)) N Cegiepy(cr) < O(Cglcn)).
This is a contradiction because c¢; is not balanced in G.
Thus c; is p-balanced in G. For this reason every element a € A* is 6-balanced or p-balanced
in G. Further for all a € A* we have A < Cg(a), as A is abelian. Since A has order at least
8, Lemma 1.1.14 (b) and both parts of Lemma 3.3.5 imply that O(Cg(a)) has a normal
3-complement for all a € A*.
Let a € A* be #-balanced and b € A* be an involution. Then the following holds:
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pb) N Cqg(a) = Opzy(Cs(b)) N Csla)
= Op3y(Ca(b)) N O(Cg(b)) N Cgla)
< Opsy(Cg(b)) N O(Cg(a))
< Opay(Ca(b)) N O3 (O(Cg(a)))
= Opsy(Ce(b)) N 03 (0(Cg(a)))
< Op3y(Cg(a)) = pla)
This means that a is p-balanced. Finally p is a soluble A-signalizer functor in G. O

4.3 ExcLupING THE Bic RANK

In this section we show that G is S 4-free in the case of r,(G) > 3. Moreover we apply the
results of Section 2.3 to force the rank of G to be 2.

4.3.1 LeMMA
Suppose that there is a 2-subgroup T, of M of rank at least 2, which is normalised by an
element y € D*(M). Then we have r(G) < 2.

Proor

Suppose for a contradiction that the lemma is false. Then we have r,(G) > 3 and there is
a subgroup T of M such that Ng(T) N D*(M) # @ and r(T}) > 2. We choose 71 < M of
minimal order with these properties. Then we observe that Ty = Q(7T'1). Moreover T} is
(x, y)-invariant and hence we deduce from Lemma 3.3.2 (c) that 2 € .

Let T be a Sylow 2-subgroup of G in M such that Cr(T7) € Syl,(Cg(T1)) and T} < T.
Then Cs(T1) has a normal 3-complement by Corollary 3.3.4 (a) and Lemma 3.3.5 (b), since
T has rank at least 2. Consequently Lemma 1.1.14 (b) provides a y-invariant Sylow 2-
subgroup of Cg(T1). As we have y¥ C D*(M), we may choose y such that C7(T}) is
normalised by y.

WesetS := Cr(T) - T1 and forall € T let y(¢) := [Ox(Cg(1)), x].
Furthermore for all subgroups U of T we set Wy := (y(u) | u € A*, u?> = 1.

(1) For U < T with r(U) > 2 and |Wy| odd we have D*(M) N No(Wy) = @.

Proof. Let U < T with r(U) > 2 and such that Wy has odd order. Then we obtain from
Proposition 3.3.3 an involution v € U \ I"(M) and we observe from Lemma 1.3.7 that
Cc(v) = Cy(v) - y(v). It follows that y(v) £ M. Thus Wy is not a subgroup of M. Since U
is centralised by x, the group Wy is normalised by x. This implies that x € Ng(Wy) £ M.
Moreover Lemma 3.2.2 (a) forces Ng(Wy) to be a proper subgroup of G. Consequently
Part (d) of the same lemma yields that Ng(Wy ) has a cyclic Sylow 3-subgroup containing x
and a normal 3-complement. Finally (1) follows from x, x~! ¢ D*(M). ]

(2) We have r(S) = r(Z(S)) = 2, Q1(S) = Q1(Z(S)) = Ty and r(Z(T)) = 1.

Proof. Suppose for a contradiction that Z(S) is cyclic. Then, as Z(S) is y-invariant, we
obtain from Lemma 1.1.3 that Z(S) is centralised by y. Thus Lemma 3.2.2 (f) implies
that the involution of Z(S) is contained in I*(M). Moreover from Lemma 4.1.3 and from
Z(T) < Cr(T1))NCr(S) < S NCyp(S) = Z(S) we obtain that Wy has odd order. For this
reason also Wy < Wr has odd order. Since y normalises S, we have y € Ng(Ws). This
contradicts (1) and so (S) > r(Z(S)) > 2 holds.

Suppose now for a contradiction that #(S) > 3. Then there is an elementary abelian sub-
group B of order at least 8 of S. We choose B such that Q(Z(S)) < B. Then we observe that

78



Wa,zs) < Wp. By Theorem 4.2.6 the group Wp has odd order. Consequently Wo, z(s))
has odd order. From y € Ng(S) < Ng(1(Z(S))) we deduce that y normalises Wq, zs))-
This contradicts (1). Therefore 2 < r(Z(S)) < r(S) < 2 is true.

We also conclude that Q(S) = Q(Z(S)) is elementary abelian of order 4. In particular we
observe that 71 = Q(T1) < Q(S). The assumption »(77) > 2 implies that Q(S) = 7.
From 3 < rp(G) = n(T) and S = Cy(Ty) - T, it follows that Q(Z(T))<Q(Z(S)) = T. In
particular Z(T') is cyclic. |

Let ¢ be the involution of Z(T') and let a € T be an involution such that 7} = Q(S) = {a, ¢).
As y normalises T';, we may choose a such that ¢¥ = a.

(3) The group T has no elementary abelian normal subgroup of order at least 8.

Proof. Suppose for a contradiction that there is a elementary abelian normal subgroup A of
T of order at least 8. Then we have C4(a) = Ca({a,c)) = C4(T1) < §S. Since A centralises
¢ and is elementary abelian, it follows that C4(a) = Ca(T1) < Q1(Cr(T1)) < Q1 (S) =T}
by (2). The result of (2) that r(S') = r(Cy(T1)) = 2 implies that 71 £ A. Thus we have
Ca(a) < Ty and it follows that |C4s(a)l < 2. Applying Lemma 1.1.17 we conclude that
4 =22 > |Ca(a)* > |A| > 8, which is a contradiction. n

From (3) and (T) > 3 and Lemma 1.4 of [8] it follows that 7" has an elementary abelian
normal subgroup N of order 4. Since Z(T) is cyclic with ¢ € Z(T), we conclude that
T # C7(N). This shows that |T : C7(N)| = 2 and ¢ € N hold.

(4) The involution c is no square in Cr(a).

Proof. Suppose for a contradiction that there is an element ¢ € Cr(a) such that ?=c.

Let Ty € Syl,(Cp(a)) be such that r € Ty. Then we deduce from ¢ = a and ¢ € Z(T) that
Ty € Syl,(M) € Syl,(G) and {a) = Q1(Z(Ty)). By Sylow’s Theorem there exists an element
g € M such that Tg = T. In particular we observe that (a)? = Q;(Z(Ty))8 = Q(Z(T)) = {c)
and hence a® = c. Additionally we obtain Tf ={a,c)® = {(a,1*)8 < Tg and T‘f is normalised
by y¢ € D*(M). Moreover we have that 8 € CTg(Tlg) = CT(Tf) and (1) = (P)$ = € Tf.
Consequently ¢8 and ¢ = a# are both squares in 7. From |T : Cr(N)| = 2 we conclude that
a® and ¢8 are elements of C7(N). This implies Tlg = (a8,c8) < Cy(N). From a® = ¢ we
obtain that N -T‘lg = N-(c¥) is elementary abelian. Furthermore Sylow’s Theorem provides an
element h € C(;(Tf) with (QI(CT(T‘f)))h < (Cr(Th))® < S8, since Cr(T1) € Syl,(Cg(Th)).
Altogether we get that

N TS < QuCrT) < Sy =18 = 1%

From this we deduce that N = Tf =Q I(CT(Tlg )). By assumption there is an elementary
abelian subgroup A of T of order at least 8. We observe that A normalises the group N and
SO|A : ANCyr(N)| = |(A-C7r(N)) : Cr(N)| < |T : Cr(N)| = 2. It follows that |]ANC7(N)| = 4.
Moreover we have that AN Cr(N) = AN CT(Tf) < Ql(CT(Tf)) = N. From |N| = 4 we
conclude that A > A N Cr(N) = N. Since A is elementary abelian we finally observe the
contradiction A < Q(Cr(N)) = Ql(CT(Tlg)) = N. ]

(5) We have that 7| = S..

Proof. Assume for a contradiction that 7y <§. Then at least one of the involutions in 7'
is a square in § < Cr(a). From (4) we see that a or ac is a square in S. Since we have
T : Cp(N)| = 2 and ¢ € Q(Z) < N, we conclude that both, a and ca, are elements of
Cr(N). In particular Ty < C7p(N). This implies that N - T1 = N - {a) is elementary abelian.
We deuce that N < Q(Cr(Ty)) = Ty and hence that T; = N. The choice of § and (2) imply
that N = T = Q(Cr(T1)) = Q(Cr(N)). Let A be an elementary abelian subgroup of T
order at least 8. Again we see that |A N C7(N)| > 4. From A N Cp(N) < Qi (Cr(N)) = N
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it follows that N < A. As A is elementary abelian, we conclude that A < Q(Cr(N)) = N.
This is a contradiction. ]

Thus we have 71 = S and deduce that V4 = T, = S = Cp(Ty) = Cr({a, c)) = Cr(a) from
¢ € Z(T). Hence we may apply Lemma 1.3.4 (a) to T and conclude that T is dihedral or
semidihedral. This is a final contradiction to r(T') > 3. O

4.3.2 LEMMA

If we have r2(G) # 2, then there is a minimal strongly closed elementary abelian subgroup
A of G of order at least 8 such that Q;(Z(T")) < A for a suitable Sylow 2-subgroup T of G
with A < T. Moreover G is S 4-free.

Proor

Suppose that 2(G) # 2. By Lemma 3.2.1 (e) the group G’ is simple and contains a Sylow
2-subgroup of G. Since non-abelian simple groups have no Sylow 2-subgroups of rank at
most 1 by the Z*-Theorem 1.1.13, we conclude that r,(G) > r(G”) > 1. Hence we obtain
r(G) = r(G’) > 3. Let T € Syl,(G) and if possible choose T such that T is x-invariant.

(1) The group G is S 4-free.

Proof. Suppose for a contradiction that G is not S 4-free. Then Theorem 3.3.7 yields 2 € 0.
Thus we have T € Syl,(M) by Lemma 3.3.1. For all subgroups S of T we observe that
x € Cg(S) < Ng(S). Moreover by Lemma 1.1.7 there is a non-trivial 2-subgroup S of G
such that Ng(S) is not S 4-free. We choose S of maximal order such that S < T and Ng(S)
has a section isomorphic to S 4. In particular Ng(S) has a section isomorphic to S 3.
Suppose for a contradiction that Ng(S)/(S - Cs(S)) is not S 4-free. Let A/B be a section of
Ng(S) isomorphic to S4 with § - Cg(S) < B. Then a Sylow 2-subgroup S| of the full pre-
image of O,(A/B) contains S properly. Moreover Ng(S 1) is not S 4-free. This contradiction
shows that Ng(S)/(S - Cs(S)) is S 4-free.
Thus Lemma 1.3.3 provides an element y of order 3 of Ng(S) that is inverted by a 2-element
of Ng(S) and acts non-trivially on §. This yields y € D*(M) N Ng(S). Now Lemma 4.3.1
forces r(S) to be 1. This shows that S # T, since we already observed r(G) > 3. As §
admits an automorphism of order 3 which is induced by y, we conclude that S = Qg by
Lemma 1.1.2 and Lemma 1.1.3. For this reason we observe that Ng(S§)/Cg(S) = S4. Let
Ty be a Sylow 2-subgroup of Cs(S). Then a Frattini argument shows that

NG (S) = Nngs)(To) - Ca(S) = (Ng(S) N Ng(Tp)) - Ci(S).
It follows that Ng(S -To) = Ng(S)NNg(Tp) has a section isomorphic to Ng(S)/Cs(S) = S 4.
The maximal choice of S leads to Ty - S = S. Now we apply Lemma 1.3.4 (b) to conclude
that 7 is either semidihedral or a quaternion group. This again contradicts r,(G) > 3. |

(2) There is a strongly closed elementary abelian subgroup A of G of order at least 4 such
that A < T and Q;(Z(T)) < A.

Proof. The Z*-Theorem 1.1.13 implies that a strongly closed abelian subgroup of G is not
cyclic, since G is almost simple with |G : G’| € {1,3} by Lemma 3.2.1 (e).

If for all 2-constrained sections of G all non-abelian composition-factors are 3’-groups,
then Theorem 2.2.4 provides a strongly closed elementary abelian subgroup A of G such
that Q(Z(T)) <A<T.

Suppose for a contradiction that there is a 2-constrained section H* of G such that H* has
a non-abelian composition factor with order divisible by 3. Let 7'} be a Sylow 2-subgroup
of the full pre-image of O,(H*) in G. Then H* is isomorphic to a subgroup of the automor-
phism group of a factor group of 7. The automorphism groups of cyclic 2-groups, dihedral
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groups, and quaternion groups are soluble by Lemma 1.1.3 and every section of a 2-group
of rank 1 is of one of theses types. Consequently we see that (7)) > 2. Thus we may apply
Lemma 4.3.1 to obtain that Ng(7T) N D*(M) = @.

Moreover Ng(T1) does not have a normal 3-complement. Suppose for a contradiction that
the Sylow 3-subgroups of Ng(7'1) are cyclic. Then they are inverted in Ng(7'1) by Burnside’s
p-Complement Theorem. This implies that N(T) is not S 3-free. Since G is S 4-free by (1),
also Ny (7))/6(r)(T1/¢(T1)) is S 4-free but involves a section isomorphic to S 3. Furthermore
T,/¢(T) is abelian by Lemma 1.1.4. Consequently Lemma 1.3.3 provides an element of
order 3 acting trivially on 71 /¢(T). From Lemma 1.1.14 (a) and Lemma 1.1.4 we deduce
that the element of order 3 centralises 7. From the fact that x is 3-locally central and
Sylow’s Theorem we obtain an element g € G such that x € Cg(T1)8 < Ng(T1)8. The
Sylow 3-subgroups of Ng(71)8 are cyclic. Therefore Lemma 3.3.5 (b) implies that Ng(7'1)8
has a normal 3-complement. This is a contradiction, since

Ng(T1) = Ng(T1)8. Hence there is an elementary abelian subgroup U of order 9 of Ng(T1).
In particular we have D*(M) N Ng(T1) # @. This is a contradiction. ]

(3) The group G has no strongly closed elementary abelian subgroup of order 4.

Proof. Suppose for a contradiction that there is a strongly closed elementary abelian sub-
group A of order 4 of G. Then Ng(A)/Cg(A) has a cyclic subgroup of order 3 by the
Z*-Theorem 1.1.13. It follows from (1) that Ng(A)/Cs(A) = Zz. Now Corollary 3.3.4 (c)
implies that A N I*(M) = @. As A is normal in T by Lemma 2.2.2 (a) and Ng(A)/Cg(A) is
a 2’-group, we observe that that A < Z(T'). From r,(G) > 3 we obtain an involution b € T
such that A - (b) is elementary abelian of order 8.
For all a € (A - (b))* we set 8(a) := O(Cg(a)) and p(a) := O3y (Cg(a)).
Let a € A*. Since A is of order 4, the group A does not contain Q;(S) for a Sylow 2-
subgroup S of a Suzuki group by Theorem 1.2.8 (d). Therefore Lemma 2.2.5 implies that

Cg(a) = Neg()(A) - OKACC@)) € NG(A) - O(Cg(a)) = Ng(A) - 6(a). (%)
Since we have A N I"(M) = @, either Cg(a) is a 3’-group or Lemma 3.2.2 (f) yields that
C(a) has a normal 3-complement. In both cases the group 8(a) has a normal 3-complement
and possibly trivial cyclic Sylow 3-subgroups. So there is a 3-element x, € M with either
X € (x4) or x, = 1 such that we have 6(a) = (x;) - p(a). By Lemma 1.1.14 (b) we may
choose x, such that (x,) is A-invariant. As Q({x,)) < (x) and x is 3-locally central and of
order 3, we see that A centralises (x,). We conclude that

Cg(a) € Ng(A) - 0(a) = NG(A) - (xq) - p(a) = Ng(A) - p(a). (**)

We set V4 := (8(a) | a € A"y and Wy := (p(a) | a € A*). Then both groups, V4 and Wy,
are normalised by the normaliser Ng(A) and we have for all elements a € A" that Cg(a) <
(NG(A), Va) = NG(A) - Va < Ng(Va) and Cg(a) < (NG(A), Wa) = NG(A) - Wa < NG(Wa).
Consequently we obtain (Cg(a) | a € A*) < Ng(V4) and (Cg(a) | a € A*) < Ng(Wy).
Furthermore G’ is simple and by Corollary 3.2.3 not a Bender group and we have G = G’(x).
We apply Lemma 2.2.6 to observe that that

G’ =(Cg/(a) | a € A*) < Ng:/(Wa) N Ni:(Va). (¥5%)

If we have 2 ¢ o, then the centraliser of an involution of G is not contained in M by
Lemma 3.3.2 (b). Hence it is a 3’-group or it is by Lemma 3.2.2 (f) a 3-nilpotent group.
In both cases the centraliser is 3-soluble. Applying Lemma 2.1.4 we conclude that G is
balanced in this case. Thus 6 is a solubly complete (A - (b))-signalizer functor of G.

In the other case, if 2 € o, we deduce from A < Q(Z(T)) € I'(M) and Theorem 4.2.6 that
0 or p is a solubly complete (A - (b))-signalizer functor of G.

We further observe that V4 < (8(a) | a € (A - (b))*) and W4 < (p(a) | a € (A - (b))*). Finally
the Soluble Signalizer Functor Theorem 2.1.6 yields that one of the groups W, or V4 has
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odd order. Moreover (***) implies that it is normalised by G. The Odd Order Theorem
consequently forces one of the groups Wy or Vy4 to be trivial. But then (¥) or (**) yields
that Cg(a) < Ng/(A) for all a € A*. This implies that G’ = (Cg:(a) | a € A*) < Ng/(A) but
this is a contradiction, as G’ is simple and A # 1. ] O

4.3.3 THEOREM
The group G has 2-rank equal to 2.

Proor

Suppose for a contradiction that r(G) # 3.

Then we obtain from Lemma 4.3.2 that G is S4-free and that there is a strongly closed
subgroup A of G. We choose A of minimal order. The same lemma forces A to have order
at least 8.

Moreover from Lemma 2.2.6 and Corollary 3.2.3 we conclude that G’ < (Cg(a) | a € A%).

(1) Wehave AN I"(M) = @.

Proof. Suppose for a contradiction that there is an involution ¢ € A N I*(M).

By Lemma 2.2.2 (k) the group {(¢V¢4)) is strongly closed in G. Therefore the minimal choice
of A implies that A = (¢cV¢). Thus there is a minimal set of generators D C ¢N6 of A,
By Lemma 3.2.2 (g) in we see that D C I*(M). As A is a 2-group Lemma 1.3.2 implies that
there is a unique maximal subgroup By of A with DNBy = @ and that By := {a-b | a,b € D).
Suppose for a contradiction that By N I*(M) = @. Then By is the unique maximal subgroup
of A that contains no element of /*(M). According to this Lemma 3.2.2 (g) implies that
Ng(A) < Ng(Bp). Now the minimal choice of A and Lemma 2.2.2 (j) lead to a contradiction.
Thus we have that By N I*(M) # @. Consequently for all maximal subgroups B of A we
observe from I*(M) N B # @ that Cg(B) < M.

In addition we obtain from ¢ € I*(M) and Lemma 3.3.2 (b) that 2 € ¢~. For all a € A* we
set y(a) := [0y (Cg(ap)), x]. Then we deduce from Theorem 4.2.6 that W = (y(a) | a € A*)
has odd order. Moreover Lemma 1.1.14 (e) yields W = (Cw(B) | B max A) < M, since W
is normalised by A. By Lemma 1.3.7 we have for all a € A* that Cg(a) = Cy(a)-y(a) < M.
Finally we obtain G’ < (Cg(a) | a € A*) < M. This is a contradiction. ]

(2) For all a € A* we have O(Cg(a)) = 1 and Cg(a) = Negyay(A) - ECACE@)) and
<ACc(a)> =A- E((ACG(“))),

Proof. By (1) and Lemma 3.2.2 (f) the centralisers of the involutions in A have a normal 3-
complement. Applying Lemma 2.1.4 we see that A is balanced in G. The Soluble Signalizer
Functor Theorem 2.1.6 yields that U := (O(Cg(a)) | a € A") has odd order. Furthermore if
B is a non-cyclic subgroup of A, then for all a € A* Lemma 1.1.14 (e) leads to

O(Cg(a)) = (O(Cg(a)) N Cs(b) | b € By <(O(Cs(b)) | b € BY).
Thus we have U < (O(Cg(b)) | b € B¥y < U. In particular U is normalised by Ng(B). More-
over for all a € A* the group O((A¢6@Y) is contained in O(Cg(a)) < U. From Lemma 2.3.2
we deduce that G’ < (Cg(a) | a € A*) < Ng(U). The fact that G is simple forces G’ N U to
be trivial. Since (x) is not normalised by G’, we conclude U = 1 and hence O(Cg(a)) = 1
for all a € A*.
Further we deduce from A < Cg(a) that A is strongly closed in Cg(a) by Lemma 2.2.2 (d).
Finally Proposition 2.2.5 yields (2). |
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(3) We have 2 ¢ o but 2 € n(M) and there exists an a € A* such that (A¢6@) is not soluble
and every maximal subgroup of G’ containing C(a) is not 3-soluble.

Proof. If 2 was an element of o, then Lemma 1.3.7 (b) and (2) would imply that Cg(a) < M
for all a € A*, contradicting (1).

Suppose for a contradiction that for all a € A* the group (A“6@) is soluble or that Cs(a)
is contained in a 3-soluble maximal subgroup of G’. Then Theorem 2.3.5 forces G’ to be a
Bender group. This contradicts Corollary 3.2.3.

Finally Proposition 2.3.7 provides an involution ¢ € G such that Cg(¢) is not a 3’-group.
Since x is 3-locally central, we conclude that 2 € w(M). |

Let a € A" be such that (A“6@) is not soluble and Cg(a) is not contained in a 3-soluble
maximal subgroup. Let further H max G contain Cg(a).

(4) We have O(H) = 1 and Cg(¢) is a 3’-group for every involution ¢ € H.

Proof. From (2) we obtain that O(H) N Cg(a) < O(Cg(a)) = 1. Thus a acts fixed-point-
freely on O(H). This shows that O(H) is abelian.
Let b € A*. Then (1) implies
O(H) N Cg(b) = [O(H) N Cg(b),al < O(H) N (ACoun®)y

< OH)NA - E(AS®)Y) = O(H) N E((AC®Y),
From Proposition 2.2.5 we know that E((A€¢®)) is a central product of Suzuki groups and
that there is a Sylow 2-subgroup 7 of E((A®¢®))) such that the following hold:

Qi(T)) = ECA“®)) N A < EKAS®)) n H.

Part (i) of Theorem 1.2.8 yields that O(E((AS¢®)) N H) = 1. Altogether it follows that
O(H) N Cg(b) < O(H) N E(AS®)y) < O(E((AC®)Y) N H) = 1. Finally Lemma 1.1.14 (e)
leads to O(H) = (O(H) N Cy(b) | b € A*) = 1.
Since H is non-soluble and a ¢ I*(M), Lemma 3.2.2 (f) shows that there is no conjugate of
xin H. Now Lemma 3.3.2 (d) forces the orders of the centralisers in H of involutions of H
to be coprime to 3, because of 2 ¢ o |

(5) The group E(H) is a simple Bender group and E(H) N (AC6@) is not soluble.

Proof. Since G is S 4-free, also H is S 4-free. Moreover H is not 3-soluble and hence it has
no normal 3-complement. Applying Lemma 1.3.8 we observe that the group F*(H) = E(H)
is simple and Cy(a)/Cgy(a) is soluble. In particular Z*(H) = Z*(E(H)) is trivial.

Furthermore we have Cg(a) = Cy(a), as Cg(a) < H, and (A6} is non-soluble. Hence we
conclude that E(H) N (A€%@) is non-soluble. From A < Cg(a) < H and Lemma 2.2.2 (d)
we obtain that A is strongly closed in H. Thus we may apply Lemma 2.3.6. The lemma
provides a minimal strongly closed subgroup B of E(H) such that B < A and B has order at
least 8. By Proposition 2.3.7 the group (B#®) is soluble for all b € B*. These are exactly
the conditions of Theorem 2.3.5. Hence the theorem forces E(H) to be a Bender group. =

Finally E(H) N (AC4@) is a non soluble 3’-group. By Theorem 1.2.8 the group E(H)
involves a Suzuki group. Now Theorem 1.2.12 (c) forces E(H) to be a Suzuki group. Since
Suzuki groups have order prime to 3, the group H is 3-soluble by (5). This contradicts the
choice of a. m|
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5 THE SMALL RANK CASE

5.1 THE STRUCTURE OF A SYLOW 2-GROUP

In this section we show that a Sylow 2-subgroup of G is either dihedral or isomorphic to a
Sylow 2-subgroup of the unitary group Uz (4).
In order to do this we use arguments about the control of Fusion.

5.1.1 PROPOSITION
Let T be a Sylow 2-subgroup of G. Then the following hold:

(a) The group T is dihedral, semidihedral, a wreathed product of a cyclic 2-group of
order at least 4 with a cyclic group of order 2, homocyclic abelian or isomorphic to a
Sylow 2-subgroup of Us(4).

(b) The group G has only one class of involutions.

(c) If A is an elementary abelian subgroup of order 4 of 7', then we have
Ng(A)/Cg(A) = Z5if A = Q(T), and N(A)/Cs(A) = S5 otherwise.

Proor

This is Proposition 2.1 of chapter 3 in [26].

The proof of this theorem uses the Z*-Theorem 1.1.13, Lemma 2.2 and Lemma 2.3 of [26]
and Theorem 16.1 of [23] which is a theorem about the control of Fusion by Alperin and
Goldschmidet, its proof can be found in X 4.8 and X 4.12 of [9].

In particular the proof of the proposition uses local arguments and no K-hypothesis. O

5.1.2 Levmma

The set I*(M) is empty and for every y € D*(M) the group C(y) has odd order.

Moreover if Q is a 2-subgroup of G isomorphic to Qg such that Ng(Q)/(Q - C5(Q)) is of
even order, then Ng(Q)/(Q - C(Q)) is cyclic of order 2.

Proor

By Proposition 5.1.1 (b) the group G has exactly one class of involutions. If I*(M) # @
then Lemma 3.3.2 (b) implies that 2 € o. Therefore Lemma 3.2.2 (g) yields that either
I"(M) = @ or I*(M) = {a € M* | a*> = 1}. In the second case we have for every involution
a € MNG' that Cg(a) < G' N Cgla) < G' N M. It follows that M N G’ is a strongly
embedded subgroup of G’. Hence Theorem 1.2.12 forces G’ to be a Bender group. This
contradicts Corollary 3.2.3.

Suppose for a contradiction that there is an element y € D*(M) such that Cg(y) is of even
order. Then y centralises an involution @ € G. So we have a € Cg(y) < Cg(x), because
x is 3-locally central and y € D*(M). Thus Cg(a) contains (x,y) and so Cg(a) has non-
cyclic Sylow 3-subgroups. By Lemma 3.2.2 (f) we conclude that a € I*(M). This is a
contradiction.

Moreover let Q be a 2-subgroup of G isomorphic to Qg such that Ng(Q)/(Q - Cs(Q)) has
even order. Then we observe that Ng(Q)/Cs(0) < Aut(Qg) = S4 from Lemma 1.1.3 and
hence we have Ng(Q)/(Q - C5(Q)) < Ss3.
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Suppose for a contradiction that Ng(Q)/(Q - Cc(Q)) = S3. Then Ng(Q) has no normal
3-complement. Thus Lemma 3.3.5 (b) provides an element y € (D*(M))® N Ng(Q) for a
suitable element g € G. We obtain that y € Ng(Q1(Q)) = Cc(Q1(Q)). As we have shown
above Cg(y) = CG(ygfl) is of odd order. This is a contradiction. m]

5.1.3 LeEmMma
Let T be a Sylow 2-subgroup of G. Then T is not semidihedral.

Proor

Suppose for a contradiction that T is semidihedral.

Then all subgroups of T are cyclic, dihedral, semidihedral or generalised quaternion groups.
If S is a subgroup of T such that Ng(S)/Cs(S) is no 2-group, then Lemma 1.1.3 implies
that S is elementary abelian of order 4 or § = QJg. Moreover we observe that Ng(S)/Cs(S)
is of even order. Thus Lemma 5.1.2 forces S to be not isomorphic to Qs. Altogether we
conclude that S is elementary abelian of order 4.

Furthermore G/G’ is of odd order by Lemma 3.2.1 (e). Consequently T is a subgroup of
G’. By Theorem 4.2. of [1] the group T NG’ = T is generated by [T, Ng(T)] together with
all the subgroups [H, g] where H ranges over all the non-identity subgroups of 7" such that
Nr(H) € Syl,(Ng(H)) and g runs over all 2-elements of Ng(H).

In particular we have that T < ([H,Ng(H)] | 1 # H < T and Nr(H) € Syl,(H)).

Let H be a non-trivial subgroup of T such that Ny(H) € Syl,(Ng(H)) and let D denote the
maximal subgroup of 7 that is a dihedral group.

If H is elementary abelian of order 4, then we have H < D and [H, Ng(H)] < H < D.
Suppose now that H is not elementary abelian of order 4. Then the investigation above
implies that Ng(H)/Cg(H) is a 2-group. It follows that Ng(H) = Ny(H) - Cg(H), because
of Nr(H) € Syl,(Ng(H)). We conclude that [H, Ng(H)] = [H,Nr(H)] < [T,T] £ D.
Altogether we obtain T < ([H,Ng(H)] | 1 # H < T and Nr(H) € Syl,(H)) < D. This is a
contradiction. O

5.1.4 LevMMma

Let T be a Sylow 2-subgroup of G. Then T is not a wreathed product of a cyclic 2-group of
order at least 4 with a cyclic group of order 2.

Proor

Suppose for a contradiction that T = Z,. ¢ Z, for a natural number n > 2. Let N denote the
maximal subgroup of 7 that is normal and homocyclic.

If s € T\N, then s> € Cp(N) and there is an element 7 of order 2" of N such that N = (£)x(t*).
In particular if a € Cn(s), then there are some natural numbers i and j such that we have
f£(@t) = a = () = ()t = /()" and so i = j. It follows that a € (¢ - ) < Cn(5).
Altogether Cy(s) is cyclic of order n. (*)

If Q < T is isomorphic to QOg, then Q N N is a maximal abelian subgroup of Q. Moreover, if
we have s € Q \ N, then we observe that Q;(Q) < Cy(Q) < Cn(s). Since Q is not abelian,
we conclude that C7(Q) = Cy(Q) is cyclic. (¥%)

As in the lemma before we are interested in the non-trivial subgroups S of T such that
Ng(S)/Cg(S) is no 2-group.

Let S be such a subgroup of 7. Then S = Qg or r(S) > 2 and we apply Theorem 1.3 of
[12] to observe from r(S) < r(T) < 2 that and (**) that S is homocyclic abelian, a central
product of Qg and a cyclic group of order 2" for some natural number m > 2 or isomorphic
to a Sylow 2-subgroup of U3(4) from Section 1 and Lemma 1 of [31] we obtain that the last
case is not possible.
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(1) The group S is homocyclic abelian.

Proof. Suppose for a contradiction that S is non-abelian and choose S of maximal order.
Then Ng(S) contains an element y that induces an automorphism of order ¢ in S for some
odd prime gq.

If S is a quaternion group of order 8, then we have g = 3 and we set Q := S.

We investigate the case that S is a central product of Qg and a cyclic group of order 2™ for
some natural number m > 2. If we have m = 2, then S contains exactly four subgroups
of order 4. One of those is contained in the centre of S. The other three cyclic subgroups
of order 4 generate a group Q isomorphic to QJg. In particular we see that Q char S. If we
have m > 3, then S := {s € S | o(s) < 4} = Qg = Z, is a characteristic subgroup of §. We
conclude that S has characteristic subgroup Q = (Qg. The element y € Ng(S) normalises
every characteristic subgroup of S. In particular it normalises the cyclic group Z(S). As
cyclic 2-groups admit no automorphism of odd order by Lemma 1.1.3, we conclude that y
centralises Z(S). Moreover we observe that § = Z(S') = Q. Thus y acts non-trivially on Q
and g = 3.

In all cases S has a characteristic subgroup Q = Qg such that y € Ng(Q) \ Cg(Q) is
a 3-element. In particular y € Ng(Q) Lemma 5.1.2 forces Ng(Q)/(Q - Cs(Q)) to have
odd order. Let a denote the involution of Q. Then we have Q - C5(Q) < Cg(a). From
Lemma 3.2.2 (f) and Lemma 5.1.2 we observe that Cg(a) and hence Q- C;(Q) has a normal
3-complement. This is normalised by y and hence Lemma 1.1.14 (b) provides a y-invariant
Sylow 2-subgroup T of Q - C5(Q).

The group T is not abelian and normalised but not centralised by y. The Theorem of Sylow
implies together with the maximal choice of § that S = Tj. In addition we obtain that
S <Nr(S) <Nr(Q)=Q-Cr(Q) < 03(Q - Cr(Q)). This is a contradiction. ]

Assume that N7(S) € Syl,(Ng(S)).
(2) We have S < N.

Proof. Since Cg(S) is normal in Ng(T'), the group C7(S) is a Sylow 2-subgroup of C(S).
Suppose for a contradiction that S £ N and let s € S \ N. Then Cy(s) = Cn(S) is
cyclic of order 2" by (*) and so Q(S) £ N. It follows that S has order 4. Moreover
Proposition 5.1.1 (c) yields that Ng(S)/Cg(S) = S3.

Consequently Ng(S) has no normal 3-complement and Lemma 3.3.5 (b) provides an ele-
menty € (D*(M))8 N Ng(S) for some suitable g € G. In addition Corollary 3.3.4 (a) implies
together with Lemma 3.3.5 (b) that C;(S) has a normal 3-complement and so there is a
y-invariant Sylow 2-subgroup of O3/ (Cgs(T)) by Lemma 1.1.14 (a). This is isomorphic to
Cr(S)=Cn(s)-S = Zon X Zp. We observe that C7(S) admits no non-trivial automorphism
of order 3. It follows that y centralises a Sylow 2-subgroup of O3/ (Cg(T)). This contradicts
Lemma 5.1.2. ]

Like in the lemma before we want to apply Theorem 4.2. of [1].
Again we conclude that 7 = T NG’ <([H,Ng(H)] | 1 # H < T and Nr(H) € Syl,(H)).

Let H be a non-trivial subgroup of T such that Nr(H) € Syl,(Ng(H)).

If we have Ng(H) # Np(H) - Cg(H), then Ng(H)/Cg(H) is no 2-group. Therefore we
conclude that H < N by (1) and (2). This implies that [H, Ng(H)] < H < N.

If Ng(H) = Nr(H) - Cg(H), then we have [H, Ng(H)] = [H,Ny(H)] < [T,T] £ N.
Altogether we obtain T < ([H,Ng(H)] | 1 # H < T and Nr(H) € Syl,(H)) < N. This is a
contradiction. m]
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5.1.5 LeMMA
Let T be a Sylow 2-subgroup of G. Then T is not abelian.

Proor

Suppose for a contradiction that T is abelian.

Then T is homocyclic by Proposition 5.1.1 (a). A result of Brauer, Theorem 1 of [10],
forces T to have order 4.

Finally we apply Theorem 2.5.1 to get G’ = PSL(2,q) for some prime power ¢g. This
contradicts Corollary 3.2.3. m|

REMARK

The proof of Theorem 1 of [10] is based on modular representation theory in similar com-
plexity to Glauberman’s proof of the Z*-Theorem.

5.1.6 COROLLARY

A Sylow 2-subgroup of G is either dihedral of order at least 8 or isomorphic to a Sylow
2-subgroup of Us(4).

Proor

By Proposition 5.1.1 (a) the Sylow 2-subgroups of G are dihedral, semidihedral, wreathed,
homocyclic abelian or isomorphic to a Sylow 2-subgroup of Uz(4). By Lemma 5.1.3,
Lemma 5.1.4 and Lemma 5.1.5 only the asserted possibilities are left. O

5.1.7 LEMMA

Either M has odd order and there is a Sylow 2-subgroup of G that is isomorphic to a Sylow
2-subgroup of U3(4) and normalised by x or we have 2 € 0.

Proor

Let T be a Sylow 2-subgroup of G and let A < T elementary abelian of order 4.

Suppose that we have 2 ¢ 0. Then Theorem 3.3.7 forces G to be S4-free. In particular we
observe that Ng(A)/Cg(A) is not isomorphic to S 3. Thus Proposition 5.1.1 (¢) implies that
A =Q(T) and so T is not dihedral of order at least 8. Now Corollary 5.1.6 yields that 7" is
isomorphic to a Sylow 2-subgroup of Uz(4) and therefore we have Q;(T) = A = Z(T).
Theorem 1.2.12 (g) yields that T is normalised by some 3-element. Suppose for a contra-
diction that y € Ng(A)N(D*(M))8 # @ for some g € G. Then we have Cg(y) < M8, since x8
is 3-locally central. By Theorem 1.2.12 (g) there is an element u € Cy,1)(y) < C(y) < M
of order 5. It follows that x8,y € Cg(u) and so Cs(u) is a proper subgroup of G containing
x8 with non-cyclic Sylow 3-subgroups. Lemma 3.2.2 (f) implies that Cg(u) < M$. From
Ng(T) £ Ng(A) and Ng(A)/Cg(A) = Z3 we obtain that u € Cg(A). We conclude that
A < M8 is {x, y)-invariant and Lemma 3.3.2 (c) leads to a contradiction.

Therefore x € Ng(T) < Ng(A) for some h € G. We observe that x" ¢ Co(T) by 2 ¢ 0.
Again Theorem 1.2.12 (g) forces x” to act fixed-point-freely on 7#. This implies together
with Lemma 3.3.1 that 2 ¢ 7(M) and the assertion holds. |

5.2 CENTRALISERS OF INVOLUTIONS

In this section we analyse the case where M contains a Sylow 2-subgroup of G. We show
that the centraliser C of an involution is a maximal subgroup of G. Moreover C contains the
normaliser of all non-trivial subgroups of F(C) is contained.

In order to show this we intensively use the Bender method and Section 2.4.

Many of the ideas in arise from [4].
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Throughout this section we assume that 2 € o. Let T be a Sylow 2-subgroup of M and

ce/Z(

T) be an involution. In addition let C be a maximal subgroup of G containing Cg(c).

For all in involutions a € T* we further set K, := {geC|g= g‘1 and 2 1 o(g)}.

5.2.1

LEMMA

The following hold:

(a)
(b)
(©)
(d)

Proor

(a)

(b)

(©)

(d)

If T is dihedral and U is a 3’-subgroup of G, then U has a normal 2-complement.
If U is a 3-soluble subgroup of G, then U is soluble.
If U is a proper subgroup of G containing Cg(c), then U is soluble.

If U is a proper subgroup of G’ containing C¢(c), then we have ¢ € Z*(U).
In particular c is not conjugate to any involution of 7 in U.

Let T be a dihedral group. Then all subgroups of T are dihedral or cyclic. The fact that
the automorphism group of an elementary abelian group of order 4 is isomorphic to
S 3, together with Lemma 1.1.3 and the p-Complement Theorem of Frobenius 1.1.11,
implies that 3’-subgroups of G have a normal 2-complement.

Suppose for a contradiction that U < G is not soluble but 3-soluble. Then The-
orem 1.2.8 forces U to involve a Suzuki group. In particular 7 involves a Sylow
2-subgroup of a Suzuki group. Theorem 1.2.8 (d) implies that 7" has a section of rank
at least 3. In particular 7T is not dihedral. By Corollary 5.1.6 we observe that T is
isomorphic to a Sylow 2-subgroup of Us(4) but this contradicts Theorem 1.2.12 (f).

Let U <G contain Cg(c). Then Lemma 5.1.2 implies that x € Cg(c) < U £ M and so
U is 3-soluble by Lemma 3.2.2 (f). The assertion follows by Part (b).

Let U <G’ contain Cg (c) and suppose for a contradiction that ¢ ¢ Z*(U).

Then the Z*-Theorem provides an element u € U such that ¢ € Cr(c) \ (¢) = T \ {c).
If T is dihedral, then ¢* is conjugate in T < U to ¢ - ¢*. Hence all involutions of
A := {c, c*) are contained in cV.

If T is not dihedral, then Corollary 5.1.6 forces T to be isomorphic to a Sylow 2-
subgroup of U3z(4). Then A := Q;(T) is a strongly closed elementary abelian sub-
group of U and by Lemma 2.2.2 (e) we may assume that u € Ny(A) \ Cy(A). More-
over Proposition 5.1.1 implies in this case that Ng(A)/Cg(A) is cyclic of order 3.
Hence we have (u)-CG(A) = Ng(A) and u acts transitively on A*. Altogether we have
A* c ¢ c ¢V in this case. In both cases we deduce

H :=(Cg/(a)|a € A*) <(Cc/(c®) | g€ U) =(Ca(c)f | ge Uy < U,

Consequently Lemma 2.2.6 and Corollary 3.2.3 imply that A is not strongly closed in
G’. It follows that A # Q;(T) and Proposition 5.1.1 (c) leads to Ng(A)/Cg(A) = S3.
This shows, that Ng(A) has no normal 3-complement.

We remark that Ng(A) normalises H to conclude that Ng(H) has no normal 3-comple-
ment. As x € Cg(c) < H < Ng(H) and ¢ ¢ I*(M), the group Ng(H) is no subgroup
of M. Altogether we conclude with Lemma 3.2.2 (d) that Ng(H) is not contained in
any maximal subgroup of G. This implies that Ng(H) = G. Since x normalises H,
Part (a) of the same lemma yields that H-(x) = G. Finally the Dedekind Identity 1.1.5
impliesG' =GNG’ = ({x)-H)NG = H-({x) NG’) = H, because H is a subgroup
of G’. This is a contradiction as H < U<G’. O
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5.2.2 LEMMA

If U is a subgroup of T, then C5(U) has a normal 3-complement and cyclic Sylow 3-
subgroups.

Moreover suppose that R is a r-subgroup of G for some prime r such that Cg(R) has cyclic
Sylow 3-subgroups. If Ng(R) has no normal 3-complement, then Ng(R)/Cg(R) has no
normal 3-complement.

Proor

Let d € U be an involution. Then d is a conjugate of ¢ by Proposition 5.1.1 (b). Hence
there exists an element g € G such that Cg(U) < Cg(d) = Cg(c)®. By the assumption
of this section we have 2 € o. In particular we see that x € Cg(c). Now Lemma 5.1.2
and Lemma 3.2.2 (d) imply that Cg(c) has a normal 3-complement and cyclic Sylow 3-
subgroups. Thus also Cg(U) has this property.

In addition we assume that R is a r-subgroup of G for some prime r such that Cg(R) has
cyclic Sylow 3-subgroups and Ng(R)/Cs(R) possesses a normal 3-complements. Let K
be the full pre-image of O3 (Ng(R)/Cg(R)) in Ng(R). If Cs(R) is a 3’-group, then K is
a normal 3-complement of Ng(R). Suppose that Cg(R) is not a 3’-group. Then we have
R < M5 for some element g € G, because x is 3-locally central. By Sylow’s Theorem
we may suppose that R < M. We observe that x € Cg(R) < K. Moreover the Sylow 3-
subgroups of K are those of Cg(R) and hence cyclic. Therefore Lemma 3.3.5 (b) implies
that K has a normal 3-complement. As Oz (K) is characteristic in the normal subgroup K
of Ng(R) and |Ng(R) : K] is a 3-number, Ng(R) has a normal 3-complement. O

5.2.3 LeMMA

Let A < T be an elementary abelian subgroup of order 4.
If Ng(A) contains an element of D*(M), then we have n(Cg(A)) C 0.

Proor

Lety € Ng(A) N D*(M). Then Cg(A) is {x, y)-invariant, because of A < T < M. If we have
a € A*, then Lemma 5.1.2 yields that Cs(a) is not a subgroup of M. Since x centralises
every a € A*, Lemma 3.2.2 (f) implies that C(a) has a normal 3-complement. In particular
Ci(A) has a normal 3-complement. Finally Lemma 3.3.2 (e) leads to the assertion. ]

We recall Definition 2.4.7 of Section 2.4.
5.2.4 LeEMMA

Let U be a subgroup of G such that U has a normal 3-complement and let S be a Sylow
2-subgroup of U.

Then we have Q;(S) < Oy 2(U) and for all primes g > 5 every involution a of U commutes
gdownin U.

Proor

By Sylow’s Theorem we may suppose that S < T.

Suppose first that Q(S) is abelian. Then €;(S) is elementary abelian of order at most 4.
This shows that Q;(S) = {s € S | s = 1} and hence Q,(S) strongly closed in U. As U
has a normal 3-complement and quasi-simple 3’-groups have a 2-rank at least 3 by Theo-
rem 1.2.8 (d), Lemma 2.2.5 yields that Q(S) < Oy 2(C).

If Q;(S) is non-abelian, then Q;(T) > Q(S) is also non-abelian. Thus Corollary 5.1.6
forces T to be dihedral of order at least 8. This implies that Os/(U) has a normal 2-
complement by Lemma 5.2.1 (a). The assumption that U has a normal 3-complement
implies that Q1(S) < Oy 2(U).

In both cases Lemma 3.6 of [38] forces every involution of S to commute ¢ down in U. O
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5.2.5 PROPOSITION

We have C = Cg(c) = Ce(x) - O (C).

Moreover C has a normal 3-complement and cyclic Sylow 3-subgroups. Furthermore F(C)
is a 3’-group but no 2-group and we have ry(F(C)) = 1. The group O, (C) is not contained
in M and if we additionally assume Ng(A) N D*(M) # @, then O, (C) is abelian.

Proor

Let A < T be an elementary abelian subgroup of order 4 and set F := Oy (C). Then c € A

because T is dihedral or isomorphic to a subgroup of Us(4) by Corollary 5.1.6.

(1) C = C¢(x) - F has a normal 3-complement and cyclic Sylow 3-subgroups. Further F is
not contained in M and F(C) is a 3’-group but no 2-group.

Proof. From 2 € o and Lemma 1.3.7 we observe that C = C¢(x) - F. Further Lemma 5.1.2
implies that ¢ ¢ I*(M). It follows that F £ M. Thus we conclude from Lemma 3.2.2 (d)
that C has cyclic Sylow 3-subgroups and a normal 3-complement. If O3(C) was non-trivial,
then x would be an element of O3(C) and [x,F] < O3(C) N F = 1. This would be a
contradiction. Finally F is a normal subgroup of C of odd order. Consequently the Odd
Order Theorem 1.1.12 implies that 1 # F*(F) is a nilpotent characteristic subgroup of F.
We conclude that F*(F) < F(C) and that F(C) is no 2-group. [ ]

(2) If Q is a g-subgroup of G for a prime g > 5 such that Q is normalised by C(c) but not
centralised by ¢ and such that every proper Cg(c)-invariant subgroup of Q lies in Cg(c),
then there is an element a € A \ {c) such that [c, Cp(a)] # 1 and Ng([c,Cp(a)]) < M.

Proof. We want to apply Lemma 2.4.8 to A. By Lemma 3.2.1 (e) the group G is almost
simple and the only non-trivial normal proper subgroup of G is G’ = E(G). Moreover
Proposition 5.1.1 implies that 3 divides |[Ng(A)/Cs(A)|. Hence the assumptions on A of
Lemma 2.4.8 hold. Further we may choose C such that Cg(c) < Ng(Q) < C, since the
assertion of (2) does not depend on C. Finally Lemma 5.2.4 yields the remaining conditions
to apply Lemma 2.4.8, because A and x are contained in the proper subgroup C # G’ of G.
The involutions of A are not conjugate in C by Lemma 5.2.1 (d). Moreover Part (b) of the
same Lemma forces C to be soluble and hence S L(2, g)-free. Thus neither Part (a) nor Part
(c) of Lemma 2.4.8 holds. Consequently Part (b) applies and there is an element a € A \ {c)
such that [c,Cp(a)] # 1 and there is no S L(2, g)-free, maximal subgroup H; # G’ of G
containing Ng([c, Cp(a)]) such that a commutes ¢ down in H;. We set Qg := [c, Cp(a)l.
As Q is Cg(c)-invariant and x € Cg(c), the element x normalises Q and centralises ¢ and
a. Therefore Oy = [c*, Cos(a®)] = Qp implies that x € Ng(Qp). Let H be a maximal
subgroup of G such that Ng(Qp) < H>. Then Lemma 3.2.2 (d) yields that either H has a
normal 3-complement or H = M. In the first case H is S L(2, g)-free and by Lemma 5.2.4
every involution of A commutes g down in H. This is a contradiction. Thus we have

Ng([c, Co(@))) = Ng(Qo) < M. n

(3) Every non-trivial Cg(c)-invariant o”’-subgroup of C is centralised by c.

Proof. Suppose for a contradiction that there is a prime ¢ € ¢’ and a Cg(c)-invariant g-
subgroup of C which is not centralised by c. Let Q be a g-subgroup of C of minimal order
such that Q is normalised by Cg(c) but not centralised by ¢. Then we have g > 5, because
of {2,3} C 0. Additionally (2) provides an element a € A \ {c¢) such that [c, Cp(a)] # 1 and
Ng([c,Co(a)]) £ M. Consequently Lemma 3.3.2 (a) leads to the contradiction g € o ]

(4) If we have Ng(A) N D*(M) # @, then F is abelian and inverted by an involution of A.

Proof. It Ng(A) N D*(M) # @, then 1(Cg(A)) C o by Lemma 5.2.3. Since (3) implies that
F is centralised by c, it follows that every involution a € A \ {c) acts fixed-point-freely on
F. Thus F is abelian in this case. ]
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(5) We have C = Cg(c).

Proof. From (3) we deduce that c € C¢(F) < C. By Lemma 5.2.1 (d) we moreover have that
c € Z*(C). Thus ¢ € Z*(C¢c(F)).

Suppose for a contradiction that ¢ ¢ Z(Cc(F)).

Then Lemma 1.1.14 (b) provides a prime g € m(O(C¢c(F))) and a C¢(c)-invariant Sylow
g-subgroup of O(C¢(F)) which is not centralised by c. Moreover (1) implies that x does
not centralise F' and that the Sylow 3-subgroups of C are cyclic. Altogether g # 3 and so
g > 5. Let Q be a g-subgroup of O(C¢(F)) of minimal order such that Q is normalised
by Cc(c) = Cg(c) but not centralised by c. Then (2) provides an element a € A \ {(c)
such that Qg := [c,Cg(a)] # 1 and Ng(Qp) < M. We observe that Qg < Q and so
M > Cs(Qo) > C(Q) > F. This contradicts (1).

Thus we have ¢ € Z(C¢c(F)). Moreover {c) is strongly closed in C by Lemma 5.2.1 (d).
Hence we obtain Nc(Cr(F)) < Nc({c)) = Cc(c) by Lemma 2.2.2 (a). Finally a Frattini
argument leads to C = Cg(F) - Nc(Cr(F)) < Cg(c). ]

It remains to show that F(C) has 2-rank 1.

Suppose for a contradiction that Q;(0,(C)) is not cyclic. Then O,(C) has an elementary
abelian subgroup B of order 4 containing c. It follows that [B,F] < O,(C) N F = 1.
Suppose for a contradiction that T is dihedral. Then Proposition 5.1.1 implies that Ng(B)
has no normal 3-complement. Since B is centralised by x, Lemma 3.2.2 (f) forces Ng(B) to
be a subgroup of M. We conclude that D*(M) N Ng(B) # @. Thus Lemma 5.2.3 yields that
n(F) € n(Cg(B)) € o. This contradicts (1). Consequently we have that T is not dihedral.
Corollary 5.1.6 implies that B = A = Q;(0»(C)). From Lemma 2.5.2 (c) we observe that the
involutions of A are not conjugate in C. This shows that A < Z(C). In particular Cg(a) = C
for all a € A*. Moreover A = Q(T) is a strongly closed elementary abelian subgroup of G.
Finally (Cs(a) | a € A*) = C and Lemma 2.2.6 yield that G’ is a Bender group. This is a
contradiction to Corollary 3.2.3. |

5.2.6 LemMA

For all involutions a € T \ {c) we have C = T - C¢(a) - K, and K|, is a normal Hall subgroup
of F(C). Moreover Cc(T) contains a Sylow 3-subgroup of C.
If further y € D*(M) N Ng({a, ¢)), then O, (C) is an abelian Hall subgroup of G.

Proor
Leta € T \ {c) be an involution and let F be a the full pre-image of F(C/0,(C)).

(1) We have F = F(G).

Proof. We first observe that F(G) < F and O»(C/O>(c)) = 1. Thus F is a normal subgroup
of C such that O,(C) € Syl,(F). Moreover every Hall 2’-subgroup of F is nilpotent.

By Proposition 5.2.5 the group O, (C) is not centralised by x and the Sylow 3-subgroups
are cyclic. Suppose for a contradiction that F is no 3’-group. Then x is contained in F and
normalises Oy (C) N F. It follows that x centralises O, (C) N F. By Lemma 1.1.14 (d) we
conclude that [0, (C), x] = [Ox(C), x, x] < [0, (C) N F, x] = 1. This is a contradiction.
Moreover Proposition 5.2.5 forces O,(C) to be of rank 1. In particular O>(C) contains no
subgroup that admits an automorphism of {2, 3}'-order by Lemma 1.1.2 and Lemma 1.1.3.
Applying the p-Complement Theorem of Frobenius 1.1.11 we obtain that F" has a normal 2-
complement. This forces O(F) to be a Hall 2’-subgroup of F. Altogether we conclude that
O(F) is a nilpotent normal subgroup of C and hence F(G) < F = O(F) - O2(F) < F(G). m
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(2) For all odd primes g € n(F(C)) we have O4(C) < Cg(a) or Co c)(a) = 1.

Proof. Suppose for a contradiction that (2) is false. Then there is a prime g € n(F(C)) \ {2}
such that 1 # Co,(c)(a) # O4(C). Proposition 5.2.5 yields that g # 3.

Moreover from x € C N Cg(a) we deduce that Qg := Coq(c)(a) is x-invariant.

By Proposition 5.1.1 (c) there is an element y € Ng(A) such that a = ¢”. It follows that
Qo < Cg(a) = Cg(¥) = C?. As (7 is soluble by Lemma 5.2.1 (c), Theorem 1.1.8 provides
a Hall {2, g}-subgroup H; of C”. If T is dihedral, then H; has a normal 2-complement
by Lemma 5.2.1 (a). If T is not dihedral, then T is isomorphic to a Sylow 2-subgroup of
Us(4). This shows that A = Q(T) = Z(T). Together with Lemma 5.2.4 we conclude
that A - O(H)/O(H) = Q(O2(H/O(H))). The property of H; to be a 3’-group implies that
A < Z*(T) in this case.

Consequently CY has a c-invariant Sylow g-subgroup Q containing Qg in both cases.

If O was a subgroup of C, then Q would be a Sylow g-subgroup of C and therefore we
would have 0,(C) < Q < 7 = Cg(a) contradicting the choice of Q. Moreover we see that
Co(No(Qo)) < Co(Qo) < No(Qy). Altogether Lemma 1.1.14 (g) yields [c, No(Qo)] # 1.
We set H := Ng(Qp). Then we observe that C ~» H. We further set 7 := 7(F(C)). Then
we have || > 2 by Proposition 5.2.5. Furthermore Parts (a) and (b) of Lemma 2.4.4 force
O,(F(H)) € C = Cg(c) and O (F(H)) N C = 1. In particular ¢ inverts O, (F(H)) and
Cr#)(c) is a Hall subgroup of F(H).

Suppose for a contradiction that H is a subgroup of M. Then we have x € O3(H). Therefore
Proposition 5.2.5 leads to the contradiction x € O (F(H)) N C = 1. This shows that H
is not contained in M. Hence, as x € H, Lemma 3.2.2 implies that H has a normal 3-
complement. Moreover Lemma 5.2.1 (b) forces H to be soluble and in particular we have
F(H) = F*(H). Altogether we may apply Lemma 1.3.9 to H and c. If % is an element of
H, then [h,c]¢ = (b~ - k) = (W) - h = [c,h] = [h, ]! holds. Thus the lemma shows
that 1 # [c,No(Qo)] < ({g€ H| g = g land 2 1 0(9)}) < [F(H),c] = Op(F(H)). This
contradicts the choice of g € 7. [

Let —: C — C/0O,(C) be the natural epimorphism.
(3) The group Cpr(a) is a Hall subgroup of F (©).

Proof. By (2) we have that Co(r(cy)(a) is a Hall subgroup of O(F(C)). Moreover (1) shows
that F = F(C) = F(C) = O(F(C)). So we conclude that Cor(cy(a) is a Hall subgroup of
F(C). Furthermore we observe that Cowrcy(a) = Cowrcyla) < Cm(a) = Cp(a). Let
g be an element of Cz(a). Then g has odd order and so it has a pre-image g of odd order.
Moreover there is an element ¢y € O,(C) such that g* = g - co. Let n be the order of ¢,
then (g) = (g"), since g has odd order and ¢y is a 2-element. In addition g € O(F) and
co € O2(F). Hence the fact that F is nilpotent by (1) forces ¢y and g to commute. Finally
g =g"cg=1(g-co) =(g")" = (¢")" implies that a € C;(g") = Ci(g) and we conclude

8 € Cor(cy(a). Altogether Cz(a) = Cor(cy)(a) is a Hall subgroup of F (©). ]

(4) The set K, is a normal subgroup of F(C).

Proof. Statement (3) shows that we may apply Lemma 1.3.9 to @ and C. From the fact that C
is soluble by Lemma 5.2.1 (b) it follows that {g € C | g% = g‘l and 2 1 (2)} = K, is equal to
[F(C),al. By (1) we conclude that K, = [F(C),a] = [F,a] = [O(F(C)),a) = [O(F(C)), al.

Taking pre-images we see that K, - O>(C) = [O(F(C)), a] - O>(C). Since every element of
K, has odd order, this implies K, = O([O(F(C)), a] - O»(C)) = [O(F(C)), a]. Moreover (2)
implies that K, = [O(F(C)), a] is a Hall subgroup of F(C). Since F(C) characteristic in C,
the group K|, is a normal subgroup of F(C). |
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(5) We have that C =T - C¢(a) - K, and C¢c(T) contains a Sylow 3-subgroup of C.

Proof. If T is dihedral, then Lemma 5.2.1 (a) implies that O3 (C) < T - O(C).

If T is not dihedral, then T is by Corollary 5.1.6 isomorphic to a Sylow 2-subgroup of Us(4).
From Lemma 5.2.4 we deduce that {a,c) = Q{(T) < O 2(C). In this case it follows that
03(C)<T-Cc({a,c)) - O(C) =T - Cc(c) - O(C).

Let g € C be an element of odd order. Then [g,al? = a - a8 -a? = [a, gl = [g,al”!. This
shows that [O(C),a] < K,. We apply Lemma 1.1.14 (d) to conclude that

03 (C)<T-Ccla)-OC)=T -Ccla)-[0(C),a]l T - Cc(a) - K,.

Proposition 5.2.5 provides an element xy € C such that (xp) is a Sylow 3-subgroup of C
that normalises T and centralises c¢. From Lemma 1.1.3 and Theorem 1.2.12 (g) we deduce
that xo centralises 7. In particular C¢(T') contains a Sylow 3-subgroup of C. Moreover it
follows that C = {xp) - O3/(c) < T - Cc(a)- K, < C. (]

Suppose finally that y € D*(M) N Ng({a, c)). Then O, (C) is abelian by Proposition 5.2.5
and Lemma 5.2.3 yields 71(Cs({a, ¢))) C o. From the definition of K, (4) and (5) it follows
that O,/ (C) C K, < F(C) and that |C : K,| is a c-number.

We see C = Ng(0,(0)) for all g € n(O,(C)), since C is a maximal subgroup of G. This
implies that every Sylow subgroup of O, (C) is one of G. Finally O, (C) is a Hall subgroup
of G and a normal Hall subgroup of C. |

5.2.7 Lemma
Suppose that K is a non-trivial subgroup of F(C). Then Ng(K) < C.

Proor
Suppose for a contradiction that N := Ng(K) is not contained in C and set 7 := n(F(C)).
Then K is a nilpotent normal subgroup of N and hence we have K < F(N). Moreover C
infects N and we have 3 ¢ 7 but 2 € 7 and || > 2 by Proposition 5.2.5.
Suppose for a contradiction that E(N) # 1. Then E(N) is not 3-soluble by Lemma 5.2.1 (b).
In particular N has no normal 3-complement. Let R be a Sylow 3-subgroup of E(N). Then
R is non-trivial and so we have [R, K] < [E(N), F(N)] = 1. This provides an element g € G
such that K < Cg(R) < M8, since x is 3-locally central. Therefore we have x8 € N and
Lemma 3.2.2 (f) yields that c € N < M8, as N is not 3-nilpotent. We observe that x8 € C
and x8 € O3(N) to conclude x8 € C N O (F(C)), from 3 € 7’ with Proposition 5.2.5. This
contradicts Lemma 2.4.4 (b).
It follows that E(N) = 1 and that F(N) = F*(N). Part (a) and (b) of Lemma 2.4.4 yield that
we may apply Lemma 1.3.9. For all n € N we have [n,c] = c-c" - 2 =[e,n] = [n,c]™",
since c is an involution. According to Lemma 1.3.9 this implies

[O2(N), c] < ([F(N), 1 ™) < (O (F(N)P ™) = Op (F(N)).
Moreover Lemma 2.4.4 (a) shows that Oy(N) < O,(F(N)) < C. Consequently we see that
[O2(N), Norc))(K)] £ O2(N) N O(F(C)) = 1. Since K < F(C) and F(C) is nilpotent, we
have mr(O(F(C))) = n(Norc)(K)).
Suppose for a contradiction that O,(N) contains an involution a different from ¢. Then
a inverts no Sylow g-subgroup of F(C) for any prime g € n(Nor(cy(K)) = n(OF(C))).
Moreover Lemma 5.2.6 forces a € Cg(O(F(C))). This implies a € F(C), since a is a 2-
element of C. But this contradicts Proposition 5.2.5. Consequently Q(O2(N)) < {c) is
cyclic and hence N < Ng(Q1(02(N))) = C5(21(02(N))). We conclude that O,(N) = 1, as
we assumed N £ C.
Altogether we have 1 # [O*(N),c] < O (F(N)). Let A be an elementary abelian sub-
group of T. Then we have ¢ € A, because of r(T) = 2. Moreover Lemma 1.1.14 (e)
yields Op(F(N)) = (Co_rwy(a) | a € A*). Hence there is an element a € A* such
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that the group [Co_, (rvy)(a),c] = Co_ rvy(a) is non-trivial. As F(C) is a m-group and
a and c are conjugate by Proposition 5.1.6, also F(Cg(a)) is a m-group. It follows that
[Co, (ravy(a),c] £ F(Cg(a)). This leads to [O(Cgs(a)),A]l = [O(Cg(a)),c] £ F(Cg(a)).
This contradicts Lemma 5.2.6 and the fact that a and ¢ are conjugate in G. O

5.2.8 PROPOSITION
The group T is isomorphic to a Sylow 2-subgroup of the group Us(4).

Proor

Suppose for a contradiction that the proposition is false. Then T is dihedral by Corol-
lary 5.1.6 of order at least 8. Let S denote the maximal cyclic subgroup of 7.

If we have O,(C) = §, then G fulfils the assumptions of Lemma 2.2 of [4]. Thus Theorem 3
of [7] implies that C = T - K, = {a)- K, for every involution a € T \ {c}. Hence we can apply
[5] to conclude that G, considered as permutation group, is a Zassenhaus group of degree ¢
for some odd natural number ¢ and that the order of Gis (g + 1) - ¢ - (¢ — 1). Moreover there
is a subgroup Q of order g such that Ng(Q) is a stabiliser of a point and has the form Q - D,
where D is an abelian group of order q%l Theorem 13.1.1 (i) of [22] yields that Ng(Q) is
a Frobenius group with Frobenius complement D. Theorem 10.3.1 (iv) of [22] implies that
D is cyclic, because D is abelian. Finally Theorem 13.3.5 of [22] forces G to be isomorphic
to PSL(2, g). This contradicts Corollary 3.2.3.

Thus it remains to show O,(C) = S. By Proposition 5.2.5 we have r,(O(C)) = 1. Therefore
it suffices to verify O(C) > S, as every normal subgroup of T of rank 1 is contained in S'.
There are involutions a, b € T with{a-b) = S. We set A := {(a,c) and B := (b, ¢). Since T is
dihedral, Proposition 5.1.1 yields that neither Ng(A) nor Ng(B) has a normal 3-complement.
Moreover x centralises 7" and so x centralises A and B. Applying Lemma 3.2.2 (f) we
observe that Ng(A) and Ng(B) are subgroups of M and hence we have

Ng(A) N D*(M) # @ # Ng(B) N D*(M).

Suppose for a contradiction that S > O,(C). Lemma 5.2.1 (b) implies that F(C) = F*(C) and
hence Lemma 1.1.18 (h) provides a prime g € n(F(C)) such that O,(C) £ Cs(S). We see
that g # 2, since S is cyclic and O>(C) < §. Moreover Proposition 5.2.5 implies O3(C) = 1.
Altogether the prime ¢ is at least 5. By Lemma 5.2.6 each element of a and b either inverts
or centralises O,(C). Since O,4(C) is not centralised by a - b we may assume that a inverts
04(C) and b centralises O,4(C).

(1) The group O4(C) is cyclic.

Proof. Suppose for a contradiction that O,(C) < Cg(b) is not cyclic. Then O4(C) does
not act elementwise fixed-point-freely on O, (Cg(b)) by Lemma 1.1.14 (e). So there is
an element g € O,4(C) such that 1 # U := O, (Cg(b)) N Cs(g). We apply Lemma 5.2.7
to obtain that U < O, (Cg(b)) N Ng({(g)) < Os(Cs(b)) N C. Since O, (C) is a normal
Hall subgroup of C by Lemma 5.2.6, we conclude that U < O, (C). Moreover we have
Ng(A) N D*(M) # @ and so Proposition 5.2.5 forces O, (C) to be abelian.

Altogether Lemma 5.2.7 yields that O, (C) < Ng(U) < Cg(b). Consequently the fact
that the involutions of G are conjugate implies Oy (C) = Oy (Cg(b)). Again it follows from
Lemma 5.2.7 that C = Ng(O,(C)) = Ng(O,(Cg(b))) = C(b). Hence we have C = Cg(B).
This contradicts Proposition 5.2.5 |

(2) We have C = F(C) - Co(T) - T.

Proof. Let — : C — C/O(F(C)) be the natural epimorphism.
According to Lemma 5.2.6 we obtain from the fact that C has a normal 3-complement by
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Proposition 5.2.5 that C = Cc¢(T) - O3(C) = Cc(T) - T - Coy,c)(d) - F(C) for all d €
{a,b}. Moreover Lemma 5.2.1 (a) yields that for every d € {a,b} that Co,, ()(d) has a
normal 2-complement. From Lemma 1.1.14 (a) we further observe that for all d € {a, b}
we have Co,, (¢)(d) = CW(J). Altogether we obtain that O(CW((})) = 0(Coy(c)(@) =

O(Coy0)(b)) = O(CW(E))'
Therefore it follows again from Lemma 1.1.14 (a) that

O(Cos (c)(@) < Ce(a, b)) = Ca(T) = Ce(T).
This implies C = Cc(T) - T - Coycy(@) < T - Ce(T) =T - Ce(T). n

The group Cg(T') has a normal 3-complement by Lemma 5.2.2. From x € Cg(T) we obtain
a x-invariant Sylow g-subgroup Q of Cs(T).

We conclude that Q € Squ(Cg(A)) and Q- 0,4(C) € Squ(C(;(B)) - Squ(C). Furthermore
the group Qp := Q- O4(C) is x-invariant.

(3) The groups Ng(A) and Ng(B) are soluble subgroups of M and have Sylow 3-subgroups
R such that Q(R) is elementary abelian of order 9.
Moreover there is an element y € D*(M) N Ng(A) that is inverted by an involution t € T
and such that (N7(A),y) = S4 and Q is (N7 (A), y)-invariant.
In addition there is an z € D*(M) N Ng(A) that is inverted by an involution s € T and such
that (N7(B), z) = S4 and Q; is {(Nr(B), z)-invariant.

Proof. LetD € {A, B}.

Let Ty be a Sylow 2-subgroup of Ng (D) that contains Np(D). Then Ty = Nr(D) is dihedral
of order 8, because T is dihedral of order at least 8. Further Proposition 5.1.1 (c) yields that
Ng(D)/Cg(D) = S 3. Being a subgroup of C, the group Cs(D) has a normal 3-complement
and is soluble by Proposition 5.2.5 and Lemma 5.2.1 (a). This also forces Ng(D) to be
soluble. Moreover D is a Sylow 2-subgroups of Cg(D). Altogether Cs(D) has a normal
{2, 3}-complement.

By Theorem 1.1.8 there is a Hall {2, 3}-subgroup H of Ng(D). Consequently group H is not
S 3-free. Thus Lemma 1.3.3 and Sylow’s Theorem provide an element v € H of order 3 and
an element 7 € Ny(D) such that (v, 7)/{£?) is isomorphic to S3. We obtain that ¢ inverts v
and so v ¢ (x). In particular we have v € (D*(M))$ N Ng(D) for a suitable element g € G.
Lemma 5.1.2 yields that Cg(v) is of odd order, so v acts non-trivially on D. Consequently
Lemma 1.3.3 shows that H has a subgroup U such that t,v € U and U/{#) = S4. From
|H|, = 8 we conclude that (N7(D),y) = U = S4.

Furthermore Lemma 5.2.2 implies that Cs(D) has cyclic Sylow 3-subgroups. We conclude
that a Sylow 3-subgroup R of Ng(D) has a cyclic subgroup of index 3 and thus |Q;(R)| = 9
by Theorem 1.2 of [8] or R is abelian. In the second case also |Q(R)| = 9 holds, as
x € Cg(D) and Ng(D) N D*(M) # @. This implies that Ng(D) has no cyclic Sylow 3-
subgroup and it follows from Lemma 3.2.2 (f) and x € Ng(D) that Ng(D) < M.

In addition H acts coprimely on Oy 3y(Cg(D)). From Lemma 1.1.14 (a) we deduce that
there is a H-invariant Sylow g-subgroup Qg of O3y (Cg(A)). Since Cg(D) has a normal
{2, 3}-complement, we have Qp € Syl,(Cg(D)). In particular Qg - H is a Hall {2, 3, g}-
subgroup of Ng(D). By Theorem 1.1.8 every {2, 3, g}-subgroup of Ng(D) is contained in a
Hall {2, 3, g}-subgroup of Ng(D) and all Hall {2, 3, g}-subgroups of Ng(D) are conjugate in
Ng(D). This shows that we may assume that (x) - N7(D) < H. Since 2 and 3 are elements
of o, we also choose H < M. In particular we observe that v € M and consequently
v € D*(M) N Ng(D) N N6(Qo).

For D = A we may moreover choose Qg = Q, since Q is {x)- Ny(A)-invariant and for D = B
we may choose Qg = Q1, since Qg is {x) - Ny(B)-invariant. [

96



(4) The group Q is cyclic.

Proof. By (3) we observe that

y=0"? =y y =i ey T <[y, Co(Q)] < C6(0).
This implies that Q < Cg(y) < M. For all g € Q it follows that (x,y) is a non-cyclic
3-subgroup of Cg(g). We deduce C(g) < M from Lemma 3.2.2 (f). In particular Q acts el-
ementwise fixed-point-freely on the abelian group [0, (C), x] # 1. Now Lemma 1.1.14 (e)
yields the assertion. |

(5) T has order 8.

Proof. Since (z,T) is contained in Ng(Q), the group Ng(Q1) does not have a normal 3-
complement. Moreover we see by Lemma 5.2.7 that C5(Q1) < C5(0p(C)) < C and so
Cs(Q1) has cyclic Sylow 3-subgroups by Proposition 5.2.5. Thus we apply Lemma 5.2.2
to observe that Ng(Q1)/Cs(Q1) has no normal 3-complement. Let T € Syl,(Cg(Q1)) with
Cr(Q1) < Ty. Then Ng(Q1) = Cg(Q1) - Nng(0,)(To) by a Frattini argument. Therefore
Ng(Tp) has no normal 3-complement and Lemma 5.2.2 yields that Ng(T)/Cs(To) has no
normal 3-complement. In particular 7y admits an automorphism of order 3. The assumption
that T is dihedral together with Lemma 1.1.3 force T to be elementary abelian of order 4.
Furthermore we have N7(04(C)) = T and so B < by < C1(04(C)) = Cr(Q1) £ Ty. This
implies (b”) = T has order 4. Since T is a dihedral group, we finally conclude that 7 has
order 8. ]

Let Qp = Qi(Q) and set F := F(Ng(Qop)) and E := E(Ng(Qop)). Then the cyclic group Qg
of order ¢ is centralised by every g-subgroup of Ng(Qp).

(6) We have Q1 < Ng(Qp) and E # 1.

Proof. By (1) and (4) we observe that Q1 = O4(C) - Q is the product of two cyclic groups.
Further Q normalises O,(C) and hence we have that 7(Q1) = 2 and Q,(04(C)) < Z(Q1). The
element z normalises Q; but, by Lemma 5.2.7, it does not normalise O4(C). Therefore we
conclude that Q(Z((Q1))) = (Q1(04(C)), 21(04(C))*) = Q1(Q1) < C(Q) is elementary
abelian of order qz. In particular we observe that Qg < Z(Q;) and hence we have that
01 < Cg(Qo) < Ng(Qo).
From the choice of a we deduce that O,(C) is inverted by a. This shows that the element a
is not contained in F. Part (3) and (4) show that

S4 = (Nr(A),y) =(T,y) < Ng(Q) < Ng(Qo) < Ng(O2(Ng(Q0))).
We remark that A is the unique normal subgroup of 7' that is normalised by the element
y. Altogether this implies that F is of odd order. In addition Lemma 1.1.14 (e) yields that
F = {(Cr(a),CFr(a - c),CFr(c)) and, as all involutions of A are conjugate by y € Ng(F), we
obtain that |Cr(a)| = |Cr(ac)| = |Cg(c)|.
Suppose for a contradiction that 1 # [a, Cr(c)] < [a, F].
Then [a, Cr(c)] is contained in F(C) by Lemma 5.2.6 and hence Lemma 5.2.7 implies that
Cs(la, Cr(c)]) £ Ng(la,Cr(c)]) < C. According to Lemma 1.1.14 (g) we conclude that the
nilpotent group F is centralised by c. This implies that |F| = |Cr(c)| = |Cr(a)| and so we
have F' < Cg(A). This contradicts [a, F] # 1.
Altogether we deduce that Cr(c) < Cg(a). From |Cr(a)| = |Cr(c)| we further conclude
that Cr(c) = Cr(a) < Cr(A) < Cp(ac) and again that Cg(c) = Cpg(ac). Finally it follows
that F < (Cr(a),Cr(a - c),Cr(c)) = Cp(A). In conclusion from O,(F) = 1 we obtain that
A < Cnyy)(F) £ Fand so E # 1 by Lemma 1.1.18 (h). [
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(7) We have B £ E.

Proof. Suppose for a contradiction that B < E. Then Thompson’s Transfer Lemma 12.1.1
of [30] implies that Ng(B)/Cg(B) = S3. By (3) we have Ng(B) < Ng(B) < M. Altogether
Lemma 3.3.5 (b) provides an element zg € Ng(B) N D*(M). Since Cg(zp) has odd order by
Lemma 5.1.2, the element z acts transitively on B*.

Thus (zg, Qo) and (z1, Q1) are {3, g}-subgroups of Ng(B). The group Ng(B) is soluble by
(3) and so Theorem 1.1.8 provides Hall {3, g}-subgroup Hy and H; of Ng(B) such that
(20, Qo) < Hp and (z1,01) < H;. If Ry is a critical subgroup of subgroup of a Sylow
3-subgroup of Ng(B), then R has exponent 3 and (3) forces R to be cyclic or elementary
abelian of order 9. This implies that R admits no automorphism of order ¢. Finally Frobe-
nius’ p-Complement Theorem 1.1.11 implies that both groups Hy and H; have a normal
3-complement.

Let Ry € Syl;(Hp) with zg € Rp and Ry € Syl5(H) with z; € R;. Then Q;(R;) normalises
O,(H,;) for all i € {0, 1}. From the choice of zo, we see that [Qg,z0] < [F,E] = 1. In ad-
dition we have Ng(B) < M and (3) implies that Q;(Rg) = {zo, x). We conclude that Q;(R)
centralises the cyclic subgroup Qg of Z(O,(Hy)), because x is 3-locally central.

As all Hall {3, g}-subgroups of Ng(B) are conjugate by Theorem 1.1.8, also z; centralises a
non-trivial cyclic subgroup of Z(O4(Hy)). Let Q> be a Sylow g-subgroup of Ng(Qp) con-
taining Q1. Then we obtain that Z(Q;) < Cp,(04(C)) < 0> N C by Lemma 5.2.7. We
conclude that Q(Z(Q»)) < Qi(Q)), since Qg is a Sylow g-subgroup of C. This shows
that z; centralises a cyclic subgroup of Q;(Q1). But z; does not normalise Q;(0,(C)) by
Lemma 5.2.7 and Proposition 5.2.5. It follows that [Q(Q),z1] # 1. By Lemma 1.1.14 (f)
we have Cq,(0,)(z1) N [Q1(Q1),z1] = 1.

Letg e [Q:(01), z1]*. Then we have Q1(04(C)) # [Q1(Q1), z1] = (g), because z; does not
normalise the abelian group Q;(0,(C)) of order qz. Finally there is an involution s; € T
that inverts z; and normalises Q. Therefore (g) is s;-invariant. Since (g, z;) is not abelian
and s inverts z1, the element s; does not invert g. Hence s centralises (g) and we see that

gy = (g)"t = gist = (gs|_])Z|'S1 - gS]_I'Zl'SI - ngl‘
This implies z; = (Zfl)2 € Cg(g). That is a contradiction. [

The group T is dihedral of order 8 by (5). From (7) it follows that A is a Sylow 2-subgroup
of E, since simple groups do not have cyclic 2-subgroups by Burnside’s p-Complement
Theorem 1.1.10 and the Odd Order Theorem 1.1.12. According to Theorem 2.5.1 there is a
prime power such that E/Z(E) = PSL(2, r").

Moreover we obtain O,(C) = [04(C),a] < [Ng(Qo), E]1 < E.

Then b induces an involutory automorphism on E centralising the cyclic group O,(C) - {c)
but no subgroup of order 4.

Suppose for a contradiction that E - (b) is not isomorphic to PGL(2, »*). Then Lemma 1.2.4
provides an element e € E such that e - b induces a field automorphism of order 2 in E. We
apply Proposition 4.9.1 (d) of [24] to conclude that Cg(b) = Cg(e - b). Again Lemma 1.2.4
implies that Cg(b) = PGL(2, r"2). Since Cg(b) is soluble by (3), it follows that n = 2 and
r € {2,3}. But this forces PGL(2, /%) to be a {2, 3}-group and hence of order prime to g.
This is a contradiction, because b centralises Oy4(C) < E.

Thus E - (b) is isomorphic to PGL(2, r"). Furthermore Cg(b) is dihedral of order 7" —1 and r
is odd by Lemma 1.2.4. Hence either r" — 1 is divisible by 4 or £ '12_ L is odd. As b centralises
the cyclic group O4(C) - {c) but no subgroup of order 4, this is a final contradiction. O
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5.3 THE LAsT GROUP STANDING

We could apply a theorem of Lyons [31] that implies in our situation that G’ isomorphic to
U3(4) and therefore a Bender group which contradicts Corollary 3.2.3.

Lyons shows that a finite simple group with a Sylow 2-subgroup isomorphic to a Sylow
2-subgroup of U3(4) has a rational representation of degree 12. Then he applies a theorem
of Schur [33] to bound the order of G by 2 - 38 .53 .72 .11 . 13. Finally he shows that the
finite simple group has a strongly embedded subgroup and applies [6].

His proof does not provide a local insight. But the philosophy of this thesis is to reveal the
local structure of the minimal counterexample.

In his first Lemma in [31] Lyons shows with local arguments that Ng(T)/T is of order 15.
The third prime 5 helps to connect more precisely the 2-structure of G with its 3-structure
to obtain the following Proposition.

5.3.1 ProposITION
The group M is not soluble and we have 2 € 0.

Proor

By Lemma 5.1.7 the group M has odd order if 2 ¢ o. Thus the Odd Order Theorem 1.1.12
implies that it suffices to show that M is not soluble. Moreover again by Lemma 5.1.7
respectively by Lemma 3.3.1 we may choose T such that T is x-invariant. Let further A
denote Q;(T). Then A = Z(T) and so Ng(A)/Cg(A) = Z3 by Proposition 5.1.1 (¢). This
further implies that A is strongly closed in G.

Suppose for a contradiction that M is soluble.
(1) For all a € A* we have Cg(a) = Ncga)(A) - O(AC6@),

Proof. Let a be an involution of A*. Then Cg(a) is either of order prime to 3 or as x is
3-locally central Cg(a) contains a conjugate of x. We have I*(M) = @ by Lemma 5.1.2.
Hence Lemma 3.2.2 (d) implies in the second case that Cg(a) has a normal 3-complement.
In both cases Cg(a) is 3-soluble. Moreover Theorem 1.2.12 (f) yields that G does not
involve a Suzuki group. It follows that Cg(a) is soluble by Theorem 1.2.8. In addition from
Lemma 2.2.2 (d) we see that A is strongly closed in Cg(a). Thus Proposition 2.2.5 yields
C6(@) = Nega(A) - O(AC@), .

(2) We have [NG(T)/(Co(T) - T)| = 15 and 5 € n(M).

Proof. By Theorem 1.2.12 (g) we obtain that [Ng(T)/(C(T)-T)| = 15. Moreover the group
Ng(T)/(C(T) - T) is cyclic. We conclude that there is some non-trivial 3-subgroup R of
Ng(T) such that Ng(R) has order divisible by 5. Since x is 3-locally central, there is an
element u of order 5 in Ny(T). In particular we have 5 € n(M). ]

(3) If H is a Hall {3, g}-subgroup of M for some g € m(M), then one of the following holds:
(i) There is an element g of order g such that Cg(g) < M and g € 0.
(i) We have Oy(H) # 1, q € o and r(P) = 2.

(iii) The Sylow g-subgroups of M are cyclic and, if ¢ > 5, then we have r(P) > 3.

Proof. Suppose first that the Sylow g-subgroups of M are not cyclic and let Q € Syl,(H). If
there is an element g of order g such that Cz(g) < M, then by Lemma 3.3.2 (b) we conclude
q € 0. So if (i) is false, then Lemma 3.2.2 (f) implies that the centraliser of every element g

99



of order g of H has cyclic Sylow 3-subgroups containing x. Moreover there is an elementary
abelian non-cyclic g-subgroup V of H such that g € V, since Q is not cyclic. Lemma 1.1.16
provides a critical subgroup R of O3(H). Since R is of exponent 3 Lemma 1.1.14 (e) implies
that R = (Cgr(v) | v € V¥) < (x). It follows that V < Cg(R) and, as R is a critical subgroup
of O3(H), we conclude that V < Cs(O3(H)). The group H has exactly two prime divisors.
Altogether we deduce O,(H) # 1 from Lemma 1.1.18 (h) and Burnside’s p®¢®-Theorem
10.2.1 of [30]. Since the Sylow 3-subgroups of G are not cyclic, Lemma 3.3.2 (c) yields
that g € 0. Moreover Lemma 1.1.14 (e) leads to r(P) = 2, since every element of order ¢
in O,(H) is not centralised by any element of D*(M) by our assumption that (7) is false and
Lemma 3.2.2 (f). This is (ii).

Assume now that the Sylow g-subgroups of M are cyclic. If we have ¢ < 3, then (iii)
holds. Suppose that ¢ > 5 and let further g be an element of order ¢ in H. If g acts trivially
on O3(H), then (i) or (if) holds. Otherwise we recall that an elementary abelian subgroup
of order 9 admits no automorphism of prime order at least 5 and an extraspecial group of
order 27 also admits no automorphism of prime order at least 5 that centralises the centre
by Lemma 1.3.5. This implies together with Lemma 1.3.6 that #(P) > 3. Thus (iii) holds. m

(4) The group M has odd order. The element x acts transitively on A* and (x) is a Sylow
3-subgroup of N;(A). Moreover we have r3(G) > 3.

Proof. Suppose for a contradiction that M is a Hall subgroup of G and let Q be a Sylow
subgroup of M. Then the Focal Subgroup Theorem 1.1.9 and Lemma 3.2.2 (b) imply that
ONG = - h8|hheQandgeGy=(h" - W |hhmeQandme M)=0NM.
It follows that M = M’ - (x). Thus we have M/{x) = M’ - (x)/{(x) = (M/{x))’. This means
that M/(x) is perfect contradicting our assumption that M is soluble.
Suppose now for a contradiction that M has even order. Then from Lemma 5.1.7 it follows
that 2 € 0. Thus, as M is soluble, there is a Hall {2, 3}-subgroup H of M by Theorem 1.1.8.
Since T is not cyclic, (3)(iii) does not apply. Moreover Lemma 5.1.2 exclude 3(i). Conse-
quently we have r(P) = 2. For g € m(M) \ {2, 3} let H; denote a Hall {3, g}-subgroup. Then
3(iii) does not apply and both parts (i) and (ii) forces ¢ to be an element of o~. Altogether M
is a Hall subgroup of G, because of {2,3} C ¢ This is a contradiction.
We conclude that M has odd order. Since M is no Hall subgroup of G, there is a prime
q € ©(M) such that g ¢ o and consequently (3)(iii) applies for a Hall {3, ¢}-subgroup of M.
Then g > 5, as P is not cyclic and it follows that r3(G) = r(P) > 3.
Furthermore Cg(A) is a 3’-group, because M has odd order and x is 3-locally central. More-
over Proposition 5.1.1 yields that Ng(A)/Cg(A) has order 3. Thus Ng(A) has cyclic Sylow
3-subgroups of order 3. Since we have x € Ng(A), the element x permutes the involutions
of A transitively and the assertion is true. |

Let g € n1(G) \ {2, 3} be a prime and let Q be a g-subgroup of G.
(5) If Q is A-invariant, then Ng(Q) is soluble.

Proof. Let Q be A-invariant and suppose for a contradiction that Ng(Q) is not 3-soluble.
Then Ng(Q) has a non-trivial Sylow 3-subgroup R. Since M is soluble, Lemma 3.2.2 (d)
yields that x4 ¢ Ng(Q) for all g € G. If R is cyclic, then Burnside’s p-complement Theo-
rem 1.1.10 implies that Ng(R) has even order and Sylow’s Theorem leads to 2 € 7(M), as
x is 3-locally central. This contradicts (4). Thus R is non-cyclic and Lemma 1.1.14 (e) and
Sylow’s Theorem provide an element y € D*(M) and a g-element g such that y centralises
g. Then g is also centralised by x, because x is 3-locally central. Therefore Lemma 3.2.2 (f)
forces C(g) to be a subgroup of M. In addition Lemma 3.3.2 (b) implies g € 0. Again by
Sylow’s Theorem there is an element 4 € G such that K e Ng( Q). This is a contradiction.

Finally Ng(Q) is 3-soluble. From Theorem 1.2.12 (f) we conclude that G does not involve
a Suzuki group. In particular Theorem 1.2.8 forces Ng(Q) to be soluble. ]
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(6) The maximal A-invariant g-subgroups of G are trivial or Sylow subgroups of G.
If Q is A- and x$-invariant for some element g € G, then there is an element 7 € Ng(A)
such that (x, A) < Ng(Q").

Proof. Suppose first that Q is a non-trivial maximal A-invariant g-subgroup of G. Then
Ng(Q) is soluble by (5). Since A is strongly closed in G, Lemma 2.2.2 (d) implies that A
is strongly closed in Ng(Q). So we may apply Proposition 2.2.5 to obtain the factorisation
NG(Q) = Nig0)(A) - O(ANDY). Since we have [NG(A)/C(A)| = 3 # ¢, there exists an
A-invariant Sylow g-subgroup of Ng(Q). From the maximal choice of Q we deduce that
0 € Syl,(G). We further assume that there is an element g € G such that

x8 e NG(Q) = NNG(Q)(A) . 0(<AN(,(Q)>)

and suppose for a contradiction that O((AN6(Q))) is no 3’-group. Then Lemma 1.1.14 (b), (e)
applied to A and an A-invariant Sylow 3-subgroup of O((AN6(@))) provide an involution
a € A* such that Cg(a) is no 3’-group. Hence we conclude that M has even order, since x
is 3-locally central. This contradicts (4). Thus Ny,;g)(A) contains a Sylow 3-subgroup of
Ng(Q) and by Sylow’s Theorem there is an element 2 € Ng(Q) such that x¢" normalises
A. Tt follows that x, x8"* € Ng(A). From (4) and Sylow’s Theorem we obtain an element
¢ € Ng(A) such that x8” € (x°). Moreover Lemma 3.1.2 (a) yields that x8” = x°. Thus Q is
normalised by x8 = x“"" and h. This implies that Q is x“-invariant and Q"i1 is normalised
by xand by A< = A. n

(M If(x,T) < H<G, then H < Ng(A)

Proof. Let (x,T) < H<G. Then we obtain from 7' £ M by (4) and Lemma 3.2.2 (d) that H
has a normal 3-complement. Moreover A is strongly closed in H by Lemma 2.2.2 (d). Thus
Theorem 1.2.12 (f) and Proposition 2.2.5 yield that H = Ng(A) - O(KAf)). If N is a normal
subgroup of H of even order, then we have that 1 # A N N. Since x normalises N and acts
transitively on A*, it follows that A < N (*).

Suppose for a contradiction that O((A”)) # 1. Then A # 0,((A")) and hence (*) implies
O»(H) = 1. Lemma 1.1.18 (h) shows that A £ Cy(F(O(A")))). In particular there is
a prime g such that A £ Cy(0,((A"))). We set Q1 := 0,((A™)). Then we observe that
Cy(Q1) and ¢(Q) are normal in H. Statement (*) implies that C4(Q;) = 1. Moreover A
acts coprimely on Q1. So Lemma 1.1.14 (a) yields C4(Q1/¢(01)) = 1.

Let — : H — H/¢(Q)) be the natural epimorphism. Then Q; is abelian by Lemma 1.1.4
and Lemma 1.1.14 (f) yields that 0, = CE(A) x [A,01]. In particular we observe that
[A, Q1] # 1. We set Q := [A, Q;]. Then Q is Ng(A)-invariant and Cp(A) = 1.

Suppose for a contradiction that also X acts fixed-point freely on Q. Then (4) implies
that ¥ acts fixed-point freely on the semi-direct product Q = A. Thus the product is di-
rect by Theorem 10.1.5 of [22]. This is a contradiction and implies Cy(%) # 1. Moreover
Ng(01/Cs(Q))) is of even order. This shows together with Lemma 3.2.2 (c¢) and (4), that
we have g ¢ o and (3) implies that M has cyclic Sylow g-subgroups. In particular Cyp, (x) is
cyclic and the non-trivial group C(x) is cyclic.

By Maschke’s Theorem 3.3.1 of [22] the group Q is a direct product of subgroups Q;
such that A - (x) acts irreducibly on every Q;. In particular we observe Q; = [Q;, A] from
Cy(A) = 1. Further Lemma 1.1.14 (e) implies that Q; = (C,(a) | a € A*). Let a € A* such
that 1 # Cg,(a). Then Cp,(a) is A-invariant and from Cz(Q;) = 1 we deduce that the two
involutions of A different from a act fixed-point freely on Cp (a). In particular they invert
the group Cg,(a). This shows that for all g € Cp,(a) the group A normalises (g).

Let g be an element of Cy.(@). Then we have g* € (C,(@))* = C,(a¥) and ¥ eC Qi(a7).

Thus A normalises each of (g), (%) and (¢ ). In particular (g, g*, g% ) is (¥) - A-invariant.
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Since (%) - A acts irreducible on Q; we conclude that (2, 8%, 8" ) = 0;. Suppose for a con-
tradiction that Q; has not order ¢°>. Then we have Q; = (z,2%) and [Q;,a*’] = Q;. This

contradicts Lemma 1.1.14 (f) together with g’_‘z €Cyp, (a).
Finally Q; is of order ¢> and g-g*- gxz # 1 and centralised by X. Since C (%) is cyclic, we de-
duce that Q; is the unique direct factor in the factorisation obtain from Maschke above. More

precisely we have O = 0;. But T also normalises Q. This is a contradiction, since |Q| = ¢
and C;(Q) = 1. This contradiction shows that O((A”)) = 1 and H = Ny(A) < NGg(A). m

(8) For all a € A* we have (|O((Ac@), |Cs(A)) = 1.

Proof. Leta € A*. By (1) we have that Cs(a) = Nc,(a)(A)-O(AC@DY) = C(A)-O((AC@y)
and T < Cg(A). Let Q be a non-trivial T-invariant Sylow g-subgroup of O((A¢(@)). Sup-
pose for a contradiction that Q N Cg(A) # 1. Then, as x acts coprimely on Cg(A), we
obtain from Lemma 1.1.14 (b) a g-subgroup of G that is x-invariant. Since x is 3-locally
central and 2 ¢ n(M) by (4), we obtain that g # 3. Moreover there is an x-invariant Sylow
g-subgroup of G by Lemma 3.3.1. Thus (6) provides an element ¢ € Ng(A) such that Q¢ is
x-invariant. Moreover Q° is normalised by 7¢-(x) and so (7) yields Q¢ < Ng(A¢). Hence we
have Q < Ng(A). It follows from g # 3 and [Ng(A)/Cs(A)| = 3 (by Proposition 5.1.1 (c))
that O < Cg(A).

Applying Lemma 1.3.7 (c), we conclude that Cg(a) = Cg(A) - Opp 4y (Cg(a)). Moreover we
have that A - O34y (Cg(a)) CG(A) - Op 4y (Cg(a)) = Cg(a). For this reason we observe that
(AC@y < A . Op.41(Cg(a)) is a g’-group. This is a contradiction.

Altogether we obtain (JO((AS6@))|, |C5(A)]) = 1. n

(9) The group C5(A) is a Hall subgroup of G.

Proof. Let g be a prime divisor of |Cg(A)|. Then the fact that x is 3-locally central together
with (4) imply that ¢ # 3. Further (6) provides an A-invariant Sylow g-subgroup Q of
G. Since A is elementary abelian, Lemma 1.1.14 (e) yields that Q = (Cop(a) | a € A"y,
From (8) we see that O((A“¢?)) has order prime to g for every a € A*. Thus (1) forces
Ng(A) to contain a Sylow g-subgroup of Cg(a). Theorem 1.1.8 implies that every Hall
{2, g}-subgroup normalises a conjugate of A. It follows that the {g, 2}-subgroup Cp(a) - A of
Cg(A) is contained in Nc;q)(A). Altogether we have Q = (Cp(a) | a € A%y < Ng(A) and
conclude that Q < Cg(A), since r # 3 and [Ng(A)/Cs(A)| = 3 by Proposition 5.1.1 (c). =

(10) The group Cg(A) contains no elementary abelian p-group of rank at least 3.

Proof. Suppose for a contradiction that there is a prime ¢ and an elementary abelian g-
subgroup V < Cg(A) of order at least q3. For all v € V¥ we set 8(v) := Oy (Cc(v)).

Let v € V¥, Then Cg(v) < Ng({(v)) is soluble by (5). Thus Lemma 2.1.3 implies that
6 is a soluble V-signalizer functor. Consequently the Soluble Signalizer Functor Theo-
rem 2.1.6 yields that Wy :=(8(v) | v € V#) is a soluble ¢’ -subgroup of G. Since A < Cg(v)
is strongly closed in Cg(v) by Lemma 2.2.2 (d), we deduce from Proposition 2.2.5 that
Co(v) = Negm(A) - O(AC)),

From g € n(Cg(A)) and (9) we obtain that C5(A) contains a Sylow g-subgroup of G and
(8) implies for all a € A* that O((AC6@)) is a ¢’-subgroup of G. Moreover we apply
Lemma 1.3.7 (c) to see that OASS™MY) < Cey)(A) - O (ACCWY) for 1t := n(Cs(A)). Tt
follows for every v € V¥ that O™ (Cg(v)) < O% (Ccym(A) - Op ((AC6MY)) = 0 ((ACSWY).
From (8) we have O((AS6@Y) = 0, ((A€6@)) and so we conclude that

Coracaiy ) = C6(v) N OUAC@)) = OF (C(v) N Op ((ACC@)) < 0 ((ASM)) < 6(v).
This shows that O((A@)) = (Cyuccy(v) | v € V¥) < Wy is of order prime to . In
particular (O(AS6@) | a € A) is a Ng(A)-invariant ¢’-subgroup of G. We further deduce
that (x) - T < Ng((O(ASc@Y) | a € A))<G.
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Therefore (7) leads to Ng((O((A6@Y) | a € A)) < Ng(A). We conclude that for all a € A*
we have Cg(a) = Cg(A). More precisely Cs(A) is strongly embedded in G. Since G’ is no
Bender group by Corollary 3.2.3, this contradicts Theorem 1.2.12. [

Let U € Syls(Cg(A)). Then by (9) we have U € Syl5(G). From (6), 5 € n(M) by (2) and
Lemma 3.3.1 we observe that we may choose U such that U is normalised by x.

(11) We have U = E = (w), where E is extra-special of order 125 and exponent 5 and
(w) = U N M. Moreover every x-invariant abelian subgroup of U is cyclic.

Proof. Suppose for a contradiction that U is cyclic. Then Q1(U) < M. Moreover Burnside’s
p-complement Theorem 1.1.10 provides an automorphism of order prime to 5 of U and
hence one of Q;(U). We observe that |[Aut(Q2;(U))| = 5 — 1 = 4. Altogether it follows that
2 divides the order of Ng(Q1(U))/Cs(21(U)). But now Lemma 3.2.2 (c) forces M to be of
even order. This contradicts (4). Thus we see that U is non-cyclic.

From U < Cg(A), (10) and the fact that U is non-cyclic we deduce that U has rank 2.
Suppose for a contradiction that U N M is non-cyclic. Then we apply (3) to a Hall {3, 5}-
subgroup of M. From (4) we see that Statement 3(ii) is false and our assumption implies
that 3(iii) is also not true. It follows that 3(i) holds. Thus we have 5 € o and there exists
an element u € U such that Cg(u) < M. Since U < Cg(A) it follows that A < Cg(u) < M
contradicting 2 ¢ (M) by (4).

Suppose for a contradiction that Z(U) is non-cyclic. Then we deduce from r(U) = 2 that
Q(Z(U)) = Q1(U). Since Cy(x) # 1, we have Cz(x) # 1. The group [Q1(Z(U)), x] is not
cyclic, as 3 does not divide 4 = 5 — 1. From r(Q1(U)) = 2 we deduce that Q;(U) < Cy(x).
This is a contradiction.

Thus Z(U) is cyclic and x centralises Z(U), since 3 does not divide 4 - 5" for any n € N.
Let V be an abelian x-invariant subgroup of U. Then we have V. N Z(U) # 1 and V is
of rank at most 2, since U has rank 2. From Z(U) < Cy(x), the fact that Cy(x) is cyclic
and Lemma 1.1.14 (f) we deduce that [V, x] is cyclic and normalised by x. Since V is a
5-subgroup, it follows that [V, x] is trivial. Altogether V is cyclic.

We apply III 13.10 of [29] to conclude that U = Ex(w), where E is extra-special of exponent
5 and (w) = Z(U), since every characteristic subgroup of U is x-invariant. It finally follows
from r(U) = 2 and Theorem 5.5.3 of [22] that |E| = 5° = 125. [

(12) We have U = Qq(U).

Proof. We want to apply the Focal Subgroup Theorem 1.1.9.

Let g € Ng(A) and v € U such that v¢ € U. If we have v € Q(U), then v8 € Q(U)
and hence v- (v 1)¢ € Q(U). Assume now that o(v) > 25. Then (11) provides elements
up,ur € Q(U) and n,m € N such that v = u; - w" and (v®)™' - v = up - w". This shows
that v8 = v- (uy - W™ = u - ugl - w"". In particular we deduce from exp(Q(U)) = 5
that 1 # (v8)° = (uy -u;l)s w2 e (wy and v’ = (ug - w")> = w € (w). Therefore g
normalises (°) < (w).

Statement (11) yields that (’) < (w) < M. So we may apply Lemma 3.2.2 (c) to obtain
Ng((®)) = Ny (()) - Cg(v). Since M has cyclic Sylow 5-subgroups we deduce that
INy((7°))/Car((7))] is not divisible by 5. Moreover (4) implies that Ng((v°)) = Cg(v).
Consequently we have g € C(v°) and so w ™™ = (18)° = > = w>". This implies w”™ = 1
and hence we have w" € Q;(U). Altogether we conclude that v HE v =up-w" e Q)
and hence we observe that v-! - v& = (v 1% - v)™1 € Q(U).

Finally the Focal Subgroup Theorem 1.1.9 yields

UNNgAY =18 | v,v8 € U and g € Ng(A)) < Q(U).
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On the other hand, for all g € G and b € Cg(A) such that b € C5(A), the groups A and As™
are subgroups of Cg(b). Since A = Q(T) and T € Syl,(G), we observe that A = Q;(Ty)
for some Sylow 2-subgroup Ty of Cg(b). Hence by Sylow’s Theorem there is an element
¢ € Cg(b) such that A€ = A& Tt follows that ¢ - g € Ng(A) and b8 = b°8. In particular
Ng(A) controls fusion of Cg(A). Applying again the Focal Subgroup Theorem 1.1.9 we
deduce that UN G’ = (v W8 |v,v8 e U and g € G)
= (v & | v,v8 € U and g € Ng(A)) = U N Ng(A) = Qi (V).

Finally Lemma 3.2.1 (e) implies that U = U N G" = Q; (V). [

Since O3/ (Ng(A)) = Cg(A) is soluble, there is a Hall {2, 5}-subgroup H of Cg(A) that is
x-invariant by Lemma 1.1.14 (c). We may choose notation such that H = U - T. By (2) we
have [Ng(T)/Cg(T) - T| = 15. Thus there is an element u € U \ Cg(T) that is centralised
by x. Statements (11) implies that u € Z(U). Therefore (u) = Z(U) by (12). Moreover
125 + 15 = |Ng(T)/Cg(T) - T| leads to 1 # Os(H). Since Os(H) < U, it follows that
u € Os(H) contradicting [T,u] =T. m]

5.3.2 Theorem

The group M has a simple section with a Sylow 2-subgroup isomorphic to 7 that is not
isomorphic to Us(4).

Proor

Suppose for a contradiction that the theorem is false.

By Proposition 5.3.1 the group M is not soluble and we have 2 € 0. Hence we may choose
a Sylow 2-subgroup T of M and refer to section 5.2.

Moreover we set A = Q(T) = Z(T). Then we have A < M and all involutions of A are
conjugate in M by Proposition 5.1.1 (c) and Lemma 3.2.2 (¢). Additionally from Proposi-
tion 5.2.5 we deduce that Cs(A) has cyclic Sylow 3-subgroups and a normal 3-complement.

(1) We have Oy (M) = O(M).

Proof. Suppose for a contradiction that Oy (M) # O(M) and let Ty € Sylr(Oy 2(M)) with
To < T. Then AN Ty # 1 and as all involutions of A are conjugate in M, we obtain that
A = Qi(Ty). A Frattini argument yields that M = Oy 2(M) - Ny(To) = O(M) - Ny(A).
In particular the Odd Order Theorem 1.1.12 forces M/O(M) to be a non-soluble section
of Ng(A). Thus Lemma 5.2.1 (b) implies that N5(A) is not 3-soluble. This contradicts
Proposition 5.1.1 (c) together with the fact that C5(A) has a normal 3-complement. ]

(2) The group O(M) has cyclic Sylow 3-subgroups containing x. Moreover 1(O(M)) C 0.

Proof. Since A < M, Lemma 1.1.14 (b) provides an A-invariant Sylow 3-subgroup Ry of
O(M). By Lemma 1.1.16 the group Ry has a critical subgroup R. Then R is of exponent
3. Moreover we have Cg(a) N D*(M) = @ for every a € A* by Lemma 5.1.2. Altogether
Lemma 1.1.14 (e) yields that R = (Cr(a) | a € A*) < (x). It follows that Ry is centralised by
A, because R is a critical subgroup of Ry. From the property of C;(A) to have cyclic Sylow
3-subgroups the first assertion follows, since we have x € Z(M). Finally Lemma 3.3.2 (e)
yields the assertion, because O(M) is P-invariant and r(P) > 2. ]

Let — : M — M/O(M) be the natural epimorphism.
(3) If Ng(A) N D*(M) is not empty, then M/(x) is perfect.

Proof. Suppose that we have Ng(A) N D*(M) # @. From (1) we conclude that E(M) # 1.
Let E be the full pre-image of E(M) in M. Then E is normal in M and has even order. Thus
AN E # 1 and, as all involutions of A are conjugate in M = Ny(E), it follows that A < E.
Let Ty be a Sylow 2-subgroup of E such that A = Q(7T). Then a Frattini argument yields
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M = E(M) - Ny(To) = E(M) - Nj(A). Since A is a elementary abelian group of order 4, we
conclude that O} (N7, (A)) < Crjiy(A). Therefore we obtain O°(M) < E(M) - Cp(A).
From our assumption and Lemma 5.2.3 we observe that m(C5(A)) € o. Finally, as 3 € o,
Lemma 1.1.14 (a) shows that 7(M/E(M)) C o

Let g € n(M) and let Q be a Sylow g-subgroup of M NG’. If g € o, then the Focal Subgroup
Theorem 1.1.9 yields together with Lemma 3.2.2 (c) that
0=G'NnQ=(¢"g"gg"eQandheG)=(¢s" g"|g.¢" € Qandhe M)y =0n M.
If we have ¢ ¢ o, then we see Q = Q < E(M) by (2) and the above investigation. Hence we
have Q < M’, as E(M) is perfect. Altogether it follows that M = M’ - (x). Thus we have
M[{xy = M" - {x}[<x) = (M/{x)). n

(4) The group E(M) is isomorphic to Uz(4). Moreover D*(M) N Ng(A) # @.

Proof. Together with (1) we conclude that F*(M) = E(M). Since T is isomorphic to a
Sylow 2-subgroup of Us(4), it follows from the Odd Order Theorem 1.1.12 and Burnside’s
p-complement Theorem 1.1.10 that E(M) is simple. From Lemma 2.6 of [26] we obtain
that the Sylow 2-subgroup of E(M) is either isomorphic to T or to A. In the first case our
assumption that the theorem is false forces E(M) to be isomorphic to Uz (4).

In the other case E(M) has Sylow 2-groups of order 4. Thus Theorem 2.5.1 yields that E(M)
is isomorphic to some PS L(2, g) for some prime power gq. Moreover we observe with (1)
and Lemma 1.1.18 (c) that M/E(M) < Out(E(M)) is soluble by Lemma 1.2.4. It follows
from T ¢ E(M) that M is not perfect. Hence from (3) we deduce that D*(M) N Ng(A) = @
in this case.

In both cases E(M) has cyclic Sylow 3-subgroups that are inverted in E(M). Lety € M be
a 3-element such that (¥) is a Sylow 3-subgroup of E(M) and let d be an involution in M
such that d inverts y. Then d normalises (y) - O(M) and hence, by Lemma 1.1.14 (a), there
exists a d-invariant Sylow 3-subgroup R of (y) - O(M). Then x € R and d does not centralise
R. Thus Lemma 3.3.5 (b) forces R to be non-cyclic.

The full pre-image of N M)(A) is soluble, as O(M) and Ng M)(A) are soluble. Hence there
is a Hall {2, 3}-subgroup H of that full pre-image. Since A is normalised by a Sylow 3-
subgroup of E(M), we may choose notation such that H = A - R. By (2) the group O(M)
has cyclic Sylow 3-subgroups that contain x. Moreover we have x € Z(M). Thus A acts
trivially on O(M) N H.

Finally we conclude that R € Ng(O2(H)) = Ng(A). It follows that Ng(A) N D*(M) # @,
since R is non-cyclic. In particular E(M) is not isomorphic to PSL(2,q) and the above
investigation implies that E(M) = U3(4) holds. ]

(5) The group E(M) is non trivial.

Proof. Let ¢ be an involution of A and let y € D*(M) N Ng(A). It follows from Proposi-
tion 5.2.5 that O, (Cg(c)) is abelian. Moreover by (1) the group A acts coprimely on F(M).
Suppose for a contradiction that there is a prime g of 7(F(M)) such that A £ C5(O4(M)).

Let R be an abelian characteristic subgroup of O,(M). Then R is A-invariant and for all
a € A* we have R = Cg(a) X [R, a] by Lemma 1.1.14 (f). For all involutions a,b € A
with a # b we apply Lemma 5.2.6 to see that [Cgr(a),b] < F(Cg(a)) and Lemma 5.2.7
to observe that R < Ng([Cg(a),b]) < Cg(a). From the fact that the involutions of M are
conjugate in M = Ng(O4(M)) < Ng(R) it follows that A centralises R. In particular we have
O4(M) # R and so O,(M) is not abelian. Since R is characteristic in O (M), it is normal in
M. Therefore we observe that y € (AM) < Cps(R). Thus, for all g € R¥, the group Cg(g) has
non-cyclic Sylow 3-subgroups. Hence Lemma 3.2.2 (f) forces C;(g) to be a subgroup of M
for all g € R¥. This implies that R acts elementwise fixed-point-freely on the abelian group
[x, Oy (Cg(c))]. Since [x, O5 (Cg(c))] is non-trivial by Proposition 5.2.5, Lemma 1.1.14 (e)
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yields that R is cyclic. Altogether we may apply III 13.10 of [29] to deduce that O,(M) is a
central product of an extra-special group of exponent g and the cyclic group Z(0,(M)).

We set Q := Q(04(M)). Then Q is extra-special of exponent g. Since Q is not centralised
by A, there is an element g € [CQ(b),a]# for involutions a,b € A* with ¢ # b. From
Lemma 5.2.7 we deduce that Cp(g) < Cg(b). In particular we see that g ¢ Z(Q). From
[0, g] = Z(Q) it follows that |Q : Cg(g)l = g. Thus Cp(b) and hence Cp(a) are maximal
subgroups of Q. Therefore we conclude that [Q : Co(A)| = |Q : Co(a)NCo(b)| = g*. More-
over Cp(A) 2 Q, as Z(Q) < Cp(A). But finally a - b inverts Cp(a)/Co(A) and Co(b)/Co(A),
so a-binverts Q/Cp(A). This is a contradiction as a is conjugate to a- b in M = Ng(Q) and
so Cola-b) = Co(a™) = (Cg(a))™ for some m € M. We conclude that A < Cg(F(M)) and
Lemma 1.1.18 (h) and (1) force E(M) to be non-trivial. [

(6) We have M = E(M) X (x) and E(M) = U3z(4).
Moreover the assumption of Theorem 11 and Statements of Lemmas 11.1 - 11.5 in [28]
hold with a suitable change of notation.

Proof.  From (4) and (5) we have that M/E(M) is of odd order. Now (3) and the Odd
Order Theorem yield that M = E(M) - (x). From [11] we know that Z(E(M)) = 1. Thus
M = E(M) x{(x) and M’ = E(M) = Us(4) by (3) and (4). As before the Focal Subgroup
Theorem 1.1.9 and Lemma 3.2.2 (b) imply G’ N P = M’ N P = E(M) N P. This shows that
x is no element of G’.

From [11] the we know the structure of E(M) = M N G’. We first observe that there is an
element y of order 3 and an element g of order 5 in E(M) that commute. The fact that x
is 3-locally central implies that Ng:({(y)) = Ny ({y)) and hence Ng ({y)) = S3 X Zs is the
Statement of Lemma 11.1 of [28]. Furthermore Cg(g) has non-cyclic Sylow 3-subgroup
and Lemma 3.2.2 (f) forces Cs(g) to be a subgroup of M. Therefore we conclude that
the group Cg/(g) = Cupr(g) = Zs X As is not soluble. Thus the assumptions of Theorem
11 and Statements of Lemma 11.2 and 11.5 in [28] are satisfied. As all involutions of T
are conjugate by y also Statement 11.3 of [28] is true. The group Ng(T) has non-cyclic
Sylow 3-subgroups. Hence Lemma 3.2.2 (f) implies that Ng(T) < M. It follows that
Ng/(T) = Neany(T) =<y, g) - T. In particular the statement of Lemma 11.4 in [28] holds. m

Finally we apply Lemmas 11.6, 11.7 and 11.8 of [28] to obtain that
|G’| = 62400 = |U3(4)| = |G’ N M|.
Thus G’ = G’ N M provides the final contradiction. O

5.3.3 REMARK

Theorem 5.3.2 shows that wee need to prove Lyon’s theorem [31] for simple sections of M.
The 3-locally central element x centralises all these sections and does not influence their
structure. Moreover the 2-structure in M is very small. So we nearly observe no interaction
between the 2- and the 3-elements in M. It seems that a proof of Lyon’s theorem for sections
of M is similar to a new proof of his theorem. This should not be Part of this thesis.

5.3.4 HyPoTHESIS (A WEAK £3-HYPOTHESIS )
Suppose that in every section of M the theorem of Lyons hold. More precisely that every

simple section of M with a Sylow 2-subgroup isomorphic to 7" is isomorphic to U3z(4).

Proor or THE MAIN THEOREM

Assuming Hypothesis 5.3.4 we immediately get a contradiction to Theorem 5.3.2. |
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6 ConcLusiON AND OUTLOOK

The thesis describes the connection between the 2- and the 3-structure in finite simple
groups with a large 3-local subgroup.

From Section 2.3 and Proposition 2.2.4 we even know that the information that there is
almost no connection between the 2- and 3-structure determines the structure of a simple

group.
We recall the Z’3“ -Theorem.

THEOREM

Let G be a finite group and P be a Sylow 3-subgroup with an element x € P such that,
whenever x8 € P for some g € G, then g € Cg(x).
Then x is an element of Z3(G).

Let G be a minimal counterexample to the the theorem and let P be a Sylow 3-subgroup.
Suppose further that x is an element of P such that, whenever xf € P for some g € G, then
g € Cg(x) and such that x ¢ Z3(G).

If we have no connection between 2- and 3-elements, then we can adopt our methods form
this thesis.

In addition every proper subgroup H that contains x has the form H = Cg(x) - O3 (H).
Consequently the centraliser of the element x is also a large 3-local subgroup of G. This
illustrates that the methods used in this thesis will also provides some results in an investi-
gation of G.

Moreover we observe the following.
LeMMA

Let G be a minimal counterexample to the the theorem and let P be a Sylow 3-subgroup.
Suppose further that x is an element of P such that, whenever x8 € P for some g € G, then
g € Cg(x) and such that x ¢ Z3(G).

Then O3(G) = 1 = O3(G) and there is an element y € P of order 3 such that O3 (Cg(y)) is
not centralised by x.

Proor

First we observe that x* € P for all z € P and hence x € Z(P).

If we have O3/(G) # 1, then the minimal choice of G and Lemma 2.2.2 (f) yield that
G/ng(G) = CG/03,(G)(X) . 03'(G/03f(G)) = CG/03,(G)(X). From Lemma 1.1.14 (a) we there-
fore obtain that G = Cg(x) - O3 (G). This is a contradiction.

Moreover the condition on x implies that Cg/0,6)(x) = Cg(x)/O3(G). Consequently, if
03(G) # 1, then we observe from the minimal choice of G and Lemma 2.2.2 (f) that
G/03(G) = Cg1056)(Xx)-03(G/03(G)) = (Ci(x) - 033(G)) /03(G). Finally Theorem 6.3.2
of [22], O3/(G) = 1 and the fact that x centralises P implies that x € O3({x) - O33(G)) < G.
Thus for all g € G we have xf € O3({x) - O33(G)) < P and hence x# = x. This again is a
contradiction. For this reason the group G has no normal 3-subgroup.

We obtain further that x is not 3-locally central and hence there is a non-trivial subgroup R
of P < Cg(x) such that Cg(R) £ Cg(x). Let y € R be an element of order 3. The minimality
of G forces Ng(R) C Cg(x) - O3 (Ng(R)). From [O3(Ng(R)),R] < O3 (Ng(R)) "R =1 we
deduce that O3 (Ng(R)) < Cg(R) < Cg(y) C Cg(x) - O3 (Cs(y)). |
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This result shows that we have to deal with O3 (Cg(y)) for elements y € P of order 3.

We recommend signalizer functors for the prime 3 for this. For all elements z of order 3
in G let 8(z) = O3 (Cs(2)). If 6 is a soluble signalizer functor in G and r(G) > 3, then we
obtain from the Soluble Signalizer Functor Theorem 2.1.6 a non-trivial subgroup of G of
odd order that is normalised by many subgroups.

Furthermore, if it is possible to show that C(x) contains a Sylow 2-subgroup of G, then
Lemma 1.3.7 provides the solubility of 6(y) for elements y € P of order 3.

As we saw in Chapter 5, small 2-ranks require some extra work. Here also the small 3-rank
causes problems and needs extra ideas. In this special topic we hope to get help from the
representation theory.

Another challenge is that C;(x) might not be a maximal subgroup of G. Moreover, possibly
there are several maximal subgroups in G that contain x and have Sylow 3-subgroups that
are not cyclic.

Here we recommend the Bender method. It helps to obtain uniqueness results that could
replace Lemma 3.2.2 (f).

Altogether the author thinks that local methods, especially the methods presented in this

thesis, provides results towards the Z3-Theorem. But in their actual development stage they
won’t suffice to prove the Z;-Theorem.
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