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Chapter 1

Introduction

1.1 Evolutionary partial integro-differential equations

The present contribution is devoted to the study of some classes of linear and quasilinear partial
integro-differential equations which can be all written in the general form

t
at/ k(t—1) (u(T, x) — uo(ac)) dr — diva(t,z,u(t,z), Du(t, z))
0
= b(t,z,u(t,z), Du(t,z)), te€(0,T), €. (1.1)
Here T > 0, Q is a bounded domain in RY, u : [0,T] x Q — R is the unknown, and Du stands
for the gradient of u with respect to the spatial variables. The function ug is given and plays the

role of the initial data for w, that is u|t—g = ug in .
The kernel k € Ly jo.(Ry) is assumed to be of type PC by which we mean the following:

(K) k is nonnegative and nonincreasing, and there exists a kernel I € Lj j(R4) such that
kxl=11n (0,00).

Here and in what follows k % v denotes the convolution on the positive halfline with respect to
the time variable, that is, (k*v)(t) = fot k(t—71)v(r)dr, t > 0. If k € L1 10c(Ry) satisfies (K) we
also write (k,l) € PC. Note that (k,l) € PC implies that [ is completely positive, in particular [
is nonnegative, cf. [15, Theorem 2.2 and Proposition 2.1].

An important example is given by

E(t) = g1_o)e™™ and I(t) = ga(t)e " +v(1 % [ga(-)e”"])(t), t >0, (1.2)
where o € (0,1), v > 0, and gg denotes the Riemann-Liouville kernel

71

Both kernels in (1.2) are strictly positive and decreasing; observe that [(t) = gu(t)e™ " < 0,
t > 0. Their Laplace transforms are given by

A B 1 N _ 1 y
k()‘)_ W7 l()\)— m(l-i- X)7 Re)\>0,

which shows that k* ! =1 on (0, 00). Hence we have both (k,l) € PC, and (I, k) € PC.
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In the special case (1.2) equation (1.1) amounts to a time fractional equation of order o €
(0,1). Specializing further, by putting v = 0 in (2.1), we obtain the pair (k,1) = (g1-a) Ja),
a € (0,1). In this situation the integro-differential operator in (1.1) becomes the Riemann-
Liouville fractional derivation operator of order « € (0,1) defined by

8;51’0 = 815(91704 * ’U), t> 07

for sufficiently smooth functions v. It is the composition of the fractional integration operator
g1—a*, which has order —(1 — «), and the derivation operator 0.
The linear version of (1.1) takes the form

at(k*(u—uo)) — Lu=f+divg, t€(0,T), z€Q, (1.3)

where

Lu = div (A(t, x)Du + b(t, x)u) + (c(t, z)|Du) + d(t, z)u.

Here A = (a;;) is RV*N_valued, b and ¢ take values in RY, and d is a real-valued function.
Further, (-|) denotes the scalar product in RY and the functions uy = ug(z), f = f(¢, ), and
g = g(t, ) are given data.

A large part of this contribution deals with the time fractional diffusion equation

O (u —uo) —div (A(t,z)Du) = f, t€(0,T), z € Q. (1.4)

The main point here is that concerning the coefficients a;; we merely assume measurability,
boundedness, and a uniform parabolicity condition.

In (1.1), the functions @ : (0,7) x Q@ x RN+ — R¥ and b : (0,7) x Q x R¥N*! — R are
measurable and satisfy suitable structure conditions, see Section 4.3 below.

Before describing the main objectives and results we discuss some applications of the above
equations in mathematical physics.

1.2 Applications in physics

A strong motivation for studying equations of the type (1.1), in particular (1.4), comes from
physics. Time fractional diffusion equations are used to model anomalous diffusion, see e.g. the
survey [55]. In this context, equations of the type (1.4) are termed subdiffusion equations (the
time order « lies in (0,1); in the case o € (1,2), which is not considered here, one speaks of
superdiffusion equations. While in normal diffusion (described by the heat equation or more
general parabolic equations), the mean squared displacement of a diffusive particle behaves like
const-t for ¢ — o0, equation (1.4), usually with A = Id, exhibits the behaviour const-t*, for
which there is evidence in a diverse number of systems, see [55] and the references therein.
Time fractional diffusion equations of time order o € (0,1) are also closely related to a class
of Montroll-Weiss continuous time random walk models where the waiting time density behaves
like const-t~*~! for t — oo, see e.g. [35], [36], [55]. Problems of the type (1.4) are further used
to describe diffusion on fractals ([55], [65]), and they also appear in mathematical finance, see
e.g. [68].

Another context where equations of the type (1.1) appear is the modelling of dynamic pro-
cesses in materials with memory. They typically arise by combining the usual conservation laws
such as balance of energy or balance of momentum with some constitutive laws pertaining to
materials with memory. An example is given by the theory of heat conduction with memory, see
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[63] and the references therein. Another application is the following special case of a model for
the diffusion of fluids in porous media with memory, which has been introduced in [7]:

9y (p — po) — div (k(p)Dp) = f, t € (0,T), z € Q,
p=0,te(0,T), zel, (1.5)
Pli=o = po, © € Q.

Here « € (0,1), p = p(¢, x) denotes the pressure of the fluid, x = k(p) stands for the permeability
of the porous medium, and f is related to external sources in the equation of balance of mass.
Model (1.5) is obtained by combining the latter equation with a modified version of Darcy’s law
for the mass flux ¢ which reads

q=—0;""(r(p)Dp),

and by assuming that the (average) mass of the fluid is proportional to the pressure. We refer
to [37], where a more general model is considered.

In the physical literature one also finds models of the type (1.1) where k enjoys property
(K) but the dynamics is not fractional in time. An important example is a class of ultraslow
diffusion equations. In the context of anomalous diffusion these equations are used to model
the case where the mean squared displacement has a logarithmic growth. This so-called 'strong
anomaly’ is encountered in several systems, e.g. in polymer physics, see the recent papers [9],
[10], [46], [59], [73]. In [54] ultra slow diffusion equations are obtained when looking at scaling
limits of certain continuous time random walk models with random waiting times between jumps.
Mathematically, ultra slow diffusion can be described by means of equations of the form (1.3)
where the operator 9;(k x u) is a so-called distributed order derivative, that is, the kernel k takes
the form

1
k(t) 2/0 gi—a(t)p(a) da, t>0. (1.6)

Here 4 : [0,1] — [0, 00) is a weight function, it is different from zero on a set of positive measure.
It can be shown that under appropriate conditions on p the kernel &k in (1.6) is of type PC, see
[46].

1.3 Main objectives and literature

The main goal of this work is to develop a theory of weak solutions for problems of the form
(1.3) and (1.1) and to study the regularity problem in the time fractional case.

To be more specific, let us consider the linear time fractional diffusion equation (1.4), which
is the prototypical example. As already mentioned before, we only want to assume that the
coefficients a;; be measurable and bounded, that is, A € Loo((0,7T) x Q; RV*V) and that they
satisfy a uniform parabolicity condition, that is, there exists a constant v > 0 such that

(A(t,2)€l€) > v|¢]?, for a.a. (t,z) € (0,T) x ©, and all ¢ € RY.

A first important question is to find a suitable notion of weak solution for equation (1.4).
One problem is to understand the role of the initial condition u|;—¢p = ug in Q. If this condition
cannot be given a direct meaning within the weak setting, then at least one should require that
it is automatically satisfied whenever the weak solution is smooth.

Having found an appropriate weak setting, the next task then consists in proving existence
and uniqueness for (1.4), together with a suitable boundary condition like, e.g., in the associated
Dirichlet problem. To achieve this, suitable energy estimates are required.
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In the elliptic and classical parabolic case it is well-known that for second-order problems
the maximum principle is valid. Moreover, there exists a powerful theory of a priori estimates,
often referred to as De Giorgi-Nash-Moser theory, which provides local and global estimates for
weak solutions of the respective equations such as local and global boundedness, the Harnack
and the weak Harnack inequality, and Holder continuity of weak solutions, see [29], [34] for the
elliptic and [49], [561] for the parabolic case. Holder estimates are of utmost significance for the
study of quasilinear problems. In fact, in the elliptic case their discovery opened up the theory
of quasilinear equations in higher dimensions; in the parabolic case they among others allow to
prove global in time existence.

Holder continuity of weak solutions to elliptic equations in divergence form with discontinuous
coefficients was proved by De Giorgi [19] and, independently, by Nash [60]. Nash also obtained the
corresponding result for parabolic equations. Another seminal contribution was made by Moser
[56], who found a new proof of the De Giorgi-Nash theorem by means of the Harnack inequality.
Later, Moser ([57], [58]) also established the parabolic version of the Harnack inequality for
positive weak solutions of equations in divergence form, and using this result he was able to give
a different proof for Nash’s regularity result in the parabolic case. In the non-divergence case
corresponding results were obtained by Krylov and Safonov [47], [48]. Concerning Harnack and
Holder estimates for degenerate and singular parabolic equations we refer to [20], [22], [23], [24],
and [25].

Since the time fractional case with o € (0,1) can be viewed in some sense as an intermediate
case between the elliptic (o« = 0) and the classical parabolic case (aw = 1), one might conjecture
that corresponding results can also be obtained in the time fractional situation. However, there
is a significant difference to the cases a = 0 and o = 1: the time fractional equations are non-
local, due to the non-local nature of the operator J;* in time. This feature complicates the matter
considerably, as the theory described above essentially relies on local estimates. Another difficulty
consists in the lack of a simple calculus for integro-differential operators like 05*. In particular one
needs a kind of chain rule for such operators in order to use the test-function method, the latter
being the basic tool for deriving a priori bounds for weak solutions of equations in divergence
form.

One of the main objectives of this contribution is to prove a time fractional analogue of the
classical parabolic version of the celebrated De Giorgi-Nash theorem, that is, we want to show
that under appropriate assumptions on the data f and wy any weak solution of the time frac-
tional diffusion equation (1.4) with arbitrary « € (0, 1) is Hlder continuous in the interior of the
parabolic cylinder (0,7") x 2. We are further interested in conditions which ensure Holder conti-
nuity up to the parabolic boundary. Having achieved this it is another goal to demonstrate the
strength of these regularity results by establishing global strong well-posedness for a quasilinear
time fractional problem.

Besides the regularity problem we are further interested in Harnack estimates for time frac-
tional diffusion equations. Does there hold a weak Harnack inequality for nonnegative superso-
lutions, and if so, what is the optimal exponent? In the purely time-dependent case, that is, for
scalar equations of the form

Of(u—ug)+ou=0, te(0,T),

with o > 0, a weak Harnack inequality with optimal exponent 1/(1 — «) has been proved by the
author in [78]. Much more difficult seems to be the question whether a full Harnack inequality
holds for nonnegative solutions of the time fractional equation (1.4) with f = 0. Note that in
the literature, neither the weak nor the full Harnack inequality are known to hold in the time
fractional case even with the Laplacian, that is, when A(t, z) = Id.

Concerning the case of rough coefficients, to the author’s knowledge nothing seems to be
known for time fractional diffusion equations like (1.4). The main obstruction for the existing
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results to be applicable is that we merely assume measurability with respect to ¢ of the leading
coefficients. On the other hand there exist many papers where equations of the type (1.4), as
well as nonlinear or abstract variants of them are studied in a strong(er) setting, assuming more
smoothness on the coefficients and nonlinearities, see e.g. [3], [13], [14], [17], [27], [31], [63], [81],
[82]. Note that (1.4) can be rewritten as

u—ga*diV(ADu):uo—Fga*f, te (0,7),z€Q,

which is a parabolic Volterra equation, so that for regular coefficients the theory in, e.g., [63]
and [81] yields results on existence, uniqueness and regularity. In particular there exists a fully
developed L,-theory (see also Theorem 2.8.1 below) as well as optimal Schauder estimates.
In some papers generalized solutions are constructed for problems of the type (1.1) where the
quasilinear term is not allowed to depend explicitly on ¢, see [31] and [38]. These results are
based on the theory of accretive operators.

We further remark that concerning non-local operators there exists a very active field of
research which deals with integro-differential operators the prototype of which is (—A)%, a €
(0,1). These operators are closely connected to purely jump processes. We refer to [1], [2], [6],
[39], [40], [43], [70], [72] and the references given therein for Harnack and Holder estimates for
harmonic functions with respect to this type of operators.

1.4 Overview

We give now an overview of the contents of this contribution and describe the main results and
some of the principal ideas behind them.

Chapter 2 is devoted to preliminaries and collects the basic tools needed for our investigation
of the problems to be studied. After fixing some notation we first discuss some basic properties
of kernels of type PC and give some more examples. An important issue is how such kernels can
be suitably approximated by more regular kernels which are also nonnegative and nonincreasing.
This can be achieved by means of the Yosida approximations B,, n € N, of the operator B
defined by Bu = & (k+u), e.g. in Ly([0,T]). In fact, one can show that B,u = % (k, u), where
k,, has the desired properties and k, — k in L1(]0,1]) as n — oco. A crucial tool for our approach
is provided by the fundamental identity (2.6), stated in Lemma 2.3.1. This identity gives a
formula for expressions of the form H’ (u)%(k x u) and can be viewed as a kind of ’chain rule’
for the operator B. In Section 2.4 we state two lemmas on the geometrically fast convergence to
zero of sequences of numbers satisfying certain recursive inequalities. These lemmas are needed
for the De Giorgi technique, which will be used in the proofs of Lo.-bounds and regularity of
weak solutions. Section 2.5 provides the basic tools of Moser’s iteration technique including an
abstract lemma of Bombieri and Giusti which is very useful for accomplishing the ’crossover at
zero’. This method will be later used in the proof of the weak Harnack inequality. The remaining
part of Chapter 2 is devoted to weighted Poincaré inequalities and parabolic embeddings, and
we state a result about maximal L,-regularity for linear time fractional initial-boundary value
problems of second order.

In Chapter 3 we address the problem of existence of weak solutions to linear equations in the
case of rough coefficients. This is done in the canonical Hilbert space setting. Let V and H be
real separable Hilbert spaces such that ¥V < H densely and identify H with its dual H’, that is,
Y — H — V'. We study the abstract problem

% ([k * (u— :C)](t),v)H + a(t,u(t),v) = <f(t),v>v,xv, veV aate (0,T), (1.7)

where d/dt means the generalized derivative of real functions on (0,7T), k is a kernel of type PC,
x € H and f € Lo([0,T];V’) are given data, and a : (0,7) x V x ¥V — R is measurable w.r.t.
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t and a bounded V-coercive bilinear form w.r.t. the second and third argument. By means of
the Galerkin method and the Hilbert space version of a special case of the fundamental identity,
relation (2.8), we prove existence and uniqueness of a solution u of (1.7) in the class

Wiz, V,H) = {u € Ly([0,T); V) : kx (u—x) € oHy([0,T);V)},

where the zero means vanishing trace at t = 0, see Theorem 3.3.1. This result can be viewed as
the analogue of the well-known existence and uniqueness result for the corresponding abstract
parabolic equation

& (u(t),v) 5, + alt,u(t),v) = (F(£),0)y, 00
u(0)=z €H,
u € HY([0,T];V") NLa([0, T); V),

see e.g. Theorem 4.1 and Remark 4.3 in Chapter 4 in [52] or [87, Section 23].

Besides the existence result we also prove some useful interpolation results for functions in
the class W(z,V, H) with x € H and (k,l) € PC. It is shown that for u € W(z,V, H) the
function k * u belongs to the space C([0,T; H), and if in addition [ € L, ., ([0, T]), the weak L,
space, for some p > 1 then u € Loy, ,([0,T];H). The corresponding statement without 'weak’ is
true as well. We finally apply these results to time fractional diffusion equations like (1.4) with
measurable coefficients and establish the unique (weak) solvability of the corresponding Dirichlet
problem in the class

u€ Lz ,([0,T]; L2(R)) N Lo ([0, T]; H3(R)), with u—uo € oH5 ([0, T]; Hy ()}

veV, aa.te (0,T),

For the solution we additionally obtain g1, *u € C([0,T]; L2(Q)) with g1_¢ * u|t=0 = 0.

In Chapter 4 we study linear and quasilinear second-order equations of the type (1.3) and
(1.1), respectively. The leading coefficients of £ in (1.3) are merely assumed to be measurable and
bounded, and they satisfy a uniform parabolicity condition. The main purpose of the chapter is
to show that under appropriate conditions on the data and nonlinearities, respectively, any weak
solution is essentially bounded on (0,7T) x Q, provided it is bounded on the parabolic boundary,
see Corollary 4.2.1 and Theorem 4.3.1. Concerning the kernel, the crucial assumption is that
(k,1) € PC wherel € L,(]0,T]) for some p > 1. This condition allows to gain higher integrability
w.r.t. time from the energy estimates. Our proofs of the L..-bounds use De Giorgi’s iteration
technique and rely on truncated energy estimates, which are derived by means of the fundamental
identity (2.6). The latter is only possible after reformulating the problems in a different weak
form where the singular kernel & is replaced with the more regular kernel k,, (n € N) resulting
from the Yosida approximation method described above. This is an important technical detail
as our method resolves the time regularization problem for equations of the type (1.1) in the
weak setting. In the classical parabolic case this can be achieved by means of Steklov averages,
a method which no longer works in the case of (1.1).

Chapter 5 deals with the weak Harnack inequality for nonnegative weak supersolutions of the
time fractional diffusion equation

O (u —ug) — div (A(t,z)Du) =0, te (0,T), €, (1.8)

where a € (0,1), ug € L2(Q2), and A is as described at the beginning of Section 1.3. To formulate
the result, let B(z,7) denote the open ball with radius r > 0 centered at x € RY, and let Ay
be the Lebesgue measure in RY. For 6 € (0,1), to > 0, 7 > 0, and a ball B(xg,7), define the
parabolic cylinders

Q_(to, xo, 7“) = (to, to + 5TT2/a) X B(,To, 67‘),

Q.+ (to, x0,7) = (to + (2 — 8)Tr¥* to + 277*/*) x B(xg, o).



We will prove that for any > 1, 7 > 0, to > 0 and r > 0 with to + 277%/® < T, any ball

B(xg,nr) C Q,any 0 < p < ﬁ%, and any nonnegative weak supersolution u of (1.8) in

(0,to + 271%/%) x B(xo,nr) with ug > 0 in B(xg,nr), we have the inequality
1

v
upd/\NH) "<C essinf u, (1.9)

Q+(to,zo,r)

()\NH (Q—(to,z0,1)) /Q (to,z0,7)

where the constant C' = C(v, A, §, 7,1, a, N, p). The proof uses Moser’s iteration technique and
relies on rather intricate local estimates for powers of u and logu. Once again, the fundamental
identity (2.6) is the principal tool in the derivation of these a priori estimates. We also show that
the critical exponent ﬁ% is optimal. Note that by sending o — 1 we recover the critical
exponent 1 + % of the weak Harnack inequality in the classical parabolic case. As a simple
consequence of the weak Harnack inequality (1.9) we obtain the strong maximum principle for
weak subsolutions of (1.8). Another application is a theorem of Liouville type, which says that
any bounded weak solution of (1.8) on R, x RY with ug = 0 vanishes a.e. on R, x R, It will
be further shown that in the case uy = 0 any bounded weak solution w of (1.8) is continuous
at (0,zo) for all 29 € Q and lim 4)—(0,40) u(t, ) = 0, that is, the initial condition u|;—o = 0 is
satisfied in the classical sense. We point out that the weak Harnack inequality described above
is not strong enough to show Holder continuity for weak solutions of (1.8), the main obstruction
being the global positivity assumption (in time). This is a significant difference to the case @ = 1,
where the weak Harnack inequality implies a Holder estimate for weak solutions.

The regularity problem for weak solutions of (1.4) with a € (0,1) and rough coefficients as
before is addressed in Chapter 6. Here we prove the main result of this contribution, Theorem
6.1.1. It states that for ug € Loo(2) and f € L,([0,T]; Ly(2)) with r and ¢ sufficiently large
any bounded weak solution of (1.4) is Hélder continuous in the interior of the parabolic cylinder
(0,T) x Q. The proof uses De Giorgi’s technique and the method of non-local growth lemmas,
which has been recently developed in [70] for integro-differential operators like the fractional
Laplacian. In contrast to the proof of the weak Harnack inequality memory terms that result
from time-shifts in the equation cannot be dropped but must be estimated carefully to make
the proof work. As before, the fundamental identity (2.6) is frequently used to derive various a
priori estimates for u and certain logarithmic expressions involving u. In Chapter 6 we also give
sufficient conditions for Holder continuity up to the parabolic boundary. Here we do not aim at
high generality but we are content with finding some simple conditions which are satisfied in the
strong L,-setting considered in the following chapter.

In Chapter 7 we apply the regularity results from the preceding chapter to prove the unique
global strong solvability of the quasilinear problem

Oy (u —uo) — div (A(u)Du) = f, t € (0,T), z € Q,
u=g,t€(0,T), 2z €T, (1.10)

uli—o = uo, = € €,

which is a generalization of the model (1.5). Here o € (0,1), 7 >0, N > 2, and Q C RY is a
bounded domain with C%-smooth boundary I'. Concerning the nonlinearity it will be assumed
that A € C1(R;RV*¥) is symmetric and that there exists v > 0 such that (A(y)¢|€) > v|¢]? for
all y € R and ¢ € RN, Assuming p > N + % it will be shown that under suitable regularity and
compatibility conditions on the data wug, f, g problem (1.10) possesses a unique strong solution u

in the class
we Hy ([0, T]; Ly(Q)) N Ly([0, T]; HF (),

see Theorem 7.1.1. The point here is that 7" > 0 can be given arbitrarily large. Note that
short-time existence of strong or classical solutions to problems like (1.10) can be established
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by means of maximal regularity and the contraction mapping principle. This has been known
before, see e.g. [14] and [82].

Chapter 8 is devoted to the full Harnack inequality for the Riemann-Liouville fractional
derivation operator. So in this part we restrict ourselves to the purely time-dependent case. To
describe the main result of this chapter, Theorem 8.1.1, let ¢, > 0,0 < 01 < 02 < 03, and p > 0.
Suppose that « € (0,1) and ug > 0. We will prove that for any sufficiently smooth, nonnegative
function w on (0,t. + o3p) that satisfies

O (u—up)(t) =0, a.a.te (t,ts +03p),

we have the Harnack inequality
supu < T3 inf u, (1.11)
w_ o1 Wi
where
W_ = (t*-i-Ulp,t*-i-ng), Wi = (t*-i-ng,t*-i-ng).

We will further show that, similarly to the case of the fractional Laplacian, the Harnack inequality
is no longer valid if the global positivity assumption is replaced by a local one. Furthermore,
the Harnack estimate fails to hold if the relation 0 (u — ug) = 0 is only satisfied on the smaller
interval (t. +o01p, t«+03p). In the last section of the chapter (1.11) is generalized to nonnegative
solutions of a class of nonhomogenous fractional differential equations. The results indicate that
a full Harnack inequality should also hold for time fractional diffusion equations like (1.8) with
a€(0,1).
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Chapter 2

Preliminaries

2.1 Some notation

We begin by fixing some notation. For ' > 0 and a bounded domain Q C RY with boundary
I := 09 let Qp denote the cylindrical domain (0,7) x € and put also I'r = (0,7) x I". For
zo € RY and r > 0, by B(zg,r) and B,(zg) we mean the open ball of radius r centered at xy.
The Lebesgue measure in RY will be denoted by Ax or uy.

The boundary I' is said to satisfy the property of positive geometric density, if there exist
B € (0,1) and pp > 0 such that for any xg € T', any ball B(xo,p) with p < pg we have that
AN (QN B(zo, p)) < BAN(B(x0,p)), cf. e.g. [20, Section I1.1].

By y4+ we mean the positive part of y € R, i.e. y4 := max{y,0}. Note that y3 := (y4)*.
Further, Sym{ N} stands for the space of N-dimensional real symmetric matrices. For s > 0 and
1 < p < oo the symbols H; and B, refer to Bessel potential (Sobolev spaces for integer s) and

Sobolev-Slobodeckij spaces, respectively. Recall that H}(Q) := C3°(Q) H3(Q) The derivative of
a kernel k € H]([0,T]) will be usually denoted by k.

2.2 Kernels of type PC

The following class of kernels has been introduced in [85] and is basic to our treatment of (1.1).

Definition 2.2.1 A kernel k € Ly, 1o.(R4) is called to be of type PC if it is nonnegative and
nonincreasing, and there exists a kernell € L1, 10c(Ry) such that kxl =1 in (0,00). In this case,
we say that (k,1) is a PC pair and write (k,1) € PC.

From (k,l) € PC it follows that [ is completely positive (see e.g. Theorem 2.2 in [15]), in
particular [ is nonnegative, cf. [15, Proposition 2.1].

Example 2.2.1 An important example is given by
k(t) = gi_o(t)e ™™ and I(t) = ga(t)e " 4+ u(l * [gae " ])(t), t>0, (2.1)

with o € (0,1) and g > 0. As already shown in Section 1.1, we have both (k,l) € PC, and
(I,k) e PC.

Example 2.2.2 There exist pairs (k,!) € PC with the property that for any p > 1 and 7' > 0
the kernel { does not belong to L,([0, 7). To construct such a pair, let (7, )nen be a sequence of
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positive real numbers such that y - v, < co. Let further (a,)nen be a sequence of numbers
in (0,1) that converges to 0 as n — oo. We then set

l(t) = Z TnGan, (t)e_t, t> 0.
n=1

By Euler’s integral for the Gamma function,

|gan(')€7.|L1(R+) = 17 ne Na

and therefore I € Li(Ry) with |I|z,®,) = > pq Yn- Moreover, for every n € N, gq, (t)e™" is

completely monotone, that is (—1)7(ga, e~ )Y (t) > 0, t > 0, for j = 0,1,2,... Consequently,
enjoys the same property. Furthermore, by Theorem 5.4 in Chapter 5 of [32], the kernel [ has
a resolvent k € Ly j0.(R4) of the first kind, that is £k« = 1 on (0,00), and this resolvent is
completely monotone as well. In particular, k is nonnegative and nonincreasing, and so (k,l) €
PC. Since a;, — 0, there do not exist p > 1 and T > 0 such that [ € L,([0,T7]).

PC pairs enjoy a useful stability property with respect to exponential shifts. Writing k,(t) =
k(t)em#t t >0, u >0, we have

(k,1) € PC = (kpu,ly+p(1x1,)) € PC, > 0. (2.2)

To prove (2.2), we first note that for any p > 0, k,, is evidently nonnegative and nonincreasing,
and I, + p(1 = 1,) is nonnegative. Multiplying k [ = 1 by 1,(t) = e * gives k, * [, = 1,,
which in turn implies that pk, * 1, = pl*1, =1 —1,. Adding these relations, we see that
kus{l,+plxl,)]) =1

We next discuss an important method of approximating kernels of type PC. Let 1 < p < o0,
(k,1) e PC, T > 0, and X be a real Banach space. Then the operator B defined by

Bu— %(k*u), D(B) = {u € Ly([0,T]; X) : k+u € oH(0,T]; X)},

where the zero means vanishing at ¢ = 0, is known to be m-accretive in L,([0,T]; X), cf. [11],
[16], and [31]. Its Yosida approximations B, defined by B, = nB(n + B)~!, n € N, enjoy the
property that for any v € D(B), one has B,u — Bu in L,([0,T]; X) as n — oo. Further, one
has the representation

B,u = %(kn*u), ue Ly([0,T]; X), n €N, (2.3)

where k,, = ns,, and s, is the unique solution of the scalar-valued Volterra equation
sn) +n(spx)(t) =1, t>0, neN,
see e.g. [75]. Denoting by h, € L1, 10c(Ry) the resolvent kernel associated with nl, we have
hn(t) + n(hy, x1)(t) =nl(t), t>0,neN, (2.4)
and hence, by convolving (2.4) with k,
(kxhy)@t)+n(k*xh,x)({t)=n, t>0,neN,

which shows that
k, =ns, =kxh,, neN. (2.5)
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Note that complete positivity of [ implies that h,, is nonnegative, and that the kernels s, are
nonnegative and nonincreasing for all n € N, see e.g. [63, Proposition 4.5] and [15, Proposition
2.1]. From s, = 1 — 1% h,, we further see that s, € H{([0,T]). In view of (2.5) we conclude
that the kernels k,,, n € N, are also nonnegative and nonincreasing, and that they belong to
H{([0,T]).

Note that for any function f € L,([0,7];X), 1 < p < oo, there holds h, * f — f in
L,([0,T]; X) as n — oo. In fact, defining v = I * f, we have u € D(B), and

B,u d (kn xu) = %(k*l*hn*f):hn*f — Bu=f inLy([0,T]; X)

T odt

as n — oo. In particular, k, — k in L1([0,7]) as n — oo.

2.3 A fundamental identity for integro-differential opera-
tors of the form <% (k  u)

We next state a fundamental identity for integro-differential operators of the form %(k *u), cf.
also [78], [84]. It can be viewed as the analogue to the chain rule (H(u)) = H'(u)u'.

Lemma 2.3.1 LetT > 0 and U be an open subset of R. Let further k € H{([0,T)), H € C*(U),
and w € Li([0,T]) with u(t) € U for a.a. t € (0,T). Suppose that the functions H(u), H'(u)u,
and H'(u)(k % u) belong to L1([0,T]) (which is the case if, e.g., u € Loo([0,T])). Then we have
for a.a. t € (0,T),

(1)) 35 () (6) = 5 (o Q) (0)+ (= Hu(t)) + B (®)u(t) ) (0

+ /O (H(u(t = ) = Hu(®) = B (u(t)[u(t - 5) = u(®)]) [~h(s)] ds. (2.6)

The lemma follows from a straightforward computation. Note that in particular identity (2.6)
applies to the Yosida approximations of the operator %(k * u) discussed in Section (2.2). We
remark that an integrated version of (2.6) can be found in [32, Lemma 18.4.1]. Observe that the
last term in (2.6) is nonnegative in case H is convex and k is nonincreasing.

An important example with regard to truncated energy estimates is given by H(y) = %(er)Q,
y € R. Evidently, H € C*(R) with derivative H'(y) = y., y € R. Assume in addition that
the kernel k € H{([0,T]) is nonnegative and nonincreasing. Then it follows from (2.6) and the
convexity of H that for any function v € Lo([0,T]),

ult)s 5 (kweu)(t) > 5o (K (00)?) () + 5 k(O )2(0) (2.7)

> 5= (k* (u+)2)(t), aa.te(0,T).

The following identity is basic to energy estimates in the Hilbert space setting. For H = R it
coincides with (2.6) with H(y) = 1y, y € R.

Lemma 2.3.2 Let H be a real Hilbert space with scalar product (-,-)y and T > 0. Then for any
k€ HL([0,T)) and any v € Lo([0,T); H) there holds

(5 00, 00)) =5 5 e ORI + 5 KOl
+ % /0 [—k(s)] [v(t) —v(t — s)|3,ds, a.a.t € (0,T). (2.8)
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The subsequent two lemmas are also obtained by simple algebra. The first one can be viewed
as a product rule for expressions of the form < (k * [uius]).

Lemma 2.3.3 Let T >0, k € H{([0,T]), v € L1([0,T]), and ¢ € C*([0,T]). Then

o(0) 5 (ko)) = 2 (b= L) (0 + [kt = )(e0) = () u(r)dr. aat e 0.7).

Lemma 2.3.4 Let T > 0 and o € (0,1). Suppose that v € oHi([0,T]) and p € C*([0,T]). Then

(9o * (90))(t) = ©(t)(ga = 0)(t) + /0 v(0)0s (9a(t — o)) — ¢(0)]) do, a.a.t € (0,T).

If in addition v is nonnegative and ¢ is nondecreasing there holds

(g0 * (00))(£) = 0(t) (g % ) () — / Golt — 0)p(0)0(0) do, a.a.t € (0,T).

2.4 Auxiliary lemmas on fast geometric convergence

The following lemmas concerning the geometric convergence of sequences of numbers will be
needed for the De Giorgi iteration arguments in Chapter 4 and 6. The first can be found, e.g.,
in [49, Chapter II, Lemma 5.6] and [20, Chapter I, Lemma 4.1]. Its proof is by induction.

Lemma 2.4.1 Let {Y,}, n=0,1,2,..., be a sequence of positive numbers, satisfying the recur-
sion inequality

Y1 OOV, n=0,1,2,...,
where C, b > 1 and v > 0 are given numbers. If
Yo < O~ V=17
then Y, — 0 as n — oo.
The next result has been taken from [20, Chap. I, Lemma 4.2], see also [49].

Lemma 2.4.2 Let {Y,} and {Z,}, n =0,1,2,..., be sequences of positive numbers, satisfying
the recursive inequalities

Yo <CVM(Y,P+Y Pz,
Zp1 < O™ (Y + Z17)

forn=0,1,2,..., where C, b > 1 and 3,7 > 0 are given numbers. If
Yo+ Z0T7 < (20)" b5, with § = min{B, 7},
then {Y,} and {Z,} tend to zero as n — oo.
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2.5 Moser iterations and an abstract lemma of Bombieri
and Giusti

Throughout this section U,, 0 < ¢ < 1, will denote a collection of measurable subsets of a fixed
finite measure space endowed with a measure p, such that U, C U, if ¢/ < o. For p € (0,00)
and 0 < 0 <1, L,(U,) stands for the Lebesgue space L,(U,,du) of all u-measurable functions
f:Us — R with |flL,w,) = (fy, |f|P dp)t/P < .

The following two lemmas are basic to Moser’s iteration technique. The arguments in their
proofs have been repeatedly used in the literature (see e.g. [29], [51], [56], [57], [66], [74]), so it is
worthwhile to formulate them as lemmas in abstract form, also for future reference. We provide
proofs for the sake of completeness.

The first Moser iteration result reads as follows, see also [18, Lemma 2.3].

Lemma 2.5.1 Let k > 1,p>1, C > 1, and v > 0. Suppose f is a u-measurable function on
U, such that

C(1+ )

1/8
(0 —o') ) |f|La(Ua)a 0<o' <o<1, >0 (2.9)

|flognw,) < (

Then there exist constants M = M(C,~, k,p) and vo = Yo(7, k) such that

M
esssup | f] < (
Us (1

1/p _
T)v) [flL @) forall 5 €(0,1), pe(0,p].

Proof: For ¢ >0and 0 <o <1, let

Bg.0) = ([ |fl7du)'e.

U,

Let 0 <p<pandd € (0,1). Set p; = px, i = 0,1, ... and define the sequence {o;},i=0,1,...,
by o9 = 1 and o; = 1—2;:12_j(1 —4),i=1,2,...; observe that 1 =09 > 01 > ... > 0; >
oiv1 > 0 as well as 0,1 —0; = 27%(1 —4), i > 1. Suppose now n € N. By using (2.9) with
B=p;,1=0,1,...,n— 1, we obtain

CO(1 +prn=H)7\ L=
®(pn, ) S(I)(pnaUn) = ®(pp_1k,0p) < (m) (I)(pn—lugn—l)
C(2I§I€n—1)y % Kk (n=1)
< (=——1
- ([2%(1 —5)]'y) O(pn—1,0n-1)
é 07]577 nliv(n_l) %/{7(”*1)
S( ( (1—)5)7 ) D(pn_1,0n-1) < ...

S (C’Z?;ol (j+1),<*j K:'YZ;;()I jﬁij (1 _ 5)*72;:701 Kﬁj) Y (I)(po, 0'0)

(P12 an)

(1— §)==

We let now n tend to oo and use the fact that

A

lim ®(p,,d) = esssup|f|
to get
(07157’77 I{/)

M 1/p
esssu < | ——————— .
%MH_(G_ﬁﬁi) Fle,wn

15



Hence the proof is complete. [J

The second Moser iteration result is the following, see also [18, Lemma 2.5].

Lemma 2.5.2 Assume that u(U1) <1. Let k > 1,0 <pg <k, and C > 1, v > 0. Suppose f is
a p-measurable function on Uy such that

C 1/p , Do
m) |flesw,), 0<o <a§1,0<6§;<1. (2.10)

|flose,) < (

Then there exist constants M = M(C,~, k) and o = Yo(7, k) such that

M )1/20*1/170

bo
|f|Lp0(U5) < (m |flz, @) for all 6 €(0,1), pe (0, ;]

Proof: Set p; = por~%, i = 1,2,.... Given ¢ € (0,1) we take again the sequence {c;}, i =
0,1,2,..., defined by o9 = 1 and 0, = 1= 37", 277(1—4), 4 > 1. Suppose now n € N. By using
(2.10) with 8 =p;, i = 1,...,n, we obtain
C“/:Do
2 =gy TP o))
C/po /o
< [2-7(1 - 5)]%/1)0 [2*(71*1)(1 — 5)]%2/1%
C% (KHr2 . +R")

®(po,d) < ®(po,0pn) = P(pik,0p) <

(b(p27 U’n,72) S cee

< 9 e (DR BT (1 gy 2 (e R @(pn;00)-
Since p; = pok~*, we have
1 i ; k(" =1) K Do K 1 1 )
el W = — 20y = - _ =
po ‘= po(k—1)  po(k—1) "'pn k=1 "pp po

we have further

n

Z(n—i—l—j)mj: (n—i—l)ij—Zjﬁj

j=1 j=1 j=1
K" —1 1— (n+1)k" +nk"tt
= 1 j—
(n+ )lili—l " (k—1)2
B H/@""'l (n+Dr+n K nil
- (k—1)? (k—1)?
< Koy < (2 _y
K" — 2o _
(k-1 T (k=13 tpn 7
which yields
1< K3 11
— n+1—jk < — = —).
Po ;( ) (k=1)% "pn Po)



Therefore .
QT ORET -

P /) < | —m ——— B (py, ]

(pO’ )_ [ (1—5)% } (p 00)

Given p € (0, po/k] there exists n > 2 such that p, < p < p,—1. We then have

1 1 K" —1 K4+ k" — gk —1 (1+ k) (k"L =1)

Pn Po Po Po Po

S (R (—— = =) < (LR — ),

Pn—1 Po P Do

as well as
(I)(pnu UO) = (I)(pna 1) < (I)(pa 1)7
by Hélder’s inequality and the assumption p(U;) < 1. All in all, we obtain
'Y'iS -
2G-13 07T 1(14r) (£ -3)

@(po,d) < 77
(po, 0) 0=

®(p, 1),

which proves the lemma. [

The following abstract lemma is due to Bombieri and Giusti [4]. For a proof we also refer to
[66, Lemma 2.2.6] and [18, Lemma 2.6]

Lemma 2.5.3 Let 6, n € (0,1), and let y, C be positive constants and 0 < By < co. Suppose f
is a positive p-measurable function on Uy which satisfies the following two conditions:

i
v |fLs, W, < [Clo— o) (U)o fL s
for all o, o', B such that 0 < 0 <o’ <o <1 and 0 < B <min{l,n0}.
it
" p({log f > A}) < Cp(Un)A~!
for all A > 0.
Then
| flLsys) < Mu(Uy) Y,

where M depends only on 6, n, v, C, and (.

2.6 Weighted Poincaré inequalities

The following result can be found in [57, Lemma 3], see also [51, Lemma 6.12].

Proposition 2.6.1 Let ¢ € C(RY) with non-empty compact support of diameter d and assume
that 0 < ¢ < 1. Suppose that the domains {x € RN : ¢(x) > a} are conver for all a < 1. Then
for any function u € H3 (RY),

2 2d* puy (supp ) 5
[, (00 =) otoy e < ZHEEIREL [ pue)pte)as

where
e d
@ Jon p(2)dz
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The next Poincaré-type inequality has been taken from [20, Chap. I, Prop. 2.1], see also [49].
Proposition 2.6.2 Let Q be a bounded convex set in RN and let w € C(Q) with values in [0, 1]

be such that the sets {x € Q : w(z) > ¢} are convex for all ¢ € (0,1). Let v € H3 () and assume
that the set & := {v =0} N {w = 1} has positive measure. Then

1/2 diam Q)N 1/2
(/ v2wdx) <C (ILJL( |Dv|2wdx) ,
Q AN (&)™ Ma

where the constant C' only depends on N.

2.7 Parabolic embeddings

We next state an interpolation result which will be frequently used throughout this contribution.
Let T > 0 and Q be a bounded domain in RY. For 1 < p < co we define the space

V;D = V;D([OvT] X Q) = L2;D([07T]§L2(Q)) N LZ([OvT]QH%(Q))v (2'11)

endowed with the norm

[ulv, (j0,71x Q) = 14| L,([0,7);22(92)) F | DUl Ly ([0, 7] La(:RNY) -
Suppose that
2 1 1
' 1——) N(———):l, 2.12
P ( SNy (2.12)

where p’ = p/(p — 1), and

r € [2,2p)], qE€ [2, %] for N > 2
r € (2,2p], q € [2,00) for N =2
reE [%,2;)}, q € [2,00] for N = 1.

Assuming that 0€2 satisfies the property of positive density we have that V,, — L,([0,T; L4(2)).
Moreover, there exists a constant C' = C(V, q) such that

[ulz. o, 7);200) < Cluly, (o,11x9), (2.13)
for all u € V, N La([0, T); H3(Q)). This is a consequence of the Gagliardo-Nirenberg and Holder’s

inequality. For a proof we refer to [76]. The case p = co is contained, e.g., in [49, p. 74 and 75].
Setting

2p+ N(p—1)
= e e — 2.14
K K;p 2 + N(p _ 1) ( )
with koo = 1+ 2/N, it follows from (2.13) that
U] L, ((0.11x2) < C(N,p)|ulv,(0.11x0) (2.15)

for all u € V,, N La([0, T); H3(Q)).
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2.8 L,-estimates for linear equations

We conclude this preliminary part with a maximal L,-regularity result, which is a special case
of [82, Theorem 3.4] on linear boundary value problems in the context of parabolic Volterra
equations.

Let T > 0 and  C RY be a bounded domain with CQ-boundary I', and N > 2. We consider
the problem

O (u—uo(z)) — aij(t,z)D;Dju = f, t€ (0,T), z € Q,
u=g, t€(0,7),z€T, (2.16)

u|t:0 =Up, T E Q,
where we use the sum convention.

Theorem 2.8.1 Let a € (0,1) and p > 2 + &, Suppose that A = (a;;); j=1,..n € C([0,T] x
Q; Sym{N?}), and there exists v > 0 such that a;;(t, )& > v|€|? for all (t,x) € [0,T] x Q and

¢ € RYN. Then the problem (2.16) has a unique solution u in the class
Z = HE([0,T); Ly(9)) 0 Ly ([0, T); HA(R)) — C([0,T] x )

if and only if the following conditions are satisfied.

a(l—

(i) f € L(0. T Ly(®), g € Yp = By
Y, = By 7 (Q);

S

([0, 7% L,(1)) 0 Ly([0.T): By * (1), and up €

(i) uo = glt=o on T.
In this case one has an estimate of the form
lulz < O(|f|LP(QT) + lglyp + luoly, )

where C' only depends on a,p, N,T,Q, A.
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Chapter 3

Abstract equations in Hilbert
spaces

3.1 Setting and introductory remarks

Let V and H be real separable Hilbert spaces such that ) is densely and continuously embedded
into H. Identifying H with its dual H’ we have V — H — V' and

(h,v) = (h,v)yrxy, heH,veEV, (3.1)

where () and (-, -}y xyp denote the scalar product in H and the duality pairing between V’
and V), respectively.
In this chapter we study the abstract problem

d

p ([k * (u— x)](t),U)H + a(t,u(t),v) = <f(t),v>v,xv, veV, aate (0,T), (3.2)

where d/dt means the generalized derivative of real functions on (0,T), k € L1 1,(Ry) is a
scalar kernel of type PC, see Definition 2.2.1, k * u stands for the convolution on the positive
halfline, and a : (0,7) x ¥V x V — R is a bounded V-coercive bilinear form. Further, x € H and
f € Ly([0,T]; V') are given data.

We seek a solution u of (3.2) in the regularity class

Wz, V,H) := {u € Ly([0,T; V) : k* (u—2x) € oHy([0,T];V')},

where the zero means vanishing trace at ¢ = 0. The vector x can be regarded as initial data for
u, at least in a weak sense. If e.g. u, and & (k* [u— z]) belong to C([0,T]; V), then the condition
k* (u— x)(0) = 0 implies u(0) = x, see Section 3.3.

In the special case

k(t) = gi_a)e ™™, t>0, a€(0,1), p>0, (3.3)

(3.2) amounts to an abstract differential equation of fractional order a € (0, 1).

In this chapter we will prove that problem (3.2) possesses exactly one solution in the class
W(z,V, H), see Theorem 3.3.1 below. This result can be regarded as the analogue of the well-
known existence and uniqueness result for the corresponding abstract parabolic equation

4 (u(t), v)n + a(t,u(t),v) = (f(t),v)yxy, vEV,aa.te(0,T),
w0)=z €H, (3.4)
u€ H21([07T]a /) mLQ([OvT]; V),
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see e.g. Theorem 4.1 and Remark 4.3 in Chapter 4 in [52] or [87, Section 23]. We point out
that concerning time regularity the bilinear form a is only assumed to be measurable in t. This
allows, e.g., to treat parabolic partial integro-differential equations in divergence form with merely
bounded and measurable coefficients, see Section 3.4.

The proof of Theorem 3.3.1 is based on the Galerkin method and suitable a priori estimates
for solutions of (3.2). These estimates are derived by means of the basic identity (2.8). It has
been known before but does not seem to appear in the literature in the context of problems
of the form (3.2). We remark that recently ([75]) the identity (2.8) was successfully employed
to construct Lyapunov functions for certain nonlinear differential equations of fractional order
between 0 and 2.

In order to be able to apply (2.8), we approximate the kernel k by the sequence (k,) which
is obtained from the Yosida approximation of the operator B defined by Bv = %(k *xv), e.g. in
L([0,T7), see Section 2.2. This method was already used in [75], we also refer to [31], where a
more general class of integro-differential operators (in time) is studied.

Note that (3.2) is equivalent to the equation

%[k s (u—2)]() + Al)ult) = £(£), aate (0,T), (3.5)

in V', where the operator A(t) : V — V' is defined by
(A()u, v)vixy = alt,u,v), u,v e V. (3.6)

For equations of the form (3.5) with A(t) = A there exists a vast literature, even in general
Banach spaces, see e.g. [31], and [63] and the references given therein. However, in the case
of time-dependent A and without smoothness assumption nothing seems to be known in the
literature concerning existence and uniqueness, except for [85], which forms the basis for this
chapter.

3.2 A basic interpolation result

Let V and ‘H be real Hilbert spaces as described above, that is V — H < V’. In the theory of
abstract parabolic equations the continuous embedding

Hy ([0, T]; V') N La([0, T); V) — C([0,T]; H) 3.7)

is well-known, see e.g. Proposition 2.1 and Theorem 3.1 in Chapter 1 of [52], or Proposition 23.23
in [87]. The following theorem provides the analogue of (3.7) in the case of the space W (x, V, H).

Theorem 3.2.1 Let V and H be real Hilbert spaces as described above (V — H — V'). Let
further T > 0, and k € L1 10c(Ry) be of type PC. Suppose that x € H, and v € W(x,V, H).
Then k* (u—x) and k= u belong to the space C([0,T]; H) (after possibly being redefined on a set
of measure zero). The mapping {t — |k xu|2,(t)} is absolutely continuous on [0,T], with

% e wl(8) = 2( [k« (= D)/ @), Do+ ul(B)]) 4+ 20(0) (2. (k+ w0)(1)) (3.8)

V' xy H

for a.a. t € [0,T]. Furthermore,

d
|k uloo,mm) < C(‘E[k * (u— )]

; ) 3.9
Lo ([0,T];V") + |U|L2([0,T],v) + |x|H) ( )

the constant C' depending only on T, |k|, (o,1)), and the constant of the embedding V — H.
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We remark that in the case x = 0, the property k*u € C([0,T]; H) follows immediately from the
embedding (3.7). In fact, u € Lo([0,T]; V) implies k *x u € Lo([0,T]; V), by Young’s inequality,
and so

kxue Hy([0,T]V") N Ly([0, T]; V) = C(0, T H).

We point out that for x # 0 this simple reduction is not possible.

Proof of Theorem 3.2.1. Note first that (kxx)(-) = (1xk)(-)z € H{ ([0, T]; H) — C([0,T]; H).
Thus k % (u — ) € C([0,T); H) if and only if k *u € C([0,T]; H).

Let k, € H{([0,T]), n € N, be the kernel associated with the Yosida approximation B, of
the operator

Bv kxv), D(B)={ve€ Ly([0,T]; V') : kv € oHy([0,T];V')}. (3.10)

Then k,, xu € H3([0,7T];V), and we have for n, m € N,

2

i ‘(kn *u)(t) — (km * U)(t)‘

- = 2 ([l + ) (8) = Do+ ) (8), o * ) (8) = Do % 2] (1))

H H

Thus, in view of (3.1) and Young’s inequality,

2

(kn *xu)(t) = (km * u)(t)
| 5

+2/ (T (= @) (7) = Vo * (w = @)/ (7), o 5 0)(7) = P 5 (7)) dr

V' xVy

+2 / t on (7) — ke (7)] (x [ 1] (7) — [k u](T))H dr

]i+]%[kn*(u_@]_ﬁkm*(u_x)]2

< ’(kn s u)(8) — (kp * 1) (s) il

L ([0,T];V")

1
2 2
’L2([O,T];V4)— 2laly|kn — km|L1([0,T]) + 5

kp xu—kp,*xu

N (3.11)

kn*xu—FKkn*xu ’
C([0,T;H)

for all s, ¢t € [0,T]. Since k, — k in L1([0,T]) as n — oo, we have k,, * u — k*u in L2([0,T]; H)
as well as in Lo([0,T]; V). Further, u — z € D(B) implies that [k, * (u — 2)] — L[k (u — )]
in Ly([0,T; V).

We fix now a point s € (0,7") for which

(knxu)(s) — (k+u)(s) inHasn— oo.

Taking then in (3.11) the maximum over all ¢ € [0,7] and absorbing the last term, it follows
that (k, *u) is a Cauchy sequence in C([0,T]; H). Thus k,, * u converges in C([0,T]; H) to some
v € C([0,T); H). Since we also know that k, * u — k *u in La([0,T]; H), we deduce k * u = v
a.e. in [0, T], proving the first part of the theorem.

Similarly as above we see that

V' xVy

(o 5 ) (1) 5y = (ke w)(3) 3 + 2 / (o = ) (), b+ l(0)),
4 2/: () (2, (<)) dr

H
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for all s,t € [0,T], and n € N. Taking the limits as n — oo we obtain

(ks )0 = | @)+ 2 [ (b 0= o), o)) dr

\Z89%
+2/S k(T)(fL‘, (k*u)(T))HdT (3.12)

for all s,¢ € [0,7]. Hence {t — |k xul3,(¢)} is absolutely continuous on [0,77], and (3.8) holds
true.

To obtain (3.9), we estimate the integral terms in (3.12) similarly as for (3.11) and integrate
with respect to s. This yields

1 d 2
2 2
|(k*u)(t)|5 < T (ks w) [T 0,110 + %[k * (u— )] La(0.T1V1
2 2 17,12 1 2
+ 1k xulL, o) + 202l KL, (o,y) + 51k * ulE o,z (3.13)

for all ¢ € [0,7]. We then take the maximum over all ¢ € [0,T], absorb the last term, and use
Young’s inequality for convolutions, to the result

1 1 d 2

§|k *uldo.rym) < T k12, o 14/ T o o.1170) + E[k * (u— )] LA (0T
+ 1RIZ, o el 7 o) + 212K LT 0,0

which implies (3.9). O

3.3 The main existence and uniqueness result

In this section we are concerned with existence and uniqueness for the abstract problem (3.2).
Recall that V and H are real separable Hilbert spaces such that ) is densely and continuously
embedded into H. Identifying H with its dual H’, we have V — H — V', and the relation (3.1)
holds. It will be assumed that dimV = co.

We will suppose that the following assumptions are satisfied.

(Hk) (k,1) € PC for some | € Ly 10c(Ry).
(Hd) z € H, f € L([0,T]; V).

(Ha) For a.a. t € (0,T), the mapping a(t,-,-) : ¥ x V — R is bilinear, and there exist constants
M >0, c>0, and d > 0, which are independent of ¢, such that

la(t, u,v)| < Mluly|v]y, (3.14)
a(t,u,u) > clul3 — dlul3,, (3.15)

for all u, v € ¥V and a.a. t € (0,T). Moreover, the function {t — a(t,u,v)} is measurable
on (0,T) for all u, v € V.

We seek a solution of (3.2) in the space
W(z,V,H) = {u € La([0,T}; V) : k* (u—z) € oHy([0,T};V')}.

24



Note that the vector x plays the role of the initial data for u, at least in a weak sense. If e.g.
u, and < (k * [u — 2]) =: f belong to C([0,T7];V’), then the assumption (Hk) and the condition
k* (u — )(0) = 0 entail that

d
U—T = %(l*k*[u—x]):l*f

in C([0,T]; V'), and therefore u(0) = .
In order to construct a solution in the desired class, we will use the Galerkin method. We
will assume that

(Hb) {wi,ws,...} isabasisin V, and (z,,) is a sequence in H such that x,, €span{ws,...,wn},
m €N, and x,,, — x in H as m — oo.

Setting

m m
um(t) = Z ij(t)wja Tm = Zﬁjmwja
j=1 7j=1

and replacing u, z, and v in (3.2) by U, @m, and w;, respectively, we formally obtain for every
m € N, the system of Galerkin equations

Z < [k * (cjm — Bim)](#)(w;, wi)n + Z cjm(t)a(t, wj, wi) = (f(t), wi) v xv, (3.16)

for a.a. t € (0,T), where ¢ runs through the set {1,...,m}.
The main result in this section is the following.

Theorem 3.3.1 Let T > 0, and V and 'H be real Hilbert spaces as described above. Suppose the
assumptions (Hk), (Hd), (Ha), and (Hb) hold. Then the problem (3.2) has exactly one solution
u in the space W (x,V, H). The mapping (x, f) — u is linear, and there exists a constant My > 0
such that

[k (u— 2)| g1 (o, 19 + Ul La(o,17v) < Mo(|$|H + |f|L2([O,T];V’)) (3.17)

for all x € H and f € La([0,T]; V). Moreover, for every m € N, the Galerkin equation (3.16)
possesses precisely one solution wy, € W(xm,V, H). The sequence (u.,) converges weakly to u in
Ly([0,T);V) as m — co.

Proof. Uniqueness. Suppose that ui, ug € Wi(x,V,H) are solutions of (3.2). The difference
u = uj — ug then belongs to the space W(0,V,H) and satisfies the equation

((k*u) (t),v)vxy + alt,u(t),v) =0, veV,aa.te(0,T).
We may take v = u(t), thereby getting
((k*w)'(t), u(t)y <y + a(t,u(t),u(t) =0, aa.te(0,T). (3.18)

Let k, € HL([0,T]), n € N, be the kernel associated with the Yosida approximation B,, of the
operator B defined in (3.10). Then (3.18) is equivalent to

((Bn  w)' (1), u(t))yr 0y + alt, u(t), u(t)) = ha(t), a.a.te (0,T), (3.19)

where
T (8) = {(kn xu) () — (kxu) (), u(t))y <y, aa.te (0,T).
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Since k,, * u € H3([0,T]; H), we may apply (3.1) to the first term in (3.19), to the result

(5 e )0 u(t))+ altsult) u(®) = hu0),  aat € (0,7), (3.20)

for all n € N.
The kernels k,, are nonnegative and nonincreasing. Thus, by Lemma 2.3.2,

% % (ko [u()2)() < (% (K u)(t),u(t))H, aa.t € (0,7T).

The second term in (3.20) is estimated by means of the abstract Garding inequality (3.15) in
(Ha). Proceeding this way, it follows from (3.20) that

% (o () 2)(t) < 2d[u(t)2, + 2hn(t), a.a.te (0,T). (3.21)

Observe that all terms in (3.21) viewed as functions of ¢ belong to L1([0,T]). Therefore we may
convolve (3.21) with the kernel [ from assumption (Hk). Letting then n go to co and selecting
an appropriate subsequence, if necessary, we arrive at

()2, < 2d (L% [u()2,)(t),  aa.te (0,T). (3.22)

Here we use the fact that h, — 0 in L;([0,T]), which entails [ * h,, — 0 in L;([0,77]), and that

in L1([0,T]) as n — oc.

Since [ is nonnegative, (3.22) implies that |u(t)|3, = 0 a.e. in (0,T’), by the abstract Gronwall
lemma [86, Prop. 7.15], i.e. u = 0.

Existence. 1. We show first that for every m € N, the system of Galerkin equations (3.16)

admits a unique solution 1 := ¥, := (C1m, ..., Cmm)? on [0,T] in the class W (&, R™, R™), where
5 = §m = (61m7 ] 6mm)T
Since the vectors ws,...,wy,, are linearly independent, the matrix ((w;,w;)x) € R™*™ is

invertible. Hence (3.16) can be solved for 4 [k x (¢jm — Bjm)], which leads to an equivalent
system of the form

d

7 [k* (v —&)(t) =B@)w()+g(t), aate(0,T), (3.23)

where B € Loo([0,T);R™*™), and g € L2([0,T];R™), by the assumptions (Ha) and (Hd). In
order to solve (3.23), we transform it into the system of Volterra equations

P(t) =&+ 1+ [BO)POI(E) + (1xg)(t), aa.te(0,T),

which has a unique solution ¢ € Lo([0,T];R™), see e.g. [32, Chapter 9]. But then ¢ €
W(&,R™,R™), and hence it is also a solution of (3.23). This shows that for every m € N,
the Galerkin equation (3.16) has exactly one solution w,, € W(x,, V, H).

2. We next derive a priori estimates for the Galerkin solutions. The Galerkin equations
(3.16) are equivalent to

(% [k % (tm — )] (8), wi)H Falt, um(t),w;) = (f(), whvxy, aate (0,T),  (3.24)
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i=1,...,m. Multiplying (3.24) by ¢;;, and summing over i, we obtain

d

(5 [k % = )} (O (), + @t (D)1 () = (F) wm () (3.25)

Let k, € H{([0,T]), n € N, be as in the uniqueness part above. Then (3.25) can be written as

(5 G m)(0) 0 (0)), + alt e (8), 6 (1)

= kn (&) (@, wm ()1 + () um @)Wy <y + hmn(8),  a.a.t € (0,T), (3.26)
with
P () = ([kn * (tm — )] (t) = [k % (Um — 0] (8), wm (£))vr xv.
Using Lemma 2.3.2 and inequality (3.15), we find that

1d

1
3¢

K, * |um()|$1)(t) + 3 kn(t)lum(t)lg-t + Clum(t)ﬁ)
< dfm (8) 3 + Fn (8) (@, wm (0) 1+ (F(8); i () xv + P (1),

which, by Young’s inequality, yields the estimate

% (B [ () 3) (8) + clum (03 < 2d|um (8)1F, + b (8) |23, + % [FOR + 2hmn(t).  (3.27)

Similarly as in the uniqueness part, we see that [ * h,,, — 0 and

b % (ko * [t ()17¢) = [ ()14

in L1([0,T]) as n — oo. Consequently, if we convolve (3.27) with [, and let n tend to oo, selecting
an appropriate subsequence, if necessary, we obtain the estimate

1
[ ()3 < 2d (1% [um () [3) (2) + | 3 + S+ [FOR)(@) (3.28)
for a.a. t € (0,7T), and all m € N. By positivity of [, it follows from (3.28) that

[l agio.m170) < C (Il + 1 F gz ) (3.29)

where the constant C' depends only on ¢, d, I, T'.
Returning to (3.27), we may integrate from 0 to T - note that (ky * |um(-)|3,)(0) = 0 - and
then let n go to oo to find that

T T T
1
[ 0 dt < 2 [ fun® et e, oot ¢ [ 17O dr

This, together with (3.29) and the assumption x,,, — x in H, yields the a priori bound
[um| L, (0,77v) < C1 (|CC|H + |f|L2([0,T];V/)>7 m € N, (3.30)
with some C; > 0 being independent of m € N.
3. By (3.30) there exists a subsequence of (u,,), which we will again denote by (u.,), such
that
Um —u in Lo([0,T];V) asm — oo, (3.31)
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for some u € Lo([0,T]; V). We will show that uw € W(x,V,H), and that u is a solution of (3.2).
Let ¢ € C1([0, T];R) with o(T) = 0. Multiplying (3.24) by ¢ and using integration by parts,
we obtain

T T
= [ @O (wn — )l whedt+ [ pltaltsun(®). w0
0 0
T
- / SO (1), Wiy (3.32)

for all m > i, because [k * (uy — Zm)](0) = 0. We apply then the limits (3.31), and z,, — x in
H to equation (3.32). By means of (3.14), the embedding V — H, and Young’s and Hélder’s
inequality, one easily verifies that this leads to

T T T
- / o (O)([k * (u — 2)](8), wi)pe d + / o(B)alt, ult), i) di = / SO (F(0) wihyry  (3.33)
0 0 0

for all 4 € N. Observe that ([k* (u — 2)](t), w:)x = ([k * (u — )](t), wi)y xv, by (3.1). It is not
difficult to see that the terms in (3.33) represent linear continuous functionals on the space V,
with respect to w;. Consequently, in light of (Hb), (3.33) implies

T T T
- / () * (1 — D) (E) )y dt + / o(B)alt,u(t),v) dt = / SO0y (3.34)
0 0 0

for all v € V.
Since (3.34) holds in particular for all ¢ € C§°(0,T), we infer that k* (u—x) has a generalized
derivative on (0,7) with

%[k * (u—x)](t) + A@t)u(t) = f(t), a.a.te (0,T), (3.35)
where the operator A(t) : V — V' is defined as in (3.6). From u € Ly([0,T; V) and |A(¢)u(t)]y <
Mlu(t)]y for a.a. t € (0,T), we deduce that A(-)u € Lo([0,T];V’). Since f € Lo([0,T]; V'), too,
it follows that [k x (u — x)]" € La([0, T]; V').

To see that u € W(z,V, H), it remains to show that [k*(u—1x)](0) = 0. We set z := kx*(u—z).
Then z € H3([0,T]; V') — C([0,T];V’), and by (3.34) and (3.35), there holds

T T
—/ @' (t)(2(1), v}y v dt :/ p(t) (' (1), v)vrxy (3.36)
0 0

for all v € V, and all ¢ € C'([0,T];R) with ¢(T) = 0. Choosing ¢ such that ¢(0) = 1, and
approximating z in H3([0,7]; V') by a sequence of functions z, € C*([0,7];V’), it follows from
(3.36) and the formula of integration by parts that (z(0),v)yxy = 0 for all v € V. Hence
z(0) = 0.

Summarizing, we have found a function u € W(x,V,H) that solves the operator equation
(3.35). Since (3.35) is equivalent to (3.2), the existence proof is complete.

Moreover, (3.35) has exactly one solution in the class W(x,V,H). Consequently, all subse-
quences of the original sequence (u,,) that are weakly convergent in Lo ([0, T]; V) have the same
limit w. Hence, the original sequence (u,,) converges weakly to u in La([0,T]; V).

Continuous dependence on the data. From w,, — v in Lo([0,7]; V) and the estimate
(3.30), it follows by means of the theorem of Banach and Steinhaus, that

lul Lo, 71y S Uminffum| L, (o, rp) < 01(|33|H + |f|L2([0,T];V/))-
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Using this estimate, together with |A(-)u|r,o, vy < Mlulr,o,17;v), (Hd), and (3.35), we
obtain the desired estimate (3.17). O

If not only the kernel [ in (Hk) but also some p-th power of it with p > 1 belongs to L1 ([0, 1),
then one can get an additional estimate for solutions of (3.2). This is the consequence of the
first part of the subsequent interpolation result for functions in the space W(z,V, H). It also
contains the analogue of

T
/ t~Hu(t)|3, dt < oo for allu € oHy ([0, T]; V") N La([0, T); V),
0

see [52, Chap. 3, Prop. 5.3 and Prop. 5.4], in the case of the space W (z,V, H).
By L,,»([0,T1), p € [1,00) we mean the weak L, space of Lebesgue measurable functions on
(0, ).

Theorem 3.3.2 Let V and H be real Hilbert spaces as described above (V — H — V'). Let
further T > 0, (k,1) € PC, and suppose that © € H, and u € W(x,V, H). Then the following

statements hold.

(1) If l € Ly, ,([0,T]) for some p > 1 then uw € Loy ([0, T]; H), and there holds

d
[0l 0770 < (|l (1 = )] + lulryomiv) +l2lw),  (3.37)

Lo ([0,T];V")

the constant C' depending only on T, and |l|1,, ,o,1))- If 1 € Lp([0,T]) for some p > 1 then
u € Lop([0,T];'H), and the estimate corresponding to (3.37) holds.

(i) There holds the estimate

T
d
( / kOt dt)/? < O (|2 [k« (u =) o+l oo, + lalre)

La([0,T]5v7)
where the constant C1 only depends on |k|, (jo,1))-

Proof. We proceed similarly as in the proof of the previous result. The key idea again is to apply
the identity (2.8) from Lemma 2.3.2.
Let (ky,) be the sequence of approximating kernels used above, and put

g9(t) = ((k * [u — 2])'(t), () xv, te€(0,T),
and
b (8) = ((kn * [u = 2])(8) — (K * [u — 2])'(8), u())vrxv, tE€(0,T).
Then

(% (kp * u)(t),u(t))H = k() (2, u(t))y + g(t) + ho(t), a.a.tec(0,7),

with each term being in L1 ([0,T7]). Using (2.8) and the inequality ab < a? + b? it follows that

o G OB + 7 Ra ()R < k(OB +9(0) + halt), it e (0.T).  (339)

To prove (i), we drop the second term on the left, which is nonnegative, convolve the resulting
inequality with [, and send n to co. Arguing as in the proof of Theorem 3.3.1 we obtain

u(t)2, < 2(|3:|${ . g)(t)), aa.te(0,T).
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Young’s inequality for weak type L, spaces (see e.g. [30, Theorem 1.2.13]) then gives

2 _ N2 1/ 2
[ulL, 0,110 = ‘IU( )IH‘LPW([QTD < 2(Ille,wqo,TD|9|L1<[0,T1> +T ”valn)a

which together with

2

d
2911, tory) < | lkx (u =) + ol o.110)

L2 ([0,T%:V7)

implies the first desired bound in (i). If I € L,([0,7]) one may apply Young’s classical inequality
for convolutions to establish the asserted estimate in (i).
As to (i), we integrate (3.38) from 0 to T, and drop the term k,, * [u(-)|3,)(T), to the result

T
/O B (®)u(t) B dt < (1 k) (DIl + gl o.11) + alr o, )

Observe that (1% k,)(T) — (1xk)(T), and |hy| 1, (jo,77) — 0 as n — oo. Therefore, for sufficiently
large n we have

T
| kauolede < 8(00 @l + lloyomy)

Since k, — k in L1([0, 1]), the assertion then follows from Fatou’s lemma. O

In the case of fractional evolution equations we have the following corollary. Here we set
oH3 ([0, T]; V') i= {vljo,r : v € HF (R;V') and suppv C R},

where H$'(R;V’) stands for the Bessel potential space of order a of V'-valued functions on the
line.

Corollary 3.3.1 Let T > 0, and V and 'H be real Hilbert spaces as described above. Suppose
(Hd), (Ha), and (Hb), and assume that k(t) = g1_o(t)e ", ¢t > 0, with o € (0,1), and p > 0.
Then the problem (3.2) admits exactly one solution wu in the space

W(a;z,V,H) :={u € La([0, T}; V) : u—z € o HS([0,T]; V")}.
Furthermore, we have
T
(g1-ae ™)+ u e C(O,TH), ue L s, (0,TH), and / 2 fu(t)[2, dt < oo,
2, 0

There exists a constant M = M («, pr, T) > 0 such that

[u =2y 0,110 + [l Lao,110) HI(G1-a€ ™) ¥ uleoqoryr +lule 5 o110

T
[ T’ < M (el o+ leagoman ),

for all x € H and f € Lo([0,T]; V').
Proof. Let [ as in (2.1). Then
oH3 ([0, T;V') = {lxv: v e Ly([0,T];V')}
={v € La([0,T[; V) : (g1-ac™) xv € oHy([0,T];V'),
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for the first equals sign see e.g. [81, Corollary 2.1]; the second one follows from k x I = 1. Note
further that [ € Ly /(1—a),w([0,T]). So the assertions of the corollary follow immediately from the
previous results. O

Note that taking formally the limit & — 1 in the above estimates (with p = 0) we recover
the well-known estimates for solutions of the abstract parabolic equation (3.4).

3.4 Second order problems

Let T > 0, and Q be a bounded domain in RY with N > 3. We consider the problem

O¢(k * (u — ug)) — div (A Du) + (b|Du) + cu= g, te(0,T),z€Q,
u(t,z)=0, te (0,T), x € 09, (3.39)
u(0,2) = up(z), =€l

Here (-|-) denotes the scalar product in RY. We make the following assumptions on the kernel
k, the coeflicients, and the data.

(HK) (k,1) € PC for some | € Ly 10.(R}).
(Hd) uo € L2(R2), g € LQ([O,T];L]31+V2 ().
(HA) A€ Loo((0,T) x ;RVN*N) "and Jv > 0 such that
(A(t,z)€|€) > v[¢]?, foraa.t € (0,T), z €9, and allé € R™.

(Hc) b€ Lo((0,T) x RY), ¢ € Loo((0,T) x Q).
We set V = H3 (), and H = Ly(f2), endowed with the inner product (u,v)y = Jo uvdx. Define

a(t,u,v) = /Q ((A(t,x)Du(:vﬂDv(m)) + (b(t, )| Du(z))v(z) + c(t,ac)u(x)v(x)) dx

and

(F(t), v}y = / g(t,z)v(z)dx, a.a.te(0,T).

Q
Then the weak formulation of (3.39) reads

% Ik (= w0l (8),0) +a(tu(®)v) = (F(B),v)vrxy, vEV aate(0.T), (340

and we seek a solution in the class
W (uo, Hy (), La(Q)) ={u € Lo([0,T); H3 () : k * (u — ug) € oH3([0,T]; Hy '(2))}.

It is folklore that in the described setting the assumptions (Hd), and (Ha) in Theorem 3.3.1 are
satisfied. Concerning (Hb), we could take {w;, wa,...} to be the complete set of eigenfunctions
for —A in H}(Q). Consequently, we obtain

Corollary 3.4.1 Suppose the assumptions (Hk), (Hd), (HA), and (Hc) hold. Then the problem
(8.89) has a unique weak solution u € W (ug, HY(Q), Ly(2)) in the sense that (3.40) is satisfied.
Further, k xu € C([0,T]; L2(Q)). In the case k(t) = gi—a(t)e ", t > 0, with a € (0,1), and
w >0, we have

we L2 ([0, T): La(2)) N Lo ([0, T]; H3 (), and u —ug € oHg ([0, T]; Hy ' ()}

Of course, a corresponding result also holds in the case N < 2 with the assumption on g appro-
priately modified. In any case, g € L2([0,T] x Q) is sufficient.
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Chapter 4

Boundedness of weak solutions
and the maximum principle

4.1 Introductory remarks

Let T > 0, and Q be a bounded domain in RY. In this chapter we investigate linear partial
integro-differential equations of the form

8t(k*(u—u0))—£u=f+divg, te(0,T),zeQ, (4.1)
as well as related quasilinear problems
Oy (k * (u— uo)) —diva(t, z,u, Du) = b(t,z,u, Du), t € (0,T), z € Q, (4.2)

where in both cases k € L1 jo.(R4) is a kernel of type PC.
In (4.1), £ is a second order operator w.r.t. the spatial variables in divergence form:

Lu = div (A(t, x)Du + b(t, x)u) + (e(t, z)|Du) + d(t, x)u.

Here A is RN *N_valued, b and ¢ take values in RV, and d is a real-valued function. Recall that
(:]) denotes the scalar product in RY. The functions ug = ug(z), f = f(t,z), and g = g(t, )
are given data; the function ug plays the role of the initial data for w.

Concerning the leading coefficients of £ we merely assume measurability, boundedness, and a
uniform parabolicity condition. The coefficients of the lower order terms are assumed to belong
to certain Lebesgue spaces of mixed type, so they need not be bounded.

In (4.2), the functions @ : (0,7) x @ x R¥*L — RY and b : (0,7) x Q x R¥N*! — R are
measurable and satisfy suitable structure conditions, see (Q1)—(Q5) in Section 4.3.

One of the main objectives of this chapter is to derive results asserting the boundedness on
Qp of appropriately defined weak solutions of (4.1) and (4.2), respectively, that are bounded
on I'r. We further establish the analogue of the well-known weak maximum principle for weak
solutions of the parabolic equation corresponding to (4.1), i.e. dyu— Lu = f+divg, see e.g. [49,
Theorem 7.2, p. 188].

Our proofs of the global boundedness results use De Giorgi’s iteration technique and are
based on suitable a priori estimates for weak solutions of (4.1) and (4.2), respectively. These
estimates, which by partly standard arguments (c.p. [49, Chapters IIT and V]) lead to suitable
Caccioppoli type inequalities, are derived by means of the basic inequality (2.7).
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One of the technical difficulties in deriving the desired estimates in the weak setting is to
find an appropriate time regularization of the equation. In the classical parabolic theory this
is achieved by means of Steklov averages in time. In the case of equations (4.1) and (4.2)
this method does not work any more, since Steklov average operators and convolution do not
commute. It turns out that instead one can again use the Yosida approximation of the operator
B defined by Bv = 0:(k *v), e.g. in Ly([0,T]), which leads to a regularization of the kernel k
(not of ul).

4.2 Linear equations

In this section we study the linear equation (4.1). Let T' > 0, and £ be a bounded domain in
RY such that 9 satisfies the property of positive density, the latter will be assumed throughout
this chapter. In what follows (except for Theorem 4.2.2 and Theorem 4.2.3) we will assume that

(H1) There exists | € Lq,10c(R4) such that (k,1) € PC. Further, [ € L,([0,T]) for some p > 1.
(H2) A€ Loo((0,T) x Q;RY*N) "and Jv > 0 such that

(A(t,z)€|€) > v|¢]?, for a.a. (t,2) € Qr, and all ¢ € RY.

(H3) up € La2(R2), and

2 2 2 .
b +1of? + e + a4 171] =i O <o)
where . N
L+l =1-8
r 2q
and

re (1’iﬁ),oo},qe[ﬁ,oo},ﬁe(0,l) for N >2,

re | wyay | ae il ge (0.3) o N

We say that a function u is a weak solution (subsolution, supersolution) of (4.1) in Qp, if u
belongs to the space

V,, :={v € Ly ([0, T]; L2(Q)) N Ly ([0, T); H3 (2)) such that
kxve C([0,T]; L2(R)), and (k *v)|i=0 = 0},

and for any nonnegative test function
n € Hy'(Qr) := Hy ([0, T]; L2(€)) N L([0, T; H3 (2))

with n|;=r = 0 there holds
T
/ / ( — e[k * (u — ug)]+(ADu + bu|Dn) — (c|Du)n — dun) dxdt
0o Jo

— (<, ) / ' /Q (/1= (g1Dn)) dadt. (4.3)

It is not difficult to verify, by means of Hélder’s inequality and the interpolation inequality (2.13),
that under conditions (H1)-(H3) the integrals in (4.3) are finite, see also the proof of Theorem
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4.2.1 below. We point out that (4.1) is considered without any boundary conditions, in this
sense weak solutions of (4.1) as defined above are local ones (w.r.t. ). Note that for an energy
estimate for weak solutions u € V}, of (4.1) one can work with a weaker version of condition (H3),
see e.g. Theorem 4.2.2 below. We further remark that weak solutions of (4.1) in the class f/p
have already been constructed in Chapter 3 under the assumptions (H1), (H2), and a stronger
variant of (H3), see Section 3.4. Notice also that the function ug plays the role of the initial data
for u, at least in a weak sense. In case of sufficiently smooth functions u and k * (u — ug) the
condition (k * u)|;=o = 0 implies u|t—¢g = ug, see Section 3.3.

The following lemma is basic to deriving a priori estimates for weak (sub-/super-) solutions
of (4.1) as it provides an equivalent weak formulation of (4.1) where the kernel k is replaced with
the more regular kernel &, (n € N) defined in (2.5). In what follows the kernels h,, n € N, are
as in Section 2.2.

Lemma 4.2.1 Let the assumptions (H1)-(HS3) be satisfied. Then u € f/p s a weak solution

(subsolution, supersolution) of (4.1) if and only if for any nonnegative function 1) € H(Q) one
has

/Q (wat e (1 — 110)] + (hn % [ADu + bu] (D) — (h % [(c|Du) + du])1/;) dz
— (<, >) /Q ([hn s i — (hn g|D1/))) dr, aa.te(0,T),neN.  (4.4)

Proof. We may restrict ourselves to the subsolution case as the remaining cases can be treated
analogously.

The ’if” part is readily seen as follows. Given an arbitrary nonnegative n € H 21 o1 (Qr) satistying
N)i=r = 0, we take in (4.4) ¥(x) = n(t, =) for any fixed t € (0,T), integrate from ¢t =0tot =T,
and integrate by parts w.r.t. the time variable. Relation (4.3) then follows by sending n — oo;
here we use the approximating properties of the kernels h,, described in Section 2.2.

To show the ’only-if’ part, we choose the test function

T Tt
n(t,x) = /t hn (o0 —t)p(o,z)do = /0 hn(0)p(oc +t,x)do, t€(0,T), x €, (4.5)

with arbitrary n € N and nonnegative ¢ € Hy'' (Q7) satisfying ¢|;—7 = 0; 7 is nonnegative since
v and h,, are so (see Section 2.2). Then

T
ne(t, z) = / hn(0 = t)po(o,x)do, a.a. (t,x) € Qp.
t

By Fubini’s theorem, we have

t

/OT (/tT hin(o — )1 (0) da) Po(t) dt = /OT 1 (1) (/0 hn(t — 0)ia (o) da) dt,

for all 91, 12 € La([0,T]). So it follows from (4.3) and k,, = hy, * k (c.p. (2.5)) that
T
/ / (= wulkns(u = uo)] + (b * [ADu + bu] | Dig) = (hn * [(c] D) + du])p) dar it
0 Q

< /OT/Q ([hn*f]gp—(hn*g|Dg0)) drdt, neN.
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Observe that k, * (u — ug) € oH3([0,T]; L2(Q)). Therefore, integrating by parts and using
@li=r = 0 yields

T
/0 /Q (908,5 e (u — 110)] + (hn % [ADw + bu)[D@) — (b * [(¢| D) + du])(p) dz dt

< /()T/Q([hn*f]w—(hn*gll?w)) dz dt (4.6)

for all n € N and ¢ € Hy''(Qr) with ¢|,—7 = 0. By means of a simple approximation argument,
we infer that (4.6) holds true for any ¢ of the form ¢(t,z) = X, 1,)(t)¢(x), where x¢, 1)
denotes the characteristic function of the time-interval (t1,t5), 0 < t; < to < T, and ¢ € H(Q)
is nonnegative. Appealing to the Lebesgue differentiation theorem, we then obtain the desired
relation (4.4). O

In what follows we say that a function u € f/p satisfies u < K a.e. on 'y for some number K € R
if (u—K)y € Ly([0,T]; H3(2)), likewise for lower bounds on I'r.

Theorem 4.2.1 Let T > 0 and Q C RY be a bounded domain. Let further the assumptions
(H1) — (H3) be satisfied. Suppose K > 0 is such that ug < K a.e. in Q. Then there exists a
constant C = C(p,q,r, |Z|Lp([07T]),T, N,v,Q,Cp) such that for any weak subsolution u € f/p of
(4.1) in Qp satisfying u < K a.e. on Iy there holds u < C(1 + K) a.e. in Qrp.

Remarks 4.2.1 (i) There is a corresponding result for weak supersolutions u of (4.1) in the
situation where ug > K a.e. in €2, and v > K a.e. on I'p, for some K < 0. This follows
immediately from Theorem 4.2.1 by replacing u with —u, and ug with —uy.

(ii) The statement of Theorem 4.2.1 remains true if r and ¢ in (H3) are different for different
coefficients and data, that is when [b> € L., ([0,T]; Ly, (), 19> € L, ([0,T]; Ly, (Q)), and so
forth with r; and ¢; satisfying the same conditions as r and ¢ in (H3). This can been seen by
working with several functions p, ; and by generalizing the iteration argument for the function
¢, see below. In the classical parabolic case this issue is discussed in [49, Chapter III, Remark
7.2].

Proof of Theorem 4.2.1. Suppose u € f/p is a weak subsolution of (4.1) in Q. Then, by Lemma
4.2.1, for any nonnegative function ¢ € H3(Q) relation (4.4) holds with the '<’ sign. For
t € (0,T) we take in (4.4) the test function ¢ = u} := (uy)4, where u,, := v — K, and kK € R
satisfying the condition

K > Ko := max{0, ess sup ug, esssup u}. (4.7)
Q I'r

The resulting inequality can be written in the form
/ (uj@t(kn % Ug) + (hy * [ADu + bu)| Du) — (hy, * [(¢| Du) + du])ui) dx
Q

< / ([hn * flut — (hy * g|Duf) +ult (ug — H)kn) dz, a.a.te(0,T). (4.8)
Q

Clearly,
/ uwl(ug — k)kndr <0, aa.te(0,7T),
Q

by positivity of k, and (4.7). Thanks to (2.7) we further have
1
w0 (kp * ) > 3 O (kn * (u:)z), a.a. (t,z) € Qr. (4.9)
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Using these relations it follows from (4.8) that
/ (% Oi[kn * (u)?] + (hy * [ADu + bu)|Du) — (hy * [(c|Du) + du])u:) dx
Q
< / ([hn * flut — (hy * g|Du:)> dz, aa.te(0,T). (4.10)
Q

Next we convolve (4.10) with the nonnegative kernel [ from assumption (H1), and observe that
in view of

kn % (uf)? € oHy ([0,T]; L1(€2))
and k,, = k * h,, we have
%8, (kn x (u:)Q) — 9, (z ¥k (u:)Q) — i % (u)?

Sending then n — oo, and selecting an appropriate subsequence, if necessary, we thus arrive at

% /(u:)2 dx + 1 * / (ADu|Du)dx <1+ F, aa.te(0,T), (4.11)
Q Q

where

Flt) = / (— (but g1Duf) + (D) + du + flu? ) da
Q
By (H2), we have
/(ADu|Du:) dx = /(ADuﬂDu:) dx > V/ |Dut|? da, (4.12)
Q Q Q
and thus
/(u:)2 de <21*F, aa.te(0,7T).
Q
Young’s inequality for convolutions then gives

|u;§|%2p([0,t1];L2(Q)) = |(u;§)2|Lp([0,t1];L1(Q))
< 20l (0,00 [ F Ly 0,2]) < 20U Lo, 1 ' 4 ((0,01) (4.13)

for all t1 € (0,T7.
Returning to (4.11), we may also drop the first term, convolve the resulting inequality with
k, and use k x [ =1 as well as (4.12), thereby obtaining

VIDU TR, (000 Lo < 1F|La((0.07) (4.14)

In order to estimate |F|z,([0,¢,]), Which appears on the right side of both (4.13) and (4.14),
we proceed similarly as in [49, p. 184]. We denote the Lebesgue measure in RV by Ay and set

Ag(t) ={x € Q:u(t,x) >k}, te€(0,T).
Then
|F|L1(0t1]) < e|Du;f |L2 ([0,£1];L2(£2))

ree [ [, (0 1l e+ e+ )
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for all ¢ > 0. Selecting ¢ sufficiently small and assuming x > 1, this together with (4.13), and
(4.14) gives

t1
|u:|%/p([0,t1]xﬂ) < C(v, |l|p,T,p)/0 /A ( )D(t, x)((uﬁ)Q + ,142) dz dt, (4.15)
n(t

where |I|, := |l|Lp([07T]), and
D(t,x) = [b(t,z)* + |g(t, =) |* + |e(t, z)[* + |d(t, z)| + | f(t, )],

and V,([0, 1] x ) is defined as in (2.11). Using Holder’s inequality and (H3) we thus have with
1/r+1/r'=1and 1/g+1/¢' =1 that

[t 13 0.01x9) < CIPlL, 0.0 Lo@) (W) + KX fus s} L0 (00212, ()5 (4.16)

here C'is as in (4.15), and X {,>.} denotes the characteristic function of the set of points (¢, z) €
(0,t1) x © at which u(t,z) > k. We may then estimate, using again Holder’s inequality,

5
! (1+6)

W22, 0.tz @) ST, L s (0] Loy oy @ P s (4.17)
with /
e = SN (A (8) 7 dt cqg>1
Mt € (0,t1) : An(Ak(t)) >0}) :qg=1,
and
_ 26
T2 DN

It is not difficult to verify that, by virtue of (H3), the numbers 7 := 2r/(146) and ¢ := 2¢’(149)
are subject to the condition (2.12) with (r, ¢) being replaced by (7, §). Therefore, using inequality
(2.13), it follows from (4.17) that

]
()L, (0.0):L, @) < CIN @t 3 qo.0yxayie - (4.18)
We may further write
1
162X (usr} L (0L, () = KR - (4.19)
q
Combining (4.16), (4.18), and (4.19) we obtain
S 1,
w3 0.01x0) < Cl|D|LT([0,t1];Lq(Q))(|U§|%/p([o,t1]xsz)ﬂﬁ O K )7 (4.20)
with C(1 - Cl (Vv |l|p7 Tapv Nv Q)
We now choose t; = T//n where n € N is so large that
TETD T < L
CUDIL, (o, mz @pti 7 AN Q)T < o (4.21)
Setting C3 = 2C1|D|y, (jo,17;1, (), inequality (4.20) then implies
a1
[t 3, (0.0)x0) < CaR°ui’ K > FRo := max{ro, 1}. (4.22)

Define the function .
(k) = pi, K> Fo.



We will show that ¢(2M) = 0 provided M > R is sufficiently large. The argument is analogous
to the proof of Theorem 6.1 in Chapter II of [49]. For the sake of completeness we give the
details.

By virtue of inequalities (2.13) and (4.22), we have for any ko > K1 > Rg

(k2 — K1)d(k2) < |u:1|L;([0,t1];L§(Q)) < C(N, Q)|U:1|Vp([0,t1]xsz) < C3H1¢(’<01)1+5= (4.23)

where C5 = CCy. We take k2 = &,41 and k1 = &, with §, = M(2—-2""),n=0,1,2,..., and
M > kg being fixed. This gives

(1) < =3 (e < 4CK2"H(E,)

- §n+1 - gn

which, together with Lemma 2.4.1, shows that the sequence Y,, = ¢(§,), n =0,1,..., will go to
zero as n — oo, provided ¢(&p) is sufficiently small, namely

$(&0) = (M) < (4C5)~Ho271/%, (4.24)

By taking in (4.23) ko = M = m#ko and k1 = Ro, we obtain

¢(/%0)1+6 C3 t(1+5)ﬁ)\N(Q)(H6)/‘7.

C3
p(M) < —— s ——7h

“m-—1

A

Hence (4.24) is satisfied for
m=1+ Cgtgl-’_é)/F)\N(Q)(1+6)/q(403)1/521/§2-
It follows that for this m

esssup u < 2M = 2mKo. (4.25)
[O,tl]XQ

To obtain a bound on the whole time-interval [0, T], we proceed by induction. Using (4.25)
we next derive an estimate on [t1,2¢;], which together with (4.25) is then employed to find an
upper bound on [2t1,3t1], and so forth until we reach T after finitely many steps. Due to the
nonlocalness of the integro-differential operator in time, in each step we have to use the bounds
established in all of the previous steps, that is up to ¢t = 0.

Let Ty € (0, T) and suppose that u € V,, is a weak subsolution of (4.1) in Q7 which is bounded
above on [0, Tp] x Q. Then as above we have

/Q (wat(kn *Uyg) + (hp * [ADu + bu]| DY) — (hy, x [(c|Du) + du])w) dx
< / ([hn * f]ip — (hp x g| DY) + (ug — H)kn) dz, aa.te (Tp,T), (4.26)
Q

for any nonnegative 1 € H}(Q), k € R, and n € N. Recall that k, € H}([0,T]) with derivative
k, < 0. We define

To .
Hyn(t,z) = / [—kn(t — 7)|us(T,2)dr, t € (Tp,T), x € . (4.27)
0
By Jensen’s inequality,
To .
[ Hyon b 2)? < (Kalt = To) = Ea(t)) / [—hea(t — )] | (7, ) dr, (4.28)
0
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which shows that Hy, ,, € La([Tp, T] x ). Therefore we may use the decomposition

t

To
(o 0 (£, 7) = / bt — 7Y (7, 2) dr + /0 bn(t — Tun(r, ) d7,  t € (Ty, T),

To
to rewrite (4.26) as
/ <¢3t/ kn(t — Tuk (T, 2) dT + (hp * [ADu + bu]| D) — (hy * [(c|Du) + du])w) de
Q T
< [ (1o x 510 = (b glD0) + 0o = )l + 0 i, a1 € (T T). (429

We then shift the time according to s = ¢t — Ty. Employing the notation @(s) = v(s 4+ Tp),
s € (0,T — Tp), for functions v defined on (7p,T"), (4.29) becomes

/Q (¢65(kn %) + ((hn % [ADu + bu] | DY) — (B * [(c|Du) + du])w) da

< /Q ([h/n * f17 — ((hn * g)7| DY) + 1p(uo — n)l}n + 1/11?,.@7") dr, a.a.sc (0,7 —Tp).
(4.30)

Setting Ty = t;, we can now argue as above to get an upper bound for u on [t1,2t1] x . We
restrict x to

K > K1 = max{Ro, esssup u} = max{ko, 2mko} = 2mKy,
[0,¢1]x Q2

which entails that ug — k < 0 as well as ﬁ,ﬁyn < 0. Consequently, the terms involving these
functions can be dropped in (4.30). We take ) = @ and use the analogue of (4.9). Convolving
the resulting inequality with [, and sending n — oo then yields

1 . -
3 /(11:)2 dx + 1 * / (ADa|Dut)dr <1+ F, aa.se (0,T—t),
Q Q

which is the time shifted version of (4.11). We conclude that

esssup u < 2mi; = 4m*Ro. (4.31)
[t17t2]><Q
These arguments can now be repeated for the time-intervals [jt1,(j + 1)t1], j = 2,...,n — 1,

thereby obtaining a bound

esssupu < CRo,
Qr

with a constant C' = C(p,q,r, ||y, T, N,v, An(R2),Cp). O

As an immediate consequence of Theorem 4.2.1 and Remark 4.2.1(i) we obtain the global bound-
edness of weak solutions of (4.1) that are bounded on the parabolic boundary of Qr.

Corollary 4.2.1 Let T > 0 and Q C RY be a bounded domain. Assume that the assumptions
(H1) — (H3) are satisfied. Suppose K > 0 is such that |ug| < K a.e. in Q. Then there exists a
constant C = C(p,q,7,|l|z, 0,1, T, N,v,Q,Cp) such that for any weak solution u € f/p of (4.1)
in Qr satisfying |u| < K a.e. on Tr there holds |u| < C(1 + K) a.e. in Q.
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For weak subsolutions (supersolutions) of (4.1) the maximum (minimum) principle is valid in
the subsequent form. Let (H3’) stand for

uo € La(Q), | |ef? + |dl | € Lo([0.71: Ly(®),

where

and
rep,c), qe {%,oo} for N > 2,
rep,2p], ¢ €ll, 0] for N=1.
Theorem 4.2.2 Let T > 0 and Q C RY be a bounded domain. Suppose that the conditions

(H1),(H2), and (H3’) are fulfilled, and assume that b =g =0, f =0, and d <0 in Qr. Then
for any weak subsolution (supersolution) uw € V,, of (4.1), we have for a.a. (t,x) € Qp

u(t,z) < max {O, €sS Sup g, €ss sup u} ( u(t,z) > min {O, essinf ug, essinf u} ),
Q I'r Q T'r

provided this mazimum (minimum) is finite.

Proof. Tt suffices to consider the subsolution case. Note first that Lemma 4.2.1 also holds under
the conditions of Theorem 4.2.2. We take

K = max {0, €ess sup ug, ess sup u}
Q Tr

in (4.11), assuming that this quantity is finite. By the assumptions on the coefficients and data,
we have

F(t) <G(t) := /Q(C|Du)u§ dz, a.a.te(0,T).

We may then argue similarly as in the proof of Theorem 4.2.1 to find that for any ¢; € (0, 7]

[t 3 0.00x0) < CW Ly 0.1y, 2> TG Ly (0.1

and thus

w5 (0.02]x6) < CW 1y, py T)’|C|2 ))|u:|%2T/([0,t1];L2q/(Q))' (4.32)

L. ([0,t1];Lq(2
By (H3’), the numbers 21’ and 2¢’ are subject to the condition (2.12). Therefore, using inequality
(2.13), we deduce that

|U:|%/p([o,t1]xgz) < Co’|0|2‘L ( ))|U:|%/p([o,t1]xsz)=

[0,t1];Lq (2

with a positive constant Cy = Co(v, |l|p, p, T, N, q). For t; satisfying the condition

<1

Co|lel
Ly ([0,t1];L4 ()

we then obtain

13 (10,61x) < 0,
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that is u < k a.e. in (0,t1) X Q. To establish this inequality on Q7 we proceed by induction as in
the proof of Theorem 4.2.1, using the fact that the function Hy, , defined in (4.27) is nonpositive
on (Ty,T) whenever u < k a.e. in (0,Tp) x Q. O

We remark that in the time fractional case the maximum principle stated above was recently
reproved in [53] for classical solutions.

In all of the previous results we assumed that the kernel ! belongs to L,([0,7]) for some
p > 1. It turns out that the maximum principle still holds when this assumption is dropped and
in addition we have ¢ = 0.

Theorem 4.2.3 Let T > 0 and 2 C RY be a bounded domain. Suppose there exists | €
L1 10c(Ry) such that (k,1) € PC. Let further (H2) be satisfied, and assume that ug € La(2),
b=c=g=0, f=0, and 0> d € Loo([0,T]; Ly(2)), where ¢ € [N/2,00] for N >3, q € (1, 9]
for N =2, and q € [1,00] for N = 1. Then for any weak subsolution (supersolution) u € Vy of
(4.1), we have for a.a. (t,x) € Qp

u(t,z) < max {O, €ess sup uyg, €ss supu} (u(t, x) > min {O, essinf ug, ess infu} ),
Q I'r Q T'r

provided this mazimum (minimum) is finite.

Proof. We proceed as in the proof of the preceding theorem. Observe that the assumptions on
d ensure that duu; € Li(Qr). Since ¢ = 0, we have this time F' < 0 a.e. in (0,7), and hence
(Vi(Qr) = La([0,T); H3(2)))

|u:|%/l([07T]XQ) <0, with k= max {O,ess;upuo,es?supu},
T

which immediately implies the assertion. 0

We remind the reader that in Example 2.2.2 it was shown that the case p = 1 can occur, that
is, there exist pairs (k,l) € PC such that for any p > 1 and T > 0 the kernel [ does not belong
to L,([0,T7).

4.3 Quasilinear equations

In this section we extend the previous results to quasilinear equations of the form (4.2) with
suitable structure conditions. This is possible, as also known from the elliptic and parabolic
case, since the test function method used above does not depend so much on the linearity of the
operator £ but on a certain nonlinear structure.

Let (H1) hold, and ug € La(f27). We will assume that the functions a : Qp x RNT1 — RV
and b: Qp x RVl - R are measurable and satisfy

(Ql) (a(t,x,ﬁ, 77)|77) > CO|77|2 - CO|§|’Y - @O(tv'r)v
(Q2) |@(ta17a5777)| < Cl|77| +Cl|€|:y+</71(tax)a
(Q3) bt 2, & m) < Calul T+ cal¢ T+ alt ),

for a.a. (t,z) € Qp, and all £ € R, n € RY. Here C;,¢;, i = 0, 1,2, are positive constants, and
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(Q4) The parameter v lies in the range
2<~vy<2y, withy:=

(Q5) The functions ¢;, ¢ = 0,1,2, defined on Qp are nonnegative, p; € La(Qr), and g, @2 €
L;(Q2r), where
1/, N PO
- —)=1- 0,1].
(j(p+2) B, Be(01]
A function u € Vj, is called a weak solution (subsolution, supersolution) of equation (4.2) in

Qr, if a(t,z,u, Du) and b(t,z,u, Du) are measurable, and for any nonnegative test function
n € Hy" (Qr) with nfe—r = 0 there holds

/ / — e[k * (u — uo)] + (a(t, z,u, Du)|Dn) — b(t, z,u, Du)n) dedt=(<,>)0. (4.33)

One verifies using (2.13), which shows V}, < Lo5(2r), and Holder’s inequality that under the
above structure conditions this definition makes sense, see also the estimates below.

Theorem 4.3.1 Let T > 0 and Q C RY be a bounded domain. Let ug € Lo(RY), and assume
that (H1), (Q1)-(Q5) are satisfied. Let q be a fized positive number such that

(7—2)(p’+g) <q<2y.

Suppose further that K > 0 is such that ug < K a.e. in . Then any weak subsolution u € f/p of
(4.2) satisfying u < K a.e. on I'r is essentially bounded above in Qr by a constant C depending
only on the data, q, and |u|Lq(QT). In the case v = 2, the constant C' depends only on the data.

An analogous result holds for supersolutions that are bounded below on the parabolic boundary,
c.p. Remark 4.2.1(i) in the linear case.

Proof of Theorem 4.3.1. We proceed as in the linear case. Note first that one can easily prove
a result analogous to Lemma 4.2.1. Following the lines in the proof of Theorem 4.2.1 we obtain
for k > ko (see (4.7)), by means of the assumed structure conditions,

ty
i} <c[ [ |
Vp([0,t1]x Q) 0 An(t)

where the constant C' depends only on |I|,, T, p and the constants appearing in (Q1) and (Q3).
The first term on the right is estimated using Young’s inequality,

(y=1)
T+ Ju[ 77+ @z}u: + |u]” + <po) dz dt, (4.34)

( )
1Dul ™5 uf < elDul? + Ce)(wh), &> 0.

Hence, choosing ¢ sufficiently small, the gradient term can be absorbed by the left hand side in
(4.34). Setting p, = |)\N(An('))|L1([0,t1])a

6:21—2(7—2)(17'4-%)6(0,1], and § = 28

20/ — 1)+ N’
we further have (c.p. [49, p. 425, 426])

[ s < el oo

—(v=2)
+12 s g 2
< NNl oy (151 o xpptn ™" + K2t T ) (4.35)
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Recall that V,, < La5(Qr), so [u|L, ) is finite.
As in the proof of Theorem 4.2.1 we may estimate, with the aid of (QS),

L
/ / (p2ut + o) dzdt < C(N,§)le2 + ¢olr,r) (|u |Vp (0.1 ><Q),U% TOTH + k2 ), (4.36)

provided that x > 1; here ¢ is defined as § with § replaced by (. From (4.34)- (4.36) and the
trivial inequality p, < t1An(Q2) we then infer that

, min{q(’g%);/})’ )

2 2
[t [V, (0,) %00 < O(|u:|\/p([0,t1]><52)tl1) + K s

where

— min o(g—~v+2) 5
a { (1+0)q ’q'(1+5)}

and C depends on the data (including Ay (€2)), ¢, and on |u|z (q,); in the case v = 2 the constant
C depends only on the data. Choose ¢; so small that C’tf < % Then

min{#ﬁ%}
b

[l 5 (0.0 x52) < 20K K 2 Fo = max{ro, 1}.

Defining ¢(k) = 1/q , kK > Ko, with

2(1+8)g . a=(y=2)
g=< =0=2 q
2¢/(1+4): =0=2 > 1

\|)—A*Q\|>—I

q

we may then proceed exactly as in the proof of Theorem 4.2.1, thereby establishing first an upper
bound on (0,%1) x Q, and then also on Q, by an analogous induction argument. (]

The maximum principle holds in the following form.

Theorem 4.3.2 Let T > 0 and Q C RY be a bounded domain. Suppose there exists | €
L1 10c(Ry) such that (k,1) € PC. Suppose further ug € L2(Q), (Q1) with co = 0 and @9 = 0,
as well as (Q2) with 1 € La(Qr), and assume that b = 0. Then for any weak subsolution
(supersolution) u € Vi of (4.2), we have for a.a. (t,x) € Qr

u(t,z) < max {O, €ess sup Uy, €ss supu} ( u(t,z) > min {O, essinf ug, essinf u} ),
Q 't Q I'r
provided this mazimum (minimum) is finite.

Proof. The proof is analogous to that of Theorem 4.2.3. O

Finally we consider the case of 'natural’ or Hadamard growth conditions with respect to |Dul.
Suppose for simplicity that

(Q) (a(taxafvn”n) > OO|77|27 |a(taxa€7n)| < Cl|77|7 |b(taxa€7n)| < CQ|77|25

for a.a. (t,z) € Qp, and all £ € R, n € RY, where C;, i = 0,1,2 are positive constants. In the
classical parabolic case one knows that weak solutions of the corresponding problem under the
conditions (Q) are in general not bounded. However there exist results (also in a more general
situation) providing L., bounds in terms of the data under the additional assumption that the
weak solution is bounded, see e.g. [49, Chapter V, Theorem 2.2]. It turns out that analogous
results can be proved for (4.2). Here we only formulate such a result in the case where (Q) holds.
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Theorem 4.3.3 Let T > 0 and Q C RY be a bounded domain. Suppose there exists | €
L1 10c(Ry) such that (k,1) € PC. Suppose further ug € Loo(Q2), and that (Q) is satisfied. Then
for any bounded weak solution u € V1 of (4.2),

[ul Lo (r) < maX{|Uo|Lm(Q), GSSfSUP |u|}-
T
Proof. We proceed as in the proof of [20, Theorem 17.1]. Set
Ko = {|U0|Laxsn,esssup|u|}7
I'r

and assume that K := esssupq, u > ro. We then take test functions u,} where k = K —e > ko,
€ > 0, and estimate as above. By (Q) we obtain

[ By ) < C(Co, Co)|1Dei P

< £C(Co, Co)| | Duf

Li(Qr) Ly (Qr)

Thus if ¢ is sufficiently small, we have |u¢|%/1(QT) < 0, that is u < k < K ae. in Qp, a
contradiction. Hence, u < kg a.e. in Q. The lower bound is proved analogously. O

4.4 Degenerate and singular problems

We conclude this chapter by stating a very recent result obtained in [76] to demonstrate that
the theory developed in this chapter can be extended to quasilinear problems with a so-called
p-structure. For the sake of simplicity we restrict ourselves to the situation with fractional
dynamics. An important special case then is the following time fractional p-Laplace equation

97 (u — ug) — div (|DulP~?Du) = f in Qr, (4.38)
with a € (0,1) and p > 1. The following result was proved in [76, Theorem 1.2].

Theorem 4.4.1 Leta € (0,1),p>1, T >0, and Q C RY be a bounded domain. Suppose that
ug € Loo(Q) and that f € Ls(Qr) with s > % + % Let further ¢ > 1 be a fized number satisfying

N N 1
s>—+44q >—+—. (4.39)
p p «

Then for any (appropriately defined) weak solution u of (4.38) in Qr which is essentially bounded
on I't there holds

|u|Loo(QT) < C(N7p7 Q, s, |f

Lo@r) Ty |, max{|uol__ () esstup |ul}).
T

Corresponding results in the case a = 1 are well-known, see the monograph [20].
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Chapter 5

The weak Harnack inequality

5.1 Introductory remarks and the weak Harnack estimate

Let T > 0 and € be a bounded domain in RY. In this chapter we will prove a weak Harnack
inequality for nonnegative weak supersolutions of the time fractional diffusion equation

O (u —ug) — div (A(t,z)Du) =0, te€ (0,T),z€Q, (5.1)
where a € (0,1). We will assume that

(H1) A€ Loo(Qr; RY*N) and
N
> lai(t,2)? < A%, for aa. (t,x) € Qr.
ij=1
(H2) There exists v > 0 such that
(At z)€|€) > v[€)?, for a.a. (t,z) € Qp, and all £ € RY.

(H3) ug € LQ(Q)

We say that a function u is a weak solution (subsolution, supersolution) of (5.1) in Qr, if u
belongs to the space

So={ve L 2 ,([0,T]; L2(Q)) N L2([0, T]; Hy(2)) such that
gi—a ¥ v € C([0,T7; L2(2)), and (g1—a * v)|t=0 = 0},

and for any nonnegative test function
n € Hy'(Qr) = Hy([0,T]; La(Q)) N Ly([0, T1; Hz (2))

with n|;=7r = 0 there holds

T
/ / ( — M[g1—a * (U — ug)] + (ADu|D77)) dzdt = (<, >)0. (5.2)
0 Ja
Recall that L,, ., stands for the weak L,, space.
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Existence of weak solutions of (5.1) in the class S, follows from Corollary 3.4.1. Notice that
the regularity class for weak solutions differs slightly from the one considered in Section 4.2. For
the specific kernels k = g1_, and | = g, it is more natural to work with the weak L, space as
ga € L ,([0,T)) but go ¢ L_1_([0,T]). We have So C V_r___ forall 0 < e < 2.

T = ———c

To formulate the main result of this chapter, let B(z,r) denote the open ball with radius

r > 0 centered at 2 € R". In this chapter, the Lebesgue measure in R is denoted by uy. For
§€(0,1),t9 >0, 7 >0, and a ball B(zg, ), define the boxes

Q_(t0,$0,T) = (to,to + 5TT2/a) X B(,To,é’l“),
Q+(to, w0, 1) = (to + (2 = 8)7r®/* to + 277%/*) x B(wo, 7).

Theorem 5.1.1 Let o € (0,1), T > 0, and @ C RY be a bounded domain. Suppose the
assumptions (H1)-(H3) are satisfied. Let further § € (0,1), n > 1, and 7 > 0 be fized. Then for
any to > 0 and r > 0 with to + 2%/ < T, any ball B(zg,nr) C Q, any 0 < p < ﬁ%,
and any nonnegative weak supersolution u of (5.1) in (0,to + 27r/*) x B(xo,nr) with ug > 0 in
B(zg,nr), there holds

1 / 1/p
uP dpy ) <C essinf w, 5.3
(MN+1(Q—(t07$0,7°)) Q_ (to,zo,r) i Q+(to,xo,m) (5:3)

where the constant C = C(v, A, d,7,m,a, N, p).

Theorem 5.1.1 will be proved in Sections 5.2-5.5. It states that nonnegative weak supersolutions
of (5.1) satisfy a weak form of Harnack inequality in the sense that we do not have an estimate
for the supremum of u on Q_(tg,zo,r) but only an L, estimate. In Section 5.6 we will show
that the critical exponent ﬁ% is optimal, i.e. the inequality fails to hold for p > %

Theorem 5.1.1 can be viewed as the time fractional analogue of the corresponding result in
the classical parabolic case « = 1, see e.g. [51, Theorem 6.18] and [74]. Sending a@ — 1 in the
expression for the critical exponent yields 1+ 2/N, which is the well-known critical exponent for
the heat equation. We would like to point out that the statement of Theorem 5.1.1 remains valid
for (appropriately defined) weak supersolutions of (5.1) on (to,to + 277%/%) x B(xo,nr) which
are nonnegative on (0,ty + 2772/ ) x B(zg,nr). Here the global positivity assumption cannot
be replaced by a local one, as simple examples show, see Section 8.3. This significant difference
to the case a = 1 is due to the non-local nature of 05*. The same phenomenon is known for
integro-differential operators like (—A)® with « € (0,1), see e.g. [41].

As a simple consequence of the weak Harnack inequality we derive the strong maximum
principle for weak subsolutions of (5.1), see Theorem 5.7.1 below. As a further application of
the weak Harnack inequality we obtain a theorem of Liouville type, see Corollary 5.7.1 below.
It states that any bounded weak solution of (5.1) on Ry x RY with uy = 0 vanishes a.e. on
R+ X RN

In the classical parabolic case boundedness and the weak (or full) Harnack inequality imply
an Holder estimate for weak solutions, cf. [20], [49], [51], [57]. We also refer to [29] and [56] for
the elliptic case. In the present situation one cannot argue anymore as in the classical parabolic
case, due to the global positivity assumption in Theorem 5.1.1. The same problem arises for the
fractional Laplacian, see [70]. However, in our case it is possible to establish at least continuity at
t = 0. This is done in Theorem 5.7.2 in the case uo = 0. It is shown that in this case any bounded
weak solution u of (5.1) is continuous at (0, o) for all 2o € Q and lim; z)—(0,z,) u(t, z) = 0. Thus
for such weak solutions the initial condition u|t—o = 0 is satisfied in the classical sense.

Our proof of Theorem 5.1.1 relies on a priori estimates for time fractional problems, which
are derived by means of the fundamental identity (2.6) for the regularized fractional derivative.
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It further uses Moser’s iteration technique and Lemma 2.5.3 of Bombieri and Giusti [4], which
allows to avoid the rather technically involved approach via BM O-functions. This simplification
is already of great significance in the classical parabolic case, see Moser [58] and Saloff-Coste
[66].

We point out that the results obtained in this chapter can be easily generalized to quasilinear
equations of the form

O (u — up) — diva(t, z,u, Du) = b(t, z,u, Du), t € (0,T), z € Q, (5.4)

with suitable structure conditions on the functions @ and b. This is possible, as also known from
the elliptic and the classical parabolic case, since the test function method used in the proof of
Theorem 5.1.1 does not depend so much on the linearity of the differential operator w.r.t. the
spatial variables but on a certain nonlinear structure, cf. [29], [51], and [74].

We further remark that in the purely time-dependent case, that is for scalar equations of the
form

O (u—ug)+ou=0, te(0,7),

with ¢ > 0, a weak Harnack inequality with optimal exponent ﬁ was proved in [83] for

nonnegative supersolutions, see Section 8.1 for the precise statement. As a curiosity, note that
putting N = 0 in the expression ﬁ% results in the critical exponent from the purely time-
dependent case.

5.2 The regularized weak formulation, time shifts, and
scalings

The following lemma provides the regularized weak formulation of (5.1), with the singular kernel
g1—o being replaced by the kernel g1_q., (n € N) given by

9g1—an = NSan = ha,n *J1—a-
Here s, and hg,, are the unique solutions of the scalar-valued Volterra equations

Sﬂéyn(t) + TL(Sa_rn * gﬂé)(t) = 17 t > 07 ne Na
hon(t) +n(han * go)(t) = nga(t), t>0,n €N,

cf. Section 2.2. In what follows « € (0,1) is fixed, so we may put Ay, := hqpn, n € N.

Lemma 5.2.1 Let a € (0,1), T > 0, and Q C RY be a bounded domain. Suppose the assump-
tions (H1)-(H3) are satisfied. Then u € S, is a weak solution (subsolution, supersolution) of
(5.1) in Qr if and only if for any nonnegative function 1 € H3(Q) one has

/ (1/1515[91—(1,11 x (u— ug)] + (hy, * [ADu]|Dz/J)) der = (<, 2)0, a.a.te(0,T),neN.

Q

Lemma 5.2.1 is a special case of Lemma 4.2.1 except for the slightly different regularity class for
weak solutions. The proof is the same.

Let u € S, be a weak supersolution of (5.1) in 7 and assume that ug > 0 in Q. Then
Lemma 5.2.1 and positivity of g1—q,, imply that

/ (1/)(%(91,(1_,1 k) + (hp * [ADu]|D1/))) dr >0, aa.te(0,T),neN, (5.5)
Q
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for any nonnegative function ¢ € Ha ().
_ Let now t; € (0,T) be fixed. For t € (t1,7) we introduce the shifted time s =t —¢; and set
f(s) = f(s+t1), s € (0,T —t1), for functions f defined on (¢1,7). From the decomposition

ty

t
@1 x 0(6:0) = [ granlt=Dulro)dr+ [ gan(t=Duraydn, te (0,1)
t1 0

we then deduce that
t1
Or(g1—om * 0)(t7) = Da(g1—cm * 1) (5, 7) + / Doam(s + 1 —Tu(r,2)dr.  (5.6)
0

Assuming in addition that « > 0 on (0,¢1) x Q it follows from (5.5), (5.6), and the positivity of
v and of —g1_q,, that

/Q (1/)85(91,0‘7” # @) + ((hn [ADu])~|D1/))) de >0, aa.s€(0,T—1t1),neN, (5.7)

for any nonnegative function i € H21 (©). This relation will be the starting point for all of the
estimates in the next two sections.

We conclude this section with a remark on the scaling properties of equation (5.1). Let
to,7 > 0 and xop € RY. Suppose u € S, is a weak solution (subsolution, supersolution) of (5.1)
in (0,t0r?/*) x B(zg,r). Changing the coordinates according to s = t/r?>/® and y = (z — x¢)/r
and setting v(s,y) = u(sr?/*, zo + yr), vo(y) = uo(zo + yr), and A(s,y) = A(sr?/* o + yr),
the problem for u is transformed to a problem for v in (0,¢y) x B(0,1), namely there holds with
D = D, (also in the weak sense)

0% (v —vg) — div (A(s, y)Dv) = (<, 2)0, s€(0,t), y € B(0,1). (5.8)

5.3 Mean value inequalities

For o > 0 we put 0 B(x,r) := B(z,0r). Recall that uy denotes the Lebesgue measure in RY.

Theorem 5.3.1 Let o € (0,1), T > 0, and Q C RY be a bounded domain. Suppose the
assumptions (H1)-(H3) are satisfied. Let n > 0 and 0 € (0,1) be fized. Then for any to € (0,T]
and r > 0 with to —nr2/® >0, any ball B = B(zg,r) C Q, and any weak supersolution u > e >0
of (5.1) in (0,tg) X B with ug > 0 in B, there holds

Cun1(U1) ™!

/vy
T oy ) W,y §<o <o<l1,ye(0,1].

€ss sup ut < (
U,

Here Uy, = (tg — onr?/® tg) x 0B, 0 <0 <1, C = C(v,A,8,n,a,N) and 19 = 19(cr, N).

Proof: We may assume that » =1 and 9 = 0. In fact, in the general case we change coordinates
ast — t/r?/* and © — (x — x0)/r, thereby transforming the equation to a problem of the same
type on (0,t9/r2/*) x B(0,1), cf. Section 5.2.

Fix ¢’ and o such that § < ¢’ < ¢ <1 and put B; = 0B. For p € (0,1] we set V, = Up,.
Given 0 < p’ < p<1,let t; =tg—pon and ty = tg— p'on. Then 0 < t; < to < tg. We introduce
further the shifted time s = ¢t —t; and set f(s) = f(s+1t1), s € (0, —t1), for functions f defined
on (t1,tp). Since ug > 0 in B and w is a positive weak supersolution of (5.1) in (0,t) x B, we
have (cf. (5.7))

/B (vas(gl,am w11) + ((hn % [ADU])~|DU)) dz >0, aasc(0ty—t),neN, (59
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for any nonnegative function v € H3(B). For s € (0,p — t1) we choose the test function
v =20" with 8 < —1 and v € C¢(By) so that 0 < < 1, = 1 in p'By, suppy C pBy, and
|Dy| < 2/[o(p — p')]. By the fundamental identity (2.6) applied to k = g1_q,» and the convex
function H(y) = —(1+ B8)~'y' 4, y > 0, there holds for a.a. (s,z) € (0,t9 —t1) x B

) . 1 ey, (BT
—U s(glfa,n * ’U,) > — m 35(91704,71 *U ) + 1+ ﬁ — U g1—a,n
1 B
= —— 0y(g1_an*xu'TF) - 0P 5.10
155 (g1—amx@ ") T e (5.10)

We further have
Dv = 29Dy @® + gyl Da.

Using this and (5.10) it follows from (5.9) that for a.a. s € (0,¢y — t1)

- V205 (g1—am * @) de + 18] [ ((hn * [ADY])" |9?3” ' Da) da
1+ 6 B Bi
< 2/ ((hn % [ADu])" [ Dy @) dz + B V2 g1 _gn da. (5.11)
By 1+ ﬁ B,

Next, choose ¢ € C*([0,t9 — t1]) such that 0 < ¢ < 1, o = 0 in [0, (t2 — ¢1)/2], ¢ = 1 in
[ta — t1,t0 — t1], and 0 < ¢ < 4/(t2 — t1). Multiplying (5.11) by —(1 + 3) > 0 and by ¢(s), and
convolving the resulting inequality with g, yields

/B o * (90s(g1—am * 20" 1P))) dz + B(1 + B) ga * /B ((hyy * [ADu])"[*@° ' Dat)p da

< 2|1+ S| ga * / ((hn * [ADu))™ |4 D) &B)cpdac + 15| go * ¢2&1+Bgl_a,ng0 dz, (5.12)
Bl Bl

for a.a. s € (0,tp — t1). By Lemma 2.3.4,

/B 9ot (90s(g1—am * V2@ 1F))) do > / ©ga * (0s(g1—am * W20 7))) do

B
— [ a5 =60 (g1 = [ 020 ) (o) o (5.13)
0 B,

Furthermore, by virtue of
Gi—an * (W2 ] € oHi ([0, t0 — t1]; L1 (B1))
and g1—a,n = gi—a * hy as well as go * g1—o = 1 we have
ga * Ds(g1-an * V20 H7]) = Bs(ga * groam * (WP F7)) = by x (20 7). (5.14)

Combining (5.12), (5.13), and (5.14), sending n — oo, and selecting an appropriate subsequence,
if necessary, we thus obtain

/ oV* P de 4+ B(1 + ) ga * / (ADaly*a” ' Da)p da
B

B,

< 2|1+ f ga */ (ADalyDy @) pdz + |8 ga * | ¢*0' P apda
Bl Bl

+ /0S 9a(s — 0)p(0) (g1—a * /B1 Pratts dz)(0)do, a.a.s e (0,tg —t1). (5.15)
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Put w = . Then Dw = %" Dii. By assumption (H2), we have

B+ B) ga */B (AD@|¢2ﬁﬁ—1Da)<pdx >vB(1+B) ga */ o*aP Y Da)? da

By
4vp 9 9
= —— (o D . 1
I ﬁg */Bl<p1/)| w|® dx (5.16)

Using (H1) and Young’s inequality we may estimate

T - o~ L
2| (ADaly Dy @) p| < 20| Dy| | Ditfi’ o —2A¢|D¢||Du| ety

< V|6| 1/)2@|Dﬁ|2ﬁﬁ71+ A2|D’¢)|2(/7'&ﬁ+1

- m
2v|| 2 2 2 2 2
= —— Dwl|* + —A D w”. 5.17
(1+ﬁ)21/1<ﬂ| | o] | DY (5.17)
From (5.15), (5.16), and (5.17) we conclude that
/ op?w? dr + 2v15| */ V| Dw|*dr < go % F, a.a.s € (0,tg—t1), (5.18)
B, T+ 8 %"
where
2A2[1 +
F(s) = 2o [ 1Duon? do+ Blets)gi-als) [ vPutds
V|ﬁ| B B

+ () (91-a * Y*w?dr)(s) >0, aa.se (0t —t).
B,

We may drop the second term in (5.18), which is nonnegative. By Young’s inequality for convo-
lutions and the properties of ¢ we then infer that for all p € (1,1/(1 — «))

to—1t1

to—ts 1/p
/ dx)p ds) < |ga|Lp([01t0,t1]) F(s)ds, (5.19)
Bi 0

to—t1
where

(to— >V e
L(a)[(a=1)p+ 117 = T(a)[(a = 1)p+ 1J1/P
We choose any of these p and fix it.

Returning to (5.18), we may also drop the first term, convolve the resulting inequality with
g1—« and evaluate at s =ty — t1, thereby obtaining

|9a| L, ([0,to—t1]) = =: C1(a,p,n). (5.20)

to—t1 1 to—t1
/ 1/)2|Dw|2d:z:ds§ L+ 5] F(s) ds. (5.21)
to—t1 2v|8] Jo
Usi
Slng t() tl t() t1
/ D(ypw)|[*drds < 2 (¥*|Dw|?* + | DY|*w?) dx ds
to—t1 B to—11 B,

we infer from (5.19)—(5.21) that

L+8N (770
|¢ | »([ta—t1,t0—t1]x B1) <2(Cl(a pﬂ?)—f— V|6| ) ) F(S)ds

to—t1
+ 4/ / | Dap|?w? dz ds. (5.22)
0 B,
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We will next estimate the right-hand side of (5.22). By the assumptions on ¢ and ¢, and
since |3] > 1, we have

to—t1 4 to—t1
/ / | Dap|Pw? do ds < s / / w? dx ds
0 B o (P 0% Jo pB1

and
8A2[1 + f 2
PO < (g el —m)/2) [ wt e
+ 1 (91-a */ w?dz)(s), aa.s€ (0,to—t).
t2—t1 pB1

Recall that o > § > 0. So we have

to—t1 2 «a to—t1
/ F(s)ds < ( SALEAL 2751 )/ / w? da ds
0 voX(p—p')?  TA—a)p—p)*(on>/ )y B
4 to—t1 )
4+ — —alto—1 —T/ w(r,z)* drdr
(p—p’)an/o g2-alfo —t1 —7) 0By (r.2)

141 fo—t1
S C(V,A,(s,?'],og) +| _|/_§| / w2dCCdS
(p - p) 0 pB1

Combining these estimates and (5.22) yields

1+ 1+ 0] »
Al

p |L2([0,t0—t1]><pBl)'

|¢w|vp([t2—t1,t0—t1]><81) S O(V? A7 57 777 a7p)

We apply next the interpolation inequality (2.15) to the function ¥w and make use of ¢ = 1 in
p' By to deduce that

1+[1+ 8|
? W[,

B+1

where the number £ > 1 is given in (2.14). Since w = @ 2 and by transforming back to the
time ¢, we see that (5.23) is equivalent to

4Bk L Ca+1+ _ 1
(/V w1 gy ) SM(/\/ a8 g )
of

|w|L2,§([t27t1,t07t1]Xp,Bl) S C(U7A757n7a7p7N) [O,toftl]XpBl)7 (5'23)

p—r .

with C = C(v, A, 8,1, o, p, N). Hence, with v = |1+ 1],

_ C2(1+ )2\, _
lu™ L, v, < (W) Wi, v,), 0<p <p<1, y>0.

Employing the first Moser iteration, Lemma 2.5.1 (with p = 1), it follows that there exist
constants My = My(v, A, 6,1, a,p, N) and 79 = 79(k) such that

M, 1/
esssupu ! < (70) lu™'r, ) forall 6€(0,1), v € (0,1].
Ve (1 - 9)70 K

Thus if we take § = 0’ /o and notice that




we obtain

_ My L.
esssup™! < (=05 ) e s vE @1

Hence the proof is complete. (|
We put (cf. (2.14))

2+ Na
24+ Na —2a’

x

=R (a) =

Theorem 5.3.2 Let a € (0,1), T > 0, and  C RY be a bounded domain. Suppose the

assumptions (H1)-(H3) are satisfied. Let n >0 and 6 € (0,1) be fized. Then for any to € [0,T)

and 7 > 0 with to +nr?/* < T, any ball B = B(zo,7) C Q, any po € (0, %), and any nonnegative
weak supersolution u of (5.1) in (0,to +nr?/®) x B with ug > 0 in B, there holds

C U=\ 1/v=1/po B

|U|LPO(U;,) < (%) lulr ), 6<0 <o<1,0<vy<po/k.

Here U = (tg,to + onr?/®) x oB, C = C(v, A, 8,1, a, N, po), and 10 = 10(cr, N).

Proof: We proceed similarly as in the previous proof. Without restriction of generality we may
assume that pg > 1 and r = 1. By replacing u with v 4+ ¢ and ug with ug + € and eventually
letting € — 0+ we may further assume that u is bounded away from zero.

Fix o/, o such that 6 <o’ <o <1 and put By = oB. For p € (0,1] we set V, = U,,. Given
0<p <p<1 letty =tg+ p'onand ty = tog + pon, so 0 <ty < t1 < to. We shift the time by
means of s =t — to and set f(s) = f(s+1tg), s € (0,t — to), for functions f defined on (to, o).

We then repeat the first steps of the preceding proof, the only difference being that now we
take 3 € (—1,0). Note that, as a consequence of this, (5.10) simplifies to

1

_~585(91,a1n * ’&) Z — m 85

(G1—am*@'P), aa. (s,x) € (0,ty —ty) x B,
hence we obtain with ¢ € C}(Bj) as above
1 - 122 B—1 Ty~
173 205 (g1-am @) dz + |B] | ((hn % [ADu])" [*@’ "' D) da
Bl Bl

< 2/3 ((hn % [ADU)) 9Dy @?) dz,  a.a.s € (0,t2 — to). (5.24)

Next, choose ¢ € C1([0,t2 — tg]) such that 0 < ¢ < 1, ¢ = 1 in [0,t1 — to], » = 0 in
[t1 —to+ (t2 —11)/2,t2 — to], and 0 < —p < 4/(t2 — t1). Multiplying (5.24) by 1+ 3 > 0 and by
©(s), and applying Lemma 2.3.3 to the first term gives

[ g * [p02a ) da + (811 + B) / (ADaly? ' Dit)p da
B1 B,

< / an(s — o) (0(s) — 0(0)) ([ w2+ de) (o) do
0

B

+2(1+5) /B (ADa|y Dy @) da + Ru(s), aa.se (0,62 — to), (5.25)
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where

Ra(s) = =131+ 5) [ (b, *[ADul)” = AD}v?*a" 1 Di)pda
+2(1+p) /B ((hn % [ADu])” — ADu|y Dy @°)pdr, a.a.s € (0,2 —to).

. . B+1
We set again w = o 2

(5.17), to the result

and estimate exactly as in the preceding proof, using (H1), (H3) and

2
- O0s(g1—a,n * [@1/)2102]) dx + M <p1/)2|Dw|2 dx
B 1+ 8 Jp,

< / i1an(s — ) (0(5) — 0(0)) ( /B Wt da) ) do

2A%(1 4 )
v| 8]

Recall that g1—nn = g1—a * hy. Putting

/ | DY 2ow? dz + Ry (s), a.a.s € (0,t2 — to). (5.26)
B,

W(s) = /B (5 (x)2u(s, 2)? da

and denoting the right-hand side of (5.26) by F,(s), it follows from (5.26) that
Gn(s) := 0 (hy * W)(s) + Fo(s) >0, a.a. s € (0,ty —to).
By (5.14) and positivity of h,,, we have
0 < hy*«W =gq*x08(hp*xW) < go*Gp + ga * [—Fn(s)]+

a.e. in (0,t2 — to), where [y]+ stands for the positive part of y € R. For any p € (1,1/(1 — «))
and any t. € [ta — tg — (t2 — t1)/4,t2 — to] we thus obtain by Young’s inequality

e % W10, < 19alz,(0,6.) (1Galyo.0.) + = Fal+ 1y 0,.0)) - (5.27)

Since t. <ty —tg < n, we have |ga|z,(0,t.)) < C1(a,p,m) with the same constant as in (5.20).
By positivity of Gy,

Ly

IGnlLy(0.6.) = (G1—am * W)(t) + [ Fn(s)ds.
0

Observe that R, — 0 in Li([0,t2 — to]) as n — oo. Hence |[~Fy]1|r,(0,t]) — 0 as n — oc.
Further,

B,

/ / 31an(s — o) (0(s) — 0(@)) ( / V2P da) (o) do ds
0 0
- / 1anlts — o) (1) — (@) ( [ VPP dr) (o) do
0 B1

_ /Ot’;b(s) ‘/Osgl_a)n(s - 0)(/31 V?u? d) (o) do ds
_/Ot’;b(s) /Osgla_,n(s_a)(/Bl V2u? dz) (o) do ds,

IN
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since ¢ is nonincreasing. We also know that g1—qn* W — g1_o * W in L1 ([0, t2 — to]). Hence we
can fix some t, € [ta —to— (t2 —t1)/4,t2 —to] such that for some subsequence (g1—q,n, *W)(ts) —
(g1—a * W)(ts) as k — oo. Sending k — oo it follows then from (5.27), the preceding estimates,
and from ¢ = 1in [0,¢; — to] that

(/ot1 to(/B [¥(2)w(s,z)]* dx)P dS)l/p < Ci(a, p, n)((glfa * W)(t) + |F|L1([07t2_t°]))’ (5:28)

with
2A%(1 + )

v|g]

On the other hand, we can integrate (5.26) over (0,%,) and take the limit as k — oo for the
same subsequence as before, thereby getting

F(s) = | Dot de =)o [ vutda)(o)

By

t1—to
/ V2| Dwl deds < =L ((gl_a « W () + |F|Ll([07t2,t0])). (5.29)
0 Bq 2 |6|

Arguing as above (cf. the lines before (5.22)), we conclude from (5.28) and (5.29) that

to—1o
|¢w|\/(0t1 to]xB1) = / /B|D¢|2w2d:vds
+2(Cienm) + o) (e W)+ Plisgorson)- (5.30)

Since Y = 0 in [tl — to + (tQ — tl)/2,t2 — to] and te € [t2 - to - (tQ — tl)/4,t2 — to], we have

to—to
oo W) Sga(ta-u)a) [ wutacas

4 ta—to 9
= w* dx ds.
L1 —a)(p — p)*(on) /0 /pBl

to—to 9 o 4 to—to )
|Dyp|“w* dx ds < 7/ / w* dx ds.
A A b

The term |F|r, ([0,t,—t,]) 18 estimated similarly as in the proof of Theorem 5.3.1 (cf. the lines
that follow (5.22)). We obtain

Further,

L+O+6)/”t7’ )
F —to) < Cv, A 6,n, ) ————= w* dz ds.
| |L1([0,t2 to]) = ( n ) |ﬁ|(ﬂ — p/)g 0 B

Notice the additional factor |3| in the denominator. Combining these estimates we deduce from
(5.30) that

1+ (1+5)
|ww|Vp([07t1—t0]XB1) S O(V5A757777a7 )w | |L2( Otz to]XpBl)

By the interpolation inequality (2.15) and since ¢ = 1 in p’ By, this implies for all § € (—1,0)

1+ 1+ 4
|w|L2~([O,t1—t0]><p/Bl) < C(V,A,(S,T],Oé,p, N) |ﬁ|( ) | |L2(0t2 to]xpBi)s (531)
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where
o 2p+ N(p—-1)
P24 N(p-1)

= € (1,R).
We now fix 1 < p < 1/(1 — «) such that x, = (po + £)/2. This is possible because x, / & as
p/1/(1—a)

Next, we set v =1+ 8 € (0,1) and transform back to u to get

C 1/~
|u|L.y,i(V;,,d;L) < (m) |u|L’y(Vp’7d#)’ 0< p/ <p<Ll,0<y < pO/FE. (532)
Here, 1 = (nwy) 'pn+1, wy the volume of the unit ball in RV, and C = C'(I/,A,(S,n,a,N,po)
is independent of vy € (0, po/k], since |5] is bounded away from zero. Note that p(Vy) < 1.

Finally, we employ the second Moser iteration scheme, Lemma 2.5.2, to conclude from (5.32)
that there are constants My = My(v, A, 5,1, o, N, pg) and 79 = 79(k) such that

MO )1/771/200

|U|LPO(V9/,d;L) < (m |u|L7(V1/,d#), 0<f<1,0<vy<po/k. (5.33)

If we take # = ¢’ /o and translate (5.33) back to the measure py41, we obtain

Mo (nwn) =1\ 1/7=1/po
lulz,, @) < (7(0 =) ) lulz @y, 0<v<po/k. (5.34)
Since k < R, (5.34) holds in particular for all v € (0,po/]. This finishes the proof. O

5.4 Logarithmic estimates

Theorem 5.4.1 Let o € (0,1), T > 0, and @ C RY be a bounded domain. Suppose the
assumptions (H1)-(H3) are satisfied. Let 7 > 0 and 6, n € (0,1) be fized. Then for any to > 0
and r > 0 with to+71r2/* < T, any ball B = B(zg,r) C Q, and any weak supersolution uw > & > 0
of (5.1) in (0,tg + 7r*/®) x B with ug > 0 in B, there is a constant ¢ = c(u) such that

pnt1 ({(t,x) € K_ :logu(t,z) > ¢+ A}) < Cr¥/un(B)A™", A >0, (5.35)

and

pnv ({(t2) € Ky tlogu(t,x) < ¢ — \}) < Or¥un(B)A™, A >0, (5.36)
where K_ = (to,to +n1r?/®) x 6B and K = (to + nrr?/®,to + 7r2/*) x §B. Here the constant
C depends only on d,n,7, N,a,v, and A.

Proof: Since ug > 0 in B and u is a positive weak supersolution we may assume without loss of
generality that ug = 0 and tg = 0. In fact, in the case ty > 0 we shift the time as t — ¢ — ¢,
thereby obtaining an inequality of the same type on the time-interval J := [0, T/ *]. Observe
that the property g1_q * u € C([0,to + 7r*“]; Lo(B)) implies g;_, * & € C(J; La(B)) for the
shifted function @(s,z) = u(s + tg,x). So we have

/ (v@t (g1—an *u) + (hy * [ADu]|Dv)) dx >0, aa.teJ neN, (5.37)
B

for any nonnegative test function v € H3(B).
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For t € J we choose the test function v = ¢?u~! with ¢ € C}(B) such that suppy C B,
Y =1in 6B, 0 < <1, |Dy| <2/[(1—9d)r] and the domains {z € B : ¢(x)? > b} are convex
for all b < 1. We have
Dv = 2¢Dypu~"t — *u"?Du,

so that by substitution into (5.37) we obtain for a.a. t € J

—/ 1/)2u718t(gl,a7n xu)dr + / (ADu|u72Du)1/)2 dx
B

B

<9 / (ADulu=" D) dx + R (1), (5.38)
B

where

Rn(t) = /B (hn * [ADu] — ADu|Dv) dx.

By (H1) and Young’s inequality,

v

|2(ADulu™"Dv)| < 2A¢|Dy| |[Dulu™" < = ¢*|Dul*u™? + %A2|D1/;|2.

—~ NI

Using this, (H2) and |Dt| < 2/[(1 — 6)r], we infer from (5.38) that for a.a. t € J

A? B
—/1/)2u718t(gl,047n>f<u)d:c—|—Z / | Du|?u=%¢? do < 8N (B)
B 2 /B v

m + Rn(t) (539)

Setting w = logu we have Dw = u~'Du. The weighted Poincaré inequality of Proposition 2.6.1
with weight 1?2 yields

2 B
/ (w — W)2p2de < &“712() / |Dw[*y%dz, aa.teJ, (5.40)
B fBUJ dr Jp
where [ wlt, D))
_Jpw(t, z)Y(z) de
W(t) = [ 0@)Rde a.a.t e
From (5.39) and (5.40) we deduce that

v [ 2da 8A2%un (B)

_ 2 —1 _~JB T _ 2.2 o PN
/Bw L et /B<w Wds < SN R0,

which in turn implies

_fB wQU’ilat(gl—a,n *’U,) dx + v
fB Y2dx 16r2uy(B)

for a.a. t € J, with some constant C; = C1(8, N, v, A) and S, (t) = Rn(t)/ [, dz.
The fundamental identity (2.6) with H(y) = —logy reads (with the spatial variable x being
suppressed)

/ (w — W)?dx < %1 + Sn(t), (5.41)
5B r

—u_lat(gl_am *u) = —0i(g1—a,n *logu) + (logu — 1)g1—an(t)

(t =) —u(t)

# [ (~rogute— ) +1ogute) + M=) g )
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In terms of w = log u this means that
_u_lat(gl—a,n xu) = — O(gi—an *w) + (0 — 1)g1—a,n(t)

+ / \Ij(w(t - S) - w(t)) [_glfa,n(s)] dS, (542)
0

where U(y) =e¥ — 1 —y. Since ¥ is convex, it follows from Jensen’s inequality that

[ 2 (w(t —s,2) —w(t,z)) dz [z (w(t — s,2) —w(t,z)) do
- S 2dx 2\11( - [ 2da )

Using this and (5.42) we obtain

- fB P2u1o, (91—a.n *u)dx
[ 2da

2 _6t(gl—a,n * W) + (W - 1)gl—a,n(t)
+ [ U= 9) = WO)-droan(s)) s
0
— —e_Wat(gl_a)n x e, (5.43)

where the last equals sign holds again by (5.42) with u replaced by e"V. From (5.41) and (5.43)
we conclude that

v 2 —w w Cq
- < — 5 .a. . .
1623 (B) /lsB(w W)ldz < eV 0i(g1-am x ") + —3 +5a(t), aa.te] (5.44)
‘We choose

x eV (nrr2/e
c(u) =log ((gl_gaga(nr)ig/a) )) (5.45)

This definition makes sense, since g1 * eV e C(J). The latter is a consequence of g1_, *x u €
C(J; Lz(B)) and

V() < S ult, 2)y(2)*dx
- f B Y(x)2dx ’
where we apply again Jensen’s inequality.
To prove (5.35) and (5.36), one of the key ideas is to use the inequalities

a.a.t € J,

punt1({(t,z) € K_: w(t,z) > clu) + A})
<puns1({(t,z) € K_ :w(t,z) > c(u) + A and W(t) < c(u) + A/2})
+ouvm{tz)e Kot W(t) > c(u)+A/2}) ==L+, A>0, (5.46)
i1 ({(62) € Ky : w(t,2) < e(u) — A})
<puns1({(t,z) € Ky :w(t,z) < clu) — X and W(t) > c(u) — A/2})
+ouvm({tx) e Ky W) <c(u) —A/2})=I3+ I, A>0, (5.47)

and to estimate each of the four terms I; separately.

We begin with the estimates for W. To estimate I and I, we adopt some of the ideas
developed in [83]. We set J_ := (0,nrr?/®), J; = (nrr?/®,7r?/%), and introduce for A\ > 0 the
sets J_(A) :=={t e J_: W(t) > c(u) + A} and Jy(A) :=={t € J4 : W(t) < c(u) — A}
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Interestingly, positivity and integrability of the function e"V are sufficient to derive the desired
estimate for Iy, cf. also [83, Theorem 2.3]. In fact, with p = 77%/* we have

i (J-(N) = e i ({t e J- - PUAIS ec(“)e’\}) :/J " e dt

IN

/ WO —c) gy < W (D —cu) gy
J_(N) J_
g2—a(n

p) " W(t) gt
(g1-a *e")(np) ‘
. o
p)

(
92-a(n 1 K W)
(g1-a*e")np)  gi—a(np) /0 g1-alnp — 1) db

'l -—a) nrr3/e
= np = s
I'2-a) 1-a

IN

and therefore

2n76N

We come now to I;. For m > 0 define the function H,, on R by H,,(y) = y, y < m, and
Hp(y) =m+ (y—m)/(y—m+1),y > m. Then H,, is increasing, concave, and bounded above
by m + 1. Further, we have H,, € C'(R), and so by concavity

I = i (J-(\/2))n (5B) <

0<yH, (y) < Hnly)<m+1, y=>0. (5.49)

Multiplying (5.44) by e H!, (eW) and employing (5.49) as well as the fundamental identity (2.6),
we infer that

04 (gl_a)n * Hm(ew)) + % H,, (eW) > -8,V H! (eW), a.a.t e J (5.50)

For t € J, we shift the time by setting s = t — nrr2/® =t — np and put f(s) = f(s + np),
s € (0,(1—n)p), for functions f defined on J.. By the time-shifting identity (5.6), (5.50) implies
that for a.a. s € (0, (1 —n)p)

Os (gl_om * H,, (ew)> + % H,, (eW) > Tom(s) — gneWH,'n (ew), (5.51)

with the history term

np
Thom(s) = / [ — Ji—an(s+np— U)} H,, (eW(")) do.
0
For 6 > 0 define the kernel 74,9 € L1 10.(R+) by means of

Ta,0(t) + 0(Ta, 0 * go)(t) = ga(t), t>0.

Observe that 7o, 0 = go. Since g, is completely monotone, r, ¢ enjoys the same property (cf.
[32, Chap. 5]), in particular r4 ¢(s) > 0 for all s > 0. Moreover, we have (see e.g. [83])

Ta, 9(5) = F(a)ga(s) Ea,a(_osa); s> 0, (552)

where E, 3 denotes the generalized Mittag-Leffler-function (see e.g. [28, p. 210] and [44, Section
1.8]) defined by
Z'n.
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We put § = C /r? and convolve (5.51) with r,, 9. We have a.e. in (0, (1 — n)p)
Ta,0 % Os (gl,om * H,, (ew)) =0, (ra, 0% Gl—amn * Hpy (e )
= 0192 = 0(ra,0 % 9a)] % 91-aun * Hun (V)
= i % Ho (€)= 07 % h % Hpn (),
and so we obtain a.e. in (0, (1 —n)p)
B % Hy, (eW) > 70,0 % Lom — Ta,0 % [gneWH,’n (ew)}
+ Oh %70 % Hu (€)= Org g % Ho (™). (5.54)
Sending n — oo and selecting an appropriate subsequence, if necessary, it follows that
Hu(€") > rao% T,  aa.s e (0,(1-n)p), (5.55)
where p
Yon(s) = /0 [—1-a(s +np— o) Hyn (") do;

in fact, this can be seen by using the approximation property of the kernels h,,.
Observe that for s € (0, (1 —n)p) we have

c @ o o
0<6s* < T—;(l—n)o‘(TrQ/o‘) =Ci(1 -7 = w,

and thus by continuity and strict positivity of Eq o in (—00, 0],

T‘Q)Q(S) > F(a)ga(s) yler[l(l)li)] Ea,a(_y) = 02(a7w)1—‘(a)ga(s)7 s € (07 (1 - 77)P)-

We may then argue as in [83, Section 2.1] to obtain

a(s/np])®
1+ (s/[npl)

Evidently, H,,(y) /' vy as m — oo for all y € R. Thus by sending m — oo and applying Fatou’s
lemma we conclude that

Hm(eW(s)) > Co (o, w) (p)*  (g1—a * Hun (")) (np), a.a.s € (0,(1—mn)p).

> Coa) SIS ) o x MY ap), aas€ 0= (550

We then employ (5.56) to estimate as follows.

e My (J+(N) = ey ({teJy: eV < ec(“)ef)‘}) :/ e dt
Jr(N)

< / =W () gy < / W) =W () gy
J+(N) Jy

_ (g1—a*e™)(np) /(1_")”6_W(S) ds
92—a(77/’) 0

< CZ(auw)il(np)lia

- agz2—a(np)

T2 —a)np /ln” . -
aCy(o,w) Sy o~ *(1+0)do = C3(a,n,w)p.

(1=n)p
/0 (L+s/np)(s/np)~* ds
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Hence o 5N
2C5(a,n,w
i = (1 (/2)) iy (08) < 2T
We come now to I1. Set J1(A\) ={t e J_: c—W({t)+A/2 >0} and Q; (A\) = {z € §B :
w(t,z) > c+ A}, t € Ji(N), where ¢ = c(u) is given by (5.45). For ¢t € J1()), we have

r%un(B), A >0. (5.57)

w(t,z) =W(t) >c=W(Et)+A>A/2, x€Q (N,
and thus we deduce from (5.44) that a.e. in Jy1(A)

1
(c =W + )2

1%
162N (B)

Set x(t,A) = pun(Q7 (X)), if t € Ji(N), and x(t,A) = 0 in case t € J_ \ Ji(\). Let further
H(y) = (c—logy+ N1 0 <y < y. := et 2, Clearly, H' (y) = (c —logy 4+ \) "2y~ ! as well as

pn (95 (V) < (e*Wat(gl,a,n x4 % +Sn). (5.58)

1 2
H"(y) = ( ~1), 0<y<u.
) (c—logy+ A)2y? \c—logy + A ’ SYS Y

which shows that H is concave in (0, y.] whenever A > 4. We will assume this in what follows.

~ We next choose a C' extension H of H on (0,00) such that H is concave, 0 < H'(y) <
H' (y+), y« <y <2y, and H'(y) =0, y > 2y,. Then

_ 2
0<yH'(y)< 5, y>0. (5.59)
In fact, for y € (0, y.] we have
_ 1 1 4 1
) — < <2 <2 5.60
yH'(y) (c—logy+N)? = (c—logy.+A)? — A2 = X (5.60)

while in case y € [y, 2y.] we may simply estimate

yH'(y) < 2y H' (y.) <

> o

It is clear that H is bounded above. There holds

_ 3
Hy)< v, y>0. (5.61)

To see this, note that since H is nondecreasing with H’(y) = 0 for all y > 2y., the claim follows
if the inequality is valid for all y € [y., 2y.]. For such y we have by (5.60) and by concavity of H

H(y) < Hlp) + H'(2)( ) < Hlp) + 0. H'(3) < 5.

Observe also that
1
(c=W(t) + A1)’

Since H' > 0, and e "W, (g1—an * V) + C1r72+ S, > 0 on J_ by virtue of (5.44), we infer
from (5.58) and (5.59) that

WO (W) aa.t e Ji(\).

v W gt W -W W ﬁ
16T2MN(B) X(t, /\) se H (6 )(6 815(91*04,77, *e ) + 2 + Sn)
< H'(e™)0(g1-a,n * ") + 2/\% 2|S§(t)|, aa.t e J_. (5.62)
T
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Since H is concave, the fundamental identity (2.6) yields

Hl(ew)at(gl—a,n * eW) S at (gl—a,n * E[(GW)) + ( — E[(GW) + fl'(ew)ew)gl_am
< O (glfa_’n * H(ew)) + ;glfa,n; aa.teJ_,

which, together with (5.62), gives a.e. in J_

v

2 201 2|Sn(t)|
162N (B) '

X(t7)\) < at((gl_o‘m *H(ew)) + Xgl—a,n + W + \

(5.63)

We then integrate (5.63) over J_ = (0,7p) and employ (5.61) for the estimate

(1-an = (™)) () < ; /O () dt.

By sending n — oo, this leads to

16r°un (B) (5 20177/))

np
Q- (V) di = £ dt < 2 4
/JI(A) un (27 (V) /0 x(t, ) dt < S 92-a(np) + =3

16/ (B)
VA

Hence with Cs = max{4r, Cy} we find that

%y (B)

(5gg_a(777) + 2017’]7’) =:(CYy A >4,

C5T2/QILLN(B)

I; < \

, A>0. (5.64)

It remains to derive the desired estimate for I3. To this purpose we shift again the time

by putting s = ¢ — np, and denote the corresponding transformed functions as above by W, w,

. and so forth. Set further J; := (0,(1 — n)p). By the time-shifting property (5.6) and by
positivity of eV, relation (5.44) then implies

/ (w— W)Qda: < efwas(gl,a_,n * eW) + % + S’n(s), a.a.s € j+. (5.65)
6B

1%
16r2un (B)

Next, set Jo(A) = {s € Jy : W(s) —c+ /2> 0} and QF(\) = {z € 6B : d(s,z) < c— N}, s €
J2(A). For s € J2(X), we have

W(s)—w(s,z) > W(s)—c+A> N2 xeQF\),
and thus (5.65) yields that a.e. in Ja(\)

1 3 i c <
+ < -W W 1
pn (QF(N) < TEPESY: (e Os(gr—an*xe” )+ - + Sn). (5.66)

v
16r2un (B)

We proceed now similarly as above for the term I1. Set x(s,A) = un (5 (N)), if s € J2(N),

and x(s,A\) = 0 in case s € J; \ Ji()\). We consider this time the convex function H(y)
(logy — c+ A\)~! for y > y, := e“~*/?2 with derivative H'(y) = —(logy — ¢+ A)"2y~' < 0. We
define a C! extension H of H on [0,00) by means of

Hy) = { g’(gjy))(y —y.) + H(y.) 2 i z< Ys
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Evidently, —H is concave in [0, 00) and

_ 1 1 4
0< —H < < < = >0, A > 1. 5.67
< -Hyy < (logye —ct N2 = (A22 = x Y=5 7= (5:67)
We will assume A > 1 in the subsequent lines.
Observe that
; ; 1
—eWEOH (V) = . aa. s € Jo(N).

(W(s) —c+N)?

Since —H' > 0, and e’W(?S(gl,ayn * eW) +Cir 245, >0o0n j+ due to (5.65), it thus follows
from (5.66) and (5.67) that

v W (W (- wy, @1 g
e Ve e )
< —fl'(ew)as(gl_a,n * eW) + i% 4|S7j\(s)|, aa.scJy.  (5.68)
r

By concavity of —H, the fundamental identity (2.6) provides the estimate

—H/(ew)(?s(gl,a_,n * eW) < -0, (gl,ayn * H(ew)) + (H(ew) — H’(eW)eW)gl,a_,n

< =0 (91an* H()) + HOG1an < 0. (g1-00 % HE)) + 5 010

a.e. in J, which when combined with (5.68) leads to

v
16r2un (B)

(T 6 acy 48,
X(S’/\) < —0s (gl—a,n * H(e )) + Xgl_a)n -+ )\721 + | /\(S)|7

for a.a. s € j+. We integrate this estimate over j+ and send n — oo to the result

(1= 1612y (B) /6 40y (1 —
[ nxt@zonyas= [ Neaas < BB (R, (@) + 2200
J2(N) 0 A Ar
1672/ iy (B 2o N (B
Hence with C7 = max{7, Cs} we obtain that
Crr?/®uy (B
Iy < %N() A> 0. (5.69)

Finally, combining (5.46), (5.47), and (5.48), (5.57), (5.64), (5.69) establishes the theorem.
O

5.5 The final step of the proof

We are now in position to prove Theorem 5.1.1. Without loss of generality we may assume that
u > € for some € > 0; otherwise replace u by u + €, which is a supersolution of (5.1) with ug + ¢
instead of ug, and eventually let ¢ — 0+.
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For 0 < o < 1, weset U, = (to+(2—0)7r?/* tg+271r%/*)xo B and U.. = (tg, to+o1r?/*)x 0o B.
Clearly, Q—(to, o, 7) = Us and Q4 (to, zo,7) = Us.
By Theorem 5.3.1,

Cun1(Up)™!

1/ -1 /
o ) Wy, 0<d <o<1,ye(01].

ess sup ut < (
U,

Here C = C(v, A, 6, 7,a, N) and 79 = 7o(cr, N). This shows that the first hypothesis of Lemma
2.5.3 is satisfied by any positive constant multiple of u~! with 3y = oc.

Consider now f; = u~'e®™) where ¢(u) is the constant from Theorem 5.4.1 with K_ = U]
and K1 = U;. Since log f1 = ¢(u) — logu, we see from Theorem 5.4.1, estimate (5.36), that

MN+1({(t7x) el: lngl(t,(E) > )‘}) < M:“’N-l-l(Ul))‘_lu A>0,

where M = M (v, A, 6, 7,m,a, N). Hence we may apply Lemma 2.5.3 with 8y = oo to f1 and the
family U,; thereby we obtain

esssup f1 < M,
Us

with My = My (v, A,0,7,m,«, N). In terms of u this means that

e < My essUinfu. (5.70)
5

On the other hand, Theorem 5.3.2 yields

Cun+1(U))™! ) 1/y=1/p

|U|LP(U;/) < ( (0 — o) lulp ), 0<0' <o<1,0<y<p/k.

Here C = C(v,A, 6, 7,a, N,p) and 71 = 71(a, N). Thus the first hypothesis of Lemma 2.5.3 is
satisfied by any positive constant multiple of u with 8y = p and n = 1/&. Taking fo = ue= ¢
with ¢(u) from above, we have log fo = logu — ¢(u) and so Theorem 5.4.1, estimate (5.35), gives

pn1({(t, @) € UY : log fo(t,z) > A}) < Mpun 1 (UDA™!, A >0,

where M is as above. Therefore we may again apply Lemma 2.5.3, this time to the function fo
and the sets U., and with Gy = p and n = 1/k; we get

|folz, @y < Moy (U)Y?P,
where My = Ms(v, A, 0, 7,m,a, N,p). Rephrasing then yields
pn1(U) P lul gy < Mae™. (5.71)
Finally, we combine (5.70) and (5.71) to the result

,LLN+1(U{)71/p|’U:|LP(U(§) < My M, eSSU:ISHfu,

which proves the assertion. O
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24+ N«

T Na—2a 1n the Weak Har-

5.6 Optimality of the exponent
nack inequality

24+ N«
24+Na—2«

To this purpose consider the nonhomogeneous fractional diffusion equation on RV

In this section we will show that the exponent in Theorem 5.1.1 is optimal.

Ofu—Au=f, te€(0,T], z€RN, (5.72)
with initial condition
u(0,z) =0, xe€R™ (5.73)

Following [27], we say that a function v € C([0,T] x RY) N C((0,T); C2(RY)) with g1_o *u €
C((0,T); C(RY)) is a classical solution of the problem (5.72), (5.73) if u satisfies (5.72) and
(5.73). For any bounded continuous function f that is locally Hélder continuous in z, there
exists a unique classical solution u of the problem (5.72), (5.73), and it is of the form

u(t,x) = /0 /RN Y(t—1,2—vy)f(r,y)dydr, (5.74)

where
1
_ —Na—17720 —a|2|(@a)
Y(tw) = e(N)[a| Nt B (7 %l (V2 )
cf. [27]. Here H1220(Z|E%72) e 1)) denotes a special H function (also termed Fox’s H function),

see [44, Section 1.12] and [27] for its definition. It is differentiable for z > 0, the asymptotic
behaviour for z — oo and z — +0, respectively, is described in [27, formulae (3.9) and (3.14)].
It has been also proved in [27] that Y is nonnegative.

We choose a smooth and nonnegative approximation of unity {¢, (¢, ) }nen in Ry x RY such
that each ¢,, is bounded. Put f = ¢, in (5.72) and denote the corresponding classical solution
of (5.72), (5.73) by uy. Evidently, u, is nonnegative and satisfies

Uy — Aty = ¢ >0, t€(0,T], 2 € RV,

Hence u,, is a nonnegative supersolution of (5.72) with f =0 for all n € N.

Suppose the weak Harnack inequality (5.3) holds for some p > ﬁ% Then, by taking
Q- =1(0,1) x B(0,1) and Q+ = (2,3) x B(0,1) it follows that

(/ uP dpy )7 < Oglf Un, n €N, (5.75)
+

where the constant C' is independent of n. Since u,, — Y in the distributional sense as n — oo,
we have

1
inf u,, <

_— Ydunyr < oo, n>mng,
Q+ pn+1(Q+)

1
/ Un dpn 1 <1+ 7/
Qy pn+1(Q+) Q+

for a sufficiently large ng. On the other hand, the left-hand side of (5.75) cannot stay bounded,

since Y ¢ L,(Q_) for p > ﬁ% In fact, writing HZ(z) = H%S(z|8\‘[/o‘2) 1), (1,1y) for short, we
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have

YE o ):/ [ el et D (e af 1) d s
PR B(0, 1)
:Cl/ / N—-1— Nptoc l)pHQO(tfaT2/4)Pdrdt
t—o/2?
:Cl/ / ta/2 N—-1— Npt(ot 1)P+a/2H20(p /4) dpdt

1
ch/ ta(N Np)/24+(a— 1)pdt/ prlprHfg(pQ/ll)Pd
0 0
1
N 62/ (2 (N=Np)/2+(a=Vp gy
0

with some positive constant cp. The last integral diverges for all p > ﬁ% Hence (5.75)
yields a contradiction.

5.7 Applications of the weak Harnack inequality

The strong maximum principle for weak subsolutions of (5.1) may be easily derived as a conse-
quence of the weak Harnack inequality.

Theorem 5.7.1 Let « € (0,1), T > 0, and Q C RY be a bounded domain. Suppose the
assumptions (H1)-(H3) are satisfied. Let u € Sy be a weak subsolution of (5.1) in Qp and
assume that 0 < esssupg,. u < 0o and that esssupq ug < esssupq,. u. Then, if for some cylinder

Q = (to,to + 7r%/*) x B(xo,7) C Qr with to, 7,7 > 0 and B(xg,r) C Q we have

esssupu = esssupu, (5.76)
Q Qr

the function u is constant on (0,tg) x €.

Proof: Let M = esssupg,. u. Then v := M — u is a nonnegative weak supersolution of (5.1) with
ug replaced by vy ;== M —ug > 0. For any 0 < t; < t; +nr?/® < t, the weak Harnack inequality
with p = 1 applied to v yields an estimate of the form
tinr2/e
r_(N+2/O‘)/ / (M —u)dzdt < C essinf(M —u) = 0.
t1 B(Io,’l‘) Q

This shows that v = M a.e. in (0,%9) x B(zo,r). As in the classical parabolic case (cf. [51]) the
assertion now follows by a chaining argument. O

We next apply the weak Harnack inequality to establish continuity at ¢ = 0 for weak solutions.

Theorem 5.7.2 Let a € (0,1), T > 0, and Q@ C RY be a bounded domain. Suppose the
assumptions (H1) and (H2) are satisfied. Let u € S, be a bounded weak solution of (5.1) in
Qp with ug = 0. Then u is continuous at (0,x0) for all o € Q and lim z)_(0,24) u(t,z) = 0.
Moreover, letting n > 0 we have for any cylinder Q(xq,r9) = (0, 777“2/ ) X B(xg,79) C Qp and
r € (0,70

r 5
essoscu<0(—) u , 5.77
essoscu < C( ) lulu_ o) .17
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with €SS0SCQ(zg,r) = €SSSUPQ(z,,r) — €58 infg (g, and constants C = C(v,A,n,a, N) > 0 and
5 = 6(”7 A, ’,77 a? N) 6 (07 1)'

Proof: Let u € S, be a bounded weak solution of (5.1) in Q¢ with ug = 0. Set u(¢,z) = 0 and
A(t,x) = Id for t < 0 and = € . For Ty > 0 we shift the time by setting s = ¢ + Ty and put
f(s) = f(s —To), s € (0,T + Tp), for functions f defined on (=T, T). Since Du(t, ) = 0 for
t <0 and

t
O(g1—an *xu)(t,z) = (’%/ G1—an(t — T)u(r,2) dT = 0s(g1—an * 0)(s, ),
—Ty

the function @ is a bounded weak solution of
9%u — div (A(s,2)Dii) =0, s € (0,T +Tp), x € Q.
Next, assuming r € (0,79/2] we introduce the cylinders

Q«(xo,7) = (— 777“2/0‘,777"2/0‘) x B(xg, 1),
Q—(‘TOv T) = ( - 77(2r)2/a7 —77(37”/2)2/a) X B(‘T(Jv ’f‘),

and denote by Q*(:Co,r) resp. Q_(xo,r) the corresponding cylinders in the (s,x) coordinate

system. Let us write M; = ess SUDQ, (20,ir) U and m; = ess infé*(zo ir) U for i = 1,2. Choosing

To > 17(2r)2/0‘, we may apply Theorem 5.1.1 with p = 1 to the functions Ms — @, @ — ms, which
are nonnegative in (0,7(2r)%/“ + Ty) x B(xo, 2r), thereby obtaining

T7N+2/a/~ (My — @) duns1 < C(Ma — M),

Q- (wo,r)

T‘—N+2/o¢/- (@ —ma) dun+1 < C(m1 —ma),
Q- (zo,7)

where C' > 1 is a constant independent of u and r. By addition, it follows that
My —mo < C(Ms — mo +mq — My).
Writing w(xg,r) = ess SUDG, (g,ir) U — €58 infé*(mo)”) 4, this yields
w(zo, r) < Bw(xg,2r), r<ry/2, (5.78)

where § =1 — C~! € (0,1). Iterating (5.78) as in the proof of [29, Lemma 8.23] we obtain

w(xo,10), T <T0.

( )< 1 (r )10g9/10g(1/2)
w(zo,7) < 5 o
The estimate (5.77) then follows by transforming back to the function u and using that u = 0
for negative times. In particular, we also see that u is continuous at (0,z¢) for all g € Q and
that 1im(t7m)_,(0)10) u(t, :E) =0. (I

The last application is a theorem of Liouville type. We say that a function v on R x RY is

a global weak solution of
Ofu — div (A(t,z)Du) =0, (5.79)

if it is a weak solution of (5.79) in (0,7") x B(0,r) for all T > 0 and r > 0.
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Corollary 5.7.1 Let a € (0,1). Assume that A € Loo(Ry x RN;RNXNY) and that there erists
v > 0 such that

(At,2)€|€) > v[E]?,  for aa. (t,z) €Ry xRN, and all § € RV,
Suppose that u is a global bounded weak solution of (5.79). Then u =0 a.e. on Ry x RV,
Proof: For r > 0 and x¢ = 0 it follows from the proof of Theorem 5.7.2 that
w(0,7) < 6w(0,2r), T >0, (5.80)
where 0 € (0,1) is independent of  and u. By induction, (5.80) yields
w(0,7) < 0"w(0,2"r) < 20"|u|r__(r, xry), T>0,n€N.

Sending n — oo shows that u is constant. The claim then follows by Theorem 5.7.2. O
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Chapter 6

Holder estimates for weak
solutions of fractional evolution
equations

6.1 The main regularity theorem

Let T > 0 and  be a bounded domain in RY. The main purpose of this chapter is to study the
regularity of weak solutions to fractional evolution equations of the form

O (u — uo) — D;(aij(t,x)Dju) = f, t€(0,T), z € Q. (6.1)
Here a € (0,1), up = ug(z) is a given initial data for u, A = (a;;) € Loo((0,T) x Q;RN*N) and

we use the sum convention.
We assume that

(H1) A€ Loo(Qr; RY*N) and

N
> lai(t,2)* < A%, for aa. (t,x) € Qr.

ij=1

(H2) There exists v > 0 such that

a;j(t, x)&& > v|¢|?, for a.a. (t,z) € Qp, and all £ € RY.

(H3) up € Loo(Q); f € Ly([0,T]; Lg(Q2)), where 7, ¢ > 1 fulfill

and
re ﬁvm]aqe[ﬁ,m},ﬂé(&l) for N > 2,

re ﬁ,ﬁ},qe[l,m],ne(o,%) for N =1.
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For weak solutions we choose the same regularity class as in Chapter 5, thus u is a weak
solution of (6.1) in Qr, if u belongs to the space

S = 10°€ Lojtay (071 La(2) 1 ([0, T HA(®) such that
gi—a *v € C([0,T7; L2(2)), and (g1—qa * v)|t=0 = 0},

and for any test function
n € Hy'(Qr) = Hy ((0,T]; La(0) N L2((0, T); H3(%2))

with n|;=7r = 0 there holds

/ / - gl ok (u— uo)} +a;;D; qu dxdt / / fndxdt.

For (31,32 € (0,1) and Q C Qr we set

|u(t, 2) — u(s,y)| }

[U]Cﬁl,ﬁz(Q) = sup {|t—8|ﬁ1 + |I—y|ﬁ2

(t,2),(s,9)€Q, (t,x)#(s,y)
The main regularity theorem reads as follows.

Theorem 6.1.1 Let a € (0,1), T > 0 and Q be a bounded domain in RN . Let the assumptions
(H1)-(H3) be satisfied and suppose that u € Sy is a bounded weak solution of (6.1) in Q. Then
there holds for any Q C Qr separated from I'r by a positive distance d,

[U]C%‘G(Q) < C(|U|Lm((lT) + uolr.. ) + |f|LT([O,T];Lq(Q)))

with positive constants ¢ = e(A,v,a,7,q, N, diamQ,inf . yeq7) and C = C(A,v,a,7,q,N,
diam Q, An41(Q), d).

Theorem 6.1.1 gives an interior Holder estimate for bounded weak solutions of (6.1) in terms of
the data and the L..-bound of the solution. It can be viewed as the time fractional analogue of
the classical parabolic version (o = 1) of the well-known De Giorgi-Nash theorem on the Hélder
continuity of weak solutions to elliptic equations in divergence form (De Giorgi [19], Nash [60]),
see also [29],[34],[56] for the elliptic and [49],[51], as well as the seminal contributions by Moser
[57],[58] for the parabolic case. In the non-divergence case corresponding results were obtained
by Krylov and Safonov [47], [48]. Concerning parabolic degenerate and singular equations we
refer to [20] and [23].

The significance of Theorem 6.1.1 lies among others in providing the key a priori estimate
for certain quasilinear time fractional diffusion equations to establish global strong (or classical)
well-posedness for these problems, see Chapter 7. In order to succeed there, we also have to
find conditions which ensure Holder continuity of weak solutions of (6.1) up to the parabolic
boundary. This is achieved by means of Theorem 6.1.1 and suitable extensions to larger domains
within the framework of maximal L,-regularity, see Theorem 6.7.1.

The proof of Theorem 6.1.1, which is contained in Sections 6.2—6.5, relies on local a priori
estimates, which are derived by means of the fundamental identity (2.6) for the regularized
fractional derivative. In the proof we further use De Giorgi’s technique (employed similarly as in
[49, Section I1.6 and Section V.10], see also [26]) combined with the method of non-local growth
lemmas, which has been recently developed in [70] for integro-differential operators like the
fractional Laplacian, see also [40]. Concerning growth lemmas for partial differential equations
we also refer to the work of Landis [50]. The adaption of this method to equations with memory

72



requires an additional condition on the memory term, see (6.11) and (6.27) below, which naturally
appears when shifting the time in the equation. To derive a suitable oscillation estimate for
sequences of nested and shrinking cylinders exhibiting the natural scaling behaviour, we proceed
by induction. The key idea here is to use the induction hypothesis, that is the oscillation estimate
on all larger cylinders, to obtain the required estimate for the memory term.

As already pointed out, boundedness and the weak Harnack inequality, Theorem 5.1.1, are
not strong enough for proving regularity of weak solutions. The different quality of the weak
Harnack estimate and Theorem 6.1.1 is also reflected by the fact that nonnegative supersolutions
of (6.1) are also nonnegative supersolutions of localizations of (6.1) when shifting the time, that
is, the memory terms resulting from time-shifts have the right sign and can be dropped in the
estimates, see Section 5.2. This is no longer possible in the case of the Holder estimate, making
the proof of the latter substantially more involved.

We further remark that Theorem 6.1.1 can be generalized without much effort to quasilinear
equations of the form

Oy (u — uo) — Dy (ai(t,z,u, Du)) = b(t,z,u, Du), t € (0,T), = € Q,

with appropriate structure conditions on the functions a; and b, which correspond to the ones
given in [49] in the case a = 1.

6.2 A basic nonlocal growth lemma

We begin with the regularized weak formulation of (6.1). The proof is the same as for Lemma
4.2.1.

Lemma 6.2.1 Let o € (0,1), T >0, and Q C RY be a bounded domain. Suppose the assump-
tions (H1)—(H3) are satisfied. Then u € Sy is a weak solution of (6.1) in Qr if and only if for
any test function ¢ € H3(Q) and any n € N one has

/ (wat[gl_a,n s (u— ug)] + (hn * [aiiju])Diz/J) do = /(hn « de, aate(0,T). (6.2)
Q Q

In order to derive local (in time) estimates for (6.1) it is necessary, as in the two previous chapters,
to shift the time in the equation, which gives rise to an additional history term. Let Ty € (0,T)
be fixed. For t € (Tp,T) we introduce the shifted time s = ¢ — Ty and set 9(s) = v(s + Tp),
s € (0,T —1Tp), for functions v defined on (Tp,T'). Arguing as in Section 5.2 it follows from (6.2)
that for any test function ¢ € H}(Q)

/Q (¢as(gl,a,n*a)+(hn*[aijpju]ypw) de — / ((hn* )+ gl,a,n(s)uo(x))m)d;@

Q

To
+ [ (=) / [ —gi—an(s+To— T)]U(T, x)dr dx, (6.3)
Q 0

for a.a. s € (0,T — Tp).
Let now u be a bounded weak solution of (6.1) and (t1,21) € (0,T] x Q be a fixed point. We
consider the cylinders

Q(p) = Q(tlaxlvovp) = (tl - 9p2/aat1) X BP(Il)a

with scaling parameter p > 0 and parameter § > 0. We also write B, = B,(x1) for short.
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Suppose Q(2p) C Qr, that is p < pp := max{1,diamQ/4}. We put
t0=t1—9(2p)2/a, £:t1—991p2/a, 6‘1 S (1,22/Q),

and assume that ¢ty > 79, where 79 € (0,7) is a fixed number.

Let 01 € (0,1) and k € R. For t € (0,¢1) we choose in (6.2) the test function ¢ = (u — k) n?
with n € C§(2) so that 0 < n < 1,7 =1in B_g,),, suppn C B,, and |Dn| < 2/(o1p). We
have

Dy = 0°D(u — k)4 + 27D (u — k)4,

and thus by substitution into (6.2) and inequality (2.7) we obtain

1 1
/B (5 nzat[gl—a,n * (u - k)?i-] + 5 77291_(17"(11, - k)?i-) dx

+ /B 0% (A * [ai;Dju]) Di(u — k)4 dz < —/B 2nD;n (hy, * [a;;Dju])(u — k) 1 dz

3 3

+ /B (hn * [+ g1-an(uo — k)) 0 (u— k)4 dz, (6-4)

P

for a.a. t € (0,t1). Since

(’U,() — k)2 + l (u — k)i,

(0 = K)(u = k) < ;

N | =

it follows that

/B (% 120:91-am * (u— k) 1] + n° (hn * [ai; Dju]) Di(u — k)+) dx

P

< /B ( — 20D (h * [ai; Dju))(u — k) + (hn % f)n? (u — k)+) da

P

1

+ 5/ 7 g1—an(ug — k)2 de, aa.te(0,t). (6.5)
B,

Suppose now that ¢ € (f,¢1) and shift the time by setting s = ¢ — . Employing the same
notation as in (6.3) with Ty = ¢, that is 9(s) = v(s +¢) for functions v defined on (¢,7"), we have

/B (% 12 0slg1-am * (@ = k)3] +0* (hn * [ai; Dju])" Dy (i — k)+) dz

< /B ( — 20D (hn * aigDju) (@ — k)4 + (hn % f) 0 (@ — k)+> dx

P

1

+ 5/ (n2§1,a1n(u0 — k)2 + 772117;61”) dr, a.a.sc (0,t; —1), (6.6)
B,

where
7
o (t,) = / =1 an(t — T))(u(r,2) — k)2 dr, L€ (Ltr), z € Q.
0
We next convolve (6.6) with g, and observe that in view of
Gi-am * (@ — k)% € oH{([0,t1 — 1]; L1 ()

74



and gi1—a,n = go * hy, We have

Jo * O (gl_am * (0 — k)i) = 0, (ga * G1—an * (U — k)i) = * (0 — k)i

Sending then n — oo and selecting an appropriate subsequence, if necessary, we obtain

2,
2 Je

0 (@ — k)2 dx + go * / n?ai; D;ii Di(@ — k)4 dz
BP

P

< Ga * /B ( — 29Dy iy Dya(i — k) + f* (i — k)+) dx

P

+ %ga * /Bp 7> (gl,a(uo —k)? 4+ /Ot[—g1a(t—|— = 7)) (u(r, x) — k)i_ dT) dx, (6.7)

for a.a. s € (0,t; —t). Note that by boundedness of u, the last integral in (6.7) is well-defined.
By (H2), we have

/ n?ai; D;aD; (i — k)4 do = / n?a;; D; (6 — k)4 Di(@ — k)4 da

B, B,

21// | D(i — k)4 |* d.
B

P

(H1) and Young’s inequality imply that

. o _ A? _
20| Din |ag;| |1Djal(d — k)4 < vi’| D(a — k)4 * + ~ |Dn* (@ — k).

From these relations, relation (6.7), and the properties of 7 we deduce that

i SAZ -
/B<Eu — k)2 dzx < gq * /B (l/(olp)2 (@ — k)% +2|f|(a — k)+) de

+ Ga * /B (gl—a(uo —k)* + /Ot[_gl_a({+ = 7)) (u(r, ) — k)% dT) dx,  (6.8)

P

a.e. in (0,¢; —t). This estimate is the starting point for the following nonlocal growth lemma.
We set

App(t) ={x e B, : u(t,x) >k}, te (to,t1),
/le)p(s) ={xeB,: u(s,x) >k}, se(0,t1 1),

and introduce the number
te =11 _992p2/a7 0> € (1,6‘1).

Proposition 6.2.1 Let u be a bounded weak solution of (6.1) and My = |u|r__(a.). Suppose
further that the above assumptions are satisfied. Let M = ess SUpPQ(2p) U and |k| < My. Then
there exist constants 1 < 0y < 01 < 2%/% p.&,01,06 € (0,1), and 6,7 > 0 that depend only
on A,v,a,r,q, N, To, po, Mo, [uolr ), | flL, (j0,17:L,(2)) and are such that for any v € (0,70] the
following implication holds true: If

max{u(M — k), p"} < esssup u—k =: Zy (6.9)
[to,tl]XBp
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and

)\N+1 ({(t,l‘) S (to,i) X Bp : u(t,:v) > k}) < %)‘N-i-l ((fo,i) X Bp), (610)
as well as
ult,x) — k< (M = k)2 [2%(%)}” ~1), aa (t,3) € (0,t) x B, (6.11)
then
Av (Akﬁz,c,p(t)) <BAN(B,), aa.te (t,ty). (6.12)

Proof. Let € € (0,1) and suppose that ¢ € (t.,t1), i.e. s € (tx —t,t; — ). Then
AN (Akﬁzk,p(S)) <Ay (x‘imgzk,(l—al)p(s)) +AN(B)) = AN (B(1-01)p)
<Aw (szm_al)p(s)) + o1 NN (B,). (6.13)

By the definition of Zj, which is positive, by assumption (6.9), we have
(£Z1)* AN (Amgzk,(lfgl)p(s)) < /_ (@ — k)* d.
Ak, (1—01)p(5)
This, together with (6.8), yields that

. 8A2 N
N(AkJrEZ;C,(lfal)p(S)) < W Jo * 5 (U - k)+ dx

P

(€Z2)QQG / |f|( k)4 dx + (§Z1)29a /Bfil—a(uo—k)zdx

§Z 29a /B,,/ —g1—a(+-— 7)) (u(r,z) — k)% dr dx

+—ga*/ /—9'1_(15—1—-—7 u(7, — k)2 drdx
(gzk)g Bp to[ ( )] ( ( ) )—i—

= Mi + My + M3+ My + Ms. (6.14)
We now estimate the M; terms one after the other. Evidently,

7((/;(;:;;3 gi4a(8)AN(B)) < % G1+alts = H)AN(B))

C(A,v,a) o
(§o1p)? (§o1)
Using (H3), (6.9), and Holder’s inequality, we have with ¢’ = ¢/(¢ — 1)

4 M S 1) 3
Mo < gty [ 8= I o dr A (B

Clo, 1) Mos®™ 7 +
< BT LI (0,6 254 (B,) AN (B))

< C(Oé, T, |f|Lr(Lq))MO
— €2p2n

My <

(991p2/a) An(B,) < Ci(A,v,a) — An(B,). (6.15)

L
Py

e

(0619 *)°~F AN (B,) %

1

9 I3
Cla,r,¢, N, |f|,(Ly) Mo —— An(B)). (6.16)
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Further,

luo = kl7_ (o s
3 < @T);() AN(Bp)/ gOt(S - U)glfa(o' + E)do'
0
luo — kI7_ (o
< — e W (B)g1alm)grsalt — 1)

IN

90{
C(Oé,Tomo)(Mg + |u0|2L°O(Q)> @ AN(Bp)- (6.17)

We come now to the short-term memory term Mj. By means of assumption (6.10) and the
fact that —g;_,, is positive and decreasing, we may estimate for o € (0,1, — ?)

/t /B [—g1—a(t+0—7)] (u(r,z) — k)i_ dxdr < Z,%/ [—g1—a(t+ 0 — 1) AN(Ak p(7)) dT

to

Sl

< Zidw(By) /to+z [~g1-a(t+ o —7)]dr < Zl%/\N(Bp)(glfa(U) —gi-alo+ f—2t0 ))

)

Hence

O 2
1
t—to
1-— ol —<)g1—a d
( /Og Dgi-als + — )<)
1
t—t
(1 /Ogal—cgl als+ 3 _OE) )
! 22/a—91
1- ol —¢)g1—a ———)ds). 6.18

For the long-term memory term M, we use the assumptions (6.9), (6.11). For a.a. o € (0,t1 —1)
we have

/ / i [—g1—a(+0 —7)] (u(r,z) — k)% dr dx
B, Jo

Z2AN(B,) [t . a =717 2
< N2 [T ot o =) (2= 1) o
2 oo
< %“9) (t1 — to) / [—1-a(o + 7=t +7(t = to))] (2027 - 1)2 dr.

Observe that the last integral is finite provided that 2y < a. We will assume this in what follows.
Setting

Yy(7) = 22207 —1, 721

)
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we then obtain

A S o0 . _
My < EL(&) ) (t1 — to)/ Jal(s — J)/ [—g1—aloc+t—1t1+7(t1 —10))] 1/)3(7') drdo
1
)\N( tl—to 1 . E—tl —I—T(tl—to) 2
— (/145 ‘/() ga 1 _< / |:_gl—oz(<+ s ):| Q/JV(T) de§
A t —to) ! , =ty +7(ty —t
AN (Bp)(t1 —to) 1 0) / ga(l—3¢ / [ d1—als + ! 75-( 1~ ) )} (w,%(T) —1)drds
0
/\N( )
ga(l $)g1- a(<+ )dc— Mayq+ My, (6.19)
(1é)?  Jo
To estimate the second term we use the monotonicity of g;_, and s < t; — £, thereby getting
AN (B,) /1 2%/« — 9,
My < 2 a(l =¢)g1-als + —F— ) ds. 6.20
4,2 Wz Jo 9o )g1-a( 0, ) ( )

For My 1 we need both the lower and the upper bound for s. We conclude that

2/a 1 0o 2/a7__
My < %/@ ga(l—c)/1 [—gl_a(<+ 297191)} (v2(r) — 1) drds. (6.21)

Combining (6.13) — (6.21) and enlarging M3 by the factor 1/u? we obtain with some constant
C=C(Av,a,r,q,N, 10, po, Mo, ol ), | flz.(L,)
the inequality
AN (Ak+£zk,p(8)) < )‘N(Bp){o'lN + C{ A o + e—a}
(§o1)? £ €

+ ﬁ [1 - /Olga(l —<)(917a( %)—gla(w #{91)) d<}

22/ ! o 2%/ar — ¢,
+W /0 ga(l—G)/l {—91—a(<+ T)} (w,%(T)—l) deg}
= )\N(Bp)(mN + 61(0,&,01) + Ba(b1,02, 11,&) + B3(61, 927%57’7))-

Observe that the integral occurring in (s is strictly positive if and only if

22/ _ g, _ 22/ _ g,
2(0, — 6) 0,

(6.22)

by monotonicity of g1_,. (6.22) is equivalent to the condition 265 < 61, which can be satisfied by
suitable 6, 0y subject to 1 < 8 < 6, < 22/, Notice as well that with &, o1, , 61, 02 being fixed,
we have 1 — 0 as § — 0, and B3 — 0 as v — 0. The last assertion follows from Lebesgue’s
dominated convergence theorem.

We will now fix the parameters as follows. 1. Choose #; and 65 such that 2 < 205 < 6, < 2%/,
2. Select then &, € (0,1) both close enough to 1 so that (2(01, 602, 1,&) < 1. 3. Choose g1 > 0
sufficiently small so that 1N + 82(01,02, 1, &) < 1. 4. Finally fix sufficiently small § > 0 and
v € (0,/2) such that

6 = 01N+61(975501) +62(917925u7§) +63(915927,uﬂ€770) <1

Since (s is non-increasing in v, the assertion of the proposition follows immediately. (]
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Remark 6.2.1 Note that the assertion of Proposition 6.2.1 remains valid when equation (6.1)
has a second term on the right-hand side of the form —D;g’, where |g|> € L,([0,T]; Ly(©2)). In
fact, this would result in the additional term

Ja * / §'Ditp dx = g / 7' (7" Di(u— k) + 2n(u — k)4 Din) dz
B, B,

on the right of (6.7). Using §°D;(u — k)4 < eo|D(u — k)4|?> + C(eo)|g|* with sufficiently small
€0 > 0 the term containing |D(u— k) |? can be absorbed and the |g|>-term is estimated similarly

as the f—term above. Further, §'n(u — k)4 D;n can be estimated by Young’s inequality, too,
leading to suitable terms.

From now on we will assume that

(P) The set of parameters 0, 61, 02, 11, €, 01, 3,70 is fixed such that the implication of Proposition
6.2.1 holds true.

Recall that M = esssupg(s,) u. Let m = essinfg,) u and m = (M + m)/2. Suppose u
satisfies (6.9), (6.10), and (6.11) for k = /m. Then, by Proposition 6.2.1,

Av (Am+5zm,p(t)> < BAN(B,), aa.te (t,t).
Consequently,
/\N({x €B,: u(t,z) —m <&M — m)}) > AN({I €B,: ult,z) —m < ng)})
>(1=B)An(B,),  aa.te(t,t) (6.23)
Consider then in (t,,t1) x B, the function
(-o0f-m) )
M —u+e(M —m)+ p~

where € € (0,1) is a parameter. Observe that we have v < 0 whenever u —m < §(M —m). In
view of (6.23), the set of points in B, for which this holds constitutes a certain portion of B,,
for a.a. t € (t«,t1). This property will later allow us to apply the weighted Poincaré inequality,
Proposition 2.6.2, with suitable weight to vy in (¢.,t1) X Bap.

Notice as well that the estimate

v = log ( (6.24)

esssupv < M, (6.25)
Q(p)

(with M7 > 0 independent of p,¢) implies the inequality
u< M —[e™M(1—¢) —e](M—m)+p~ ae. inQ(p).

Setting w(p) = esssupg,) u — essinfg(,) v and choosing e sufficiently small, it follows that

fir=max{l—e M(1-¢)/2+¢/2,(1+p)/2} € (1/2,1),
and
w(p) < fiw(2p) + p". (6.26)
If the condition (6.9) with k& = m is violated, then

w(p) < esssup u—m < (M —m)+m—m+ pt = N—H(M—m)—i—p“,
[to,t1]x B, 2
and hence the oscillation estimate(6.26) holds in this case as well.
Our next objective is to establish (6.25). We proceed in two steps. First we derive an Lo-
estimate for v on a slightly larger cylinder. Using De Giorgi’s iteration technique this estimate
then allows us to establish a sup-bound for v on Q(p).
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Q(2p)

Poincaré
(t;Xy)

6.3 An [y-estimate for v on a cylinder containing Q(p)
Let £ = t; — 003p%/® with 63 € (1,6,) being fixed. Our goal is to derive an Lo-estimate for v on
the cylinder (£,¢1) X Bs,/a(x1).

Proposition 6.3.1 Let ¢ € (0,1) and u be a bounded weak solution of (6.1). Suppose that the
assumptions formulated at the beginning of Section 6.2 are satisfied. Suppose that (P) holds and
that the conditions (6.9) and (6.10) are satisfied with k = m. Suppose further that

ult,z) = m < (M —m) (2 [2%(%)}7 1), aa (7)€ (0.t0) x By, (6.27)

where v € (0,70] is such that

ez = [ ialo - Gl (0) - 1) do (6.28)

Then

t1
/ / v(t,z)* dedt < CpNtE.
2

where C' = O(Aa v,a,r, g, Na 70, PO, 57 67 07 025 937 MO) |u0|Loo(Q)7 |f|LT([O,T];Lq(Q)))) mn particular C
does not depend on p, e, and 7.

Proof. Let t € (ts,t1) and shift the time by setting s = ¢ — t.. Letting us = u — m and using
the same notation as in (6.3) with Ty = t., we have for all vy € H3 (),

[ (091(1-a#m) + (o oy Dyl Do) d =

/ ((hn * )+ G1—an(uo —m) + ﬂm,n)@/}dm, a.a. s € (0,t1 — ty), (6.29)
Q
where .
Hpmn(t,x) = / [—g1—an(t —T)](u(r,x) —m)dr, t € (ts,t1), z € Q.
0
Define 1+ e)(M —m) o
B € —m)—y+p B ~
@(y)——log< 0= =) ), y € [m—m,M —m)]. (6.30)
Then ® is bounded and 4
D(y) > —log ( ﬁ> = —Co, (6.31)
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since (6.9) with k£ = m implies

We further have

and

"(y) = = @'(y)? > 0,

(1 +e)(M —m) —y+ p~)?
for all y € [m — m, M — /). In particular, ® is a convex function.

For s € (0,t; — t.) we choose in (6.29) the test function 1 = @' (& )w? with w € CJ(Bs))
such that suppw C Bz, w = 1in Bs,/, 0 < w < 1, [Dw| < 4/p, and the domains {x € By, :
w(z)? > ¢} are convex for all ¢ < 1.

By the fundamental identity (2.6) and since ¥ = ® (i), we have (with the spatial variable x
being suppressed)

where T(y) =eV —1—y, y € R.
We next consider the history term on the right of (6.29). We write

to Ty
Honnlt:2) = [ =it = Dl(utr.2) = m)dr + [ [=g1anlt = 1 ulr,) = m)dr
0 to
= Hi (@) + H (4 ).
Since u < M in Q(2p), the short-term memory term can be estimated as follows.

ﬂg)n(svx) < (M —m)[gi-an(s) — gi—an(s+ti—to)], a.a. (s,z)€ (0,1 —t.) X Bap,. (6.33)

Thanks to (6.27) we further have

~ (1) B o t1— T
Hynn(s,2) < (M — m)/o [—d—an(s+ti—17)] (wV(tll — to) - 1) dr

to
+ (M — m)/ [—d1—an(s+ts— 7)) dr
0
< E%n(M — m)(tl — to)_a + (M — m)gl_a,n(s 4+t — to), (634)
for a.a. (s,x) € (0,1 — ti) X Ba,, where

Em = (t1 — to)1+® AT [~91—an(ts — t1 + 0t — to)] (¥5(0) — 1) dor (6.35)
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By means of integration by parts and the approximation property of the kernels h,, one verifies
that as n — oo,

to

rn == [ lialo = )0 ()~ 1) do
< [ iialo - gl 0) < 1 do =<, (6.36)
Setting
Ro(s)= [ (s = F+ (00 = )10 = 31-0)) 0

2p

+/B ((Emn — Ey,00) (M —m)(t1 — to) "¢ + [&iijﬁ — (hn * [aiijU])N] Dﬂ/f) dz,

2p

for s € (0,11 —t.), it follows from (6.29), (6.32), (6.33), (6.34), and (6.36) that with ¢ = &' (i )w?

w2 (as(gl—a,n * ’D) - (’6 + 1)91—(1,71) dz

B,
+ /sz w? ; Y(0(s,z) — 0(s — 0,2))[—g1—an(0)] do dx + /sz ai; DjuDy dx
< / (f+ (uo — M)g1—a + 5 (M —m)(t1 — to)fa)ﬂfdi? + Rn(s), (6.37)
By

H2), and since D9 = &’ (@i,5,) Diiyy, and ®”(y) = ®'(y)?, we have
/ di; D;aDi dx = / aiija(w%”(am)Dmm + 2w<1>'(am)Diw) dz
B2y Bap

:/ w2diijf;Dif;d:1:+2/ wa;; Do Dyw dx
Bs,

sz
2A2
>Z / w?|Do|? de — =— |Dw|?* dx
2 Ba, v Bap
> % / w?| D> dx — C(v, A, N)pN ™2 aa.s€ (0,t; —t.). (6.38)
B

2p

Since u satisfies (6.23), we may apply Proposition 2.6.2 with weight w? to 9, in B3, pointwise
for a.a. s € (0,41 —t.). In view of 9% < (04)% + CZ% (c.p. (6.31)), and |Do4|*> < |D9|* we obtain

/ w2172d:c§C§o/ w2d:v+/ w? [04]? dx
B2, B2, B

2p
(4p)* _
2(N—1) w? |DU+|2d£C
2

(1= BIAN(B,)) "~ /B2
< C2 AN (Bzp) + C(N, ﬁ)pQ/ w? |Do)*dr, a.a.s€ (0t —t,). (6.39)

2p

< CZ \N(Ba,) + C(N)

Turning to the first term on the right of (6.37), we may estimate for a.a. s € (0,t1 — t.),

£ Lz & 3 K+ = —2—K
| ede < 21y An (Bap) T = OV, )l (s, )l @p™ 7N
2p

< C(N.q,p0)|f(s, ')|Lq(sz)P%+N_2- (6.40)
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Further, since g1—q(s + t«) < g1-a(70),

5 1
/ (uo —M)g1—a dx < o (Juol Lo (@) + Mo)AN(B2p)g1—a(s +ts)
ng
S C(|UO|LOO(Q)7M07N7047TOapO)pN_2' (641)

Note that 1) < [¢(M —m)]~!. By assumption (6.28) we also have €, < e. Therefore

/B ey (M —m)(ty — to) "¢ dr < (t1 — to) " *An(Bay) = C(a, 0, N)p™N 2. (6.42)

2p

From (6.37)—(6.42) we infer that

/ w? (85 (g1—an *xD) — (0 + 1)91_%") dx
B

2p

+ / w? / Y(o(s,z) — (s — 0,2))[—G1—an(0)] do dx + V—g w?9? da
Ba,, 0 P~ JBs,,

< OPN72 (1 =+ |f~(57 .)|Lq(9)p%) + Rn(S), a.a. s € (Ovtl - t*)v (643)
where vy = vy(v, N, ) and C = C(|uo|r (o) Mo, N, @, 7o, po, v, A, q,0, 3, Cs) are positive con-

stants.
We next introduce the function

By Jensen’s inequality,

2 2
2 o fB2p w(z)? o(s,z)* dz

v , aa.s € (0t —ty). 6.44
o R AR (64

Since Y is convex, Jensen’s inequality also yields

/ T(V(s) V(s —0)) [-1an(o)] do

0
S 1 / 9 B B .
< -_— w(x)*Y(0(s,x) — 0(s — 0,2))[—G1—a,n(0)] do dx, (6.45)
Ty S,
a.e. in (0,1 —t,). By the fundamental identity (2.6) with H(y) = —logy applied to the function
eV, we further have

_eV(s) as (gl—a,n * e—V) (3) = as (gl—oz,n * V)(S) - (V(S) + 1)91—&,71(5)
+ / T(V(s) —V(s— a)) [—01-an(0)]do, aa.se (0t —t). (6.46)
0
Dividing then (6.43) by [ w?dz, and setting

F(s) =1+ |f(5,)|,)p™ ) Rals) = 7I|Rn<8>l
B2,
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it follows by virtue of (6.44)—(6.46) that

151

s — v ~
—eV® g, (gl,aﬂn*e V) (s) + p—; V(s)* + phEs /2 w(x)? o(s,z)? dx

P

Ch _
< v F(s)+ Rn(s), aa.se (0,t1—1ts), (6.47)
with V= 1/1(1/, Nu ﬁ) > 0 and Cl = Cl(luolLoo(Q)aMOuNuauTOupanuAaqueaﬁu COO) > 0.

We next put
W(s)=V(s)+Coc+1, s€(0,t1 —t).

Since ¥ > —Cx (see (6.31)), we have W > 1. Furthermore, (6.47) implies

0, () 6) g WP i [ weP (s de

P

C _
< p_22 F(s) +Rn(s), a.a.se (0,t1 —ts), (6.48)

where Oy = C; + (Co + 1)?v1. We then fix a negative number ¢ such that
1
-1<({<—-2 (6.49)
Q

Multiplying (6.48) by W¢(< 1) and dropping the third term on the left-hand side gives

Cy |

W< Z2ZF 4R, (6.50)
p

_W<6Was (gl—a,n * e_W) + )
2p

By the fundamental identity (2.6) applied to the function H(y) = (—logy)*¢/(1 + (), where
y € (0,1/¢], we have

W1+<> - (W1+<

_WC Was( —a,n ¥ _W)>as( —a,n ¥ +
¢ Jl—an %€ = Cs\Jt-e 1+¢ 1+¢

Wc)gl—a,n'

In fact, H is convex since
1 _
H"(y) = 7 (—logy)*~' (¢ —logy) >0, ye(0,1/el.

From (6.50) and W¢ < 1 we thus conclude that for a.a. s € (0,¢; — t.),

*Wl"'C) iW2+<< (W1+C
1+¢ 2p? “\1+4¢

Integrating from 0 to ¢; — ¢, and sending n — oo yields

t1—ts t1—ts 1+¢ C
1 24¢ / ([/I/ ) ;

W ds < 1 —ad Ja B
2p? /0 = 1+¢ T1)91-ads+ el |F| Ly (0,01 —2.)

C _
as (gl—a,n + 1)91_0[)71 + p_22 F+ Rn

t1—t« O
< / <5W2+< + 57(1“)0(09%3) ds +|g1-alL, (0,61 -t.7) + p_22 | F| 1 (10,1 —t.])
0
for all € > 0. By Holder’s inequality,
1 2_ 2 oz 1 2
ﬁ |F|L1([0,trt*]) < 062p= >+ per 2|f|LT([O,t17t*];Lq(Q))(992)’"’p"“"’-
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Choosing & = v1/(4p?) it then follows that

t1—t« t1—t«
t/ PVdsSE/ LvﬂfdsS(%p”a(1+|ﬂmequan»)’ (6.51)
0 0

where C5 = C3(1v1, 60,02, a,7,(,Cs). This Lq-estimate for the function W on (0, ¢; —t,) is crucial
for what follows.

We return to (6.48) and use the identity (6.46) (with V replaced by W) to reformulate the first
term. Note that the last term in (6.46) is nonnegative, due to the convexity of H(y) = —logy.
Therefore

O0s(g1—a.n * W)(s)—(W(s) + 1)g1_a)n(s) + pJ\V[1+2 /2 w(z)? (s, z)? do

Co _
< e F(s) +Rn(s), a.a.se(0,t1—ts).
We choose p € C1([0,t1 —t.]) such that 0 < » < 1,0 = 01in [0, (f—t.)/2], ¢ = 1 in [t —ts, t1 —t.],
and 0 < ¢ < 4/(f — t.). Multiplying the last inequality by ¢(s) and using Lemma 2.3.3 yields

0. 010+ WD) = (W(s) + 1) 5)g1-an(9) + i | plula) o(s,0)? de

P

< [ Fimanls = l(els) — (o) W) do + 2 F5) +Rals)
0 p

< [ Fanls = o - W () do + P+ Rao)

We next integrate from 0 to ¢; — t. and send n — oco. Selecting an appropriate subsequence, if
necessary, and employing (6.51) we obtain

y ti—ts i ti—t.

pN:‘Q /0 /32 o(s)w(x)? (s, z)? deds < /0 (W(s) 4+ 1)¢(s)gi—als)ds
4

t—t.

t—t,
2

tl—t* S C
b [ [t = ol - W) dods+ 2 1Pl osiw)
0 0

4o Co
HW/+1hmmnme+'ﬂ_m(W—a*Wqﬁl—h)+;§WFhuwm7nn

S gl—a(

t—t.

2

4ag2—a(tl - t*)
t—t.

< g1-af ) (t1 =t + WLy 0,61 —2.7)) + WLy (0,6 —1.])

Cs
+ el |E| Ly (0,81 —.])
< Cy(e,6,02,03,C3) pa =2 (1 + |f|LT([O,T];Lq(Q)))7

which in turn implies

ty
/ / o(t, z)? dodt < Cs(1n,Cy) pN T (1 + |f|LT([0,T];Lq(Q))>-
t Bs

2P
2

This completes the proof of Proposition 6.3.1. O
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Remark 6.3.1 Note that the assertion of Proposition 6.3.1 remains true when equation (6.1)
has a second term on the right-hand side of the form —D;g’, where |g|* € L,.([0,T]; L,(2)). In
fact, recall Remark 6.2.1 and note that for a.a. s € (0,¢; — t.) and any ¢y > 0 we have
/ G'Diypde = / 7' (w*® () Di0 + 2w (i) Diw) d
B Bsp
< / (6011)2|D1~)|2 + C(e0)|g]2 " (@m)* + |Dw|2) dx.
B

2p

2p

The first term can be absorbed for sufficiently small €y, while the second term is estimated
similarly to the f-term above:

~i ~ 2 —
| #Dwdn < OV a(s. ) 0
2p

Observe that this is possible, since in the line before (6.40) we have an extra factor p" at disposal
which is just good enough to control the additional factor ®' ().

6.4 A sup-bound for v on the cylinder Q(p)

Proposition 6.4.1 Let the assumptions of Proposition 6.53.1 be satisfied. Then

esssupv < Mj, (6.52)
Q(p)

where 0 < My = Ml(Au v, o, T, g, Nu 70, P07§76797927 937 M07 |u0|Loo(Q)7 |f|LT([O,T];Lq(Q)))7 in par-
ticular My does not depend on p,e, and 7.

Proof. 1. Local truncated energy estimates. We introduce the family of nested cylinders
Q, p) = (tr — [1 +9(03 — 1)]0p**, t1) X By1u/2)(71)

with parameter 9 € [0,1]. Note that Q(0, p) = Q(p) and Q(1,p) = (£, t1) x Bz, 2.
Let 0 < 191 < 99 <1 be fixed. We set

=t — [1+ 02005 — 1)]0p¥, =t —[1+91(0s — 1)]0p>/°.

Let ¢t € (¢,t1) and shift the time by setting s = ¢t — t’. Employing the same notation as in
(6.3) with Ty = #/, we have for all ¢ € H(Q),

/Q (1/;35(91,&," wiim) + (hn * [aijpju]ypw) da =
/ ((hn * f)N—i- glfa_’n(’u,o — m) + ﬂmyn)l/) dI, a.a. s € (O, t1 — t/), (653)
Q

where .
t
Moo (t,2) = / [=g1_an(t — D) (u(r, ) —m)dr, te (@) o e
0

Define the function ¥ by means of



with ® as in (6.30) and k > 0. Then ¥ is a C! function,

(®(y) — k)+
(L+e)(M—m)—y+p~’

V(y) = ' (y)(2(y) — k)+ =

and ¥ is convex, by virtue of &', " > 0.
For s € (0,¢; —t') we choose in (6.53) the test function ¢ = U’ (i,5)n* where n € C}(Bs,) has
values only in [0, 1], suppn C Bp(149,/2), N = 1 in B4y, /2y, and [Dn| < 4/(p[¥2 — 91]). Since

STV )y = — 2 (B(y) — K%+ (B(y) — B) @ ()

1 _
> = 5 (@) — )3 + (M = m]e'(y) — 1) (@(y) - k)
and 0 = ® (), the fundamental identity (2.6) yields

\I’/(am)as (gl—a,n * Uyp,) > Os (gl—a,n * \I’(ﬂm)) + ( — U(Um) + ﬂm\l’/(am))gl—a,n

> % ) (gl,a,n % (35— k)i) + ( - % (@ — k)2 + ([M = m]® (iigm) — 1) (6 — k)+)gl,a,n. (6.54)

We split again the history term on the right of (6.53) into a long- and a short-term memory
term:

Hpmn(t,x) = /0 0[—9'1,0[,"(15 —1)|(u(r,x) —m)dr + / [—g1—an(t —7)](u(r,2) —m)dr

to
=: H%?n(t, x) + Hg?n(t, ).
Similarly as in the proof of Proposition 6.3.1 (c.p. (6.33) and (6.34)) we obtain
Hion (5 @) < (M = m)[g1-0,n(s) = g1-an(s +1' —to)],
H (5, 2) < ey (M —m)(t1 — to) ™™ + (M — m)g1—an(s + 1 — to),
for a.a. (s,x) € (0,t1 —t") x Bs,, and hence
Hinn(5,2) < (M = m)g1—an(8) + ey (M —m)(t —to) %, (6.55)

for a.a. (s,x) € (0,t1 —t") x Ba,, where ¢, ,, is defined as in (6.35).
Inserting ¢ = W'(1,7)n? into (6.53) and using (6.54) and (6.55) we obtain with ps := p(1 +
U2/2)

1 . 1 -
5 / 772 as (gl—a,n * (U - k)i) dx — 5 / 772(U - k)igl—a,n dz
B B

P2 P2

1 (M — )@ (i) (0 — k)+-g1-a,n dz — / (0 = k)1 g1-a,n do
By,

(h * f)+ G1—am(uo — *)+7%m,n)q>’(am)(ﬁ—k)+n2dx

(
(e 7 10 = ) /(00 = ) do
+ /B ((M = )1 + 20 (M = )11 = t0) ™)@' (@) (5 — k) o0 dw,  (6.56)

P2
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for a.a. s € (0,t; —t').

Next, choose ¢ € C([0,t; — #']) such that 0 < ¢ < 1, ¢ = 0in [0,(f —')/2], ¢ = 1 in
[t —t' ty —t], and 0 < ¢ < 4/(f — t'). We multiply (6.56) by ¢? and apply Lemma 2.3.3.
Estimating the commutator term similarly as above we get

% /Bp2 20, (gl_a,n * [ip(f} — k)_‘_}?) dx + / (hy, * [ai; Dju])"D; [@/(am)nz]wz da

By,

. 1
< / s02772((v -k + 3 (0 — k)i)gl_om dx
B

P2

[ (e £+ 1ot = )+ 250V = )01 = t0) )@ ) 5 = K)o

P2

L /OS[—Q'l—a,n(s —0)](s - 0)/3 n(x)? (3(o, x) — k)i dz do.

t_t/ P2

Convolve this last inequality with g, and send n — oco. Selecting an appropriate subsequence, if
necessary, this gives

1
5 / ©*n* (0 — k)% dx + ga */ aij Dt D; [ (0 )n°] 0 dw < go * G, (6.57)
B B

P2 P2

for a.a. s € (0,¢t; —t'), where

- 1. %" 5
Gi(s) = [ (=Rt 50— RR )padet Zoas [P0 bEdr

P2 P2

b [ (11 Grmaluo = (= m) (12 = 1))@ () (5 = k) o

P2

Since o = ®(@,7) and ®”(y) = &' (y)?, we further have

D[V (@m)n?] = 0@ (tim)D(0 — k)4 + 1°(0 — k)4 ®" (i) Dibr, + 2n.Dn @' (i) (0 — k) 4
= ? O () D(0 — k)4 +0° @ () (0 — k) DO + 20D @' () (0 — k) 4,

and therefore by (H1) and (H2)

/ ai; D D; [V (7 )0° ] * d = / ©*n*a;; D;o(D; (0 — k)4 + (0 — k)4 D;0) da
B

P2 BP2

+ / ¢°aij (0 — k)1 Dj0 2nDin da
B

P2

> v [ PP (DG =B + (0= k) DT do

B,
—2A ¢ (0 = k)+|D(0 = k)+| |Dnln dz
By,
v ~ 2A2 ~
> 7 [ P - b= 25 [ 2iDaP - b e
Bp, v By,

Combining this and (6.57) we infer that
1
5 / P* (0 — k)% dx + ga * % / ¢ n?ID(0 — k)| do < ga G, (6.58)
B

P2 BPZ
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for a.a. s € (0,t; —t'), where G is defined by

27° 21y (2 (5 2
G(s) = Gi(s) + — ©*|Dn|* (0 — k)75 da.
Bp,

We may drop the second term in (6.58), which is nonnegative. By Young’s inequality for
convolutions we conclude that for all p € (1,1/(1 — «))

ln (v — k)-i-|%2P([0,t17t’];L2(BP2)) < 2|galL, 0,6, -Gl Ly (0,6 —21])- (6.59)

Here

(ty —t/)o-H/p )
=¢ O)p= - 6.60
Ma)a=-Dprre = Al z (6.:60)

We may also drop the first term in (6.58), convolve the resulting inequality with ¢1_, and
evaluate at s = ¢; — t/, thereby obtaining

|goz|Lp([0,t1—t']) =

t1— —t 2
/ /B PP ID@ k) P deds < 2 1G]y or—r) (6.61)

Using

th—t'
/ / |D(n(o — k) )[* deds <
0 B

P2

ty—t'
2/ / (#*n2 D@ = K)+ 2 + 2 Dol (0 — k)2 ) dards
0 By,

we deduce from (6.59)—(6.61) and the definition of G that

a— 1+ 2 ~ 2
o »)|on (v — )y (10,62 —#71sL0(B,y ) T | Dleon (v — k)JrHLg([O,tl—t’]prz)

t—t' ty—t'
< Cy(v, A, Ol)</ Gi(s)ds + / / ©*|Dn|* (9 — k)2 dx ds). (6.62)
0 0 By,

We will next estimate the right-hand side of (6.62). By the assumptions on ¢ and 1 we have

_ <
/ / ©*|Dn (0 — k)3 dx ds 02_01 / / % dads.

Turning to G; we set
Appy(s) ={x € B,, 1 0(s,2) >k}, s (0,t; —t).

Then we have for a.a. s € (0,t; —t')

_ t—t (0 — k)3
220 —k)pgi-adr < gi_a / Vg — )+ —)d
/Bpf”(“ et Sancol) [L (G200 )
03(04, 97 93) / (’D - k)i
< 14+ ——t ) dz,
p? Apopy (5) ( (¥2 — 191)2“>
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and also

1 / 2 2/~ 2 Cy(a,0,03) ~ 2
5 (0 = k)igi—ade < 5 ———=- [ (0— k)] dw.
2 By, - p*(V2 — V1) By, -
Further,
t—t 4 4 a t —t t—t
/ A_agl,a*/ W20 — k)2 dods < —92-ei1 70 / / 2 dads
0 t—t B t—t By

P2

05 (a, 0, 03) /fl f/
d:cds
192—191 B,,

By (H3), there exists p € (1,1/(1 — «)) such that for » and ¢ from (H3) we have

/
N
% + % =1-Fk with& e (0,1).
Here p’ = p/(p — 1) as usual. We fix this p and set

2K

0= 2 — 1)+ N

and 7 = 2r'(146) and ¢ = 2¢'(1 + 6). Observing that ®'(4y) < p™" on [0,t; — t'] x B,, and
using Holder’s inequality, we then have for any ¢; > 0

t—t/ -
/ /B |f|®’ (@ —k)n*@* deds < p~"|f|L, (0,6 —t1iLg(By,))
20)/7
X |on(? = k)+|L- (0.t —;L4 (sz))u;g; )T
- —z 14-26)/7 z K
<e1len(v _k)-i-|%;([0,t17t’];L§(Bp2))p + gﬂk(m W7 g2 |f|L ([0,T];Lq(2))>
with )
Mk, pp = Otl_t )‘N(Akypzﬁi’ds _ ig>1
7 M({s € (0,61 = 1) : AN(Arpo(5)) > 0}) :q=1,
and 2 N 2
z:2(—~+—~)+2———N.
af = § o
Further
2029 K %"UJ# z—2K o 2 (N+-2 ) +2—2k
Pk, py P = Pip, O P < Co(,0, 03,1, 0) k.p2 M(q Tor )+ ?
and
) N 2 é N 2 2 1 N 2
Y —2 :—(— < —(— ) 2- 2 _N-2
1+ (q’+ar’>+z " 14+d\¢ 047“’)+1—|—5 2q' + o "
2 N 2
= (S +5)+2- S - N+41-n)—4+2
ar’  q a
2 N 2 1 N
=(S+5) 2= N4+ )+
ar’ ¢ o} ar  2q
2 N 2
——(S+Z)+o+N-2+2% (6.63)
ar’  q a
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Therefore

t1— —t'
/ / 10 (@) (0 — k)46 da ds < 21lon(@ — K)+ 2, o —opma(mP

Co & (Z43) 20N 2 5,2
+ E—luk,pzp ("““ a )P‘“L pOK|f|LT([O,T];Lq(Q))'

Using §1-a(s) < g1—a(70), the same argument yields

t/
I/ gl_a|uo—m|¢'<am><ﬁ—k>+n2so2dxdssalwmw—k>+|%;<[o,tl_m.<3,gz))p-z
P2

Cy L, ~(2,
€1
with C7 = Cr7(a, N, 0,03,7,q,Cs, 10, [uo|L (), Mo)-

Finally, since 57 < e, we may estimate

| 01— m = t0) W )0 = WPt de < iy [ @) s

P2 By,
1 / o,
<— 1+ (0-k)1) de.
49ap2 Ak,p2( ) ( +)

From (6.62) and the previous estimates it follows that for any ;1 > 0

—2 (a—141 ~ 2 ~ 2
pa P |on (v — )Ly (10,61 —#735L0(B,y)) T | Dleen (v — k)+HL2([07t1,t,]XBP2)

_ s 1
< 2e1fpn (v — k)+E;([Oytrt’];Lq(Bm))p +Cs (p2(192 —91)2 (@

2
k +”L2([0,t17t/]><Bp2)
1 3 (2. nN) 2.n_ 1 tr—t/ ~
_|_ gugylmp (arl"" q/)pa‘f’N 2+ F‘/ )\N(Ak,pz)ds)u (664)
0

where Cg = Cs(a, 0,03,v, A, 70,p,7, 4,0, po, | |, (L,)» W0l L (22), Mo)-

Observe that (6.64) is scaling invariant with respect to p > 0, in fact, each of the terms
behaves like pN~2t2/® when changing coordinates as s — s/p2/°‘ and © — x1 + (z — x1)/p.
Notice as well that the numbers 7 and ¢ are subject to conditions (2.12) with (r, q) replaced by
(7,q). Therefore, choosing e, sufficiently small, the first term on the right-hand side of (6.64) is
dominated by one half of the sum on the left-hand side.

Further, it is appropriate to reformulate the last term in (6.64) in order to obtain the same
structure as for the term involving p ,,. To this end, we put

R~

_|_
1 _ )

vz

’]"A:

=

which means that the pair (7, §) with ¢ := # satisfies the same condition as (r,q) in (H3). Then
we have

’

t1—t’ . o t1—t .
i ::/ An <Akp2>‘—ds—/ An(Ax,) ds

t1— —t
Sﬂﬁ’m/ / dx ds)* < Co(a, N, 0,05,7) i} (%ﬂ)piﬂv
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We conclude that
-2 (a—141 ~ 2 -~ 2
pral »n (o - k)+|L2p([0,t1—t/];Lz(Bp2)) + ’D[‘/m(“ - k)Jr”Lz([o,trtf]me)
1 - 2
< Clo(m (0 = B) 412y ((0,ts—t1x B,
2in—2f, &+ ~(Z+% N A O
L RN QVQmP @w+q)_+uhmp &r+q)})7 (6.65)

with C19 = C10(Cs, Cy, N, 7). Returning to the function v and using the properties of the cut-off
functions we obtain with J(0, p) = (t; — [1 +9(03 — 1)]0p>/*, t1)

—2 (a—141 2 v 2
P« ( p)|(1) - k)Jr|L2P(J(191,p);L2(Bp(1+191/2))) + ‘D(’U B k)+|L2(Q(1917P))
1 2
< Clo(m (v — k)+|L2(Q(192,p))
(=24 . 1 (ZH+ L
+p§+N72PNkﬂ%,mfﬂ7(a”+q0-+u@uﬁmp)5p (a“+60}) (6.66)

for all 0 <91 < ¥ <1 and k > 0, where

u%ﬁm%—{ﬁwmANMmmwmﬁDQﬁ tg>1
Mt e J(0,p) : AN(Ag p+v/2) (1) >0}) :1q=1,

A ;(t) ={x € Bs:v(t,z) >k}, te(t,t1), p>0,

and fi(k, 9, p) is defined correspondingly.

2. Iterative Inequalities. We next normalize to p = 1. To this purpose we change variables
ast —t; + (t —t1)/p?* and x — x1 + (x — 21)/p. Denoting the new variables again by t and x
and the transformed function again by v the inequalities (6.66) take the form

1
9 2
I@—khhwmmJ»§2CMQ@;:§FKU—@+MAMMM>

We consider the family of boxes @, = Q(¢n,1) = J((n,1) X By, /2 with ¢, = 2~ (nt1),
n=0,1,2,..., and introduce the sequence of increasing levels
1
m:K@——»
2n
where K > 1 is a number to be chosen. For n =0,1,2,... we set

1 2
Yo= 0= ka)+[r,0.

and 1 1
Zn = 1(kns Guy 1) 7050+ ik, G, 1) 705D,
Let 571 = (Cn + Cat1)/2. Choose a cutoff-function n,, € C! (Bi4¢, /2) that has values only in
[0,1], such that suppn, C BlJrfn/27 Tn =110 Bisc, ., /2, and |Dn,| < 3227 Let

_ 2p+N(p-1)
24+ N(p-1)"
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Then we have with J,, = J(¢,,1)

Y1 <K~ / / (v — kny1)*n? dedt
’n.+l

k nt1:14+Cn /2

_ % 2x 1
<K 2(/ )\N(A n+171+<n/2 dt / / v — kn+1)77n} dz dt) X
Jn+1 Jn+1

k nt1:14+Cn /2

<C(p,N)K~ 2(/ AN(Ak71+1,1+<7l/2)dt)

(U - kn-i—l +77n‘v (Jny1XB
Jn41

. )
1+Cn/2)

where we use the embedding V), — Lo, from (2.13).
Further,

| ow et < G-k [ [ ) dedt
Jn+1 Jn+1

k nt1:14Cn /2

< (kpy1 — kn) 2K?Y, < 4"y,

Using the properties of 7, and applying (6.67) with ¥2 = ¢, > Co =1 and k = ky,41 we also
have

< 2|(v

2 2
‘(U_kn-i-l)-‘r nn‘VP(Jn+l><B - "+1)+’V(Jn+1><B

148 /2) 148n/2)

+2/ / — knt1)3 | D0y |? da dt
Jnt1

kn41, A48n /2
< 4010 (4n+3|(v - kn+1)+|%2(Qn) + /’L( n+1, Cna 1)% + ﬂ(kn-i-lué-nu 1)%>
+2- 4" (0 = knt1)+17 500
<4 (Cio + 8)K?Y, +4C10Z) . (6.68)

It follows that

n

1+% =
Yoir < Cp16™ (Yn Y Zl+5). (6.69)
Turning to Z,, 41 note that

1 N .
(kn—i-l - kn)2Zn+l = (kn-i-l - kn)2 (N(kn-l-lué-n—i-lu 1)T/(1+6) + ﬂ(kn+17 Cn-l—lu 1)T (1+6))
2
<|(v— kn)Jrnn|L2T/(1+5)(Jn+1;L2q/(l+5)(Bl+<~n/2))
2
+ |(U - kn)+nn|L2i’(1+5)(Jn+1§L2¢§’(1+5)(B1+fn/2))

2
S 20(p,N)}(’U—kn)+ nn}vp(JnJrle (670)

1480 /2)

The right-hand side is estimated in the same way as in (6.68) replacing k11 by k,. This yields
Zpi1 <2C(p, N)A"H K 2 (4" (Cho + 8)K?Y,, + 4C1OZ£+5),
and therefore

Zni1 < C1116" (Yn + Z}ﬁ), (6.71)
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where we may take the same constant C1; = C11(Cho, N, p) as in (6.69).
In view of (6.69) and (6.71), Lemma 2.4.2 implies that Y,, and Z, tend to zero as n — oo
provided that

149

_its 148 1
Yo+ Z0 < (200,) 5016 %, with 6, = min{é, —,}. (6.72)
X
This condition is satisfied whenever K is sufficiently large. In fact, for Y, we have
_ g2 -2
Yo=K ?|(v - K)+’L2(J(1/2,1)><Bs/4) < K7 lLa@u)-
Zy can be estimated as in (6.70) if one assumes that k_; = K/2 and (_; = 1. This gives

8C(p,N)

Zy 72

IN

2
’(’U - kfl) 77*1’Vp(,]0><Bl+<-71/2)'

Using (6.68) with k1 replaced by k_; we then obtain for some Ci2 = C12(p, N, C1o)

Zo < CuaK (Il + (K2, LT + (K /2,1,1)7)

1 1
7

i
<CpK™? (|U|L2<Q<1,1>> + (630AN (Bsj2)) ™ + (630~ (Bs2)) 7)

Normalizing the Lo-estimate from Proposition 6.3.1 to p = 1 yields an a priori bound for
|v|L,(0(1,1))- Hence there exists a number K > 1 depending only on A, v, a7, q, N, 70, po, &, 3,6,
02,03, Mo, |uolr(2),|flL,(L,) such that (6.72) is fulfilled.

Since k, — 2K and Y;, — 0 as n — oo, it follows that esssupg g 1) v < 2K. Scaling back to
the original variables, this means that (6.52) holds with M; = 2K. O

Remark 6.4.1 Note that the assertion of Proposition 6.3.1 remains true when equation (6.1)
has a second term on the right-hand side of the form —D;g’, where |g|*> € L,.([0,T]; L,(2)). In
fact, recall Remark 6.3.1 and note that for any ¢y > 0 we have

ti—t’ _ ty—t’
[ ] eeniwnppladss [T (c@ D6 =01+ 6 - 104 Dif)
0 By, 0 By,
+ Cleo) [lG120 (@n)* (5 = k)+ + | Duf(® = )] ) dads
t1—t'
—|—C’(eo)/ / |§1°® (tin)? dx ds.
0 Ak,p2

The terms with factor €y can be absorbed if ¢ is selected small enough. The term containing
|G12®' ()% (0 — k)4 is estimated similarly as the f-term above; note that the additional factor
®'(@yy,) can be controlled thanks due the last summand in (6.63). Finally, by Holder’s inequality,

t1—t' L 2 N
~ ~ = —N\z=t+7) 2 —
/ / |g|2(1)/(um)2 dxds < “g|2‘LT(Lq)'uk,p2p (om“ q )paJrN 2,
0 Ak,pz

which is the right estimate to proceed as above.

6.5 Oscillation estimates

Suppose u is a bounded weak solution of (6.1). Without restriction of generality we may assume
that essoscq, u < 1.
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As in the previous sections we let 79 € (0,T) be fixed and (t1, 1) € (70, T] x Q. We consider
the family of nested cylinders

Q(p) = Q(tlaxlvovp) = (tl - 9p2/aat1) X BP(Il)a

with scaling parameter p = 27!, [ € Z, and the fixed parameter § > 0 (cf. assumption (P)). By [
we denote the integer that corresponds to the largest of those cylinders Q(27!) that are properly
contained in (79, T") x €. Let further Iy > [ be an integer, which will be fixed later appropriately.
For [ <y we set a; := essinfo, u and b; := a; + 2_(l_l0)"‘1, where k1 > 0 is another parameter
which will be chosen later. Then trivially we have for all j <y, j € Z,

(i) a; <u<b; ae nQR2)NQr, (i) b —a; =270 l0m (6.73)

Let now ! > lyp and assume that there exist sequences (a;), (b;) C R such that (6.73) is
satisfied for all j < [. The objective is then to construct two numbers a;4; and b;11 such that
(i) and (ii) in (6.73) hold also true for j =1+ 1.

The first observation is that the induction hypothesis implies an estimate of power type for
the memory term. More precisely, we have the following

Lemma 6.5.1 Let my = (a; +b;)/2, and to = t; — 6272/, Then

u(t, ) — mu| < (b — ) (2 [22/“<%)F -1), (6.74)

for a.a. (t,z) € (0,t0) X By-1(x1).
Proof. Let x € By—1(x1). Given t € (0,t0) we find an integer [, <1 so that
tp — 0272/ o <y — g2/ (6.75)
which means that (t,2) € Q(2~¢-~1). By the induction hypothesis,
u(t,x)—my <bi, 1 —my=bi,—1— a1+ a1 — My
<by, 1 —ap, 1 +a—my =2 —1-l)m 32_(l_l°)m

= (=) (22707170 1),

From (6.75) and t; — ty = #2~%/* we deduce that

. 022/ t1 —t

92—/ _ '
9272l/o¢ — tl _tO
Hence
u(t, )= my < (b —m) (22027020 1)
t1—t 172"
< (o—m) (222 (A=) T —1).

t —to

The desired lower estimate for v — m; is proved analogously. 0

From now on we will assume that
ak

o= Tl € (0,7%] and e, <e. (6.76)
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In the next step we distinguish two cases. With £ = ¢; — 06,272/ at least one of the following
inequalities is satisfied:

(&) A ({(t2) € (b0, ) x Bye(wn) : ult,@) = m}) < %ANH(%@ X By-i(m1) )

or
1
(B) )\N—i-l ({(f,,T) S (fo,i) X BQ—L(J]l) : u(t,:v) < ’ITL[}) < 5 )\N+1 ((to,l?) X 3271(,@1)).
Suppose (A) holds. We again distinguish two cases. Let us first assume that

max {,u(bl —my), 2’(”1)”‘} < esssup  u—my. (6.77)
[tO;tl]XBz—(l+l)

From Lemma 6.5.1 and Lemma 6.4.1 we then infer that the function v defined in (6.24) with
p=2"UFD M = b, and 7m = m is subject to

esssup v < My,
Q(2~-(+D)

where M7 > 0 is the a priori bound from (6.52). This in turn implies
u<b—[eM(1—¢) —el(by—my)+ 2~ FDE g e in Q(27HY),
If (6.77) is violated, we have

u < my+ p(by —my) 427 DR
< b —[1—p)(by —my) + 2705 ae in Q27 HY),

We next set . .
=3 eM(1—-¢) and e, = 3 min{e, 1 — p}.

Then the previous estimates show that if condition (A) holds, we have in any case
u<b—ei(by—a))+ 2% ae in Q2 0FD). (6.78)

Define now
a1 =a; and b =a; + o—(+1-lo)r1

Then by the induction hypothesis,
biy1 >0 — E*(bl — a[) + 9~ (H1)x
i 27(l+17l0)l-€1 2 (1 _ E*)27(l7lo)l-€1 4 27(l+1)l-€
= 1 2 2&1(1 _ E*) + 2—(l—l0+l)(n—ﬁ1)2—loﬁ'

Assuming k1 < k and recalling that [ > [y, the last condition certainly follows from
2°1(1 —g,) +2700F < 1. (6.79)

We choose now 1 € (0, min{x,27y9/a}] so small and ly > [ so large that ¢, < ¢ and (6.79) are
satisfied. In particular k1 and ly are independent of [ > ly. In view of (6.78) and the definition
of a;11 and by4q it is then evident that (6.73) holds for j =1+ 1.
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Suppose now that (B) holds. Setting
w=b+a —u and Uy =b; + a; — ug,
4 is a bounded weak solution of
O (4 — o) — Di(a;jDju) = —f, t € (0,T), z € Q. (6.80)

We further put A
dj:bl—I—CLl—bj, bj:bl+al—aj, jSl

By the induction hypothesis, we have for all j <1, j € Z,
dj S U S l;j a.e. in Q(27j) N QT and l;j — dj = bj —a; = 27(j7l0)'{1.

Note also that a; = ay, El = b;, and

by + a; m
1= =my.
2
Moreover,
u>m; & u<my
Hence

)\N—i-l ({(f,,T) S (fo,f) X Bzfz(xl) : ’ll(t,i[:) > ’ITL[}) < %)\N-i-l ((to,f) X 3271(1'1)),

so that we are in the situation of case (A). We may now argue as above, replacing u, a;, and b;
by 4, a;, and l;j, respectively, and using equation (6.80). Since |tg — 7|1 () = |uo — MulL (@)
the corresponding estimates in Propositions 6.2.1, 6.3.1, and 6.4.1 hold with the same constants
as above. Thus we obtain

A <b —e (b —ay)+2HDF ae in Q27 0HD),
where ¢, is as above. It follows that
i <4< ay+27 TR g in Q(27UHY),
where k1 and [y are the same as before. In terms of u this means that
arir = by — 27 UHI=l)RL < < b — by e in Q(27(1+1)).

Hence in case (B), this is an admissible choice of a;41 and b;41 in order to satisfy (6.73) for
j=1+1
Summarizing, we obtain the following result.

Proposition 6.5.1 Let u be a bounded weak solution of (6.1). Let 19 € (0,T) be fized and
(t1,21) € (10,T] x Q. Let further Q(p) = (t1 — 0p*/*,t1) x B,(x1), where § > 0 is the fized
parameter from assumption (P). Then

essosc u<C279M e,
QE7)NQr

where k1 = k1 (A, v, o, 7,q, N, 79, diamQ, [u|__ () [volo. ) [f]L,(0,1:0,0))) and C = C(A,v,
a,7,q, N, 70, diamQ, |u|r__ (o) [to|L. ) [ fIL, (0,111, )> dist (21,08), [t1 — T0]).
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Note that here C, compared with k1, also depends on t; — 7 and dist (1, 012). C explodes when
min{t; — 79, dist (z1,09Q)} — 0. This comes from fixing first k1 € (0, min{x, 2vo/a}] so small
that 271 (1 —¢,) < 1 as well as e, < ¢ and choosing then ly > [ such that (6.79) is satisfied. With
k1 being fixed, the factor 2/0%1 increases with Iy, and by definition of [ we have

<20 <20,
(tl — T()) 7diSt (3:1,89) - -

We further remark that the case w := essoscq, v > 1 can be simply reduced to the case
considered above by means of the normalization u — u/w, ug — ug/w, f — f/w and the trivial
estimate essosco, u < 2|ulr__ (o)

The estimate in Proposition 6.5.1 can be improved in that one can derive a bound for the
oscillation of v on Q(277) N Qr that depends linearly on the sum

D = |ulr () + [wlre @) + | flL. (0,17 L2)) (6.81)

To this purpose we normalize by setting @ = u/2D, iy = uo/2D, and f = f/2D. Then
[u(t, z)|, [uo(x)| < 1/2 for a.a. t € (0,T) and = € Q, essosco, u < 1 as well as ||z, (0,1);2,(Q) <
1/2. Since 4 is a weak solution of

8;"(11 — ’&0) — DZ(aUDJﬁ) = f, te (O,T), T € Q,

we may apply Propositions 6.2.1, 6.3.1, and 6.4.1 to 4 and obtain corresponding estimates which
do not depend on [i|;_(a.), |0l (o), and |f|LT‘([07T];Lq(Q))7 by normalization and the above
proofs. In particular the geometric parameter # and the bound M; do not depend on these
quantities. We may then argue as in the proof of Proposition 6.5.1 to obtain corresponding
oscillation estimates for 4. Finally, rescaling to the original function u yields the following result.

Theorem 6.5.1 Let 79 € (0,T) be fized and (t1,71) € (70,T] x Q. Then there exist positive
numbers 0, k1 depending only on A,v, a1, q, N, diamQ, 19, and there is a positive constant C' =
C(A,v,a,r,q,N, diamQ, 19, dist (x1,0Q), [t1 — 70|) such that for any bounded weak solution u of
(6.1) in Qrp there holds

<O2*j“1( : ) | € Z,
oS8 0se us [ulL ) + [uolL ) + [flL. oL,y ), J€

with Q(p) = (t1 — 0p*/*, 1) x B,(z1).

As a simple consequence we obtain the subsequent oscillation estimate for general cylinders with
continuous scaling parameter.

Corollary 6.5.1 Lett € (0,T) be fized and (t1,21) € (19, T)xQ. Let further 71 > 0 and Q(p) =
(t1 — 11p?/*, t1) B,(z1) for p > 0. Then there exist positive numbers k1 = r1(A, v, a,r, ¢, N,
diamQ,19) and C = C(A,v,a,r,q, N, diam ), 19,11, dist (x1,00), [t1 — 70|) such that for any
bounded weak solution u of (6.1) there holds

essosc u < C p™ (IUImeT) + [uol L) + |f|Lr<[o,T};Lq<sz>>)a p>0.
Q(p)NQr

In particular, any bounded weak solution u of (6.1) in Qr is Holder continuous in Q.
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Proof. Suppose that 73 > 6, where 0 is the same as in Theorem 6.5.1. Given p > 0 we put
p = p(11/0)*/?. There exists j, € Z such that 20U+ < 5 < 279, By Theorem 6.5.1, we then
have with D as in (6.81)

essosc u < essosc u < essosc U < C27mp
Q(p)NQr Q(p)NQr Q(277+)NQr

ar]

<029 D < 02" (%) 2D,
The case 7 < 6 is treated similarly. O

The interior Holder estimate stated in Theorem 6.1.1 follows now from Corollary 6.5.1 by means
of a standard covering argument.

Remark 6.5.1 All results of this section can be generalized to the case where the right-hand
side of equation (6.1) has the form

kg kg
Z fe — Z D;g.,
k=1 k=1

with fi € L, ([0,T]; Ly, (), k = 1,...,ky, Zfil(g};y € L, ([0,T]; Ly (), k= 1,..., kg,
and all pairs of exponents (r,g;) and (r(k),q(k)), respectively, are subject to the condition in
(H3). This follows from Remark 6.4.1 and by straightforward modifications of the proofs given
above.

6.6 Regularity up tot =20

The objective of this and the following section is to find conditions on the data which ensure
Hoélder continuity up to the parabolic boundary. Here we do not aim at great generality but at
results which are sufficient for the quasilinear problem to be studied in Chapter 7. Since there
we will work with the setting of maximal L,-regularity, it is natural (and also not so difficult) to
use corresponding regularity results to achieve the goal.

We first discuss regularity up to ¢t = 0.

Theorem 6.6.1 Let a € (0,1), T >0 and Q be a bounded domain in RN . Let the assumptions
(H1)-(H3) be satisfied. Let further Q' C Q be an arbitrary subdomain and assume that

2 1 N
uolg € Bip Q) with p>—+ —,
a 2
for some C2-smooth domain Q such that ' C Q C Q and ' is separated from Q by a positive
distance d. Assume in addition that p > 2 if N = 1. Then, for any bounded weak solution u of
(6.1) in Qp, there holds

[ulgs <o mxay < O(|U|Lw(QT) +[uolLo. () + |uo|B2fp% o + |f|LT([0,T];Lq(Q))) (6.82)
pp

(

with positive constants € = e(A, v, a, p,r,q, N, diamQ) and C = C(A,v,a,p,r,q, N,d, diamQ, T,
An ().
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Proof. The basic idea of the proof is to extend u to [~1,7] x  such that u is Hlder continuous
n [—1,0] x " and to apply Theorem 6.1.1.
2

_2 _2
To this purpose we first extend wuglg € Bip P> (£2) to a function 4y € Bf,p »*(RY). By [82
Theorem 3.1], the problem

Bf‘(w—ﬁo)—Aw:O, tE(O,l),xERN,

W= = Gy, =€ RN,
possesses a unique solution w in the class
Z = Hgg([ov 1]7 LP(RN)) N LP([Ou 1]7 HE(RN)%
and one has an estimate of the form

lw|z < Colto| 22 < Colug| oo 2 _ .
Byp P*(RY) Bpp P ()

Note that by the mixed derivative theorem (cf. [71]),
7 — HyU=9 (0,1 H(R™), - < € [0,1],

and thus Z < BUC?([0, 1] x RY) for some sufficiently small § € (0, a/2). In fact, the assumption
p > L1 + & ensures existence of some ¢ € (0,1) with (1 —¢) — % > 0 and 2¢ — % > 0.

Multiplying w by a suitable smooth cut-off function ¢(t) we can construct a function w € Z
with @]9 = 4¢ and W|;=1 = 0. We then extend u to [—1,T] x Q by setting u(t,z) = w(—t,x)
for t € [-1,0) and = € Q.

Next, we shift the time by setting 7 =t 4+ 1. Put a(r,z) = u(r — 1,2), 7 € (0,T + 1), z € Q.
Define further

g:=0% —Au, 7€(0,1),zec

Then g € Ly([0,1] x Q), since dl,¢(,1) € HE([0,1]; Ly(2)) N Ly([0,1]; H2(Q)) and i|,—o = 0.
Furthermore we have for any test function n € Hy' ([0, T + 1] x Q),

/ / —Nr(g1—a * @) + D; qu) d:ch—/ /gndIdT—ﬁn(gl,a*ﬁ)dz v (6.83)
Q Q =

On the other hand, we have for a.a. (7,z) € (1,T + 1) x €,
(g1—a *0)(T,2) = (g1—a xu)(T — 1,2) + / 91—a(T — 0)i(0,z) do
0
= (91-a * (u —up)) (T — 1,2) + ga—a(T)uo(z)
+ /0 gi—a(r — 0)((0,2) — ug(x)) do.
Set
1
M7, 2) = g1—a(T)up(z) + /0 G1-al(T —0)((0,2) — uo(x)) do =: hy (7, ) + ha(T, ),

aij(1,) = aij(t — 1,2), and f(r,z) = f(r — 1,z) for (r,2) € (1,T 4+ 1) x Q. Since u is
a weak solution of (6.1) in Qp, we thus obtain after a short computation that for any n €
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Hy ([0, T + 1] x Q) with 5],—741 =0
T+1
/ / (_777- (gl—a * ’ll) + dijD_j’&Di’l]) drdr =
1 Q

T+1 )
/ /~ (f+h)ndedr + /~ N(g1—a * 0) dz . (6.84)
1 a %) r=1

Adding (6.83) and (6.84) shows that @ is a weak solution of

% — Dy(bi;Dju) = f, 7€ (0,T+1), z € Q,

T

where
bij (1, 2) = X0, (T) + X (1,741 (T)i; (T, 7)
and ~ .
f(r @) = xp,0(M)g(m2) + X041 (7) (f + ) (1, 2).

Evidently, x[0,1)(7)g € Ly([0,T+1] x Q) and X(1,7+1] (1)f € L,([0, T+1]; Ly(Q)). Concerning
the h-term we clearly have x(1,741)(7)h1 € Loo([0,T + 1] x Q). To estimate X(1,7+41)(7)h2, we
employ the Holder estimate

li(o, z) — uo(x)| = (o, z) — (1, z)| < CL(1 —0)°, oe[0,1],zecQ,
which results from the embedding Z — BUC?([0,1] x RY) and the construction of 4. It follows
thatfor 1< 7=t+1<1+Tandxz €
1
ha(ra)| < €1 [ [=malr = D)1~ o)’ do
0

OzCl

1
= — o) 17260 do.
_I‘(l—a)/o(t+ ) d

Assuming that t =7 —1 € (0,1) we then have

|ha(T,2)] < F(Ti(iloz) (/Ot(t—i— 0)_1_0‘05 do + /tl(t—i— 0)_1_0‘05 da>

aCy ! —1—ays /1 —1—a+s
< — t 0 d ato g
_I‘(l—a)(/()(+a) o+ ‘ g U)

OéCl —adé 1 1
< —t —
“I'l—-a (a+a—5)

S 301(7' — 1)591,0‘(7’ — 1)

This shows that x(1,7417(7)h2 € Ly ([0, T + 1]; Loo(9)) for all 1 < 7y < —L=. In particular we
find some # > L such that x (1 711)(T)h2 € L ([0, T + 1]; Loo(Q)).
All in all we see that f is of the form f = Z?Zl fi, where f; € L,, ([0, T + 1]; L,, () with
1 N

+-—<1, i=1,23,4.
ar;  2g;

Hence Theorem 6.1.1 and Remark 6.5.1 imply that @ is Holder continuous in [1/2,T + 1] x £
This in turn yields Holder continuity of w in [0, 7] x €/, and it is not difficult to see that u is
subject to the estimate (6.82). O
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Remark 6.6.1 It follows from Remark 6.5.1 and the proof above, that Theorem 6.6.1 can be
generalized to the case where the right-hand side of equation (6.1) has the form

kg kg
> fr=_ Digi
k=1 k=1

with f and ¢! as in Remark 6.5.1.

6.7 Regularity up to the parabolic boundary

The following result gives conditions on the data which are sufficient for Holder continuity on
[0,T] x Q.

Theorem 6.7.1 Let o € (0,1), T > 0, N > 2, and Q C RY be a bounded domain with C?-
smooth boundary I'. Let the assumptions (H1)-(H3) be satisfied. Suppose further that

2—% a(l—2) o1
ug € Bpp "™ (Q), g€Yp:=DByp 7 ([0,T];Ly(T)) N Ly([0,T]; Bpp " (T))

with p > % + %, and that the compatibility condition

up = gli=o on T
is satisfied. Then for any bounded weak solution u of (6.1) in Qp such that w = g a.e. on

(0,T) x I, there holds

[U]C%’é([O,T]xﬁ) < C(|U|LOO(QT) + |UO|B§;”%(Q) + |f|LT([O,T];Lq(Q)) + |g|yD) (6,85)

with positive constants € = (A, v, a,p,7,q, N,Q) and C = C(A,v,a,p,r,q, N,Q,T).
Proof. By Theorem 2.8.1, the problem
O (v—ug)—Av=0,te€(0,T), z €
v=g, t€(0,T), z €T,

U|t:0 =Ug, T € Qa
admits a unique strong solution v in the class
v € Z = Hy([0,T]; L(2)) N Ly ([0, T]; Hy(%2))

and

lvlz < Co(luo| - =
Bpp e

+ |g|YD)7
()

where Co only depends on a,p, N,T,Q. As in the proof of Theorem 6.6.1 we see that v €
C%([0,T] x Q) for some & > 0. Furthermore, the mixed derivative theorem implies that

Dy € Hy ((0,T); Ly(92)) 0 Ly([0, T); HA () — Hy7 (0, T); HY (%))

N
2

SN

for all ¢ € [0,1]. Without restriction of generality we may assume that p € (£ +
With

+N).

1 N
. a3
: 2 N

sty 1

>1+N
o 2
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and ¢ := a% - a%s € (0,1) we then have Hﬁ([O,T];H;_C(Q)) — Los(Qr), which shows that
|Di’U|2 S Lﬁ(QT) with 0%5 + % < 1.

Setting w = u — v, w is a bounded weak solution of
8?10 — Di(aiijw) = f + Di(aiijv) — Av, te (0, T), T € Q,

and w =0 a.e. on (0,7) x I.

Next, let €9 be an arbitrary bounded domain containing Q such that dist(£2,9€0) > 0.
We extend w, f,a;; and ¢; := D;v to [0,T] x Qo by setting w, f,¢; = 0 and a;; = d;; on
[0,7] x (€0 \ ©2). Then w solves

8f‘w — Di(aiijw) = f + Di(aijgpj — (/71), t S (O,T), T € Qo,

in the weak sense, and thus Theorem 6.6.1 and Remark 6.6.1 imply that w is Holder continuous
on [0,7] x Q. Since u = v + w, the assertion of Theorem 6.7.1 follows. O
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Chapter 7

Global solvability of a quasilinear
problem

7.1 The global solvability theorem

In this chapter we want to show how the Holder estimates derived in the previous chapter can
be used to prove global solvability of certain quasilinear problems.

Let a € (0,1), T >0, N > 2, and Q C RY be a bounded domain with C?-smooth boundary
I". We consider the quasilinear problem

O (u —ug) — Di(aij(u)Dju) = f, t € (0,T), z € Q,
u=g,t€(0,T), €T, (7.1)

u|t:0 =Ug, T € Q,

where we use again the sum convention. Letting p > N + % we will assume that

a(l-5

Q) J € XT = L(0.TEL,@), g € Y8 = By’ (0,71 Ly(0) 0 Ly([0.T]: By * (1),

ug € Yy := Bpp " (), and ug = g|4=o on T}

(Q2) A = (aij)ij=1,..n € C*(R;Sym{N}), and there exists v > 0 such that a;;(y)&&; > v|¢|?
for all y € R and ¢ € RV,

The main result concerning the problem (7.1) reads as follows.

Theorem 7.1.1 LetT > 0 be an arbitrary number, p > N—i—%, and suppose that the assumptions
(Q1) and (Q2) are satisfied. Then the problem (7.1) possesses a unique strong solution u in the
class

we 27 = HY([0,T); L,(9)) 1 L, (0, T); HA().

7.2 Proof of the theorem

The proof of theorem 7.1.1 is divided into three parts, devoted respectively to local well-
posedness, existence of a maximally defined solution, and to a priori estimates which lead to
global existence.
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1. Local well-posedness. Short-time existence and uniqueness in the regularity class Z°
can be established by means of the contraction mapping principle and maximal L,-regularity for
an appropriate linearized problem. We proceed similarly as in [82], see also [12] and [64].

We first define a reference function w € Z7 as the unique solution of the linear problem

I (w —ug) — aij(uo) DiDjw = f + aj;(uo) Dyug Djug, t € (0,T), x € Q,
w=g,t€(0,T),zel,
U}|t:0 = Up, T € Qa
see Theorem 2.8.1. Note that the condition p > N + % ensures the embedding

2

w €Y, = By, 7 (Q) — C'(Q),
and thus we also have _
ZT — C([0.T); Yy) — C([0, T); C(22)).
For § € (0,7] and p > 0 let
S(6,p) = {v € Z° : vlomo = uo, [ —wlzs < p},

which is a closed subset of Z°. By Theorem 2.8.1, we may define the mapping F : %(4, p) — Z°
which assigns to u € 3(d, p) the unique solution v = F'(u) of the linear problem

8?(1) — UO) — Q45 (Uo)DiDj’U = f + h(u, Du, DQU), te (0, 5), T €,
v=g, t€(0,9), x €T, (7.2)
U|t:0 =1Up, T € Qu

where
h(u, Du, D*u) = (a;(u) — ai;(uo)) DiDju + a;;(u)Diu Dju.

Observe that every fixed point u of F is a local solution of (7.1) and vice versa, at least for some
small time interval [0,4].
Since Z° — C([0,d]; C*(Q)) we may set

o (0) = max{|w(t, x) — uo(z)| + |Dw(t,x) — Dug(z)| : t € [0,6], x € Q}.
Evidently, p,(6) — 0 as § — 0, due to w|—o = ug. Letting u € (0, p) we then have for all
t€0,6] and x € Q
Jult,2) — o) + |Dut, ) — Duo(a)] < Ju — wloo sy + i (0)
< Molu —wlzs + pw(8) < Mop + puw(9), (7.3)

where the embedding constant My > 0 does not depend on u and ¢ € (0,T]; the latter is true
since u — w belongs to the space ¢Z? := {¢ € Z% : ¢|i=o = 0}. (7.3) yields for any u € (6, p)
the bound

lu(t, z) — uo(x)| + |Du(t,z) — Dug(x)| < Mopo + pw(T), t€[0,6], v € Q, (7.4)

where we assume p € (0, pg).
Let now u € X(4, p) and v = F(u). Then v —w € ¢Z° solves the problem

O (v — w) — ai;j(uo)D; Dj(v — w) = h(u, Du, D*u) — a;;(uo) Diug Djuo, t € (0,0), z € €,
v—w=0,te(0,0),xz T,
(v —w)|t=0 =0, z € .
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Consequently, it follows from Theorem 2.8.1 that for some constant M; > 0 which is independent
of § € (0,T] there holds

|v —wl|zs < Mi|h(u, Du, D*u) — a;j (uo)Djiuo Djug|xs
S M1| (CLl'j (u) — CLl'j (UO))DZ'DJ"UJLXB + M1|a/ij (u)Dlu Dju — a;j (’UJO)Di’UJO Dj’lL0|X6.

Using (7.3) and (7.4) we may estimate the first term as follows.

|(ai;(w) — aij(uo)) DiDjulxs < (JA(u) — A(w)| i, yv2 + [A(w) — A(“0)|(LN)N2)
X (|D2u — DQUJ|(X6)N2 + |D2w|(X6)N2)
< Ma(p+ pw(6)) (p + |D2w|(X5)N2),

where M> > 0 does not depend on § and p. Similarly we obtain
|a§j(u)Diu Dju — agj (uo)Diug Djug|xs < Ms (p + uw(5)) (p + 6%),

with M3 > 0 being independent of § and p; here the factor 6% comes from the estimate |z]xs <
(An (9)5)1/p|z|00. We conclude that

o = w]zs < M((p+p(9))”, (75)

where M and u(d) are constants, which do not depend on p, M is independent of 6, and u(d) is
non-decreasing with p(6) — 0 as § — 0.
Next let u; € (6, p) and v; = F(u;), i = 1,2. Then v; — vy € ¢Z? solves the problem

8?(1)1 — ’UQ) — aij(uo)DiDj(v — ’LU) = h(ul, Dul, D2u1) — h,(’lLQ, DUQ, DQUQ), t e (O, 5), xr e Q,
v —vy =0, t€(0,0), x €T,
(v1 —v2)|t=0 =0, z € Q,
hence
|’U1 — ’U2|Z<5 S M1|h(u1, Dul, Dzul) — h(’U,z, Du2, D2’u,2)|X5.

Estimating similarly as above we obtain
for = 2l 2 < M((p -+ 1(6)) s — wal s, (7.6)

where M and p(6) are like those in (7.5).

Finally, the estimates (7.5) and (7.6) show that for sufficiently small p and ¢ the mapping F'
is a strict contraction which leaves the set (4, p) invariant. Local existence and uniqueness of
strong solutions to (7.1) follows now by the contraction mapping principle.

2. The maximally defined solution. The local solution u € Z° obtained in the first part
can be continued to some larger interval [0,6 4+ 6;] C [0,7]. In fact, let us := ul;—s € Y, and
define the set

2(6,01,p) = {v € Z°T 1|5 = u, [v—w|gs+sr < p},

where the reference function w € Z7 is now defined as the solution of the linear problem
O (w — o) — ai(us)DiDjw = f + hy + x(s,1)(t)ai; (us) Dius Djus, t € (0,T), x € Q,
w=g,t€(0,T),zel,

wli=o = uo, T € Q,
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with
hl = X[0,5] (t) ((aij (u) — CLl'j (u(;))DlDJu + CL;J- (’UJ)DZ’UJ DJ’U,) .

Observe that wlj 5] = u, by uniqueness. So (4, d1, p) is not empty and it becomes a complete
metric space when endowed with the metric induced by the norm of Z%+91,

Define next the mapping F : (6,61, p) — Z°+% which assigns to @ € %(6, 61, p) the solution
v = F(@) of the linear problem

(9?(’1) — ’U,()) - aij(u(;)DiDjv =f+ B(ﬂ,Da,DQﬂ), te (0,6 + 51), x € Q,
w=g,t€(0,0+0) xel,

Wli=o = ug, T € Q,

where ~
h(ii, D, D*@) = (aij (@) — aij(us)) Di Dt + aj; (@) Dy Dyi.
Since |jo,5) = v we have also v|[,5) = u, by uniqueness.
Observe that hy = h(i, Da, D*@) on [0, 6] and thus

v — wl|gs+sr < Mi|h(ii, Dii, D*@i) — aj;(us) Dius Djus| L, ((6.5461)x9)-
Further,
|F (1) — F(2)| go+s; < Mi|h(tiy, Diiy, D*tiy) — h(fia, Do, D*@ia) 1, (5.6461]x9)s

for @1, us € 3(6,01,p). Therefore we may estimate analogously to the first step to see that for
sufficiently small §; and p we have F(X3(9, 1, p)) C 2(0, 1, p) and F is a strict contraction. Hence
the contraction mapping principle yields existence of a unique fixed point of F'in (4, d1, p), which
is the unique solution of (7.1) on [0,d + d1].

Repeating this argument we obtain a maximal interval of existence [0, Tinaz) With T < T,
that is T4y is the supremum of all 7 € (0,7T) such that the problem (7.1) has a unique solution
ue .

3. A priori bounds and global well-posedness. In order to establish global existence
we will show that |u|z- stays bounded as 7 /" Thnax-

Let 7 € (0, Tnae) and u € Z7 be the unique solution of (7.1). Setting b;; (¢, z) = a4 (u(t, z)),
it is evident that u is a weak solution of

8?(’(,& — ’U,()) — Dz(bwDJu) = f, te (O,T), x e Q.

Since Y, — C(Q) and Y} — C([0,7] x I'), Corollary 4.2.1 implies a uniform sup-bound for |u,
namely _
lu(t,z)] < C1, te[0,7], €,

where the constant C; depends only on the data |f|x,|9|co, |t0|oo, 2, Ty, N, and v, not on .
It follows then from Theorem 6.7.1 that for some ¢ > 0 we have

|U|cs([o,ﬂx§) < Oy,

where the number Cy > 1 depends only on |f|xr, |g|Yg7 luoly,, 2, T,a, N, and v, not on 7. In
particular, we obtain a uniform Hélder estimate for the coefficients b;5, 7,5 =1,..., N.
The first equation of (7.1) can be rewritten as

8?(11, - Uo) - bZJDlDJU = f + a;j (u)Dlu Dju.
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By Theorem 2.8.1, the linear problem

6?(’0—’110) —bijDiDj’U:f, te (0,7‘), x €9,
v=g, t€(0,7),z €T,

U|t:0 =Up, T € Q,
has a unique solution v € Z7 and there exists a constant M; > 0 independent of 7 such that

|u — U|Z" S M1|a/ij (u)DZu Dj’u,|X7-

N
<MY max [aly(w)][1Duf]. (1)
= ly|[<Ci

The assumption on p implies p > % and thus
Hp(Q) — Hy,(Q) — C=(Q)

1) such

for some g9 € (0,¢]. By the Gagliardo-Nirenberg inequality, there exists then 6 € (0, 5

that
|Du(t7 ')|L2p(Q;RN) < Clu(t7 ')|§{§(Q)|u(tv ) 10_5?5) < CC?'“(tv ')l?[g(ﬂ)v te [07 T]?

and hence by Holder’s and Young’s inequality

~ 9 1—26
[[Duf?|, < CIDul?, (o xamy) < C3|u|%p([0,r];H§(Q))T g

< CylulZ: < eilulz- + Cs(e1,6,Cl),

for all e; > 0. This together with (7.7) yields a bound for |u — v|z- which is uniform w.r.t. 7.
Since |v|z- stays bounded as 7 /" Tyqz, it follows that |u|z- enjoys the same property. Hence
we have global existence. O
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Chapter 8

The Harnack inequality for the
fractional derivation operator

8.1 Harnack inequalities and the main result

Harnack inequalities have been proved to be an important tool in the theory of linear and
nonlinear partial differential equations. We refer to the recent survey [42] for an introduction
into this subject. A variant of the classical Harnack inequality for the Laplace operator can be
stated as follows. Denote by B,(y) the open ball in R” with radius p > 0 and center y € R™.
Suppose that u is a nonnegative harmonic function in By, (y). Then

sup v < 3" inf w,
BP(YJ) Bp(y)
see e.g. [29, Section 2.3]. The classical parabolic Harnack inequality (i.e. for the heat operator)

is due to Hadamard [33] and Pini [61]. The following version was introduced by Moser [57] in a
more general context, see also [21]. Letting p > 0, o € (0,1), and y € R™ we define the boxes

Q- = (=p*,=0p*) X Bo(y), Q4 = (9p”,0%) X Bp(y).

Then there exists a constant M > 0 depending only on n and ¢ such that for any nonnegative
and sufficiently smooth function u in (—4p?, p?) x Bu,(y) satisfying

Btu — Au =0 in (—4p2, pz) X B4p(y)a

there holds the inequality

supu < M inf u.

Q_ Q+
For more general results on Harnack inequalities in the elliptic and parabolic case we refer to
[20], [29], [42] [51], and the references given therein.

Concerning non-local operators it is known that the Harnack inequality also holds for frac-

tional powers of the negative Laplacian. Let « € (0, 1) and suppose that w is a sufficiently smooth
function on R” that is nonnegative everywhere and satisfies (—A)*u = 0 in By,(y). Then

sup u < M inf wu,
B,(y) By (y)

where the constant M depends only on « and n, cf. [5, Theorem 5.1]. We point out that here
the Harnack inequality fails, if the global positivity assumption is replaced by a local one, cf.
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[40]. This is due to the non-local nature of (—A)*. More general results on Harnack estimates
for integro-differential operators like (—A)® can be found in [2].
The main objective of this chapter is to show that a Harnack inequality also holds for the
Riemann-Liouville fractional derivation operator 9f* with « € (0, 1).
To state the main result we need some notation. Given 0 < t; < to we define the space
Z(tl, tg) by
Z(t1,t2) = {u € C([0,t2]) : g1—a * ulpy, 1,) € Hi([t1,12])}.

Fort, > 0,0 < 01 < 02 < g3, and p > 0 we introduce the intervals
W_ = (te + o1p, t + 02p), Wi = (e + 02p, ts + 03p).
Then the main result of this chapter is the following.

Theorem 8.1.1 Let t, >0, 0 < 01 < 02 < 03, and p > 0. Let further a € (0,1) and ug > 0.
Then for any function u € Z(t, ts« + osp) that is nonnegative on (0,t, + o3p) and that satisfies

O (u—uo)(t) =0, a.a.t€ (ts,ts+ o3p), (8.1)
there holds the inequality
03 .
supu < — inf u. 8.2
WE) Toop Wy ®.2)

Note that in Theorem 8.1.1 we do not assume that u(0) = ug. So by setting ug = 0 we obtain the
Harnack inequality for the Riemann-Liouville fractional derivative. If we assume in addition that
u(0) = up then Theorem 8.1.1 yields the Harnack inequality for the so-called Caputo fractional
derivation operator, which is a regularized version of the Riemann-Liouville fractional derivative,
cf. the monographs [44] and [67].

In Section 8.3 we will show that, similarly to the case of the fractional Laplacian, the Harnack
inequality fails if the global positivity assumption is replaced by a local one. Furthermore, we
will demonstrate that the above Harnack estimate breaks down if the relation 9§ (u — ug) = 0 is
only satisfied on the smaller interval (t. + o1p,ts« + o3p).

In the last section of this chapter we generalize Theorem 8.1.1 to nonnegative solutions of
the fractional differential equation

OF (u = uo)(t) + pu(t) = f(t), aa.te (tets +o3p), (8.3)

where ug, u > 0 and f € Lp([t«, ts + o3p]) for some p > 1/c, see Theorem 8.4.1 below.
It is highly desirable to have a Harnack inequality also for nonnegative solutions of time
fractional diffusion equations the prototype of which reads

O (u—uo)(t,x) — Au(t,z) =0, te€(0,T), €, (8.4)

where T > 0,  is a domain in RY, a € (0,1), and ug = ug(z) is a given function. This is an
open problem, even for the Laplacian. However, the results of this contribution indicate that
a Harnack inequality should also hold in this situation. The author believes that the estimates
obtained in Chapter 6 are potentially very useful to solve this problem.

Before giving the proof of Theorem 8.1.1, let us remark again (cf. Section 5.1) that a weak
Harnack inequality is valid for nonnegative supersolutions of (8.3), see [83]. Adopting the nota-
tion of the present note and assuming for simplicity that f =0 and g = 0 it is shown in [83] that
for any function u € Z(t, t« + osp) that is nonnegative on (0,t, + o3p) and that satisfies

O (u—up)(t) >0, aa.te (t,te+o3p), u(0)=uo,
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we have
P Pl (b ttorp)) < C g}f u, (8.5)

forall0 < p < ﬁ, where the constant C' > 0 depends only on 0 < 01 < 02 < 03, p, and

o € (0,1). The critical exponent 1L is optimal. Notice that on the left of (8.5) we have the
interval (t.,t« + 01p), not W_ as in (8.2).

8.2 Proof of the Harnack inequality

Suppose u € Z(t.,t. + o3p) is nonnegative on (0,t. + o3p) and satisfies (8.1). We introduce the
shifted time s = ¢ — ¢, and define the function @ by means of 4(s) = u(s+t.), s € (0,03p). Then
(8.1) implies that

0ii(s) = gr_alte + shuo + h(s), s € (0,059), (5.6)

where the history term h(s) is given by

h(s) = /0 *[_gl—a(t* +s—7)u(r)dr, s€(0,03p). (8.7)

Here, by ¢ we mean the derivative of the function g.
Since (g1—q *@)(0) = 0 and g * g1—o = 1, we have

Jo ¥ 0510 = go * Os(g1—a *0) = Os(go * g1—a * U) = @.
Therefore convolving (8.6) with g, yields
a(s) = uo(ga * g1—al- +1t:))(s) + (ga * h)(s), s € (0,03p). (8.8)

The first term on the right-hand side of (8.8) can be rewritten by the use of the identity
(ga * gl—a(' + t*)) (3) = / ga(s - U)gl—a(t* + 0) do
0
1
= s/ o8 —18)g1—a(ts +1rs)dr
0

= /0 9o(1 —7)g1—a(r + t;*) dr (8.9)
=:p(s), s€(0,03p).

Similarly, we have for the second term

(4o % h)(5) = / gl — o) / [ dioalts + 0 — Du(r) dr do

1 t. _
1 /0 g0l - r)/o [i1-alr+ =D )Ju(r) dr dr (8.10)
= 1/}(5)7 s € (OaUBp)'
Consequently, (8.8) is equivalent to
u(s) =uop(s) +1(s), s€(0,03p).
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Let now s € (o1p,02p) and 3 € (02p,03p). Since g1, is nonincreasing, we evidently have
o(s) < p(5). As to 1, we use the positivity of u on (0,¢.) and the monotonicity of —g1_o to
estimate as follows.

1 ! /t* te —T
s) < — ol =7 —g1—a(r + u(T)dr dr
¥(s) Ulpog( )0[91( U2P)]()
g3 1 b . t* — T
< 2 [ [Taal s B D dr s
01S Jo 0
(o} _
= 2 4(s)
o1
By positivity of ug, we thus obtain
- 03 ., _
a(s) < —a(s),
01

which immediately implies inequality (8.2). This completes the proof of Theorem 8.1.1.

Remark 8.2.1 Note that in case t, = 0 relation (8.1) implies u(t) = g for all ¢t € [0, o3p], thus
the Harnack inequality (8.2) trivially holds with the constant Z—‘l‘ > 1 being replaced by 1.

8.3 Counterexamples

Example 8.3.1 We show first that the Harnack inequality fails for nonnegative functions u €
Z(t« + o1p,ts + o3p) satisfying the relation 9 (u — ug) = 0 only on the smaller interval (¢. +

o1p,tx + 03p).
To this purpose fix W_ = (1,2) and W, = (2,3) and consider the family of functions wu.,

e € (0,1], defined by
0 L 0<t<l-—c¢
“E(t)_{g(t—ua):l—ggtgl, (8.11)

and
Ofus =0, aa.te(l,3). (8.12)

Apparently uc|j 1) € H{([0,1]) so that (8.12) means that with s = ¢ — 1 and @.(s) = uc(s + 1)
we have

e(8) = (ga * he)(s), s€(0,2), (8.13)

where
he(s) = /0 [—g1—a(l+s—7)uc(r)dr, se€(0,2).

Observe that wu. is nonnegative on (0, 3) and that u. € Z(1,3) for all € € (0,1]. From u. = 0 in
[0,1 —¢] and us <1 in [1 — &, 1] we infer the estimate

1
he(s) < / 1ol 45— 1)]d7 = g1-a(s) — G1oals +), s € (0,2).

—€

In view of (8.13) this gives for s € (1,2)
W9 < [ als = 2n-a(o) ~ 1ol + <) do
1
= [ gt =)o) = 1o+ S

< /0 9a(1 = 1)[g1-a(r) — q1—a(r + &) dr =: (e).
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By the dominated convergence theorem, §(e) vanishes as ¢ — 0+. Hence

lim infu. = 0.
e—0+ Wy

On the other hand we have u.(1) = @(0) = 1 for all £ € (0, 1], and therefore

supus > 1, €€ (0,1].
w_

This shows that an estimate of the form

supu < M inf u
W_ Wy

with M independent of v cannot hold.

Example 8.3.2 We next show that the Harnack inequality fails if the positivity assumptions
ug > 0 and u > 0 in (0, t,) are dropped.
Fix t. > 0 and consider the family of functions wu., € > 0, defined by

1
ue(t) = g(t—t*—i—a), 0 <t <t

and
O (ue —uge) =0, a.a.t>t, (8.14)
where ;
upe = u:(0) =1— ;*

Observe that u. has negative values in [0,¢,] if and only if € € (0,¢,). Setting s = ¢t — ¢, and
Ue(8) = ue(s+ts), s >0, (8.14) is equivalent to

Ue(s) = ug,e (ga *g1—a(+ t*))(s) + (ga x he)(s), s>0, (8.15)
where

he(s) = /0 —dnalte + 5 — )uc(r) dr

T=t4

— |:gl—o¢(t* +5— T)UE(T):| — /Ot* J1—olts + 8 — 7). (7)dT

7=0
1
= g1-a(8) = g1-albs + SJuoe + - (92-al(s) = g2-als +1t.)), s>0.

Inserting the last identity into (8.15) yields

! (Ga * [g2—a — g2—a(- +t)])(s), s>0.

Ue(s) =1+ -

In particular @, is differentiable in (0, 00) and we have

() = = (90 % 91— 910+ £)(S) — = gals)g2-a(t)

M | =M™

(1= gals)g2—a(ts)), s>0.

115



This shows that @, is strictly decreasing in the interval [0, s.] with

t
()T @~ o]/

Sy =

Selecting
€= (ga * [g2—a(- + 1) — g2—a])(54),
we have

Ue(sx) =0 and ac(s) >0, s€[0,s.). (8.16)

Note that € < t,, for otherwise we would have ug. > 0 and u. > 0 in (0, t.], which by (8.15),
entails strict positivity of u., a contradiction.
Choosing the parameters in such a way that s, = t. + o3p, (8.16) shows that an estimate of
the form
< M inf

cannot hold.

8.4 Nonhomogeneous fractional differential equations

In this section we derive a Harnack estimate for nonnegative solutions of the more general
equation
O (u —ug)(t) + pu(t) = f(t), a.a.t e (b, ts + o3p), (8.17)

here p > 0 is another parameter and we assume that f € L,([t«,t. + o3p]) for some p > 1/a.
The other parameters are as before.

Suppose u € Z(t.,t« + o3p) is nonnegative on (0,t. + o3p) and satisfies (8.17). Setting
s=t—t,and @(s) = u(s+t.), f(s) = f(s+ 1), G1-al(s) = gi_al(s + t.), s € (0,03p), we infer
from (8.17) that

0% (s) + pii(s) = G1-a(s)uo + h(s) + F(s), s € (0,03p), (8.18)

where h(s) is given by (8.7). Let rq,, denote the resolvent kernel corresponding to (8.17), that
is

Ta, 1(8) + 1(Ta, 1 * ga)(8) = ga(s), s> 0.
Equation (8.18) then implies
W(s) = (o, u * [G1-auo +h + f1)(s), s€(0,03p). (8.19)
Recall that (cf. (5.52))
Ta,u(8) = L(@)ga(s) Baa(—ps®), s>0,

where E, 3 denotes the generalized Mittag-LefHler-function defined in (5.53).
Let now w > 0 be a fixed constant and assume that

pp* S w.
By continuity and strict positivity of E, o in (—oo, 0] we then have

0<c1:= min Fya(—2) < Epa(—ps®*) < max Fuo(—2)=:ca, s€(0,03p).

z2€[0,wa§ z€[0,wa§]
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Setting C; = Cy (o, w,03) = ¢;I'(a), i = 1,2, we thus have

C19a(s) < 7a,u(s) < Cagal(s), s €(0,03p). (8.20)
Further,
~ ~ a_l, z
Jomax (90 *1fD(3) < 90l (0.050) | flLp(0.050) = C3P* " # 1 f] L, (10,00)) (8:21)
with )
Cy = %

L(a)[(a = Dp/ +1]H/7"
Using the functions ¢ and 1 from Section 8.2, we infer from (8.19), (8.20), and (8.21) that
_ a1,z
u(s) < (Cy (QD(S)UO + ’Q/J(S) 4+ C3p™ » |f|Lp([Oﬁg3p])), s € (0, 03p), (8.22)

as well as o
(s) > Ci(p(s)uo +1(s)) = CoC3p" 7| flL, (0.050))s 5 € (0,03p). (8.23)
Suppose now that s € (o1p,02p) and § € (0o2p,03p). Employing (8.22), (8.23), and the
estimates for ¢ and 1 from Section 8.2, we have

_ ~ o3 ol
a(s) < Co(p(5)uo + U—j Y(5) + Csp* " ?| L, (0.050)))

1 (Cilp(3)uo +%(5)] — CoC3p” "% | f 11, (0,055

C
+ CoCs(1+ 0203

a—1,7
o )P 000
Coos _ C203\ q_1,z
< Crot u(s)+0203(1+ Croy )p p|f|Lp([O)03pD_

We have thus proved the following result.

Theorem 8.4.1 Let w > 0 be fized. Let t.,pn > 0,0 < 01 < 02 < 03, and p > 0. Let further
a€(0,1),up >0, and f € Ly([ts, ts+03p]) for somep > 1/a. Assume that pp® < w. Then there
exists a positive constant M = M («, p,o1,03,w) such that for any function u € Z(ts, ts« + o3p)
that is nonnegative on (0,t. + o3p) and that satisfies (8.17) there holds the inequality

. a1
supu < M (mf u—+p*r |f|Lp([t*1t*+ggp])). (8.24)
w_ Wi
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