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Introduction

Random effects on mainly deterministic systems occur in many areas, for instance in flow
mechanics or interest rate models. Usually Wiener processes are used to describe these ran-
dom effects and a rich analytic toolbox was furnished for this Gaussian martingale process,
on its forefront the stochastic integration calculi of 1td6 [56], Stratonovi¢ [105] and Skorohod
[102].

But Wiener type disturbances are Markov processes which means that they are no longer
adequate if the data possess any chronological dependency. Indeed, studies have found
that data in a large number of fields, including hydrology, geophysics, air pollution, image
analysis, economics and finance display long-range dependence (e.g. Beran [15], Mandel-
brot & Hudson [75], Peters [85]). To capture this phenomenon, Mandelbrot & van Ness [76]
proposed in 1968 the concept of a fractional Brownian motion which, basically, is a proba-
bilistic Gaussian process indexed by a parameter H € (0, 1). This parameter was named after
the hydrologist Hurst who, together with some collaborators, demonstrated in the pioneering
work [55] that this approach is appropriate to describe statistic time series in a hydrologically
framework. Formally, a fractional Brownian motion is the convolution of Wiener increments
with a power-law kernel. One of the advantages is, that one is able to control the stochastic in-
fluence by varying the parameter H in the interval (0, 1). With the selection H = % a fractional
Brownian motion becomes a Wiener process which behaves chaotically since its increments
are uncorrelated. Otherwise the increments of a fractional Brownian motion are negatively
(if H < %), respectively positively (if H > %) correlated and in the last case this process ex-
hibits long-range dependence, that is a certain memory feature, which is characterized by
a spectral density of the incremental process having a singularity of some fractional order
at frequency zero. Long-range dependence effects appear naturally in many situations, for
example, when describing (cp. Shiryaev [101])

The widths of consecutive annual rings of a tree.

* The temperature at a specific place as a function of time.

The level of water in a river as a function of time.

* The characters of solar activity as a function of time.
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¢ The values of the log returns of a stock.

Except for the Wiener case, a fractional Brownian motion is neither a semi-martingale nor
Markovian and therefore extensive consequences can be observed if one simply modifies
a stochastic model with replacing a Wiener process by a fractional Brownian motion. For
instance in mathematical finance, Wiener processes are widely used to describe the move-
ment of share prices (e.g. Priss et al. [91]), but it is empirically demonstrated to be incorrect
in a number of ways. As already mentioned, a fractional Brownian motion is in general not a
semi-martingale, so particularly there cannot be a martingale measure (except for the case
H= %), which by general results (e.g. Rogers [92], Cheridito [24]) means that there must be
arbitrage. But this case is excluded by assumption in the common models. Nevertheless,
fractional Brownian motions are of great interest in financial modeling (e.g. Elliott & van der
Hoek [41], Hu [54], Necula [79], Jumarie [58], Liu & Yang [70, 71], @ksendal [83]), to say it
with the words of Esko Valkeila: “As we all know, fractional Brownian motions cannot be used
in finance, because it produces arbitrage. But as we also know, boys like to do forbidden

”n

things.” As a consequence financial mathematicians tend to enlarge the common models
with transaction costs and it was shown that in this richer framework fractional Brownian
motions do no longer necessarily produce arbitrage (e.g. Guasoni [50]). In addition, recent
studies detected a few more ways to exclude arbitrage (e.g. Bender et al. [14]). However,
the Wiener toolbox was not applicable for the theory around fractional Brownian motions,
which made it necessary to establish a fully new stochastic calculus. This was done by many
authors, among them Mandelbrot & van Ness [76], Lin [69], Dai & Heyde [28], Decreusefond
& Ustiinel [32, 33], Norros et al. [80], Duncan et al. [35, 37, 36], Alds et al. [2, 1, 3], Pipiras &
Taqqu [86], Krvavych & Mishura [66], Coutin et al. [26], Decreusefond [30, 31], Tudor [107],
Lakhel et al. [68], Bender [13], Carmona et al. [23], Nualart [81, 82], Biaginietal.[19, 18, 17],
Gradinaru et al. [49], Tudor [108], Jolis [57], Elliott & van der Hoek [42], and the progress is
still going on.

In addition to long-range dependence, it has been found that many processes in finance (e.g.
Bhansali et al. [16]) and 2-D turbulence in particular exhibit a high degree of intermittency,
that is the clustering of extreme values at high frequencies of a certain order, so for instance
a multiplicative cascade process (e.g. Davis et al. [29]). Intermittency can be loosely de-
scribed as the characteristic of a dynamic system, whose substantially regular behavior is
interspersed by infrequent and compendious chaotic phases. Intermittency effects occur, for
example, when describing (cp. Shiryaev [101])

« Financial turbulence, e.g. the empirical volatility of a stock.

e The prices of electricity in a liberated electricity market.

In 1999, Anh et al. proposed in [6] a two parameter process called fractional Riesz-Bessel
motion, which may exhibit both, long-range dependence and second-order intermittency. In
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other words, the presence of a fractional Riesz-Bessel motion affords a possibility to study
both effects simultaneously. This study was undertaken by Anh et al. [8]. While a Wiener
process is a special case of a fractional Brownian motion, the last is on the other hand a
special case of a fractional Riesz-Bessel motion. However, again people were facing the
problem, that the stochastic calculus for fractional Brownian motions did not fit to fractional
Riesz-Bessel motions, since in the past the calculi were tailor-made for each process.

Therefore it would be desirable to have a rigorous stochastic analysis for a satisfactory large
class of stochastic processes, say for stochastic processes with stationary increments and
spectral density. This is the major aim of the present thesis. Once provided, we will present
applications to parabolic problems arising frequently in models concerning linear viscoelastic
material behavior and fractional diffusion.

This thesis is structured as follows. In Chapter 1 we explain some mathematical notations and
function spaces and we introduce briefly the fundamentals of evolutionary integral equations,
which are widely taken from the monograph of Priss [88].

In Chapter 2 we define real-valued and also vector-valued processes with stationary incre-
ments and prove regularity results for certain classes of those motions. Precisely, we con-
sider two classes of processes characterized by Hypotheses (¢) and (¢g) (see page 24). A
process X with stationary increments and spectral density ¢ satisfies Hypothesis (¢), if there
is a number v € (1,3), such that |A\|7¢()) is bounded on the real line R. On the other hand, X
is due to Hypothesis (¢¢), if a number g € (1, 3) exists, so that 0 < |A\[7°¢(\) < oo in a certain
neighborhood of zero and if the spectral density ¢ satisfies a growth condition (this condition
will determine a number 6 > 0). As an additional benefit, the numbers ~, 79 and 8 provide in-
formation whether the process X may exhibit long-range dependence or intermittency (see
Remark 2.5). The most employed result of the present thesis is formulated in Theorem 2.11
and reads as

Theorem. The following are true.

(i) Let X be subject to Hypothesis (¢). Then there is a constant c, > 0, such that the
estimate
E[X ()] < eglr|"™

holds for all T € R. Moreover, we have equality if |A\|Y$(\) is constant.

(i) Let X be subject to Hypothesis (¢9). Then there is a number cy4, > 0, such that the
estimate
E[X()]? 2 ¢, - min{|7[0 =10 |7 071}

holds for all T € R.
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In particular, we will be able to prove that in case X is centered and satisfies Hypotheses (¢)
and (¢o), the variance Var[X (¢)] takes values in the shaded regions of Figure 1.

Var(X(1) Var(X(t)
5 25
4 20
3r 15+
2 10
1 0.5
: : : oot : : oot
05 10 15 20 0.5 10 15 20

Figure 1. /dealized regions for the values of Var[X (t)], where X is centered and due
to (¢) and (¢po) with 6 = 0 (left) and 6 > 0 (right), respectively.

Figure 1 is idealized in the sense that the shaded regions might be thinner, thicker, steeper
or shallower. This depends on the concrete values of the parameters ~, 7, # and the con-
stants c4 and c4,. The occurrence at time ¢ = 1 when 6 > 0 is here exaggerated for the sake
of clarity but, however, is significant and strongly connected to the appearance of intermit-
tency. Regarding long-range dependence the result is also useful, since as a rule of thumb
the process X may display this property only if the function Var[X (¢)] increases with super-
linear order. These estimates will be employed frequently in Section 2.2 to obtain multitude
regularity results, so for instance results in the pathwise sense captured by Theorem 2.18

Theorem. The following are true.

(i) Let X be subject to Hypothesis (¢). If v > 2, then X is mean-square continuous and has
continuous paths almost surely. Moreover, with probability 1, the trajectories of X are
locally Hélder-continuous of any order strictly less than 77_2

(ii) Let X be a centered Gaussian process subject to Hypothesis (¢). Then X is mean-
square continuous and has continuous paths almost surely. Moreover, with probability
1, the trajectories of X are locally Hélder-continuous of any order strictly less than 77_1

(iii) Let X be subject to Hypothesis (¢p). If 0 < 3 — 9 then X is almost surely nowhere
mean-square differentiable.

Due to available L,(2)-estimates, deduced from the Kahane-Khintchine inequality (cp. The-
orem A.3), the results in Gaussian case perform consistently better. Regarding temporal
regularity in the L,({2)-sense, Theorem 2.21 yields
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Theorem. LetT >0, J=1[0,T], p€ (0,00) and 0 < o < 1.

(i) Suppose X satisfies Hypothesis (). If 20 < v — 1, then X € ¢W§(J; L2(R2)).
(i) Suppose X satisfies Hypothesis (¢g). If 20 > vy — 1+ 6, then X & WG (J; L2(R2)).

(iii) Suppose X is a centered Gaussian process subject to Hypothesis (¢) and let 2 < g < oc.
If20 <~v—1, then X € OWZ(J; Ly(2)).

(iv) Suppose X is a centered Gaussian process subject to Hypothesis (¢g) and let1 < g < 2.
If20 >~ —1+06, then X ¢ OWZ(J; Ly(Q)).

Then, in Section 2.4, we spare some time with deterministic multipliers and study the ques-
tion: Given a sequence of mutually independent processes (X,,),en, What are necessary and
sufficient conditions on the multiplier b := (by,)nen, such that the function

((tz,w) = bnlt, 2) Xp(t,w)
n=1

affiliates to a given reqgularity class? Having answered this question we accomplish to
stochastic integrals of deterministic integrants with respect to a process X with stationary
increments and a spectral density ¢. The result in the real-valued case, stated in Theorem
2.30, holds independently of Hypotheses (¢) or (¢g) and allocates the isometry of It6-type

B |( [ smaxe) ([ omaxm)| = [Enocmmnena,

which is true for all functions (or distributions) f and g for which the right hand-side is mean-
ingful and finite. The innovative impact of this isometry is that we do not have to impose a
probabilistic distribution of the motion X. It holds true for any stochastic process with sta-
tionary increments whose spectral density exists, so for instance it is valid for centered Lévy
processes, fractional Brownian motions and fractional Riesz-Bessel motions for any thinkable
choice of parameters (see Section 2.6 for an elaborate treatise of this examples). As a mat-
ter of course, we will present similar results for the vector-valued case (see Theorems 2.32 &
2.33).

The remaining part of this thesis is devoted to parabolic problems with perturbations involv-
ing processes under consideration. In the focus of Chapter 3, there are two types of parabolic
Volterra equations. Letting H be a separable Hilbert space, we first consider the problem

u+ (b Au) = Q%X (VE1)

on the half-line R4, where Ql/QX denotes a system independent H-valued process of spec-
tral type ¢. With system independence we mean that the eigensystems of the operators @
and A do not have to coincide. Here we choose the natural framework which is typically in
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the theory of linear viscoelastic material behavior, that is the operator —A behaves as an
elliptic differential operator like the Laplacian, the elasticity operator, or the Stokes operator,
together with appropriate boundary conditions (cp. Priss [90, Section 5]). The kernel b is
assumed to be the antiderivative of a 3-monotone scalar function, think of the material func-
tions of Newtonian fluids, Maxwell fluids or of power type materials. The explicit assumptions
on the operator A, the kernel b and the process Q'/2X are formulated in Hypotheses (A),
(b) (see page 63f) and (X,) (see page 49), respectively. With the aid of the most impor-
tant property, that is the self-adjointness of the operator A, we derive sharp estimates such
that the mild solution’s trajectories are Holder-continuous in time up to a certain order. The
proven results are consistent with those of Clément et al. [25], where a differentiated version
of problem (VE1) with an A-synchronized white noise disturbance was studied. The terminus
of an A-synchronized perturbation links to coinciding eigensystems of the operators A and
Q. Unless the synchronized case is interesting from a mathematical viewpoint, it seems to
be too restrictive for applications, because this case, roughly speaking, corresponds to dis-
turbances acting solely on the system’s eigenfrequency. However, we will show that the mild
solution’s properties in terms of existence, uniqueness and pathwise regularity do not differ
in both cases. Denoting by .# the space of nuclear operators (see Section 1.2.2) and setting
2 ~
pi= sup{| argb(A)| : Re A > 0},

where b means the Laplace transform of b, the main result concerning problem (VE1) is stated
in Theorem 3.1 and reads as

Theorem. Let Hypotheses (A), (b) and (Xy) are valid.

1—
(i) If QAT7 € Z1(H), then the mild solution u of (VE1) exists and is mean-square contin-
uous on Ry. Moreover, the trajectories of u are continuous on the half-line R4 almost
surely.

1— 0
(ii) If in addition, there is 6 € (0, 77_1) such that QATWﬁ? € Z1(H), then the trajectories of
u are locally Hélder-continuous of any order strictly less then 6 almost surely.

We then take up a different view point to Volterra equations with noise, i.e. we study the
problem
U+ (g * Au) = (gg * Ql/QX) (VE2)

on the half-ray R, where g, denotes the Riemann-Liouville kernel of fractional integration;
see (1.4). We then obtain in virtue of Theorem 3.5
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Theorem. Assume Hypotheses (A) and (X4) are valid and let o € (0,2), § > 0, § € [0,1],
suchthat B € (352 + 0,252 + 0 + a).
(i) If 62,4372577 € Z1(H) then the mild solution u of (VE2) exists and is mean-square con-
tinuous on R4. Moreover, the trajectories of u are almost surely continuous on R+.

(i) If QA372£7W+2E9 € Z1(H) then the trajectories of u are locally Hélder-continuous of any

order strictly less then 6 almost sure.

Similar results for the special cases where X' is modeled to be a A-synchronized vector-valued
Wiener process or a vector-valued fractional Brownian motion were obtained by Clément et
al. [25], Bonaccorsi [20] and Sp. & Wilke [104]. Results for a system independent vector-
valued fractional Brownian motion are available by Sp. [103]. However, all those cases are
completely covered by our approach.

Finally, in Chapter 4 we put our attention to problems of anomalous diffusion, that is

Ofu — Au = 0,
Dulac = 9, (AD)
U‘t:O = 07

where a € (0,2), G C RY is a domain with a somehow smooth boundary and v is a stochastic
boundary perturbation modeled as

P(t,aw) = Z b (t, ) X (t,w),
n=1

where b := (b, )nen is @ sequence of appropriate scalar functions and (X,,),en is a sequence
of mutually independent processes of a certain type. The symbol D means the identity map-
ping or the derivative in normal direction, selectively. So the formulation of system (AD)
covers both, the corresponding Dirichlet and the Neumann problem.

Fractional diffusion equations were introduced to describe physical phenomena such as dif-
fusion on porous media with fractal geometry, kinematics in viscoelastic media, relaxation
processes in complex systems (including viscoelastic materials, glassy materials, synthetic
polymers, biopolymers), propagation of seismic waves, anomalous diffusion and turbulence
(see Caputo [22], Gléckle & Nonnenmacher [46], Mainardi & Paradisi [74], Saichev & Za-
slavsky [98], Mainardi & Gorenflo [73, 48], Kobelev et al. [64, 63, 62], Hilfer [53] and the
references therein). These equations are obtained from the classical diffusion equation by
replacing the first or second order derivative by a fractional derivative (see Section 1.1 and
also Oldham & Spanier [84], Samko et al. [99], Miller & Ross [77], Gorenflo & Mainardi [47],
DzrbaSjan & Nersesjan [40], Podlubny [87], Butzer & Westphal [21] for different types of frac-
tional derivatives, fractional integrals or fractional operators in general and their properties).
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Even in finance, the fractional diffusion equations are of importance. So for instance in the
theory of tick-by-tick dynamics in financial markets (cf. Scalas et al. [100]), where the gen-
eral scaling form can be obtained as the solution of a certain fractional diffusion equation.
For brevity we designate

ad
4

S
U(;’,y =W (J; LQ(aG;Eg)) N L2 y—1 (J;0W22 (8G;€2)> , 0>0,
)

-1
2,72

ad [
Ug, = oWyt (J; La(9G;£2)) M Ly 51 (J;0W22 (a&&)) , 0>0.
b 9 2

and also
ad min{é;Q}
Z(g = 0W24 (J; LQ(G; LQ(Q))) N Lo J; 0W2 2 (G, LQ(Q)) R 6> 0.
Summarizing the explicit assumptions on the disturbance v in Hypotheses () and () (see
page 73), our main result is stated in Theorem 4.2 and reads as

Theorem. Assume Hypothesis (y) holds. Let 0 < v < @ and in case G # I[{f letv €
0,221y [0, 4). Then the following hold if b € UY...

(i) The Dirichlet problem (AD), i.e. D = I, admits a unique solution u in the regularity class
Zy,41. If, in addition, v < 3 and Hypothesis (i) is valid, then membership of b to the
class U, is necessary and sufficient.

(ii) The Neumann problem (AD), i.e. D = 0,, admits a unique solution v in the regularity
class Z,.s. If, in addition, v < 1 and Hypothesis (i) is valid, then membership of b to
the class U, is necessary and sufficient.

Here the number 1 < v < 3 is determined by Hypothesis (), which is strongly connected to
Hypothesis (¢) introduced earlier in Section 2.2. There are already several results concerning
stochastic boundary value problems (e.g. Rozanov & Sanso [94], Kijima & Suzuki [61], RoRler
et al. [93]), but to the author’s knowledge, results for the fractional diffusion equation with
random boundary conditions are still rare.



Chapter 1

Foundations

In what follows let X and Y be Banach spaces and H be a separable Hilbert space. J C [0, c0)
will usually mean a bounded or unbounded time interval. We endeavor to denote the norm in
X with || - || x, but from time to time we may write || - || or | - | x if it is conducive to brevity. An
inner product will be denoted by (-|-) and if there is any risk of confusion we will add a lower
index to designate the affiliation to a certain inner product space.

By IN, R, C we denote the sets of natural, real and complex numbers, respectively, and let
further Ry = [0,00), C1 = {A € C: Re X > 0}, Ny = NU {0}. The symbol B(X;Y) means the
space of all bounded linear operators from X to Y and we write B(X) = B(X; X) for short.

If Ais an operatorin X, D(A) and R(A) stand for domain and range of A, respectively, while
p(A), o(A) designate the resolvent set and the spectrum of A.

As usual we employ the star * for the convolution of functions defined on the line R

(f*xg)(t) = /OO flt —m7)g(r)dr, teR, (1.1)
and .
(o)) = [ fae=riglryar, t>0. 1.2

for f, g supported on the half-ray R. Observe that (1.1) and (1.2) are equivalent for functions
which vanish on (—oc0, 0); therefore there will be no danger of confusion.

For u € Lyoc(R4; X) of exponential growth, i.e. [ e “!|u(t)|dt < co with some w € R, the
Laplace transform of u is defined by

a0\ = / eMu()dl, Red > w.
0

For f € L1(R; X), the Fourier transform of f is the function 7f : R — X defined by

(FF)(E) = / ¢ F (1)t

R

9
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Throughout this thesis we will denote by x ;s the characteristic function of the set M, that is
xm(z) =1ifx € M and xp(z) = 0 otherwise.

1.1 Fractional differintegration

The concept of differentiation and integration of noninteger order has a long history. Interest
in this subject was evident almost as soon as the ideas of the classical calculus were known.
Some of the earliest more or less systematic studies seem to have been made in the 18th
and 19th century by Euler, Lagrange, Liouville, Riemann and Holmgren.

Within this thesis we make use of the notion of the (left-sided) fractional differintegral of
order a € (—2,2) of a test-function ¢ by 9%¢ being defined as

d2 t
@60 = /_ ralt —T)6(r)dr,  tER, (1.3)
where
tn—l
gx(t) = @7 t>0, k>0 (1.4)

denotes the Riemann-Liouville kernel. Note that g, is of subexponential growth, i.e.

/ e gu(1)|dt < o0
0

for arbitrary small w > 0. This means that the Laplace transform g, of g.. is well-defined, and
we have
(029)(N) = A*0(1),  ReA>0

for all test-functions ¢ supported on (0, ).
1.2 Function spaces

Aim of this section is to give meaning to function spaces of interest for the present thesis.
Throughout this section X will be a Banach space, if not indicated otherwise.

1.2.1 Sequence spaces

By /¢, we denote the sequence space of real- or complex-valued sequences a := (ay)neN

(0.@)
Ep:{a:Z\an]p<oo}, 1 <p<oo,
n=1
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equipped with the norm

1

0 P

lall, = [ZI%I”] :
n=1

It is well-known that (¢, || - ||,) is a Banach space and a Hilbert space if and only if p = 2. The
inner product in /5 then reads (a|b)s = Y 7, anby. As a general reference towards sequence
spaces we refer to Dunford & Schwartz [38, Chapter IV.2].

1.2.2 Spaces of nuclear and Hilbert-Schmidt operators

In what follows let H be a separable Hilbert space. The symbols .21 (H) and % (H) denote
the spaces of nuclear operators and Hilbert-Schmidt operators on H, respectively. Thereby
a bounded operator 7" on H is called nuclear (that is 7' € % (H)) if there are sequences
(z}) C H* and (y,) C H with >, ||z} ||||lyn]l < oo so that

[
To =Y ai(@y,
n=1

holds for all x € H. On the other hand a bounded operator T on H is said to be a Hilbert-
Schmidt operator (meaning 7' € % ('H)), if there is an orthonormal basis (e,,) C H, so that

oo
Z | Ten|* < oc.
n=1

If this is true for one orthonormal basis, it is true for any other orthonormal basis of H. We
have
Z(H) — L (H) — B(H).

For an elaborate treatise to these spaces we refer to Dunford & Schwartz [39, Chapter XI.6]
and Da Prato & Zabczyk [27, Appendix C]. In case the operator T : ' H — 'H is self-adjoint with
eigenvalues A = (\,,)nen, the norms in these spaces can be written as

HT”$1(H) = H)‘Hflv
1T z10) = [[Alles-

For nuclear operators T' on ‘H one can define the trace of T' by means of

oo

Te[T) = (Tgn | g)n;
n=1
where (g, )nen is an arbitrary orthonormal basis in H. Due to this property nuclear operators
are also called operators of trace class. One can show, that | Tr[T]| < ||T||$1(H) holds for
every T' € Z1(H) and, moreover, that Tr[T] = || T'|| &, (3 if T' is positive semi-definite.
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1.2.3 Spaces of continuous, differentiable and Hélder functions

Let U C X be open, then C(U;Y) and Cy(U;Y) stand for the spaces of continuous resp.
bounded continuous functions f : X — Y. Those spaces equipped with the norm

[flloo = sup {[f(x)

are Banach spaces. For m € N, the symbol C]*(U;Y) means the space of all m-times contin-

y::L’EU}

uously differentiable functions f : U — Y with norm
1l =D 1D flloo-
|| <m

The space (C}"(U; X),|| - |lm) is @ Banach space. With C*>(U;Y) we denote the function
space containing all smooth functions, meaning all functions which are infinitely often differ-
entiable.

Further, if « € (0,1), then C{*(U;Y') designates the space of all Hélder-continuous functions

f:U — Y of order « normed by

[f(z) = f)ly
|z —yl%

Every Hoélder-continuous function is uniformly continuous. If a > 1 is not an integer, we set

Hﬂb—Hﬂm+$m{ :%yeax#y}

a = [a] + {a}, where [a] is an integer and 0 < {a} < 1. Then C*(U;Y’) means the space of
all functions f : U — Y, whose [a]-th derivative exists and belongs to lea}(U; Y).

1.2.4 Lebesgue spaces

Let D C RY be a Lebesgue-measurable set and 1 < p < oo. Then L,(D; X) denotes the
space of all (equivalence classes of) Bochner-measurable functions f : D — X so that

ImM=Mﬁ@%MF<m

L,(D; X) is a Banach space when normed by || - ||, and a Hilbert space if and only if p = 2 and
X is a Hilbert space. In this case we have the Ly-inner product

(f 1 9 rapix) = /D(f(x) | g(z))xdx.

Similarly, Lo (D;X) stands for the space of (equivalence classes of) Bochner-measurable
functions f : D — X, with norm

I flloo :=esssup{|f(z)|x : x € D}.

With this norm, L, (D; X)) is a Banach space. The subscript loc assigned to any of the above
function spaces means the membership to the corresponding space when restricted to com-
pact subsets of its domain.
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1.2.5 Spaces of random variables

Let (©2, F,P) be a probability space and H be a separable Hilbert space. A random variable
£ :Q — 'His said to be (Bochner-)integrable if

/ 1€() l2eP(dw) < oo
Q

and we define the expectation operator E as the integral

E[¢] = /Q ¢dP.

The symbol L;(Q2, F,P; H) denotes the set of (all equivalence classes of) H-valued random
variables. Equipped with the norm

1€l 2y (0) = Ell1€]1]

the space L(Q2, F,P;’H) is a Banach space. In a similar way one can define L,(Q, F,P; H),
for arbitrary p > 1 with norms

1€l @ = ENEIENY?,  1<p<oo,

and
€]l L) = ess sup {|[£]l3 : w € Q}.

If there is no risk of confusion we will write for short L, (2) instead of L, (€2, 7, P; H). Moreover,
for arbitrary elements x,y € ‘H we denote by z ® y the linear operator defined by

(@yh=ay|h)n, hel.

For &,m belonging to Ly (2, F,P;’H) we follow Da Prato & Zabczyk [27] and introduce the
covariance operator of £ and of (£,7) by the formulae

Cov(§) :=E[(§ — E[]]) @ (£ — E[¢])],
Cov(&,n) == E[(€ —E[¢]) @ (n — E[n))].

Note that Cov(§) is a symmetric, positive, and nuclear operator with

Tr[Cov(§)] = E [||¢ — E[¢]|3,] =: Var(¢).

1.2.6 Bessel potential spaces, Besov spaces, Sobolev-Slobodeckij spaces

For an open subset D ¢ RY, H?(D; X) with m € IN denotes the classical Sobolev space, that
is the space of all functions f : D — X having distributional derivatives 0°f € L,(D;X) of
order 0 < [a| <m. For 1 < p < oo the norm in H;'(D; X) is given by
7
Il pixy == | >, 10°FIIB

laj<m
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Further, for 0 < s < 1, we define the Bessel potential spaces H;m(D; X), by means of complex
interpolation via
H™(D; X) := [Ly(D; X); Hy (D; X)) _ -

We will from time to time also use the Besov spaces B;;"(D; X) which can be defined via real
interpolation by

By (D; X) := (Lp(D;X);Hg‘(D;X))S’q, 0<s<l1l, 1<p<oo, 1<qg<o0.

Recall that B,,(D; X) = W7 (D;X), provided that s ¢ IN, where W;(D; X) denotes the
Sobolev-Slobodeckij space. For a general definition of these spaces we refer to Triebel [106]
or Runst & Sickel [97]. Note further, that in case p = 2 and X is a Hilbert or UMD space (see
e.g. Amann [4] for the definition and properties of UMD spaces) we have

Hy(D; X) = W§(D; X), s>0.

With s = [s] + {s}, where [s] is an integer and 0 < {s} < 1, the intrinsic norm in W3(R"; X)
can be written as

0% f(x) — 0 f(y)
||f||W;(RN;X) = ”fHWZLS](RN; = (“/ / 7 — y’Ner{s} dedy , s>0. (1.5)

Note, that the second term from the right hand-side of (1.5) defines a semi-norm in
W3 (RY; X), which will be abbreviated by [f]W;(]RN;X) if necessary.

Then, by S*(]RN) we denote the space of tempered distributions, the topological dual of the
Schwartz space S(R") and recall that for 1 < p < oo and g € L,(R") the operator

7,0) = [ s@o(ya

defines a tempered distribution, i.e. T, € S*(R"), so L, ¢ S*(RY) forall 1 < p < co. Recall
further, that for f € S*(R") the Fourier transform F f is well-defined and given by

(Ff)(d) = f(Fp) forall  ¢eSRY).

Since F : S(RY) — S(RY) is linear, continuous and bijective, the operator Ff = f o F also
admits this property. Hence the Fourier transform is an isomorphism in S*(IRN).

Let now f € S*(R"™) and X be a Hilbert or UMD space. Then we have the norm representation

[ fllag @y = (1 + ] ‘Q)EffHLQ(RN;Xy s> 0. (1.6)

If U ¢ RY is a subset of RY, then H5(U; X) denotes the restriction of the functions f €
H3(RYN; X) to the subset U.

In case J = [0,a] is an interval, we denote by ( H;(J; X) the space of all functions f : J — X
belonging to Hj(J; X), such that f|;—o = 0, whenever the trace at ¢ = 0 exists.
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By H;(R; X) we mean the homogenous Bessel potential space of order s > 0, defined as
S (R; X) = {f € S"(R; X) : | [*F Il moxy < oo}. (1.7)

By means of the fractional derivatives (1.3) and Plancherel’s Theorem (cf. Theorem A.1) we
obtain the identity

/ (FI)©IEde = / 0° F()P .
R R

so that we have alternatively
1l oy = 10 Fllpmexy . O <s<2

For a comprehensive account of the theory of these function spaces we refer to Triebel [106].
Observe, that (1.3), (1.6) and (1.7) allow us to define the (homogenous) Bessel potential
spaces also for negative orders s € (—2,0).

1.2.7 Weighted spaces

We will further consider weighted Ly and W3 spaces. For J := [0,a], a > 0, and a number
1 > 0 they are defined canonically via

Loy(J; X):={f:J = X:()'feLl(J;X)},
WQSVM(J;X) ={f:J=>X:()feWi(J;X)}.
It is easy to verify that Lo(J; X) = Loo(J; X) — Loy, (J; X) — L ,,(J; X) holds if and only

if 1 < p2. With oW35 ,(J; X) we denote the space of all W3 ,(J; X)-functions whose trace at
t = 0 is zero, if it exists.

Thanks to Hardy et al. [52, Theorem 329] we have the useful imbedding result

Lemma 1.1. Let V be a Banach space, 0 < p <1, and 0 < o < u. Then

W3, (R V) = Lay—o(Rys V).

In view of homogenous Bessel potential spaces we proceed differently. We introduce the
weighted homogeneous Bessel potential space HS(R) with the weight function A\2¢()\) as the
class containing all tempered distributions f € S*(R) so that the number

1/2

gy = | [ 7SO0 @.8)

is finite. It is apparent, that (1.8) defines a norm, if the function ¢ : D(¢) — R, is almost
everywhere positive and densely defined in R. The space Hg)(]R) is an inner product space
with inner product

(1 9y = [ FFOFINN DN (1.9
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Lemma 1.2. /f the function ¢ is even, then the inner product (1.9) ofH?(]R) is real-valued.

Proof. Let ¢ be even, i.e. ¢(—\) = ¢(\) holds for every A € D(¢) and recall a particular
property of the Fourier transform, that is

FFOV = /R e—itA F(1)dt = /R ¢ F(1)dE = F (=),

Then, we observe
(P19 m) /ff )Fg(M)N*p(N)dA
= [ FrovEmmenn + [T EFIRM
= [ FrenFTERe + [T F 0 F )y
/ AN+ / FFNFgMN*P(A)dA
- / {W(H ff(k)fg(w A2g(A)dA

0
=2Re /OO FFN)FgMA2(N)dA
0

which yields the claim. O

1.3 Evolutionary integral equations

The notion of parabolic problems used in this study is widely taken from the monograph of
Priss [88].

Let H be a separable Hilbert space, A a closed linear, but in general unbounded operator in
H with dense domain D(A), and let a € Ly 1,.(R+) be of subexponential growth. Then it is
readily seen that the Laplace transform a(\) of a exists for Re A > 0. We consider the Volterra
equation

u(t) + (ax Au)(t) = f(t), t >0, (1.10)

where f : Ry — H is a given function, strongly measurable and locally integrable, at least.

In the sequel we denote by H4 the domain of A equipped with the graph norm |z|4 :=
|x| + |Az|. H4 is a Banach space since A is closed, and it is continuously embedded into H.
The following notions of solutions of (1.10) are natural. Again we let J C R.

Definition 1.3 (Strong and mild solutions). A function u € C(J;H) is called

(a) strong solution of (1.10) on J ifu € C(J;H4) and (1.10) holds on J;
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(b) mild solution of (1.10) on J ifaxu € C(J;Ha) and u(t) = f(t) — A(a xu)(t) on J.

Obviously, every strong solution of (1.10) is a mild one. The converse is not true, in general.

Definition 1.4 (Parabolicity). Problem (1.10) is called parabolic, if

(i) a(\) #0and A(l)\> € p(A) for all Re A > 0;
a

(ii) there is a constant M > 1 such that

%(I +ama) <

=

for all Re X > 0.

>

The notion of sectorial kernels is given by

Definition 1.5 (Sectoriality). Let a € L ,.(R+) be of subexponential growth and suppose
a(A\) # 0 forall Re A > 0. a is called sectorial with angle 6 > 0 (or merely 6-sectorial) if

larga(\)| <6 forall ReX > 0. (1.11)

Here, arga()) is defined as the imaginary part of a fixed branch of loga(\), and 8 in (1.11)
is allowed to be greater than w. In case a is sectorial, we always choose that branch of
log @(\) which yields the smallest angle 6; in particular, if a(\) is real for real A we choose the
principal branch. In the following, we denote by ¥(w, #) the open sector in the complex plane
with vertex w € R and opening angle 26 which is symmetric with respect to the real positive
axis. A standard situation leading to parabolic equations is described in

Proposition 1.6 ([88, Proposition 3.1]). Let a € L ,c.(R+) be 6-sectorial for some § < ,
suppose A is closed linear densely defined, such that p(A) D X(0,6), and

M
(u+ A~ <= forall e %(0,6).

||

Then (1.10) is parabolic.

The next definition introduces an appropriate notion concerning regularity of kernels.

Definition 1.7 (k-regular kernels). Let a € Lj1,.(R+) be of subexponential growth and k €
IN. a is called k-regular if there is a constant ¢ > 0 such that

NG (N)| < cfa(N)|, forall ReA>0,0<n<k.
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It is not difficult to see that convolutions of k-regular kernels are again k-regular. Further-
more, k-regularity is preserved by integration and differentiation, while sums and differences
of k-regular kernels need not be k-regular. However, if a(t) and b(t) are k-regular and

|arg@(A) — argb(\)| <0 <m, Rel >0

then a(t) + b(t) is k-regular as well. In general, nonnegative, nonincreasing kernels are not
1-regular, but if the kernel is also convex, then it is 1-regular (cf. [88, Section I.3]). We call
a kernel a € Lj,.(R4+) 1-monotone if a(t) is nonnegative and nonincreasing; for k > 2 we
define

Definition 1.8 (k-monotone kernels). Leta € Ly jo.(R+) and k > 2. a(t) is called k-monotone
ifa € C*2(0,00), (=1)"a™(t) > 0 forallt > 0,0 <n < k—2, and (—1)*2a*=2(t) is
nonincreasing and convex.

Proposition 1.9 ([88, Proposition 3.3]). Letk > 1 and suppose a € L jo is (k+1)-monotone.
Then a(t) is k-regular and of positive type, i.e. 5-sectorial.

If Ais sectorial with angle ¢ 4 (for a detailed survey we refer to Denk et al. [34, Section 1]), and
a is ¢4-sectorial, then (1.10) is parabolic provided that ¢4 + ¢, < 7, cf. [90, Proposition 3.1].
An important property of parabolic Volterra equations is the fact that they admit bounded
resolvents whenever the kernel a is 1-regular, see [90, Theorem 3.1]. By a resolvent for
(1.10) we mean a family {S(¢) }+>0 of bounded linear operators in H which satisfy the following
conditions:

(S1) S(t) is strongly continuous on Ry and S(0) = I;
(S2) S(t)D(A) C D(A) and AS(t)z = S(t)Ax forallz € D(A), t > 0;
(S3) S(t)xr+ A(a* Sz)(t) =z, forallz € H, t > 0.
(S3) is called resolvent equation. One can show that (1.10) admits at most one resolvent,

and if it exists, then (1.10) has a unique mild solution u represented by the variation of
parameters formula

— > .
dt/St ) f(r)dr, t>0, (1.12)

at least for such f for which (1.12) is meaningful. If (1.10) admits an analytic resolvent S(t)
(cf. [88, Section I.1 and 1.2]) which is bounded on some sector (0, §), then (1.10) is parabolic;
the converse is not true in general.



Chapter 2

Processes with stationary
increments

The theory of random processes is a very important and advanced part of modern probability
theory, which is interesting from the mathematical point of view and has many applications.
In practise, one has to deal particularly often with the special case of stationary random pro-
cesses. Such processes naturally arise when one considers a series of observations which
depend on the real-valued or integer-valued argument ¢ (time) and do not undergo any sys-
tematic changes, but only fluctuate in a disordered manner about some constant mean level.
Stationary time series can be expressed as the increment function of a process with station-
ary increments and occur in nearly all areas of modern technology as well as in the physical
and geophysical sciences, mechanics, economics, biology and medicine, and also in many
other applied fields.

This chapter is devoted to collect some fundamental definitions and regularity results, and
to present an innovative approach to construct isometries of It6-type for stochastic integrals
with respect to processes X with stationary increments and spectral density. As a general
reference to the topic of stationary processes we refer to Yaglom [110] and the references
therein.

2.1 Definitions and Properties

Let (2, F,P) be a probability space and let J be an interval of R. An arbitrary family {X () };cs
defined on (2, such that X (¢) : 2 — R is F-measurable for each ¢ € J is called a stochastic
process and we set X (t,w) = X (t)(w) forall t € J and w € €. The functions X (-,w) are called
trajectories of X. For the reader’s convenience we recall some basic definitions of reqularity
for a process {X (t) }1es C L2(9).

19
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(a) X is mean-square continuous at ¢y € J, if

lim E[| X (t) — X (t0)[*] = 0.

t—to
(b) X is mean-square continuous on J, if it is mean-square continuous at every point of J.
(c) X is continuous (with probability 1), if its trajectories X (-, w) are continuous almost surely.

(d) X is Holder-continuous of order « (with probability 1), if its trajectories X (-,w) are Hélder-
continuous of order a almost surely.

Definition 2.1 (Stationary processes). The random process X is called stationary if all its
finite-dimensional distributions (or probability densities) remain the same when shifted along
the time axis, that is if

{X(®)}er £ {X(t+ ) hier

holds for all T € R. Here "%" denotes the equality in the finite-dimensional distributions.

The physical meaning of stationarity is quite clear: “It means that a phenomenon, whose
numerical characteristic is the random process X, is stationary in the sense that none of the
observed macroscopic factors influencing this phenomenon change in time. In other words,
X describes the time variation of some characteristics of a steady-state phenomenon, for
which no choice of the time has any advantage over any other choice.” [110, Page 52].
However, in this thesis we will not only focus on stationary motions, but rather on processes
with stationary increments. In what follows we denote by

D3(t;u,v) = E[(X (u) = X (8))(X (v) = X(2))]
the structure function of the real-valued process { X (t)}ics C L2(Q2).

Definition 2.2 (Processes with stationary increments). We call the random process X :=
{X(t)}ter C L2(R2) @ process with stationary increments if

(i) the mean value of its increments depends only on the length of the incremental interval,
ie.
E[X(t) — X(s)] = E[X(t — 5) — X(0)];

(ii) foru,v,t € R the structure function Ds(t;u,v) depends only on the differences u—t and
v—t,ie.
Ds(t;u,v) = D3(0;u — t,v —t) =: Da(u—t,v —1t).
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At this point the experienced reader may object that Definition 2.2 does not reflect the de-
scription of a process with stationary increments in the narrow sense, that is if

{X() = X(8)hser % {X(t+7) — X(5+7) }rscr

holds for any 7 € R. Therefor we should be more careful and say that the processes under
consideration have stationary increments in the wider sense. However this refinement is
unnecessary in this thesis where more special processes with strictly stationary increments
will not be considered at all. The concept of a random process with stationary increments
was introduced in Kolmogorov [65], who showed that in terms of the geometry of the Hilbert
space Ly(f2), a process with stationary increments in the manner of Definition 2.2 is in a
certain sense equivalent to a screw curve.

Definition 2.2 yields that a real-valued process X with stationary increments is characterized
by a function (the mean of the increments) of one variable

E[X(t+ 1) — X(t)] = m(r) (2.1)

and by a function D(-) of one variable

E|X(t+7)— X()|* =: D(7). (2.2)
The function Dy(-, ) can then be obtained via the identity
1
DQ(Tl,TQ) = i[D(Tl)—}—D(TQ)—D(‘T1—7'2|)]. (2.3)
Definition 2.3 (Centered processes). A process X := {X(t)}tws is called centered, if

E[X (t)] = 0 holds for all t € J.

Remark 2.4. Observe, that if the process X is centered and X (0) =0 a.s., then

D(r) = Var[X(7)] and Day(m,12) = Cov[X (1), X (72)].

Looking for a general form of the function D(7) = Da(7, 7) we follow Yaglom [110, Chapter 4]
and begin with the case of differentiable processes X. This case is rather simple, since if X is
a process with stationary increments and its mean square derivative X exists, this derivative
clearly is a stationary process. Therefore the study of differentiable processes with stationary

increments can always be reduced to the study of stationary processes Y () := X(t). Let
Y(t) = / e"™dZy(\),  By(r) = / e Dy (M)
—00 —00
be spectral representations of the process Y itself and of its correlation function By defined
by By := E[Y(t 4+ 7)Y (t)]. Hereby ®y is a bounded nondecreasing function, and Zy is a
random function with uncorrelated increments, such that

EldZy (A)|* = d®y (\); (2.4)



CHAPTER 2. PROCESSES WITH STATIONARY INCREMENTS 22

cf. [110, formulae (2.76) & (2.77)] in case of eventually confusions regarding the meaning.
Then it is readily seen that

X(t)— X(0) = /OtY(T)dT = /_Z [/Ot eiTAdT:| dZy ().

Hence,
00 ezt/\ -1
X(t) = / ——dZy(X) + X(0), (2.5)
00 ITIA 1 iToN __ 1
Dy(71,72) :/ (e ige )d‘I)Y()\),

and therewith o 1 \
— COS AT

Note that, if the point A = 0 is a jump discontinuity of Zy, i.e.

D(r) = Dy(r,7) = 2/

—0o0

lim[Zy (e) = Zy(—e)] =€ # 0,
where ¢ is a random variable, then due to (2.4)

lim[®y () — Py (—¢)] = E[¢* > 0,

E—>

i.e. the point A = 0 is a jump discontinuity of &y also. The contribution of this discontinuity
on the integral (2.6) is evidently equal to

. 1 —cosAt
2B Jim

Let us further introduce the functions Z and ¢ by

= B¢,

(2.7)

A2
Z(A2) — Z(M) = / 42y ()

A2
N A ‘1>(A2)—<I>(A1):/ dPy (\)

2
N A

for0 < A1 < Ay 0r A\; < Ay < 0. Then, considering again the real-valued case and interpreting
the integral over R as the limit

0o —e R
/ = lim {/ —|—/ },
— 00 R—00,e—0 R c

formulae (2.5) and (2.6) can also be written as

X(t) = / (e —1)dZ()\) + X (0) + &t, (2.8)
respectively

D(1) = 4/ (1 —cos AT)d®(\) + E|¢)?72. (2.9)

0

By virtue of (2.7) the spectral distribution ® is a nondecreasing function on the half-lines
(—00,0) and (0, c0) such that
o0
/ Mdd(\) < oco. (2.10)
—00
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If the correlation function By (1) of Y = X falls off rapidly enough with |7| (say By € La(R)),
then E|¢|?2 = 0 and d®(\) can be replaced in (2.9) by ¢(\)d)\, where ¢(\) = ®'(\) > 0 is
the spectral density of the process X. Thus, if the spectral density exists (say when & is
absolutely continuous), we can rewrite formula (2.9) into

D(r) = 4/000(1 — cos AT)p(N)dA, (2.11)

where o
/ AN < oo.
0

It can be shown (e.g. von Neumann & Schoenberg [109]) that spectral representations similar
to the above also exists for any nondifferentiable process X with stationary increments, with
the only difference that, in general, the spectral distribution ®(\) increases so rapidly as
|A| — oo, that the integral (2.10) becomes infinite. Then instead of (2.10) it is only necessary
that, for any Xy > 0,

/AO d(N) +/A° A2AD(\) +/°O dB()) < .

—00 —Xo Ao

If, as in this thesis, the processes X is real and its spectral density exists, then ¢(\) = ¢(—\)
and, forany \g > 0 itis

Ao 0o
/ A2p(N)dX + AN < oo, (2.12)
0 Ao

but the integral fooo ¢(A)dX may be infinite, if X has stationary increments but is not station-
ary itself. We have shown that if X is a process with stationary increments, then X and its
structure function D(-) have the spectral representations (2.8) and (2.9), respectively. Von
Neumann & Schoenberg [109] proved that the converse is also true.

Before turning to regularity, we will give a precise meaning to the spectrum of the process
X. That is the frequency \ is said to belong to the spectrum of X if ®(A+¢) — ®(A—¢) > 0 for
any € > 0, where ® denotes the spectral distribution of X. If X possesses a spectral density
¢, then the spectrum of X is the closure of the set {A € R : ¢(\) > 0}, or in other words,
the spectrum consists of all frequencies A which have no vicinity where the spectral density
¢ identically vanishes.

We will, in the subsequent section, characterize two classes of processes with stationary
increments. As a first goal we then accomplish to derive estimates on the structure function
D in order to deduce results concerning regularity in the pathwise and in the L,(Q2)-sense.

2.2 Regularity

From now on we will exclude the case ¢ = 0, since this case merely corresponds to the
trivial process X = 0 a.s. In view on regularity results, we may classify the processes under
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consideration with respect to their spectral densities. The first class contains all processes
X which satisfy

Hypothesis (¢). X is a real-valued process with stationary increments and X (0) = 0 a.s.
Furthermore, the spectral density ¢ of X exists and there is a number 1 < v < 3, so that

sup |A["p(N) < 0.
AeR

Observe that Hypothesis (¢) does not directly incorporate the spectrum of X. The second
class is abstractly formulated as

Hypothesis (¢¢). X is a real-valued process with stationary increments and X (0) = 0 a.s.
Furthermore, the spectral density ¢ of X exists and there are numbers 1 < vy < 3, A\g > 0
and 6 > 0, so that

inf  A°¢(A) >0,
(a) 0<1/{1</\0 ¢( )>

(b) limsup [A|7°¢(A) < oo,
A—0
(©) ¢(tA) = 700t y(\) forall A € (0,00) and T > 1.

This particulary means the frequency zero must necessarily be contained in the spectrum of
the process X.

Remark 2.5. Note the following.

1. The restrictions 79 < 3 and # > 0 are evident since the spectral density ¢ must satisfy
condition (2.12). Moreover, the restriction v < 3 (resp. v > 1) is nontrivial if A = 0 is not
contained in the spectrum of X (resp. the spectrum of X is bounded).

2. In view of applications one should always be exerted to choose the number 6 preferably
small in order to achieve optimal regularity results (see Theorems 2.18 and 2.21 below).

3. Suppose the process X is subject to Hypothesis (¢g) with the number ¢ chosen to be as
small as possible.

(a) For any fixed h > 0, the spectral density ¢, (A\) = 2(1 — cos Ah)¢(A) of the incre-
mental process X, (t) := [X(t + h) — X (t)] has a singularity at frequency zero if
and only if vg > 2. It is frequently claimed in literature, that in this case X displays
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long-range dependence in the sense that the dependence between the increments
[X(1) — X(0)] and [X(n + 1) — X (n)] decays slowly as n tends to infinity and

> Cov[X (1) — X(0), X(n+1) — X(n)] = oc.

However, we stress that this is not true in general (cf. Gubner [51]).

(b) If & > 0, then ¢ has a significance in its behavior when |\| — co. As a consequence
the correlation of consecutive small increments of X exceeds the correlation of
consecutive large increments (cf. Remark 2.17 below). This phenomena is called
intermittency in turbulence literature (e.g. Frisch [44]).

Example 2.6. Suppose X is a process with stationary increments and X (0) = 0 a.s. Assume
the spectral density ¢ exists and is of the form

1

M R

l<a<3, s>0, g>0.

Then X satisfies Hypothesis (¢), whereby the number « can be chosen in [a, a + s8] N [«, 3),

since for this selection .

Ap(A) =
AN = S e
is clearly bounded on R. Moreover, X is due to Hypothesis (¢g) with 79 = a and 6 > sg3. This

is apparent because
1

AON = S e

is strictly positive and bounded in a neighborhood of A = 0 if and only if 7y = a and

1 1
— = 7('YO+Sﬁ)
= e =T X )
1
> ||~ (vot+sp) — ||~ (vo+sB)
> |7] A0 (1 + |A]5)P 7l $(A)

obviously holds true for all |7| > 1.

As we have seen in the previous example, there are processes which are due to both, Hy-
potheses (¢) and (¢g). However, this is not true in general.

Example 2.7. Consider a process X with stationary increments being zero at time zero a.s.
and suppose ¢ is of the form

1 —sin(|A|)

d(N) = . 1<a<3.
W=

Then X is subject to Hypothesis (¢) with v = «, but |A\|7¢(\) = 1 —sin(|\|) violates the growth
condition (c) of Hypothesis (¢g) for any 6 > 0.
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Vice versa, we find processes which satisfy Hypothesis (¢g), but conflict (¢).

Example 2.8. Consider a spectral density of the form

1 A|®
¢w:]$h

2<a<d, O0<s<a-—1.

Then the associated process X might satisfy Hypothesis (¢g) with vy = « and 6 = 0, but will
surely contradict Hypothesis (¢). This is due to the fact, that the singularity at frequency
zero compensates a singularity at infinity and can therefore not factorized as a power of |A

’

so that the remainder becomes bounded.

The following proposition clarifies, how Hypotheses (¢) and (¢g) are connected. For brevity
we define

FO) = 60N, g0) = NP6\, Spi=sup f(N), L= inf g(\).  (2.13)
AR 0<A< Ao

Note that f, g, Sy and I, depend on the parameters v, 79 and Ao, respectively.

Proposition 2.9. Let X satisfy Hypotheses (¢) and (¢o), then v < v < v + 60 and Sy >
)\gﬂolg. Moreover, 6 = 0 is equivalent to f = g. If this is the case, then the remainders are
nondecreasing on the half-line (0, c0) and satisfy

I, = lim f(0) < Tm_f(3) =5,

Proof. Observe the estimate for |7| > 1 and A € (0, \g)
N8y 2 I (EA) = AP0 0g(0) > (AT e,

in particular

ﬂ > |)\|va0|7‘7*70*9_

Ig

Thus necessarily v9 < v < 49 + 6 and Sy > A]”°I,. The case § = 0 corresponds to vy = v
and therewith f = g. If this is the case then f is obviously bounded and f(\) > I, in a
neighborhood of A = 0. Moreover f satisfies the growth condition f(7A) > f(\) forall A > 0
and 7 > 1, thus f is nondecreasing on (0, c0) and, since f is an even function, nonincreasing
on (—o0,0). O

Corollary 2.10. Let X satisfy Hypotheses (¢) and (¢g) with 0 > 0. Then the choice v = g is
admissible. If, in addition, lim sup,_, ., A\’g()\) < oo, then any selection ~ € [y, Y0 + 0] N [70,3)
is feasible.
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Proof. Recall, that by Proposition 2.9 we have vy < v < 79 + 6. To justify the choice v = g
we have to show that supy.( A"°¢(A) < co. This can be seen from

APOTTF) = A 9(A) = g(A).
Turning to the second claim, we need to verify sup,., A1 T%¢()\) < oo, which follows from

IAPOFEF(A) = IAPOH8() = [APg(A). =

Theorem 2.11. The following are true.

(i) Let X be subject to Hypothesis (¢). Then the estimate

. ay [ sin?(N)
D(7) < ey, cp i=cp(y) =277 ———=dA - sup [A\[To(N) (2.14)
o A AeR
holds for all T € R. Moreover, (2.14) holds with equality if |\|Y¢(\) is identically constant.

(ii) Let X be subject to Hypothesis (¢g). Then the estimate

D(7) 2 cg, - min{|r[0 7, [z,

Ao/2 sin?(\)
= A :2470/ d\- inf |[A¢(\
Coo c(ﬁo('YO 0) ) 0 |>\1|2)\0‘ ’ ¢( )

holds for all T € R.

Proof. Itis particularly seen from (2.11) that D(7) = D(—7) which entails, that this proof can
be reduced to the case 7 > 0. If 7 = 0 then trivially D(7) = 0 so that it suffices to prove
the claim for 7 > 0. The results then follow from the spectral representation (2.11) of the
function D, because forall 7 > 0 it is

ee o 16 [ 2
D(7) = 4/ (1 — cos€ET)g(€)dE = 8/ sin? <fT> P(€)de = / sin?(\)¢ <> dA.
0 0 2 T 0 T
Observe now that [;°sin*(\)/A*dA exists if 1 < o < 3. Then by means of notations (2.13),
assertion (i) follows with

o % ¢inZ \ 2\ _ % sinZ \ _ B
D(r) =2'"77 1/0 AT f<r>dA§ {24 7Sf/o AT d/\] T = e,

while for 0 < 7 < 1 (ii) is a consequence of the growth condition (¢g)(c), because

% gin?2 Xo/2 ;2
D(r) = 94=70 70—1 Sin )\g Q d) > 94— 0/2 gip )\d)\ Fr0-1+0 _ o yo—140
o A T Y Jo 0 do

In case 7 > 1 assertion (ii) follows with strict positivity of the remainder g in a neighborhood
of A =0. Then

0 ¢in2 )\ 2\ Ao0/2 & 23
D(r) =2t07071 /0 Sl;% g<7_> dx > 20700 /U SI;O dA| 707 = chr07h O
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Following the latter proof we may outline, that the growth condition (c) of Hypothesis (¢g) is
only involved when |7| < 1 and that the constant ¢, particularly depends on the parameter ~.
This is crucial to remember in situations where the parameter « is not uniquely determined
by Hypothesis (¢). As an immediate consequence of Theorem 2.11(i) we obtain

Corollary 2.12. Suppose X be subject to Hypothesis (¢) and denote by I' the set of all
feasible ~. Then the estimate

D(7) < inf {cy(y)|7]" 1y €T}

holds for all T € R, with ¢4 := c4(7) from Theorem 2.11(i).

The result of Theorem 2.11(ii) is very convenient with view on applications. The downside of
the simple representation is clearly the fact, that it is not optimal in general. The following
corollary can be deduced in similar fashion as of Theorem 2.11(ii) and yields a lower bound
for the second moment of X (¢) which performs much better.

Corollary 2.13. Let X be subject to Hypothesis (¢y) and denote by A the set of all admissi-
ble \o. Then the estimate

0
@) oHo-1 . < 2R R .2
. TS _ sin® A
D(t) > sup CR( inf g(A)) : (QR Aol e =2t '70/ dA
R>0,X0€A IAl<Ao Fr0—1 7> 2R 0o A

holds true for all T € R.

Proof. Follow the lines of the proof of Theorem 2.11(ii) to verify

O (il
Ao o1 sin“ A [ 2\
D(r)=2""°7 /0 RASS dA.

By now we fix an arbitrary Ay € A and a number R > 0 to proceed with

R .2
D(r) > 24—707”/0—1/ S A, <2A> dA.
0 T

A0

Observe now, that 22 < ) if 7 > 3 and, moreover by (¢o)(c),

Y _ (2R M) (2R (M
gT_g)\oTR_AOTgR’

provided that 7 < %. The claim can then be enforced by employing the remaining arguments
of the proof of Theorem 2.11(ii) for each pair (R, o) € (0,00) x A. O

If the process X is in particular centered and Gaussian, then we obtain L,-estimates with the
aid of the Kahane-Khinchine inequality (cf. Theorem A.3).
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Corollary 2.14. Let X be a centered Gaussian process.

(i) If X is subject to Hypothesis (¢), then for every p € (2,00) there is a constant ¢ > 0 such

that the estimate
p(y—1)

E[X(t) = X(s)[P < cft —s]

holds for all t, s € R.
(ii) If X is subject to Hypothesis (¢), then for every p € (1,2) there is a constant ¢y > 0
such that the estimate

p(vo—1+46) p(vo—1)

E[X(t) - X(s)P > co-minf|t — s| "7 [t — s}

holds for all t, s € R.

Proof. With the aid of the Kahane-Khinchine inequality (cf. Theorem A.3), the claim (i) follows
directly from Theorem 2.11(i) because

E[X(t) = X(s)IP < c(E[X(t) - X(S)\z)p/2 — c(D(t —5))P* < cft — 5?7,

holds for all p > 2. Here the constant ¢ > 0 is generic and may depend on p. The second
assertion follows in a similar manner. O

We now may take a closer look to the correlation of the increments in case X is centered. We
start with the case of small consecutive increments.

Proposition 2.15. Assume X is centered and satisfies Hypotheses (¢) and (¢g) with v =
70 + 0. Denote by c4 and cg, be the constants from Theorem 2.11 and let 0 < 7 < %

(i) If o < 2—1logy(cy/cy,) — 0, then the increments (X (t) — X (t — )] and [X (t + 1) — X (t)]
are negative correlated.

(i) If vo > 2 +1logy(cy/cy,) — 0, then the increments [X (t) — X(t — 7)] and [X (t + 1) — X (t)]
are positive correlated.

Proof. With the aid of identity (2.3), a direct computation verifies

CoviX(t) = X(t—71),X{t+7)—XO]=E[(X{#) - X{t—7)(X({t+T1)—X(t))]
1

= —E[X(-)X()] = 5 (E[X(27) - E[X(-7)]" - E[X (7)]")

and it is a matter of the stationarity of the increments and the assumption E[X (0)] = 0, that
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Thus, we already have
1
E[(X(t) = X —7)(X(t+7) — X(1)] = §E[X(2T)]2 —E[X(7))?
and we may employ Theorem 2.11 to estimate

Q%(27)%71%’ — cd)ﬂ*l <SE[(X@#) = X(t—m)(X{t+7)— X)) < N (27)%1 B %OTWO*HH_

Recall that v = ¢ + 6 by assumption. Thus
(692072 — )L S B[(X(8) = X (£ = 7)) (X (2 +7) = X ()] < (cp2072 = 5 ) 770+,

and the result is immediate. O

Following the same strategy one observes a result for large increments of X.

Proposition 2.16. Assume X is centered and satisfies Hypotheses (¢) and (¢y). Denote by
cg and cy, the constants from Theorem 2.11 and let T > 1.

(i) If v0 < 2 —logy(cy/ce,), then the increments [X (t) — X(t — 7)) and [X(t+ 1) — X(t)] are
negative correlated.

(i) If vo > 2 +1logy(cy/cq,), then the increments [X (t) — X (t — 7)] and [ X (t + 1) — X (t)] are
positive correlated.

Remark 2.17. Propositions 2.15 and 2.16 show in particular, that if X is centered and sat-
isfies Hypotheses (¢) and (¢g) with 6 > 0 and admissible v € [y9,v + 6], the correlations of
small and large increments satisfy

E[(X (1) = X(t =) (X (¢ +71) = X ()] > E[(X(t) = X( = 72))(X(t + 1) = X(2))],

with 0 < 71 < 3 and 7, > 1. A very special situation is described if 7y < 2 — logy(cg/cy,) and
6 > 2logy(cy/ce,)- In this case large increments are negative correlated, while consecutive
small increments tend to have the same sign.

The subsequent theorem yields first regularity results in the pathwise sense. Due to the
available L,-estimates for centered Gaussian processes the results can be enhanced in this
case.

Theorem 2.18. The following are true.

(i) Let X be subject to Hypothesis (¢). If v > 2, then X is mean-square continuous and
has continuous paths almost sure. Moreover, the trajectories of X are locally Hélder-
continuous of order o < 52 with probability 1.
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(ii) Let X be a centered Gaussian process subject to Hypothesis (¢). Then X is mean-
square continuous and has continuous paths almost sure. Moreover, the trajectories of
X are locally Hélder-continuous of order o < ”T_l with probability 1.

(iii) Let X be subject to Hypothesis (¢g). If 6 < 3 — v then X is almost surely nowhere
mean-square differentiable.

Proof. Assertion (i) is immediate by Theorem 2.11(i), which in particular yields
E[X(t) — X(s)? <clt —s|"072 ¢ seR.

Thus the Kolmogorov-Centsov-Theorem (cf. Theorem A.4) proves the claim. Regarding (ii)
Corollary 2.14 yields, that for every p € (2, 00) there is a constant ¢ > 0 such that

EIX(t) — X(s)P < clt — s/ P07,

for all s,t € R. Employing the Kolmogorov-Centsov-Theorem (cf. Theorem A.4) yields the
Hoélder-continuity on every bounded subset of R of order a < %1 — ;1) for every 2 < p < .

In case (iii) the nowhere differentiability in the Ly(£2)-sense follows with

Lo [BIX (W) = X EX(—s)P?

8‘70—3-1-9
s—t ‘t— 8‘2 s—t ‘t—s‘Q

> ¢ lin%\t— = 0. O
S—

Corollary 2.19. Let X be subject to Hypothesis (¢). If v > 2, then X is centered.

Proof. Observe that the function m given by (2.1) satisfies
m(m1) + m(m2) = m(m + 72)

and, since v > 2, the function m is continuous by Theorem 2.18(i), which in turn yields
m(7) = c;7 where ¢; is a constant. Because

D(r)=(E[X(t+T)— X(t)])2 + Var[X (t +7) — X(t)] = @72 + Var[ X (t + 1) — X (1)],

where, as a matter of course Var[X (¢t + 7) — X(¢)] > 0, the function D(7) includes a term
proportional to 72 in all the cases where ¢; # 0. Theorem 2.11 yields D(7) < ¢|7[?~! for all
7 € R with v —1 < 2. Hence ¢; = 0, which is equivalent to 0 = m(7) = E[X(t +7) — X(¢)] =
E[X (7)] for all T € R. O

Corollary 2.20. Let X be a Gaussian process subject to Hypothesis (¢). If v > 2, then with
probability 1 the trajectories of X are locally Hélder-continuous of order o < 'YT_l .

Proof. The result is immediate by Corollary 2.19 and Theorem 2.18(ii). O
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We are now in the position to formulate first results in the L,(2)-sense.

Theorem 2.21. LetT >0, J=1[0,T], p€ (0,00) and 0 < o < 1.

(i) Suppose X satisfies Hypothesis (¢). If 20 < v — 1, then X € ¢W§(J; L2(Q2)).
(i) Suppose X satisfies Hypothesis (¢g). If 20 > vy — 1+ 0, then X & WG (J; L2(R2)).

(iii) Suppose X is a centered Gaussian process subject to Hypothesis (¢) and let 2 < g < oc.
If20 <~ —1, then X € oWy (J; Ly(Q)).

(iv) Suppose X is a centered Gaussian process subject to Hypothesis (¢g) and let1 < q < 2.
If20 > v — 1+ 0, then X ¢ W7 (J; Ly(Q2)).

Proof. In view of Theorem 2.11 and Corollary 2.14, assertions (iii) and (iv) will be shown
directly considering the semi-norm [-], in oW 7 (J; L,(€2)) and exploiting the stationarity of the
increments. Assertion (iii) follows with

P p(v—1)
q

(E[X(t) — X(s)|7) t—s] >
/ / |t — 3|1+p0 dsdt S C/ mdsdt
—c//\t—s\ 1Wd:sdt2c/ /t—s

and the last integral is finite, if and only if o < 25=. Turning to (iv) we restrict J to [0, 1] and

Lot (0-1+6)
X1 > 2¢ / / (t— )"0 oy
0 0

and the right hand-side is finite if and only if o < VO’T”G. To prove assertions (i) and (ii) set

—1=poqsdt

achieve analogously

p = q = 2 and repeat the above arguments. O

2.3 Noise

In the analytical treatment it is inconvenient that a process X does in general not have a
derivative. A very elementary method of circumventing the lack of derivative is to smooth X
and to introduce the random function

t+0
X(r)dr = / X(1)e1(t —7)dr, 6 >0,
R

where

sl L0<t <y,
e1(t) == ,
0 : otherwise.
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The process X has a stationary derivative

(13[ (t+5) — /X Vg (t — 7),

which is almost surely continuous, but surely nondifferentiable. For § small enough, the

Xs(t) =

processes X and X; are indistinguishable for many practical purposes. One can replace
1 by an infinitely differentiable kernel ¢, which vanishes outside some finite interval and
integrates to 1. Then

k T —7)dr = (=1)F No® ¢ — Hdr
at/RXUso(t )d “)/RX”“” (t — r)dr,

which is continuous and stationary for all £ € IN. Following up this approach, one can interpret

/X ot —7)dr

as being not a random function but a generalized random function in the sense of Schwartz
distributions (e.g. Gelfand & Vilenkin [45]). For practical purposes, it may be desirable to
avoid Schwartz distributions, and one shall be concerned with determining whether finite
differences of the process X are reasonable approximations of the noise X.

2.4 Deterministic multipliers

Throughout this section let J = [0,7], G € RN, W = Ly(J; L2(G; L2(Q))), and Y =
Lo(J; La(0G; La(£2))). The aim of this section is to deduce the regularity properties of the
function

¢t z,w) Zbk t ) Xp(t,w) (2.15)
k=1

where (X;);cw are entirely independent processes defined on the probability space (2, 7, P)
and satisfying Hypothesis (¢) (see page 24). The scalar functions b; € Lao(J; L2(9G)), i € N,
are supposed to be deterministic.

Turning to spatial regularity, we furnish a sufficient and necessary conditions on the multiplier
b := (b;);en. so that the boundary disturbance (¢ affiliates to the space

Y, == Ly(J; oW5(0G; La(R))), s> 0. (2.16)

Note that Yj is isometrically isomorphic to the basic space Y.

Theorem 2.22. Lets > 0, G C RY be a domain with Cs/+1-poundary and ¢ given by (2.15).

(i) Suppose (X,)nen is a sequence of mutually independent processes with a unique spec-
tral density ¢ subject to Hypothesis (¢). Then

be L27VT—1(J;0W§(8G;£2)) — C c LQ(J;QWS(aG;LQ(Q))).
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(i) Suppose (X, )nen is @ sequence of mutually independent processes with a unique spec-
tral density ¢ subject to Hypothesis (¢g). Then

(e LQ(J; 0W§(8G, LQ(Q))) = be L2"y0721+9 (J; 0W§(8G,£2))

Proof. Without loss of generality we set 0 < s < 1. Starting with claim (i), the presence of
Theorem 2.11(i) and a straight forward computation gives

1

2\ 2
IClly. = ||| E

> b(t, 2) X (t)
k=1

La(J;0W5(0G))

N[

B[S a5 + X)X 0

k=1 k£l

La(J;0W5(9@))

and with the aid of the independence of X; and X for ¢ # j we proceed with

I<lly, = (Zlbk(t,w)QEle(tV)

k=1 La(J:0W5(9G))

2

2L
<c (ZH 7 byt 96)|2> :CHbHLZvT,l(J;0W§(8G;42))~
k=1 La(J30W5(9G))

Turning to (ii) we recall that is suffices to prove the claim for J = [0, 1] and obtain in similar
fashion to (i)

¢y, = CO||bHL2 So 110 (JioW5(0Gst2)) O
’ 2

Our next aim is to deduce conditions on b, so that the boundary disturbance ¢ admits some
time regularity. To this end we provide some technical tools with the subsequent lemmata.

Lemma 2.23. Suppose X is subject to Hypotheses (¢) with |A\|Y$(\) = const and let b : J —
R a deterministic function. Then there is a constant ¢ > 0, so that

E[b(t)X (1) — b(s) X ()]
—c {(b(t)t”;l - b(s)s”%)Q + [b(£)b(s)] (yt o s”;lr)]

holds for all s,t € J.

Proof. The claim can be shown directly with the aid of Theorem 2.11(i).
E[b(t)X () — b(s)X (s)]> = E [*(£) X2 (t) + b*(s) X2(s) — 2b(t)b(s) X (1) X (5)]
= U (OE[X ()] + b*(s)E[X ()] — 20(£)b(s)E[X (t) X (s)]
=c [bZ(t)t'Y_l + b%(s)s7™ — b(t)b(s) (t7_1 + 577t — s|7_1)] :
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We then proceed with the elementary manipulations

E [b(£)X () — b(s) X ()]
=c [P0 + 03 (s)s7 T+ b(t)b(s)|t — |77 — b(£)b(s)tT ! — b(t)b(s)s7 ]

—©c {(b(t)twgl — b(s)s%l)2 + b(t)b(s) <’t —s - {f; B ST}Q)]

and the proof is complete. O

Lemma 2.24. Suppose X is subject to Hypotheses (¢) and letb : J — R a deterministic
function. Then there is a constant ¢ > 0, so that

E [b(1)X(t) = b(s)X(s)]” < ¢ [B°()[¢ — s]~" + [b(t) — b(s)|?s7 "]

holds for all s,t € J.

Proof. The claim can be shown directly with the aid of Theorem 2.11(i).

E [b(t)X () — b(s) X ()] = E [b(£)(X(t) — X(s)) + X (5)(b(t) — b(s))]"

< 2E[b(1)(X (1) — X (s))]” +2E[ (5)(b(t) = b(s)))?
< c[pP)|t — s+ [b(t) —b(s)Ps7 ]
which completes the proof. O

Theorem 2.25. Let G C RY be a domain with boundary of class C* and ¢ given by (2.15).

(i) Suppose (X,)nen is a sequence of mutually independent processes with a unique spec-
tral density ¢ subject to Hypothesis (¢), so that |A\|7¢(\) = const and let 0 < 20 < vy — 1.

be OW (J LQ(@G EQ)) — C € OWg(J; LQ(@G; LQ(Q)))

(ii) Let the assumptions of (i) be valid and assume further that for all s,t € J and x € 0G it
is (b(t,x)|b(s,x))e, > 0, then

¢ € W3 (J; La(0G; La(R2))) = be ()WQU’A,T_l(J; Ly (0G; £3)).

(iii) Suppose (X,)nen is a sequence of mutually independent processes with a unique spec-
tral density ¢ subject to Hypothesis (¢) and let 0 < 20 < v — 1. Then

be oW3(J;L2(0G: b2)) = (€ oW3(J; L2(0G; Lo(L2))).

Proof. Regarding assertions (i) and (iii), it is due to Lemma 1.1 and Theorem 2.22 with s = 0,
that ( € Y. So it suffices to compare the relevant semi-norms. In the sequel we denote by
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[-]o the semi-norm of the space W (.J; L2(0G; L2(2))) and by dn the surface measure of 0G.
Let moreover be (,,, the m-th partial sum of (, that is

z) =Y bt z)Xp(t)
k=1

z) — Gm(s, x)]?
iz = [ [ [H et I s
J J

/// Doy E (b (t, 2) X (1) — bk(sax)Xk(s)]2dn(g;)dsdt. (2.17)

|t— S|1+2cr

J J oG

With view on (i), Lemma 2.23 yields

-1
b(t,z)t = —bks,ms%Q
[Cm]2 —c///Zkl ]t—s]1+2f’( ) )dn(x)dsdt—i-

J J oG

~y—1 ~y—1

Zk 1bk (t,z)bg (s, x) [’t_ 3’7—1 — (T — ST)Q
/// dn(x)dsdt. (2.18)

|t _ S|1+2cr

J oG

Let us now study the second term of the right hand-side of (2.18) separately. It is due to
[t—s|71 > (tVTf1 —5%1)2 forall s,t € J (to see this multiply with s'~7 and substitute z = ¢/s),
that

-1 -1
0l ol 2

/// Y opey br(t, )by (s, x)hpt S_|j'2701 —(tz —s2) et

J 0G
_ o1
// > opey |bx(t, )bg (s, )|t — s diy(z)dsdt

|t _ S|1+20
J 9G
bzt(L' + b2 (s, x) o bi(t, @)
<= /// > ke 1 e r)dsdt = // 8’2+20 T e dn n(x)dsdt.
J J oG J J oG

Passing to the limit m — oo forces the existence of constants c;, co > 0 (in the sequel generic)
so that
AGED!
[C2<ec [b}owv 1 (J:L2(8Gst)) +c2// s]2+20 T e dn n(x)dsdt
J J oG

B I, 00
2 2)
_Cl[b}owa (JLQ (8G3l2)) 02/ / |t75|2+20 v dsdt

7—1—20/ ”ti_gb( )||%2(8G;22)dt

(2.19)

=aq [b}ng L (J:L2(0Gs2)) T
2

. C2 2
=a [b}oW;%(J;LQ(aG;@)) T oo L, o Gitacie)
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and assertion (i) is established by Lemma 1.1. Turning (ii) we stress that it suffices to prove
the claim for J = [0, 1] and that Theorem 2.22 yields b € L27VT—1(J; L2(0G;¢3)). Note that
(b(s,z)|b(t,z))e, > 0 implies the existence of a number M > 0 such that for every m > M it
is > ", by(s,2)by(t,x) > 0. Choosing m > M we estimate (2.18) by

/// > (br(t, x) t 3 ’1:21?(3 ,T)8 51) dn(z)dsdts

J oG

~y—1 ~y—1

C/// o bi(t, bk(s,xL“_t S_’j:;l —(t=z - sT)Q} et

J J oG
-1
Yo (br(t, ) t ) —bk(ij)s%)z
/// o It — s[i+20 dn(x)dsdt.

J oG

Passing to the limit m — oo enforces (ii). Let us conclude with the proof of assertion (iii). To
this end we may employ Lemma 2.24 to estimate (2.17) by

// 8‘2+20 V)d (z)dsdt+

J J 0G
2.1
+0///Zk LOlt ) = bels, 2P asar (2.20)

|t— S|1+20
J J oG

The first term from the right hand-side of (2.20) can be treated as presented in (2.19). The
second term from the right hand-side of (2.20) can be handled as

xT) — s, x 28 1
///Zk L6 Tt_)sylljrkzgf 5™ dn(z)dsdt

J J oG

<7 1// Ltz o6t 2) = bils, ) n(z)dsdt.

|t _ S|1+20

J J oG

Passing to the limit m — oo yields the existence of constants c3, ¢4, c5s > 0 which may depend
on~, T or g, so that

[Cm]2 < esllb]l? 251, (JiLa(0Gst2) +ealblwe (gina065)) < 5 0Wg 10y (0Gi)):

where the last estimate is verified by Lemma 1.1 and the remark before. O

2.5 Stochastic integration

In what follows let X be a process with stationary increments, so that X has the spectral
density ¢ and X (t) € Lo(Q2) for every t € R, if not indicated otherwise. Furthermore we
presume, that X (0) = 0 a.s. and ¢(\) > 0 almost everywhere.
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2.5.1 The real-valued case

We will start to study the stochastic integral

Ix(f) = /Rf(f)dX(T), (2.21)

where the integrand f : R — R is supposed to be deterministic. If one wants to define this
integral as a Riemann-Stieltjes integral, then the class of functions f for which (2.21) is well-
defined is rather limited since then f needs to be a continuous function of bounded variation.
So we need a different idea in order to define the integral (2.21) for a wider class of functions
f. This is the idea of an integral of I1t6-type (see [56]). Thus, if f is a step function given by

FO =" fiXtten)®)s (2.22)

1=—n

where tg = 0, we define (2.21) to be

Ix(f) =Y filX(tirr) = X(6:)].

1=—n

Obviously, Zx (af 4+ bg) = aIx(f) + b-Ix(g) for any a,b € R and step functions f and g. Our
aim is to construct a preferably large class of deterministic integrands f so that Zx(f) is a
well-defined random variable with finite second moment.

Remark 2.26. It is readily seen from the construction of .#x(f) that

1. if X is centered, then so is Zx(f);

2. if X is Gaussian distributed, then so is .Zx(f).

For the sake of completeness we recall, in the proposition below, how to construct classes of
integrands C for integrals of the form (2.21). This is a generalized version of [86, Proposition
2.1]in this sense, that it is formulated not exclusively for integrals with respect to a fractional
Brownian motion, but with respect to a process X with stationary increments featuring the
spectral density ¢.

Proposition 2.27. Suppose that C is a set of deterministic functions defined on R such that

(a) Cis an inner product space with an inner product (f | g)c, for f,g € C,

(b) £ Cand (f|g)e=(Ix(f) | Ix(9)Lo(0) for f, g €&,

(c) the set £ is dense in C.
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Then there is an isometry between the space C and a linear subspace of
Sp(X) :={Y € La(Q) : | Ix (fn) — YlLo(0) — 0, for some (fn) C £}

which is an extension of the map f — Zx(f), for f € £.

Proof. Let f € C. By (c), there is a sequence (f,) C & such that f,, — fin C. In particular,
(fn) is @ Cauchy sequence in C and hence, by (b), (#x(f,)) is a Cauchy sequence in Ly(£2).
Since the space Ly(f2) is complete, there is an element Zx (f) € La(f2) such that

Ix(f) = lim Ix(fn),

n—o0

inthe Ly(§2) sense. Moreover, since (#x(f,)) C Sp(X) and Sp(X) is a closed subset of Ly (£2),
we obtain that .Zx(f) € Sp(X). We can thus define the map .#x from the space C into the
space Sp(X). Observe, that this definition does not depend on an approximating sequence
(fn)- This construction of .#x and (b) imply that, for f,g € C,

(f19)e=(Ix) | Ix(9))r(0)5

and, since the map Zx is linear, we conclude that .#x is, in fact, an isometry between the
space C and a linear subspace of Sp(X). O

In the sequel we will denote the isometry map .#x obtained in the proof above also by

I3 (f) = /R F(r)dX (7). (2.23)

for f € C, and the right hand-side of (2.23) is called the integral on the real line R of f with
respect to the process X.

Recall the weighted homogeneous Bessel potential space HS(R), introduced in Section 1.2.7,
with the inner product

1Dy = /R FFNFgMN2(N)dA.

Recall also that by Lemma 1.2 the inner product (- | ')Hi(R) is well-defined and real-valued
if the function ¢ is even and almost everywhere positive at least. The next lemma provides
an approximation property of distributions belonging to the spaces Hg(]R) and is leaned on
Pipiras & Taqqu [86, Lemma 5.1]. It generalizes the results for functions in H;(R), where

|s| < 3, to distributions in Hg(IR). However, the proof’s strategy remains the same.

Lemma 2.28. Let the function ¢ satisfying condition (2.12). If f € HS(R), then there is a
sequence of elementary functions 1, such that

|Ff— ]:wnH%Q(A%) = /]R |FFN) = Fion N PA2p(N)dN — 0, as n — oo.
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Proof. Since forz € R itis

1 1
fa) = 5 (f(@) + f(=2)) + 5(f(z) = f(~2))
we may prove the lemma in two cases: (1) f is an even function and, (2) f is an odd function.

Case 1: If f is an even function, then Ff is real-valued and F f(\) = Ff(—A\). To prove the
claim, we show that, for arbitrary small € > 0, there is an elementary function ¢ such that
|Ff = FibllLy(r2) < €. We will provide this approximation in several steps. As a first step, we
approximate F f by simple functions. For any € > 0 there is a simple function

k
A =Y gixa; (V)
j=1
where g; € R and G; € #(R), such that

|Ff—FgllL,neg) <€

Since F f(\) = Ff(—A), we can take the sets GG; to be symmetric around the origin A = 0. As
a second step, observe that, for a symmetric (around the origin) set G and any € > 0, there
is a function

= Z hnX[—H,,L,Hn}()\)v
n=1
with h, € R and H,, > 0 such that
X6 — Fhllp,o2g) <€

It is therefore enough to show, that the function x(_; ;;(A) can be approximated in La(\%¢) by
the Fourier transform of an elementary function. In other words, that for any € > 0 there is
an elementary function v such that

IX[=1,1] = FllL,(a20) < €

To construct ¢, observe first that

/ Xt (A) — FB)EA2G(A) A = / M () — AFB)PA(A)A

and by (2.12) the measure ¢(\) is finite around A = co. The remaining part of the proof is,
except of a notations, identically to the proof of [86, Lemma 5.1]. The idea is to truncate
the range of Ax(_1,1;(A), perform a periodic extension and observe that its truncated Fourier
series is of the form A\Fy(\), where F is the (continuous) Fourier transform of an elementary
function. We thus construct ¢ as follows. First, choose k > 1 so that

2
£
PN XAk (A)dA < 5
R
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Now, let U be the function which equals Ax[_; () on [k, k] and is periodically extended
to A € R. It has the Fourier series > ° une™"#, which converges to U everywhere on

[—k, k] except at the points A = +1, where U is discontinuous. Moreover, the partial sum

m
Un(\) = Z unef%
n=-—m
can be written as
1 [k €
Un() =7 | UX=€Dn () de,
—k
where
sin(m + 3)¢
QSin(%)
is the well-known Dirichlet kernel. The proof of [86, Lemma 5.1] contains the verification of

Dm(é‘) = fE]R,

the following properties of the partial sum U,,:

(i) sup,, supy |[Un(N)| <e¢,
(i) sup,, |Un(A)| < c|A|, for X small enough,

where the above constants are not necessarily equal the same. By (i) and (ii), the dominated
convergence theorem implies that

/ IAX(=1,1](A) = U (M) Po(A)dA — 0
{IN<k}

as m — o0o0. In particular, there is an integer M such that

2

[ ) - U Pear < 5
{IAI<k}

Since U(0) =0 and U(—z) = —U(x), we have that

Uy = / U(;L')e_T)\d)\ _ U(A)sin mA d)\ = —ia,,
k J_4 k Jo k

where a,, € R, n > 1. Hence ug = 0 and u,, = ia,, forn < —1. Thus

M .
UM()\) _ Z(_zan) |:ez7'r}:b)\ _ 6717;7Lki|
n=1
Since , .
e% — 6_%
Fxi— A) =
X[ ﬁn/k,ﬂn/k]( ) Y )

A~LU()) is the Fourier transform of the elementary function

M
Y= ZanX[me/k,wn/k]()‘)'

n=1
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We thus obtain the required approximation because
1= Fol 00 = [ X000 = Un () PoNAN

<[ W - P+ [ snd< 2
{IAI<k} {IAI>k}
Case 2: If f is an odd function, then Ff = iImFf and ImFf(—\) = —ImFf(\). By
the same arguments as in the previous case, it is enough to show that the function
i(X[0,11(A) — X|=1,0/(A)) can be approximated by the Fourier transform of an elementary func-
tion. Equivalently, for arbitrary small ¢ > 0, we have to find an elementary function v such
that

[(x[0,1) — X[=1,0]) — iFPl L, (x26) < €

The proof is similar to the previous case and we only outline it. Fix k£ as in the Case 1 and let
V be the function which equals

/\(X[O,I}O‘) - X[—l,o}()\)) = |>\|X[—1,1]()\)

on [—k, k] and is periodically extended to A € R. Its truncated Fourier series

converges to V' everywhere on [—k, k| except at the points A = £1. It is not enough here to
focus on V,,,(A) for small A because V,,,(0) # 0. Therefore, instead of dealing with V,,,(\), we
will consider V,,(A) — V,,,(0). This function also converges to V(\) almost everywhere and
one can show that sup,,, sup A|V;,(A) — Vi, (0)| < ¢ and sup,,, |Vin(A) — Vi (0)] < ¢|A
enough. Moreover,

, for XA small

m
imnA _imnA

Vin(A) = Vin(0) = bo(e 5 +e k —2),
n=1
forsome b, € R, and hence A™! (Vi (A) =V (0)) = iF¢m, where ¢p, is the elementary function
given by

m

U, = Z bn(X[0,mn/k) = X[—mn/k,0))-

n=1

The conclusion follows as in Case 1. O

Lemma 2.29. Let X = {X(t) her C L2(92) be a process with stationary increments having
the spectral density ¢. Then we have fort,s € Rand any h > 0

(X(t+h) = X(8) | X(s+ ) = X(5)) ,00) = (Xlean) | Xostn)) g gy
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Proof. In view of identities (2.3) and (2.11) we obtain
(X(t+h)=X() | X(s+h)—X(5)) 1,
— Dyt + h, 5+ h) + Da(t,s) — Do(t + h,s) — Da(t, s+ h)
= % [D(|t = s+ h|) = 2D(|t — s]) + D(|t — s — hl)]
_ 2/000 (2c08[(t — $)A] — cos[(t — s — WA — cos[(t — s + WA} G(A)dA

— Re _/ {2671'(3715))\ B 67i(87t+h))\ _ efi(sftfh))\} qﬁ()\)dA:|
L/R

[ e—iXs _ o—iX(s+h) e—iAt _ o—iA(t+h) )
/R ) ' ( ix > A9(A)dA

= Re

~re[ [ fx[s,s%)(»fx[t,ﬁh)<A>A2¢<A>dx]
= (X[s,5+h) | X[t,t+h))Hg>(R)

since by Lemma 1.2 the inner product in Hg’(]R) is real-valued as soon as ¢ is even. O

We are now in the position to formulate the main result for the stochastic integration with
respect to random processes with stationary increments and spectral density. Note that the
subsequent theorem also allocates an isometry of It6-type.

Theorem 2.30. Let X = {X(¢)}+er C L2(§2) be a process with stationary increments having
the spectral density ¢. Then for f,g € H3(R) it is

E K/IR f(T)dX(T)> (/RQ(T)dX(T))] =(f1 g)HS(R)'

In particular, for integrands f € HS(IR) the integral Zx(f) given by (2.21) is a well-defined
random variable with

ELx (1) = 1112

Proof. In view of Lemma 2.28, Proposition 2.27 yields that it suffices to prove the claim for
step functions. For this purpose let f,g € £ C Hf(]R), that is f, g is of the form (2.22). With
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the aid of Lemma 2.29 we verify

(Ix () | Ix(9) 1) = Z filX (t41) )] | Z gr[X (trg1) — X ()]

j=-n k=—n La(Q)

= > > Fign (X (1) = X (&) | X(trr) — X (8)) 1,0

j:—nk::—n
n
- Z Z fﬂgk (X[tjvtﬁrl ‘X%tkﬂ)) 2 (R)
j=—mnk=—n
n n
- Z ij[tj,tj+1) | Z gkX[tkatk+1)
= hen H3 (R)
which completes the proof. O

We now turn our attention to a vector-valued process X which is in some sense generated by
a mutually independent sequence of processes (X,,),en having a unique spectral density.

2.5.2 The vector-valued case

Let H be a separable Hilbert space. We want to deduce properties of functions R : R — B(H)
such that the integral

/ R(H)A(QY2x)(¢). (2.24)
R

is well defined. The process Q'/2X is supposed to satisfy

Hypothesis (X). The operator QQ belongs to .41(H) is self-adjoint, positive definite and is
diagonal with respect to the orthonormal basis (e,)nen of H, i.e. Qe, = vpe, and vy, > 0 for
alln € N. X := {X(t) }+er is of the form

ZX Yenlz), t€R, z€H, (2.25)

where X, are mutually independent, real-valued and centered processes defined on the
probability space (2, F,P). Moreover, for every n € IN the process X,, features the unique
spectral density ¢.

As we will see, X (as in (2.25)) is not a well defined H-valued random variable. However,
due to X (t) : Q — Hg-1/2, where H_1/2 is the completion of H with respect to the norm
\azf|2Q,1/2 = |Q'/2z|y, x € H, the process QY/2X converges in Ly(€;H). Note that Q'/? is
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well-defined and belongs to % (H) and further that the operator —(Q is dissipative, which by
general results (e.g. Lumer & Phillips [72, Theorem 2.1]) means that @ is invertible.

Let us deduce the distributional properties of the process Q'/2X, where the covariance oper-
ator  and the process X satisfy Hypothesis (X). It is obvious that Q/2.X is a process, so it
remains to calculate the mean value and the covariance.

o0
(QWX( ) | ) - <Z VI Xn(t)en | m) =3 VIE(Xa(t))(en | 2) =0,
n=1
for every x € ‘H and t € R. Regarding the covariance we have for all s,t € R

(Covl@22 (1), QY22 ()lew | en) = E[(Q122(1) | em) (Q2(5) | €2 )]
= Omn/VmVnE [Xn (8) X5 (s)] -

Thus it is meaningful to define a vector-valued process of a certain spectral type as

Definition 2.31 (Vector-valued processes of spectral type ¢). Let () and X be subject to
Hypothesis (X), then we call the process Q'/2X = {Q'/?X(t)},cr defined on (Q, F,P) a H-
valued process of spectral type ¢.

By the definition of a stochastic integral it is
/ R(t)A(QY2x)(t Z/ R(t)Q"?e,d X, (t).

Our next goal is to calculate the covariance operator. For every x,y € ‘H it is

EK /R R(t)d(Ql/QX)(t)\m> ( / R(t)d(Ql/ZX)(t)‘y) }

Z / R Ql/%m L AXk( Z / Q”Qezly) dXz(t)]
Z / (ROQ e | x) dXut /R (R(t)Ql/QelM)HdXz(t)]
Z/ Q1/2ek|ac> ka(t)/]R(R(t)Ql/zel|y>HXm(t)]

k<l

+2E

and with the aid of the independence of X and X, for k # [ we proceed in view of Theorem
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2.30 with

E R(HA(QYV2X)(t) | = R()A(QY2X)(t) | y
R H R H
( Q1/26n|m> dXa(t) (R(t)Ql/zen\y) dX (1)
R H

(( (0Q e | x) | (R(IQ e | %)Hg .

Now we may choose z = y to obtain the variance

B ( [ Roa@ ) ZH( 0@ e @) [l

for all x € H. Hence, letting (h,)nen an arbitrary orthonormal basis in H, then Parseval’s

>

equation yields

E /R R(HAQY2X) (1) H _ §E< [ Ra@ 20 | hk)H
- ;; H (R( Qe h’“) ’ 1ie(R)

Note, that R € TI3(R; B(H)) implies RQ'/2 € T} (R; %(H)) as well as (RQY2e, | z),, € Hy(R)
for all z € 'H and for all n € IN. Resuming, we deduced the following identity.

Theorem 2.32. Let QY/2X be an H-valued process of spectral type ¢. Let further R : R —
B(H) and (hy)new @an orthonormal basis in H. Then the identity

/}R R(t)d(QY*x)(t ’ ZZH( ()Q"en |h"‘>HH2H3(1R)

holds and the left hand-side is independent from the choice of the basis (h,)nen- In particular
the stochastic integral (2.24) is well defined, if R € Hg(]R; B(H)).

E

Suppose now, that there is a second orthonormal system (g, )nen in H and scalar functions
r(-,-) : R x C — R, so that the operator R(¢) decomposes into

o0

Z r(t, pn) (x| gn)gn, t>0, x€H.

Note that the operator valued function R : R — B(H) particularly admits this property if R(t)
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is self-adjoint and the resolvent set p(R(t)) is compact for all t € R. We have

1/2 _ 1/2€n
JRCHCRI Z / HQ2e0d X (1)

= Z \/ﬁ/ (t)endXn(

N / S (en | g1)r(tsim)gnd X0
n=1 R =1

=3 vi [ e (e ) o | eperd Xt
n=1 R

= ¥ vinlen L a)(an | ) [ r(tm)dX, (e

n,k,l

and Theorem 2.30 together with the elementary identity (z | y) = > ;(z | ¢;)(y | ;) for
z,y € 'H, yields

E\ [ roa@ o
R H
= 3 valen [ 90)(a | e)(en | 9) (g | ) (rCop) | 7t

2

n,k,l,m
= 3 sl b)en Lom) o) |t l;@’“ ea)tom | el)]
_ z,;< 00 (o) | 7))y

= 5 M H (B) [Z(Ql/zen ! gk)2]
B

n

=D G ) e [Z(en | @1/2%)2]

k n

and we may employ Parseval’s equation |x|% =2 ;(z, ej)? for z € H to conclude

‘/ JA(QY2.2)(t

Let us introduce a notation of a shifted, time inverted and truncated function f supported on

Z QY2 gi 3l (-, ) e

H

R in virtue of
flt—71) 1 —c0o <1<

FOT) = ft = T)X(coon)(T) = { - (2.26)

0 T >t

For brevity we write r,,(7) := r(7, u,,). The latter observations lead us to

B[00 - RONQ D] = 10 ! g

2

H
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Observe that due to
FFONE) = [ 5=l ar
::/;fvﬂxmmpﬂ@ei““”dsze“%ff@5@>
we find forallt € R
17 s gy = 1F Ntz gy = 1 g -
Next, deduce that in the case where ¢ satisfies Hypothesis (¢) (see page 24) we have
. 2=y )
H22 (R) — H2 (R)v
and therefrom we obtain by designating with ¢ > 0 a generic constant

SN
2

2

2
Hrk _Tk H ¢(R)

:C‘

O (! 1)

L2(R)

—e /R (@7 (7) — @ F )| ar

_ _ 2
:c/ (O F )= 1) - @F )7 —s)] ar
R
2— 2- 2
=c|@F M -1+ - @F N0,
<0H82_TA/7“<0>‘2 It —s|%
> k BS,M(IR) )

where 0 < 0 < %1 and BgOO(IR) denotes a Besov space with the equivalent norm

1/2
!f y+h) - fP
”fHBg’oo(]R [|f|L2 ®) T SUP |h[29 dy
and cf. [106, Section 2.3.2] to verify
HY(R) — B o(R).
Finally, with the apparent relation
11y ry + 1l 00 gy = 107 F gy —% <o <4,
we derived the estimate
2
2 20
T, —T < |7 - + |7 - t—s|”.
L T | L S Mt

Let us consider

48
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Hypothesis (X,). QY2Xx is a H-valued process of spectral type ¢ and the all elements
of the generating sequence (X,)nc are subject to Hypothesis (¢) (see page 24) with the
unique density ¢ and the same parameter 1 <~y < 3.

We have then observed

Theorem 2.33. Let Q'/2X be subject to Hypothesis (X,). Let further R : R — B(H) and
(9n)new be an orthonormal basis in 'H, such that R(t) decomposes into

o0

Rt)r =Y r(t.pun)(@ | gn)gn, tER, z€H.

n=1

Then there is a constant ¢ > 0 such that

2
\/ R(H)AQ"2x)(t <cZ\Q1/ng|HH<mrr;%m

H 2

By means of the notation (2.26)
2

)d(Q'2X)(r) < CZ!Ql/zgk\HHT( Mk)HQ
IR+)
holds true for all t € R. Moreover, for 6 € |0, 7T) and s,t € Ritis
2
| [ (70 - ROm)aQ )0
R H
00 2
c 1/2 2[7“ - + ||r — t—s|?.
<e 10 ol Il g el ez |l

Concerning integrals evaluated on an interval [0, ty], where ¢, > 0, we deduce the following
corollary.

Corollary 2.34. Let Q'/2X be subject to Hypothesis (Xy). Let further R : R — B(H) and
(9n)new be an orthonormal basis in 'H, such that R(t) decomposes into

Rt)x=> r(t,pn)(@ | gn)gn, tER, z€H
n=1

and let 0 < s < tg. Then there is a constant ¢ > 0 such that

/ " R(r)A(QV2X)(r)
0

Moreover, we have

2

<chQ1/2gk|HH Gl 2o

E .
H 2 ([O,to])

2

< CZ QY2 gil3Ir (-, m<;)||2

H .7 (0.4o))

fo . 1/2
E /0 Rito - 1)A(QY2X)(r
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and by means of notation (2.26)

2

B /tO<R<t°>(7) — R¥(1)d(Q'2X)()
0

H
2

o0
S S Lo [ P P TP T
kZ—l H H, 27 ([0,t0]) Hg+ 2 ([0,t0])

Proof. The claim follows by employing Theorem 2.33 to the operators Rx(q ] R<t0>X[o,t0] and
(Rto) — R<8>)X[07t0] respectively. -

2.6 Examples

2.6.1 Centered Poisson processes

In the probabilistic theory of queues, which has many important applications, the so called
Poisson process P” is quite useful. It is one of the most well-known Lévy processes.

Definition 2.35 (Poisson process). A real-valued process P¥ = {P¥(t)}cr defined on a
probability space (2, #,P) is called a Poisson process with intensity v > 0, if

(i) P{P"(0) = 0} = 1,

(ij) For T > 0 the increments P¥(t + 1) — P¥(t) are Poisson distributed with parameter v,

ie.
—vT k
P{P"(t+T1)—-P"(t) =k} = QIS'VT), k € No;
(iii) For s <t < u < v the increments P (t) — P¥(s) and P"(v) — P"(u) are stochastically
independent.

We shall further assume, that no counted occurrences are simultaneous. As already men-
tioned Poisson processes are suitable to model counting phenomena, so for instance

the long-term behavior of the number of web page requests arriving at a server, except
for unusual circumstances such as coordinated denial of service attacks or flash crowds;

* the number of telephone calls arriving at a switchboard, or at an automatic phone-
switching system;

* the number of photons hitting a photodetector, when lit by a laser source;

* the execution of trades on a stock exchange, as viewed on a tick by tick basis.
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It is already seen from Definition 2.35(ii) that the number of occurrences counted in any time
interval only depends on the length of the interval which in turn means, that P" features
stationary increments. Observe further from Definition 2.35(ii), that E[P"”(t)] = vt for all
t € R. Thus the process Pj(t) := P”(t) — vt is a centered Poisson process with intensity v. It
is the process Py which will be of further interest. It is now readily seen from the stationarity
of the increments and Definition 2.35(i) that

E[Py(—7)* = E[Pg(t + ) — Py (1)]* = E[Pg (7)),

hence, by Definition 2.35(ii), the structure function D of the process P{ is of the form D(7) =
v|T|. Then the function D can also be represented in the form (2.11), where

14

= —. 2.27
e (2:27)

$(A)

Thus the spectrum of P§ contains the whole real line R.

Remark 2.36. Note that every centered Lévy process, that is a centered process with sta-
tionary and independent (or at least uncorrelated) increments, has a spectral density of the
form ¢()\) = c|\|~? with a positive constant ¢ > 0, as soon as the density exists. Note further
that the following results only require this particular structure of the spectral density (2.27).

It is apparent by Example 2.6, that Pj is subject to Hypotheses (¢) and (¢g) (see page 24)
with v = 79 = 2 and 6§ = 0. Following Remark 2.5, we outline that 7y = 2 indicates the
absence of long-range dependence and 6 = 0 signals that centered Poisson processes (or,
more generally, centered Lévy processes) are not appropriate to study intermittency effects.

Corollary 2.37. Let P be a centered Poisson process with intensity v > 0. Then the follow-
ing are true.

(i) The trajectories of Py are almost surely nowhere mean-square differentiable.

(i) LetT > 0. Ifand only if0 < o < 3. Then P§ € ¢W$([0,T]; L2(€2)).

Proof. Assertions (i) and (ii) follow from Theorem 2.18, while (iii) is a consequence of Theorem
2.21. O

Concerning stochastic integration we can capture the well-known result (e.g. Applebaum
[11])
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Corollary 2.38. Let P§ be a centered Poisson process with intensity v > 0. Then for all
f,g € La(R) we have the isometry

B |( [ s@am0) ([ am1aps)] = 50 9.

Proof. The claim is immediate by Theorem 2.30. O

Focusing our multiplier results from Theorems 2.22 and 2.25, we denote

C(t,z,w) = Z bi(t, )Py i (t, w),

k=1

where (Pg’k)kem are entirely independent centered Poisson processes with intensity v > 0
and the scalar functions b; € La(J; L2(0G)), i € IN, are supposed to be deterministic. Denot-
ing b := (b;)icw, We directly obtain from Theorems 2.22 and 2.25 the subsequent corollaries.

Corollary 2.39. Lets > 0and G C RY be a domain with boundary of class Cls+1, Then

b€ Lyyja(J;0W5(0G;b2)) <= (€ La(J;0W3(9G; La(9))).

Corollary 2.40. Let G C R" be a domain with boundary of class C' and 0 < o < 4. Then
be 0W2(771/2(J; L2(aG;€2)) — C G()Wg(J; LQ(@G;LQ(Q))).

If, in addition, (b(s,z)|b(t,z))s, > 0 for every s,t € J, x € OG, then the converse is also true.

2.6.2 Fractional Brownian motions

The concept of a fractional Brownian motion was first proposed by Mandelbrot & van Ness
[76] and is formally the convolution of Wiener increments with a power-law kernel. More
abstractly we formulate

Definition 2.41 (Fractional Brownian motion). A real-valued Gaussian process B =
{B"(t)}+er defined on a probability space (,.%,P) is called a fractional Brownian motion
with Hurst parameter 0 < H < 1, if

(i) B" is centered,

(i) E[BR(t)B"(s)] = § [[t|*H + |s|* — |t — s|*], where ¢ > 0 and ¢, s € R.
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Observe that in case H = % Definition 2.41 coincides with the definition of a Wiener process.
Unlike a Wiener process, a fractional Brownian motion with Hurst parameter H # % is neither
a martingale, nor a semi-martingale, nor Markovian.

It follows directly from Definition 2.41, that a fractional Brownian motion is a process with sta-
tionary increments according to Definition 2.2. The first condition holds since the expectation
operator E is linear and B is centered, because then for all t,s € R it is

E[B"(t) — B"(s)] = 0 = E[B"(t — 5s) — B"(0)].

The second condition of Definition 2.2 is also satisfied. This can be seen by the very elemen-
tary computation

Ds(t;u,v) [(B" (1)) (B" (v) — B"(1))]
[BH — B (w)B"(t) — B"(t)B"(v) + B"(t)B"(1)]
[Ju— t!2H+ |U t)?H — ]u—v\QH]

[B(u—t)B" (v —t)] = Da(u—t,v—1).

=E
E
_c
2
=E

Moreover, Definition 2.41(ii) yields D(7) = c|t|*" which can be written in the form (2.11),
where

c1 c cI'(2H + 1) sin(7H)
oA = R A 41— cos WA2A-1dN o ' (2.28)
Thus the spectrum of B incorporates all A € R and in the fashion of Example 2.6 one verifies
that the process B' satisfies Hypotheses (¢) and (¢g) (see page 24) if and only if y = 79 =
2H 4+ 1 and # = 0. Following Remark 2.5, we outline that vy = 2H + 1 indicates the presence
of long-range dependence in all the cases where H > % and 8 = 0 signals that fractional
Brownian motions are not appropriate to study intermittency effects. We summarize the

properties of a fractional Brownian motion in the following corollary.

Corollary 2.42. Let B be a fractional Brownian motion with Hurst parameter H € (0,1).
Then the following are true.

(i) B is mean-square continuous and has continuous paths almost sure.

(ii) The trajectories of B are locally Hélder-continuous of any order strictly less then H.
(iii) The trajectories of B" are almost surely nowhere mean-square differentiable.
(iv) LetT > 0,0 <p<o0,2<q<ooand0 <o <H. Then B € ¢W7([0,T]; Ly(X)).

(V) LetT >0,0<p<oo,1<g<2andH <o <1 Then B & W7([0,T]; Ly()).
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Proof. Assertions (i)-(iii) follow from Theorem 2.18, while (iv) and (v) are consequences of
Theorem 2.21. O

The paths of B get less zigzagged as H goes from 0 to 1. On this basis, one typically classifies
fractional Brownian motions into antipersistent (in case 0 < H < %), chaotic (in case H =
%) and persistent (in case % < H < 1). This can be loosely explained by considering the
covariance of two consecutive increments. When 0 < H < % the increments of B tend to
have opposite signs. On the other hand, in case % < H < 1, the correlation of two consecutive

increments is strictly positive.

The following figures were generated with the aid of a Wolfram Demonstration Project con-
tributed by R. E. Maeder.!

Figure 2.1. A sample path of a fractional Brownian motion with Hurst parameter
H=0.2.

Figure 2.2. A sample path of a fractional Brownian motion with Hurst parameter
H=10.5.

Figure 2.3. A sample path of fractional Brownian motion with Hurst parameter
H=10.9.

'See http://demonstrations.wolfram.com/OneDimensionalFractionalBrownianMotion/.
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Regarding the fractional dimension of the graphs of it due to Falconer [43, Theorem 16.7]
that with probability 1, the Hausdorff and box dimension of the graph (¢, B"(t))o<t<1 equal
2 — H. Thus, if H is close to zero, the process B zigzags so much that the dimension of the
graph (¢, B"(t))o<i<1 is close to the dimension 2 of the unit square. On the other hand B is
an index-H random field (cf. Angulo et al. [5]) so that the Hausdorff dimension of its image
{Bf(t):t€[0,1]} equals 1 a.s. for every H € (0,1).

Concerning stochastic integration we can easily reproduce the results of, e.g., Pipiras & Taqqu
[86], Sp. & Wilke [104] and Biagini et al. [17].

Corollary 2.43. Lelt B' be a fractional Brownian motion with Hurst parameter 0 < H < 1.
Then for all f,g € HE_H(]R) we have the isometry

B|( [ 1005 0) ([ smas' )| = [ EnocEmmaea

with the constant ¢, from (2.28).

Proof. The claim is immediate by Theorem 2.30. O

Note, that by Plancherel’s Theorem (cf. Theorem A.1) our result also covers the well-known
It6-isometry in case H = % Focusing our multiplier results from Chapter 2 we denote

((t,m,w) ==Y bp(t,)Bf (t,w),

k=1

where (B,’j)ke]N are entirely independent fractional Brownian motions with Hurst parameter
0 < H < 1 and the scalar functions b; € Lo(J; L2(0G)), i € IN, are supposed to be determinis-
tic. Denoting b := (b;);e, We have in this particular situation

Corollary 2.44. Lets > 0and G C RY be a domain with boundary of class Cls+1, Then
be L27H(J;0W§(6G;£2)) e C S LQ(JMWS(@G;LQ(Q))).
as a result of Theorem 2.22 and also by Theorem 2.25

Corollary 2.45. Let G C RY be a domain with boundary of class C' and 0 < ¢ < H. Then
be 0W£H(J; LQ(@G;EQ)) — C € ()Wg(J; LQ(aG; LQ(Q)))

If, in addition, (b(s,z)|b(t,z))s, > 0 for every s,t € J, x € OG, then the converse is also true.
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Interpreting the spectral density (2.28) tempts to differentiate B" and claim that the frac-
tional noise B has a spectral density proportional to A\!=2% which suggests that in case
H > ; there is infinite energy at high frequencies and coincides with the known fact that
white noise (H = %) has a flat power spectrum. Thus, for H € [%, 1) fractional white noise
(also called 1/f*-noise with 0 < o = 1 — 2H < 1) interpolates between white noise (1/f°-
noise) and pink noise (1/f!-noise), which is a signal with a frequency spectrum such that the
power spectral density is proportional to the reciprocal of the frequency. The following fig-
ures were generated with the aid of a Matlab routine contributed by the SAMP group, based
at the Department of Engineering Science, Oxford University.?

M‘ i ..* il ,) o

Figure 2.4. Sample of 1/ f°-noise.

nMI Wl ﬂm 1' lw ;"" ' VIU | 4 'lrh

Figure 2.5. Sample of 1/ f'/%-noise.

2See http://www.eng.ox.ac.uk/samp/powernoise_soft.html.
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Figure 2.6. Sample of l/fl-noise.

By having power at all frequencies, the total energy of a 1/ f*-noise is infinite, so it is apparent
that such a signal only exists as a theoretical model. In practice, approximations are used
where the spectral density decays rapidly for high frequencies. However, 1/f“-noise occurs
widely and has applications in a large number of fields, so for instance:

* White noise is used by some emergency sirens, due to its ability to cut through back-
ground noise, which makes it easier to locate.

* White noise is used extensively in audio synthesis, typically to recreate percussive in-
struments such as cymbals which have high noise content in their frequency domain.

* The sound of a waterfall results from the collision of drops among themselves or with the
water surface. The smaller the drops the more efficient is air friction, so that small drops
are stronger decelerated. At the impact the smaller drops are consequently slower
than bigger ones, such that they contribute only faintly high frequency sound fractures.
Therefrom the sound of a waterfall is approximately pink noise.

* The human auditory system, which processes frequencies in a roughly logarithmic fash-
ion, does not perceive them with equal sensitivity; signals in the 24-kHz octave sound
loudest, and the loudness of other frequencies drops increasingly. While white noise is
de facto equitable loud in every bandwidth, people sense pink noise having this feature
rather than white noise.

Getting more and more general we are now accomplish to fractional Riesz-Bessel motions.
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2.6.3 Fractional Riesz-Bessel motions

Based on a concept of duality of generalized stochastic processes defined on fractional
Sobolev spaces introduced in Ruiz-Medina et al. [96], Anh et al. [6] proved the existence
of a class of stochastic processes defined by the equation

(I-A)S(-A)SX(x)=B3(z), z€R,

where B2 is white noise, or equivalently (in the sense of second order moments) by the

spectral density
1

= R e

where % < B < % a > 0and A € R. These processes were named fractional Riesz-Bessel

(2.29)

motions, here denoted by RBQ It is a Gaussian process with stationary increments, whose
spectral density involves the Fourier transforms of the Riesz kernel and the Bessel kernel.
Comparing the spectral densities (2.28) and (2.29) it can be seen, that a fractional Brownian
motion B" is the special case of a fractional Riesz-Bessel motion RB” for 3 = H+% and a = 0.
Since this is the case we exclude the case a = 0 in the sequel.

Following Anh & Nguyen [9] we define

Definition 2.46 (Fractional Riesz-Bessel motion). A real-valued Gaussian process 72135 =
{RB(t)}+cr defined on the probability space (2, F,P) is called a fractional Riesz-Bessel mo-
tion with parameters o > 0 and 3 < 3 < 3, if

(i) P{RB5(0) =0} =1,
(ii) RBg has stationary increments,

(iii) RB’ has a spectral density of the form (2.29).

It is readily seen, that the spectrum of 728/2 covers the real line R. Note further, that the
spectral density of the stationary increments, which behaves as |A\|>"?% as |\| — 0, has a
singularity at frequency 0, if and only if 3 > 1. Note further, that the component (1 + \?)~¢
in (2.29) indicates the second-order intermittency, i.e. clustering of extreme values (as |\| —
oo) of order o + (3.

Observe with the aid of Example 2.6, that the spectral density (2.29) clearly satisfies Hy-
pothesis (¢) (see page 24) with v € [23,2(a + )] N [23,3). Moreover (2.29) is also due to
Hypothesis (¢g) with 79 = 28 and 6 = 2«a. Following Remark 2.5, we outline that ¢ = 20
indicates the presence of long-range dependence in all the cases where § > 1 and 0 = 2«
signals that fractional Riesz-Bessel motions are appropriate to study intermittency effects,
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whenever a > 0. We summarize the properties of a fractional Riesz-Bessel motion in the
following corollary.

Corollary 2.47. Let RBQ be a fractional Riesz-Bessel motion with parameters % <a+pf< %

(i) For all T € R the structure function of RBQ satisfies
E[RB(7)]* < min {cs(7)|7]""" : v € [26,2(a + )]},

and also
E[RBS (7)) > Cp * min{ |7 |20~ |7 26-1Y,

with the constants

00 winn2 1-28 20/2 win2
_ od—y Sin (A) . 2 sin (A) .
cop(v) =2 /0 % dA, Cpo = Max 7(1 n )\g)a ; 127 dA: X >0,.

(i) If o+ > 1, then RBZ is a centered process.
(iii) If « + 3 > 1, then RBQ is mean-square continuous and has continuous paths a.s.

(iv) If o + 3 > 1, then the trajectories of RBQ are locally Hélder-continuous of order strictly
less then oo+ 3 — 3.

(v) The trajectories of RBQ are almost surely nowhere mean-square differentiable.
(vi) Let T >0and0 <o < 1. Ifandonly ifo < a+ (3 — 1, then RBS € (W$([0,T]; La(2)).

(vii) Leta+38>1,T >02<g< o0, 0<p<oocandl <o <1 Ifa<a+ﬂ—%,then
RBE € oW ([0, TT; Lg(9)).

(vii) Leta+ 8> 1,T >0, 1<¢<20<p<xandd <o < 1. IfUZOc—l—ﬁ—%, then
RBS & oW ([0, T); Ly(92))-

Proof. Assertion (i) follows from Theorem 2.11 and Corollary 2.12, (iii)-(v) are due to Theorem
2.18, (ii) is due to Corollary 2.19, while (vi)-(viii) are consequences of Theorem 2.21. O

Figures 2.7 and 2.8 (see below) illustrate the quality of the estimates for the second moments
E[RB2(t)]? provided by Corollaries 2.12 and 2.13, respectively. The major observance is, that
in every case an increasing parameter o decelerates the growth of E[RB2(t)]?> and widens
the shaded region. Although the lower bound seems not to be sharp for small values of «,
it is a matter of fact, that it is approached by the concrete values of E[RB()]? as t tends to
infinity. Conversely, the upper bound is meaningful for large values of a as t — oo.



CHAPTER 2. PROCESSES WITH STATIONARY INCREMENTS 60
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Figure 2.7. The actual values (dashed) and the predicted region of the second
moments E[X (t)]* with X = RBS, where a = 0.1 and 8 = 0.6 (left) resp. a = 0.89
and 3 = 0.6 (right).

E(X()? E(X(1)?

251
20+
15+

10+

t

05 10 15 20 25 30
Figure 2.8. The actual values (dashed) and the predicted region of the second

moments E[X (t)]? with X = RBS, where a = 0.05 and 8 = 1.2 (left) resp. a = 0.29
and 8 = 1.2 (right).

The result concerning stochastic integration is rather new and reads as

Corollary 2.48. Let RB’ be a fractional Riesz-Bessel motion. Then for all f,g € HS(R) with
¢ given by (2.29), we have the isometry

B |( [ smarsin)) ([ stmareto)| = [ <ff><A><fg><A>mdA.

Proof. The claim is immediate by Theorem 2.30. O

Focusing our multiplier results from Chapter 2 we denote

C(tz,w) == > b(t,2)RBE  (t,w),
k=1
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where (RBg ) )kelv are entirely independent fractional Riesz-Bessel motions with parameters
1 < 2(a+ ) < 3 and the scalar functions b; € Lao(J; L2(0G)), i € IN, are supposed to be
deterministic. Denoting b := (b;);ev, we have in this particular situation

Corollary 2.49. Lets > 0and G C RY be a domain with boundary of class Cls+1, Then

be L2,a+,6’—%(‘]; 0W§(8G,£2)) — (€ LQ(J;OWE((?G; LQ(Q)))

as a result of Theorem 2.22 and also by Theorem 2.25

Corollary 2.50. Let G C R" be a domain with boundary of class C' and 0 < o < a+ 3 — %
Then
b€ W3 (J;L2(0G:bs)) = (€ oW3(J; L2(0G; La(9))).

In order to illustrate the behavior of the paths of RBg under a variation of the parameter a
we present Figures 2.9 - 2.12 below, generated with the aid of a simulation proposed by Anh
et al. [1, Section 5.2]. As a turnout it can be seen, that intermittency effects amplifies with an
increasing parameter «. In addition, we see a smoothing effect as the noise profile becomes
somehow “thinner”.

Figure 2.9. A random path of a fractional Riesz-Bessel motion (left) and correspond-
ing noise profile (right) with parameters 3 = 0.7 and a = 0.1.
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Figure 2.10. A random path of a fractional Riesz-Bessel motion (left) and corre-
sponding noise profile (right) with parameters 5 = 1.05 and o = 0.1.

Figure 2.11. A random path of a fractional Riesz-Bessel motion (left) and corre-
sponding noise profile (right) with parameters 5 = 1.05 and o = 0.44.

The paths of a fractional Riesz-Bessel motion become less zigzagged as ( goes from % to

%. Such a smoothing effect can also be seen in Figures 2.1 - 2.3. For the choice a + § > %

a fractional Riesz-Bessel motion is moreover mean-square differentiable (cf. Anh & Nguyen
[10, Proposition 9]). This feature is depicted with the subsequent figure.

Figure 2.12. A random path of a fractional Riesz-Bessel motion (left) and corre-
sponding noise profile (right) with parameters § = 1.05 and o = 300.



Chapter 3

Parabolic Volterra equations

Aim of this chapter is to study different types of parabolic Volterra equations with random
disturbances. Our plan is to present the main result first. Throughout this chapter H is a
separable Hilbert space and Q'/2X is subject to Hypothesis (X;) (see page 49). Thus we
have seen in Section 2.6 that the following results will in particular cover the cases, where
the disturbance is modeled to be a centered Lévy process, a fractional Brownian motion B
with Hurst parameter H € (0,1), or a fractional Riesz-Bessel motion RB! with parameters
3 <n<3ando >0, such that RBY is centered.

3.1 Main results

Let A be a closed linear densely defined operator in H, and b € Li(RR;) a scalar kernel. Let
us consider the problem

u(t) + /Ot b(t — 1) Au(r)dr = QY2X(t), t>0 (3.1)

in the Hilbert space H. In particular we recall that Hypothesis (X,) forces the existence of a
sequence (v )nen € ¢1(R4) and an orthonormal basis (e, )new C H, such that Qe,, = vye, for
every n € IN.

Because problem (3.1) is motivated from applications of linear viscoelastic material behav-
ior, we consider the operator — A to be an elliptic differential operator like the Laplacian, the
elasticity operator, or the Stokes operator, together with appropriate boundary conditions
(e.g. Priss [88, Section I.5]). We formulate abstractly

Hypothesis (A). A is an unbounded, self-adjoint, positive definite operator in H with
compact resolvent. Consequently, the eigenvalues u,, of A form a strictly positive, nonde-
creasing sequence with lim,,_,« 1, = oo, the corresponding eigenvectors (a,)new C H form

63
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an orthonormal basis of 'H.

Observe, that Hypothesis (A) implies the sectoriality of the operator A with angle ¢4 = 0 (cf.
[34, Section 1]). This observation allows us to define complex powers A* for arbitrary z € C;
cf. [88, Section 8.1].

The kernel b is supposed to be the antiderivative of a 3-monotone scalar function (see
Definition 1.8); more precisely b is subject to

Hypothesis (b): The kernel b is of the form
t
b(t) = by +/ bi(r)dr, t>0, (3.2)
0

where by > 0 and by (t) is 3-monotone with lim;_., b1(t) = 0; in addition,

- %fg Tbl(.T)dT
t10 by + fg —7by (T)dT

(3.3)

In case (A) and (b) are valid, problem (3.1) is well-posed and parabolic; for kernels subject
to (3.2), condition (3.3) is in fact equivalent to parabolicity. Typical examples of kernels
arising from the theory of linear viscoelasticity (cf. [88, Section I.5]), which satisfy Hypothesis
(b) are the material functions of Newtonian fluids (bg > 0, by = 0), Maxwell fluids (bg = 0,
b (t) = o exp{—2}) and of power type materials (b = 0, b1 (t) = ga(t), a € (1,2)). Define

2 ~
pi= —sup{|argb()\)| :ReA > 0},
™

then we obtain the subsequent existence and regularity results for the mild solution of (3.1).

Theorem 3.1. Let Hypotheses (A), (b) and (X,) are valid.

1—
(i) IfQAT7 € Z1(H), then the mild solution u of (3.1) exists and is mean-square continuous
on R. Moreover, the trajectories of u are continuous on the half-line R, almost surely.

1— 6
(i) If in addition, there is 6 € (0, 77_1) such that QATWﬁ? € Z1(H), then the trajectories of
u are locally Hélder-continuous of any order strictly less then 0 almost surely.

In advantage to [25] we do not require that the eigensystems of the operators A and Q has
to coincide, that is if a, = e, for all n € IN. If, as in our situation, the eigensystems of A
and @ can be arbitrary orthonormal bases of H it is meaningful to say, that the perturbation
Q2 X is “system independent”. On the other hand we will say, that the perturbation Q'/2x
is “A-synchronized” if the eigensystems of A and () coincide. Regarding existence and reg-
ularity it is easily seen from Theorem 3.1 and Theorem 3.5 (see below) that the results are
independent from the choice of the eigensystems.
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Remark 3.2. The case b = const merely corresponds to the stochastic differential equation

u+ Au=QY?x, t>0,
u(0) = 0.

It is then obvious that Theorem 3.1 applies with p = 1. Moreover, the notions of strong and
mild solutions in the sense of Definition 1.3 are equivalent in all the cases where b = const.

Example 3.3. Let H = Ly(0,7) and consider
u(t) + (b= Au) (1) = Q'?B (1), ¢ =0, (3.4)

where b is due to Hypothesis (b). Set A = A, where m € N and Ay = —(d/dz)? with domain
D(Ap) = H3(0,7) N oH3(0,7) and let 0 < H < 1, where further Qe,, = n~’e, forn € IN.
Observe that A is due to Hypothesis (A4) and possesses the eigenvalues pj, = k* for k € IN.
Theorem 3.1 yields that for every ¢;-sectorial kernel b with ¢, € [7, ) (this corresponds to
p € [1,2)) the mild solution u of (3.4) exists and that its trajectories are Holder-continuous of
any order strictly less than H.

An interesting occurs if it is assumed that @ = I, i.e. for all z € H it is Qz = z, so that
QY2B" = B" is only a cylindrical fractional Brownian motion.

Example 3.4. Assume the setting of Example 3.3, but let Q = I. Then the mild solution u of
(3.4) exists for every ¢,-sectorial kernel b with ¢;, € [§, min{2mmH;7}). Moreover its trajec-
tories are Holder-continuous of any order § < H — ﬁ. Note that in this case ¢ depends on

the sectoriality-angle ¢, and the exponent m. Highly regular kernels b (this corresponds to ¢
near ) cause a loss in time regularity, while an increasing exponent m improves Holderianity.

Let us take up a different viewpoint to Volterra equations with fractional noise. We consider
the problems

t

u(t) + /0 Golt — ) Au(r)dr = /0 g5t - AQV2X)(r), >0 (3.5)

in the Hilbert space H, where the operator A is subject to Hypothesis (A) and g, denotes the
Riemann-Liouville kernel; see (1.4).

In case (A) is valid and 0 < a < 2, problem (3.5) is well-posed and parabolic.

Theorem 3.5. Assume Hypotheses (A) and (X,) are valid and let o € (0,2), 3 >0, 6 € [0,1],
such that 3 € (3_7”’ +«9,3_TV+9+01).
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3-28—v

(i) IfQA— <« € Z1(H), then the mild solution u of (3.5) exists and is mean-square contin-

uous on R. Moreover, the trajectories of u are almost surely continuous on R,..

(i) If QASfoﬂ*%e € Z1(H), then the trajectories of u are locally Hélder-continuous of any

order strictly less then 6 almost surely.

On the first view Theorem 3.1 seems to be a variant of Theorem 3.5 for the case § = 1 and
more general kernels. However, Hypothesis (b) is too stringent as to countenance standard
kernels g, with a < 1.

Remark 3.6. Note that

1. if one chooses X to be a vector-valued centered Lévy process, then the above results
hold with v = 2.

2. if one chooses X = B" to be a vector-valued fractional Brownian motion with Hurst
parameter 0 < H < 1 the above results hold with v = 2H + 1.

3. if one chooses X = RB! to be a vector-valued fractional Riesz-Bessel motion with

parameters % < n < % and ¢ > 0, then the above results hold true for every

v € [2n,2(0 +n)] N [2n,3).

4, incase X = B" with H = % that is a vector-valued Wiener process, Theorem 3.5 cap-
tures the setting of Clément et al. [25, Theorem 4.2]. However, our approach elevates
the upper bound for the feasible g from %—i—a to %—Fa—i—@. This is due to the fact, that we
estimated the scalar kernels r,, in terms of their Hg-norms, instead of their Hj-norms.

Example 3.7. Let H = Ly(0,7), X = RB]!, a A-synchronized H-valued fractional Riesz-
Bessel motion with parameters 1 < n+o < 2, A = A", where Ay = —(d/dz)? with domain
D(Ap) = H3(0,7) N oH(0,7). It is obvious that A is subject to Hypothesis (A) and it is well-
known that the eigenvalues of A are p;, = k?™ for k € IN. The covariance Q is supposed to be
A-synchronized and is given by its spectral decomposition

o0

Qz =Y vi(zler)er,
k=1
with (vg)kenw C (0, 1] such that "3, v < oo. For our example we choose v, = k!, 1 > 1, and
we obtain
3—28—2n—20

> 3-20-2n-20 3 a(l—1)
ZVW “ <o = f[B>-—n—0— ———;
P 2 dm

3-28+20-2n—20 a(l _ 1)

> 3
> vk, © <00 = B>g-n-otl-— ——.
k=1
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Obviously the latter two series converge for all
3 3
5—n—a+9<ﬁ< 5—n—a+9+a,

hence Theorem 3.5 applies independently from the choice of [ and m. Observe that the
temporal regularity increases as n + o goes from 1 to %

3.2 Proof of the main results

This section is devoted to the proof of the chapter’s main results. Before doing so we prove
some elementary results needed later on.

Lemma 3.8. Let u > 0, the function b satisfying Hypothesis (b) with p € [1,2) and denote by
s : R+ — R the solution of the problem
s(t) + u(bxs)(t) =1, t>0

Then the following are true.

(i) |s(t)| <1forallt>0;
() (180 L, ry) < &

_1
(i) \[sllz,(ry) < cp?;

6—c
iv <cu r foroce(0,1),0€|0,0)and u>1,
(iv) HSHH?%U(RH < cp o €(0,1), 0 €[0,0)and p

where ¢ > 0 denotes a constant which is independent of p.

Proof. Assertion (i) follows from the proof of [88, Corollary 1.2], while (ii) is contained in
[78, Proposition 6] (observe the relation 5(t) = —ur,(t), to connect the notations) and (iii) is
proven in [25, Lemma 3.1]. Turning to (iv) we recall that for all real numbers rand 1 < p < c©
itis trivially Hj(R+) — H;(R+). For now let § = 0.

If o = % then by (i) and (iii) we obtain
1 _1
5l g0m,, < I5lgcesy = 15l < 1512, g,y < cn™ .
L1
In case o < 1, we make use of Li/s(Ry) — Hy ?(Ry) (cf. [86, Proposition 3.2]). Therewith

assertions (i) and (iii) force

Il e g < elslli e < ellslf, g, < onF
2
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Ifo > % then [106, Theorem 2.4.7] provides

. 1, 1- 20 1
[Ll(IR'-i-);Hq(R-i-)]g = H2 (R+)v where d=1-0, 7= q=—.

Consequently, the interpolation inequality yields

17
ol g e,y < Molggo e,y < Holliao sz, >0

In what follows let ¢ > 0 be generic. One may apply [106, Theorem 2.7.1] to verify H%(]RJF) —
H7 (R ), which in presence of (iii) entails

Il o, < Dolfacmn sl S en % w21
Here the last inequality is verified by (ii) and (iii), because

_1
sl ey = sl + 18I,y < elp P +1) < 2¢,

L1
provided that 1« > 1. Note that the latter implies, that s € H U(IR+) forall > 0.

Let now 0 € [0,0). Then o — 6 € (0,0] C (0,1) and the desired result follows by repeating the
proof of assertion (iv) with replacing o by o — 6. O

Lemma 3.9. Let >0, v € (0,2), >0, 0 € (0,1), § € [0,1] and denote by r : Ry — R the
solution of the problem
r(t) + pu(ga * r)(t) = gp(t),  £=0, (3.6)

where g, means the Riemann-Liouville kernel of fractional integration; see (1.4). Then there
is a constant ¢ > 0 so that
I <ent e
T 1 C o R
i m,y —

whenever e (1—o0+0,1—0+60+a).

Proof. By the Paley-Wiener theorem (cf. Theorem A.2), a function f belongs to Ls(R) if and
only if fe #4(C4.), the Hardy space of exponent 2, and the theorem also yields

2 o L = L )| dp= 2 FFHp)*d
191w = 517 ey = 57 [ [Tn)| do=5- | 1FD@)Idp.
Extending the function r trivially by zero for ¢t < 0, we have by means of identity (1.7)
1_ _ . _
1R e = 100y = [ 1) P20 = [ (RGP,
Hy (R+) R R

Observe now, that due to (3.6) we obtain a representation of r in terms of its Laplace trans-
form, that is

?()\) _ /g\ﬁ (/\) _ A

= = = , ReA >0, A#0.
L+ pga(X) MO +p) ‘ ’
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Hence, we can proceed with

2 (i N2 ,20+1—20
r = r(z d
12y o = TGP 271727

2
:/|: ’p’a :| |p|29+1—20dp
r Lol (pl* + )

> P~ 2 20+1—2
+1-20
/0 [ﬂﬁ(p"+u)]

112
20-p-0) [ | 0Ta—B-o+3
=24 o — | dr

0

1+ 7
and the last integral is finite ifandonly if l —c +0 <8< 1—0+0 + a. O

3.2.1 Proof of Theorem 3.1

It is due to [88, Section I.1], that if (A) and (b) are valid, problem (3.1) admits a resolvent
S(t), so that S € Li(R4;B(H)), S(t) is strongly continuous, is uniformly bounded by 1 and
lim; o0 |S(t)|5(1) = 0. Consequently, the unique mild solution u of problem (3.1) exists and
is defined! by t
u@):/nS@—TM@meﬂﬂ, t>0. (3.7)
0
By means of the spectral decomposition of the operator A, the resolvent family decomposes
into
o0
S(t)x = Zsk(t)(a:\an)an, t>0, xz€H, (3.8)
k=1

where the scalar functions s, (t) := s(t, u,) are the solutions of the scalar problems
t
sdﬂ+u%/b@—ﬂ%ﬁMT:L £>0. (3.9)
0

Observe now, that due to Hypothesis (A) there is a positive integer N, € IN, so that u,, > 1
for all n > N,. Then Corollary 2.34 yields the existence of a constant ¢ > 0 (in the sequel

'The notion of a mild solution is well-known for problems of the form (3.1) (e.g. [25]) and can be motivated
from the variation of parameters formula (1.12).
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generic) so that for ¢t > 0 in view of Lemma 3.8 (iv) it is

oo
E [u(t)ly, < ey Q" ?axlillskl”

L 2=y
k=1 H,* ([0,¢])
(o)
< 1Y akl3 skl 22
k=1 Hy? (R4)
-N# 0o 1—y
<c Z‘Q1/2Qk‘%{”8k”2'2451 + Y 1P aklim,’
k=1 Hy ™ (Re)  p=N, 41
- (3.10)
o0 1y
=c|C(N)+ D> (Qaklar)mm,”
i k=N, +1
- N 1;7
= |C(N)+ D (QarlA 7 ap)n
I k=N +1
<clow,) + a’s }
<c + Qa4
| L1 (H)
holds true. Then for s, > 0 and 0 < 6 < 25 the estimate
00 2
Elu(t) —u(s)3; < > Q" 2akf3 l:HSk‘ 2o skl gy 20 |t — s]*
" ; 1,7 (Ry) Y7 (Ry)
& 20—~+1 0
<c|C(N,)+ Z (Qak|ak)rwpy, ° it — s|? (3.11)
k=N +1

20—~+1

<c [C(NM) + HQA ’

—8’26

31(7")} |
yields the mean-square continuity of u. Lastly, we may employ the Kahane-Khinchine in-
equality (cf. Theorem A.3) to obtain forall 2 < p <

Elu(t) — u(s)f; < cp (Elu(t) — u(s)[x)

and the KoImogorov-éentsov-Theorem (cf. Theorem A.4) yields the claimed Hdélderianity for
every © € (0,6 — ;) forall p € (2, 00).

20—~v+1

<o |ON) + @A™

p £ 0
; } it—s”’  (3.12)
Z£(H)

3.2.2 Proof of Theorem 3.5

For a € (0,2) and 8 > 0 problem (3.5) admits a resolvent R(¢) which decomposes into
Rit)x =Y rp(t)(zlan)an, t>0, xz€eMH, (3.13)
k=1

where the scalar fundamental solutions r,,(t) := r(t, u,), n € IN, of (3.5) can be expressed in
terms of its Laplace transform
- g3(A A&
Ry = B A
L+ pnga(A) MY + )

Rel>0, A#0, pun>0. (3.14)
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Thus the mild solution u of problem (3.5) exists and is of the form

u(t) = /Ot R(t— 1)d(Q2X)(r),  t>0. (3.15)

Then Corollary 2.34 ensures the existence of a constant ¢ > 0 (in the sequel generic), so that
in view of Lemma 3.9 we deduce fort > 0

E [u(t)l7, < CZ IQI/QOLk:IHIITkH2 < CZ |Q1/2ak|H||7“k:H2
k=1 k=1

0,t]) 22 (Ry)
28— e 3-26—~
< CZ Qa0 * =Y (Qalar)ymy, ° (3.16)
— k=1
3=20—y 3-26—
:CZ(QGMA o ap)n :«:HQA o .
k=1 !

In the same manner

_ 2 1/2 12
Blult) ~ u(o) < 3 1@ el I 2pe
k=1 2

2
el s } t— s
+) HZJr 2 (Ry)

o0 3-28420—~

B Cz:(Qak\ak)mt,~C |t —s|® (3.17)
k=1
<CHQA% P
Z1(H)

holds for s,¢ € R4 and 6 € [0, 1] and yields the mean-square continuity of w.

Again we may employ the Kahane-Khinchine inequality (cf. Theorem A.3) to obtain for all
2<p<oo

3-20+20— g

|t — s[P? (3.18)
ZL(H

Elu(t) — u()}, < cp (Elut) = u(s) ) * < cp||QA

and the KoImogorov—éentsov—Theorem (cp. Theorem A.4) yields the claimed Hélderianity for
every © € (0,0 — I%) for all p € (2,00). This completes the proof.

3.3 The case a =2

We conclude with a brief discussion of the case a = 2. Then

- AP

(A) = e n € NN,
(the functions r, where introduced in (3.13)), hence there are poles +i,/u, on the imaginary
axis, and so Lemma 3.9 is not valid in this case. Therefore we proceed differently. It is shown
in [25], that if % < (8 < 3 one obtains with the aid of the complex inversion formula for the
Laplace transform

1-8
rn(t) = pn? |:Sln (\/FTMH- (2 ﬁ)w) — lsm / —vimtr L CT 1T dr ;
T

7_
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1-8
where ¢ > 0. This formula shows in particular, that for every t € (0,7) itis |r,(t)| < crun? ,
where the constant cr may depend on T (in the sequel generic). In case v > 2 the embedding

Lyyy—1) = H holds true and we obtain
1-5
Tn|po < c|rp| . 2—y < cr|ralL OTSCT,UQ
i o) = "|H22 (0.7) I7nlLs),-1)(07) n

for any fixed T' > 0 and for all n € IN. The condition for local existence in the case o = 2 and
~v > 2 is now immediate and reads as

00 15
ZVTL/‘I”HQ <o — QA 2 € 4 (H).

Note, that this is not the limiting case of Theorem 3.5(i) as a — 2.



Chapter 4

Anomalous diffusion

Let a € (0,2), G C RY to be a domain with boundary G and J = [0, 7] a bounded time inter-
val. We study the parabolic boundary problem of subdiffusion (if « < 1), normal diffusion (if
a = 1), and superdiffusion (if « > 1) with fractional stochastic disturbances on the boundary.
This problem reads as

Ofu(t,x) — Au(t,z) =0, ted, ze€d,
Du(t,z) = ¢Y(t, z), teJ, ze€dG, (4.1)
u(0,z) =0, r € G,

in the basic space
V= Lao(J x G xQ),

where the boundary disturbance is modeled as
oo
w(tvxa("J) = Zbk(t7m)Xk(t7w) <42)
k=1

and is suppose to satisfy

Hypothesis (¢). (X;);cw are entirely independent processes subject to Hypothesis (¢) (see
page 24) with a unique spectral density ¢ and 1 < ~ < 3. The multiplier b := (b,)nen is
deterministic.

From time to time we will strengthen our assumptions and assume

Hypothesis (V). (X;);c are entirely independent processes with a unique spectral density
¢ subject to Hypotheses (¢) (see page 24), so that |A\|7¢(\) = const. Moreover, the multiplier
b := (bp)new is deterministic and for all s,t € J and x € G we have (b(t,z)|b(s,x))s, > 0.

73
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Remark 4.1. As shown in Section 2.6, centered Lévy processes and fractional Brownian
motions satisfy Hypothesis (). A fractional Riesz-Bessel motion 7?85 is to Hypothesis (1)
only if p = 0.

In order to circumvent trivial complications, we redefine the fractional derivative operator 9*
as
d2 t
@0)(t) = 5z || gr-alt=)ordr, te Ry
(dt)* Jo
With
Y = Lyo(J x 0G x Q)

we denote the basic space for the boundary process . As to the operator D, we either
choose D = 3, which links to the Neumann problem, or D = I to study the Dirichlet problem.
As usual I denotes the identity mapping.

Such problems arise in the theory of normal and anomalous diffusion, where the boundary
conditions prescribe a stochastic inflow in case D = 0,, and a stochastic concentration on
the boundary for D = I, respectively. Another typical application of those problems is the
heat conduction in materials with memory (e.g. polymeric fluids or solids).

We are seeking for conditions on the parameter v (determined by Hypothesis (v)) and prop-
erties of the pointwise multiplier b, so that the solution (see Section 4.2.1 for the present
concept of a solution) u of (4.1) affiliates to the space Z;s defined by

s i= oWk (J: Lo(G: La(Q))) O Lo (J; Ut e? Lg(Q))) , 5>0. (4.3)
It will turn out, that these spaces are appropriate solution spaces. Note that the class Z,
appears as the maximal regularity class of type Lo associated to problem (4.1). Moreover,
the spaces Zs, with § > 4 are tailored to capture results with a higher time regularity. Higher
spacial regularity is not treated in this thesis, since the resulting inevitable, purely technical,
compatibility conditions cannot be motivated from the view of applications. For brevity we
introduce the classes Us , and Ug7 for the pointwise multiplier b := (b;);cn as

ald

as s
Ug,,y =W (J; LQ(&G;EQ)) N L2 -1 <J; Wy (3G7€2)> , 62>0,
"2

~y—1
2,5

(4.4)

ad 3
Uy, = oWyt (J; La(0G;€2)) N Ly 11 <J; Wy (aa;&)) , 6>0.
’ 2

It is then readily seen, that Uy — Us,.
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4.1 Main results

In what follows let a € (0,2) and G C R be either the N dimensional half-space, given by
IRJ_\! = {x =@, y) eRY : 2/ e RN Ly > 0} , (4.5)

or a domain with compact boundary 9G of class C2/21+1 if not indicated otherwise.

Theorem 4.2. Assume Hypothesis (i) holds. Let 0 < v < 202V and in case G #* ]Rf let

«

v € [0,20=1) 1[0, 4). Then the following hold if b € UY., given by (4.4).

(i) The Dirichlet problem (4.1), i.e. D = I, admits a unique solution w in the regularity class
Zy+1 given by (4.3). If, in addition, v < 3 and Hypothesis () is valid, then membership
of b to the class U,  is necessary and sufficient.

(ii) The Neumann problem (4.1), i.e. D = 9,, admits a unique solution u in the regular-
ity class Z,,s given by (4.3). If, in addition, v < 1 and Hypothesis (i) is valid, then
membership of b to the class U, - is necessary and sufficient.

Note that the additional assumption v < 4, when G # RY, is only restrictive in the case of
subdiffusion, if a < “’T_l However, in view of maximal Lo-regularity it is not obstructive at all.
If one seeks for strong solutions of problem (4.1) with Dirichlet boundary condition, Theorem
4.2 shows that one necessarily has to assume that v > % On the other hand, in view
of the Neumann problem the above theorem yields the existence of strong solutions, only if
v > QTH The following corollaries concern a result on mixed regularity classes with either
full spatial regularity or full temporal regularity. In the Dirichlet case, i.e. D = I, this results

reads as

Corollary 4.3. The Dirichlet problem (4.1) admits a unique solution u and

(i) ue Wi (J; WE(G; La(Q)), 9>0,

(i) we WS (J;W2(G; Ly(R)), 9 e[0,1],
provided that
(@) ¥ <Lt -3
(b) ¥ <1, incase G #RY;

(c) beUY, s,
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Proof. Set v = 49 + 3, then clearly 3 < v < @ and, in addition, v < 4 if G # lRf, thus
Theorem 4.2 yields u € Z,41. By the mixed derivative theorem we obtain

alv+l) g rtl()_g)
Zyg1 = oWy * <J; Wy 2

(@ L2<Q>>) . e

and the choice § = Z;Jj proves assertion (i), while § = %1 gives (ii). O

In case of a boundary condition of Neumann type, i.e. D = 0,, we deduce

Corollary 4.4. The Neumann problem (4.1) admits a unique solution v and

(i) ue W5 (J; W2(G; Ly(R))), 9 >0,

(i) ue WS (J; W3 (G; La(R))), 9 €(0,1],
provided that
1 .
(@) ¥ < L1,
(b) ¥ <2, incase G #RY;

(c) be Uy, .

Proof. Repeat the arguments of the proof of Corollary 4.3 with v = 49 + 1. O

Here we discuss mainly the Ly(2)-valued case. The subsequent proposition — which is easy
to prove but never the less useful - covers, in the presence of Theorem 4.2, a result in the
pathwise sense.

Proposition 4.5. Let u belong to the space Zs given by (4.3) and s > 0 a real number.

(i) If§ > 2(2s + 1), then u € Ly(Q; C*(J; L2(@))).
(ii) If2s + N < § < 4, then u € Lo(Q; Lo(J; C3(Q))).
(iii) If§ >4 and s < 45X, then u € Ly(Q; La(J; C3(Q))).

(iv) If § > max {4; %} and s < 35N, then u € Ly(9; C*(J x Q).

Proof. Fubini’s Theorem yields

min{g;Z}

Zs = Lo(@; oWt (J; La(G))) 0 La(9; Lo(J; W22 (@)



CHAPTER 4. ANOMALOUS DIFFUSION 77

and it is due to Sobolev imbedding that (W%(K) — C*(K) if s < § — 42K Then a simple
computation confirms (i), (ii) and (iii). Turning to (iv) we allude to
2a

Zs < Lo <Q; WP (J x G)> if §>4,

which is due to the mixed derivative theorem and the claim follows via Sobolev imbedding.
O

It is worthwhile to mention that in view of Proposition 4.5, there exists a feasible § for (ii) and
(iii) only if N < 3, and for (iv) only if N < 2. The remaining part of this chapter is devoted
to the proof of Theorem 4.2. It is organized as follows. Next, in Section 4.2.1, we provide
the notion of a weak solution associated to problem (4.1). Then, in Section 4.2.2, we prove
Theorem 4.2 in the half-space setting. By means of spatial localization, which is the aim of
Section 4.2.3, we will carry over the half-space results to domains in Section 4.2.4.

4.2 Proof of the main results

4.2.1 Weak solutions

By g., we denote the Riemann-Liouville kernel; see (1.4). We call a function u© € X weak
solution of the Dirichlet problem (4.1), i.e. D = I, if it satisfies the integral equation

- /G /J (026)(go * u)dtda + /G /J (Adp)udtdz — /8 ) /J (Dop)pdide (4.6)

for all test functions ¢p in the class
{op € W3 (G; La(J)) : ¢p loc= 0} N{dp € W3(J; La(G)) : ¢p(T) = Orpp(T) = 0}.  (4.7)

Similarly, we call a function u € V weak solution of the Neumann problem (4.1), i.e. D = 0,,
if is satisfies the integral equation

- /G /J (07 ¢n) (92— * w)dtdz + /G /J (Apn)udtdr = /8 . /J ¢npdide (4.8)

for all test functions ¢ in the class
{on € WE(G; Ly(J)) : 0,0n lag= 0} N{dn € Wi(J; Lo(QR)) : én(T) = 01on(T) = 0}.  (4.9)

Equations (4.6) resp. (4.8) can be obtained by multiplying problem (4.1) with ¢p resp. ¢n
and integrating over J and . Note that by construction every strong solution is also a
weak solution. The converse is not true in general. Observe that the classes (4.7) and (4.9)
are nontrivial and dense in V, since they contain the C'*°-functions with compact support in
(0,T) x G.
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In the half-space setting, that is if G = R, one achieves a more explicit representation of a
weak solution of problem (4.1). To this purpose we define the operator

F = (8% — Ay)/? (4.10)
acting on the basic space Y with domain
D(F) = oWy (J; La(RV ™" Lo(9))) N La(J; W RV Ly()). (4.11)

Since the operator 0;* is sectorial of angle < and, moreover, commutes with the negative
Laplacian —A,, it is due to the Kalton-Weis-Theorem [59, Theorem 6.3], that the operator F'is
sectorial of angle “, hence is the negative generator of an analytic C-semigroup, provided
O<a<?2.

Let A : {0,,I} — {0,1} be the function which indicates the Neumann problem; precisely
Ap := A(D) = 1if and only if D = 9,. We are now in the position to rewrite problem (4.1) in
coordinates according to (4.5) as the ordinary differential equation
{ —8§u(y) + F2u(y) =0, y >0,
(1 — Ap)u(0) — Apdyu(0) = .
The deterministic case (cf. [89, Section 3]) gives raise to call a function u a (weak) solution of
(4.12), if it satisfies

(4.12)

u(y) = e FYF22y, ¢ >0, (4.13)

where as usual F° := I. Here ¢4 denotes the analytic Cy-semigroup generated by the
operator A. In particular, this formula depicts the well-posedness of problem (4.1) in the
sense of Hadamard, i.e. the problem admits a unique solution which depends continuously
on the data, in some reasonable topology.

In order to show, that a weak solution of the form (4.13) satisfies the representation formula
(4.6) resp. (4.8), we make use of an approximation argument. We exemplify this argument
for the case of a boundary condition of Dirichlet type. To this end let ¥,, belong to

D(F3) = oWyt (J; La(RN1; Lo(Q))) A Lo(J; W2 (RV L Lo(Q))

for all n € IN so that ¥, — ¢ € Y as n tends to infinity. Theorem 4.2 yields that the function
un(y) = e_Fy¢n affiliates to the class Z4, hence is a strong solution of the Dirichlet problem

U (t, ) — Aup(t,z) =0, ted, zeRY,
Un(t, ) = Yn(t, ), teld xzeRN
un(0,2) =0, x € Rf

for every n € IN. It is due to the Cy-property of the semigroup e ¥ and Theorem 4.2 that
u, — u € Z1 asn — oo and in particular by maximal regularity (the functions u,, are strong
solutions for all n € IN) and representation (4.6) we have the validity of the integral equation

_/IRN /J(&?cbp)(gza *un)dtdx—l—/]RN /J(Agbp)undtdzv = /szl /J(qusz)wndtdx
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for all n € IN. Passing n to the limit we see that in the half-space setting, a weak solution of
the form (4.13) satisfies equation (4.6). In this sense formulae (4.13) and (4.6) resp. (4.8)
are connected.

We are now in the position to proof the main result in the half-space setting.

4.2.2 Proof of Theorem 4.2: Half-space setting.

Let G = ]Rf, given by (4.5). The unique existence of a solution u of problem (4.1) is clear by
(4.13). By Theorems 2.22 and 2.25 we have the implication

belU), = veD(F?2),
where the operator F'is given by (4.10) and
af
D(F%) = oW,? (J; Lo(RN 71 Ly(Q))) N Lo (J; WY (RN L Ly(Q))), (4.14)
for # > 0. If, in addition, Hypothesis (1) is valid, then Theorems 2.22 and 2.25 enforce
belU,, <= 1eD(F3?).

Assertion (i) is proven, if we can show that ¢ € D(F%) is equivalent to u € Z, 1. To this end
we denote by z € V := Ly(R X RY x Q) the solution of the problem

{ ~z(y) + F22(y) =0,  y >0,

where the process ¥ belongs to Y := Ly(R x RV x Q) so that ¥ |,c;= ¢ holds and we
define

Fi=/0F — Ay +1
with domain

D(F) = oWy (R; Ly(RN ™, Ly(Q))) N Lo(R; Wi (RY Y Ly ().
Recall that by (4.13) z is of the form z(y) := e~ Ful with y > 0.

In what follows F means the Fourier transform with respect to time ¢ and tangential variable
2. Letm =m(\ €) = /A + €2+ Twith A =ip, p € R, £ € RV, denote the Fourier symbol
of ﬁ(t,:c’). Suppressing the argument w € (2, Plancherel’s Theorem (cf. Theorem A.1) yields

~uv+1 ~v+1 o0 1 ~v
|FE 2|2 = | 22 = / / / mb F{FS 2(5)} (1, €)[2dedpdy
0 RJRN-1
= / / / m|e=2Remy| F{FSW}(), €)|*dydédp
RJRN-1.J0

=[] e m ey o Pasay.
RJR

~N-1 2Rem
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Observe now, that due to o € (0,2) the symbol m takes values in an open sector of the
complex plane, symmetric with respect to the positive real half axis R, with vertex 0 and
opening angle ¢ < 7. This captures the existence of constants c;, co > 0, such that

c1lm| < Rem < ca|m)|

holds. Therefrom we obtain for v € [0, 20 1)) N[0, 3]

|m| ~v ~vtl
1P <o [ [ SR 0L oRgdp = |FE

which is the key to necessity. Turning to sufficiency we deduce for v € |0, M)

«

R < / / FLES WA ©)2dédp = o 50|12,
R JRN-1

hence z := z |¢cj€ Z,41, Where Z = z |;c; denotes the restriction of z to J. Observe now, that
u = Z+ w, where w € V is the solution of the problem

w(0) =0,
with F' given by (4.10). It is due to [112, Theorem 3.1] that

a(r+1)
o+

(J; La(G; La(R2))) N Lo (J50W3(G; La(R))) = Zyss,
which in turn yields v € Z, 11 and assertion (i) is proven.

Turning to (ii) let us denote by v the solution of the Dirichlet problem (4.1). Recall that by
(4.13)itisu = F~1v, and so in particular we have

ORS ZV+1 <~ u € ZV+3

forall0 <v < ( L) . Employing (i) completes the proof.

4.2.3 Spatial localization

Let now G C RY be a domain with compact boundary 9G of class C2. In case G is unbounded
one has to think of an exterior domain. Since the problem under investigation is fully known
in the space R" (e.g. Zacher [113, Theorem 3.1]) and, by the above, in the half-space ]Rf
the apparent strategy is to localize problem (4.1) and to apply the known results.

In order to prevent the localization with respect to time we do consider the following two
auxiliary problems
ofv(t,z) + (A —A)v(t,z) =0, teld, zeg,
Du(t,x) = ¥(t, z), ted, xze€odqG, (4.15)
v(0,x) =0, ESNER
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where A > 0 is chosen later and

Ofw(t,x) — Aw(t, x) = M(t, x), ted, xze€d,
Dw(t,x) =0, ted, xe€dd, (4.16)
w(0,z) =0, zeG.

Note, that the function © = v 4+ w clearly solves the initial problem (4.1). Our strategy is as
follows. We are going to localize problem (4.15) with respect to space and obtain a solution
on the whole of [0,7] by choosing \ sufficiently large. Then, depending on the resulting
regularity of v, the regularity of w is known by [113, Theorem 3.4].

Since the technique of localization is well-known (e.g. Denk et al. [34, Section 8]) we just go
briefly through the prearrangements. Let 2y € G be an arbitrary element of the boundary.
Without loss of generality, we may assume that xy = 0 and the outer normal at x( satisfies
n(xg) = (0,...,0,—1). This can always be achieved by a composition of a translation and
a rotation in RY. Such affine mappings of R" onto itself clearly leave all function spaces
under consideration invariant. By definition of a C?-boundary there is an open neighborhood
U =U; x Uy C RN of 29 with U; ¢ RV~! and Uy C R as well as a function ¢ € C2?(U3), such
that

OGNU ={z=(2,y) eU:y=(()},
GNU={z=@",y)eU:y>(@@)}.

Using now the notation = = (z1,...,zy) we define ¥ : U — RY in virtue of

x% ck=1,...,N—1
Op(z) = . (4.17)
y—(¢@) k=N

It is easy to see, that ¥ € C2(U;R") is one-to-one and satisfies GNU = {x € U : Iy(z) > 0}
aswellas 0GNU = {x € U : In5(z) = 0}. Observe, that the function { can be extended to a
function in Cz(]RN‘l) with compact support. For brevity we denote the extension of { again

by C.

Regarding spatial localization, by the boundedness of JG, there exists a radius g > 0 such
that OG is entirely contained in the open ball B,,(0). If G is unbounded we set Uy = {z €
RY;|z| > 7o}, otherwise we may assume that G C B,,(0) and put Uy = (. Now, we cover
B,,(0) by finitely many open sets U;, j = 1,...,n, which are subject to

(U1) U;NOG =0 and U; = B, (x;) forall j =1,...n1.

(U2) U;NOG # O for j = ny +1,...,n and there exists z; € U; N G and ¢; € C?(RNV 1)
with compact support such that U; N G = {z = (2/,y) € U; : y = (j(2')} as well as
UjNG={x=(a,y) €Uj:y>((2)} and Uj = 9, (B, (x)).
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In what follows we denote by {p;}_, C C>=(R¥Y;[0,1]) a partition of the unity such that
ijo ¢j(z) =1 on G and supp ¢; C UJ. Observe now, that v solves (4.15) if and only if

05 (pv) + (A — A)(pv) = —[A, ¢j]v, inJxG, j=0,...,n
D(pjv) = @jv + [D,pjlv, onJx0G, j=n+1,...,n
@;v lt=0 = 0.
Incase j =0,...,n; we have to consider full-space problems for the functions ¢;v, for which

the existence of the corresponding solution operators SJF is known. One obtains
_ QF —_. -
v =8;' (=[A,pjlv) = hj (v), j=0,...,m. (4.18)

Forj=n;+1,...,n, we get problems on crooked half-spaces with inhomogeneous Neumann
or Dirichlet boundary condition. Using the common affine mappings that, in particular, trans-
form z; to the origin combined with an appropriate variable transformation and denoting by
I’y the trace operator at y = 0 leads to

070 (pjv) + (A = )07 (gv) = =07 '[A, gjlv, J x RY,
D107 (pjv) = O] (p¥) + 05 'Ty[D, pjlv, T x RV,
05 (pjv) li=0 =0,
that is, to half-space problems for @_1( ©;v). Here the pull-back ©;v is defined on int G by
Oju(z) = v(¥;(z)) and (A—A)% := A\—0; A0, as wellas D" := ©; ' DO;. Choosing the radii

ri, © = 1,...,n, sufficiently small, Theorem 4.2 in connection W|th a perturbation argument
asserts the existence of solution operators SJB for the above problems. So we immediately

get
-1
—O7 YA .
v = ®jSJB . @] [ _71903]” =: h]B(z/;,v)7 (4.19)
©; (pj¥) +©; Ty[D, ;v
forj =n1+1,...,n. Summing now over all j yields the formula
ni n
v=>Y ki) + Y hiW,v)=G)+K{), (4.20)
j= j=ni1+1

which is necessary for v to be a solution of (4.1). To see that (4.20) is also sufficient we refer
to Zacher[111]. Summarizing, we deduced a fixed point equation (4.20) for v, where the first
sum is determined by the data, and the second contains only terms of lower order. By means
of the contraction principle, this fixed point equation can be solved on J = [0, 7] provided G
is a strict contraction on J. But this can always be arranged by choosing X sufficiently large.

Before focusing the concrete Neumann or Dirichlet case, we prove an extremely useful result.

Proposition 4.6. Let X = Lo(J x RY x Q) and F = /97 — A,/ with domain D(F) given by
(4.11) in coordinates according to (4.5). Then there is a constant ¢ > 0, such that forv > 0
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and sufficiently large A > 0 we have

2

e~ (F2 )2y < o(1+25).

H (F2 4+ \)"7
B(D(F%);X)

Proof. Let g € D(Fz) withv >0andY = Ly(J x RV~! x Q). Then by means of Plancherel’s
Theorem (cf. Theorem A.1) and Fourier transform with respect to time and space it is

v 1 2
H(F2+A) e (Mg

X
vl Vo ~
< / / / |(7)® + (€2 + A| 2 e 2RV HEE A 5 ¢)2drdedy
R+ RN-1 R
=[] (] eme VI Sy fGirye o jg? 0l gir, ¢ Pgr.
R RN-1 Ry

Observe now that for a € (0,2) and sufficiency large A the symbol +/(i7)* + [£2 + \ takes
values in the open sector X(0,%), so that we have in particular c|\/(iT)* + [£]> + A|
Re+/(iT)> + |€]2 + X with a constant ¢ > 0 (in the sequel generic) being independent of .
Thus

2 Y 9
H(F2 LN e g < c/ / U(’iT)a + (€7 + AT (g, §)|} dedr
X R RN-1
2
<c / / ) + (€2 ® + AT (g, g)\} dédr
R RN-1
2
< cllgll g, + AR} < 1+ ANl oy
follows and the proof is complete. O

4.2.4 Proof of Theorem 4.2: Setting for domains.

This time we are first facing assertion (ii). Let us shortly recall what we have done in the
preview. We split up the initial problem (4.1) in the two auxiliary problems (4.15) and (4.16),
so that it suffices to seek for the regularity of the solution v of the localized version of (4.15).
This is what remains to do. To this purpose we denote by 23 the space 7, equipped with the
norm

[-llzy =1 llz, + Al lv, (4.21)

with X\ from (4.15), where the space Z, is given by (4.3) with an admissible v. Thanks to our
preview it remains to show, that G is a strict contraction on .J for v € Z 713- Thus we proceed
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as follows. Let v; and v, belong to Z;\Jrg, then the linearity of the solution operators captures

1G(v1) = G(v2)llza, , < SIS A, ¢5)(ve - Ul))H33+3 +

j=0
Ly SB< 0, [8, ¢il(ez — w1 )

-1 (4.22)
j=ni1+1 @j Fy[D> on]('Ul — UQ)

2013
Turning to the first sum we observe, that for every €; > 0 there is a constant c., depending

on €1, such that by interpolation and Young’s inequality

C
A, eslully < ellullz,q + o llully < Jullzy,, (o1 +52) (4.23)
holds forall j =0,1,...,nand u € Zl’,\+3. Then by the boundedness of the solution operators

and (4.23) we end up with

C
IS (A2 = o) 5 erlidplez—vly e (a1+ 5 ) e —villzy - (4:24)

Facing the second sum from (4.22) we get

SB 0,4, )] (va — v1)
7\, 'Ty[D, ¢j)(v1 — va)

n

>

Jj=n1+1 Z) 4
<c Y 1A @l(v2 —v)lly +CO) Y TP, 95)(v1 = v2)ll oot
j=ni1+1 Jj=n1+1

where C()\) ~ A7 as A\ — oo, which is due to Proposition 4.6. The first term is fine by (4.24).
For the second we may stress that u € Z, 1 impliesI'yu € D(F%). Now we estimate with the
aid of Young's inequality

1Ty [Ds il(vr = v2)ll 5 gy < esllvr — w2l 2,4,
< ca(ez|lvr — v2ll 2,45 + ceallvr — v2flv) (4.25)
C,
< caler+ o1 —wallzy, -
Hence, we deduced
C C
1G(01) = G(v2)ll 2y, , < s [(n +1) <81 + %) +(n—n1)C(A) <82 + %)} lor —vallza
where the Lipschitz constant can be made arbitrary small by choosing first ¢; and &5

sufficiently small and then selecting \ appropriately large (recall that by Proposition 4.6
C()\) ~ A1 in a neighborhood of infinity and v < 4 by assumption).

Summarizing we have shown that the solution v of (4.15) belongs to Z, ;3. Lastly, it is due to
[112, Theorem 3.1] that the solution w of the auxiliary problem (4.16) in particular belongs
to Z,4+7, which immediately results in the fact that the function ©v = v + w is a solution of the
initial problem (4.1) and, moreover, affiliates to the space Z,,3. This completes the proof
of (ii). The proof of the corresponding Dirichlet problem (i) can be obtained by following the
arguments of the proof of (ii). Therefore we omit it.



Appendix A

Basic essentials

For f € L1(R; X), the Fourier transform of f is the function 7 f : R — X defined by
FNE = [

For scalar-valued functions f Plancherel’s Theorem can be found in Rudin [95, Theorem 19.2].
Plancherel’s Theorem is not true for vector-valued functions, except when the space X is a
Hilbert space. The theorem then reads as

Theorem A.1 (Plancherel’s Theorem). Let X be a Hilbert space. Then Ff € La(R;X)
and || Ffllo,mx) = V27| fllL,m.x) for all f € Li(R; X) N Ly(R; X). The restriction of F
to L1 (R; X) N Ly(R; X) extends to a bounded linear operator F on Ly(R; X) and (27)~'/2F is
an unitary operator on the Hilbert space Ly(R; X). Moreover,

/ (FH(D)]a(t)) dt = / (F(O)(Fg) () x dt
R R

forall f,g € La(R; X).

For the proof we refer to Arendt et al. [12, Proof of Theorem 1.8.2]. Let C, :={A € C: Re A >
0} and H2(C4; X) be the space of all holomorphic functions g : C; — X such that

||9||%{2(c+;x) = Sup/ lg(a + is)||*ds < oo.
a>0JR

Let as usual denote fthe Laplace transform of the function f. For scalar functions, the
Paley-Wiener Theorem can be found in Rudin [95, Theorem 19.13]. Again the Paley-Wiener
Theorem is not true for vector-valued functions in general, but it is true in the case of a Hilbert
space and then reads

85
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Theorem A.2 (Paley-Wiener Theorem). Let X be a Hilbert space. Then the map f — ﬂm is
an isometric isomorphism of La(R4; X) onto Hy(C4; X). Moreover, for f € La(Ry; X),

flavin =& [ SED0_y,

R Q2+ (s—1)2

Asa |0, |[fla+is) = (FF)(s)| — 0 (s)-a.e. and [ ||f(a+is) — (FF)(s)[>ds — 0.

The proof can be found in Arendt et al. [12, Proof of Theorem 1.8.3].

We are now turning to the Kahane-Khintchine inequality. To circumvent an introduction to
the principle of hypocontractive domination (see Kwapien & Woyczynriski [67, Section 3.3])
we rephrase the result of [67, Corollary 3.4.1]. It then reads as

Theorem A.3 (Kahane-Khintchine inequality). Let X be a Banach space and 1 < q < p < cc.
If € is a centered Gaussian random variable then

(E

holds for every x,y € X.

q—1 |
T4/ ——y&

v 1/q
] ) < (Bl +yel%)

X

In the present thesis we will frequently make use of the case when z = 0, to position ourself
to employ the Kolmogorov—éentsov Theorem.

Theorem A.4 (Kolmogorov-Centsov Theorem). Suppose that a process X := {X () eejom
on a probability space (2, #,P) satisfies the condition

E[X(t) = X(s)|* < Clt — "7, st €[0,T],

for some positive constants «, (3, and C. Then there exists a continuous modification of X,
which is locally Hélder-continuous with exponent v for every v € (0, 2)

s alt

A very elementary proof based on Cebysev’s inequality can be found in Karatzas & Shreve
[60, Proof of Theorem 2.8]. For a more analytic version of the proof we refer to Da Prato &
Zabczyk [27, Proof of Theorem 3.3].
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