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Abstract

Locally optimal designs are derived for generalized linear models with first order linear
predictors. We consider models including a single factor, two factors and multiple
factors. Mainly, the experimental region is assumed to be a unit cube. In particular,
models without intercept are considered on arbitrary experimental regions. Analytic
solutions for optimal designs are developed under the D- and A-criteria, and more
generally, for Kiefer’s ®y-criteria. The focus is on the vertex type designs. That is,
the designs are only supported by the vertices of the respective experimental regions.
By the equivalence theorem, necessary and sufficient conditions are developed for
the local optimality of these designs. The derived results are applied to gamma and
Poisson models.

Keywords Generalized linear model - Approximate design - General equivalence
theorem - Intercept term - Locally optimal design

1 Introduction

The generalized linear model (GLM) was developed by Nelder and Wedderburn
(1972). It is viewed as a generalization of the ordinary linear regression which allows
continuous or discrete observations from one-parameter exponential family distribu-
tions to be combined with explanatory variables (factors) via proper link functions.
Generalized linear models include several types such as Poisson, gamma, logistic
models among others. Therefore, wide applications can be addressed by GLMs such
as social and educational sciences, clinical trials, insurance, industry (Walker and
Duncan 1967; Myers and Montgomery 1997; Fox 2015; Goldburd et al. 2016).
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While deriving optimal designs is obtained by minimizing the variance-covariance
matrix there is no loss of generality to concentrate on maximizing the Fisher informa-
tion matrix. For generalized linear models the Fisher information matrix depends on
the model parameters. Therefore, the optimal design cannot be found without a prior
knowledge of the parameters. One approach is the so-called local optimality, which
was proposed by Chernoff (1953). This approach aims at deriving an optimal design
at a given parameter value (best guess).

As in many research works the results on optimal designs in particular, on a con-
tinuous experimental region are influenced by the type of models used. For example,
Ford et al. (1992) used single-factor GLMs. Moreover, Gaftke et al. (2019) and Russell
et al. (2009) used the gamma and the Poisson models, respectively, while the logistic
model was employed by Yang et al. (2011) and Atkinson and Haines (1996).

In this paper we focus on the problem of finding locally optimal designs for a class
of generalized linear models, which is motivated by the work of Yang and Stufken
(2009) and Tong et al. (2014), who provided analytic results for a general setup of
the GLM with binary factors. Here, we are also interested in deriving locally optimal
designs for a general setup of generalized linear models on continuous and discrete
experimental regions. Schmidt and Schwabe (2017) showed that the support points
of the optimal designs for GLMs on an experimental region given by a polytope are
located at the edges of the experimental region. In particular, in Gaffke et al. (2019)
we proved that the optimal designs for gamma models are supported by the vertices
of the experimental region (polytope). In this paper, we will restrict our attention to
the vertices of the experimental region by which optimal designs can be supported
for the corresponding generalized linear models. Throughout the sequel, we confine
ourselves to the general equivalence theorem to establish a necessary and sufficient
condition for a design to be locally optimal.

The remainder of the paper is organized as follows. In Sect.2 we introduce the
generalized linear model and optimality of designs. Approaches to determine the
optimal weights for some particular designs under D-, A- and Kiefer ®y-criteria are
characterized in Sect. 3. Then optimal designs are derived under the single-factor and
the two-factor models in Sects. 4 and 5, respectively. First order models of multiple
factors are presented in Sect. 6, and optimal designs are derived for such models with
and without intercept. Applications of the results are discussed under gamma and
Poisson model in Sect. 7.

2 Preliminary

In this section, we introduce the generalized linear model and give a characterization
of optimal designs. Let the univariate observation (response) Y belongs to a one-
parameter exponential family distribution in the canonical form

P(y:0) = exp (0 = b©) + (). @1

where D(-) and c¢(-) are known functions while 6 is a canonical parameter. In the
generalized linear model each response Y of a statistical unit is observed at a certain
value of a covariate x = (xq, ..., xv)T that belongs to an experimental region X C

@ Springer



On local optimality of vertex type designs... 1873

RY,v > 1. Here, 6 := 6(x, B) varies with the value of x € X at a fixed value of
the vector of model parameters B € R”. The expected mean is given by E(Y) =
p(x, B) = b'(9) with the variance function V (i (x, B)) = b”(6) [see McCullagh and
Nelder (1989, Sect.2.2.2)]. Let f(x) : X — RP” be a vector of continuous regression
functions f1(x), ..., fp(x) which are assumed to be linearly independent. Denote
the linear predictor by 7 = f7 (x)B. In the generalized linear model it is assumed
that n = g(u(x, ﬂ)), where g is a link function and assumed to be one-to-one and
differentiable. We can define the intensity function at a point x € X" as
2
u(x, )=V (u(x. §)) (W) 22)
where du(x, B)/dn = 1/g'(u(x, B)). Obviously, u(x, B) is positive for all x € X
and may be regarded as a weight for the corresponding unit at the point x (Atkinson
and Woods 2015). The Fisher information matrix at x € X’ [see Fedorov and Leonov
(2013, Sect. 1.3.2)] is given by

M(x, B) = u(x, B) f(x) f1(x). (2.3)

An information matrix of the form (2.3) is appropriate for other nonlinear models, e.g.,
model with survival times observations employing the proportional hazards (Schmidt
and Schwabe 2017). Moreover, under homoscedastic regression models the intensity
function is constantly equal to 1 whereas, under heteroscedastic regression models we
get intensity that is equal to 1/var(Y), which depends on x only and thus we have
information matrix of the form M (x) = u(x) f(x) f T (x) that does not depend on
the model parameters. The latter case was discussed in GraBhoff et al. (2007) and in
the book by Fedorov and Leonov (2013, p.13).

Throughout the present work we will deal with the approximate (continuous) design
theory. An approximate design & can be defined as a probability measure with finite
support on the experimental region X,

s:<x1x2...x,>’ 2.4)

W] W ...

wherer € N, x 1, x2,...,x, € X are pairwise distinct points and 1, w2, ..., w, > 0
with Z;:l w; = 1. The set supp(§) = {x1, x2, ..., x;-} is called the support of & and
w1, ..., are called the weights of & [see Silvey (1980, p.15)]. The information
matrix of a design & from (2.4) at a parameter point g is defined by

M B) = fX M(x.B)&(dx) =Y w;M(x;. ). @5)

i=1

One might recognize M (&, B) as a convex combination of all information matrices
for all support points of £. Another representation of the information matrix (2.5) can
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be utilized based on the r x p design matrix F = [ f(x1), ..., f(xr)]T andther x r
weight matrix V = diag(w;u(x;, 8));_, and hence we can write

M(,B)=FTVF.

Remark A particular type of designs appears frequently when the support size equals
the dimension of f,i.e., » = p. In such a case the design is minimally supported and
it is often called a minimal-support or a saturated design.

This paper focuses on optimal designs within the family of Kiefer’s ®-criteria (Kiefer
1975). These criteria aim at minimizing the k-norm of the eigenvalues of the variance-
covariance matrix and include the most common criteria for D-, A- and E- optimality.
Denote by A; (&, B) (1 <i < p) the eigenvalues of a nonsingular information matrix
M (&, ). Denote by “det” and “tr” the determinant and the trace of a matrix, respec-
tively. The Kiefer’s ®j-criteria are defined by

1 1

q>k(M<s,ﬂ>)=(p (e ) ( ZA “E;) 0<k <o,

Po(M(E. B)) = lim @(M(E. B)) = (det(M 'z, Bn)".
(M B) = lim ©(M(E. ) = max (& B)).

Note that ®o(M (¢, B)), 1 (M (&, B)) and Poo (M (€, B)) are the D-, A- and E-criteria,
respectively. Since M (¢, B) depends on the values of the parameters, a best guess of
B is adopted here and locally D-optimal designs are constructed (Chernoff 1953).
A locally ®g-optimal design £* (at ) minimizes the function &y (M (&, ﬂ)) over all
designs £ whose information matrix M (¢, B) is nonsingular. For 0 < k < oo the strict
convexity of ® (M (&, ﬂ)) implies that the information matrix of a locally ®;-optimal
design (at B) is unique. That is, if £* and £** are two locally ®-optimal designs (at )
then M (£*, B) = M(**, B) (Kiefer 1975). In particular, D-optimal designs are con-
structed to minimize the determinant of the variance-covariance matrix of the estimates
or equivalently to maximize the determinant of the information matrix. The D-criterion
is typically defined by the convex function ®p(M (&, B)) = —logdet (M (&, B)). A-
optimal designs are constructed to minimize the trace of the variance-covariance matrix
of the estimates, i.e., to minimize the average variance of the estimates. The A-criterion
is typically defined by ® 5 (M &, B )) = tr(M (&, B )). Moreover, E-optimal designs
maximize the smallest eigenvalue of M (&, B).

In order to verify the local optimality of a design the general equivalence theorem
is commonly employed [see Atkinson et al. (2007, p.137)]. It provides necessary and
sufficient conditions for a design to be optimal and thus the optimality of a suggested
design can be easily verified or disproved. The design £* is ®j-optimal if and only if

u(e, B fT M 1ES B f(x) < (M5 (&%, B)) forallx € X, (0 <k < o).
(2.6)
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Furthermore, if the design £* is ®j-optimal then inequality (2.6) becomes equality at
its support.

Remark The left hand side of condition (2.6) of the general equivalence theorem is
called the sensitivity function.

3 Determination of locally optimal weights

In this section we provide the optimal weights of particular types of designs that will
appear throughout the paper with respect to Kiefer’s ®y-criteria. Particular emphasis
will be on the A-criterion (k = 1) and the D-criterion (k = 0). This work mostly deals
with saturated designs (i.e., r = p). Let the support points be given by x7, ..., x7},
such that f(x7),..., f (x}",) are linearly independent. For the A-criterion (k = 1) the
optimal weights are given according to Pukelsheim (1993, Sect. 8.8), which has been
modified in Gaffke et al. (2019). The design &* which achieves the minimum value of
tr(M’1 (&, ﬂ)) over all designs & with supp(§) = {x7, ..., x;} is given by

o x* i\ 1/2 P 12
éz(i%j)i’) with of = () T =i = p), e= Y ()7

P Ui =1 Uk
3.1

where u; = u(x}, ) (1 <i < p)andc;; (1 <i < p) are the diagonal entries of the
matrix € = (F~)TF~'and F = [f(x?),.... f(x)]".

For the D-criterion (k = 0) the optimal weights are givenby ] = 1/p(1 <i < p),
see Lemma 5.1.3 of Silvey (1980). This means that the locally D-optimal saturated
design assigns equal weights to the support points. On the other hand, there is no
unified formulas for the optimal weights of a non-saturated design specifically, with
respect to D-criterion. However, for p = 3 the following lemma provides the optimal
weights of a design with four support points £* = {(x}, w}),i = 1,2, 3,4} under
certain conditions.

Lemma3.1 Let p = 3. Let the design points x7, x5, X3, x; € X be given such that
any three of the four vectors f(x7), f(x3), f(x3), f(x}) are linearly independent.
Denote

di =det[f(x3), f(x3), f(xD], do =det[f(x]), F(x3), fFxD],
dy =det[f(x7), f(x3), f(xD], day =det[f(x}), f(x3), f(x3)]

such that di # 0,1 = 1,2,3,4. For a given parameter point 8 denote u; =
u(x;.*, B), i =1,2,3,4 Assume that uy = uz and d? = d32 and let

w*_3+1<1+d12u1 4d22u1)—1
1 — o - 5 T T T 5 ’
8

4 dius  diup
1 d? d? upn\ -1
w}‘:w’;——(4——éﬂ——122> ,
2 dyur  dyus

@ Springer



1876 0. Idais

301 d?>uy  d?ug\-!
LT SR S _2_)
©4 8+4< +d12u1 d12M2

Assume that a)l* > 0,i = 1,2, 3,4. Then the design £* which achieves the minimum
value of —log det(M(g, /3)) over all designs & with supp(§) = {x7,x}, x5, x}} is
given by £ = {(x}, w}),i =1,2,3,4}.

Proof Let f, = f(x7) (1 < £ < 4). The 4 x 3 design matrix is given by
F = [f1. fa f3,f4]T. Denote V = diag(a)gug)j .- Then M(§,8) = FTVF

and by the Cauchy—Binet formula the determinant of M (£, B) is given by the function
(w1, w2, w3, w4) Where

2
p(w1, w2, w3, W4) = Z djuiujug 0;j@;jwg. (3.2)
I<i<j<k<4

he{l,2,3,4]\{i,j.k}

By assumptions u; = us, d22 = d% the function p(w1, wy, w3, w4) is invariant w.r.t.
permuting w; and w3, i.e., (w1, w2, W3, w4) = @(w1, W3, w2, w4) and thus minimiz-
ing (3.2) has the same solutions for w; and w3. Thus we can write w4 = 1 — w1 — 2w
and (3.2) reduces to

P01, ) = A1®3 + 0203 + azwiwr + wwio) + aswiw,

where ¢y = 20y = —2df u% Ug, @3 = —o5 = —4d22u1 Uy U4, 04 =
u3 (df uy — dj us) — 4d3 uj upuy. Thus we obtain the system of two equations
dp/dw; = 0, dp/dwr = 0. Straightforward computations show that the solution of
the above system is the optimal weights wj (1 < £ < 4) presented by the lemma.
Hence, these optimal weights minimizing ¢ (w1, @3). O

Moreover, the choice of optimal weights of the saturated design under Kiefer ®-
criteria was given in Pukelsheim et al. (1991). It was stated in Schmidt (2019), Sect. 5,
that the method of Pukelsheim et al. (1991) provides a system of equations that must
be solved numerically. In the following, explicit optimal weights of the ®-optimal
saturated design are derived for a GLM without intercept specifically, under the first
order model f(x) = (x1,...,x,)” and a parameter vector 8 = (B1,...,B,)". The
choice of locally ®-optimal weights which yields the minimum value of @ (M (&, /3))
over all saturated designs with the same support is given by the following lemma.

Lemma 3.2 Consider a GLM without intercept with f(x) = (x1,..., x)T on an
experimental region X. Denote by e; for all (1 < i < v) the v-dimensional unit
vectors. Let x;‘ =aje;, a; > 0 forall (1 <i < v) be design points in X. For a
given parameter point B = (B1, ..., ,3,,)T let u; = u(xl’-‘, Bforall (1 <i <v).
Let a vector a = (ay, ...,a,)T be given with positive components. Then the design
&y which achieves the minimum value of ®y (M(Sa, ﬁ)) over all designs &, with
supp(&q) = {x7, ..., x}} assigns weights
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2 =k
(aru;)*+1 )
a);'< = % (I<i<v)
v =k
2 j=1(@ju )

to the corresponding design points x7, ..., x}. Hence,
or D-optimality (k =0), of =1/v (1 <i <v).
Je p 1y ;
2,172
for A-optimality (k = 1), o} = % (1<i<v).
J=1\5%
(atu;)~!

for E-optimality (k — o0), o} = 1<i=<w.

Z;=1(‘l?uj)_l

Proof Define the v x v design matrix F = diag(ai);’:1 with the v x v weight matrix
V = diag(u;w;);_,. Then we have M(Ea,ﬂ) = FTVF = diag(aizuiwi)l.” , and

M* (&, B) = diag((au;w;)*),_, withtr(M ¥ (&, B)) = >__ (@?u;w;) . Thus

1

1 %
(M (54, B)) = (E Z(afuiwi)—k> , (0 <k < o00). (3.3)
i=1

Now we aim at minimizing ®x (M (&, B)) such that ; > 0 and };_; w; = 1. We

write w, = 1 — Z}:ll w; then (3.3) becomes

1

v—1 v—1 k
1
O(M(Ea, ) = ((afuu)k(l =Y o) F+ Z(afw)") :

i=1 i=1

30 (M (Ea.8))

It is straightforward to see that the equation o = 0 is equivalent to

v—1 k+1
(@ u) ol T — (@2u,)t (1 - Za),) -0
i=1

k
. . 2 2 k+1 . 2 _k_
which gives w; = (aju,/(a;u;) wy (1 <i=<v-—1), thus w; (@ju;)=1 =
k . _k_ .
wy (aguv)m (I <i <v—1). This means w; (al.zu,-)kJr1 (1 <i <) are all equal,
i.e., w; (a?u,-)k+1 =c(l <i <v),wherec > 0.Itimplies that w; = c(aizui)kH (1<
—k —k
i <v).Dueto Y} o =1 weget Y|  c(au)™ =c> ! (a?u;)= =1, and

thusc = (Z;’=1(al.2ui)%)_].Soweﬁnallyobtaina)i = (a%ui)%/(Z;zl(a?uj)%)
for all (1 <i < v) which are the optimal weights given by the lemma. O
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4 Single-factor model

In this section we deal with the simplest case under a model with a single factor

nx,B) = fT(x)B = Bo+ Bix where x € X.

Let the experimental region is taken to be the continues unit interval X = [0, 1]. In
the following we introduce, for a fixed g = (B9, Bi )T, the function

1
h(x) = m, X € [0, 1],

which will be utilized for the characterization of the optimal designs. Consider the
following conditions:

(1) u(x, B) is positive and twice continuously differentiable on [0, 1].
(ii) u(x, B) is strictly increasing on [0, 1].
(iii) A" (x) is an injective (one-to-one) function on [0, 1].

Recently, Lemma 1 in Konstantinou et al. (2014) showed that under the above con-
ditions (i)-(iii) a locally D-optimal design on [0, 1] is only supported by two points
a and b where 0 < a < b < 1. In what follows an analogous result is presented for
locally optimal designs under various optimality criteria.

Lemma 4.1 Consider a GLM with f(x) = (1, 7T and the experimental region
X = [0, 1]. Let a parameter point B = (Bo, B)! be given. Let conditions (i)-(iii)
be satisfied. Denote by A a positive definite matrix and let ¢ be constant. Then if the
condition of the general equivalence theorem is of the form

u(x, B)fr()Af(x) <c

then the support points of a locally optimal design £* is concentrated on exactly two
points a and b where 0 <a < b < 1.

Proof Let A = [a;;]; j=1,2. Then let p(x) = fT(x)Af(x) = apx? + 2a12x + ai
which is a polynomial in x of degree 2 where x € X'. Hence, by the general equivalence
theorem &* is locally optimal (at @) if and only if

p(x) < ch(x) forall x € [0, 1].

The above inequality is similar to that obtained in the proof of Lemma 1 in Konstanti-
nou et al. (2014) and thus the rest of our proof is analogous to that. O

Accordingly, for D-optimality we have ¢ = 2 and A = M~ !(&*, B). For A-optimality
we have ¢ = r(M ' (&%, B)) = (V/(@® + 1)/up + /(b2 + 1) /ua) /(b — a)* where
ug, = u(a, B) and up = u(b, B) with A = M~2(E*, B). In general, under Kiefer’s
@y -criteria we denote ¢ = tr(M ¥ (¢*, B)) and A = M~*~1(&*, B). Moreover, the
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Generalized D-criterion and L-criterion can be applied (Atkinson and Woods 2015,
Chapter 10).

As a consequence of Lemma 4.1, we next provide sufficient conditions for a design
supported by the boundary points 0 and 1 to be locally D- or A-optimal on X = [0, 1]

ata given B. Let g(x) = 1/u(x, B) and denote gg = q%(O) and q; = q%(l).

Theorem 4.1 Consider a GLM with f(x) = (l,x)T and the experimental region
X = [0, 1]. Let a parameter point 8 = (Bo, ﬂ)T be given. Let q(x) be positive and
twice continuously differentiable. Then:

(1) The unique locally D-optimal design €* (at B) is the two-point design supported
by 0 and 1 with equal weights 1/2 if

a2 +q} > q"(x)/2 forall x € (0, 1). .1

(ii) The unique locally A-optimal design £* (at B) is the two-point design supported
by 0 and 1 with weights

Wl = —«/ELIO andot = —8
0 — 1 =
«/EIIO +q1 \/qu +q1
if
qg + q12 +v2q0q1 > q"(x)/2 forall x € (0, 1). 4.2)

Proof Part (i): Condition (2.6) of the general equivalence theorem for k = 0 implies
that £* is locally D-optimal if and only if

(1 —x)%q2 +x%*¢? — q(x) <0 ¥x € [0,1]. 4.3)

Since the support points are {0, 1}, the Lh.s. of the above inequality equals zero at
the boundaries of [0, 1]. Then it is sufficient to show that the aforementioned 1.h.s. is
convex on the interior (0, 1) and this convexity realizes under condition (4.1) asserted
in the theorem. Now to show that £* is unique at # assume that £ ** is locally D-optimal
at B. Then M(&*, B) = M(£**, B) and therefore, the condition of the equivalence
theorem under £** is equivalent to (4.3) and this is an equation only at the support of
£* ie.,0and 1.

Part (ii): This case can be shown in analogy to Part (i) by employing condition (2.6)
of the general equivalence theorem for k = 1 with tr(M -1 E* B) = (ﬁqo + q1)2.
The optimal weights wj; and w are derived according to (3.1) in Sect. 3. O

5 Two-factor model
In this section we consider a first order model of two factors

F@) = (1,x1,x)" where x = (x1,x2)7 € X. (5.1)
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5.1 Continuous factors

Let the experimental region be given by the unit rectangle X = [0, 1]°. Denote the
vertices of X by x¥ = (0,0)", x3 = (1,0)", x5 = 0, D7 and x} = (1, ). In
the following we provide necessary and sufficient conditions for the designs that are
supported by the vertices x7, X3, x3, x}; to be locally D- and A-optimal.

Theorem 5.1 Consider a GLM with f(x) = (1, X1, xz)T and the experimental region
X = [0, 112 For a given parameter point B = (Bo, B1, o) let u; = u(x;y, B)(1 <
i <4). Then:

(0) The locally D-optimal design £* (at B) is unique.

(1) & = <xT *3 X3 ) if and only if
1/31/3 1/3

1 —x; - )62)2141_1 +x12u2_1 —}—x%u;l < uil(x, B) Vx € [0, 112
x] x5 x}

@ &= (1/3 1/31/3

) if and only if

(1 —x)?uy + o = x2)%uy '+ x3uy! <ul(x, B) vx € [0, 172

* * *
X1 X3 Xy

(3 &" = (1/3 1/31/3

) if and only if

(1 —x)%u; "+ (o —x)?u3 ' +xfuyt <u'(x, B) Vx €10, 11%.

* * *
x5 x3 x;

@ & = <1/3 1/31/3

) if and only if

(1 —x2)%uy '+ (1= x)?uz + (1 + 30 — D2y’
<u'(x.B) Vx € [0, 1],

(5) Otherwise, £* is supported by the four design points x7, x5, X3, X}.

Proof The proof of cases (1) — (4) is demonstrated by making use of condition (2.6) for
k = 0 of the general equivalence theorem. For case (¢) (1 < ¢ < 4) denote the design
matrix F = [f(x]), f(x;‘.), f(x,t)]T and the weight matrix U = diag(ul-, uj, uk)
suchthat 1 <i < j <k <4andi, j,k #4— ¢+ 1. We will show that the condition
in each case (1)—(4) is equivalent to

(L x1, ) F'OY FTY (1, 2, x0) " <u'(x, B) Vx = (x1,x2)7 €0, 11%.
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To this end, for each case (1) — (4), we report the matrices F, F “landU

100 100

(h: F=[110]), F''=|-110|, U=diag(u1, us, u3).
101 -101
100 1 00

@: F=[110], F''=|-1 10], U=diag(ui,us, us).
111 0-11
100 1 00

@: F=[101]), F''=| 0-11], U=diag(ur,us,us).
111 -1 10
110 1 1-1

@: F=[101], F''=| 0-1 1], U=diag(us, u3, us).
111 -1 0 1

It remains to show that the design £* is unique at 8. Suppose that £* and £** are locally
D-optimal at 8. Then by the strict convexity of the D-criterion we have M (§*, B) =
M(E™, B). Thus M(E*, B) — M(E™, ) = X1 (@} — of)u; fx)) fT (x}) = 0.
The intensities u; (1 < i < 4) are positive and f (x;.k) f T(x;") (1 <i <4) are linearly
independent. It follows that 0! — @/* =0 (1 <i < 4). O

In analogy to Theorem 5.1 we introduce locally A-optimal designs in the next
theorem.

Theorem 5.2 Consider the assumptions and notations of Theorem 5.1. Denote q; =
2 <i < 4). Then:
(0) The locally A-optimal design £* (at B) is unique.

* _ X1 Xy X3
(1 & _(\/_ql/CCD/CCB/C) if and only if

2
(1 —x1 —x2)%q] +x7q3 +x3q3 — ﬁ(l —x1 — x2)(x192 + x293)q1

<u"'(x,B) Vx € [0, 11°.

*
x5

@ &= <\/_41/C V2¢2/c 614/0

) if and only if

(1 —x1)%q7 + (x1 — x2)%q3 + 3393 — (x1 — x2) ((1 — xD)q1 + v2x2q4) 2
ul(x, B) Vx € [0, 11°.
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&
x5

(3) &= (\/—CIl/C Sranc q4/c> if and only if

(1 —x2)%q} + (x2 — x1)%q3 + x{qf — (2 — x)((1 — x2)q1 + v2x194)g3
ul(x, B) Vx € [0, 11°.

x* x
4) £F = 3 d onl
@ ¢ (fqz/c NG fcm/c) and only if

(1—x)%g3 + (1 —x1)%¢2 + (2 +x1 — D22+ (1 — x)( — x2)q243

2
- 2\/;)61 +x2— D((1 = x2)g2 — (1 — x1)q3)q4
<ul(x,B) Vx €0, 11%.

For each case (1)—(4), the constant ¢ appearing in the weights equals the sum of
the numerators of the three ratios.
(5) Otherwise, £* is supported by the four design points x7, x5, X3, X}.

Proof We make use of condition (2.6) for k = 1 of the general equivalence theorem.
In analogy to the proof of Theorem 5.1 for case (£) (1 < £ < 4) denote F =
Lf(x]), f(x%), f@PIT, U = diag(u;, uj, uy) and = diag(w}, ¥, wf) such that

l<i<j<k<d4andi,j k#4—£+ 1. Then we obtain C = (F~')" F~1. An
elementary calculation shows that the weights given by (3.1) for an A-optimal design
coincide with the a)l* (1 < i < 3) as stated in the theorem. Now we show that the
design £* is locally A-optimal if and only if the corresponding condition holds. We
have

ME*, B)=F'VF=FTQUF,
w(M~' " B)) = tr(F—lU—lsz—l(F—l)T)

1/2 1/2 1/2
:C((ﬂ) F(2)" () ) _ 2
U u us3
Since U121 = cdiag(cl_ll/2, c2_21/2, c3_31/2), we obtain

— C2 F—IU—I/Zc*U—l/Z(F—l)T
where C* = diag(cl_ll/z, 02_21/ c33 ) C dlag( 62—21/27 c3_31/2). So, together with
condition (2.6) of the general equivalence theorem for k = 1 the design £* is locally

A-optimal (at B) if and only if
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(L, x1, x) F'U 2 U~ 2(F YT (1, x1, x0)"
<u'(x,B) Vx 0,117 (5.2)

Straightforward calculation shows that condition (5.2) is equivalent to the respective
condition in Case (£). O

Remark Yang et al. (2011) developed a method to find locally optimal designs for
logistic models of multiple factors. It was assumed that one factor is defined on the
whole real line while the other factors belong to a compact region which seems in
conflict with the experimental region given in Theorem 5.1. Then a subclass of designs
was established by Loewner semi ordering of nonnegative definite matrices and so,
one could focus on this subclass to derive optimal designs. A similar strategy was used
in Gaffke et al. (2019) for gamma models on the experimental region [0, 1]¥, v > 1.
Nevertheless, it seems that this strategy may not work for a general setup of the
generalized linear model. However, consider a logistic model of two factors with
f(x) = (1, x1, x2)T and intensity function u(x, B) = exp(Bo + B1x1 + Bax2)/(1 +
exp(Bo + B1x1 + B2x2))?. According to Yang et al. (2011) the experimental region
is assumed to be X = [0, 1] x R, i.e., xp € (—00, 00). From Yang et al. (2011),
Corollary 1, a locally D-optimal design is given by

2

c*—po\T —c*—BoNT c —Bo=Bi\T —c*—Bo=Bi\T
é* — (07 ﬂ ) (O’ ﬁ2 ) (17 /32 ) (17 /32 )
1/4 1/4 1/4 1/4
where ¢* is the maximizor of ¢2 (exp(c) /(14 exp(c))z)S. In general, £* is not covered
by Theorem 5.1. In contrast to that, for a particular parameter point 8 = (B0, B1, f2)7

such that 81 = 0, By = —2f¢ and By = ¢* the design £* is supported by the vertices
of [0, 1]°.

5.2 Discrete factors

Here, we assume two factors each at two levels, i.e., 0 and 1. The experimental region
is given by~X = {0, 1}2 which consists of the vertices of the unit rectangle [0, 112. So
we write X' = {x7, x3, x3, x}}.

Corollary 5.1 Consider a GLM with f(x) = (l, X1, xz)T and the experimental region
X ={0,1)2 Fora given parameter point B = (Bo, B1, )T let u; = ulxi, p)(1 <
i < 4). Denote by ug;y < up) < u@y < uw) the intensity values uy, uz, u3, us
rearranged in ascending order. Then:

(1) The design &* is supported by the three design points whose intensity values are
given by u ), u ), u@), with equal weights 1/3 if and only if

-1 -1 —1 -1
U + U3 + U (g < Uy
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(ii) The design &* is supported by the four design points X7, X5, X3, X} with weights
o}, w3, ©3, w; which are uniquely determined by the condition

4
ol >0(l<i<4), Za)l* =1, and uia);-k(% —w;‘) (1 <i < 4)are equal
i=1

(5.3)
1

if and only if u(; + u(_gi + u(_4; > U
Proof The proofis demonstrated by Theorem 5.1. The condition of £* in part (i) comes
by the the corresponding inequality in cases (1)—(4) of Theorem 5.1 which arises at
the point that is not a support of the respective £*. The equal values of the identity
u,a)l*(% — a)l*) fori =1, 2, 3, 4 were proved in Gaftke et al. (2019). O

Remark 1In part (i) of Corollary 5.1 the design points with highest intensities perform
as a support of a locally D-optimal design.

Theorem 5.3 Under the assumptions of Corollary 5.1 let the parameter point
B = (Bo, B1, B2)T be given with By = po = B which fulfills assumption (ii) of Corol-
lary 5.1. Then the locally D-optimal design (at B) is supported by the four design
points X7, X3, X3, X with positive weights

3 1 ui ui -1
a)l_—+—(l ——4—) ,
8 4 Uq uy

1 upy  up\—!
* *
= — 4————) .
@2 = @3 2< Ui Uyg
3 1 Ug g\ !
*
=+ (142 -4
@4 8 4 uj uy

Proof Since assumption (ii) of Corollary 5.1 is fulfilled by a point § the design is
supported by all points x7, x3, x3, x}. Then the optimal weights are obtained according
to Lemma 3.1 where we have di2 =1 <i <4)and up = u3. Hence, the results
follow. O

Now we restrict to A-optimal designs on the set of vertices X = {0, 1}2. It can
also be noted that the design points with highest intensities perform as a support of a
locally A-optimal design at a given parameter value.

Corollary 5.2 Consider the assumptions and notations of Corollary 5.1. Denote q; =
ufl/z (1 <i < 4). Then the unique locally A-optimal design £* is as follows.
x5 X3

x*
1) &* = 1 if and only i
(s (ﬁql/c e q3/c) f and only if
qlz+q§+q32+iq1(qz+q3) <43
V3
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* __ x2
@& = <~/_611/C V2q2/c q4/6> ¥ and only

@G+ a3+ ai g+ V244 < 43

x] x3

3) & = ( A q4/c) if and only if

it + a3 +ai+qas + V20391 < 3.
x5 x3

@) & = ( NP IQ4/C) if and only if

2 2 2 % 2
95 + 95 +q; + qq3 +2 3q4(qz+q3) <45

For each case (i) — (iv), the constant ¢ appearing in the weights equals the sum
of the numerators of the three ratios.
(5) Otherwise, &* is supported by the four design points x7, x5, X3, XJ.

As the optimal weights of the A-optimal designs depend on the model parameters
each condition provided in the theorem characterizes a subregion of the parameter
space where the corresponding designs with the same support are A-optimal.

6 Multiple regression model

6.1 Model with intercept

Consider a first order model of multiple factors
_ T _ T _ v
f@) = (1,x")" where x=(x1,....x,)! eXx=][0,1]". (6.1)
Here, we are interested in providing an extension of locally D- and A-optimal designs

with support (0, 0T, (1,07, 0, DT that are given in part (1) of Theorems 5.1 and
5.2.

Theorem 6.1 Consider model (6.1) with experimental region X = [0, 11", where
v > 2. Define particular design points by

xf=0,....,07, x5=(,...,0", ..., xI, =0,....,D".

For a given parameter point B = (Bo, B1, - .., Bv)T letu; = u(xf, B) (1 <i <v+1.
Then the design £* which assigns equal weights 1/(v + 1) to the design points x for
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all (1 <i <v+1)islocally D-optimal (at B) if and only if
2
% v
w1 =) x|+ utx <ut e, B) forall x €[0,1]. (6.2)
j=l1 i=1

Proof Define the (v + 1) x (v+ 1) design matrix F = [f(x’lk), e f(xj_H)]T, then

1
M(E*, B) = ——FTUF, where U = diag(u;)!”,

v+1 =1
We have
1 01><v —1 1 01><v
F = , hence F™' = , 6.3
[luxl I, i| —Lyx1 1, ©3)

where 0;x,, 1,x1, and I, denote the v-dimensional row vector of zeros, the v-
dimensional column vector of ones, and the v X v unit matrix, respectively. So, by
condition (2.6) of the general equivalence theorem for k = 0 the design is locally
D-optimal if and only if

u@, B) fr)M'E* B) f(x) <v+1 Vxe[0, 17" (6.4)

The Lh.s. of (6.4) reads as

ux, ) 0+ D @) Fu T (FY) fx)

=W+ DHux, B) ufl (1 - ij)z + Zua_]lxlz ,
j i=1

j=1 i=
and hence it is obvious that (6.4) is equivalent to (6.2). O

Remark The D-optimal design under a two-factor model with support (0, O)T , (1, O)T s
0, DT from Theorem 5.1 , part (1) is covered by Theorem 6.1 for v = 2. It is clear
that condition (6.2) for v = 2 is equivalent to the inequality (1 — x; — xz)zuf] +
us' +x3us? <u(x, B) Vx € [0, 112

Inanalogy to Theorem 6.1 we present locally A-optimal designs in the next theorem.

Theorem 6.2 Consider the assumptions and notations of Theorem 6.1. Denote q; =
ui_l/z (1 <i < v+ 1). Then the design £* which is supported by x7 (1 <i <v+1)
with weights

v
o] =~Vv+1q1/c and w7 | = qiy1/c, i =1,...,v where c = /v + 1q; +qu
Jj=2
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is locally A-optimal (at B) if and only if for all x = (x1, ..., x,)T € [O, l]v

2
vV v v
6]12 1 - ij + ZCIIZHX, + Zx/ Zq:'-i—lxi
j=1 i=1 i=1
<u'(x,B). (6.5)

Proof As in the proof of Theorem 6.1 the design matrix F and its inverse are given
by (6.3) and we obtain

“N\T o1 v+1 -1
c=(F)F =[_1m 1]

This yields /c11/u; = /v + 1g; and \/c;; /u; = g; fori =2, ..., v + 1 according
to (3.1) in Sect. 3 with p = v 4 1. An elementary calculation shows that the weights
given by (3.1) for an A-optimal design coincide with the @] (1 <i < p) as stated in
the theorem. Now we show that the design £* is locally A-optimal if and only if (6.5)
holds. Let U = diag(u, ..., up), @ = diag(w}, ..., w;) and V = QU. Then we
have

ME*,B)=F'VF =FTQUF,

w(M~(E*, ) = tr(F—lU—lSz—l(F—l)T> CXP:(C”)]/Z

i=1

Since U™1/2@~1 = cdiag(cl_llﬂ, . Cpg/z) we obtain

M—Z(E*’ ﬂ) — F_IU_]Q_I(F_I)T F_IU_IQ_I(F_I)T
— CZ F71U71/2C*U71/2(F71)T
where C* = diag(cy,”, ..., cpp’?) Cdiag(c;?, ... c;p/?). So, together with

condition (2.6) of the general equivalence theorem for k = 1 the design &* is locally
A-optimal (at B) if and only if

(2@ f@) (U PED @) <u' @ B) Vx € [0.1166)

Straightforward calculation shows that condition (6.6) is equivalent to condition (6.5). O

Remark Theorem 6.2 with v = 2 covers the result stated in part (1) of Theorem 5.2.
It can be seen that with the notations of Theorem 5.2, the inequality ‘112 + q22 + q32 +
%qlqz + %ql% < c]f is equivalent to condition (6.5) of Theorem 6.2 for v = 2.
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6.2 Model without intercept

Consider a model of multiple factors and without intercept. We assume a first order
model
fx)=(x1,..., x)! where x € X. 6.7)

The experimental region X has an arbitrary form. Locally optimal designs will be
derived under Kiefer’s ®-criteria. The support points are located at the boundary of
X and the optimal weights are obtained according to Lemma 3.2.

Theorem 6.3 Consider model (6.7) on an experimental region X. Let a vector a =

(ai, ..., au)T be given such that a; > 0 (1 <i < v). Denote the design points by

x7 = aje; (1 < i < v) that are assumed to belong to X. For a given parameter

point B let u; = u(x;,B) (1 <i < v). Let k withO < k < 00 be given. Let §; be
the saturated design whose support consists of the points x* (1 < i < v) with the
corresponding weights

2 —k
atu;)k+l
W} = # 1<i<v).

Z} l(a uj)k+l

Then & is locally ®y-optimal (at B) if and only if

vV
u(x, ) Zui_lai_zxiz <1 forall x = (x1, ol ex. (6.8)
i=1

Proof Define the v x v design matrix F = diag(al-)}’:1 with the v x v weight matrix

-1

v
V = diag(u;o;);_; = Z(Cljz-uj)% diag((al._Zku,-)ﬁ)

v

i=1

Then we have

-1

%
— v
M(5;. )= F'VF = | Y (@hupet | diag((@fuprr) .

j=1
k+1
v
M= 1 éa, Z(a uj)k+l diag(ai_zui_1>i_l, and
k+1

< —k %_a’ ) Z(a u/)kﬂ
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Adopting these formulas simplifies the 1.h.s. of condition (2.6) of the general equiv-

—k \ k+1 . .
alence theorem to u(x, }3)(2‘;=l (a?uj)m> Yo u;lafzxiz which is bounded

ke \k+1
by (Z§=1 (a2 j)ﬁ) if and only if condition (6.8) holds true. O

The optimality condition (6.8) does not depend on the value of k. However,
from Theorem 6.3 the locally D-optimal design (k = 0) has weights wf =
I/v(1 < i < v) and the locally A-optimal design (k = 1) has weights
of = (afu)™ /Y @upTF =i <.

7 Applications

In this section, we give a discussion on the application of the previous results for the
generalized linear models. Here, emphasis will be laid on gamma and Poisson models.
However, it is known that the linear regression model is a GLM. Therefore, to begin
with, we briefly focus on the ®,-optimality under a non-intercept linear model with
fx) = (xq, ...,xU)T on the continuous experimental region X = [0, 1]", v > 2.
Here, u(x, ) = 1 for all x € X so the information matrices in a linear model are
independent of B. Note that Theorem 6.3 does not cover a non-intercept linear model
on X since condition (6.8) does not hold true for v > 2. However, the 1.h.s. of condition
(2.6) of the general equivalence theorem under linear models, i.e., when u(x, ) = 1,
is strictly convex and it attains its maximum at some vertices of X’. Thus the support of
any @y (or D, A)-optimal design is a subset of {0, 1}". As a result, in particular for D-
and A-optimality, one might apply the results of Theorem 3.1 in Huda and Mukerjee
(1988), which were obtained under linear models on {0, 1}".

e For odd numbers of factors v = 2¢ 4+ 1, g € N, the equally weighted designs &*
supported by all x* = (x1,...,x,) € {0, 1}” such that "}, x; = g + 1 is either
D- or A-optimal.

e For even numbers of factors v = 2¢q, ¢ € N, the equally weighted design &*
supported by all x* = (x1, ..., x,) € {0, 1}”suchthat ) }_, x; =qory ;_,xi =
q + 1 is D-optimal. Moreover, the design £* which assigns equal weights to all
points x* = (x1, ..., xy) € {0, 1}” such that ) "}_, x; = g is A-optimal.

7.1 Gamma model

A gamma model is given by

K

with intensity u(x, 8) = (fT (x)B)"> Vx € X.
wu(x, B)

ffxB =

Here, « is the shape parameter of the gamma distribution which is assumed to be fixed
and positive. The expected mean 1 (x, ) for the gamma distribution is positive for all
x € X. The parameter space including all possible parameter vector § is determined
by the assumption f7 (x)B > 0 forall x € X.
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Let the experimental region be the cube X = [0, 1]V, v > 1. In Gaffke et al. (2019)
we showed that the locally optimal designs under a first order gamma model f(x) =
(1, x1,..., xv)T are only supported by the vertices of the cube [0, 1]". Therefore, in
the following we focus on the set of vertices {0, 1}".

In what follows, firstly we consider a two-factor gamma model with the linear
predictor n(x, B) = Po + B1x1 + Brx2 and experimental region X = [0, 1]. Denote
xi = 0,07, x5 = 1,07, x5 = 0, D" and x} = (1, DT. Let ux = u(x}, B)
(1 <k<4),ie.,

wy = B2 ua=(Bo+ B0 7 us=(Bo+ B, ua=(Bo+ i+ B
In view of Corollaries 5.1 and 5.2 the following explicit results are immediate.

Corollary 7.1 Consider a gamma model with f(x) = (1, X1, xz)T and the experimen-
tal region X = [0, 11%. Let B = (Bo, 1, B2)T be a parameter point such that By > 0,
Bo+ B1 >0, Bo+ B2 > 0, and By + B1 + B2 > 0. Then the unique locally D-optimal
design £* (at B) is as follows.

(1) &* assigns equal weights 1/3 to x7, x5, x5 if and only ifﬂg —B1B <0.

(2) &* assigns equal weights 1/3 to x7, x5, x} if and only if (Bo + B1)*+ BB < 0.

(3) &* assigns equal weights 1/3 to x7, x3, x}; if and only if (Bo + B2)* + BB < 0.

(4) &* assigns equal weights 1/3 to x5, x5, x}; if and only ifﬂg + ,312 + ﬂ% + B1B2 +
2B0(B1 + p2) = 0.

(5) Otherwise, £* is supported by the four points x7, X3, X3, x}.

Proof In view of Corollary 5.1, part (i), straightforward computations show that the
corresponding conditions of parts (1)—(4) are equivalent to ul_l +uy e usy I <
uzl, ul_l +“2_1 +u21§ u3_1,u1_1 +u;1 +th1 < uz_l, and u2_1 +u3_1 -l—u;1 < ul_l,
respectively.

Remark According to Corollary 7.1, part (5), the subregion where a four-point design
is D-optimal has been determined by computer algebra and is given below.

o —fo < p1 <0and 3(,/—(BB? +4Bop1) — (B1+2B0)) < B2 < —(B1+Po)?/Br.

e B =0and B > —pfo.
o 1> 0and §(/4Bof1 + B — (B1 +260)) < B2 < B3/Br.

On each subregion the optimal weights of a D-optimal design depend on the parameter
values.

If Bo > O define the ratios y; = B1/Bo and y» = B2/Bo. So we have y; > —1,
y2 > —1 and y; 4+ y» > —1. Without loss of generality the conditions of the D-
optimal designs given in Corollary 7.1 can be written in terms of y; and y». In the left
panel of Fig. 1 the parameter subregions of | and y» are depicted where the designs
given by Corollary 7.1 are locally D-optimal. In particular, the design with support
x7, x5, x5 is locally D-optimal over the larger subregion for positive larger values of
y1 and y». The diagonal line represents the case of equal effects §; = o = B where
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Fig. 1 Dependence of optimal designs under gamma models on B; Left panel: D-optimal designs.
Right panel: A-optimal designs. supp(éljk) = {x;“,x;‘.,xz} C {x7, x5, x%, x}) and supp(§fy3,) =
{x7,x3, x}, x}). The diagonal dashed line is y» = y| where y; = 8;/Bo,i = 1,2

B > —(1/2)Bo. In particular, in the case —(1/3)By < B < By the design is supported
by the four design points with optimal weights

-y
——, wherey = —.
4 Bo

.« 3y+1 . . (D2

%
w; = , Wh =Wy = ————, O,
"Taoy 4+ TP T T4y + )

These weights as functions of y are exhibited in Fig.2. Obviously, the weights are
positive over the respective domain y € (—1/3,1) and 1/4 < w5 = w3 < 1/3. The
design £* at y = 0 assigns uniform weights 1/4 to the set of points {x7, x3, x3, x}}.
This case is equivalent to an ordinary linear regression model with two binary factors.
At the limits of (—1/3, 1) the D-optimal four-point design becomes a D-optimal
saturated design. This means that at y = —1/3 we have o] = O and at y = 1 we have
w; =0.

Corollary 7.2 Under the assumptions and notations of Corollary 7.1. The unique
locally A-optimal design (at B) is as follows.

. x7 x5 x3 - -
) &= (ﬁﬁo/c (Bo+ B1)/c (Bo+ ﬂz)/C) § and only if

(14+2/V/3)B3 + (1/¥/3)Bo(B1 + B2) — 12 < 0.

* _ x2 x4 . .
@ & = (f 380/ E(Bo + B)/c (Bo + P1 + Ba)/c )’f"”do”ly 4

B+ V2)BE+ 2+ V2)(B? + B1B2) + (5 +2v2)BoBi1 + V2Bop2 < 0.

. >k x* x4 . .
3 &%= (f 2o/ 3o+ o) (Bo+ Bi + B ) f and only if

G+ V2)B2 + 2 +V2)(B2 + B1B2) + (5+2v2)Bof2 + V2B0B1 < 0.
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Fig.2 Effect of y on the optimal weights w’f,w; and wj of the locally D-optimal four-point design under
a two-factor gamma model, where y = /8o and B = o = B

* k *
X X3 Xy

VE(BorB1) /e V2 (BotBr) e «/§(ﬂo+ﬂ1+ﬁz)/6> {f and only if

@ s*=(

(34+4/2/3)(B3+B18)+2(1 + /2/3)(BT+B3) + (5 + 6y/2/3) Bo(B1 + B2) < 0.

For each case (1) — (4), the constant ¢ appearing in the weights equals the sum of
the numerators of the three ratios.
(5) Otherwise, £* is supported by the four design points x7, x3, X3, XJ.

Proof The result follows from Corollary 5.2 by denoting uy = u(x;, 8) (1 <k <4)
andg; =u;'* (1 <i <4, o

Again, the conditions of A-optimal designs can be written in terms of the ratios y; =
B1/Bo and y» = B2/Bo, Bo > 0. In the right panel of Fig. 1 the parameter subregions
of y; and y, are depicted where the designs given by Corollary 7.2 are locally A-
optimal. Comparing to the left panel under D-optimality, similar interpretation might
be observed. In particular, the largest subregion of the parameter points is for A-optimal
designs with support {x7, x3, x3}.

Remark For the multiple-factor gamma model f(x) = (1, x1, ..., x,) on the exper-
imental region X = [0, 1]", v > 2, the result of Burridge and Sebastiani (1994) can
be applied. It was shown that the design which assigns equal weights 1/(v + 1) to
the design points x§ = (0,...,0)7, x5 =(1,...,07, ..., xi =0,..., DT is
locally D-optimal for a given 8 = (Bo, f1, ..., B,)! if and only if ,Bg < BiBj, 1 <
i < j < v. This result can be considered as a special case of Theorem 6.1. Note that
for v = 2 this result is also covered by part (1) of Corollary 7.1.

Now consider a non-intercept gamma model with multiple factors. The linear pre-
dictor can be written as n(x, ) = x' g = >7_, Bixi. Let the experimental region
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be given by X = [0, c0)” \ {0} with intensity u(x, ) = (xTB)=2 forall x € X.
The parameter space is determined by 8 € (0, c0)", i.e., B; > O forall (1 <i < v).
From Theorem 6.3 the following corollary is obtained for the gamma model without
intercept.

Corollary 7.3 Consider a non-intercept gamma model with f(x) = x on the exper-
imental region X = [0, 00)" \ {0} and intensity u(x, ) = (x' )2 forall x € X.
For a given vector a = (ay, coay)T where ai > 0 (1 < i < v) let x;." =aq;e;
foralli =1,...,v. Let k with O < k < 00 be given. For a given parameter point
B € (0,00)" let &; be the saturated design whose support consists of the points x7
(1 <i < v) with the corresponding weights

ﬂ'kJrl
* i .
w; =———— (1 <5i=<v).

S
Then &} is locally ®y-optimal (at B).

Proof Let u; = u(x},B) (1 <i < v). Thus u; = (@ifi)~> (1 < i < v). Then
condition (6.8) of Theorem 6.3 is equivalent to —2 ZLFI BiBjxix; < 0 for all
x € X.Since B; > 0,x; >0 (1 <i < v) the condition holds true. O

The optimal weights given in Corollary 7.3 are the same irrespective of the values
ai, ..., a,. The reason is that the information matrix under a gamma model without
intercept is invariant with respect to simultaneous scaling of the factors. Therefore,
we get M (a;e;, f) = M(e;,B),i = 1,...,v. Note also that Corollary 7.3 covers
Theorem 3.1 in Idais and Schwabe (2020) who provided locally D- and A-optimal
designs for non-intercept gamma models.

7.2 Poisson model

A Poisson model is given by

FT(x)B =log (u(x, B)) withintensity u(x,B) =exp(f’ (x)B) Vx € X.

Here, the expected mean . (x, B) for the Poisson distribution is positive for all x € X.
The parameter vector € R? is a real-valued vector.

For a two-factor model with linear predictor n(x, 8) = Bo + Bi1x1 + B2x2 and
experimental region X = {0, 1} the next corollary presents the locally D-optimal
designs. The same results for D-optimality were obtained in GraB3hoff et al. (2013)
under the Rasch Poisson counts model in item response theory. Denote x’f = (0, O)T,
x5=(1,07,x3=0, D" andx} = (1, DT. Letuy = u(x}, B) (1 <k <4),ie.,

uy = exp(Bo), uz =exp(Bo + B1), uz =exp(fo + B2), us = exp(fo + B1 + B2).
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Corollary 7.4 Consider a Poisson model with f(x) = (1 , X1, xz)T and the experimen-
tal region X = {0, 1}. Let B = (Bo. B1, B2)T be a given parameter point. Then the
unique locally D-optimal design £* (at B) is as follows.

(1) &* assigns equal weights 1/3 to x7, x5, x5 if and only if

B2 < log((1 + exp(B1))/(1 — exp(B1))).

(2) &* assigns equal weights 1/3 to x7, x5, x}; if and only if
B2 < log((1 — exp(—B1))/(1 + exp(—B1)))-

(3) & assigns equal weights 1/3 to x7, x5, x}; if and only if

B2 < —log((1 —exp(B1))/(1 + exp(B1)))-
(4) &* assigns equal weights 1/3 to x5, x5, x if and only if

Bo < —log((1 — exp(—B1))/(1 + exp(—p1))).

(5) Otherwise, £* is supported by the four points X7, X5, X3, x.
Proof The proof is analogous to that of Corollary 7.1. O

Remark GraBhoff et al. (2013) showed that a four-point design from part (5) of Corol-
lary 7.4 is locally D-optimal in the subregion

exp(|B1)) + 1)

1<t (G 1)

Next we provide the locally A-optimal designs.

Corollary 7.5 Under the assumptions and notations of Corollary 7.4 the unique locally
A-optimal design £* (at B) is as follows.
% __ xT x; x;: . .
(= (ﬁ/c exp(—B1/2)/c eXp(—ﬂz/Z)/6> and ontyif
exp(—p1) +exp(—p2) +exp(—(Bi + B2)) +exp(—(B1 + B2)/2) + 2/2/3(exp(
-2 + ,32)/2)) + exp( 2p2+p1)/2) —1=0.

(2) ‘i:* _ < x2 x4
f 2/c N2exp(—Pi1/2)/c exp(—(Bi + B2)/2)/c

exp(B1) + exp(—p2) +exp(B1 — B2)
+exp(B1 — B2/2) + V2 exp(B1/2 — Br) — 1 < 0.

) if and only if

*

(3) %-* _ ( xl x; xj
— \V2/c V2exp(—B2/2)/c exp(—(B1 + B2)/2) /¢

exp(B2) + exp(—p1) +exp(B2 — B1)
+exp(Ba — B1/2) + vV2exp(B2/2 — B1) — 1 < 0.

. x5 X3 X '
£ = ( 2optop /2 VEexptodc Viesp(—r + pyye) T
only if

) if and only if

exp(B1) + exp(B2) +exp(B1 + B2) +2y/2/3(exp(B2 + B1/2)
+exp(B1 + B2/2)) —1 <0.
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B

Fig. 3 Dependence of optimal designs under Poisson models on f; Left panel: D-optimal designs.
Right panel: A-optimal designs. supp(éi’f‘ik) = {x?‘,x?,xi} C {x}, x5, x3, x}} and supp(&{ys,) =
{x7], %3, x%, x}}. The diagonal dashed line is 8 = B

For each case (1) — (4), the constant ¢ appearing in the weights equals the sum of
the numerators of the three ratios.
(5) Otherwise, &* is supported by the four design points x7, x5, X3, XJ.

Figure 3 shows the dependence of the locally D- and A-optimal designs from
Corollaries 7.4 and 7.5, respectively on the parameters 81 and ;.

Remark For the multiple-factor Poisson model f(x) = (1, xq, ..., x,)T onthe exper-
imental region X = [0, 1]", v > 2, the result of Russell et al. (2009) can be applied. It
was shown that the design which assigns equal weights 1/(v + 1) to the design points
xf=0,....07, x3=q1,....,0"7, ..., x}, = (0..... )7 islocally D-optimal
ata given 8 = (Bo, B1,...,By)  suchthat ; = —2,i =1, .

Now consider a non-intercept Poisson model with multiple factors. The linear pre-
dictor can be written as n(x, ) = x' g = Y 7_, Bixi. Let the experimental region
be given by X = {0, 1}” with intensity u(x, B) = exp (x” B) forall x € X. In the
following we will apply Theorem 6.3 for a Poisson model without intercept. Let us
restrict to the case of @; = 1 (1 < i < v), i.e., the design points are the unit vectors
e; (1 <i <v). As aresult, condition (6.8) is simplified as presented in the following
corollary.

Corollary 7.6 Consider a non-intercept Poisson model with f(x) = x on the experi-
mental region X = {0, 1}V, v > 2 and intensity u(x, B) = exp (xTﬂ)for allx € X.
For a given parameter point B = (B1, ..., pu)! define u; = exp(B;) (1 <i < v)and
denote by ur1] > up) > - -+ > upy) the descending order of uy,uz, ..., u,. Let k be
given with 0 < k < o0. Let £* be the saturated deszgn supported by the unit vectors

e; (1 <i <v)with weights o} = k“ / ZJ 1 uk“ (1 <i <v). Then £* is locally
Dy -optimal (at B) if and only if
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ury +upy < 1 (7.1

Proof Condition (6.8) of Theorem 6.3 reduces to

v vV
exp (Z m,-) D exp(—i)xf <1 Vx e X. (7.2)
i=1 i=1
For any x = (x,...,xy) € {0, 1}V, v > 2 define the index set S C {1, ..., v} such

that x;, = 1 if i € § and x; = O else. So for x described by § < {1,..., v}
and s = #S, if s = 0 (i.e., S = ) then the Lh.s. of (7.2) is zero. Ifs = 1,
inequality (7.2) becomes an equality. Let s > 2. Then the Lh.s. of (7.2) is equal

to exp(}_;cs Bi) D ics €xp(—p;) which thus rewrites as [ [;cq i ) ;e ui_l or equiv-
alently as 3 ;¢ [[;c5\ (i) #j- By the the descending order u1) > upp) > -+ > upy of
uy, uy, ..., u, we obtain for all subsets S C {1, ..., v} of the same size s > 2,

Z“[z]ﬂ”[ll—z 1_[ nzy, [T

i=1i#j=I1 ieS jeS\{i}

Denote Ty = ) ;_, U ]_[l 1 ui1- Hence, inequality (7.2) is equivalent to 7y < 1 for
alls =2,...,v. Thenitis sufﬁ01ent to show that

uptup <1 < T, <1 V¥s=2,...,v

For “<=", T» = up1] + up2) < 1. For “=", we use induction. Firstly, note that
To = up1y + upp) thus Ty < 1 is true for s = 2. Now assume 7y < 1 is true for some
s = g where 2 < g < v. We want to show that it is true for s = g + 1. We can write

q q
—1 —1
Ty = (Z”m + “[qm) <l_[“m> g1

i=1 i=l1

-1
q
. _ 1 1
sinee (Z“ml> = PRt and ufg+1) + palt =T =up +up
i=1
< 1 we have

1
Iy =74 (u[q+1] + C—IMU]) =T, =1
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