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ABSTRACT

The present work examined the theoretical studies of neafioptical phenomena
associated with light beams carrying orbital angular mammanwhich can be most
realizable in the form of Laguerre Gaussian (LG) beams asa@bpularly dubbed as
twisted light. The thesis is divided into two main parts. Thst part explained the
propagation properties of twisted light in a nonlinear noedi Under which, the self-
focusing and defocusing of LG beams propagating in a noatideslectric medium
has been investigated. AftBrential equation for the beam width parameter is derived
analytically as a function of the propagation distance athgular frequency, the beam
waist and the intensity of the beam utilizing the Wentzek#ders-Brillouin and the
paraxial approximations. The predicted focusing and defimg of LG beams can be
used to manipulate the trapping spot size and the strengtiedfveezers by cross-
ing two LG beams at the focused distance. Next, the study enrédmsmission and
the reflection of LG beams through a dielectric multilayeusture containing phase-
conjugating interfaces has been demonstrated. Analgigakssions for the reflection
and the transmission of the fields at individual layers aleutated. It is shown that the
phase conjugation at the interfaces results in a charatibesingular and radial pattern
of the reflected beam. These interference patterns havedepee on the thickness of
the medium and can be varied on the scale of the incoming L& b&his fact can be
exploited in the field of characterization of refractive ammogeneities in bulk optical
materials. Whereas, the second part of the thesis focustrteqrarticle dynamicsin a
focused, high intensity twisted light. It has been showntiraintensity distribution of
twisted light results in the trapping, guiding and acceleraof neutral helium atoms
to the centre of laser focus with a minimum intensity on axé&thie ponderomotive
potential, an ffect which can be used for atom beam structuring and for Irdquigc
applications.

Keywords: Orbital angular momentum, Laguerre Gaussian beam, Selfsing,
Wentzel-Kramers-Brillouin, Paraxial approximation, Bé@onjugation, Refractive in-
homogeneties, Ponderomotive potential.



ZUSAMMENFASSUNG

In der vorliegenden Arbeit werden nichtlineare optischarmimene im Zusammen-
hang mit Licht, welches einen orbitalen Bahndrehimpulstbegheoretisch unter-
sucht. Dieses besondere Licht, auch bekannt unter dem Némisted light (TL)",
wird meistens in Form von Laguerre-Gaul (LG) Lichtstramkzlisiert. Die Arbeit ist

in zwei Hauptteile gegliedert. Der erste Tell erlauteg Ausbreitungseigenschaften
von TL in einem nichtlinearen Medium. Hier werden Selbskdssierung und De-
fokussierung von TL Strahlen, welche sich in einem niclegiren dielektrischen Medium
ausbreiten, untersucht. Einefi&rentialgleichung fur die Breite des Strahls als Funk-
tion der Ausbreitungsstrecke, Kreisfrequenz, Straldtaihd der Intensitat des Strahls
wurde im Rahmen der Wentzel-Kramers-Brillouin und par@xidNaherung analytisch
hergeleitet. Die vorhergesagten Fokussierungs- und Def&rungdéekte eignen
sich hervorragend zur Manipulation der Grof3e und dek8té@on optischen Pinzetten,
indem man zwei TL Strahlen kreuzt. Weiterhin wird die Trarssion und Reflex-
ion der LG Strahlen an einer dielektrischen mehrschichti§euktur bestehend aus
phasenkonjugierenden Grenzflachen studiert. Dabei wenadiaytische Ausdriicke fur
die Reflexions- und die TransmissionsKimenten hergeleitet. Es zeigt sich, dass die
Phasenkonjugation an den Grenzflachen ein charaktehisBgadiales Muster des re-
flektierten Strahls bewirkt. Diese Interferenzmuster eteim Abhangigkeit zur Dicke
des Mediums und konnen durch den einfallenden LG Strahipnbert genutzt wer-
den. Dieser Hekt kann im Gebeit der Charakterisierung von lichtbrecleenithho-
mogenitaten in optischen Materialien genutzt werden. ezite Teil der vorliegen-
den Arbeit konzentriert sich auf die Dynamik von Teilchereinem fokussierten und
sehr intensiven TL Strahl. Es wurde gezeigt, dass aufgraagpdnderomotiven Poten-
zials die Intensitatsverteilung von TL das Einfangen veatralen Heliumatomen und
eine gleichzeitige Beschleunigen dieser Atome hin zurévits fokussierten Strahls,
wo die Intensitat minimal ist, bewirkt. DiesertEkt konnte im Bereich der Atom-
strahlstrukturierung und Lithographie Einsatz finden.

Schlagworter: Optische Wirbel, Bahndrehimpuls, Lagersaul3-Strahl, Selbst-
Fokussierung, Wentzel-Kramers-Brillouin Naherung gpale Naherung, Phasenkon-
jugation, Lichtbrechende Inhomogenitaten, ponderovestPotenzial.
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Chapter 1

Introduction

Over the years, scientists have used the properties ofihghtvariety of disciplines
to investigate various applications in biological and fwological fields. It is a well
known fact that light beams carries energy and both, linedrangular momentum.
The total angular momentum can contain a spin contributssoeated with light po-
larization, and an orbital contribution associated with $patial and phase structure of
the light. Although, both forms of angular momentum haverbientified in electro-
magnetic theory for many years, it is only over the past dec¢hdt the orbital angular
momentum (OAM) has drawn a major attention and became theduls intense theo-
retical and experimental studies. Usually laser beamsistsraf spherical wavefronts
whereas the light beams carrying orbital angular momentemliaguerre-Gaussian
(LG) beam with helical wavefronts looks veryfidirent; its intensity profile consists of
aring of light as a result of the beam’s particular phase lexofihe profiles of the light
beams carrying OAM can be twisted like a corkscrew about #ie @f propagation
and have zero intensity at their center, hence also dubbetisted light (TL) . For
these helically phased beams, the Poynting vector has anutt|l phase dependence
of exp(i¢¢) whereg is the azimuthal coordinate in the beam’s cross-sectionfand
is the topological charge or winding number which can takeiateger value either
positive or negative. Thus, it is also called an optical @ OV) which represents the
number of times the light twists in one wavelength. The highes number, the faster
the light spins around its axis and the larger the dark regtdhe center of the beam
becomes. Wave dislocations and singularities were firdbesg by Nye and Berry in
1973 [L] and optical vortices were experimentally realized oplycas carrying orbital
angular momentum in the early 1990%-].

The beams with helical wavefronts are shown to have OAM, mikehcircularly
polarized light has spin angular momentum (SAM) which cairéesferred to matter.
The amount of OAM, a beam of light carries is proportional tavimuch the phase
gradient of the light varies. Experimentally, the light besawith both spin and orbital
angular momentum can be realized. In 1936, Betlshowed that the circular polar-
ization of light is associated with SAM, when a birefring@tate was made to rotate
by hitting with the circularly polarized light. Whereas,|éh et al. demonstrated the
use of cylindrical lens to convert Hermite-Gaussian (HG)ewinto LG modes and
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showed experimentally that the intrinsic (SAM) and the iesic (OAM) nature of the
light's angular momentum behavedigrently. As the transfer of SAM to the parti-
cle results into the spinning rotation of the particle amuits own axis, the transfer
of OAM results into the orbital rotation of the particle anslthe beam axis. Unlike
SAM, which has only two independent states (i.e. left anttragrcular polarization),
OAM has an unlimited states corresponding to the integerevaf ¢. Thus, make it
useful at both the classical and quantum levels. Still, almenof possible studies with
useful applications using the OAM nature of light have ydbécexploited.

Various theoretical and experimental aspects of light [setirat have angular mo-
mentum in linear and non-linear optics have been exploradcohtext to nonlinear
optics, the major subject is related to the refractive indeange by induced intense
laser beam as well as the impact of this change on the laseribesf. This self-action
effect of the laser beam known as self-focusing. Immediatéhy, the consideration of
the self-focusing process by Askar’y&ij [n 1962, it attracted a great deal of attention
particularly using the LG mode due to its interesting spatiaicture which will be re-
ported in this thesis. The another important area is relatdte studies of optical phase
conjugation (OPC). In 1972, a Russian researcher repdredxperimental observa-
tion of wavefront reversal property of backward stimulaBedlouin scattering [] and
soon after this experimental study, it was realized that @Gniques are quite use-
ful for many special applications, such as the high brigégnasing, the abberation
compensation in a disturbing propagation medium, the rewd bptical holographic
wavefront reconstruction, and the optical data storagepaocessing. Since then the
process of OPC draw a major attention and consequently miadies have been car-
ried out both at theoretical and experimental levels. Rigeahe realization of OPC
has been made using the LG beams by Okuipaphd Denz §] experimentally where
they investigated OPC using the method of stimulated Rrificscattering (SBS) and
degenerated four wave mixing (DGFW) respectively whereg simigle phase conju-
gated mirror (PCM) layer is taken into consideration. Whsren our work, we have
considered the multilayered structure with phase conjugatterfaces which results
in characteristic angular and radial pattern of the reftetteam, a fact that can be
exploited for the detection and the characterization osph@njugation in composite
optical materials. The another major advantage of the L@nisezan also be seen in
the improvement of "Optical tweezers” set ups, where smgjkacts are trapped and
moved with the help of focused laser beams. The unique dayadfithe light with
OAM, to rotate the trapped particle has found numerous eattins in many fields of
science. Especially, in the field of biophysics where thédgizal objects are prone to
less thermal damage as the use of LG beams in optical trafpinpleads to the re-
gion of low intensity at the center of trapping beam. The tefjitiency of the optical
vortex (OV) trap over conventional Gaussian beam formed#ses of many theoret-
ical and experimental studies. Recently, the OT of neutaha in a strong focused
Gaussian beam have been observed by Eichmann and his teépwhlere they iden-
tified the ponderomotive force on electrons leading to theawdtrong acceleration of
neutral atoms. Our present work on OT, guiding and accéberaff neutral atoms is
also motivated by this work using the LG beam.



1 Introduction

1.1 Road map to this thesis

The primary aim of this Ph.D dissertation is to investigatalmear optical phenom-
ena associated with the beams carrying OAM which are mostzabée in the form
of Laguerre-Gaussian (LG) modes popularly knowrvaisted light (TL) . The con-
cept concerning light's OAM came into limelight over thetlaso decades and from
then intensely explored in many classical and quantum egpdins. We have studied
the propagation properties of the beams with helically ptagavefronts in nonlinear
media (Chapter 3 and 4) and particle dynamics in twisted ([Ghapter 5).

The thesis is organized as follows. Chapter 2 briefly intoeduthe concept of an-
gular momentum of light which is then followed by a discussan the important
characteristics of the beams carrying OAM i.e. LG beams icti®e 22 which are
the root key of their popularity. Some major classical andrqum applications of TL
have been discussed in SectiaB.2Then the novel techniques to generate OAM of a
light beam such as spiral phase platétrective optical elements, and cylindrical lens
mode convertors are explained under sectidn 2

Chapter 3 presents the results on self-focusing and desifagwof TL in nonlin-
ear media by deriving the filerential equation for the beam width paramefgaé a
function of the propagation distancg),(angular frequencyw), beam waist¢,) and
intensity of the beamlj. The chapter starts with a brief introduction to the concep
of self-focusing in Section.2. Further, it is followed by a mathematical background
related to the self-focusing in dielectric media which udgs, in particular, the prop-
agation of electromagnetic waves (EM) in a linear isotrapedium and in an inho-
mogeneous medium in Sectior23 Then in the last Section.3® the results on the
self-focusing of twisted light in a dielectric media are g@ated, while formulating
the theoretical background on the analytical calculatfoilewed by a discussion and
conclusions.

Phase conjugation is a nonlinear optical process whichs kahown as wavefront
reversal, time reversal reflection or retro-reflection. Shedy on calculating the re-
flection and transmission cfiients of twisted light at phase conjugating interfaces
with a comparison with previous experiments is presentedhapter 4. Followed by
the properties of optical phase conjugate materials i.etghefractive materials like
lithium niobate (LiINbQ), lithium tantalate (LiTa@), barium titanate (BaTig) etc.
in Section 42. Then, the methods to produce phase conjugated waves (RKRV)
four wave mixing, stimulated scattering and stimulatedssmon processes have been
reported in Section.8 and after that the theoretical formulation which lead$eore-
sults concerning reflection and transmission of TL at phasgugating interfaces are
addressed in Section#4

Chapter 5 presents the results on the particles dynamick.itnTSection 51, the
calculations on the classical trajectory of a charged gartn TL and the generation
of magnetic field with TL are shown. Immediately, after tHa study on the optical
trapping, guiding and acceleration of neutral atoms on #sshof recent experiment
by Eichmann et al.[(] has been shown. The various multi-photdfeets like multi-
photon ionization (MPI), above threshold ionization (A&H)d high harmonic gener-
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ation (HHG) are discussed in sectior25Then in Section 3, firstly, the concept of
OT and its underlying principle of exerting a small force loé torder of pico-Newton
on the microscopic objects within the range of nnuto and secondly, the role of TL
over Gaussian beams in optical trapping or optical twegZ&F$ are explained. In the
last section 31, the results on the optical manipulation of neutral atamtgisted light
have been presented in details. Finally, the last chaptenéledes the thesis.



Chapter 2

Introduction to Laguerre-Gaussian (LG)
beams

2.1 History of angular momentum of light

In 19th century, a Scottish scientist named Sir James Clerkvi@ll smartly collected
and corrected the four important laws of the electromagrtegory which later be-
came popularly known as Maxwell's equations (Rdl in Gaussian units)I[1]. He
especially corrected the Ampere’s law by adding an addieerm i.e. drift current
(D) to the free current source.

V-D=4np Coulomb law (2.1a)
V-B=0 Gauss law (2.1b)
10B
VXE= _Eaa_t Faraday law (2.1c)
47 . 10D
VxH=—J+-— A I 2.1d
X S + < mpere law ( )

wherep is the free charge density,is the free current densit¥ is the electric field
intensity,D is the electric displacemerB,is the magnetic flux density or the magnetic
induction,H is the magnetic field intensity and c is the speed of light @efspace. It
is a well known fact that the electromagnetic waves pos$eee important quantities
i.e. linear momentumg = ik per photon), energyH = hw per photon) and angu-
lar momentum which can be further divided into two parts:nSgaigular momentum
(SAM) and orbital angular momentum (OAM). It was Poyntind.B09 who firstly re-
alized that the spin angular momentum is related to lighdlaugzation. According to
him, each photon can possessof angular momentum wherecan have two discrete
states eithex1 or—1 where the sign is given by the chirality and its experimigmtaof
was given by Bethd] by using birefringent wave plates. The SAM is inherent ghti
beams with circular or elliptical polarization and depepdsthe vectorial properties
of the electric field (Fig2.1). It has been detected by Friese et al]jthat the transfer
of SAM to objects sets the objects in rotation about their axis. On the contrary,
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(b)

Figure 2.1: (a) The optical field structure of Left and Right circularlglarized beam, respec-
tively. (b) The helical phase front of beams carryindgfatient values of OAM
(Here, propagation direction is indicated by a green armod/ragions of low and
high intensity are denoted by red and yellow color respebtj13].

OAM is independent of the polarization state and associattdthe spatial structure
of the optical field. Thus, the beam with a helical phasetftas a definite value of
OAM in the propagation direction and given by the relatt@nper photon (Fig2.1).
Both SAM and OAM can be treated classically as well as quamtweohanically P].

The most common form of a helically phased beam is the Lagt@®aussian (LG)
mode, the details of which can be seen in Secti@ Zhe Poynting vecto$ for any
beam (which represents energy flux) is always perpendituldye phase front but for
the beam with a spiral phase front (i.e. LG beam), it rotatesanclined angle with
respect to the propagation direction and hence leads tst‘dilight’. The relation
between the angular momentum density, (momentum densityR) and Poynting
vector ) can be written aslf, 15]

L=rxP, (2.2)
where L
P= ?52. (2.3)
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Therefore,
1
L=rx 2—(E X B) (24)
CHo

Thus, the total angular momentum of the fielq)(is

L= fr x Sdr, (2.5)

wherer is the radius vector of the field aag is the vacuum permittivity of free space.
The total angular momentum of the field is equal to the sum efdibital ¢) and
spin angular momentuna-{. In case of linearly polarized light; = 0 and hence, the
contribution to the total angular momentum) can be given in the form of orbital an-
gular momentum only and is denotedlasFor the beam with helical phase-fronts, the
Poynting vector $) has an azimuthal component given by ex$) where¢ denotes
the azimuthal co-ordinate in the beam’s cross-sectiorfasthe topological charge or
winding number. The transfer of OAM can be seen by focusiedg {8 beam into the
samples of micro-spheres in the process of optical trappimgxplained in the chapter
5.

2.2 Laguerre-Gaussian (LG) beams

A realizable example of the beam carrying OAM is the Lagu&eaaissian (LG) beam
which came into existence after the introduction of the ephof OAM by Allen et
al. [16,17]. The LG beam is not the only example of the beam carryingchkephase-
fronts, there are several other families of beams too whacty@®©AM such as Mathieu
beams 18], Bessel beams1p, 2], Ince-Gaussian beam& 1] and Hypergeometric
beams 7] etc. However, this thesis aimed to address the issues nongethe LG
beams only. The LG beam, (or phase singularity or opticaiexyhas, in general, an
annular transverse intensity profile and its ponnomiaIL'L'éis specified by the mode
indices¢, related to the angular degree of freedom around the préipaggirection,
andp describes the number of radial nodes of the beam’s radiéilgartt has a spiral
phase front with a2/ phase shift around the circumference of the beam, wheran
integer which can either be positive or negative. The phafeeaenter of the beam is
undefined and hence, carries no energy or momentum andsresaltlark central core
or singularity. Thus, the transverse intensity profile ofoatical vortex is just a ring
of light. A vortex with a negative value dfhas a spiral phase front with the opposite
helicity to that of a vortex witlf value of the same magnitude but positive polarity.
Just like Gaussian beam, the optical vortex is also ablepdbjects with a higher
refractive index than their surroundings into the mostnegeregion of light. Objects
that are small compared to the size of the beam become tragtipexis in the bright
ring of the beam whereas objects with larger size as comparthe beam are trapped
on-axis. Below, the transverse intensity profiles and attiaphases of the LG beams
(or optical vortex) with the changing values®ére shown in Fig2.2 The amplitude
distribution of the LG beam which is a solution to the parbwiave equation can be



2 Introduction to Laguerre-Gaussian (LG) beams

(1) 0) (k) @

Figure 2.2: Intensity profiles of Laguerre-Gaussian beams yif0 and (a)¥ =0, (b)£=1, (c)
¢=2, (d)¢=3. The corresponding azimuthal phase is shown below thasitye
profiles in (e), (f), (g) and (h), where the color chart shoWs torresponding
phase. Three dimensional representations of the phads iashown in (i), (j),
(k) and (1) with vertical propagation axg[23].
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given as P4]

4

Cy (Var
o)

*o{i5) 4 )

2

. krez . . z
X exp(_IZ(ZZ—-I—Zé) —ilp+i(2p+€+1) arctar(z—R)), (2.6)

Us(r.¢,2) =

wherer, ¢ andz are cylindrical coordinateg, is the azimuthal indexp is the radial
mode indexzz=7wj/A is the Rayleigh rangey(2) = wo + 1+ (22)/(Z3) is the radius of

the beam at, whereuwy is the beam waist a= 0. L};/(X) is the associated Laguerre

polynomial,C} is the normalization constant, andy2 ¢ + 1) arctar( ) is the Guoy
phase. The radius of curvature of the wavefr&t{g) is

2
R(@) = z(1+(%) ) 2.7)
At the beam waistz = 0, the amplitude of the Laguerre- Gaussian beam simplifies to
var)’ —r? 2r2 _
Uz (1, ¢,2=0) = C} (—) eXp(—z) Ly (—2) exp(-ite). (2.8)
Wo wy wy

and the transverse intensity profile for the LG beam can bengoy

o 2p Po —2r2\ (—2rz\" af 2r ?
2= o @ eXp(wZ(z))(wZ(z) Y 2e)) (2.9)
wherePy is the power of the laser beam. The radius correspondingetoniximum

intensity is [L4]
Vw(2)¢
>

r(Z)max. int. = (2-10)

2.3 Applications of Laguerre-Gaussian (LG) beams

There are wealth of applications which can Ifkoaled by the beams carrying orbital
angular momentum. For instance, in the field of optical malaition, the orbital an-
gular momentum can be transferred to trapped microscopectsbcausing them to
rotate, or to driven micro-machines, or in astrophysics @nencode quantum infor-
mation due to its infinite dimensionality etc. Below, we hawkelressed an important
classical (Section.3.1) and quantum application (Sectior82) of twisted light.

2.3.1 Optical manipulation

The main idea behind implementing the optical vorticesliL®&.beams in the area of
optical manipulation is that both angular as well as lineanmantum can be transferred
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to trapped objects. The azimuthal phase term i.e.iéxpéssociated with LG beams
give rise to helical wavefronts and hence this azimuthal pament of the Poynting
vector leads to the origin of OAMZ| 25]. It has been observed that the OAM exerts
torque on particles which can be increased by simply inangakte azimuthal index
whereas the optical torque due to SAM is limiteditper photon and varies with op-
tical power P6]. He and his colleagues] were the first one who conducted the first
rotation experiments by the use of LG modes generated byhagdic techniques on
absorptive copper oxide particles in two dimensions. Inlated work, Simpson and
coworkers P7] used the cylindrical lens mode convertor to generate gingeam of
the LG mode of single order to set the absorptive objectsrotttion in three dimen-
sions. Then in 1990’s, Friese et gl ensured the results on the optically absorptive
particles using holographically generated LG modes witmathal index/ = 3 and
clearly showed the physical properties of the circularllapaed LG beams. The na-
ture of the angular momentum of light can be understood bynéxag the motion of
particles trappedf®-axis in optical tweezers created with the vortex light fidltie in-
trinsic and the extrinsic nature of light's angular momengimultaneously on a single
particle was achieved in 2003{]. The particles were placedfeaxis within the cir-
cumference of the LG beams and showed that tifer@int forms of motion are related
to SAM (spinning of particle about its own axis) or OAM (ratat around the beam
axis) [1]. Whereas Curtis and GrieP{] explored the dependence of rotations on
the azimuthal index of the LG beam. They found that the anmaldius of the beam
scaled linearly with the winding numbér Later on, Jesacher and colleagu&s] [
revealed the trapping of particles held at air-water serfath the LG modes. This
study discussed thetect of the particle’s shape on the momentum transfer in the LG
beams, which was not considered in the previous studiestWidneesponsible factors:
(i) asymmetric particle shape, (ii) confinement of the gdetat the two dimensional
air-water interface laid the foundation of this observati®n the other hand, Tao and
colleagues 3] used the fractional optical vortex beams to rotate trappedicles.
However, the fractional optical vortex beam significantiyder the smooth orbital ro-
tation of the particle as it shows the intensity discontiyiiow intensity gap) around
the beam circumference. This fractional vortex was exgtbih the guiding and trans-
port of microscopic particles.

Later, in 2008, Dienerowitz et al3]] for the first time showed the transfer and con-
finement of OAM from the LG beam to 100 nm gold particles at 5% oonsidered
to be the smallest particles to set into rotation by the fearsf the OAM. They found
the linear increase in rotation rate with respect to lasergpowith a maximum rate of
3.6 Hz at 110 mW. In optical manipulation, it is not solely theaph structure of the
LG beams but their annular intensity profile is also of inséfa the optical trapping
of particles with a higher refractive index than its surrdungs. The LG beams also
proved worth to trap low index particles which found apgiicas in numerous chem-
ical and biological processes where the target sampleggetled from the region of
high light intensity. The trapping of low index particles svistly observed by Arthur
Ashkin [37]. He observed that the low index particles get repelled ftoenhigh inten-
sity region of light while the high index particles get tragséy onto the region of high

10
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intensity. Then, on the basis of this observation, he detnatesl the trapping of low
index glass spheres against gravity while using the LG mo@=hagan and Swat-
zlander B3] also confirmed the trapping of low index patrticles, in th&indies they
confined the 2Qum size hollow spheres. Immediately, after that other sait@ve
also been conducted to show the trapping of both high andrdex particles by the
LG modes simultaneously{]. The another important use of the LG beams can also
be seen in the improvement of the axial confineménj \where the LG modes exert
less on-axis scattered force along the axial direction aspeoe to Gaussian beams
where light leads to axial scattering forces that act agaredient forces to destabi-
lize the trap. The light fields possessing optical vortides allow the manipulation of
droplets where the refractive indices of most liquids araltanthan their surrounding
medium. Lee et al.g6] used this property of the beams with optical vortices irirthe
study by misalignment of the spiral plate in a direction ogbnal to the beam propa-
gation direction. This allowed the formation of affi@ent stable asymmetrical optical
light pattern which can be considered as #ilhaxis vortex beams. It is also observed
that one can rotate a three dimensional cubic structuretbyféming two LG beams of
equal but opposite sign azimuthal index which generateshaalar ray of spots that
can be rotated with careful adjustment of relative path tlerggtween the two arms
of interferometer §7]. Moreover, the trapped particle can also be spun with high f
guency by applying the angular Doppler technique to creftecaency shift between
the interfering LG beams3f]. Thus, indeed the optical manipulation with embedded
optical vortex i.e. LG beams has its own importance whiclddigét on various appli-
cations in diferent fields of science. The chapter 5 of the thesis will sgiitlee same
application of twisted light in more details while concladithe interesting results on
it.

2.3.2 Quantum optics and quantum communication

The use of the OAM of light is not only limited to classical $ipptions rather it has
become the mode of important applications at quantum levetell, in particular,

in the field of quantum information. From the point of view afaptum optics, the
guantum excitations of electromagnetic waves can be destin terms of physical
guantities like energy, momentum and angular momentié [This set of quantities
then gives rise to a family of modes of an electromagnetid fi€he very first family
mode are well known “plane waves” which consists of paramsdike energy, linear
momentum and transversal polarization. The second setnufyfanode are “elec-
tromagnetic multipolar mode or spherically symmetric gl@magnetic modes” which
are parameterized by energy, total angular momentum ofelte thez component of
the angular momentum and the parity of the field. These modesrgortant in the
processes like light-matter interactions buffidult to generate, control and measure
which make them less used in the field of quantum informatibime third family of
modes belongs to “cylindrically symmetric paraxial modesiich can be defined in
terms of the energy, the component of the linear momentum, taeomponent of
the OAM and thez component of the SAM. The important property of these modes

11
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is that both the SAM and the OAM can be determined indepehdbgtcontrolling
the spatial properties and the polarization of the field. frfan obstacle in dealing
with the SAM is its inherent binary dimensionality, thenef@nly a bit of information
can be encoded, whereas the OAM dimensionality is infinitelvkesults in the more
alphabets in the OAM space which can be used in the field oesgd@communication
more dficiently [40].

Aspect and his coworkers! ] showed that the angular momentum (AM) of two
photons can be entangled in such a way that a measuremerd pal#rization of one
of the photons appears to modify instantaneously the Ealgoin state of the other
photon irrespective of the distance between the partidless, the polarization of the
entangled photon pair can be written as

1
V2

where| ), | ©) denotes the left and right polarization states, gnslare the idler
and signal photons. The evidence of these experimentgygrenpports the quantum
mechanics and provides convincing existence of entanggeelss The SAM entangled
states are the basis of many impressive quantum informstizemes such as; quantum
cloning, quantum communication, quantum cryptographyraady more.

However, the breakthrough in the OAM entanglement in phq@ain was seen in
2001 by Zeilinger and coworkers!f]. They measured the OAM correlations be-
tween two photons with the help of a spontaneous parameiwo-aonversion source
(SPDC) and showed that the photons could be entangled in@Ae¥l degree of free-
dom.

The SPDC can generate an entangled state over the whole CAd4 sts,

) = — (1 O)l O)s +1 Ol O)s) (2.11)

1 +00
= D= 0l0s+ 105 - 09, (2.12)

{=—00

where|¢) denotes the OAM state. In this experiment, it has been coedirthat light's
OAM is a quantum variable associated with a single photone Major drawback
in encoding OAM information in photons in communication s non-reliability to
transmit information over the large distances but besidasit is still quite useful in
testing the properties of high dimensional spaces.

2.4 Methods to generate twisted light

In practice, there are many ways to generate the helicabyggth wavefronts. Out of
them, few powerful ones have been described below in details

2.4.1 Spiral phase plate (SPP)

SPP is a type of beam mode convertor. It has a thickness whraéswvith circumfer-
ence around the plate but is uniform radially. The plate idenaf a dielectric material

12
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which is transparent in nature with one plane and one spiréd&e. Such a thin trans-
parent plate typically has strips or radial sectors that lmambtained by coating or
etching a substrate]. The thickness of the spiral phase plate (SPP) increasgopr
tional to the azimuthal angle, around a point at the center of plate. Thus, the spiral
surface forms a period of helix. Hence, when a fundamentalene. Gaussian beam
mode (TEMy) of wavelengtim passes through the SPP, it undergoes a phase change
which introduces a spiral element into its wavefront rasglinto a generation of heli-

cal wavefront with OAM equal t@& per photon (Fig2.3). The SPP introduces a phase
shift in the output beand, which depends on the azimuthal anglby a relation

_ (N - nz)d¢

0 ;
A

(2.13)
whereny, n, are the refractive indices of the SPP and surrounding mediespec-
tively, andd is the physical step height at= 0. In order to generate a beam with a
well-defined value of OAM, e.gth, the total phase delay around the SPP must be an
integer multiple of 2z, i.e. 2tf. Thus, to produce this beam, the thickness of the SPP
iS given as

R

(np—ny)

It is important to have the step heigldf of the SPP to be an integer number of wave-
length otherwise the phase of beam gets discontinuoud' aind this discontinuity
breaks the ring intensity pattern. Later, Beijersbergeal. ¢t 3] shown that the conver-
tor only changes the phase pattern of beam and it does nogelia® beam’s intensity
by taking small angle approximation into account. Thus,ldeam produced is not a
pure LG mode, but is an infinite superposition of the LG modg$ hich leads to
the observation that a rigorous calculation of the SPP ¢iperavould require vector-
diffraction theory. Thus, for a beam with a small divergence aitd & suficiently
small step height, we remain in the paraxial regime. So, ffezof the SPP is con-
sidered to be an operation acting on the field phase only. oAh the OAM is a
property of the beam as a whole, it is useful to consider thisims of two equivalent
angular momentum per photon. Let us, consider a ring of sadisi projected on the
spiral surface. Then, the angke,of the local azimuthal slope of the spiral surface is
givenas [

(2.14)

d
tand = —. 2.15
ang = o (2.15)

Aray parallel to, but at a distancdrom, the optical axes will be refracted as it emerges
from the spiral surface. By using Snell’'s law, one can givedRiflection angley, as

N, sina + 6) = ny sind. (2.16)

It has been seen that before refraction, the beam has atmeaentum oh,i /271 per
photon and after refraction, there is a component of lineamentum in the azimuthal
direction

P, = % sina. 2.17)
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ol

Spiral Phase Plate

Helical Beam

Figure 2.3: Schematic of a spiral phase plate (SPP) illuminated by a JBMam and its
outgoing wave i.e. Helical beam J).

Thus, there is a transfer of angular momentumbetween the SPP and the beam of

light of
hr .
L, = % Sina. (2.18)
per photon in the beam. For a small angle, it can be showntie@AM transfer from
the plate to the light is equal to

L, = ¢k (2.19)

per photon in the direction of the beam which will result itda important &ects.
First, the beam now has a non-zero angular momentum. Settenbdeam must has a
null field amplitude on its axis. This non-zero angular motnenhas some interesting
consequences such as the ability for trapping and rotafipgrticles, as mentioned in
the Section (3.1).

2.4.2 Diffractive optical elements (DOE)

The LG beams can also be generated by usifigjadiive optical elements i.e. nu-
merically computed holograms. Such holograms can genbeai®s with any desired
values of OAM which cannot be achieved by using the spirabphdates (Fig2.4).
These holograms can be formed by recording onto a photogréivh, the interfer-
ence pattern between a plane wave and the beam one seekdtagmwith the same
uniform and equal intensities.

Consider a plane reference wave in they plane E, = Eq,e®*+%2 with an incident
anglea:arcsin("—lj) and intensityEq|?. Atthez=0 plane, the interference pattern with

a helical beamE, = Eo€® is given by
| = 2|Eol?(1 + coskyX — £¢)). (2.20)

At the exit of the hologram, the optical field is given as:

E: = %(1 + COSkyX — {9)). (2.21)
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I=+1

I=+2

Figure 2.4: The intensity density pattern of interference between telizhl and a planar beam
for several diferent values of the charge singularities]|

feccc

Figure 2.5: Beams generated by a sinusoidal pitch-fork hologram. Atifsacof the power
is diffracted on the first order and other part remains on the zemakr.o The
topology of the hologram is objected to generate beams|fitR [13].
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I A

Figure 2.6: Different holograms pattern for the generation of a helical bedin /=2. (a)
Sinusoidal, (b) Blazed, (c) Binary, and (d) Triangle hokogs [.3].

Type of grating Amplitude Hologram Phase Hologram
Generated order | Efficiency | Generated order | Efficiency
sinusoidal zero + first orders 6.25% all 33.85%
blazed all 2.53% Just first order 100%
squared odd 10.13% odd 40.52%
triangle odd 4.10% all 29.81%

Table 2.1:1deal diiciency of diferent types of grating andfiiérent kind of hologramsi[3].

This optical field can be recognized as consisting of a zederdbeam propagating
along the axes and two (conjugate) first-ordéirdcted beams each of them containing
a singularity of opposite charge{) and ¢) (Fig. 2.5). The grating’s shape (Fig.6),
that is fringe’s shape patterns of a hologram also plays @oitant role in determining
the dficiency of a given hologram, in addition to the way of encodgither in ampli-
tude or phase. There are mainly four types of gratings whiersammarized in the
table (Table2.1) along with their iciencies which leads to the LG beams generation.
The difractive optical elements can also be found in the form ofiaplaght modulator
commercially f15]. These are pixellated liquid crystal devices that can lbg@mmed
through the video interface of a computer to act as hologr&hanging their design
is very simple as by just changing the image displayed by éhnepiter interfacing the
device. Usually, a spatial light modulator (SLM) modulaties intensity of the light
beam. However, it is also possible to produce devices thatuhate the phase of the
beam or both the intensity and the phase simultaneously.

2.4.3 Cylindrical lens mode convertors

The other powerful method of generating the LG beams is theotisylindrical lens
mode convertor. Itis an optical device which alters the poédion state of a light wave
traveling through it. Its work is to shift the phase betweenpgendicular polarization
components of the light wave. The Woerdman'’s grodf was the first one who
demonstrated how the LG modes can be generated with the heipgimdrical lens
mode convertor while using the Hermite-Gaussian (HG) maddbe primary source.
The mechanism of the cylindrical lens mode converter canrukenstood on the
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2 Introduction to Laguerre-Gaussian (LG) beams

basis of LG and HG mode relations. The HG mode is given as:

B 2 1 —i(m+n+1) arctary

IHG)mn = \/2(an-m|n| We |
(AL 2, 2 2 2
e (1+:2)('7 *IH —n|H 1472 2.22
X m 1+ gzn n 1+ {25 ( )

whereH,(X) is the Hermite polynomials of the order &, £ wio,n = wlo,g“ = i) are the
dimensionless coordinates in the paraxial waves wheyes the beam waist anzy is
the Rayleigh parameter. The HG modes are an orthogonal sshads

m(,n'(HG|H6>m,n = 5mm5n,n’- (2-23)

and can carry finite power. According to the mode oldet m+ n, the LG mode is
written as

|LG>m,n = (—l)mi”(m”) 2 1 gi(men+1) arctary

aminl (/1 4 2
[m=n|
xe—(fi—fz)ﬂzé(m-nw[ 2 ] Lim-n ( 2" ) (2.24)

1+ 2 minmn { 1 4 £2

where? = (7 + ¢£) andmin(m, n) denotes the minimum betweemandn. The radial
indexp of the LG beam normally used min(m, n) and the azimuthal indexis m—n.
The generation of the LG modes using mode convertors is basdbe fact that a
HGmn» mode at an angle of 45s decomposed onto a set of HG modes and then this
set of HG modes when re-phased can combine to form a partic@anode. The
re-phasing occurs because as each HG mode is focused byndes ¢ undergoes a
different Gouy phase shift) depending on its modes indices and orientation with
respect to the cylindrical lenses(, 47]. As, both HG and LG modes carry finite
power, they form an orthogonal and complete set of modest iSgossible to expand
the LG beam into a set of HG modes of the same order with thedighe following
relation:

N
ILGhma = Y i*b(m, n; KIHG)_kk (2.25)
k=0

and similarly HG mode is expanded in the HG basis by rotatsgrincipal axis about
45° around the propagation axis i£by using the following relation:

N
IHG)mal@as = (M, n; IHG)N -k (2.26)
k=0

whereb(m, n; k) is the real expansion ciient and is given as
o [(N=K)K! 1 d N m
b(m,n;K) = 4/ Wkw[(l —1)"(1+ t")]l=0 (2.27)
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2 Introduction to Laguerre-Gaussian (LG) beams

HGo: HG1o
1 I
ﬁ[ P+ ]: LGox
1 ]
ﬁ[ - ]: LGo.1

1
ﬁ[‘ . + ]— » HGo1 | eas*

1
E[. . - ]: " HGo: | @4s°

Figure 2.7: Decomposition of the L@, LGo -1, HGo 1l@45 and HG 1|@-45 modes in the HG
basis [.9].

whereN indicates the mode order. The factbrcorresponds to a/2 relative phase
difference between the successive components. The dfdyatice between EG.25
and Eq.2.26is the relative phase between successive terms and in taa&p given
by Eq.2.26 all the terms are in phase which can be seen in the last rotig a2.7

The cylindrical lens mode convertors have two main formeg:ztf2 mode conver-
tor and ther mode convertor. The/2 mode convertor transforms any incident HG
modes with indicesn, n oriented at 45to the cylindrical axis of the lens, into an LG
mode with indiced = m — n and p = min(m, n) (Fig. 2.8). On the other hand, the
mode convertor (Fig2.9), transforms any mode into its own mirror image and is opti-
cally equivalent to a Dove prism. These cylindrical lensvastors are mathematically
analogous to the action on polarization of a birefringef4 plate and al/2 plate re-
spectively. Their advantage oveffidactive optical elements (Sectio) is that the
optical dficiency of the conversion is much higher, limited only by thelity of the
anti-reflection coatings of the lenses.
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2 Introduction to Laguerre-Gaussian (LG) beams

T
E-converter /@

-

’/../’ 1 LGox -
- /‘g ﬁ[. $+ o]

HGo1 | ess:

Leees]

Figure 2.8: Schematic of the/2 mode convertor. The distance between two cylindricaldens
is \/Lé Then/2 mode convertor converts diagonal bifgas to LGo 1, wheref is

the lens focal lengthl[3].

n-converter /@

/ l . LG1o 2
e 7 v AR
LGo,1
-]

Figure 2.9: Schematic of ther mode convertor. The distance between two cylindrical lense
is 2. Ther mode convertor converts Lfp to LGo ¢, wheref is the lens focal
length [L3].
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2 Introduction to Laguerre-Gaussian (LG) beams

The table (Table2.2) compares the three above explained methods of generating
LG beams on the ground of theiffieiencies {.].

Mode purity Conversion

Creation method £ mode p=0 p=1 efficiency Extinction ratio
Spiral phase plate 1 78.5% [14]

2 50% [14]
Computer generated 1 93% [17] 80% [16] 40%
holograms 3 77% [17]

6 62.8% [17]
Diffractive optics 1 92.9% 40% (2.5+0.8)x 1072
(this work) 2 99.3% 60% (3.3+£0.8)x1072

Table 2.2: Comparison of L% beam characteristics usingfldirent generation methods of
twisted light [2€].
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Chapter 3

Self-focusing and de-focusing of twisted
light in non-linear media

The self-focusing of electromagnetic waves in nonlinedaicapmedia has been a fas-
cinating topic and inspired many theoretical and expertadestudies from the past few
decades(], 49-55]. Itis regarded as a basic phenomena in nonlinear optidsawa-
riety of important applications that rely on the manipwatand control of the photon
beam. The phenomenon of self-focusing and de-focusingeatreimagnetic beams
in nonlinear media was reviewed by Akhmanov et 8¥][ The theoretical formula-
tion of self-focusing is well known for many years and is fduo be dependent on
the propagation characteristics, the properties of theuneednd to the pulse width of
laser beams. Recently, several investigations were coedta study the propagation
properties of Cosh-Gaussian and Hermite-Gaussian beadi$arent media6,57].
Here, in this chapter, we study the self-focusing and dedog of the light beam
carrying orbital angular momentum (called twisted lightpgagating in a nonlinear
medium [E]. We have derived a flierential equation for the beam width parameter
(f) as a function of the propagation distané¢g @ngular frequency«), beam waist
(wo) and intensity of the beanl); The method is based on the Wentzel-Kramers-
Brillouin (WKB) and the paraxial approximations. Analyicexpressions fof are
obtained, analyzed and illustrated for the typical experital situations.

3.1 Basics of self-focusing

The invention of the first laser in 1965 revolutionized the field of nonlinear optics.
In nonlinear ects, the polarization of a materi#l, is no longer a linear function of
the electric fieldE and can be written as a series expansion of the electric fié€]d [

Pi :Xl(jl-)EJ +X|(12|2E1Ek +X|(?|2|EJEkEI Tt o , (31)

wherey{;’ denotes the linear susceptibility tensgff) is the second-order susceptibil-

ity tensor andy|y is the third-order susceptibility tensor and so on. The-fmiising
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3 Self-focusing and de-focusing of twisted light in nonelam media

effect, arises from the third order nonlinearity (i)é¥) and it is known that the sus-
ceptibility of the material is related to the refractive @xdbof the material which can be
written as

n=no+ MEP + niE[* + ..., (3.2)

wheren; are generally complex-valued which implies absorption ab &s refraction.

Askar’yan [j] in 1962 was the first one who considered the self-focusiranaglec-
tromagnetic beam when he showed that an intense optical beale induce a dier-
ence between the medium, outside the beam and inside thewaleiim could create
conditions which are favorable for the wave-guiding of tleaim thus counteracting
the beam’s natural raction. It has been observed that in a nonlinear mediundike
electric, semiconductors and plasmas. If a high powermecignetic beam increases
the electrical susceptibility and thus the refractive maath wave intensity, then in
a region where the wave amplitude is amplified, the refradtidex gets enhanced.
The beam thus creates a refractive index profile across wefwmt corresponding
to its own intensity profile and focuses itself. This nonéineptical self-action féect
is called theself-focusing[60]. It is an induced lensfeect which results from the
wavefront distortion imposed on the beam by itself whilesiag through a nonlinear
medium as seen in Fig.1

Self-focusing

|% Zf%

Figure 3.1: Distortion of the wavefront of a laser beam (dashed cunagliteg to self-focusing
in a nonlinear medium. Herg is the self-focusing distance, defined as the dis-
tance between the position of self-focused spot (black alod) the entrance face
of the medium.

In order to understand the basic phenomena of self-focusfilag intense electro-
magnetic beam, consider the propagation of a parallel @gtial beam of uniform
intensity with the circular cross-section of radias(Fig. 3.2).

The refractive index of the illuminated region is given by

Nn=ng+ nNE-E")

where() denotes the time average afitf) = 1E3 = 1(E*E).
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3 Self-focusing and de-focusing of twisted light in nonelam media

If the amplitude of the electric field vector i and the absorption by the material
is negligible, then the refractive index is

1 2
n=ng+ EnZEO'
Hereng andn, are the linear and the non-linear components of the refactdex.

Therefore, the waves diverging at an angleiith the axis will sufer total internal
reflection wherd <6. whereg, is obtained from

No
Coste = | ————
No + EnZEO
or the angle of incidence’’is greater than
. n T _ n
No + EnZEO 2 No + EnZEO

We assume that the nonlinearity is weak %BQES < Ng, Which is indeed true for most
systems, consequently will also be small and we will have

62 1n
1- 2 =1-Z2E2
2 2N
1/2
n
No
Circular aperture
of radius=a
' n=n,
Incident —
Plane wave 2a — n=ng+n,E?
n=n,

Dielectric

Vacuum

Figure 3.2: Refraction ¢ > 6.) and total internal reflectiond(< 6.) of rays in a nonlinear
medium [a).

Now, a beam that is limited by an aperture of rad@swill undergo diffraction, we
know that the large fraction of the power will be carried bg tays that make an angle
less thargy with axis, where

_ 0.611 _ 0.611

Oy = . 3.3
d 2a 2ang ( )
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3 Self-focusing and de-focusing of twisted light in nonelam media

whered = Ag/ng represents the wave length in the mediugjs the wavelength in
vacuum and is the linear component of the refractive index.

If 64 < 6¢, then the difracted rays will make an angle less tharwith axis. Hence,
the rays will siter total internal reflection at the boundary and will retwonite beam.
Whendy > 6. , the beam will spread by fiiraction. The critical power of the beam for
self-focusing corresponds tg=6, is given by

(L22R2%c

= = o (3.4)

wherePy, is the critical power of the beam.

There are three possibilities:

1. WhenP<Pg or 64> 6.. In this case, the beam will diverge.

2. WhenP=P or 843=6.. In this case, the beam propagates without divergence or
convergence.

3. WhenP> P or 63<6,. In this case, the convergence of the beam takes place.

Due to the Kerr &ect, an intense laser pulse, while propagating in a nonlinea
medium, can experience self-focusing (or de-focusingpedding upon the nonlin-
ear susceptibilityy) of the medium. In the case of Kerr nonlinearity with postjy
the higher optical intensities on the beam axis causdtantaely increased refractive
index of the beam which results in the focusirftpet whereas a negatiyenonlinear-
ity, leads to the self de-focusingdfect, where the Kerr lens has a reduced refractive
index on the beam axis. In 1964, Chiao and Towrigl$ $howed that there are two
main consequences of the self-focusing as given by3Et. They observed that the
beam power exactly at the self-focusing limit exhibits €edfpping, where the beam
profile stays constant over a longer distance, becausegeee gets compensated by
the nonlinear focusingfiect and for optical powers far above the self-focusing limit
filamentation can occur, where the beam breaks up into ddveaans with smaller
powers.

3.2 Mathematical background of self-focusing in
dielectric media

3.2.1 Maxwell's equations

The phenomena in electromagnetism are governed by Masvegjliations, expressed
in the Gaussian system of units followed by most of the sigtsengaged in the study
of self-focusing of electromagnetic (EM) beams. The Maxwelquations are
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3 Self-focusing and de-focusing of twisted light in nonelam media

V-D = 4np, (3.5)
V-B=0, (3.6)

10B
VXE=—-———, 3.7
% c ot (3.7)

4 10D
VxH=—J+-—, 3.8
=Y T (3.8)

wherep is the free charge density,is the free current densit¥ is the electric field
intensity,D is the electric displacemerB,is the magnetic flux density or the magnetic
induction,H is the magnetic field intensity aralis the speed of light in free space.
The fieldsk, D andB, H are related through the constitutive relations:

D = ¢E, (3.9)
H= E (3.10)
u

The dielectric functione and the magnetic permeability are properties of the
medium in which the fields are measured and are scalars fibojso media.

For small field intensities, the scalareandu can be considered to be constants and
the relations (Eq3.9 and Eq.3.10 are then linear. However, in general, these prop-
erties depend on the corresponding fields making the catigétrelations nonlinear.
We shall mainly be concerned with non-magnetic materjals {, B=H), with non-
linear dielectric response i.e= = g(E). To start with, we shall further assume that
the medium does not carry free charges and is non-condustiititat there are no free
currents (no dielectric losses). The Maxwell equationsetfoee, reduce to

V-D=0 (3.11)
V-B=0 (3.12)

10B
VXE=—-——— 3.13
% c ot ( )

10D
VxH=—-—— 3.14
X c ot ( )

SubstitutingD = ¢E andH = B in Eq.3.11and Eq.3.140ne obtains

V-(eE)=Ve-E+&V-E=0, (3.15)
and 9E
E
VxB=—-——. 3.16
X c ot ( )
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3 Self-focusing and de-focusing of twisted light in nonelam media

3.2.2 Propagation of EM waves in a linear isotropic medium

Let us first consider the propagation through a linear, umfasotropic medium. For
such a medium the dielectric function is constant,4.e. constant.
So that Eq3.15gives

V.-(¢E)=¢eV-E=0. (3.17)

Taking the curl of Eq3.13 one obtains

1 B
Vx(VXE) = _vaaa_t (3.18)

The left hand side (L.H.S.) of this equation can be expreased

Vx(VXE)=V(V-E)-VE

On the right hand side (R.H.S.) of E8.18 the operatoV being a space operator,
commutes with the time operatéfat so that

0B 9(VxB)
VX —=———~*
a: a
which, in view of Eq.3.16reduces to
(0B _ e
ot 2 o2

Substituting these two relations in E}18 one obtains

e 0°E
V(V-E)-V’E=-=-"—, 3.19
(V-E) 250 (3.19)
Eqg.3.17then reduces the above equation to the wave equation

e 0°E
VZE-=—— =0. 3.20
c? ot? ( )

A solution of this equation is

E = Ep expi(wt — k - r) which represents a plane wave propagating in the direction
of the wave vectok with

=, (3.21)

w/kis the phase speed of the wave.

For purely transverse waves, the wave ve&tand the field€ andB are mutually
perpendicular. Henceforth, we shall assume that the EM vegwerely transverse and
propagating in the positivedirection so that it can be represented as

E = Egexpi(wt — kz),k - E =0. (3.22)
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3 Self-focusing and de-focusing of twisted light in nonelam media

3.2.3 Propagation of EM waves through an inhomogeneous
medium

In an inhomogeneous medium the dielectric function dependie space coordinates;
the inhomogeneity may be partly or wholly on account of thpaihelence of on E
and the non-uniform distribution & in space. The space coordinates may be cartesian
(%, y, 2) or cylindrical polar ¢, 6,2). In either case, the direction is the direction of
propagation of the EM wave as stated before.

Let us first consider the propagation of a plane wave of umfioradiance (intensity)
profile through non-absorbing medium for which the dielectunction is given by
e = &(2).
In this case, E¢3.15simplifies to

Ve-E 1A
V. (eE) = e (98.

where,k is a unit vector in the direction. The fielcE is perpendicular to the wave
vector which is also directed along tkexis thereforek - E = 0. Hence, the wave
equation reduces to the form (E)20 with & = &(2). The Laplacian operator reduces
to V2 = §%/82%, since the fielcE is independent of the transverse space coordinates.
Therefore, the wave equation E3j19takes an one dimensional form

PE £ 0°E

02 2 o

PuttingE(z t) = Eo(2) exp&iwt) in the above equation, whete is the wave fre-
guency, one obtains

(3.23)

d°Eo(2) w?
dzoz( ) _ Z(@Eod) =0, (3.24)
Writing
?‘9(2) = k“(2), (3.25)
EqQ.3.24can be put in the form
d’Ey(Z
d—;z() ~ k¥ (2Eo(2 =0 (3.26)
or in the scalar form
d’E iZ w?
S0l ¢ e = 0, (3.27)

in terms of scalar components £ X,y). EQq.3.24is encountered in the several ar-
eas of physics and engineering and can be solved by the WWramers-Brillouin
(commonly known as WKB) method witk(z) satisfying
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3 Self-focusing and de-focusing of twisted light in nonelam media

1 ok

KD dz < k(2.

The solution obtained is

Eo(z) = 2onstant exp(i f Zk(z)dz). (3.28)
0
E(zt) = Egy|—exp

Vk@
@ i(wt— fo k(z)dz)]. (3.29)

The signs ofw andk(z) in the exponential term have been so chosen such that the
solution represents a wave progressing in the forneatidection.

Hence

k(0)

3.3 Self-focusing of twisted light

Here, we investigate the self-focusing of the LG beams 4, 46,67] in a nonlinear
medium using the Wentzel-Kramers-Brillouin (WKB) and ttergxial approximations
[54,60]. The Laguerre-Gaussian (LG) beams with a central holeutamiy have been
shown to play an important role in several areas of opficsSg]. Here, in this chapter,
we have shown the self-focusing while taking into the actthm LG modes witlp =

0 and¢# 0. In this case, the intensity cross-section perpendic¢aléine propagation
direction consists of one bright ring with no on-axis inténs This feature makes
them ideal for applications in optical trapping and optive¢ezers. Furthermore, as
the LG beam can transfer the orbital angular momentum tar#éippéd particle, it can
also act with a torque on the trapped particle, 27, 33,64]. The LG tweezers can
also trap metallic particles with a refractive index highiean that of the surrounding
medium [p5,66].

All of these applications rely on the light scattering anddeethey are related to the
strength and the distribution of the intensity. The focgsamd de-focusing are thus
important, e.g. in the above context they allow the manipaeof the trapping spot
size and the strength of the tweezers. This section is stedttas follows: starting
from the amplitude distribution of the LG beams propagatm@ nonlinear dielec-
tric medium, we derive a generalffirential equation for the beam width parameter.
Utilizing the WKB and paraxial approximations, we derive amalytical expression
for the intensity distribution as a function of the beam’sgmaeters and the results are
presented graphically and discussed. Finally a brief emneh and future prospectives
are also given.

3.3.1 Theoretical formulation

For investigation of the self-focusing phenomenon, maihige theories are provided
in the literature, which are:

28



3 Self-focusing and de-focusing of twisted light in nonelam media

1. Paraxial ray approximation
2. Moment theory
3. Variational approach

Here, we make use of the paraxial ray approximation (PRAhéanalytical deriva-
tions.

Paraxial ray approximation

The interaction of the electromagnetic Gaussian beamsaniibnlinear medium is
usually explained under the paraxial approximation, inckitthe irradiance and the
eikonal (S) is expanded upto the first ordemin(r being the radial coordinate in a
cylindrical polar system with the axischosen along the axis of the beam). This ap-
proximation ensures that the radial profile of the irradeaota beam retains its nature
during propagation in the nonlinear medium. Actually oncact of the paraxial ap-
proximation, the eikonal (S) compensates for any distoriiothe irradiance of the
wave front during propagation and leads to an exact solditiothe irradiance main-
taining the Gaussian nature of the beam profile.

Self-focusing and de-focusing in a nonlinear medium

The amplitude distribution of the LG beamy>(r, ¢, 2) in a cylindrical coordinate
with z axis being along the beam propagation direction, is givefficasnore details,
see chapter 2)

c (var)" —r2 2r2
Upt:9:2) = WZ)(@) exp(wZ(z))L'S'(wZ(z))
X eXp(_iZ(zz—izé) —ilp+i(2p+€+1) arctar(z—i)), (3.30)

wherer is the radial coordinate anglis the azimuthal anglev(2) = wo /1 + (22)/(Z3)

is the radius of the beam at andz; is the Rayleigh rangewy is the beam waist at
z=0. L}/(x) is the associated Laguerre polynomi@j, is the normalization constant,

and (2 + £ + 1) arctar( 2 ) is the Guoy phase. At the beam waist; 0, the amplitude
of a Laguerre-Gaussian beam simplifies to

Var

Wo

Clt’l
urS(r, ¢, 2= 0) = —p(

Wo

“ —r? 2r2
) exp(—z) Ly (—2) expEile). (3.31)
Wo Wo

We consider a nonlinear medium characterized by the di@dcinctione = gy +
F(EE*), i.e.&(r, 2) depends upon the beam irradiance; the functional deperdsir
is determined by the physical situatjorechanism under study. In tufi> depends
onzin a manner yet to be determined. In the spirit of the paraggiroximation, we
expandF in a Taylor series in powers of and retain terms up . This leads to

&(r, 2) = &0(2) - r’ex(2). (3.32)
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3 Self-focusing and de-focusing of twisted light in nonelam media

In the wave equation governing the propagation of the lasanb

2
V2E + %SEW(EV“;) -0 (3.33)

&

the third term can be neglectedkif?V2(In &) <« 1, wherek is the wave number. This
inequality is satisfied in almost all cases of practicalnesé For a cylindrically sym-

metric beam a solution for ,

w
V’E + Z¢E=0 (3.34)
we obtain using WKB and the paraxial approximation Reig, §0] as
E(r, ¢’ Z) = A(r’ ¢, Z) exp[l (wt - kZ)], (335)

wherek = 2 4/eo andA(r, ¢, 2) is the complex amplitude of the electric field. Sub-

stituting for E(r, ¢, 2) and neglectin ;Z’; on the basis of WKB approximation which
implies that the characteristic distance of intensity aton is much greater than the
wavelength. We obtain

OA A 10A 16°A WP
2Ak— = — + =—— + S —— — — &l A, 3.36
"oz T Trar T op? 2 et (3.36)

To solve Eq3.36we expresa\(r, ¢, 2) as
A(r, ¢,2) = Ao(r, 2) expli(-kS(r, 2) - £¢)] (3.37)

whereA, andS are real functions af, ¢ andz. The eikonalS is

S= r—22,6’(z) + 0(2). (3.38)

®(2) is an additive function whereas

1df

The parametes(z) is the curvature of the wavefront. Substituting &(r, ¢, z) andS
from Eq.3.38and Eq.3.39in Eg. 3.37, one obtains

S (S 1 [PA, 10Ag £2 &2 ,
*5 +(E) ~ kAo [ arz " Y or 2 ]_ & (3.40)

82 62 2
;AO+;AO§+ aS+}88):0. (3.41)

2 — —
oz or or Ao(ar2 ror
The solution of Eq3.40for the LG beam can be written as

€]
Ao(r.2) = 22 (ﬂ) exp(_—rz) L (Zw—rzz) (3.42)

f \wof wj f2 5
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3 Self-focusing and de-focusing of twisted light in nonelam media

For¢=1 andp=0, substituting folS andA, from Eq.3.38 Eq.3.42in Eq.3.4Q yields
1 d?f _ 4c? 82(2)

el - , 3.43
fdZ2  w?eo(Quwif* eo0(2) ( )
Eqg. 3.43can always be solved by considering the conditions
df
f=1 and W Oatz=0. (3.44)

It is, however, convenient to reduce E343to a dimensionless form by transforming
the coordinate to the dimensionless distance of propagation

ZC

LUOCL)

and the beam widthyg to the dimensionless beam width

o= % (3.46)

Substituting Eq3.45and Eq.3.46in Eq. 3.43yields

80(Z)dz_f _ 4

oz T — p*wiex(2). (3.47)

In case of a parabolic nonlinearity, that is when the nomlirterm is proportional to
E2, we have the dependent term

aE2 2
eo(f)r? = f_ZOW (3.48)
wherea is a constant. Substitution e$(f) in Eq.3.47yields
d?f 1 > 2
The analytical solution of E®.49under the conditions E@.44is
fo \/80 %7~ Eap” (3.50)
€0

For further analysis, it is useful to write E§.49in the form

o2 f c? awiw’ _,\ . s
@:gowng(m = Eo)f . (3.51)
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3 Self-focusing and de-focusing of twisted light in nonelam media

3.3.2 Results and discussion

Eq. 3.49 or Eq.3.51is the fundamental second ordeffdrential equation governing
self-focusingdefocusing of the LG beams in a parabolic medium. Esseytidle
effect of the non-linearity is dictated by the second term orritjiet side of Eq.3.49
or Eq.3.51

Intensity[Watt /cm?]

Figure 3.3: a) Intensity (in CGS units) of the Gaussian beam (.e.0, andp=0) verses the
radial distance from the propagation direction (in cm). Engular frequency is
w=2 x 10" radsec, w=1 cm,e=1, @ =1, Eg=0.3 Stat\cm, p=0.66 x 10%,
b) Initial intensity profile (dotted curve) compared to themagated intensity at
£=4 x 1074,
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2]

Intensity [Watt /cm

Figure 3.4: a) Intensity (in CGS units) of the LG beam verses the radistadice from the
propagation direction (in cm) for thé= 1, andp = 0. The angular frequency is
w=2 x 10" radsec, w=1cm,e=1,a=1, Eg=0.3 Statycm, p=0.66 x 10%,
b) Initial intensity profile (dotted curve) compared to thegagated intensity at
£=4 x 1074,

In the absence of this terrﬁ% remains positive causing the beam width parameter
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3 Self-focusing and de-focusing of twisted light in nonelam media

Intensity [Watt/cm?]

Figure 3.5: a) Intensity (in CGS units) of LG beam verses the radial distfrom the propaga-
tion direction (in cm) for the’=5, andp=2. The angular frequency is=2 x 10*
radsec, w=1cm,e=1,a=1, Eg=0.3 Stat\yJcm, p=0.66 x 10°%, b) Initial inten-
sity profile (dotted curve) compared to the propagated sitgaté =4 x 1074,

(f) to increase continuously leading to a steady divergendes dtect is the natu-
ral diffraction divergence. The second term containing the noalig®ect is negative
and acts in the opposite direction tending to converge thenb&he convergence (fo-
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3 Self-focusing and de-focusing of twisted light in nonelam media

cusing) or divergence (de- focusing) of the beam dependshochvof the two terms
predominates. E@.51makes also clear that for the focusing the produgtusEo)? is
relevant, i.e. for a focused beam the frequency has to beased when the intensity
(or the waist) is lowered to maintain focusing. F&g3, Fig. 3.4and Fig.3.5illustrate
the focusing fects for the Gaussian and the LG beam for typical feasiblarpeters.
In the case of Gaussian beam (R3g3), the maximum intensity can be seen at center
due to its beam’s profile structure whereas Big.proves the concept of minimum in-
tensity at the center of the LG beam. Fggbreveals the focusingkects for the higher
modes LG beam where the intensity is decreasing with anaseren the value of a
radial mode p, which is due to the intensity distribution of electric fieldBrom these
figures (Figs3.3 3.4, 3.5), itis clear that the focusing and an intensity increaseincc
until a certain value of the normalized distance of propagdt) = 0.00062, after that
de-focusing sets in. This is due to the fact that at highemisity nonlinear refractive
term dominates over theftliactive term for some initial distance of propagation after
that the difractive term strongly overcomes the nonlinear refracevmtand therefore
the beam de-focuses. From FR&j4 and Fig.3.5, it is also obvious that the focusing
effect can be utilized, e.g. for creating tighter and strongezd-dimensional optical
traps by crossing the two LG beams at the focused distanegiddicted focusing
effect can also be used for the realization of more versatileapiveezers. From
Eqg. 3.5, we infer that to achieve results similar to those in Fgt and Fig.3.5for

a smaller starting waist one has either to increase thesityefor the frequency) by
roughly the same amount.

3.3.3 Conclusions

We studied the self-focusing of twisted light in a nonlindealectric medium by using
the WKB and paraxial approximations. Thefdrential equation for the beam width
parameterf] is solved analytically. The occurrence of the focusingasted out and
its dependence on the beam’s parameters is worked out @a#liyand illustrated by
numerical calculations. We have compared the focusffeges for both the Gaussian
and the higher modes LG beam and shown that the focusing caedoeonly at cer-
tain value of distance of propagation and after that theodeding occur. It can be
explained either on the basis of excess heating of the l&san bvhich results into the
breakdown of the system or by the paraxial approximatiorctvlirops down after a
certain limit of the propagation distance . The practicgllaations of the predicted
effect are pointed out in the field of optical trapping and willdsglained thoroughly
in chapter 5.
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Chapter I

Reflection and transmission of twisted
light at phase conjugating interfaces

In the recent years, the light beam with the orbital angulanmantum (OAM) §, 17,

,58,67-69) has emerged as a new and exciting form of light that has angphase
structure as it propagates through space. They occur agiauper solution to the
wave equation in cylindrical coordinates and have drawnjamagétention, particularly
in the field of the optical manipulation and characterizatod materials. So, in this
chapter while introducing the concept of optical phase wgagion and the methods
of generating it. We will report the study on the transmissand the reflection of the
light beams carrying orbital angular momentum (OAM) cossig a dielectric mul-
tilayered structure (Figt.195 with phase conjugating interfaces’]. We will present
the results analytically and demonstrate numerically th@tphase conjugation at the
interfaces results in a characteristic angular and raditiem of the reflected beam
(Fig. 4.17 and Fig.4.18. A fact which can be exploited for the detection and the
characterization of phase conjugation in composite ojpticderials.

4.1 Introduction to Optical phase conjugation (OPC)

Optical phase conjugation (OPC) is a process which invalvesise of nonlinear op-
tical effects to precisely reverse the direction of propagation ofi gdane wave in an
arbitrary beam of light, thereby causing the return beanxé&xity retrace the path of
the incident beam. This nonlinear optical process is alsavkraswavefront reversal,
time reversal reflectionor retro-reflection [71, 72]. When the light strikes the mirror
normal to its surface, gets reflected straight back the weagmnite which is true for both
the cases, i.e, either from the plane mirror (idl(A)) or the phase conjugate mirror
(Fig. 4.1(B)). However, when the light strikes the plane mirror at agle, it reflects
back in the opposite direction such that the angle of inaddi) is equal to the angle
of reflection (r) Fig.4.1(C) which is not true in case of the phase conjugate mirror(as
it doesn’t matter what the angle of incidence) Fdl(D). The reflection from both the
mirrors have significant consequences which can be explavhée placing an irregu-
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4 Reflection and transmission of twisted light at phase agatjng interfaces

Regular mirror Phase conjugate mirror

/

Figure 4.1: A comparison between reflection from a regular and phaseugatg mirror.

lar distorting glass in the path of a beam of light. In the narmirror, the parallel rays
get bent in random directions, and after reflection, eacloftight is bent even farther,
and the beam is scattered as depicted in4@.But the situation, in case of the phase

Regular mirror

Distorting glass/) r: Distorting elass>?
— < —f<
— =

Figure 4.2: Reflection from a distorting glass in case of a regular mirror

conjugate mirror is entirely fierent, each ray is reflected back in the direction it came
from and therefore reflected conjugate wave propagatesazeidk through the dis-
torting medium, and removed the influence of the distortaor returns to a coherent
beam of parallel rays traveling in the opposite directiorslagwn in Fig.4.3. These
remarkable image-transformation properties (even in taegnce of a distorting opti-
cal element) are of interest for potential applicationdsagholography, mirror optics,
optical fibers, optical trapping and many moré€][ These unique features of the phase

conjugating mirrors are also confirmed by various expertalestudies [4, 75]. The

optical phase conjugated waves can be categorized into @ chasses i.e., degen-

37
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Phase conjugate mirror

Distorting glass Distorting glass

—fE— — SE—
— << —<<
—_— —

—E— —sf—
—_— T E—

Figure 4.3: Reflection from a distorting glass in case of a phase congugptror.

erate and non-degenerate backward PCW and forward PCW amdththematical
definitions are summarized below in the flow chart (FEigl) [73].

Plane‘LWave

E(‘xb y9 Z: a)) = E(x, y, Z)e_iwl = AO (x’ y’ Z)ei[kz+¢(x’J’sZ)]e—ia)t

Phase Conjugate Waves (PCWs)

Backward PCW Forward POW

> Degenerate

E'(x, y,z,a)) =a -E* (x,y,z)e‘i“” =q- Ao(x,y,Z)e_i[kz+¢(x’y’z)]€_im

> Non-degenerate
E'()C, y,z,a)') =qa- E*()C, ¥, Z)efia)'t —q- AO()C, ¥, Z)e*i[k'z+¢(x,y,z)]efia)'t

Degenerate <€

E'(X,y,Z,C()) —q- E* (X, ¥, Z)e—ia)t —q- AO(X, ¥, Z)ei[kz—¢(x,y,z)]e—ia)t

Non-degenerate €

E'(.X', ¥, Z,Cl)‘) —a-E *(.X', ¥, Z)e—ia)'t —a- AO(X, ¥, Z)ei[k‘z—¢(x,y,z)]e—iw't

Figure 4.4: Features of phase conjugating mirror (PCM).
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4 Reflection and transmission of twisted light at phase agatjng interfaces

4.2 Photo-refractive materials

The photo-refractiveféect is a nonlinear process which refers to a change in the re-
fractive index of a material caused by light. Thieet occurs due to the interfer-
ence pattern of dark and light fringes by coherent beamsgbit kivhile illuminat-

ing on photo-refractive materials. The photo-refractivaenials like lithium niobate
(LINbO3), lithium tantalate (LiTa@), barium titanate (BaTig), potassium tantalate
niobate (KTa_4Nb,Os), bismuth silicon oxide (BbSiO,g), bismuth germanium oxide
(Bi1.GeQy), gallium arsenide (GaAs) and indium phosphide (InP) ei¢] are the
excellent materials for recording volume phase hologrameal-time as they are con-
sidered to be rich in resolutionffeiency, storage capacity, sensitivity and reversibil-
ity. The table (Tab4.1) gives the comparison between the extended class of photo-
refractive materials.

Photorefractive Materials

Ferroelectric Cubic Oxides Semi-insulating
Oxides of the Sillenite compound
family semiconductors
Electro-optic Large electro-optic coefficients Small electro-optic They have electro-optic
. . which leads to large nonlinear coefficients. coefficients similar in
Coefficients effects. magnitude to the sillenites.
Photo-Sensitivity Small charge carrier mobilities Better sensitivity than They are near the theoretical
and large dielectric constants ferroelectric because of limit of sensitivity.
cause poor sensitivity. larger photo-
conductivities.
Wave|ength They are sensitive at They are sensitive at They are sensitive near
visible wavelengths. Infra red wavelengths. Infra red wavelength band.

For e.g: Lithium Niobate

For e.g: Bi,,SiO For e.g: GaAs, InP, CdTe,
Examples (LiNbO5), Barium Titanate B o a2 ous Sber ©
(BaTiOQ,), Potassium Niobate 12720 FH2 TR0 ’ '
(KNbO,).

Table 4.1: Photorefractive materials and their characteristics.

In the above mentioned materials, the OPC can be generated &ght intensi-
ties using a degenerate four-wave mixing (DFWM) procesk wibwer power He-Ne
laser at 633 nm and holographic processes with a maximuneptagugated beam
reflectivity of about (4 %. The generation of the phase conjugated (PC) wave from
both the processes i.e. DFWM and holographic process canfieeettiated on the
behavior of intensity of PC signal as a function of time asvaiha Fig. 4.5 via illu-
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4 Reflection and transmission of twisted light at phase agatjng interfaces

minating the material with three waveés (forward pump beam)}:., (backward pump
beam) ande; (probe beam) from He-Ne laser. It has been observed thatlinithere
will be a rise in the peak corresponding to the intensity ofdr§hal for few minutes
due to the presence of both DFWM and holographic processesif Bie wavesE;
andE;z get switched &, one can see the slow decay in the intensity of PC signal which
shows that the wavds; andE; are due to DFWM whereas the bed&mis the contri-
bution from holographic process as PC signal still remarmesgnt even in the absence

of other two beams (i.eE; andEj).

0.30 o

(mW
1
P

—0.
&

PC signal
5 |

0.00 o

T T
15 20 25

o
o

Time (minutes)

Figure 4.5: Measured PC signal as a function of recording timd.[

Similar studies have also been carried out in the semicdoddoped glasses (for

e.g. Cd§Se_y [7€]) which can be commercially found in the form of colored glas
filters. These glasses also referred as Selenium ruby glagseh are able to exhibit
third order nonlinearities of t8-10"% esu using DFWM with short ( 10 nsec) laser
pulses at various visible wavelengths affitcéent to observe a phase conjugated beam
reflectivity up-to 10 %. Tablet.2summarizes the third order susceptibilities measured
by DFWM in CdSSe_, glasses at dlierent wavelengths. Even, the OPC has also been
observed by the picosecond pulses using photo-refractiv®Ss crystals [[9]. The

phase conjugated reflectiveness up to 45 % is achieve®lpspulses at.06 um with

an intensity 23 \len¥ which is two orders of magnitude faster as BaFh [30].
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Wave- Appropriate Representative
length  Glass Composition Commercial Measured
A (nm) (Sulfur Fraction) (x) Glass x® (esu)
532.0 ~0.9 Corning #3484 ~1.3X 1078
(CS3-68)
580.0 ~0.7 Corning #2434 ~5 X 109
(CS2-73)
- 694.3 ~0.1 Schott RG 695 ~3 X 1079

Table 4.2: Representative choices of wavelengths, corresponding,&&lS glasses, and
third-order susceptibilities measured by DFWRA].

4.3 Methods to produce phase conjugated waves
(PCW)

Generally, there are three major methods for the generafibackward phase conju-
gated waves (PCW) which are explained in the below subsectio

1. Degenerate four wave mixing process,[37].

2. Various stimulated (Brillouin, Raman, Rayleigh-wing Kerr) scattering pro-
cesses(,83.

3. Stimulated emission (lasing) processes which exhilitstime phase conjuga-
tion property as backward stimulated scattering under @ppate conditions

[73,84,89].

Whereas, the forward PCW §, 86] are generated by the forward wave mixing in the
similar fashion as backward within appropriate conditioktere, we have confined
ourselves in explaining the generation method of backwaake conjugated waves
(PCWs) only.

4.3.1 Backward degenerate four wave mixing (DFWM)

It was Hellwarth in 1977 who firstly proposed the backward D¥\process §$1]. In
DFWM, a nonlinear medium is illuminated simultaneouslywivo counter propagat-

ing strong plane waves and a signal beam with an arbitranefrawt distortion and
different propagation direction as shown in Fg6. Then, if all these incident beams
have the same frequenay, one may observe a newly generated wave with the same
frequencyw along the opposite propagation direction of the signal beginms newly
generated wave is then called the backward frequency deggerf®CW of the incident
signal beam. In order to realize the whole process, let'sicen a signal beam prop-
agating along the-axis, then the three incident monochromatic waves can kigewr
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Third-order
Nonlinear medium

Pump Wave E,(w)
Phase Conjugate &y

Wave E,(w)
!l _______ — — >z
Signal Beam E; (w) >

Pump Wave Ez(w)z

z

I ———-
o
1 ———-
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Figure 4.6: Backward phase conjugation wave generation by DFWM.

as
Ei(w) = aAq(r)e’@an, (4.1a)
Eo(w) = aphy(r)e’@iken (4.1b)
Es(w) = agAg(2)e' @, (4.1c)

Here,a; is a unit vector along the light’s polarization directiontbé ith wavek; =

—k; is the wave vector of the pump waue, is the absolute value of the wave vector
of the signal beamA,; andA, are the real amplitude functions of the two plane pump
waves, and?; is the complex amplitude function of the signal wave. Thetiowo-
herent wave will be produced through the third order nomlirolarization response
of the medium according to the working principle of four wawmiing process. Thus,
the newly generated phase conjugated wave with propagditiection along-z axis
can be written as

PO w) = ear®(w,w, —w)aapasAAAse @ (4.2a)
E4(a)) a4A4(z)e“(‘“t+"3Z). (4.2b)

In the above process, the phase matching condition is alseisied becaude +k, =
ks + k4 = 0, as aresult, the signal wave will always get amplified wthikewaveE, is
created.

4.3.2 Backward non-degenerate four wave mixing (NDFWM)

The generation of PCW via non-degenerate FWM process caxgaired on the
basis of induced holographic modéld. According to the principle of holography,
the two beams of the same frequency are used to produce tbhgraol while the

42
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another beam with a fierent frequency is used to read the hologram. In this case,
the difracted beam has the same frequency as the reading beang betdmstructed
spatial structure of this beam may be influenced by the wagéhediference between
the recording beam and the reading beam. Eiga) shows the generation of the
backward non-degenerate PCW via partially degenerate F\@hon-linear medium
where the pump wavé,(w;) and the signal wavés(w;) have the same frequency
and the same polarization state (which is the essentialittomdo produce the phase
grating) and thus create an induced phase grating. Whéeetding wavé,(w-,) with
another frequency will create thefldtacted waveds(w;) through the induced grating.
The spatial information carried by the signal wa€w,) can be restored in the wave
A4(wy); in other words, the latter is the frequency non-degeedP&W of the former.
Similarly, in the case shown in Fig.7(b) the wave®\,(w;) andAz(w;) have the same
frequency and polarization state and can produce the gratihile the reading wave
A:(w») with another frequency will create theflifacted waveds(w,). In this case, the
waveA4(w,) is phase-conjugated withs(w,) [S7].

Nonlinear medium Nonlinear medium
(a) (b)
Ay(w,y) Ay(wy)
I > Ay(w,) | > Ay(w,)
As(w,) <::| <::
Aj(w,)
Ay(w,) Ay(w,)

Figure 4.7: The generation of the backward non-degenerate PCW viaalhartiegenerate
FWM in a non-linear medium.

4.3.3 Backward stimulated scattering (BSS)

This method of producing phase conjugated wave was firstged by Zel'dovich
et. al [/] in 1972 which required a strongly focused laser beam to pamgwen scat-
tering medium, which results into the generation of the &kl stimulated scattering
beam, which is exactly a phase conjugate of the input pummpeader appropriate
conditions. Fig4.8shows an experimental set up, where a single axial mode asey |
is taken as a pump source and the pump beam is made to pasgitamabberation
plate. The pump beam is then focused onto the scatteringumethere, in the above
shown set-up a high pressure {fas filled in a 94 cm long cell has been taken as a
scattering medium) which induces a special holographicgs® due to the intensity
dependent refractive index changes of the medium. Thust; péssing through the
same abberation plate, the spatial structure of the backstanulated Brillouin scat-
tering (SBS) is a phase conjugated wave of the incident pusamb It has also been
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Pump
Input w, Aberrator Lens
Laser W,
v N Wg Scattering
Backward Medium
SBS Output w,

Figure 4.8: Experimental setup for observing phase conjugation behafibackward stimu-
lated scattering (BSSYT.

observed that the divergence of the input beam which wE820mrad at wavelength
Ao =694.3 nm after passing through the abberation plate get inadgase 3.5 mrad.

If a plane wave is put in the path of pump beam and after allgule reflected pump
beam to pass the aberrator second time, it would furtheease the beam divergence
to ~ 6.5 mrad. On the contrary, it has been seen that the abberatloence imposed
on an input pump beam automatically gets canceled in thewsrckSBS beam after
passing through the same aberratdr [A clear picture of the abberation correction
by backward SBS is shown in Fi§9[58] which shows the intensity distributions and
photographs of far field patterns of the original pump bedra,aberrated beam and
the aberrated-corrected backward SBS beam fromliG&id.

1 I 1 T T 1
» UNABERRATED BEAM
1.0 = UNCORRECTED ABERRATION =
a5 e SBS CORRECTED BEAM i
By .
% 0.8 g
£ 07 |
'qg 0.6 = .
= 05 o
~
B 04 26 = 0.44 mrad 7
S 03 -
Z. & 20BEAMDIV=
0.2 6.6 mrad 1
0.1 L §* UNCORRECTED N
1 ® g 1 1

0 1.0 2.0 3.0 4.0 5.0 6.0 7.0

Far-Field Beam Radius in mm
(Divergence in mrad)

Figure 4.9: Normalized far field intensity distributions and photodragor the original pump
beam, the aberrated pump beam, and the aberrated-corbeatkdard SBS beam

[84.

All the various scattering mechanisms which clearly denrates the phase conju-
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gation properties of backward stimulated scattering caexpéained on the basis of a
quasi collinear FWM model (Figt.10 proposed in 19851986 [9-91]. This model

is based on Gabor’s idea of holograph which states that “Véhewsherent light wave
pass through a transparent object (phase object), thetab@esumed to be such that
a considerable part of the wave penetrates undisturbedghriv, and a hologram is
formed by the interference of the secondary wave arising fitte presence of the ob-
ject with the strong background wave?1]. According to this principle, after passing
through a phase object, the total optical field can be expdeas a superposition of
two portions P1]:

U=UD4+y® = aADdd  pABg?s — ei¢i[A(i) + A(S)ei(¢s_¢i)]’ (4.3)

whereU( is the undisturbed part of the transmitted fieltf® is the disturbed part
arising from the presence of the objest) andA® are their amplitude functions, and
¢; andgs are the corresponding phase functions respectively.

Fig. 4.10shows the non-degenerate FWM model for the phase formatibaak-
ward stimulated scattering. HeEfwo) is a quasi-plane pump wave which after pass-

Scattering Medium Aberration Plate

i Ei]

(Plane Pump Wave)

E, E,

E; (Grating)

E, ]

[E, (<) + E, (w'<op]=a [E, (0) + E, (0)]*

E,: Undistorted pump wave:

E,: Distorted pump wave:

E4: Initial backward stimulated scattering wave (reading beam);
E,: Diffracted wave from the induced grating.

Figure 4.10: Schematic illustration of the non-degenerate FWM modetferphase formation
of backward stimulated scatteringd).

ing through an aberration plate or a phase subject decormssH as a superposition
of two portions; E(wo) (a stronger undisturbed wave) angl&) (a weaker distorted
wave). The interference of these two waveg({lg), Ex(wo)) in a scattering medium
will then create an induced volume holographic grating dutaé intensity-dependent
refractive index changes of the medium. In this process; th@ undisturbed pump
wave E(wp) (also named as reference beam) is strong enough to fukliltitteshold
requirement and to generate an initial BSS way@uB (referred as reading beam) that
exhibits a regular wavefront as wave(&kg). When wave E(w’) passes back through
the induced holographic grating region, dfidicted wave Hw’) which will be the
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phase conjugate replica of the(kzg) wave can be created. Moreover, the waygF)
will experience an amplification with the watg(«w’) together because both the waves
have the same scattering frequency.

From the above explanation, it can be concluded that the diglbinduced holo-
graphic grating is the common mechanism for the generafittleqphase-conjugation
by using either FWM or BSS method except th&atience in the former, only two
waves (the signal wave and the backwarfirdcted wave) are phase-conjugate to each
other whereas in the latter, the sum of the two portions o8& beam should be
phase-conjugated to the sum of the two portions of the inpotgpbeam.

4.4 Reflection and transmission of LG beams

Recently, the behavior of the LG beams at dielectric intar$ahave been the subject
of several studies showing that the beam-interface intiersscare dependent on the
incident angles of the LG beams. In the case of normal incidgtihe azimuthal index
of the reflected or the transmitted LG beam is increased aackdeed by the cross-
polarization coupling in the beam component of the inciderdam pP2-94]. In this
section, we have shown the results on the propagation ofegvigyht in a multilay-
ered dielectric medium containing interfaces which act l@@sp-conjugating mirrors
(PCM) [7-9,71]. There are several popular methods for the realizatiorpti€al phase
conjugation which have already been described in Secti®nhéroughly. The treat-
ment of the propagation of the LG beam for a single PCM has lad&m addressed
previously B, 9]. As in the work of Okulov §], the time reversal property of the phase
conjugating mirror has revealed experimentally on the asistimulated brillouin
scattering (SBS). They demonstrated the hidden anisotwbpy SBS mirror due to
excitation of internal helical waves whose existence hahlpoved for MHz range
sound pP5).

A very nice comparison between a conventional mirror (Midrod and a wavefront
reversal mirror (PCM, upper) can be seen from the point afrabangular momentum
transformation in the photon’s reflection in Fi¢.11 It has been shown that while
reflecting from a conventional mirror, the incident ‘rigghoton with spinS, = +h
and momentunp, ~ A|k| moving in the positive direction of theaxis is transformed
into a ‘left’ photon havingp, ~ —hlk|, with same spin projectio, = +h and vice-
versa. This was explained on the basis of a mechanftidteon the mirror i.e. light
pressure {6, 96], whose major component is normal to the mirror surface asalt
of which, the conventional mirror accepts momentum, ~ 2hk as a single entity
and does not change both the sBiand orbital momenturh. Whereas the situation
changes drastically in case of reflection from the PCM, is tidse, the conjugated
photon with ‘right” OAM remains ‘right’ and the photon witHeft' OAM remains
‘left’ due to the time reversal property of the phase conjadamirror which makes
the retro-reflected photon to pass all the states of theentione in reverse sequence.
Consequently, the accurate wavefront match of the incidedtthe reflected photon
occurs which turned the OAM to 18@nd changed the OAM projectidy = +¢h to
the opposite oné&, = —¢h without changing the sign of topological charge or winding
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number {) in the propagation direction (Fig.11).

Figure 4.11: Comparison between a conventional mirror (M, bottom) anceefront reversal
mirror (PCM, upper) from the point of view of angular momenttransformation
in the photon’s reflectiond].

In order to diferentiate the reflection of the Gaussian and the first ordebé&n
from a conventional mirror, they considered the interfeeepatterns produced by two
counter-propagating fields i.e. incident (punip)and reflected (stoke&s with equal
amplitudeskE} ¢ in case of both the Gaussian (Ef4) and the first order LG beam
(Eqg. 4.5). 1t is shown that for the Gaussian beam and the first order @y the
reflection through a conventional mirror results in the @dedike rotational ellipsoids
structure and toroidal rings respectively.

. . r?
Eps(r.¢.21) =~ Eg,seXp["“’(pﬁsﬂ K092~ B3 T2/ S)DZ))] ’
Iisosurface = |E(r7 ¢a Z7t)|2 = |Ep(ra ¢7Zat) + ES(r7 ¢a Z7t)|2
2r2
=~ 2| EB,SIZ [1 + cos[(wp — ws)t — (kp + ks)Z]] eXp[— D21+ 2/(2 D4))] .
p
(4.4)
o ¢ , . . r’
Epy(r.¢,2t) = Epsf expliwpyt £ iKpgZ+ ild] — [(Dz(l +i2/(kep S)DZ)))]’
Iisosurface = |E(r7 ¢a Z7t)|2 = |Ep(ra ¢7Zat) + ES(r7 ¢a Z7t)|2
2r?
> 2B} [1+ cos(wp - wa)t - (ky + k)| exp[‘ DL+ Z/(< D4))] |
p
(4.5)

whereE,, Es are incident (pump) and reflected (stokes) fields respegtiieis the
diameter of the beand,is the topological charge or winding numbeis the distance
passed along theaxis,r =|r| is the length of the radius vector perpendiculaz-taxis,
¢ is the azimuthal angley,, ws are the frequencies of the pump and stokes fidds,
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andEj} are the maximal electric field amplitudes aigd ks are propagation direction
of pump and stokes fields respectively.

Interference inside several A slice
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Figure 4.12:Interference pattern of the incident (pump) Gaussian maae\g, with field Es
reflected from a conventional mirrof][

In the case of PCM, the interference pattern changes fronga@esee of toroidal
rings to a double helix for first order LG beam as shown in Big.3 and can be
calculated on the basis of E4.6 which is given as

Epo(6.21) ~ ESr explimpet +ikpgz itd] — [ e izr/ik(p’s)Dz)»]
liosurtace = |E(T, ¢, 2 1)1 = [Ep(r, ¢, 2.1) + E(r, ¢, 2 1)
= 2Ep [1 + cos[(wp — we)t — (Kp + Ke)z + 2€¢]]r2[ exp[— S igj(k‘%D“))] .
(4.6)

The spiral interference pattern (Fig.13 has two maxima because the azimuthal
dependence contains the doubled azimuthal angd@d it rotates with angular ve-
locity equal to the acoustical frequenf4 = (wp — ws). The angular velocity(g)
depends on the physical mechanism of the wavefront revenshit could span from
units of Hz for the photo-refractive crystals to the rangeTéfz for Raman phase
conjugators []. Denz et. al §] have reported the method of degenerate four wave
mixing (Section 43.1) in nonlinear media which produces a very stable and high fi-
delity interference pattern. They also showed the interfee patterns for the higher
order LG beams in case of conventional and PCM (Ei@4 are comparable to the
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4 Reflection and transmission of twisted light at phase agatjng interfaces

5.,']%“_&
Z microns 25 -y

Phase-conjugated Laguerre- Gaussian beams

Figure 4.13:Interference pattern of the incident ‘right’'(pump) firstder LG waveE, and
phase conjugated ‘right’ replidas for a topological chargé=+1 [5].

Figure 4.14: Interference pattern dfn = 2 vortices (a,b) angm = 3 vortices (c,d). The left
column shows a comparison between vortices reflected by septenjugating
(left) and a conventional mirror (right). At the right colmnboth vortices are
interfering, yielding a Bn multi-pole interference patter]f
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4 Reflection and transmission of twisted light at phase agatjng interfaces

interference patterns shown in Fgl2and Fig.4.13 Hence, proved the theoretical
investigations §] that during reflection from the PCM, the spin angular moraent
(SAM) remains conserved and the orbital angular momentuAMJOget reversed.
Thus, the law of conservation of angular momentum requitesphase conjugating
mirror (PCM) to accept the fference in the orbital angular momentum (OAM).

In contrast to the above mentioned works by Okulov and Dera.etn the next
section, we treat a multilayered structure (FdL5 to see the fect on the reflection
and transmission of twisted light through it which is a specase of above described
works [3, 9] where medium 1 and medium 2 (Fig.195 are absent. We checked that
our results are in good agreement in this case with the pus\studies. The key idea
behind the present work is that when the light is reflectethftbe interface between
medium 1 and medium 2 (Fig.15), it interferes with the field reflected at the interface
at z= 0 and thus, the interference pattern carries informatiotherdepth profile of
refractive inhomogeneities. It is also shown that the $tméccontaining several PCM
interferences leads to a characteristic angular and rpdt&rn of the reflected beam.
This pattern can in turn serve as an indicator for the phaspigation of composite
optical materials.

N
Eoi E,, Medium 0
pcm 2=0
N
E1t E1r d1 Medium 1
pcm
z>0
Ea d,=ec  Medium 2
v

Figure 4.15: Schematic representation of the propagation of LG beam inl# layer dielec-
tric structure. The interfaces with PCM are indicated.

In our work, we have considered a trilayered dielectrictre (the layers and re-
lated quantities are indexed by 0, 1, 2) as sketched in&ith All the layers are
parallel and infinitely extended. The monochromatic LG bewgth the frequencyw
propagates in the medium 0 and impinges onto the medium lintérace between
medium 0 and medium 1 as well as the interface between mediand Inedium 2
are phase conjugating addis the thickness of the layer 1 (our treatment is also valid
when the whole medium 1 is phase conjugating). We denotentheant, the reflected
and the transmitted fields by r andt respectively anahy, nyandn, are the refractive
indices of the media 0, 1 and 2, respectively. We operatemitie paraxial approxi-
mation, i.e. we assume that the transverse beam profiles\vglowly along the direc-
tion of propagation. Beams with this property are collinded@d have a well defined
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4 Reflection and transmission of twisted light at phase agatjng interfaces

direction of propagation. We restrict the consideratiothieocase of a large Rayleigh
range, corresponding to a well collimated beam with a negtilittle divergence. The
electric fieldE (at the beam waist = 0) of the LG beam in cylindrical coordinates
(with the z axis chosen to be along the incident beam propagation oirgas given
by [24,97].

1] €]
E=_" (ﬁ) exp(_rz) LY (2 )expl(konz wt) explle), (4.7)
w wo

Wo \ Wo 0

wherer and¢ are the radial and azimuthal coordinatésan take any integer value
either positive or negative and means physically the tago#d charge of the optical
vortex. L' is the associated Laguerre polynomi@j! is a normalization constant,

is the half beam width, ank=w/c is the wave number in vacuum.

The well known time reversal property of the phase conjugatnirror plays a key
role in determining the behavior of the scattered beamtedefields. As detailed in
Refs. B, 9], the orbital angular momentum changes sign upon a wavefeversal at
PCM, i.e.¢ changes sign (this goes with excitations in the PCM mateueh that the
total angular momentum balance is guarantegé, P3, 99)). This £ property has to be
imposed as an additional requirement on the beam when siagethe structure. To
keep the notation simple we can incorporate this conditiofiloy the ansatz

Cll (V2 I r2
Eo = Ené= (ﬁ) exp( )L'f'( )e'("ono”""’) (z<0) (4.8)
Wo Wo wo wo
- o 1 ~ |
Eqw = Eq€' =r,—% ﬂ exp(—) ngl (Zr ) g (o2 @) (7 < 0) (4.9)
Wo \ Wo wj 0
cl 1 »
Ey = End®=t, 2> (ﬁ) exp(—rz)ulgl(zr )é("omz”@ O<z<d) (4.10)
Wo Wo LUO wo

cll le 2
Ey = Eye - _(@) exp(—rz)t'é'(2r ) etz (0< 7<dy) (4.10)

Wo Wo wo wS

CI[I €]
E2t = Ezte'f‘P = t2 (ﬁ) exp( )Llfl (Zr )eI[konZ(z_dl)_'—&p (Z > dl) (412)
wo w

wo \ Wo 0

Here, the temporal factor expiwt) is omitted for the sake of simplicity. To evaluate
the reflection and the transmission fla@ents, we shall apply the condition of the
continuity and smoothness of the field at the boundariesmitie structure 00, 101]
(note the behavior of upon scattering is already accounted for by the ansatz4Bq.
Eq.4.12)

[Eo+Ea| = |Ex+Eu| . (4.13a)
[E_lt + E_lr]2=d1 = [E_Zt]z:dl . (4.13b)
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4 Reflection and transmission of twisted light at phase agatjng interfaces

and
9 s , OEw _ |%Ex, 9By , (4.14a)
0z 0z |, 0z 0z |,
OEx , OBy _ %2 (4.14b)
0z 0z |,4 0z |, 4
Egs.6.13 and @.14) lead to
1+rg = ty+7r4, (4153)
t]_eial + rle_i‘” = 1y (415b)
and
Mo[1 —ro] = nyfty —14], (4.16a)
n]_[t]_eial - rle_i‘”] = noto. (416b)
With the notation
a1 = konld]_.

On solving Eq4.15and Eq.4.16 we obtain the reflection céi&ientr, related to
the propagation in the medium 0, and the reflection and timsitnégssion coféicients
related to the propagation in the medium 1 and 2 denoted ,lty, r, andt,, respec-
tively. Explicitly, the reflection and the transmission ffagents are

NoA~ + niA*
r —_—, 4.17
0 (noA_ - n1A+) ( )
1+rg
rh = —1 e 2N’ (418)
t, = -rie?ep, (4.19)
n . .
L = n—l[tlela1 — rle_"’l]. (420)
2

where

A" = 1+e?m\,
A = 1-e?aN,

N +n
N = ( 27 1).
N, — My
After substituting for the reflection and the transmissiogfiécients in the Eqs.4.&

4.12), we can obtain the electromagnetic fields that describpriyg@agation of the LG
beam through the system depicted in EdLa

52
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4.4.2 Results and discussion
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Figure 4.16: For the structure depicted in Fig.15we show the calculated total radiaf) (
intensity (in CGS system) of the LG laser beam for a conveationirror (Red
curve), and a PCM (Dashed curve) in the medium (Cfed, p=0. The material
parameters and laser properties are choserpas30, ny = 1(air), . = 1.77
(Al203), o =1.457 (SiQ), dh =20 um, wo=1 um, 1=6329 nm.

Experimentally, we imagine a situation where the reflecteanh perpendicular to
the structure (i.e. along thez axis) is detected. This case has been studied recently
experimentally and theoretically for a single PCM . The results of these studies
can be recovered from the above formula as a special case ovtigrone PCM is
present. The clear fierence in the intensity of LG beam reflected from one PCM
layer and multilayered structure can be seen in Eig6 In a multilayered structure
interference ffects are to be expected. The particular interest for us asetéfects
which are related t& and the phase conjugating properties, say of the interface t
medium 2. The idea is to infer from the detected reflected baanhe properties of
the inhomogeneities (medium 1) in a bulk optical material.

To this end, we show in Figd.17 the radial distribution of the total intensity of
the reflected field (Eg4.9) from the structure in Figd.15for the LG beam withl =
6329 nm. We consider a situation where the medium 0 is @&r= 1), medium 1
is Al,O3 (ny = 1.77), and medium 2 is SiO(n, = 1.457). The thickness of AD; is
d;=20um. A very thin PCM is deposited on AD; and another thin PCM is deposited
on SiQ. Fig.4.17show that the reflected beam maintains the initial beam shppe
traversing the whole structure forftérent values of and p. As discussed in Refs.
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Figure 4.17:For the structure depicted in Fig.15we show the calculated total radial) (
intensity (in CGS system) of the LG laser beam in the mediur@ £ 1, p=0
(@), and for¢ = 10, p= 2 (b). The material parameters and laser properties are
chosen asyp=30°, ng=1(air), =177 (Al,03), b =1.457 (SiQ), d; =20 um,
Wo=1um, 1=6329 nm.
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Figure 4.18: The same as in Fig.17for =1, p=0 but here we show the angula) distribu-
tion of the LG beam intensity (in CGS system) for &elient thicknessl; of the
medium 1. The blue solid curve is fof = 1171/2 and the dashed curve is for
d; =4nA. The radial distance s fixed to bewg/2.

[8,9], the angular distribution of the LG beam leads a speciakfatence pattern upon
reflection from one PCM. Qualitatively, we can thus expedharacteristic change of
this pattern when the LG beam reflected from the interfaceadiom 2 contributes
to the total reflected intensity. Obviously, this changeahes on the thicknesd
and varies on the scale of the wave length of the incoming L&rbéel his behavior is
confirmed by Fig4.18from which we can conclude that the reflected LG carries depth
information on phase conjugating inhomogeneity.

The similar interestingféects for the reflected LG light beams can also been seen
after adding one additional layer to the structure showrign415 A visible efect of
an additional layer in the structure (Fi§.1) on the total radial intensity distribution
of the reflected LG beam (in medium 0) is shown in Figl9a) for the conventional
mirror and the PCM indicated by red curve and dashed curyeeotisely (for more
details on the calculation for this case, refer Appendix¥je Fig.4.19b) depicts the
increase in total radial intensity distribution in mediunfod £ =10, p=5. There is a
drastic éfect of the thickness of medium on the angular distributiothefLG beam
which can be seen in Figt.19c) and Fig.4.19d) for =1, p=0and¢ =5, p=2
respectively. A similar kind of investigations in the casdozalized wave like Bessel
beams in the presence of an absorbing media have also bemtecep [L0Z, 107
where they predicted out the use of Bessel beams over plaresya the detection of
buried objects, in particular, inside very dry materiallsas sandy or clayey ground.
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For the structure with additional one layer as depicted g #il5we show the
calculated total radialr} intensity (in CGS system) of the LG laser beam in the
medium 0 (a) In case of=1, p=0 for a conventional mirror (Red curve), and
PCM (Dashed curve). (b) The total intensity of the LG beanherhedium O for
=10, p=2.The material parameters and laser properties are cheser-80,
no=1(air), m=1.77 (Al,03), np,=1.457 (SiQ), n3=2.427 (BaTiQ),d; =20 um,

d; = 30 um wg=l um, 4 = 6329 nm. (c) The angularg) distribution of the
LG beam intensity for a dierent thicknessed; andd, of the media 1 and 2
respectively. The blue solid curve correspondsdice 11r1/2 andd, = 1374/2.
The dashed curve is fak =471 andd, =6r1. (d) The angulard) distribution of
the LG beam intensity for a fierent thicknessed; andd, of the media 1 and 2
respectively for =5, p=2. The radial distanceis fixed to bewp/2.
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4.4.3 Conclusions

We have studied the propagation of the light beams carryrbgab angular momen-
tum (OAM) in a dielectric multi layer structure with phasengugating properties.
Analytical expressions for the reflection and the transioissf the fields at individual
layers are provided and we have demonstrated that the rsogttd the OAM beams
from phase conjugating refractive inhomogeneities leadbaracteristic interferences
that depend on the depth profile which can be tested, e.g. tyyngathe light wave
length. Thus, this fact can be exploited to detect and ckeniae buried objects of
non-metallic nature. Specially, the reflection propertiethe beam with OAM from
phase conjugating materials can be exploited in the ideatiin of inhomogeneities
of the bulk materials under ground by quantifying the amafr£ absorbed by the
materials.
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Chapter 5

Particle dynamics in twisted light

The optical manipulation of atoms and ions has been the subfenterest in many
fields of physics. Especially the dynamics of charged pagibave found a wide field
of applications in particle accelerator({4], electron microscopes, magnetron, geo-
physics and in plasma physics(3. In this chapter, we address the dynamics of a
charged particle and neutral atoms with the help of twisiglit! We have divided
the present work into two main parts, the first part conceritb the trajectory of

a charged patrticle in twisted light and the generation of me&ig field with the LG
beams using the concept of Liénard-Wiechert potential]. Further, in the second
part, we demonstrate the optical trapping, guiding andlacaton of neutraHe atom

in the strong LG beam based on the recent studies by Eichntaain[e(]. As dis-
cussed in Ref.1(], the key point is the stabilization of the atom againstzation in a
strong laser field [06] with a strength that exceeds by orders of magnitudée?) that
employed for atom manipulation based on the photon mometamsfer [L0/~109.
The physical picture behind the drift atomic motion is asoiek [10]: While the active
electron oscillates in large orbits in the presence of teerland the ionic core and is
recaptured into bound states, it experiences a net drifefstemming from the pon-
deromotive potential. The motion of the electron is pdstiabnverted into a center of
mass-motion of the neutral atom due to electron-ion bindingection 53, we adopt
this picture and study thetects brought about by the structured light.

5.1 Trajectory, acceleration and generation of
magnetic field with twisted light

Here, we have demonstrated the confinement of a chargedlpatihe high intensity
LG beam which results in the transversal trapping and longial acceleration of a
charged particle at the same time. In this regard by solviagrangian equations of
motion, at first we have calculated the trajectory of a chéupggeticle i.e. an electron
(for complete derivation, refer Appendix A) followed by stiag the acceleration and
then the generation of magnetic field with twisted light.

The Lagrangian of a particle with charge ‘q’ moving with thelacity ‘v’ in an
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5 Particle dynamics in twisted light

electromagnetic field with the scalar and vector poten@i@adA respectively can be
written as [L0(]:-

1

Lzémvz—q<,0+%A-V (5.1)
Fory = 0,z= 0, Eq.5.1reduces to
1 q

L = Zm?+-A. 5.2
2mv + - v (5.2)

1 . .
L = Em(r2+r2¢2)+gA-v (.- X =r Ccosp) (5.3)

(5.4)
While the product term - v can be written as
A -V = —r(t) sing(t)p(t) fep + 1 () cosp(t) frp (5.5)
where thef,,, the field amplitude of LG beam is {[] or chapter?2)

" 1
FL8(r, ¢, 2= 0,1) = S Eo( ‘/ir(t)) ( r(t)z) LI (Zr(t)z)expw(t)) expi(po+wt)
0 w w,

2
0 0
(5.6)
wherer, ¢ andz are cylindrical coordinateg, is the azimuthal indexp is the radial
mode indexuy is the beam waist & = 0, L""( ()2) is the associated Laguerre Poly-
nomial,¢g is the initial phase of the field ar@lg is the normalization constant.
The Euler-Lagrange equations of motion in cylindrical cboates are

d (oL oL

d (oL oL
=] = = 5.8
dt \ 6¢ op’ (5-8)
d (oL oL

On solving the Eqs5.7-5.9 for LG} mode withz = 0, we have the classical non-
relativistic equations of motion for an electron in cyliredl coordinates as

A _ 2 .
10 =000 - s 2] exp( L (r10it0 sinetv@sn + 1) coso08).

0

(5.10)
and
2
760 = - 2T OO0 + Lo ﬁo(t)) exp( 0 o
0
x (A (t) cose(t) — Ar(B)g(t) sing(t) + r(t) sing(t)(w + 4¢'(1))  (5.11)
+ iEor(t) singb(t)[ \/é) exp( (t)z)r’(t)(BlA
mc wo 0
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Figure 5.1: Trajectory of an electron in the LG beam with following paetars: me=9.1 x
1073kg, wp=1.05um, w=252 x 10" rad's, ¢po=985°, Eg=0.6 x 10° V/m, £=1,
p=0, r(t=0)=(0.5 nm 0, 0), f (t=0)=(10° m/s, 0, 0).

whereA = ([r(t)]ﬂ(%;”) + a[r(t)]ﬂ-l), B = cosft + do + 1)@ + 1)), Oy =
sin(t + o + 16(t)) andO, = cos(t + do + A4(Y)).

The trajectory (Fig5.1) and the acceleration of the charged particle (big) has
been drawn on the basis of E§s10and5.11

By using the Liénard-Wiechert potential, the expressifamsthe electric and the
magnetic field for the accelerated charged particle canvamgvith the help of Ecp.12
and5.13[10(] respectively. Thus, the generated magnetic field with Tik ls@ shown
asin Fig.5.3

E 4:'8 KsRZ( ~p)(1- ,82)+—n><[(n B) xB|: (5.12)
B = VxA:%an (5.13)

whereg =v/c&n=g.
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Figure 5.2: Acceleration of a charged particle in twisted light for theer®e parameters as
in Fig. 5.1 The red and blue curve show the acceleratior iand r direction
respectively.
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Figure 5.3: The magnetic field due to the LG beam for the same paramatérd-#s 5.1
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5 Particle dynamics in twisted light

5.2 Dynamics of atoms and molecules in intense
laser fields

It is a well known that a short laser light focused on a smajiae may have an

electric field strength comparable to the Coulomb electeiclfacting upon the bound
electrons in the atom. Thus, the relationship between ther lmtensity ‘I’ and the

generated electric field strengihcan be given as:

1
| = ésocE2 (5.14)

wheregg is the vacuum electrical permittivity arais the speed of light in vacuum.
For, e.g. hydrogen, the electric field acting on the elecinaiie ground state iE ~
5x 10° V/cm which corresponds to an intensity 3.5 x 10'® W/cn?.

\\\U(xl t)

N 1I<10Y W/cm?2 | T>1019 W/em?2
“ _ X 3 X
\ \\\ ‘\/ (b) \\\ / (b)
EI [\ \\\ \\\\
— )

barrier width

(a)

Case:- 1 Case:- I1 Case:- 111

Figure 5.4: Case | Tunneling ionization regime. Curve (a) shows thal fedtential energy
U (x,t) of an atom in an intense laser field, the curve (b) regmés the laser-
electron interaction energy. Here, it shows that the laséd @istorts the Coulomb
potential. Case Il: Multi-photon ionization regime. Theuiig shows the potential
energy U (x) of an atom in presence of a weak external laset. fielthis regime
(I <10 W/cn?), the laser is not able to modify the Coulomb potential. Hére
arrows indicates that the ionization occurs through malieton absorption. Case
lll: OTBI regime. The curve (a) shows the potential energyx{)(of an atom
in the presence of a strong external laser field, (b) reptedbe electron-laser
interaction energy. In this regimé ¥ 10" W/cn¥), the ground state energy lies
above the potential barrier. Here, in all the three caSeand| are the ionization
energy and the intensity of the field respectively.

Depending upon the laser intensity, the variety of new phesra have been ob-
served and among these the most important are :

e Multi-photon ionization (MPI)

e Above threshold ionization (ATI)
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e High harmonic generation (HHG)

The above mentioned ionization regimes can be discrimi@tehe basis of Keldysh
parametery) which is defined by the ratio between the tunneling tifig.} i.e, the
time required to cross the potential barrier, and the lasgog (T, ) i.e.

Ttun EI
== = | /— 5.15
4 T, 2U, ( )

whereE; is the ionization energy of the atom abld is the ponderomotive energy.

e If y <1, the intense laser field ( 3810 W/cn?) make the width of potential
barrier small, as a result, the tunneling tinig,{) becomes short as compared to
the laser periodT ) (Fig. 5.4);

e If y > 1, the intensity of the laser field is usually less than*My/cm? and
the tunneling time is too long compared to the laser periotchvimakes the
probability of the electron tunneling during a laser cyaewsmall which results
in MPI (Fig. 5.4);

o If y < 1, the laser field intensity is so strong- (10> W/cnv), it shifts the
ground state energy of the atom above the distorted potdyaraier created
by the intense laser field. Consequently, the ionizatioedgiace in a very
short time compared to the laser period, so that the atomeanrsidered fully
ionized at the beginning of the laser cycle only, thus it idechthe over the
barrier ionization (OTBI) (Fig5.4).

5.2.1 Multi-photon ionization (MPI)

Multi-photon ionization (MPI) is the process of ionizatiof an atom by means of
absorption of the number of photons just necessary to omedbe ionization energy
E, (Fig.5.95). The energy of the emitted electr&g, is given by the relation:

Ee = Nhw - E| < hw (5.16)
whereN is the number of photons absorbedis the photon frequency and the proba-
bility of ionization for N photonsPy is given as 110, 111]

Py oc IN (5.17)

wherel is the intensity of the driven laser field.

5.2.2 Above threshold ionization (ATI)

In 1980, Gontier and TrahinlL[.7] observed the process of ionization which occurs
through the absorption of the number of photons larger thamtinimum necessary to
overcome the ionization energy and this phenomenon wasdasabove threshold
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*

Figure 5.5: Process of Multi-photon ionization (MPIE, is the ionization energy of the atom,
Ee is the kinetic energy of the emitted electron @ddthe number of photons at
frequencyd) absorbed.

Sho 7 E

Figure 5.6: A typical ATl process with the absorption ol(+ S) photons.S, the number of
photons absorbed above the minimum number needed to overt@nionization
barrier. Ee, E| are the electron energy emitted and the ionization energpere
tively.
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ionization (ATI) (Fig.5.6).
In ATI, the energy of the emitted electron and ionizationkaboility are given by fol-
lowing relations respectively:-

Ee = (N + S)hw — E, (5.18)

and
Py o IN*S (5.19)

wherel is the intensity of the laser field ar&lis the number of photons absorbed in
excess.

5.2.3 High harmonic generation (HHG)

Itis a nonlinear optical process in which the original ld&ght’s frequency is converted
into its integer multiples i.eNhw. The maximum photon energ¥.x) producible
with the high harmonic generation is given by the cfitlaw of harmonic plateau

[113.

wherel, is the ionization potential of the target atom ddg = 43—‘1 is the pondero-
motive energy withEy andw being electric field strength and frequency respectively.
Many features of the high harmonic generation (HHG) can hatively and qualita-
tively explained on the basis of the semiclassitaee step model’ (Fig. 5.7), also
referred as the semi-classical model of the high harmomegion. HHG requires
that the laser light needs to be linearly polarized. Othgewhe electron would not
be accelerated back towards the atom with a significant piltyaln this model, the
atom is approximated to have only one electron. The motiothisfelectron in the
laser field is treated classically while the active tunrgghnd recombination processes
are treated quantum mechanically which are well explaingde following steps:-

Three step model [ ]

e First Step:- Tunneling ionization.
The presence of the intense laser field results in the distodf the potential
energy of the system and thus, the potential barrier getsriesv Consequently,
the electron tunnels in the continuum overcoming the pakbparrier due to the
Coulomb and the laser field.

e Second Step:- Propagation in the laser field.
The electron is treated classically and consists of fredlaisons driven by the
laser field. During this propagation, the electron gaingkmenergy and accel-
erates away from the atom by electric field.

e Third Step:- Recombination.
If the electron is near the nucleus, there is certain prdipathat it can recom-
bine back to the atom emitting a photon with energy equalédthetic energy
gained in the second step plus the ionization energy 3E2§).
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Figure 5.7: Process of three step model.

5.3 Introduction to Optical trapping (OT)

Trapping and controlling charged particles by a time-deeet, non-uniform electro-
magnetic field was triggered by the work of Boot et. alLf] in 1957. The underlying
mechanism can be understood classically as the second effeetr that depends on
the spatial gradient of the field intensity and tends to phstparticles from regions of
high to low intensities. This fact can be utilized for the ioeament of charged parti-
cles [L16 and plasmasl[17]. In 1966, Phillips and Sandersonld proposed that the
electrons could be trapped in a laser focus with a minimumenisity on axis. Since
then a wealth of phenomena associated with the ponderoeniatice and its corre-
sponding potential named as ponderomotive potential hege tevealedy, 115127
which found applications in diverse areas, ranging fronebsrator physics and optical
manipulation to plasma physics and biology. The ponderv@a@iotential is a result
of the variation of a charged particle’s average kineticrgynen a spatially varying
electromagnetic field. The potential is highest in the regiof greatest intensity and
lowest in the region of least intensity. This generates egfdnat will tend to push the
particle away from the regions of high intensity. Its exgien is given as{27] :-

€&
2mw?
wheree andm are the particle’s charge and mass respectively, whdadE are the
frequency and amplitude of the electric field.

Fo=- V(E?), (5.21)
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For a focused laser pulse, due to théfrdiction éfect, F, in acceleration stage can
be larger than that in de-acceleration stage, thereforeldotron may obtain a larger
energy near the focus and lose the energy at the de-accatestege. This is the basic
idea of the ponderomotive force electron accelerationguamintense focused pulse
laser. In non-relativistic case, the ponderomotive paaéigt given as:

e

2mw?

D, = (E?). (5.22)

For the LG beam, the normalized time averaged intensitywsmas:

i i i )
E(r,¢,z=0,1) EoC—IO (ﬂ) exp(—r) Ll (ZLZ) cos{¢ + wt) + C.C,
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where the oscillation average of trigopnometric functioegsial to%
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This intensity distribution has the added advantage tlegptimderomotive potential
will be approximately parabolic near the intensity minimuis parabolic shape results
in the two-dimensional simple harmonic motion transveostaé beam direction.

For the LG mode, the ponderomotive potential will reduce to

®p= ESCO( \fr) exp(_zrz). (5.24)

2
Wy

Now, we will show the results on the trapping of a neutral Harain the pondero-
motive potential given by Eds.24 but before that we will explain the principle of
optical trapping and the role of twisted light in OT.

5.3.1 Principle of optical trapping (OT)

A light beam can exert a force on an object and this very sroadief of the order of
piconewtons can be used to manipulate small objects suchcas-apheres. A very
large scaled example of this phenomenon is that of a comesevtost particles are
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optically pushed by radiation pressure from the Sun'’s lig@milar idea shed the light
to use the laser light to manipulate objects which was figtized by Arthur Ashkin
also known as “Father of Optical Trapping” in 1970 at Bell kaldt was Ashkin’s
idea which formed the basis for Steven Chu’s work on cooling tapping atom,
which earned him the 1997 Noble prize in physics along witbrdests Claude Cohen-
Tannoudji and William Phillips. Since, then the field of aaili trapping or optical
tweezers (OT) has grown tremendously and has emerged aseafpbt@ol with the
broad reaching applications within both biological and 4bamiogical fields. Below,
some of the milestones in the field of OT are reported:

e 1970: Arthur Ashkin (Bell Laboratories) demonstrates tlftect of radiation
pressure on latex spheres in wate?][

e 1978: Two opposing laser beams were used to trap and coosdiarn.
e 1986: Development of a single beam gradient force optieal fr29.
e 1987: First application to biological samplesi[), 131].

Soon, it was realized that the gradient force alone woulduffecgent to trap small
particles and the use of a single tightly focused laser beé&mam objective lens of
high numerical aperture (NA) can trap a transparent partitithree dimension and
such an arrangement called as optical tweezers (OT) g=#y. The Fig.5.8 shows
the single beam optical gradient force trag#] which use a strongly focused beam of
light to trap small objects like dielectric particles.

Photons can consider as particles in motion, which traneferof their momentum
to the particle when they are scattered and hence exerts dorthe particle called as
radiation pressure. He (Arthur Ashkin) investigated how the radiation presstould
be used to influence microscopic objects. The radiationsprescan be divided into
two components: the scattering force (which points in threddion of the propaga-
tion of incident laser light) and the gradient force (whiahrds in the direction of the
intensity gradient of the light). On scattering, the phatdransfer part of their mo-
mentum to the particle (for example a latex micro-spherg). 391)). As a result of
it, the scattering force pushes away the particle along #aerbpropagation direction.
Some photons are not reflected and cross the interface. Fdteirs changed and some
momentum is transferred to the particle as well, which isated toward the region
of greater light intensity. This is the gradient force comeot of radiation pressure
(Fig. 5.92)). A TEMq focused laser beam has a Gaussian intensity profile, with the
region of more intense light is toward the propagation axigshe beam is strongly
focused by a microscope objective, the brightest region heé focal plane. Thus,
the gradient force pulls the micro-sphere toward the laseud (Fig.5.93)). For mi-
crometer sized dielectric particles, like latex or silicera-spheres, the gradient force
is always greater than the scattering force, so that theyrapped in the region near
the focus. For small displacement from the laser focusjgb@stcan be considered as
trapped in a harmonic potential. The condition of stabledhdimensional optical trap
is that the ratio of the gradient force to the scatteringdarwst be greater than 1.
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Figure 5.8: Single beam optical gradient force trap for a colloidal jgéat Intensity gradients
in the converging beam draw small objects, such as a collpatécle, toward the
focus, whereas the radiation pressure of the beam tendswotbem down the
optical axis. Under conditions where the gradient force iaies, a particle can
be trapped, in three dimensions, near the focal paiat][

Optical tweezers (OT) are able to trap particles like digleparticles (polystyrene,
silica), metallic (gold, silver,copper), biological (t&lmacro-molecules, intracellular
structures) within the size of 20 nm-2@n which have provided us the access to phys-
ical, chemical and biological processes in the mesoscameath. The majority of
OT make use of the conventional Gaussian beams. However berwhother beam
types have been used to trap particles, including high deder beams i.e. Hermite-
Gaussian beam, Laguerre-Gaussian beams and Bessel ba#niserB in this chapter,
we make use of the LG beams to trap particles (Sectidn Basically, the optical ma-
nipulation can be divided into three regimes as shown in%itQ-

e Case (a) Mie regime where the radius of the trapped objegblugre is much
larger than the wavelength of the laser light ae> A.

e Case (b) Lorentz-Mie regime where the radius of the trapgelcbis approxi-
mately the same as the wavelength of the laser lighakel.

e Case (c) Rayleigh regime where the radius of the trappedcbbjesphere is
much smaller than the wavelength of the laser lighta.e: 1.
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Figure 5.9: (1) Scattering force due to the radiation pressure, (2) &nhdorce component
of the radiation pressure, (3) Gradient force pulls theigartnto the laser focus
[Source: httpyoptical-tweezers.cofRadiationPressure.htm].

In Mie regime @& > 1) [134], the optical forces can be computed from simple ray
optics approach (Figh.11) which can be explained with the momentum transfer asso-
ciated with the bending of light. It is known that light casiboth the linear and the
angular momentum and can thus exert forces and torque oemm@iptical tweezers
exploit this fundamental property only to trap objects. Tim@mentum carried by light
is proportional to its energy and in the direction of progamga Any change in the
direction of light, by reflection or refraction, will resuit a change of the momen-
tum of the light. If an object bends the light, changing itsm@mtum, conservation
of momentum requires that the object must undergo an eqdadgposite momentum
change. This give rise to a force acting on the object whichideseen described in the
Fig. 5.11for (a) x andy direction as well as for (bz direction. The light rays get re-
fracted as soon as they travel through the particle whialgisrchange in direction and
leads to the change in momentum of light. According to Nevsttmrd law, this has
to be balanced by an equal and opposite change in momentuna péatticle. Then the
particle will move into the focal spot of the laser where thecés on the particle will
be balanced and thus formed the stable 3d trap. Ray optidsecased to describe the
effects of a strongly focused laser beam over a transparercthiel particle, whose
index of refraction is greater than the surrounding medium.

Whereas, in Rayleigh regima & 1), the particle or object is treated as electric
dipole in an electric field. The expression for the gradienté ¢, .4) and the scatter-
ing force F«a) for trapped objects in the Rayleigh regime are givenlas]f
-n3a’ (rn2 -1

2
5| o 2)VE : (5.25)

_nm

6.5 _1\2
NnPscat _ Nl 12827 (n12 1) . (5.26)

F = =
scat c c 31 \m+2

70



5 Particle dynamics in twisted light

(a) (b) (c)

Figure 5.10:Image (a) represents the Mie regime where the object is naughr than the laser
wavelength (object size 101). Image (b) represents the Lorentz-Mie regime
where the object is approximately the same dimensions dstke wavelength.

Image (c) represents the Rayleigh regime where the objestich smaller than
the laser wavelength (object siza/20).
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Figure 5.11: Ray optics description of the gradient force (a) A transpabead is illuminated
by a parallel beam of light with an intensity gradient incieg from left to right,

(b) The bead is illuminated by a focused beam of light with diaiaintensity
gradient to form a stable trap in three dimension.
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and the scattering cross-section of the sphegg,is [135

6.5 _1\2
_ 128°n (m2 1) ’ (5.27)

T~ 731 \m+2

whereV is the gradient operatoE is the electric field vectom = ns/ny, is the ratio
between the refractive index of the sphemg),(and that of the surrounding medium
(nm), 4 is the wavelengthg is the speed of lighta is the radius of the spherkjs the
intensity,Ps Is the scattered power ang is the polarizability of the sphere. As the
gradient force is proportional to polarizability, so a sghwith a high polarizability
will be trapped more strongly than a less polarizable sphere

The regime between Mie and Rayleigh is called Lorentz-Mgme where neither
the ray optics nor the point dipole approach is valid and aaexplained only by the
electromagnetic theories 6-14(] which involve the treatment of either time depen-
dent or time harmonic Maxwell equations using appropriatenolary conditions.

5.3.2 Role of twisted light over Gaussian beams in optical
tweezers (OT)

In most of the applications of OT, it is the linear momentuntigiit that is transferred
to the trap objects but as we know that light can carry angntanentum too which can
be further divided into the spin angular momentum assatiaiéh circular polariza-
tion and the orbital angular momentum related with twistedse-fronts. It means that
the light beams carrying orbital angular momentum (OAM)sas Laguerre-Gaussian
beams (LG) (explained in chapter 2) can be used in the trgpgfimicroscopic ob-
jects. These beams exert torques to twist or rotate micppsobdjects. Now, when the
trapping beam is scattered by the object in the trap altesitinger spin or orbital angu-
lar momentum results in the optical torque which can be nredsoptically without
any calibration procedure as shown in Fagl2[141].

In 1986, Ashkin et al.137] explained that when a focused laser beam interacts with
a small particle, two forces named the scattering forcegalbe direction of light prop-
agation and the gradient force in the direction of the sphgjat gradient (explained
in above Section B.1) have a key importance. They showed that the low absorbing
dielectric spherical particles with a refractive indew)(higher than the surrounding
medium or liquid () can also be trapped in three dimension by using a strongly fo
cused Gaussian beam. Whereas, in the trapping of sphericaidiex particles such as
bubbles and droplets, the direction of the gradient forde geversed and the particle
experiences a force away from the maximum intensity regibichvresults in the re-
pulsion of low index particles from the beam axis. Opticadézers (OT) based on the
Laguerre-Gaussian (LG) beams popularly known as twistgd kan overcome this
problem, as the LG beams is associated with helical wavefnehich is an annular
intensity distribution with a zero on-axis intensity alsdarred as optical vortex. In
optical vortex, the low index particles again experientesgradient force directed to
the beam axis and thus enable three dimensional stablarigappthe hollow glass
spheres within the range of 2 to pdn in diameter [43. It has been explained that
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Figure 5.12: Angular momentum transfer in optical tweezers. Rotatiora dfapped object
can be induced by (a), the transfer of spin angular momentingua circular
polarized beam or (b), the transfer of orbital angular maom@nusing a beam
such as high order Laguerre-Gaussian or Bessel bearfh [

Figure 5.13: Reversal of rotation of absorbing polystyrene spheregpaadpn a helical beam

[147.
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the successful trapping requires a position of stable #gqguim where the net gradient
and the scattering forces are balanced. For a low indexcpa(ti, < no) such as water
droplets in acetophenone 420 um in diameter) and hollow glass sphere in water
(12 - 30 um diameter) in a strongly focused vortex beam, the equilfbrposition
occurs on the optical axis just above the focal plaite [44] and for the high index
particles which can also simultaneously trapped by vortsanis to the normal posi-
tion just below the beam focus. The transverse trappingpatés to the gradient and
the scattering forces directed to vortex core whereas thgitladinal trapping results
from the balanced scattering and gradient forces. The otfagor advantage of the
LG beam over the conventional Gaussian beam in OT is relatdetoptical trapping
of absorbing particles!:7]. Although, optical tweezers using conventional Gaussian
beam works well for most dielectric particles but the absaglparticles experience a
much higher scattering force that often destructs a stadfe (Therefore, the optical
vortex based tweezers are mof&atent than the conventional Gaussian beam based
one. Fig.5.13shows the trapping of the absorbing particles (polystyspteeres) in
the LG modes. These modes makes the particles trapped ated.oAlthough, the
particles normally trapped with optical tweezers are highdnsparent, usually some
absorption occurs. However, when the absorbability of om&ized particles becomes
high enough, the radiation pressure becomes much greatetlta gradient force, and
they can no longer be trapped using the dipole forces. Theserlaing particles are
then dfected primarily by the radiation pressure, whereby the nmuore of absorbed
light is transferred to the particle. In the LG beam modes]aiser intensity is concen-
trated in a ring of light: which means that the radiation @atong the beam axis is less
than for the Gaussian mode and hence, the radiation trajpgiogmes comparatively
more strong which makes the LG modes more advantageous ausis@n modes.

An additional advantage of the vortex beams based opticadzers (OVT) over
Gaussian beams is that the particle is exposed to lowerdnies and thus is less
likely to exhibit optically induced damage. On the contrarythe conventional OT,
the formation of stable traps requires high optical intées$ 10° W/cm?) which can
damage fragile objects such as biological cells or nantigbes. Optical vortex tweez-
ers (OVT) are also proved to be more reliable in increasiegthal trapping ficien-
cies over the optical tweezers using the Gaussian beam s8mga al. /] have made
a comparison between the axial trappirigogencies produced by OT using the Gaus-
sian beam and the LG mode with an index vafue 3 by measuring the threshold
laser power required to achieve the axial trapping of saigleres within the range of
1-5um in diameter, suspended in water. It has been observedahttd spheres of
5 um diameter, which are significantly larger than the diametahe focused laser
mode, the use of the LG mode witlx 3 as the trapping beam improves the axiéte
ciency of the OT by a factor of approximately 2. Even, it ha®dleen seen that both
the axial and the lateral trappindfieiencies can be improved with the LG modes in
‘inverted’ optical tweezersl45. In the inverted geometry based optical tweezers, the
trapping beam is directed upwards allowing easy and umnresiraccess to the sample
which has more applications in biomedical field whereas endase of conventional
optical tweezers, the trapping beam is directed downwardse sample. It has been
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concluded out that for spheres with size larger than the elienof the focused beam,
the use of high mode LG modes is highly improves the axiaklrapeficiency of op-
tical tweezers while the lateral trapping remains unattened for small-size spheres
the TEMyo Gaussian beam is more recommendable.

On the contrary, recently in 201244, it has been demonstrated that the transverse
or lateral trapping ficiency can also be enhanced on dielectric sphere by the high
order LG beams in Rayleigh regime i.e where radius of trapgtere is less than
the wavelength of the beam. It was investigated that for &gkl particles, the LG
beams withf = 0 improves the transverse trappinfjeet with increasing value of
p compared to Gaussian beam; while the axial trapping rentegsame, although
the central trapping region reduces @#creases. However, for the high order LG
modes (i.e. ¢ > 1), it has been found that the maximal transverse gradiene$o
increase with the increasing pfvalues and the axial radiation forces reduce slightly,
therefore an optimal selection on the valuepond ¢ is necessary for obtaining an
optimal optical guiding ffect. Thus, the above mentioned facts are really helpful to
draw the conclusion on thefiency of the LG beams over the Gaussian beams in
optical trapping process.

5.4 Optical trapping, guiding and acceleration of
neutral atoms with twisted light

It is a well known fact that the classical interaction of aefedectron with a rapidly os-
cillating, spatially inhomogeneous electromagnetic Balelsults in the so called pon-
deromotive force on the electron directed towards the reggaf low intensity. The
same fact can be used in the case of ponderomotive intemaiten optical field with
Rydberg atom as it is comprised of an electron that is weaslynd to an ionic core
through Coulomb interaction, thus considered as a fredrelec Hence, a Rydberg
atom immersed in an optical field can be described by the toeslinates system i.e.
R (position of the Rydberg atom center of mass), r (relatmerdinate between the
Rydberg electron and the ionic core) gm@describes the quiver motion of the driven
oscillation of the electron in the applied field) as shownim B.14

Our present work is motivated by a recent experimental sardthe acceleration
of neutral atoms in a strong Gaussian laser beathwWhere the captivity of Rydberg
electron in the ponderomotive potential of a strongly f@mu&aussian beam is ob-
served. Hence, the captivity of Rydberg electron can beagix@ll on the basis of the
three step model (details are given in sectia?) 5Eichmann and his coworkers(]]
explained that the helium’s electron, which oscillatesovagisly near its ionic core in
response to the laser field, still lacks enough energy dfteptilse to escape the core
of the atom. As a result, the electron is recaptured by the icoat bound excited state.
However, during the oscillation, the strongly focused tdssam induces a pondero-
motive force which leads to the ultra-strong acceleratibneutral atoms. We adopt
a similar physical picture as in.f], namely the three-step model for strong field ion-
ization [L14], according to which the valence electron tunnels out ofitioen near the
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Figure 5.14: Relevant coordinates for a Rydberg atom immersed in anexpplptical field.

laser peak field. The escaping electron propagates in theflakl and may eventually
be recaptured into the atom.

Our findings based on the analysis of the classical trajest@re summarized as
follows: The atom as a whole attains a net internal twist duthé transfer of a net
angular momenturvi to the electron as it traverses the region of high inten§itgce
the increase of enhances the centrifugal barrier, the electron is recagtunto outer
orbits. Thus, this procedure might be useful for the germraif Rydberg atoms with
internal orbital currents and for spin manipulation in spmit coupled systems, e.g.
as discussed in Refs5 [, 69). Furthermore, depending on the initial velocity and the
position of the atom with respect to the optical axis, duééodonderomotive potential
the atom is trapped within the beam or accelerated away ftofmhis dfect can be
used for laser guiding and structuring of a distribution efitnal atoms and might be
useful for lithographic applications. Here, we will presenmerical calculations for
the parameters given in the experiment with He atomkdnd contrast with the results
for the Gaussian beam.

5.4.1 Results and discussion

The electric fielcE of the LG beam in cylindrical coordinates (with th@xis chosen

to be along the incident beam propagation direction i J/](for more details, see
chapter2):-
G (V) (-
E(r,¢,z1) = ( ) exp( )
“0@ v w*(2)

x L] ( 22( ))exp[l(kz+a)t + ¢o)] explte) + c.c, (5.28)

wherer andg are the radial and azimuthal coordinates, respectigéythe topological
charge of the optical vortex, arelis the polarization vectorL}(x) is the associated
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Laguerre polynomialC}' is a normalization constant(z) = wg /1 + (%)Z is the radius
of the beam at, w is the half beam widthk is the wave number in vacuum ampglis
a constant phase of the field.

In the present work, for an atom in the presence of the ligatbwith OAM, we
have considered the classical equations of motions forttbetareless ionic core and
one active electron including the electrostatic forégs The calculations are per-
formed for He atomsI[(]. As outlined below for a sizablefiect the spatial intensity
gradient is essential. Hence, the atoms of interest her¢hase initially residing
aroundr ~ wg/4. Adopting the three-step modell4], we consider the second step
where the liberated electron traverses the high-intemsgion of the field (Eq5.28).
The electron moving in the plane perpendicular to the ligbhppgation direction at-
tains an angular twist, i.e. a velocity component({) = ré(t)) perpendicular to the
radial direction to the ion. This is important insofar, as #lectron re-entering the
ionic fields has then the classical angular momentusmri | (t) = mr2¢(t) and there-
fore, it experiences a centrifugal barrier pushing it teeootrbits. Note, that this barrier
can be enhanced by increasifigrhe sign off sets the sign of the orbital current. This
procedure can thus be used to “pump” the atom to an orientgdRydberg state.
However, the above description contrasts the previousydtydBabiker et al. {47]
on the OAM exchange between the light carrying OAM and mdescun their work,
they stated on the basis of explicit analysis that duringrtteraction of the light beams
containing OAM with molecules, the exchange of the OAM oscomly between the
light beams and center of mass motion i.e. no internal eledtate of an atom would
participate in any OAM exchange in the electric dipole iat#ions. And only in the
case of weaker electric quadruple interaction, the exabhahthe OAM can take place
involving all the three subsystems, i.e. the light, thernn& motion and the center of
mass motion. Recently, an another interesting study byd_ktyal. [L48 came into
picture in favor of our predicted result that OAM exchangeéeied can occur even in
the case of electric dipole transition. It has been arguedrttically that the electric
dipole transition involves the transfer of a single unit &I between the light beam
and the internal motion of the atomic electron whereas thledrimulti-pole transitions
leads to the exchange of two or more units of OAM between thexdeam and the
atomic system. For illustrations, we have solved numdyit¢hé Lagrangian equations
of motion and Fig5.15shows the trajectory of an electron in the y plane endorsing
the above statements (for detailed calculations, refempoefndix C).

The radial drift motion of an atom on the other hand is deteadiby the pondero-
motive forced,. andFy on the electron and the ion, respectively, i.e.

mi, = Fy—Fe. (5.30)

Herem, (m) is the mass of the electron (ion) ang(r;) is the radial coordinate of
the electron (ion). Switching over to a relative and a ceatenassR coordinate and
neglecting terms of the ordey¥ we find for the drift motion of the atom as a whole
the following equation of motion (for detailed calculatsymefer to Appendix B);
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Figure 5.15: Trajectory of an electron in the LG beam with Coulomb potrtor following
parametersme= 9.1 x 10-3%kg, wo =1.05um, w =252 x 10* rad's, ¢o = 98.5°,
Eo=0.7x 108 V/m, =1, p=0,r(t=0)=(0.5 nm0,0), i (t=0)=(10° my/s, 0, 0).
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whereM is the atom mass arelis the electron charge.
The ponderomotive force depends on the gradient of theadhsitribution of the
intensityl. For LG} mode, we have

VIEP%, (5.31)

2

2r
| o |E|* = 4E2
=g

~2r2
exp( ", (z)) . (5.32)
The ponderomotive potential is thus approximately paiabwdar the intensity min-
ima. The number of minima is determined py We note that does not appear ex-
plicitly in 1, similar to the case of = 0 corresponding to the Gaussian beam. Hence,
suficiently cold atoms starting near the radial minima of thenbgerform harmonic
motion with a frequency determined by the radial shape ob#sen. For a fixed waist
and overall shape of the beam the frequencies can be indrbgsecreasing. Along

the beam the atoms drift almost freely with their initialegties. In general the atom
center of masR® evolves according to

) —€EJ [ 4R —2R? 2R?
RO = We2 (wZ(z))eXp(wZ(z))(l‘wz_(z))' (5:33)

To obtain analytical results we argue as follows: atomsaiiyt located around the
optical axis or at distances larger than the beam waji$tardly experience any laser-
induced drift. The maximum laser influence is exerted on ategsiding initially at

R =wp/2 (with R(t = 0) = 0). For these atoms, integrating over the full pulse laser
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Figure 5.16: Dynamics of a neutral He atom in the LG beam foffelient initial conditions.
(a) Ponderomotive potential of Lgpmode (blue curve) and L%Bmode (dashed
curve) with the following parametersfl(He atom)=6.68x 10-2’kg, wo=16 um,
w = 2896 x 10" rads (1 = 650 nm), B = 5.3 x 10’ V/m; (b) The neutral atom
resides initially atR(t = 0) = 10 um, R(t = 0) = 0 nys for £ = 1, p = 0 (black
curve),f=1, p=2 (dashed red curve); (c) Scattering of atonRét=0)=30um,
R(t=0) =0 nys (indicated with the red curve) and wil(t = 0) =40 x 10° m/s
(indicated with the dot-dashed curve).
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5 Particle dynamics in twisted light

duration, we find the maximum velocity,.(2) (For full derivations, refer Appendix
B) to be given by

Vas(?) = —lgexp(0.5) vVnr ’ (5.34)

2Mw?wy (l + (%)2)%

wherer is the pulse width|, is the field intensity and is the laser frequency. This
relation we confirmed by solving fully numerically for E§.33 For numerical il-
lustration we employ similar laser and atom parameters #serexperiment (10]).
Fig. 5.16 shows the dynamics of the neutral He atoms initially regjdan diferent
radial positions with respect to the optical axis. The pead®tive potential fol.G]
mode (blue curve) andG} (dashed curve) are shown in Fig16a) that evidences the
trapping of a neutral He atom initially locatedR¢ 10um (Fig.5.16b)) for£=1,p=0
with the black curve and faf=1, p=2 with the red dashed curve (while repeating the
same calculations) where it exhibits the rapid oscillaitiough the focus of the LG
beam. For the initial value of the radial coordin&e 30 um, the atom is scattered as
indicated by the red curve in Fi§.16c). For a high initial velocity, i.e. 4& 10° nys,
the atom remains initially bound to the potential well buadater time it escapes (dot-
dashed curve). In this case the situation resembles theootieef Gaussian beam and
indeed the velocities are similar to those reported.if}.[In summary, a neutral atom
attains an internal twist and can be trapped in the radialmarof an LG beam where
it oscillates with a frequency determined by the spatiatitistion of the beam.

5.4.2 Conclusions

We studied the dynamics of neutral atoms in the focused,-imigmsity laser beam
carrying an orbital angular momentum. The dynamics of thev@@lectron in the
high intensity region of the laser field results in a transfiet net angular momentum
to the atom. The ponderomotive force on the electrons mesinto an unbounded
or a bounded drift radial motion of the whole atom, dependingts initial velocity
and position in the beam. In particular, the radial minimah& beam may trap the
neutral atoms, anfiect which may be exploited for an atom guiding, structurind a
for lithographic applications.
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Chapter

Summary

In the recent years, the light beams carrying orbital arrguiamentum have received
an increased attention by Optics fraternity. Here, in tlesent work we focused on the
study of optical nonlinear phenomena such as self-focusinthde-focusing, optical
phase conjugation and particle dynamics with twisted li§lot these helical wavefront
beams, the Poynting vector unlike spin angular momenturotiparallel to the beam
axis, thus results into many interesting nonlinee&s by varying beam parameters
like beam waist, frequency and intensity. The studies oRfgelising of light beams
have been carried out for many years but here for the firsttrtiee best of our knowl-
edge, the self-focusing and de-focusing of twisted lighhamlinear media has been
pointed out by solving the fferential wave equation for the beam width parameter an-
alytically using the WKB and paraxial approximations. Tlkesults thus obtained are
analyzed and illustrated for typical experimental sitoiagi with the help of numerical
calculations. The predicted focusinfjext can be used for the realization of more ver-
satile optical tweezers, e.g. for creating tighter andngjen three-dimensional optical
traps for both high and low refractive index particles in gamson to their surrounding
media by crossing two LG beams at the focused distance. Besttidy on the reflec-
tion and the transmission of twisted light through multdasd structure containing
phase conjugating interfaces has been conducted and thie@dbtesults are found in
good agreement with the previous experimental studiesagong single PCM layer
structure. The key idea behind this work is to calculate ttierference pattern for
reflected beams resulting from the multilayered structuté phase conjugating in-
terfaces. It has been observed that the interference pdtiereflected beams has
dependence on the thickness of the medium and thus proveihelpbtain informa-
tion on the depth profile of refractive in-homogeneities@iposite optical materials.
The obtained results can also be useful to simulate a cextgierimental situation to
study the phase conjugation in composite optical materials

Since the last few decades, the field of optical micromaaipah using twisted
light has emerged as one of the key advances seen in the nyu#onics. The major
point of implementing the twisted light in trapping is thatgalar as well as linear
momentum can be transferred to trapped objects. In suchdgdms, the OAM fiers
itself as a useful tool in the exertion of torques on partiddg simply increasing the
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6 Summary

azimuthal index in contrast to the optical torque arisirggrfrspin angular momentum
which varies with optical power and is limited kgoer photon. Here, we used the same
principle of optical trapping to study the dynamics of cletgarticles and neutral
atoms by calculating their classical trajectories usirgftcused, high-intensity laser
beam carrying an orbital angular momentum. Our present ugrkotivated by a
recent experimental study on the acceleration of neutaahatin a strong Gaussian
laser beam carried out by Eichmann et al][ Considering the same fact, we studied
the dynamics of the active electron of the neutral He atorerhigh intensity region of
the laser field carrying OAM which results into a transfer afedd angular momentum
to the atom. The ponderomotive force on the electrons @éesinto an unbounded or
a bounded drift radial motion of the whole atom, depending®mitial velocity and
position in the beam. In particular, the radial minima of tieam may trap the neutral
atoms and thisféect can be used for an atom guiding, structuring and in lithplgic
applications.
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Appendix A: Calculation on reflection
and transmission cdiécients of twisted
light for quadra-layered structure

Here, we have considered a quadra-layered dielectrictsteu(the layers and related
guantities are indexed by 0, 1, 2, 3) as sketched in A&ifj, similar as described in
chapter 4. The only dlierence is that here, we will present calculations for stmect
containing three layers of PCM. All the layers are paraliedl anfinitely extended.
The monochromatic LG beam with the frequengyropagates in the medium 0 and
impinges onto the medium 1. The interface between mediumdOnaedium 1, the
interface between medium 1 and 2 as well as the interfacedegtwnedium 2 and
medium 3 are phase conjugatirtl,is the thickness of the layer 1 add is the thick-
ness of the layer 2 (our treatment is also valid when the whaddium 1 is phase
conjugating). We denote the incident, the reflected andrdresiitted fields by, r
andt respectively andhy, ny, N, andnz are the refractive indices of the media 0, 1, 2
and 3 respectively.

N
Eoi E,, Medium 0
A\ pcm -
" v z=0
E,, E,, d, Medium 1
pcm
1 | d, Medium 2 2>0
EZt EZr 2 eaium
\ \ pcm
\'4
E;, d,=c0 Medium 3

Figure A.1: Schematic representation of the propagation of LG beam inlt laer dielectric
structure. The interfaces with PCM are indicated.
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Appendix A: Reflection and transmission ¢@ents of twisted light

The electric fieldE (at the beam waist=0) of the LG beam in cylindrical coordi-
nates (with thez axis chosen to be along the incident beam propagation dirgds
given by 24,97].

" I
E= o0 (ﬂ) exp(:z) LY (i} )expl(konz wt) exp(ls), (A.1)
0

wo \ Wo 0

wherer and¢ are the radial and azimuthal coordinatégan take any integer value
either positive or negative and means physically the tagoéd charge of the optical
vortex. L is the associated Laguerre polynomi@j, is a normalization constanty
is the half beam width, ank=w/c is the wave number in vacuum.

To keep the notation simple we can incorporate the conddrohdue to time rever-
sal property of phase conjugating mirror by the ansatz

lel 1€l 3
Eo = Ené”= ‘/é exp L'f' 2 dlonoz+9) (7 < 0) (A.2)
w2 ) P\ w2
wo Wo Wo
C'[' N B _
Eo = E el — O_p (_) ( )th’l( ) —|(konoz+€¢), (z< 0) (A.3)
Wo Wo
lel 1€l _y2
Eyx = Eu€?=t—> (ﬁ] xp( )L""( )é(“omm"f’) (0O<z<d) (A.4)
Wo Wo w w
_ C|e| Il
Elr — Elre—lfqﬁ — ( \/_r) ( )L|[|( ) —|(k0n12+€¢) (0 <7< dl) (A5)

cl I 2 )
Ex = Ex€®=t,—~ ( var ) xp(—r) L1 (Zrz) g llomz) (d, <7< (d; +dy)) (A.6)
wo

Wo w% P wo

Cl[l €] _ .
Ey = Eye'= —p(ﬁ) exp( )L""(Zr ) g ltomz9) (4, < 7< (dy + dp)) (A7)
wo w

Wo Wo o
C'f' \2r 11 _r2 2r2\

Ex = Ex€®=t;— ( ] p( )L""( Z)e'["O”Z(Z‘dﬂ*""’],(zz(d1+d2)). (A.8)
Wo Wo wo wo

Here, the temporal factor expiwt) is omitted for the sake of simplicity. To evaluate
the reflection and the transmission fi®ents, we shall apply the condition of the
continuity and smoothness of the field at the boundariesmitie structure 00, 101]
(note the behavior of upon scattering is already accounted for by the ansatzAEq.
Eqg.A.8))

[E_Oi + E_Or]zzo = [E_lt + E_lr]zzo ) (A.9a)
[E_lt + E_lr]zzdl = [E_Zt + E_zr]zzd1 ) (A.9b)
[E_Zt + E_zr]z:(d1+d2) - [E_3t]z:(d1+d2) ' (A.9c)

84



Appendix A: Reflection and transmission ¢@ents of twisted light

and
%a  OFu| _ 0w x| (A.10a)
0z 0z |, | 0z 0z |,
OBw  OBy|  _ |0Bx OBx) (A.10b)
0z 0z |, 4 | 0z 0z |, 4
= = =2
[@ . aEzr] _ 3_&] , (A.10c)
9z 0Z |, (4,+d) | 0Z | i)
Egs.@.9) and A.10) lead to
1+rg = ty+7ry, (Alla)
tlei‘” + rle‘i‘“ = tL+ry, (Allb)
tzeiaz + rze_i"’-‘ = {3, (AllC)
and
no[l - ro] = nl[tl - rl], (A12a)
nl[tlei‘” - rle‘i‘“] = nz(tz — r2), (Ale)
nz[tzeiaz - rze_i"’-‘] = nsts. (AlZC)

With the notationy; = konidy, a, = kghods.

On solving EqA.11 and Eqg.A.12, we obtain the reflection céi&cientr, related to
the propagation in the medium 0, and the reflection and timsitnégssion coféicients
related to the propagation in the medium 1, 2 and 3 denoted,ldy, r,, t, andts,
respectively. Explicitly, the reflection and the transnaescodticients are

ang — ain
ro = (M) ’ (A13)
ang + ajng
1 + ro - rzA_e_idl
= T 1 edm (A.14)
o= €A -ne™) (A.15)
2me (1 + ro)
2 =~ ' - : A.16
2 LA+ (e-Zo1 — 1) — mA-(e2o1 + 1) ( )
tp = —r,g "N, (A.17)
n : .
t3 = _z(tzelaz _ rze—lag). (A18)
ns
where
a = (e—2illl — 1)2(n1A_ + n2A+) _ 2n1A—e—2i(11(e—2ial _ 1)’
al = [(e_Zial — l)(nlA_ —+ n2A+) _ 2nlA—e—2ial](e—2iafl _ 1) + 4n1A_e_2i“1,
A+ = 1+ e—2ia2 N,
A = 1- gl N,
n
N = ( 3 ”2).
N3 — Ny

85



Appendix A: Reflection and transmission ¢@ents of twisted light

After substituting for the reflection and the transmissiogficients in the Eqs.A.2-
A.8), we can obtain the electromagnetic fields that describerihygagation of the LG
beam through the system depicted in FAdL.
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Appendix B: Calculation on Lagrangian
equations of motion of the LG beam in
the absence of Coulomb potential

The lagrangian of a particle with charge ‘q’ moving with thedacity ‘v’ in an electro-
magnetic field with the scalar and vector potentiafmdA respectively can be written
as [LO(:

L:%mvz—qgo+gA-v (B.1)

Foro =0,z= 0, the EqB.1reduces to

1 5.9
L = Smf+ A (B.2)
L = %m(f2 +r2p?) + gA -V (. X=rcosg) (B.3)
(B.4)
While the termA - v can be written as

A -v = —r(t) sing(t)p(t) frp + F(t) cOSH(t) frp, (B.5)

where thef,,, the field amplitude of the LG beam i51]

fro(r,¢,2=0,t) = Cl‘flEo(\f (t))ll ( miUs

) Ly (2 ( )2) expi(go + wt + £o(t)),

(B.6)
wherer, ¢ andz are cylindrical coordinateg, is the azimuthal indexp is the radial
mode indexwy is the beam waist a = 0, L'['( (Z)Z) is the associated Laguerre Poly-

nomial andC} is the normalization constant.

O

For¢>1, p=0, the value of Laguerre polynomial i.ky (Zr(‘z)z) = 1[149, then the
Wo
Eq.B.6reduces to (in more generalized form as):

vzr(t)) exp(— 105
Wwo

O

feo(r, ¢, 1) = Eo( )sm(a)t + ¢o + A¢(t)) (B.7)
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Appendix B: Lagrangian equations of motion of the LG beanhautt Coulomb potential

Il
where A represents the azimuthal indéxand the termi—z has been omitted in the
further steps for simplicity.
The Euler-Lagrangian equations of motion in cylindricabatinates arel[0():

22 = 2, (B.8)

g(a) o ©10
Now Eq.B.8 implies A

2 (g_r) -, (B.11)

The L.H.S. of EgB.11equals to
% (%) _ ;jtara(t)[m(r(t)ur(t)z (t?) + (f(t)co&/)(t)fgp—r(t)sin¢(t)¢(t)fgp)]

= :t (mr(t)+ (fprOS¢(t)))

_ qd
= mi(t) + = dt(

= M) - Jpsing©() + 2 COS"’(”% (fs)

fep cos¢(t))

= () - i sina(ic) + 2 Eocosas(t)[‘r(t)) o e

. ch SM(W(t)) p(—r(;)z)( 2r(t)) (00, 0
wg J\ wg

N gEo cosa(t) (wiozr Ar®1r (1) exp( _L}(g)z) 0,

= ()~ It sing()i + 2 Eocosas(t)[‘rr“)] oo )

+ qE cos¢(t)(‘/_(t)] p(_r(;)z)( Zr(t)) OOA, (B.12)
Wo wO
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Appendix B: Lagrangian equations of motion of the LG beanhautt Coulomb potential

The R.H.S. of EqB.11equals to

o= LT+ r%07) + 3 (0 cosp(0 fp (O SInGIO )
= mrt)a(t)? + %% (¥(t) cose(t) fep — (1) Sing (D) (t) frp)
= IOH + T cosa) () — 2 sing ) (10 o)

\/i) 1 (t)?

0

= mr(t)e(t)? + r(t) cosg(t) Eo( )®1A

exp(

2
- Jo@ sing(®1p - 2r 60 sinqﬁ(t)Eo(\/oé) r()

exp(
w

Joun
0

r($)\2
= mr(t)p(t)? - ¢(t) sing(t) fp + qu( \/Oé) ( "
0
XF (t) cosg(t) — r(t)p(t) sing(t). (B.13)
After substituting EqB.12and EqB.13in Eq.B.11, we get

2 (42
(0 =00 - s 2] exp( S

0

)®1A

) (a0 sinoe:A+ [r0) coso)e).
(B.14)
whereA = ([r(t)]” (fu;%“)) ; ﬂ[r(t)]ﬁ—l), B = cos@t + ¢ + Ad()(w + 1¢'(1) and

0, = Sin(a)t + ¢ + /l(b(t))
Now Eq.B.9implies

d (aL) L ©.15)

dt\ag) ~ 9¢
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Appendix B: Lagrangian equations of motion of the LG beanhautt Coulomb potential

The L.H.S. of EgB.15equals to
Gi(57) = gl (02 020 + 2 (0 om0 o~ ) sinao(0 )|
= S (20 - Dy wsingo)

= mr(t)?h(t) + 2mr (©)F ()e(t) — E% (f[pr(t) sinqb(t))
= mr(t)’p(t) + 2mr (t)i (H)e(t)

2
_ Eor(t)Sln¢(t)(\/_(t)) p( :u(t))

— qur(t)smgb(t)(\/_(t)) ( r(t)z)( (t)) "(1)O,

- 9Eor('[) Sin(t)( \/é) A[F O] () exp( r t)2)
Cc wo w

0

- %fgp (r(©d(t) cose(t) + i (1) sin() (B.16)

The R.H.S. of EgB.15equals to

g_; B aaqs[ (F()*+ r(©’(t)°) + (f(t)COSgb(t)fgp—r(t)Sin¢(t)¢(t)f€p)]
_ E% D (1(t) cos(t) frp — r(DHH) SING(O) )
- 9r(t)i (fepcosp(t)) - gr(t)cb(t)i (sing(®) frp)
= ——r(t)S|n¢(t)fgp+ r(t)008¢(t) (fep)

- —f(t)¢(t)003¢(t)fep——f(t)¢(t)3|n¢(t) (ft’p)

_ ——r(t)sin¢(t)f€p+_f(t)cos(ﬁ(t)Eo(\/_()) exp(_r(t)2)®2
C c wo

\/ér(t)) ( r(t)2)®2
wo

2
= ——f[p(r(t)qb(t) cos(t) + i (t) sm¢(t)) [\/ir(t)) p( ufZ) )@z
0
x (7 (t) cosg(t) - r(t)p(t) sing(t)) (B.17)

After substituting EqB.16and Eq.B.17in Eqg.B.15 we get

- Jr(i) coso) i - o) sm¢(t)Eo(
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Appendix B: Lagrangian equations of motion of the LG beanhautt Coulomb potential

e (h\2
(%40 = - 200 T + LE (‘F “)) p( ) )®2
0

x (A (t) cosp(t) — Ar(B)g(t) sing(t) + r(t) sing(t)(w + 1¢'(1))  (B.18)

+iEor(t)sm¢(t)(\/_) ex p( ()2) r'(t)®.A
Wo w

0

where®, = cost + ¢g + AH(t)).
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Appendix C: Calculation on Lagrangian
equations of motion of the LG beam in
the presence of Coulomb potential

The Lagrangian of a particle with charge ‘q’ moving with th&acity ‘v’ in an elec-
tromagnetic field with the scalar and vector potentialndA respectively and in the
soft Coulomb potentia¥, can be written as1f0(]:

L:}muz—qgo+9A-v—VC (C.1)

2

whereV, = — is called Coulomb potential. Fasr = 0, z = 0, the Eq.C.1

\/l+r(t)
reduces to
1 q
|_ = - 2 —A ° - V 2
2I’nU + c \ c (C )
L = %m(f2 +1r%¢%) + gA V—=Ve (. x=rcosp) (C.3)

While the termA - v can be written as

A -V = —r(t) sing(t)(t) frp + F(t) cOSH(t) frp » (C.4)
where thef,,, the field amplitude of the LG beam iS1]]

Y 1
£L9(r, ¢,2= 0,1) = Cz Eo( ‘/iro(t)) exp( r(t)z)uél (Zr(t)z)expi(¢0+wt+€¢(t))f(t)

w w
(C.5)
wherer, ¢ andz are cylindrical coordinateg, is the azimuthal indexp is the radial
mode indexwy is the beam waist a = 0, L""( 2) is the associated Laguerre Poly-

nomlaI,C'Ig| is the normalization constant arfi¢t) = exp( (o) t°) ) is the pulse envelope
with 7 is the pulse width.

For¢>1, p=0, the value of Laguerre polynomial i.e} (Zr(t) ) 1[149, then the
Wo
Eqg.C.5reduces to (in more generalized form as):

vzr(t)) exp(— 105
Wo

O

fep(r, 0, 1) = Eo( )sm(wt + ¢o + Ap(1)) T (1) (C.6)
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Appendix C: Lagrangian equations of motion of the LG beanm@oulomb potential

Il
where A represents the azimuthal indéxand the termi—z has been omitted in the
further steps for simplicity.
The Euler-Lagrangian equations of motion in cylindricabatinates can be given

as [LO(:

Now Eq.C.7implies

d (oL oL
— — = — -7
dt \ or or’ (€.7)
d (oL oL
=] = = C.8
dt \ 6¢ op’ (C-8)
d (oL oL
d (oL oL

— A
dt( ) or’ (C.10)

The L.H.S. of EqC.10equals to

dfoL) _
de\or)

d 9
dtar() 1 2

:t (mr(t) .4 (1;)p cos¢(t)))

gd
mi'(t) + — dt(

mi(t) — —fgpsmqﬁ(t)qb(t) + = cos¢(t) dt(f[p)

|2 (502 + r0%007) + 3 (10 cos00) T 1) SinGIO ) Vi

fep COS¢(t))

mi'(t) — —fgp sing(t)g(t) + — Eo cos¢(t)[ var (t)) ( r(t)2) Bf(t)
0
%Eocosgs(t) @] exp(_r(?z)( Zr(t)) "0, £ (t)
0 wo
9, cosa(t) ‘/é) A[r®] (1) exp( r(t)2)®1f(t)
C wo
YE, cosa(t) —‘fzr(t)) exp( r(t)z)(alf(t)( Z(t_zt"))
c wo w3 T
()2
mi'(t) — —fgpsmgb(t)qb(t) + = Eo cos¢(t)[ var (t)) p( r(:) )B
0
qE co S¢(t)(\/_ (t)) (_r(;)z)( Zr(t)) (DO.A
Wo wo
2
gEoc w(t)(ﬁr(t)) p( ;(t) )®1f(t)( Z(tT t")), (C.11)
0
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Appendix C: Lagrangian equations of motion of the LG beanm@oulomb potential

The R.H.S. of EqC.10equals to

oL 0

= o | (O %) + 2 (O coss0) s - 1) Sing QO Trp - Vo)|

= mr(t)a(t)? + g % (¥(t) cose(t) fop — (1) Sing(®)(t) frp — V)
= )0 + T cOSHO 2 (1) — I SNGOH) [y — = (Vo)
\/Q) exp(_r(t)z

Wo w2

= mr()p)? + %f(t) cos¢(t)Eo( )®1A

0

4 _ 2
: §¢(t)sin¢(t)ffp—grm(t)smq;(t)eo(@) exp( ) )®1A

Wo o

_ ( r(®) ) (C.12)
Q+r@©)?)3) '

After substituting EqC.11and Eq.C.12in Eqg.C.10 we get

Pl _ 2 -
0 =000 - o[ 22 exp ) 10 rimsinaeA

0

(C.13)

whereA = ([r(t)]ﬁ (i—“’) i /l[r(t)]*‘l), B = cosft + do + A6(t))(w + 1) & ©; =
sin(t + do + 16(1).

Eq.C.8implies
d (aL) L

ai\33) = 50 (C.14)
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Appendix C: Lagrangian equations of motion of the LG beanm@oulomb potential

The L.H.S. of EqC.14equals to

dfoLy _ do

dt \ ¢ dtag 1 2
d 2

= < (m©%0 - 2fur® sing)

= mr(t)%p(t) + 2mr (1) (H)e(t) - E% (f[pr(t) sinqb(t))
= mr(t)%p(t) + 2mr (t)F (H)e(t)
Var(m))' (- ~(t- to>2)(—2(t - to))

ex ®, ex
wo P wh p( 72 72

Var(t) exp —r(t)?
Wo wo

V2 (t) exp —r(t)2 ( 2 (t)
Wo wo

|3 (0 + r%(02) + 2 (0 oSt op — r) SN0 fp -~ Ve

- gEor(t) sing(t)

- gEor(t) sing(t) Bf (1)

- gEor(t)sinqb(t) ) "0, (1)

0

r(t)*

-~ gEor(t) sin(t)( \/é) A[rO17r(t) exp( )®1f(t)
Wo

0

- gffp (r®(t) cosa(t) + F(t) sing)). (C.15)

The R.H.S. of EqC.14equals to

Z_; ) %[z(r(t)zﬂ(t) #(02) + 3 (O cosHO) rp — rV SNV frp — Ve)|
_ 9_ (r(t) cos(t) frp — r(D() Sing(t) frp)

_ _r(t)_ (fep cOSA(L)) - —r(t)cb(t)— (sing(t) frp)

- ——r(t)S|n¢(t)fgp+ r(t)005¢(t) (fep)

- —r(t)¢(t)cos¢(t)fgp——f(t)¢(t)5|n¢(t) g 1)

\/Er(t)) ox p( r(t)2)®2f(t)
0

2
\f(t)) p( r(;))(a2
0

2
= ——fgp(r(t)qb(t) cos¢(t)+r(t)sm¢(t))+—EO(‘/Z(U) p( :U(t) ) ,
0

x (7 (t) cosg(t) - r(t)p(t) sing(t)). (C.16)

= —Ef(t) sing(t) f,p + ?f(t) cos¢(t)Eo(

- Jr(i) coso) o - i) sm¢(t)Eo(
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Appendix C: Lagrangian equations of motion of the LG beanm@oulomb potential

On substituting EqC.15and Eq.C.16in Eq.C.14 we get

r(t)%(t) = — 2mr (t)i (t)o(t) = ( var (t)) ( :U( )2) O, f(t)
0

x (AF (t) cosp(t) — Ar(B)e(t) sing(t) + r(t) sing(t)(w + ¢/ (1))
(C.17)
+ iEor(t) S|n¢(t)( \/_) ex ( ()2)®1f(t)
Wo w

0
([ o ( 2 t°’)+r'(t)A),

where®, = cost + ¢g + A4(t)).
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Appendix D: Calculations on Optical
trapping of neutral atoms with the LG
beam

The equations of motion for an electron and the ion in the pommotive forces i.€ e
andF;, respectively can be given as:

rmrl = Fpe + Fc, (D.l)

wherem. (m) is the mass of the electron (ion) and(r;) is the radial coordinate of the
electron (ion).

Switching over to a relative and a center of mRssoordinate and neglecting terms
of the order I, the equation of motion for the drift motion of the atom as aieh
can be given as:

3
Amew?

As the ponderomotive force depends on the gradient of thesgdastribution of the
intensityl, therefore for L mode, we have

MR =

EP. (D.3)

2r 2w2 -2 2
| o« |E? = 4E3 7 ° (wZ(rz))’ (D.4)
where
7 2
w(2) = wo[1+ (%) (D.5)

is the radius of the beam atAnd E is given as

< (Va2
.z =2 (z)( (z)) exp(wZ(z))

L'f'( 22( ))exp[l(kz+wt + ¢o)] explte) f(t) + c.c, (D.6)

wherer andg are the radial and azimuthal coordinates, respectigéthe topological
charge of the optical vortex, arlis the polarization vectorL’ p(X) Is the associated
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Appendix D: Optical trapping of neutral atoms with the LG bea

Laguerre ponnomiaICf) is a normalization constanty is the half beam widthk is
the wave number in vacuum amglis a constant phase arfi¢t) = exp(—%) is the laser

pulse envelopey is the pulse width. On substituting the valugBf from Eq.D.4 in
Eqg.D.3, we can write now EgD.3 as

. e? 2w? -2r?
MR = “4me—wz§[ g32(2) exp(w%)]f(t)’

) e’E2 2w? —2r?

R(t) = _ngg[i;(ﬁ) exp(wzz(rz))]f(t) (.-me=1),

Rt = _e?Eg[ 2 exp(— 2 )(— ar )+exp(— 2 )( ar )]f(t). (D.7)

Mw? | w?(2) w?(2) )\ w?(2 w3(2) ) \w?(2)

Then for the atom center of maBsE(q.D.7 can be written as

R(t) = _EE exp( sy )( 4R )(1 ﬂ)exp(—;—i). (D.8)

Mw? T\ 2@\ )" 2@

The atoms residing & = wo/2 with R(t = 0), will experience the maximum laser,
thus the maximum velocity can be given as

0 = ool ) (o) (- ), ol )
_eZEg exp( 2R2)( 4R )(1 2R )1\/;1 (D.9)

Mw? T\ w2@ ) \w2@\" w?2@)) 2

Now on substituting the value af(z) from Eg. D.5 in above Eq.D.9, we get the
expression for maximum velocity as:

lo exp(0.5) Vnr

2Mw?wyg (l + (%)2)2

: (D.10)

Umax = —

[[%)

wherely is the field intensity.
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