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■♠ ▼✐tt❡❧♣✉♥❦t ❞❡r ❆r❜❡✐t st❡❤t ❞❛s ❆♥❛❧②s✐❡r❡♥ ✈♦♥ ❩✉s❛♠♠❡♥❤ä♥❣❡♥ ③✇✐✲
s❝❤❡♥ rä✉♠❧✐❝❤ ✈❡rs❝❤✐❡❞❡♥✲❣❡r✐❝❤t❡t❡ ❙❝❤✇✐♥❣✉♥❣❡♥ ✉♥❞ ❞❡r❡♥ ❛♠ ❘❛❞❛r✲
s❡♥s♦r ❢❡st③✉st❡❧❧❡♥❞❡♥ ❙tör❡✛❡❦t❡♥✳

❉❛❜❡✐ ❦♦♠♠t ❡s ❣❡❧❡❣❡♥t❧✐❝❤ ③✉ ❙tör✉♥❣❡♥✱ ❛✉s❣❡❧öst ❞✉r❝❤ ❊rs❝❤ütt❡r✉♥❣❡♥✳

❋ür ❞✐❡ ❢❡❤❧❡r❢r❡✐❡ ❋✉♥❦t✐♦♥ ✈♦♥ ❘❛❞❛r♠♦❞✉❧❡♥ ✐st ❡s ✈♦♥ ❱♦rt❡✐❧✱ ❞✐❡s❡ ❛♥
♠ö❣❧✐❝❤st s❝❤✇✐♥❣✉♥❣s❢r❡✐❡♥ ❖rt❡♥ ③✉ ✐♥st❛❧❧✐❡r❡♥✳ ▲❡✐❞❡r ✐st ❞✐❡s ✐♥ ❣❡✇✐ss❡♥
❋ä❧❧❡♥ ♥✉r s❝❤✇❡r ❜③✇✳ ❣❛r ♥✐❝❤t ③✉ r❡❛❧✐s✐❡r❡♥✳

❇❡✐s♣✐❡❧s✇❡✐s❡ ✇❡♥♥ ♠✐t ❡✐♥❡♠ ❘❛❞❛r ❡✐♥ P❛r❦♣❧❛t③ ♦❞❡r ä❤♥❧✐❝❤❡s Ü❜❡r✇❛❝❤t
✇❡r❞❡♥ s♦❧❧ ✉♥❞ ❞✐❡ ❡✐♥③✐❣ ✈♦r❤❛♥❞❡♥❡ ❇❡❢❡st✐❣✉♥❣s♠ö❣❧✐❝❤❦❡✐t ❡✐♥❡ ▲❛t❡r♥❡
❞❛rst❡❧❧t✳ ❉✐❡s❡ ✇ür❞❡ ❜❡✐ ❛✉sr❡✐❝❤❡♥❞ st❛r❦❡♥ ❲✐♥❞ ❛♥❢❛♥❣❡♥ ③✉ s❝❤✇✐♥❣❡♥✱
✇♦✈♦♥ ❛✉❝❤ ❞❛s ❘❛❞❛r ③✇❛♥❣s✇❡✐s❡ ❜❡tr♦✛❡♥ ✇är❡✳

❊✐♥ ✇❡✐t❡r❡s ❞❡♥❦❜❛r❡s ❙③❡♥❛r✐♦ ✇är❡ ❞✐❡ ■♥st❛❧❧❛t✐♦♥ ❞❡s ❘❛❞❛rs❡♥s♦rs ✐♥
❞❡r ◆ä❤❡ ❡✐♥❡r Pr♦❞✉❦t✐♦♥sstr❛ÿ❡ ♠✐t s❝❤✇❡r❡♥ ▼❛s❝❤✐♥❡♥✳ ❉✐❡s❡ ✇ür❞❡♥
③✇❛♥❣s✇❡✐s❡ ❇♦❞❡♥❡rs❝❤ütt❡r✉♥❣❡♥ ❡r③❡✉❣❡♥✱ ✇❡❧❝❤❡ s✐❝❤ ❜❡✐ ❡♥ts♣r❡❝❤❡♥❞❡r
❙tär❦❡ ❛✉❢ ❞✐❡ ▼❡ss✉♥❣❡♥ ❞❡s ❋▼❈❲✲❘❛❞❛rs ❛✉s✇✐r❦❡♥✳

❯♠ ❞❡♥ ✐♥ ❞❡♥ ❇❡s♣✐❡❧❡♥ ❣❡♥❛♥♥t❡♥ ❙tör❡✐♥✢üss❡♥ ❡♥t❣❡❣❡♥ ③✉ ✇✐r❦❡♥✱ ❦ö♥♥✲
t❡ ♠❛♥ ♥✉♥ ③✉♠ ❡✐♥❡♠ ❥❡❞❡s♠❛❧ ❡✐♥❡ ♠ö❣❧✐❝❤st s❝❤✇✐♥❣✉♥❣s❢r❡✐❡ ❍❛❧t❡r✉♥❣
❦♦♥str✉✐❡r❡♥✱ ✇❛s ♠✐t ③✉sät③❧✐❝❤❡♥ ❆✉❢✇❛♥❞ ♥❡❜❡♥ ❞❡r ❡✐❣❡♥t❧✐❝❤❡♥ ❆r❜❡✐t
✈❡r❜✉♥❞❡♥ ✇är❡✳ ❙✐♥♥✈♦❧❧❡r ✇är❡ ❡s✱ ❡✐♥❡ ✈♦♠ ❊✐♥s❛t③♦rt ✉♥❛❜❤ä♥❣✐❣❡ ▲ö✲
s✉♥❣ ③✉ ✜♥❞❡♥✳

❆❧s ●r✉♥❞❧❛❣❡ ③✉r ❑♦♠♣❡♥s❛t✐♦♥ ♠üss❡♥ ③✉♥ä❝❤st ❞✐❡ ❛✉❢tr❡t❡♥❞❡♥ ❙❝❤✇✐♥✲
❣✉♥❣❡♥ q✉❛❧✐t❛t✐✈ ❡r❢❛sst ✉♥❞ ❛✉s❣❡✇❡rt❡t ✇❡r❞❡♥✱ ✉♠ ❡r❢♦❧❣r❡✐❝❤ ❞✐❡ ❩✉s❛♠✲
♠❡♥❤ä♥❣❡ ③✇✐s❝❤❡♥ ❙tör❡✐♥✢✉ss ✉♥❞ ❙tör✉♥❣ ❛♠ ❘❛❞❛r ③✉ ✉♥t❡rs✉❝❤❡♥✳
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✷ ❚❡❝❤♥♦❧♦❣✐s❝❤❡ ●r✉♥❞❧❛❣❡♥

■♠ ❢♦❧❣❡♥❞❡♥ ❑❛♣✐t❡❧ ✇❡r❞❡♥ ❞✐❡ t❡❝❤♥✐s❝❤❡♥ ●r✉♥❞❧❛❣❡♥ ❞❡r ✈❡r✇❡♥❞❡t❡♥
❙❡♥s♦r❡♥ ❡r❧ä✉t❡rt✳ ❉❛❜❡✐ st❡❤❡♥ ❞✐❡ ❢ür ❞✐❡ ❊r❤❡❜✉♥❣ ✈♦♥ ▼❡ss✇❡rt❡♥ ❣❡✲
♥✉t③t❡♥ ❋♦r♠❡❧♥ ❣❡♥❛✉s♦ ✐♠ ▼✐tt❡❧♣✉♥❦t✱ ✇✐❡ ❞✐❡ ③✉❣r✉♥❞❡❧✐❡❣❡♥❞❡♥ ♣❤②s✐✲
❦❛❧✐s❝❤❡♥ ●❡s❡t③♠äÿ✐❣❦❡✐t❡♥✳ ❇❡s♦♥❞❡rs ✇✐r❞ ❤✐❡r❜❡✐ ❛✉❢ ❞✐❡ ❋✉♥❦t✐♦♥s✇❡✐s❡
✈♦♥ ❘❛❞❛rs②st❡♠❡♥ ✉♥❞ ✐♠ s♣❡③✐❡❧❧❡♥ ❛✉❢ ❞❡♥ ✈❡r✇❡♥❞❡t❡♥ ❋▼❈❲✲❙❡♥s♦r
❡✐♥❣❡❣❛♥❣❡♥✳ ❉❡s✇❡✐t❡r❡♥ ✇❡r❞❡♥ ③✉♠ ❩✇❡❝❦❡ ❞❡r ❱♦❧❧stä♥❞✐❣❦❡✐t ❞✐❡ ❜❡✐❞❡♥
❛♠ ✇❡✐t❡st❡♥ ✈❡r❜r❡✐t❡t❡♥ ▼❡ss♠❡t❤♦❞❡♥ ✐♠ ❇❡r❡✐❝❤ ❞❡r ❇❡s❝❤❧❡✉♥✐❣✉♥❣s✲
s❡♥s♦r✐❦ ✈♦r❣❡st❡❧❧t✳

✷✳✶ ❘❛❞❛rs❡♥s♦r

❉❡r ❇❡❣r✐✛ ❘❛❞❛r ✭❘❛❞✐♦ ❉❡t❡❝t✐♦♥ ❛♥❞ ❘❛♥❣✐♥❣✮ ❜❡s❝❤r❡✐❜t ❡✐♥ ❱❡r❢❛❤r❡♥
③✉♠ ❞❡t❡❦t✐❡r❡♥ ✉♥❞ ❧♦❦❛❧✐s✐❡r❡♥ ✈♦♥ ❖❜❥❡❦t❡♥ ✐♠ ❘❛✉♠ ✉♥t❡r ❩✉❤✐❧❢❡♥❛❤♠❡
❡❧❡❦tr♦♠❛❣♥❡t✐s❝❤❡r ❲❡❧❧❡♥✳ ❲❡✐t❡r❤✐♥ ❦❛♥♥ ♠❛♥ ❞✉r❝❤ ❡✐♥❡ ❘❛❞❛r♠❡ss✉♥❣
❣r✉♥❞❧❡❣❡♥❞❡ ❊✐❣❡♥s❝❤❛❢t❡♥ ✈♦♥ ❖❜❥❡❦t❡♥ ❜❡st✐♠♠❡♥✱ ✇♦③✉ ❞✐❡ ❜❡r❡✐ts ③✉✈♦r
❣❡♥❛♥♥t❡ ▲❛❣❡ ✐♠ ❘❛✉♠ ③ä❤❧t✳ ❆✉ÿ❡r❞❡♠ ❦❛♥♥ ❞❡r ❇❡✇❡❣✉♥❣s③✉st❛♥❞ ❡✐♥❡s
❩✐❡❧s ✉♥❞ ❞❡ss❡♥ ❇❡s❝❤❛✛❡♥❤❡✐t ❜❡st✐♠♠t ✇❡r❞❡♥✳

✷✳✶✳✶ ❆❧❧❣❡♠❡✐♥❡ ❋✉♥❦t✐♦♥s✇❡✐s❡

❉❛s ✇❡s❡♥t❧✐❝❤❡ ❋✉♥❦t✐♦♥s♣r✐♥③✐♣ ❡✐♥❡s ❘❛❞❛rs ❜❛s✐❡rt ❛✉❢ ❞❡r ❘❡✢❡❦t✐♦♥ ❡✐✲
♥❡r ❛✉s❣❡s❡♥❞❡t❡♥ ❡❧❡❦tr♦♠❛❣♥❡t✐s❝❤❡♥ ❲❡❧❧❡ ❛♥ ❡✐♥❡♠ ❩✐❡❧♦❜❥❡❦t✱ ✇♦❜❡✐ ❞✐❡
③✉rü❝❦❣❡str❛❤❧t❡ ▲❡✐st✉♥❣ ♠❡✐st ♥✉r ❡✐♥ ❇r✉❝❤t❡✐❧ ❞❡r ●❡s❡♥❞❡t❡♥ ❜❡trä❣t✳
●❡♥❡r❡❧❧ ❦ö♥♥❡♥ ❛❧❧❡ ❖❜❥❡❦t❡✱ ❞✐❡ s✐❝❤ ❞✉r❝❤ ✐❤r❡ ❡❧❡❦tr♦♠❛❣♥❡t✐s❝❤❡♥ ❊✐❣❡♥✲
s❝❤❛❢t❡♥ ✈♦♠ ❘❡st ✐❤r❡r ❯♠❣❡❜✉♥❣ ✭❤ä✉✜❣ ▲✉❢t✮ ✉♥t❡rs❝❤❡✐❞❡♥✱ ❞❡t❡❦t✐❡rt
✇❡r❞❡♥✳ ❉✐❡ ●r✉♥❞❧❛❣❡ ❞❡r ❘❛❞❛rt❡❝❤♥✐❦ ❜✐❧❞❡t ❞✐❡ s♦❣❡♥❛♥♥t❡ ❘❛❞❛r❣❧❡✐✲
❝❤✉♥❣ ✭❡♥t♥♦♠♠❡♥ ❛✉s ❬✶✵❪✮✱ ✇❡❧❝❤❡ ❞❛s ▲❡✐st✉♥❣s✈❡r❤ä❧t♥✐s ③✇✐s❝❤❡♥ ❞❡r
❣❡s❡♥❞❡t❡♥ ▲❡✐st✉♥❣ PS ✉♥❞ ❞❡r r❡✢❡❦t✐❡rt❡♥ ▲❡✐st✉♥❣ PE ❜❡s❝❤r❡✐❜t✳ ❉✐❡
❛♠ ❘❛❞❛r ❡♠♣❢❛♥❣❡♥❡ ▲❡✐st✉♥❣ ✐st ❞❛❜❡✐ ❛❜❤ä♥❣✐❣ ✈♦♥ ❞❡♥ ❆♥t❡♥♥❡♥❣❡✇✐♥♥
❞❡r ❙❡♥❞❡❛♥t❡♥♥❡ gS ✉♥❞ ❊♠♣❢❛♥❣s❛♥t❡♥♥❡ gE s♦✇✐❡ ✈♦♠ ❘❛❞❛rq✉❡rs❝❤♥✐tt
σ✳ ❉✐❡s❡r ❜❡s❝❤r❡✐❜t ✇✐❡ ✒st❛r❦✏ ❡✐♥ ❖❜❥❡❦t ❞✐❡ ❛✉s❣❡s❡♥❞❡t❡♥ ❋✉♥❦✇❡❧❧❡♥
③✉rü❝❦ ③✉r ❊♠♣❢❛♥❣s❛♥t❡♥♥❡ r❡✢❡❦t✐❡rt✳ ❉❡s✇❡✐t❡r❡♥ ✇✐r❞ ❞✐❡ ❊♥t❢❡r♥✉♥❣ R
③✉♠ ❩✐❡❧ ❜❡rü❝❦s✐❝❤t✐❣t✱ ✇♦❜❡✐ ❞❡✉t❧✐❝❤ ③✉ ❡r❦❡♥♥❡♥ ✐st✱ ❞❛ss ❞✐❡s❡ ❡✐♥❡♥ ü❜❡r✲
♣r♦♣♦rt✐♦♥❛❧❡♥ ❊✐♥✢✉ss ❛✉❢ ❞✐❡ ❛♥ ❞❡r ❙❡♥❞❡❛♥t❡♥♥❡ ❛♥❦♦♠♠❡♥❞❡ ▲❡✐st✉♥❣
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❤❛t✳ ❲❡✐t❡r❤✐♥ ✢✐❡ÿt ❞✐❡ ❲❡❧❧❡♥❧ä♥❣❡ λ ❡❜❡♥❢❛❧❧s ✐♥ ❞✐❡ ●❧❡✐❝❤✉♥❣ ❡✐♥✳❬✶✵❪

PE

PS

=
gS · gE · λ2

(4π)3 ·R4
· σ ✭✶✮

❆✉❢❣r✉♥❞ ❞❡s ❱❡r❣❧❡✐❝❤s ❞❡r ▲❡✐st✉♥❣❡♥ ✐st ❡s ♠ö❣❧✐❝❤✱ ❥❡ ♥❛❝❤❞❡♠ ✇❡❧❝❤❡
❛♥❞❡r❡♥ P❛r❛♠❡t❡r♥ ❜❡❦❛♥♥t s✐♥❞✱ ❛✉❢ ❞✐❡ ●röÿ❡✱ ❋♦r♠ ♦❞❡r ❇❡s❝❤❛✛❡♥❤❡✐t
✭▼❛t❡r✐❛❧✱ ❘❛✉✐❣❦❡✐t✮ ❡✐♥❡s ❩✐❡❧♦❜❥❡❦t❡s ③✉ s❝❤❧✐❡ÿ❡♥✳

Ü❜❡r ❞✐❡ ▼❡sss✉♥❣ ❞❡r ▲❛✉❢③❡✐t TL✱ ❛❧s♦ ❞✐❡ ❩❡✐t ❞✐❡ ③✇✐s❝❤❡♥ ❞❡♠ ❙❡♥❞❡♥
❡✐♥❡s ■♠♣✉❧s❡s ✉♥❞ ❊♠♣❢❛♥❣❡♥ ❞❡r r❡✢❡❦t✐❡rt❡♥ ▲❡✐st✉♥❣ ✈❡r❣❡❤t✱ ❦❛♥♥ ♠❛♥
s♦❢❡r♥ ♠❛♥ ❞✐❡ ❆✉s❜r❡✐t✉♥❣s❣❡s❝❤✇✐♥❞✐❣❦❡✐t ❡❧❡❦tr♦♠❛❣♥❡t✐s❝❤❡r ❲❡❧❧❡♥ ✐♠
Ü❜❡rtr❛❣✉♥❣s♠❡❞✐✉♠ ❦❡♥♥t✱ ❞✐❡ ❉✐st❛♥③ R ❞❡s ❘❛❞❛rs❡♥s♦rs ③✉♠ ❩✐❡❧ ❜❡✲
r❡❝❤♥❡♥✱ ✇✐❡ ✐♥ ●❧❡✐❝❤✉♥❣ ✭✷✮ ❣❡③❡✐❣t ✭❡♥t♥♦♠♠❡♥ ❛✉s ❬✶✵❪✮✳ ❇❡✐ ▲✉❢t ❣✐❧t
❡✐♥❡ ●❡s❝❤✇✐♥❞✐❣❦❡✐t ♥❛❤❡ ❞❡r ▲✐❝❤t❣❡s❝❤✇✐♥❞✐❣❦❡✐t c ❢ür ❞❛s ❙✐❣♥❛❧✳

R = c ·
TL

2
✭✷✮

❩✉ ❞❡♥ ✇❡s❡♥t❧✐❝❤❡♥ ▼❡r❦♠❛❧❡♥ ❡✐♥❡s ❋▼❈❲✲❘❛❞❛rs ❣❡❤ört ❞✐❡ ❆✉✢ös✉♥❣✱
❛❧s♦ ❞❡r ♠✐♥✐♠❛❧❡ ❆❜st❛♥❞ ③✇✐s❝❤❡♥ ③✇❡✐ ❩✐❡❧❡♥✱ ❞❛♠✐t ❞✐❡s❡ ♥♦❝❤ ✉♥t❡rs❝❤✐❡✲
❞❡♥ ✇❡r❞❡♥ ❦ö♥♥❡♥✳ ❉✐❡ ❆✉✢ös✉♥❣ ✐st ❧❡❞✐❣❧✐❝❤ ❛❜❤ä♥❣✐❣ ✈♦♥ ❞❡r ❇❛♥❞❜r❡✐t❡
B ❞❡s ✈❡r✇❡♥❞❡t❡♥ ❙❡♥❞❡❝❤✐r♣s✱ ✇✐❡ ✐♥ ❋♦r♠❡❧ ✭✸✮ ✭❡♥t♥♦♠♠❡♥ ❛✉s ❬✶✵❪✮ ③✉
❡r❦❡♥♥❡♥ ✐st✳

ΔR =
c

2 · B
✭✸✮

●r✉♥❞sät③❧✐❝❤ ✉♥t❡rs❝❤❡✐❞❡t ♠❛♥ ❜❡✐ ❘❛❞❛r❣❡rät❡♥ ③✇✐s❝❤❡♥ P✉❧s✲ ✉♥❞ s♦❣❡✲
♥❛♥♥t❡♥ ❉❛✉❡rstr✐❝❤r❛❞❛r❡♥ ❥❡ ♥❛❝❤ ❙❡♥❞❡❞❛✉❡r ✉♥❞ ❙✐❣♥❛❧❢♦r♠✳ ❙♦ s❡♥❞❡t
❞❛s P✉❧sr❛❞❛r✱ ✇✐❡ ❞❡r ◆❛♠❡ s❝❤♦♥ s❛❣t✱ ❡✐♥❡♥ ③❡✐t❧✐❝❤ ❜❡❣r❡♥③t❡♥ ■♠♣✉❧s
❛✉s✱ ✇❡❧❝❤❡r ❦ür③❡r ❛❧s ❞✐❡ ③✉ ❡r✇❛rt❡♥❞❡ ▲❛✉❢③❡✐t ③✉♠ ❩✐❡❧ s❡✐♥ s♦❧❧t❡✳ ❙♦
❡r❢♦❧❣t ❡✐♥❡ ❊♥t❢❡r♥✉♥❣s♠❡ss✉♥❣ ü❜❡r ❞✐❡ ❇❡st✐♠♠✉♥❣ ❞❡r ▲❛✉❢③❡✐t ❞❡s ❡♠♣✲
❢❛♥❣❡♥❡♥ ❙✐❣♥❛❧s✳ ❉❡♠❣❡❣❡♥ü❜❡r s❡♥❞❡t ❞❛s ❉❛✉❡rstr✐❝❤✭❈❲✮✲❘❛❞❛r ❦♦♥t✐✲
♥✉✐❡r❧✐❝❤ s❡✐♥ ❙❡♥❞❡s✐❣♥❛❧✳❬✶✵❪

❲❡♥♥ ❡s s✐❝❤ ❜❡✐ ❞❡♠ ❙❡♥❞❡s✐❣♥❛❧ ✉♠ ❡✐♥ ✉♥♠♦❞✉❧✐❡rt❡s ❙✐❣♥❛❧ ✭❛❧s♦ ❜❡✐✲
s♣✐❡❧s✇❡✐s❡ ❡✐♥❡♠ ❦♦♥t✐♥✉✐❡r❧✐❝❤❡♥ ❙✐♥✉s✮ ❤❛♥❞❡❧t✱ ❦❛♥♥ ❛✉❢❣r✉♥❞ ❞❡r ❢❡❤❧❡♥✲
❞❡♥ ▲❛✉❢③❡✐t✐♥❢♦r♠❛t✐♦♥ ❜❡✐♠ ❱❡r❣❧❡✐❝❤ ❞❡r ❜❡✐❞❡♥ ❙✐❣♥❛❧❡ ❦❡✐♥❡ ❊♥t❢❡r♥✉♥❣
❜❡st✐♠♠t ✇❡r❞❡♥✱ ❞❛ ❞✐❡ ❇❛♥❞❜r❡✐t❡ ❣❧❡✐❝❤ ◆✉❧❧ ✐st✳ ❇❡✐ ❇❡rü❝❦s✐❝❤t✐❣✉♥❣
❞❡r ●❧❡✐❝❤✉♥❣ ✭✸✮ ❢ür ❞✐❡ ❆✉✢ös✉♥❣ ✇ür❞❡ ❞❛s ❜❡❞❡✉t❡♥✱ ❞❛ss ❞✐❡ ❆✉✢ös✉♥❣
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✷ ❚❡❝❤♥♦❧♦❣✐s❝❤❡ ●r✉♥❞❧❛❣❡♥

❣❡❣❡♥ ✉♥❡♥❞❧✐❝❤ ❣❡❤t✱ ✇❛s ♣r❛❦t✐s❝❤ ♥✐❝❤t s❡✐♥ ❦❛♥♥✳ ❆✉❢❣r✉♥❞ ❞✐❡s❡r ❚❛tss❛✲
❝❤❡ ✐st ❦❡✐♥❡ ❊♥t❢❡r♥✉♥❣s♠❡ss✉♥❣ ♠ö❣❧✐❝❤✳ ▲❡❞✐❣❧✐❝❤ ❡✐♥❡ ❱❡rä♥❞❡r✉♥❣ ❞❡s
❙✐❣♥❛❧s ✐st ✇❡✐t❡r❤✐♥ ❢❡stst❡❧❧❜❛r✳❬✸❪

✷✳✶✳✷ ❋▼❈❲✲❘❛❞❛r

❇❡✐♠ ❋▼❈❲ ✭❋r❡q✉❡♥❝② ▼♦❞✉❧❛t❡❞ ❈♦♥t✐♥✉♦✉s ❲❛✈❡✮✲❘❛❞❛r ❤❛♥❞❡❧t ❡s
s✐❝❤ ✉♠ ❡✐♥❡ s♣❡③✐❡❧❧❡ ❱❛r✐❛♥t❡ ❞❡s ❉❛✉❡rstr✐❝❤r❛❞❛rs✳ ❲ä❤r❡♥❞ ❞❡r ❦♦♥t✐♥✉✲
✐❡r❧✐❝❤❡♥ ❆✉sstr❛❤❧✉♥❣ ✈♦♥ ❡❧❡❦tr♦♠❛❣♥❡t✐s❝❤❡♥ ❲❡❧❧❡♥ ❡r❢ä❤rt ❞❛s ❣❡s❡♥❞❡t❡
❙✐❣♥❛❧ ❡✐♥❡ ▼♦❞✉❧❛t✐♦♥ ✐♠ ❋r❡q✉❡♥③❜❡r❡✐❝❤✳❉❡r ❱♦rt❡✐❧ ❣❡❣❡♥ü❜❡r ❞❡♠ ❉❛✉✲
❡rstr✐❝❤r❛❞❛r ✭❈❲✲❘❛❞❛r✮ ❜❡st❡❤t ❞❛r✐♥✱ ❞❛ss ❞✐❡ s✐❝❤ ä♥❞❡r♥❞❡ ❋r❡q✉❡♥③
❡✐♥❡♥ ❩❡✐t❜❡③✉❣ ③✇✐s❝❤❡♥ ❞❡♠ ❙❡♥❞❡✲ ✉♥❞ ❊♠♣❢❛♥❣s❝❤✐r♣ ❡r♠ö❣❧✐❝❤t✱ ❞❡r
ü❜❡r ❡✐♥❡ ♥♦r♠❛❧❡ P❤❛s❡♥✈❡rs❝❤✐❡❜✉♥❣ ❤✐♥❛✉s ❣❡❤t✳❬✸❪

❉❛s ❙✐❣♥❛❧ ❡♥ts♣r✐❝❤t ✐♠ ❩❡✐t❜❡r❡✐❝❤ ❡✐♥❡r ❙✐♥✉s❢✉♥❦t✐♦♥✱ ❞✐❡ ü❜❡r ❞❡r ❩❡✐t
✐❤r❡ ❋r❡q✉❡♥③ ä♥❞❡rt✱ ✇✐❡ ✐♥ ❆❜❜✐❧❞✉♥❣ ✶ ❣❡③❡✐❣t✳ ❆♥❛❧♦❣ ❞❛③✉ ✇✐r❞ ✐♥ ❆❜❜✐❧✲
❞✉♥❣ ✷ ❞✐❡ ❋r❡q✉❡♥③ ü❜❡r ❞❡r ❩❡✐t ❞❛r❣❡st❡❧❧t✳ ❉✐❡s❡ ❙✐❣♥❛❧❢♦r♠ ❜❡③❡✐❝❤♥❡t
♠❛♥ ❛✉❝❤ ❛❧s s♦❣❡♥❛♥♥t❡♥ ❈❤✐r♣✱ ✇❡❧❝❤❡r s✐❝❤ ✇✐❡ ❢♦❧❣t ♠❛t❤❡♠❛t✐s❝❤ ❜❡✲
s❝❤r❡✐❜❡♥ ❧ässt ✭❡♥t♥♦♠♠❡♥ ❛✉s ❬✸❪✮✳

f1(t) = fstart +Bchirp

t

Tchirp

✭✹✮

❉✐❡ ❋r❡q✉❡♥③ fstart st❡❤t ❞❛❜❡✐ ❢ür ❞✐❡ ❙t❛rt❢r❡q✉❡♥③ ❞❡s ❛❜❣❡str❛❤❧t❡♥ ❙❡♥✲
❞❡❝❤✐r♣s✱ ✇❡❧❝❤❡r ❞✐❡ ❩❡✐t Tchirp ❜❡♥öt✐❣t ✉♠ ❞✉r❝❤❣❡st✐♠♠t ③✉ ✇❡r❞❡♥✳ ❉✐❡
●röÿ❡ Bchirp st❡❤t ❢ür ❞✐❡ ❇❛♥❞❜r❡✐t❡ ❞❡s ❙✐❣♥❛❧s✳

❉✉r❝❤ ❇❡rü❝❦s✐❝❤t✐❣✉♥❣ ❞❡r ▲❛✉❢③❡✐t TL ❡r❣✐❜t s✐❝❤ ❢ür ❞❡♥ ❊♠♣❢❛♥❣s❝❤✐r♣
❛♥ ❞❡r ❊♠♣❢❛♥❣s❛♥t❡♥♥❡ ❞✐❡ ●❧❡✐❝❤✉♥❣ ✭✺✮❬✸❪✳

f2(t) = fstart +Bchirp

t− TL

Tchirp

✭✺✮

❉✐❡ ❊r♠✐tt❧✉♥❣ ❞❡s ❆❜st❛♥❞❡s ③✉ ❡✐♥❡♠ ❩✐❡❧ ❡r❢♦❧❣t ❜❡✐♠ ❋▼❈❲✲❘❛❞❛r
♠✐t ❍✐❧❢❡ ❡✐♥❡r ❧❛✉❢③❡✐t❛❜❤ä♥❣✐❣❡♥ ❩✇✐s❝❤❡♥❢r❡q✉❡♥③✱ ✇❡❧❝❤❡ s✐❝❤ ❛✉s ❞❡♠
❣❡♠✐s❝❤t❡♥ ❙❡♥❞❡✲ ✉♥❞ ❊♠♣❢❛♥❣ss✐❣♥❛❧ ❡r❣✐❜t✳ ❉❛s Pr✐♥③✐♣ ❜❡r✉❤t ❛✉❢ ❞❡♠
❱❡r❣❧❡✐❝❤ ❞❡r ❋r❡q✉❡♥③ fE ❞❡s ❡♠♣❢❛♥❣❡♥❡♥ ❙✐❣♥❛❧s ③✉♠ ❩❡✐t♣✉♥❦t t ♠✐t ❞❡r
③✉♠ ❩❡✐t♣✉♥❦t t ❛✉s❣❡s❡♥❞❡t❡♥ ❋r❡q✉❡♥③ fS✳ ❆✉❢❣r✉♥❞ ❞❡r ❉✐✛❡r❡♥③ ❞✐❡s❡r
❋r❡q✉❡♥③❡♥ ✉♥❞ ❞❡r ❑❡♥♥t♥✐s ü❜❡r ❞❡♥ ③❡✐t❧✐❝❤❡♥ ❱❡r❧❛✉❢ ❞❡s ✈♦♠ ❖s③✐❧❧❛t♦r
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✷ ❚❡❝❤♥♦❧♦❣✐s❝❤❡ ●r✉♥❞❧❛❣❡♥

❆❜❜✐❧❞✉♥❣ ✶✿ ❉❛rst❡❧❧✉♥❣ ③✇❡✐❡r ❙❡♥❞❡❝❤✐r♣s ✐♠ ❩❡✐t❜❡r❡✐❝❤

❡r③❡✉❣t❡♥ ❙✐❣♥❛❧s ✐st ❡s ♠ö❣❧✐❝❤ ❞✐❡ ❊♥t❢❡r♥✉♥❣ ③✇✐s❝❤❡♥ ❙❡♥s♦r ✉♥❞ ❩✐❡❧ ③✉
❜❡st✐♠♠❡♥✳❬✸❪

fi = fE(t)− fS(t) ✭✻✮

❆❜❜✐❧❞✉♥❣ ✷✿ ❉❛rst❡❧❧✉♥❣ ❞❡s ❙❡♥❞❡❝❤✐r♣s ✭❜❧❛✉✮ ✉♥❞ ❞❡s ❊♠♣❢❛♥❣s❝❤✐r♣s
✭r♦t✮

▼✐tt❡❧s ❞❡r ❜❡r❡✐ts ❛♥❣❡s♣r♦❝❤❡♥❡♥ ❙✉❜tr❛❦t✐♦♥ ✉♥❞ ❞❡♠ ❡✐♥s❡t③❡♥ ❞❡r ❜❡✐❞❡♥
❋♦r♠❡❧♥ ✭✹✮ ✉♥❞ ✭✺✮ ❡r❣✐❜t s✐❝❤ ❞✉r❝❤ ✉♠st❡❧❧❡♥ ❞✐❡ ●❧❡✐❝❤✉♥❣ ✭✽✮❬✸❪✱ ✇♦❜❡✐
❞✐❡ ▲❛✉❢③❡✐t TL ❞✉r❝❤ ❞❡♥ ❢♦❧❣❡♥❞❡♥ ❚❡r♠ ✭✼✮❬✸❪ ❡rs❡t③t ✇✉r❞❡✳

✺



✷ ❚❡❝❤♥♦❧♦❣✐s❝❤❡ ●r✉♥❞❧❛❣❡♥

TL =
2R

c
✭✼✮

R = fi
c · Tchirp

2Bchirp

✭✽✮

■♥ ❞❡r ●❧❡✐❝❤✉♥❣ ✭✽✮ ✐st ❞❡✉t❧✐❝❤ ❞❡r ❧✐♥❡❛r❡ ❩✉s❛♠♠❡♥❤❛♥❣ ③✇✐s❝❤❡♥ ❞❡r
❩✇✐s❝❤❡♥❢r❡q✉❡♥③ fi ✉♥❞ ❞❡r ❊♥t❢❡r♥✉♥❣ R ③✉ ❡r❦❡♥♥❡♥✳

✷✳✶✳✸ ❆✉❢tr❡t❡♥❞❡ ❙tör❡✛❡❦t❡

P❤❛s❡♥✈❡rs❝❤✐❡❜✉♥❣ ❇❡✐ ❞❡r ❱❡rä♥❞❡r✉♥❣ ❞❡r P♦s✐t✐♦♥ ❡✐♥❡s ❘❛❞❛rs❡♥✲
s♦rs ✇ä❤r❡♥❞ ❡✐♥❡r ❧❛✉❢❡♥❞❡♥ ▼❡ss✉♥❣ tr✐tt ✐♥ ❞❡r ❘❡❣❡❧ ❡✐♥❡ P❤❛s❡♥✈❡rs❝❤✐❡✲
❜✉♥❣ ❛✉❢✱ ❞✐❡ ❛❜❤ä♥❣✐❣ ✈♦♠ ③✉rü❝❦❣❡❧❡❣t❡♥ ❲❡❣ ✐♥ ❘✐❝❤t✉♥❣ ❩✐❡❧ ✐st✳

❆✉❢❣r✉♥❞ ❞✐❡s❡s ❊✛❡❦t❡s ❦❛♥♥ ❡s ③✉ ❡✐♥❡r ❋❡❤❧✐♥t❡r♣r❡t❛t✐♦♥ ❞❡r P❤❛s❡ ❦♦♠✲
♠❡♥✳ ❉✐❡s ❤❛t ③✇❛♥❣s❧ä✉✜❣ ❡✐♥❡♥ ❋❡❤❧❡r ❜❡✐ ❞❡r ❇❡r❡❝❤♥✉♥❣ ❞❡r ❉✐st❛♥③
③✇✐s❝❤❡♥ ❘❛❞❛r ✉♥❞ ❩✐❡❧♦❜❥❡❦t ③✉r ❋♦❧❣❡✱ ✇❛s s✐❝❤ ❜❡✐ ❞❡r ❆✉s✇❡rt✉♥❣ ❞❡r
❘❛❞❛r❞❛t❡♥ ✐♥ ❋♦r♠ ✈♦♥ ●❡✐st❡r③✐❡❧❡♥ ä✉ÿ❡rt✳❬✶✹❪

❩✉r ❱❡r❛♥s❝❤❛✉❧✐❝❤✉♥❣ ✇✐r❞ ✐♠ ❢♦❧❣❡♥❞❡♥ ❞❡r ❩✉s❛♠♠❡♥❤❛♥❣ ③✇✐s❝❤❡♥ ❞❡r
P❤❛s❡ ✉♥❞ ❞❡r ❉✐st❛♥③ ③✉♠ ❩✐❡❧ ✈♦r❣❡st❡❧❧t ✭●❧❡✐❝❤✉♥❣ ✭✾✮✲✭✶✺✮ ❡♥t♥♦♠♠❡♥
❛✉s ❬✶✹❪✮

❉✐❡ P❤❛s❡ ❡✐♥❡s ❋▼❈❲✲❙✐❣♥❛❧s ❡r❣✐❜t s✐❝❤ ❞❛❜❡✐ ❛✉s ❞❡r ■♥t❡❣r❛t✐♦♥ ❞❡r
❡♥ts♣r❡❝❤❡♥❞❡♥ ❈❤✐r♣s ü❜❡r ❞❡r ❩❡✐t✱ ✇✐❡ ✐♥ ❢♦❧❣❡♥❞❡r ●❧❡✐❝❤✉♥❣ ❣❡③❡✐❣t✳

ϕ = 2π

t
ˆ

0

(

fstart +
Bchirp

Tchirp

· t

)

dt ✭✾✮

❉❛r❛✉s r❡s✉❧t✐❡r❡♥ ❢ür ❞✐❡ P❤❛s❡♥ ❞❡s ❙❡♥❞❡✲ ✉♥❞ ❊♠♣❢❛♥❣s❝❤✐r♣s ❞✐❡ ●❧❡✐✲
❝❤✉♥❣❡♥ ✭✶✵✮ ✉♥❞ ✭✶✶✮✳

ϕS(t) = 2π

(

fstart · t+
Bchirp

2 · Tchirp

· t2
)

✭✶✵✮

ϕE(t) = 2π

(

fstart · (t− τ) +
Bchirp

2 · Tchirp

· (t− τ)2
)

✭✶✶✮

✻



✷ ❚❡❝❤♥♦❧♦❣✐s❝❤❡ ●r✉♥❞❧❛❣❡♥

❆♠ ❆✉s❣❛♥❣ ❞❡s ▼✐s❝❤❡rs ❡r❣✐❜t s✐❝❤ ❞✐❡ ❉✐✛❡r❡♥③ ϕD = ϕS −ϕE ❞❡r P❤❛s❡
❞❡s ❙❡♥❞❡s✐❣♥❛❧s ✉♥❞ ❞❡s ❊♠♣❢❛♥❣ss✐❣♥❛❧s✳

ϕD = 2π

(

fstart · t+
Bchirp

2 · Tchirp

· t2 − fstart · (t− τ)−
Bchirp

2 · Tchirp

· (t− τ)2
)

✭✶✷✮

❉✉r❝❤ ✈❡r❡✐♥❢❛❝❤❡♥ ❞❡r ●❧❡✐❝❤✉♥❣ ❡r❣✐❜t s✐❝❤ ❢♦❧❣❡♥❞❡ ❋♦r♠❡❧✳

ϕD = 2π

(

fstart · τ +
Bchirp

Tchirp

· tτ −
Bchirp

2 · Tchirp

· τ 2
)

✭✶✸✮

❉❡r ❚❡r♠ Bchirp

2·Tchirp
·τ 2 ❜❡s❝❤r❡✐❜t ❞❛❜❡✐ ❞✐❡ ❱❡rä♥❞❡r✉♥❣ ❞❡r ❩✇✐s❝❤❡♥❢r❡q✉❡♥③✱

✇❡❧❝❤❡ ❊✐♥✢✉ss ❛✉❢ ❞✐❡ P❤❛s❡ ❤❛t✳ ❆✉❢❣r✉♥❞ ❞❡r s❡❤r ❦❧❡✐♥❡♥ ❙✐❣♥❛❧❧❛✉❢③❡✐t
τ ❦❛♥♥ ❞✐❡s❡r ❚❡✐❧ ❞❡r ●❧❡✐❝❤✉♥❣ ✈❡r♥❛❝❤❧äss✐❣t ✇❡r❞❡♥✳

ϕD ≈ 2π

(

fstart · τ +
Bchirp

Tchirp

· tτ

)

✭✶✹✮

■♠ ♥ä❝❤st❡♥ ❙❝❤r✐tt ❡rs❡t③❡♥ ✇✐r ❞✐❡ ▲❛✉❢③❡✐t τ ❞✉r❝❤ ❞❡♥ ❩✉s❛♠♠❡♥❤❛♥❣
τ = 2r

c
✱ ✇♦❜❡✐ ♠✐t ❞❡r ❱❛r✐❛❜❧❡ r ❞✐❡ ❆❜❤ä♥❣✐❣❦❡✐t ❞❡r P❤❛s❡ ③✉r ❊♥t❢❡r♥✉♥❣

❤❡r❣❡st❡❧❧t ✇✐r❞✳

ϕD ≈
4π

c

(

fstart · r +
Bchirp

Tchirp

· t · r

)

✭✶✺✮

❇❡✐ ❇❡rü❝❦s✐❝❤t✐❣✉♥❣ ❞❡r P♦s✐t✐♦♥sä♥❞❡r✉♥❣ r = r0 + ∆r✱ ✇♦❜❡✐ r0 ❞❡♥ ✉r✲
s♣rü♥❣❧✐❝❤❡♥ ❆❜st❛♥❞ ✉♥❞ △r ❞✐❡ ➘♥❞❡r✉♥❣ ❜❡s❝❤r❡✐❜t✱ ❡r❣✐❜t s✐❝❤ ❢♦❧❣❡♥❞❡
●❧❡✐❝❤✉♥❣✳

ϕD ≈
4π

c

(

fstart · r0 + fstart ·∆r +
Bchirp

Tchirp

· r0 · t+
Bchirp

Tchirp

·∆r · t

)

✭✶✻✮

❉✐❡ ❡✐❣❡♥t❧✐❝❤❡ P❤❛s❡♥✈❡rs❝❤✐❡❜✉♥❣ ❞✉r❝❤ ❞✐❡ P♦s✐t✐♦♥sä♥❞❡r✉♥❣ ∆r ✇✐r❞
❞✉r❝❤ ❞❡♥ ❚❡r♠ 4π

c
· fstart · ∆r ❜❡s❝❤r✐❡❜❡♥✳ ❉❡r ❛♥❞❡r❡ ✈♦♥ ∆r ❛❜❤ä♥❣✐❣❡

❚❡✐❧ 4π
c
·
Bchirp

Tchirp
·∆r · t ❞❡r ●❧❡✐❝❤✉♥❣ ❡♥ts♣r✐❝❤t ❡✐♥❡r ➘♥❞❡r✉♥❣ ❞❡r ❋r❡q✉❡♥③✱

✇✐❡ ③✉✈♦r ❜❡s❝❤r✐❡❜❡♥✳ ❉❛ ❞✐❡ ✈♦♥ ❞❡r ❩❡✐t t ❛❜❤ä♥❣✐❣❡♥ ❚❡✐❧❡ ❞❡r ●❧❡✐❝❤✉♥❣

✼



✷ ❚❡❝❤♥♦❧♦❣✐s❝❤❡ ●r✉♥❞❧❛❣❡♥

❞❡✉t❧✐❝❤ ❦❧❡✐♥❡r s✐♥❞ ❛❧s ❞✐❡ ♦❤♥❡ ❞✐❡s❡ ❆❜❤ä♥❣✐❣❦❡✐t✱ ❡r❣✐❜t s✐❝❤ ❢ür ❞✐❡ P❤❛✲
s❡♥ä♥❞❡r✉♥❣ △ϕ ❞✐❡ ●❧❡✐❝❤✉♥❣ ✭✶✻✮✳

△ϕ ≈
4π

c
fstart ·∆r ✭✶✼✮

❉❛♠✐t ✐st ❢❡st③✉st❡❧❧❡♥✱ ❞❛ss ❞✐❡ P❤❛s❡♥ä♥❞❡r✉♥❣ △ϕ ❧✐♥❡❛r ③✉r P♦s✐t✐♦♥sä♥✲
❞❡r✉♥❣ ∆r st❡✐❣t✳

❉♦♣♣❧❡r✲❊✛❡❦t ❉❛s ❞✉r❝❤ ❈✳❏✳ ❉♦♣♣❧❡r ❡♥t❞❡❝❦t❡ ✉♥❞ ❜❡♥❛♥♥t❡ P❤ä♥♦✲
♠❡♥ ❞✐❡♥t ❞❡r ❊r❦❧är✉♥❣ ❞❡r ❆✉s✇✐r❦✉♥❣ ✈♦♥ s✐❝❤ ❜❡✇❡❣❡♥❞❡♥ ❖❜❥❡❦t❡♥ ❛✉❢
❞✐❡ ❆✉s❜r❡✐t✉♥❣ ✈♦♥ ❲❡❧❧❡♥ ✐♠ ❘❛✉♠✳ ❉❛❜❡✐ ✇❡r❞❡♥ ✐♥ ❞✐❡s❡♠ ❆❜s❝❤♥✐tt
❧❡❞✐❣❧✐❝❤✱ ❞❡r ❚❤❡♠❛t✐❦ ❡♥ts♣r❡❝❤❡♥❞✱ ❡❧❡❦tr♦♠❛❣♥❡t✐s❝❤❡ ❲❡❧❧❡♥ ❜❡tr❛❝❤t❡t✳

❚r✐✛t ❡✐♥❡ ❡❧❡❦tr♦♠❛❣♥❡t✐s❝❤❡ ❲❡❧❧❡✱ ♥❛❝❤ ❞❡♠ s✐❡ ❞✉r❝❤ ❡✐♥ ❘❛❞❛r♠♦❞✉❧ ❛✉s✲
❣❡s❡♥❞❡t ✇✉r❞❡✱ ❛✉❢ ❡✐♥ r❡✢❡❦t✐❡r❡♥❞❡s ❖❜❥❡❦t✱ ✇❡❧❝❤❡s s✐❝❤ ❡♥t❣❡❣❡♥❣❡s❡t③t
❞❡r ❆✉s❜r❡✐t✉♥❣sr✐❝❤t✉♥❣ ❞❡r ❲❡❧❧❡ ❜❡✇❡❣t✱ ❦♦♠♠t ❡s ③✉ ❡✐♥❡r ✒❙t❛✉❝❤✉♥❣✏
❞✐❡s❡r✳ ❆♥❛❧♦❣ ❞❛③✉ ✐st ❡✐♥❡ ✒❙tr❡❝❦✉♥❣✏ ❞❡r ❲❡❧❧❡ ❢❡st③✉st❡❧❧❡♥✱ ✇❡♥♥ s✐❝❤
❞❛s r❡✢❡❦t✐❡r❡♥❞❡ ❖❜❥❡❦t ✐♥ ❘✐❝❤t✉♥❣ ❞❡r ❲❡❧❧❡ ❜❡✇❡❣t✳ ❙♦✇♦❤❧ ✒❙t❛✉❝❤✉♥❣✏
❛❧s ❛✉❝❤ ✒❙tr❡❝❦✉♥❣✏ s✐♥❞ ❤✐❡r❜❡✐ ✐♠ ❩❡✐t❜❡r❡✐❝❤ ③✉ ✈❡rst❡❤❡♥✳❬✷❪

❉❛s ❜❡❞❡✉t❡t✱ ❞❛ss ❡✐♥❡ ❱❡rä♥❞❡r✉♥❣ ❞❡r ❋r❡q✉❡♥③✱ ❛❜❤ä♥❣✐❣ ✈♦♥ ❞❡r ●❡✲
s❝❤✇✐♥❞✐❣❦❡✐t ✉♥❞ ❞❡r ❇❡✇❡❣✉♥❣sr✐❝❤t✉♥❣ ❡✐♥❡s s✐❝❤ r❡❧❛t✐✈ ③✉♠ ❘❛❞❛r ❜❡✲
✇❡❣❡♥❞❡♥ ❩✐❡❧s✱ ❡r❢♦❧❣t✳

❉✐❡s ❦❛♥♥ s♣❡③✐❡❧❧ ❜❡✐♠ ❋▼❈❲✲❘❛❞❛r✱ ✇❡❧❝❤❡s ü❜❡r ❞✐❡ ❉✐✛❡r❡♥③❢r❡q✉❡♥③
③✇✐s❝❤❡♥ ❙❡♥❞❡r ✉♥❞ ❊♠♣❢ä♥❣❡r ❞✐❡ ❊♥t❢❡r♥✉♥❣ ❜❡st✐♠♠t✱ ③✉ ▼❡ss❢❡❤❧❡r♥
❢ü❤r❡♥✳

■♠ ❢♦❧❣❡♥❞❡♥ ✇❡r❞❡♥ ❞✐❡ t❤❡♦r❡t✐s❝❤❡♥ ❆✉s✇✐r❦✉♥❣❡♥ ❡✐♥❡r ❞✉r❝❤ ❞❡♥ ❉♦♣♣❧❡r✲
❊✛❡❦t ❣❡stört❡♥ ❋▼❈❲✲❘❛❞❛r♠❡ss✉♥❣ ❣❡③❡✐❣t✳

✽



✷ ❚❡❝❤♥♦❧♦❣✐s❝❤❡ ●r✉♥❞❧❛❣❡♥

❆❜❜✐❧❞✉♥❣ ✸✿ ❉❛rst❡❧❧✉♥❣ ❡✐♥❡s ✉♥❜❡❡✐♥✢✉sst❡♥ ✭❜❧❛✉✮ ✉♥❞ ❡✐♥❡s ❞♦♣♣❧❡r✈❡r✲
s❝❤♦❜❡♥❡♥ ✭r♦t✮ ❊♠♣❢❛♥❣s❝❤✐r♣s

❇❡✐ ❇❡tr❛❝❤t✉♥❣ ❞❡r ❆❜❜✐❧❞✉♥❣ ✸ ③✉ ❡r❦❡♥♥❡♥✱ ❞❛ss s✐❝❤ ❡✐♥❡ ❋r❡q✉❡♥③✈❡r✲
s❝❤✐❡❜✉♥❣ ❛✉❢ ❞✐❡ ✈♦♠ ❘❛❞❛r ❡r♠✐tt❡❧t❡ ❉✐st❛♥③ ❛✉s✇✐r❦❡♥ ♠✉ss✱ ❞❛ s✐❝❤ ❞✐❡
❉♦♣♣❧❡r✲❋r❡q✉❡♥③ ③✉sät③❧✐❝❤ ③✉r ❞✉r❝❤ ❞✐❡ ▲❛✉❢③❡✐t ❛✉❢tr❡t❡♥❞❡ ❋r❡q✉❡♥③❞✐❢✲
❢❡r❡♥③ ❛✉❢ ❞❡♥ ❊♠♣❢❛♥❣s❝❤✐r♣ ❛✉s✇✐r❦t✳

❉✐❡ ❆✉s✇✐r❦✉♥❣❡♥ ❞❡s ❉♦♣♣❧❡r✲❊✛❡❦t❡s s✐♥❞ ❡❜❡♥❢❛❧❧s ❜❡✐ ❞❡r ❇❡r❡❝❤♥✉♥❣
❞❡r P❤❛s❡♥❞✐✛❡r❡♥③ ϕD ③✉ ❜❡rü❝❦s✐❝❤t✐❣❡♥✳ ❉✉r❝❤ ❊✐♥s❡t③❡♥ ❞❡r ❣❡s❝❤✇✐♥✲
❞✐❣❦❡✐ts❛❜❤ä♥❣✐❣❡♥ ❊♥t❢❡r♥✉♥❣sä♥❞❡✉♥❣ r = r0 + v · t ✐♥ ❞✐❡ ❛✉s ❞❡♠ ❧❡t③t❡♥
❆❜s❝❤♥✐tt ❜❡❦❛♥♥t❡ ●❧❡✐❝❤✉♥❣ ✭✶✺✮ ❡r❣✐❜t s✐❝❤ ❢♦❧❣❡♥❞❡r ❆✉s❞r✉❝❦✳

ϕD ≈
4π

c

(

fstart · r0 + fstart · v · t+
Bchirp

Tchirp

· r0 · t+
Bchirp

Tchirp

· v · t2
)

✭✶✽✮

❉✐❡ ●❡s❝❤✇✐♥❞✐❣❦❡✐t v ✐st ❛❧s r❡❧❛t✐✈❡ ●❡s❝❤✇✐♥❞✐❣❦❡✐t ③✇✐s❝❤❡♥ ❘❛❞❛r ✉♥❞
❩✐❡❧ ③✉ ❜❡tr❛❝❤t❡♥✳ ❉❡r ❚❡r♠ fstart · v · t ❜❡s❝❤r❡✐❜t ❞❡♥ ✐♥ ❆❜❜✐❧❞✉♥❣ ✸
❣❡③❡✐❣t❡♥ ❆♥st✐❡❣ ❞❡r ❙t❛rt❢r❡q✉❡♥③ fstart ❞❡s ❈❤✐r♣s ✉♥❞ st❡❧❧t ❞❛♠✐t ❞❡♥
❊✐♥✢✉ss ❞❡r ❋r❡q✉❡♥③✈❡rs❝❤✐❡❜✉♥❣ ❞❛r✳ ❙❡t③t ♠❛♥ ♥✉♥ ❋r❡q✉❡♥③ä♥❞❡r✉♥❣
❜❡✐♠ ❉♦♣♣❧❡r✲❊✛❡❦t ♠✐t ❞❡r P❤❛s❡♥✈❡rs❝❤✐❡❜✉♥❣ ✐♠ ✈♦r❤❡r✐❣❡♥ ❆❜s❝❤♥✐tt
✷✳✶✳✸ ✐♥ ●❧❡✐❝❤✉♥❣ ✶✺ ✭Bchirp

Tchirp
·∆r · t✮ ❣❧❡✐❝❤✱ ❡r❣✐❜t s✐❝❤ ❢♦❧❣❡♥❞❡ ●❧❡✐❝❤✉♥❣✳

fstart · v · t =
Bchirp

Tchirp

·∆r · t ✭✶✾✮

✾



✷ ❚❡❝❤♥♦❧♦❣✐s❝❤❡ ●r✉♥❞❧❛❣❡♥

❙t❡❧❧t ♠❛♥ ❞✐❡s❡ ♥✉♥ ♥❛❝❤ P♦s✐t✐♦♥sä♥❞❡r✉♥❣ △r ✉♠✱ ❦♦♠♠t ♠❛♥ ❛✉❢ ●❧❡✐✲
❝❤✉♥❣ ✭✷✵✮✱ ✇❡❧❝❤❡ ❞✐❡ ❱❡rs❝❤✐❡❜✉♥❣ ❜❡✐ ❞❡r ❊♥t❢❡r♥✉♥❣s♠❡ss✉♥❣ ✈♦♥ ❘❛❞❛r✲
③✐❡❧❡♥ ❛✉❢❣r✉♥❞ ❞❡s ❉♦♣♣❧❡r❡✛❡❦t❡s ❜❡s❝❤r❡✐❜t✳

△r = f0 · v ·
Tchirp

Bchirp

✭✷✵✮

❉✐❡ ➘♥❞❡r✉♥❣ ❞❡r ❞❡t❡❦t✐❡rt❡♥ ❊♥t❢❡r♥✉♥❣ ∆r ③✉♠ ❩✐❡❧ st❡✐❣t ❛❧s♦ ❞✐r❡❦t
♣r♦♣♦rt✐♦♥❛❧ ③✉r r❡❧❛t✐✈❡♥ ●❡s❝❤✇✐♥❞✐❣❦❡✐t ❞❡s ❩✐❡❧s ③✉♠ ❘❛❞❛r✳

✶✵



✷ ❚❡❝❤♥♦❧♦❣✐s❝❤❡ ●r✉♥❞❧❛❣❡♥

✷✳✷ ❇❡s❝❤❧❡✉♥✐❣✉♥❣ss❡♥s♦r

❯♠ ❜❡✇❡❣✉♥❣s❜❡❞✐♥❣t❡ ❙tör✉♥❣❡♥ ✐♥ ❥❡❣❧✐❝❤❡r ❋♦r♠ ❦♦♠♣❡♥s✐❡r❡♥ ③✉ ❦ö♥✲
♥❡♥✱ ✐st ❡s ✉♥❛❜❞✐♥❣❜❛r ❞✐❡ P♦st✐♦♥ ❞❡s ❘❛❞❛rs ❣❡♥❛✉ ③✉ ✈❡r❢♦❧❣❡♥✳ ❉✐❡ ❱❡r✲
✇❡♥❞✉♥❣ ❡✐♥❡s ❇❡s❝❤❧❡✉♥✐❣✉♥❣ss❡♥s♦rs ✐st ❞❛❜❡✐ ❞✐❡ ❡✐♥❢❛❝❤st❡ ✉♥❞ ❦♦st❡♥✲
❣ü♥st✐❣t❡ ▲ös✉♥❣✱ ✇❡❧❝❤❡ ♠❛♥ s♣ät❡r ❡✐♥♠❛❧ ❞✐r❡❦t ✐♥ ❞❛s ❘❛❞❛r♠♦❞✉❧ ✐♥t❡✲
❣r✐❡r❡♥ ❦❛♥♥✳ ■♠ ❢♦❧❣❡♥❞❡♥ ❑❛♣✐t❡❧ ✇✐r❞ ♥✉♥ ❞❛s ❣r✉♥❞❧❡❣❡♥❞❡ Pr✐♥③✐♣ ❛❧❧❡r
❇❡s❝❤❧❡✉♥✐❣✉♥❣ss❡♥s♦r❡♥ ✈♦r❣❡st❡❧❧t ✉♥❞ ❛♥s❝❤❧✐❡ÿ❡♥❞ ❞❛s s♣❡③✐❡❧❧❡ ▼❡ss✈❡r✲
❢❛❤r❡♥ ❞❡s ✈❡r✇❡♥❞❡t❡♥ ❙❡♥s♦rs ❡r❧ä✉t❡rt✳

✷✳✷✳✶ ❆❧❧❣❡♠❡✐♥❡ ❋✉♥❦t✐♦♥s✇❡✐s❡

❉✐❡ ♣❤②s✐❦❛❧✐s❝❤❡ ●r✉♥❞❧❛❣❡ ❡✐♥❡s ❥❡❞❡♥ ❇❡s❝❤❧❡✉♥✐❣✉♥❣ss❡♥s♦rs ✐st ❞❛s ③✇❡✐✲
t❡ ◆❡✇t♦♥✬s❝❤❡ ❆①✐♦♠✱ ✇❡❧❝❤❡s ❛✉ss❛❣t✱ ❞❛ss ❞✐❡ ❛✉❢ ❡✐♥❡♠ ❑ör♣❡r ✇✐r❦❡♥❞❡
❑r❛❢t ♣r♦♣♦rt✐♦♥❛❧ ③✉r ✇✐r❦❡♥❞❡♥ ❇❡s❝❤❧❡✉♥✐❣✉♥❣ ✉♥❞ ③✉r ▼❛ss❡ ❞❡s ❑ör♣❡rs
✐st✳ ❬✶✺❪

❉❛s ❜❡❞❡✉t❡t✱ ❞❛ss ❞✐❡ ❇❡s❝❤❧❡✉♥✐❣✉♥❣ a ✐♥❞✐r❡❦t ü❜❡r ❞✐❡ ❛✉❢ ❡✐♥❡ ▼❛ss❡ m
✇✐r❦❡♥❞❡ ❑r❛❢t F ❣❡♠❡ss❡♥ ✇✐r❞✳

F = m · a ✭✷✶✮

❉❛❤❡r ❜❡s✐t③❡♥ ❛❧❧❡ ❇❡s❝❤❧❡✉♥✐❣✉♥❣ss❡♥s♦r❡♥✱ ✉♥❛❜❤ä♥❣✐❣ ✈♦♠ ▼❡ss✈❡r❢❛❤✲
r❡♥✱ ❡✐♥❡♥ s♦❣❡♥❛♥♥t❡♥ Pr♦❜❡❦ör♣❡r✳ ❉✐❡s❡r Pr♦❜❡❦ör♣❡r ✐st ♠✐tt❡❧s ❡✐♥❡s
❋❡❞❡r✲▼❛ss❡✲❙②st❡♠s ♠✐t ❞❡♠ ❘❡st ❞❡s ❙❡♥s♦rs ✈❡r❜✉♥❞❡♥ ✉♥❞ ❜❡s✐t③t ✐♥
❞❡r ❘❡❣❡❧ ❞❛❞✉r❝❤ ❡✐♥❡♥ ❚r❛♥s❧❛t✐♦♥s❢r❡✐❤❡✐ts❣r❛❞✳ ❊✐♥❡ ●❡s❝❤✇✐♥❞✐❣❦❡✐ts✲
ä♥❞❡r✉♥❣ ❡r③❡✉❣t ♥✉♥ ❡✐♥❡ ❑r❛❢t✱ ✇♦❞✉r❝❤ s✐❝❤ ❛✉❢❣r✉♥❞ ❞❡r ❚rä❣❤❡✐t ❞✐❡
▼❛ss❡ r❡❧❛t✐✈ ③✉♠ ❇❡③✉❣ss②st❡♠ ❜❡✇❡❣t✳ ❉✐❡s❡ P♦s✐t✐♦♥s✈❡rä♥❞❡r✉♥❣ ❦❛♥♥
♥✉♥ ❞✉r❝❤ ✉♥t❡rs❝❤✐❡❞❧✐❝❤❡ ▼❡ss♣r✐♥③✐♣✐❡♥ ❜❡st✐♠♠t ✉♥❞ ✐♥ ❡✐♥❡ ❇❡s❝❤❧❡✉✲
♥✐❣✉♥❣ ✉♠❣❡r❡❝❤♥❡t ✇❡r❞❡♥✳ ❯♠ ❡✐♥ ❙❝❤✇✐♥❣❡♥ ❞❡s Pr♦❜❡❦ör♣❡rs ♥❛❝❤ ❞❡r
❞✉r❝❤ ❡✐♥❡ ❇❡s❝❤❧❡✉♥✐❣✉♥❣ ✈❡r✉rs❛❝❤t❡ ❆✉s❧❡♥❦✉♥❣ ③✉ ✈❡r❤✐♥❞❡r♥✱ ✇❡r❞❡♥
✈❡rs❝❤✐❡❞❡♥❡ ❉ä♠♣❢✉♥❣s♠❡❝❤❛♥✐s♠❡♥ ✈❡r✇❡♥❞❡t✳ ❉✐❡s❡ ♥❡❤♠❡♥ ❛❧❧❡r❞✐♥❣s
❊✐♥✢✉ss ❛✉❢ ❞❛s ❆♥s♣r❡❝❤✈❡r❤❛❧t❡♥✱ ✇❛s ✉♥t❡r ❛♥❞❡r❡♠ ❞❛③✉ ❢ü❤rt✱ ❞❛ss ❡✐♥❡
●❡s❝❤✇✐♥❞✐❣❦❡✐ts✈❡rä♥❞❡r✉♥❣ s♣ät❡r ❞❡t❡❦t✐❡rt ✇✐r❞✳❬✶✶❪

✶✶



✷ ❚❡❝❤♥♦❧♦❣✐s❝❤❡ ●r✉♥❞❧❛❣❡♥

❆❜❜✐❧❞✉♥❣ ✹✿ ▼❡❝❤❛♥✐s❝❤❡r ❆✉❢❜❛✉ ❡✐♥❡s ❇❡s❝❤❧❡✉♥✐❣✉♥❣ss❡♥s♦rs

✷✳✷✳✷ ❑❛♣❛③✐t✐✈❡ ❇❡s❝❤❧❡✉♥✐❣✉♥❣ss❡♥s♦r❡♥

❉❛s ❛♠ ✇❡✐t❡st❡♥ ✈❡r❜r❡✐t❡t❡ ▼❡ss♣r✐♥③✐♣ ❢ür ❇❡s❝❤❧❡✉♥✐❣✉♥❣ss❡♥s♦r❡♥ ✐st ❞✐❡
❦❛♣❛③✐t✐✈❡ ▼❡ss✉♥❣✳ ❉✐❡s❡s ❱❡r❢❛❤r❡♥ ③❡✐❝❤♥❡t s✐❝❤ ❞✉r❝❤ s❡✐♥❡ ❙t❛❜✐❧✐tät✱ ✐♥
❞❡♠ ❙✐♥♥❡ ❞❛s ❡s ❡✐♥❡♥ s❡❤r ❣❡r✐♥❣❡♥ ▼❡ss❢❡❤❧❡r ❛✉❢✇❡✐st✱ ❛✉s✳ ❆✉ÿ❡r❞❡♠
❤❛♥❞❡❧t ❡s s✐❝❤ ✉♠ ❡✐♥ ✈❡r❣❧❡✐❝❤s✇❡✐s❡ ❣ü♥st✐❣❡s ▼❡ss♣r✐♥③✐♣✳❬✹❪

❉✐❡ ●r✉♥❞❧❛❣❡ ❞❡s ❱❡r❢❛❤r❡♥s ❜✐❧❞❡t ❞✐❡ ❆❜❤ä♥❣✐❣❦❡✐t ❞❡r ❑❛♣❛③✐tät C ❡✐♥❡s
P❧❛tt❡♥❦♦♥❞❡♥s❛t♦rs ✈♦♠ ❆❜st❛♥❞ d ❞❡r ❊❧❡❦tr♦❞❡♥✳ ❉❡r P❛r❛♠❡t❡r A ❡♥t✲
s♣r✐❝❤t ❞❡r ❋❧ä❝❤❡ ❞❡r ❡✐♥③❡❧♥❡♥ ❑♦♥❞❡♥s❛t♦r♣❧❛tt❡♥✳ ❲❡✐t❡r❤✐♥ ✐st ❑❛♣❛③✐tät
C ❛❜❤ä♥❣✐❣ ✈♦♥ ❞❡r P❡r♠❡tt✐✈✐tät ❞❡s ③✇✐s❝❤❡♥ ❞❡♥ ❊❧❡❦tr♦❞❡♥ ❜❡✜♥❞❧✐❝❤❡♥
❉✐❡❧❡❦tr✐❦✉♠s✳

C = ε ·
A

d
✭✷✷✮

❉✉r❝❤ ❞✐❡ ❆♥♦r❞♥✉♥❣ ❞❡r ❡✐♥③❡❧♥❡♥ ♠❡❝❤❛♥✐s❝❤❡♥ ❊❧❡♠❡♥t❡ ✇✐❡ ✐♥ ❆❜❜✐❧❞✉♥❣
✹ ❞❛r❣❡st❡❧❧t✱ ❜✐❧❞❡♥ ❞❡r Pr♦❜❡❦ör♣❡r ✉♥❞ ❞✐❡ ❜❡✐❞❡♥ ä✉ÿ❡r❡♥✱ ❢❡st ♠✐t ❞❡♠
●❡❤ä✉s❡ ✈❡r❜✉♥❞❡♥❡♥✱ ❊❧❡❦tr♦❞❡♥ ✐♥s❣❡s❛♠t ③✇❡✐ ❑♦♥❞❡♥s❛t♦r❡♥ ♠✐t ❞❡♥
❑❛♣❛③✐tät❡♥ ❈✶ ✉♥❞ ❈✷✳ ❉✐❡s❡ ❇❛✉❢♦r♠ ♥❡♥♥t ♠❛♥ ❛✉❝❤ ❉✐✛❡r❡♥t✐❛❧❦♦♥❞❡♥s❛t♦r✳❬✹❪

❇❡✐ ❡✐♥❡r ♠ö❣❧✐❝❤❡♥ ❆✉s❧❡♥❦✉♥❣ ❞❡s Prü❢❦ör♣❡rs ✇ür❞❡♥ s✐❝❤ ♥✉♥ ❞✐❡ ❆❜✲
stä♥❞❡ d1 ✉♥❞ d2 ③✇✐s❝❤❡♥ ❞❡♥ ❡✐♥③❡❧♥❡♥ ❑♦♥❞❡♥s❛t♦r♣❧❛tt❡♥ ä♥❞❡r♥✱ ✇♦❜❡✐
❞✐❡ ❱❡rs❝❤✐❡❜✉♥❣ ∆d ✇❡❣❡♥ ❞❡r ❆♥♦r❞♥✉♥❣ ❞❡r ❇❛✉❡❧❡♠❡♥t❡ ❛✉❢ ❞❡♥ ❡✐♥❡♥
❆❜st❛♥❞ ❛❞❞✐❡rt ✉♥❞ ✈♦♠ ❛♥❞❡r❡♥ s✉❜tr❛❤✐❡rt ✇✐r❞✳

❉❛❞✉r❝❤ ❡r❣❡❜❡♥ s✐❝❤ ❢ür ❞✐❡ ❑❛♣❛③✐tätsä♥❞❡r✉♥❣❡♥ ❞❡r ❜❡✐❞❡♥ ❑♦♥❞❡♥s❛t♦✲

✶✷



✷ ❚❡❝❤♥♦❧♦❣✐s❝❤❡ ●r✉♥❞❧❛❣❡♥

❆❜❜✐❧❞✉♥❣ ✺✿ ❇rü❝❦❡♥s❝❤❛❧t✉♥❣ ❡✐♥❡s ❦❛♣❛③✐t✐✈❡♥ ❇❡s❝❤❧❡✉♥✐❣✉♥❣ss❡♥s♦rs

r❡♥ ❢♦❧❣❡♥❞❡ ●❧❡✐❝❤✉♥❣ ✭❡♥t♥♦♠♠❡♥ ❛✉s ❬✺❪✮✳

C1 = ε ·
A

d−∆d
✭✷✸✮

C2 = ε ·
A

d+∆d
✭✷✹✮

❉✐❡ ❆✉s✇❡rt✉♥❣ ✇✐r❞ ✐♠ ❙❡♥s♦r ❞✉r❝❤ ❡✐♥❡✱ ✇✐❡ ✐♥ ❆❜❜✐❧❞✉♥❣ ✺ ❞❛r❣❡st❡❧❧t❡✱
❇rü❝❦❡♥s❝❤❛❧t✉♥❣ ü❜❡r♥♦♠♠❡♥✳ ❉✐❡ ❆✉s❣❛♥❣ss♣❛♥♥✉♥❣ ❡rr❡❝❤♥❡t s✐❝❤ ❞❛❜❡✐✱
✇✐❡ ✐♥ ●❧❡✐❝❤✉♥❣ ✭✷✺✮ ❞❛r❣❡st❡❧❧t✱ ü❜❡r ❡✐♥❡♥ P♦t❡♥③✐❛❧✉♥t❡rs❝❤✐❡❞✱ ✇❡❧❝❤❡r
✈♦♥ ❞❡♥ ❑♦♥❞❡♥s❛t♦r❡♥ ❤❡r✈♦r❣❡r✉❢❡♥ ✇✐r❞✳❬✺❪

UR ❜❡s❝❤r❡✐❜t ❞❛❜❡✐ ❞✐❡ ❙♣❛♥♥✉♥❣✱ ❞✐❡ ü❜❡r ❞❡♥ ❥❡✇❡✐❧✐❣❡♥ ❲✐❞❡rst❛♥❞ R
❛❜❢ä❧❧t ✉♥❞ UC ❞✐❡ ❞❡s ❡♥ts♣r❡❝❤❡♥❞❡♥ ❑♦♥❞❡♥s❛t♦rs✳

Ua = UR − UC ✭✷✺✮

▲❡❣t ♠❛♥ ♥✉♥ ❡✐♥❡ ❲❡❝❤s❡❧s♣❛♥♥✉♥❣ U0 ❛♥ ❞✐❡ ❙❝❤❛❧t✉♥❣ ❛♥✱ ❡r❣✐❜t s✐❝❤
❞✉r❝❤ ❞✐❡ ❦♦♥st❛♥t❡♥ ❲✐❞❡rstä♥❞❡ R ❡✐♥ ♥✉r ✈♦♥ ❙♣❛♥♥✉♥❣ U0 ❛❜❤ä♥❣✐❣❡s
P♦t❡♥③✐❛❧ ③✇✐s❝❤❡♥ ❞❡♥ ❲✐❞❡rstä♥❞❡♥ ❞❡r ●röÿ❡♥♦r❞♥✉♥❣ U0

2
✳ ❉✐❡ ❙♣❛♥♥✉♥❣

❞✐❡ ü❜❡r ❡✐♥❡♥ ❑♦♥❞❡♥s❛t♦r ❛❜❢ä❧❧t ✐st ❛❧❧❡r❞✐♥❣s ③✉sät③❧✐❝❤ ❛❜❤ä♥❣✐❣ ✈♦♠
❆❜st❛♥❞ ❞❡r ❑♦♥❞❡♥s❛t♦r♣❧❛tt❡♥✱ ✇❡❧❝❤❡r ❞❡♥ ❦♦♠♣❧❡①❡♥ ❲✐❞❡rst❛♥❞ ZC =
1

jωC
❜❡❡✐♥✢✉sst✳ ❉✐❡s ❢ü❤rt ③✉ ❡✐♥❡r ❱❡rä♥❞❡r✉♥❣ ❞❡s P♦t❡♥③✐❛❧s ③✇✐s❝❤❡♥ ❞❡♥

❑♦♥❞❡♥s❛t♦r❡♥✱ ✇❛s ❛✉❢ ❞❡♥ ❙♣❛♥♥✉♥❣st❡✐❧❡r✱ ❞❛r❣❡st❡❧❧t ✐♥ ●❧❡✐❝❤✉♥❣ ✭✷✻✮✱

✶✸



✷ ❚❡❝❤♥♦❧♦❣✐s❝❤❡ ●r✉♥❞❧❛❣❡♥

❆❜❜✐❧❞✉♥❣ ✻✿ P❛r❛❧❧❡❧s❝❤❛❧t✉♥❣ ✈♦♥ ❑♦♥❞❡♥s❛t♦r❡♥

③✉rü❝❦③✉❢ü❤r❡♥ ✐st✳❬✺❪

UC = U0 ·
ZC2

ZC1 + ZC2

✭✷✻✮

❉✉r❝❤ ❊✐♥s❡t③❡♥ ❞❡r ❥❡✇❡✐❧✐❣❡♥ ♠❛t❤❡♠❛t✐s❝❤❡♥ ❩✉s❛♠♠❡♥❤ä♥❣❡ ✐♥ ❞✐❡ ●❧❡✐✲
❝❤✉♥❣ ✷✺ ✉♥❞ ❛♥s❝❤❧✐❡ÿ❡♥❞❡r ❯♠❢♦r♠✉♥❣ ❡r❣✐❜t s✐❝❤ ❢ür ❞✐❡ ❆✉s❣❛♥❣ss♣❛♥✲
♥✉♥❣ Ua ✐♥ ❆❜❤ä♥❣✐❣❦❡✐t ✈♦♥ ❞❡r ❆❜st❛♥❞sä♥❞❡r✉♥❣ ∆d ❞❡r ❑♦♥❞❡♥s❛t♦r✲
♣❧❛tt❡♥ ❢♦❧❣❡♥❞❡ ●❧❡✐❝❤✉♥❣ ✭❡♥t♥♦♠♠❡♥ ❛✉s ❬✺❪✮✳

Ua =
U0

2
·
△d

d
✭✷✼✮

❉❛ ❞✉r❝❤ ❞✐❡ ❣❡♦♠❡tr✐s❝❤❡♥ ❆❜♠❡ss✉♥❣❡♥ ❞❡s ❙❡♥s♦rs ✉♥❞ ❞❡♥ ❞❛♠✐t ✈❡r✲
❜✉♥❞❡♥❡♥ r❡❧❛t✐✈ ❦❧❡✐♥❡♥ ❆❜st❛♥❞ ❞❡r ❑♦♥❞❡♥s❛t♦r♣❧❛tt❡♥ ♥✉r ❣❡r✐♥❣❡ ❑❛✲
♣❛③✐tätsä♥❞❡r✉♥❣❡♥ ❛✉❢tr❡t❡♥✱ ✇❡r❞❡♥ ❜❡✐ ❤❡r❦ö♠♠❧✐❝❤❡♥ ❇❡s❝❤❧❡✉♥✐❣✉♥❣s✲
s❡♥s♦r❡♥ ❡✐♥❡ ❣r♦ÿ❡ ❆♥③❛❤❧ ✈♦♥ Prü❢♠❛ss❡♥ ✉♥❞ ❊❧❡❦tr♦❞❡♥ ✈❡r❜❛✉t✳ ❯♠ ❞✐❡
●❡s❛♠t❦❛♣❛③✐tät ③✉ ❡r❤ö❤❡♥ ✇❡r❞❡♥ ❞✐❡ ❡✐♥③❡❧♥❡♥ ❉✐✛❡r❡♥t✐❛❧❦♦♥❞❡♥s❛t♦r❡♥
♣❛r❛❧❧❡❧ ❣❡s❝❤❛❧t❡t✱ ✇✐❡ ✐♥ ❆❜❜✐❧❞✉♥❣ ✻ ❣❡③❡✐❣t✳❬✺❪

❉✉r❝❤ ❞✐❡s❡ ❆♥♦r❞♥✉♥❣ ❞❡r ❇❛✉❡❧❡♠❡♥t❡ ❛❞❞✐❡r❡♥ s✐❝❤ ❞✐❡ ❊✐♥③❡❧❦❛♣❛③✐tät❡♥✱
✇✐❡ ✐♥ ❞❡r ♥❛❝❤❢♦❧❣❡♥❞❡♥ ●❧❡✐❝❤✉♥❣ ❣❡③❡✐❣t✱ ❜❡✈♦r s✐❡ ❞✉r❝❤ ❞✐❡ ❇rü❝❦❡♥s❝❤❛❧✲
t✉♥❣ ❞✐❡ ❡♥ts♣r❡❝❤❡♥❞❡ ❆✉s❣❛♥❣ss♣❛♥♥✉♥❣ ❡r③❡✉❣❡♥✳

Cges = C1 + C2 + ...+ Cn ✭✷✽✮

❉✐❡ ❜❡✐ ❡✐♥❡r ▼❡ss✉♥❣ ❛✉❢tr❡t❡♥❞❡ ❙♣❛♥♥✉♥❣ ✇✐r❞ ❛♥s❝❤❧✐❡ÿ❡♥❞ ♥♦❝❤ ✐♠ ❙❡♥✲
s♦r ✈❡rstär❦t ✉♥❞ t✐❡❢♣❛ss❣❡✜❧t❡rt✳

❇❡✐ ❞❡r ❲❛❤❧ ❡✐♥❡s ❢ür ❞✐❡ ❆✉❢❣❛❜❡♥st❡❧❧✉♥❣ ❣❡❡✐❣♥❡t❡♥ ❇❡s❝❤❧❡✉♥✐❣✉♥❣ss❡♥✲
s♦rs st❡❤❡♥ ❢♦❧❣❡♥❞❡ ❊✐❣❡♥s❝❤❛❢t❡♥ ✐♠ ▼✐tt❡❧♣✉♥❦t❬✺❪✿
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✷ ❚❡❝❤♥♦❧♦❣✐s❝❤❡ ●r✉♥❞❧❛❣❡♥

❼ ❇❛♥❞❜r❡✐t❡

❼ ❊♠♣✜♥❞❧✐❝❤❦❡✐t

❼ ❙♣❛♥♥✉♥❣sr❛✉s❝❤❞✐❝❤t❡

❼ ◆✉❧❧✲❣✲❙♣❛♥♥✉♥❣

❼ ❋r❡q✉❡♥③❣❛♥❣

❼ ❉②♥❛♠✐❦❜❡r❡✐❝❤

✷✳✷✳✸ ❆✉s✇❡rt✉♥❣ ❞❡r ❇❡s❝❤❧❡✉♥✐❣✉♥❣s❞❛t❡♥

❩✉r ❑♦♠♣❡♥s❛t✐♦♥ ❞❡r ❛✉❢ ❞❡♥ ❘❛❞❛rs❡♥s♦r ✇✐r❦❡♥❞❡♥ ✈✐❜r❛t✐♦♥s❜❡❞✐♥❣t❡♥
❙tör✉♥❣❡♥ ✐st ❡s ♥öt✐❣ ♠❡❤r ❛❧s ♥✉r ❞✐❡ ✇✐r❦❡♥❞❡♥ ❇❡s❝❤❧❡✉♥✐❣✉♥❣s❦rä❢t❡ ❡♥t✲
❧❛♥❣ ❞❡r ❙❡♥s♦r❛❝❤s❡♥ ③✉ ❦❡♥♥❡♥✳ ❋ür ❞✐❡ ❑♦♠♣❡♥s❛t✐♦♥ ❜❡♥öt✐❣t ♠❛♥ ❞✐❡
P♦s✐t✐♦♥sä♥❞❡r✉♥❣ ③✉r ❆✉s❣❛♥❣s❧❛❣❡ ✉♥❞ ❞✐❡ ▼♦♠❡♥t❛♥❣❡s❝❤✇✐♥❞✐❣❦❡✐t ❞❡s
❘❛❞❛r♠♦❞✉❧s✳ ❉✐❡s❡ ❦❛♥♥ ♠❛♥ ❛✉s ❞❡♥ ▼❡ss❞❛t❡♥ ❞❡s ❇❡s❝❤❧❡✉♥✐❣✉♥❣ss❡♥✲
s♦rs ✇✐❡ ❢♦❧❣t ❜❡r❡❝❤♥❡♥✳ ❆❧s ❱✐❜r❛t✐♦♥ ✇✐r❞ ❡✐♥❡ ❤❛r♠♦♥✐s❝❤❡ ❙❝❤✇✐♥❣✉♥❣✱
✇✐❡ ✐♥ ●❧❡✐❝❤✉♥❣ ✭✷✾✮ ③✉ s❡❤❡♥✱ ❛♥❣❡♥♦♠♠❡♥✳ ❉✐❡ ●röÿ❡ A ❜❡s❝❤r❡✐❜t ❞❛✲
❜❡✐ ❞✐❡ ♠❛①✐♠❛❧❡ ❆✉s❧❡♥❦✉♥❣ ✉♥❞ ♠✐tt❡❧s ❞❡r ❑r❡✐s❢r❡q✉❡♥③ ω ✇✐r❞✱ ü❜❡r
❞❡♠ ❩✉s❛♠♠❡♥❤❛♥❣ ω = 2πf ✱ ✇❡✐t❡r❤✐♥ ❞❡r ❊✐♥✢✉ss ❞❡r ❙❝❤✇✐♥❣❢r❡q✉❡♥③
❜❡rü❝❦s✐❝❤t✐❣t✳

a = A · sin(ω · t) ✭✷✾✮

v =

t
ˆ

0

(a)dt =
A

ω
· cos(ω · t) + v0 ✭✸✵✮

s =

t
ˆ

0

(v)dt =
A

ω2
· sin(ω · t) + s0 + v0 · t ✭✸✶✮

❆✉❢❣r✉♥❞ ❞✐❡s❡r ❩✉s❛♠♠❡♥❤ä♥❣❡ ❦❛♥♥ ♠❛♥ ♠✐tt❡❧s ❡✐♥❡r ■♥t❡❣r❛t✐♦♥ ü❜❡r
❞❡r ❩❡✐t t ❞✐❡ ●❡s❝❤✇✐♥❞✐❣❦❡✐t v ❜❡r❡❝❤♥❡♥✳ ❉✉r❝❤ ❡✐♥❡ ✇❡✐t❡r❡ ■♥t❡❣r❛t✐♦♥
❦♦♠♠t ♠❛♥ ❛✉❢ ❞❡♥ ❜✐s❤❡r ③✉rü❝❦❣❡❧❡❣t❡♥ ❲❡❣✳ ❉❛❞✉r❝❤ ✐st ❡s t❤❡♦r❡t✐s❝❤

✶✺



✷ ❚❡❝❤♥♦❧♦❣✐s❝❤❡ ●r✉♥❞❧❛❣❡♥

♠ö❣❧✐❝❤✱ ❞✐❡ P♦s✐t✐♦♥ ❞❡s ❙❡♥s♦rs ❛✉❢❣r✉♥❞ ❞❡r ❛✉❢ ✐❤♥ ✇✐r❦❡♥❞❡♥ ❇❡s❝❤❧❡✉✲
♥✐❣✉♥❣s❦rä❢t❡ ③✉ ❜❡st✐♠♠❡♥✳ ❬✽❪
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✸ ■♥❜❡tr✐❡❜♥❛❤♠❡ ❞❡s ❱❡rs✉❝❤s❛✉❢❜❛✉s

❩✉r ❯♥t❡rs✉❝❤✉♥❣ ❞❡s ❊✐♥✢✉ss❡s ✈♦♥ ❱✐❜r❛t✐♦♥❡♥ ❜③✇✳ ❙❝❤✇✐♥❣✉♥❣❡♥ s♦❧❧ ✐♠
♥ä❝❤st❡♥ ❙❝❤r✐tt ❡✐♥ ❣❡❡✐❣♥❡t❡r ❱❡rs✉❝❤s❛✉❢❜❛✉ ❜❡s❝❤r✐❡❜❡♥ ✇❡r❞❡♥✳ ❲✐❝❤t✐❣❡
P✉♥❦t❡ s✐♥❞ ❞❛❜❡✐ ❞✐❡ ❑♦♠❜✐♥❛t✐♦♥ ❞❡r ❡✐♥③❡❧♥❡♥ ❙❡♥s♦r❡♥ ✭❘❛❞❛r♠♦❞✉❧
✉♥❞ ❇❡s❝❤❧❡✉♥✐❣✉♥❣ss❡♥s♦r✮ ✉♥❞ ❞✐❡ ❲❛❤❧ ❡✐♥❡s ●❡rät❡s ③✉r ❊r③❡✉❣✉♥❣ ✈♦♥
♠❡❝❤❛♥✐s❝❤❡♥ ❙❝❤✇✐♥❣✉♥❣❡♥✳ ❲❡✐t❡r❤✐♥ s♦❧❧t❡ s✐❝❤ ❞❡r ❯♠❜❛✉❛✉❢✇❛♥❞ ❜❡✐
▼❡ss✉♥❣❡♥ ✐♥ ✈❡rs❝❤✐❡❞❡♥❡ ❙❝❤✇✐♥❣r✐❝❤t✉♥❣❡♥ ✐♥ ●r❡♥③❡♥ ❤❛❧t❡♥✳

✸✳✶ ❉❛s ✈❡r✇❡♥❞❡t❡ ❘❛❞❛r♠♦❞✉❧

❋ür ❞✐❡ ❘❛❞❛r♠❡ss✉♥❣ ✇✐r❞ ❞❛s ❤❛✉s❡✐❣❡♥❡ ✷✹●❍❩ ▼✉❧t✐✲❈❤❛♥♥❡❧ ❘❛❞❛r
▼♦❞✉❧❡ ❙❘✲✶✷✵✵ ✈♦♥ ■▼❙❚ ✭s✐❡❤❡ ❆❜❜✐❧❞✉♥❣ ✾✮ ✈❡r✇❡♥❞❡t✱ ✇❡❧❝❤❡r s✐❝❤
❞✉r❝❤ ③❛❤❧r❡✐❝❤❡ ❊✐♥st❡❧❧✉♥❣s♠ö❣❧✐❝❤❦❡✐t❡♥ ❛✉s③❡✐❝❤♥❡t✳ ❩✉♥ä❝❤st s♦❧❧ ✐♥ ❞✐❡✲
s❡♠ ❆❜s❝❤♥✐tt ❛❧❧❣❡♠❡✐♥ ❛✉❢ ❞✐❡ ❊✐♥st❡❧❧✉♥❣s♠ö❣❧✐❝❤❦❡✐t❡♥ ❡✐♥❣❡❣❛♥❣❡♥ ✇❡r✲
❞❡♥ ❜❡✈♦r ❛♥s❝❤❧✐❡ÿ❡♥❞ ❞✐❡ ❇❡s❝❤r❡✐❜✉♥❣ ❞❡r ❢ür ❞✐❡ ▼❡ssr❡✐❤❡♥ ❣❡✇ä❤❧t❡♥
P❛r❛♠❡t❡r ❢♦❧❣t✳

❉❛s ❘❛❞❛r♠♦❞✉❧ ✐st ❢ür ❞❛s ■❙▼✲❇❛♥❞ ❚②♣ ❇ ✐♠ ❇❡r❡✐❝❤ ✈♦♥ ✷✹✲✷✹✱✷✺●❍③
❦♦♥③✐♣✐❡rt✱ ✇♦❜❡✐ ❡s s✐❝❤ ✉♠ ❡✐♥ ❢ür ❞✐❡ ■♥❞✉str✐❡✱ ❲✐ss❡♥s❝❤❛❢t ✉♥❞ ▼❡❞✐③✐♥
❢r❡✐❣❡❣❡❜❡♥❡s ❋r❡q✉❡♥③❜❛♥❞ ❤❛♥❞❡❧t✳ ❉❡r ❘❛❞❛r❜❡❛♠ ❜❡s✐t③t ❡✐♥❡♥ Ö✛♥✉♥❣s✲
✇✐♥❦❡❧ ✐♥ ❆③✐♠✉t❤ ✈♦♥ ✼✵➦ ✉♥❞ ✐♥ ❊❧❡✈❛t✐♦♥ ✈♦♥ ✷✹➦✳ ❲❡✐t❡r❤✐♥ ❦❛♥♥ ♠❛♥
❞❛♥❦ ❡✐♥❡r ♣r♦❣r❛♠♠✐❡r❜❛r❡♥ ❊r③❡✉❣✉♥❣ ❞❡s ❙❡♥❞❡❝❤✐r♣s ③✇✐s❝❤❡♥ ❡✐♥❡♠
❈❲✲ ✉♥❞ ❋▼❈❲✲▼♦❞✉s ✇ä❤❧❡♥✳ ❇❡✐♠ ❋▼❈❲✲▼♦❞✉s ✇✐❡❞❡r✉♠ ❜❡st❡❤t
♥♦❝❤♠❛❧s ❞✐❡ ❲❛❤❧ ③✇✐s❝❤❡♥ ❡✐♥❡r ❙ä❣❡③❛❤♥✲ ✉♥❞ ❡✐♥❡r ❉r❡✐❡❝❦s♠♦❞✉❧❛t✐✲
♦♥ ❛✉❢ ❞❛s ❚rä❣❡rs✐❣♥❛❧✳ ❋ür ❞✐❡ ✐♥ ❞✐❡s❡r ❆r❜❡✐t ❜❡s❝❤r✐❡❜❡♥❡♥ ▼❡ss✉♥❣❡♥
✇✉r❞❡ ❞❛❜❡✐ ❞✐❡ sä❣❡③❛❤♥❢ör♠✐❣❡ ▼♦❞✉❧❛t✐♦♥ ❣❡✇ä❤❧t✳ ❩✉sät③❧✐❝❤ ❜✐❡t❡t ❞❛s
❘❛❞❛r♠♦❞✉❧ ❞✐❡ ▼ö❣❧✐❝❤❦❡✐t ❞✐❡ ❣❡✇ü♥s❝❤t❡ ❛❜❣❡str❛❤❧t❡ ▲❡✐st✉♥❣ ü❜❡r ❡✐♥
❉ä♠♣❢✉♥❣s❣❧✐❡❞✱ ✇❡❧❝❤❡s ✈♦r ❞❡♥ ❙❡♥❞❡❛♥t❡♥♥❡♥ ❣❡s❝❤❛❧t❡t ✐st✱ ❡✐♥③✉st❡❧❧❡♥✳
❇❡✐ ❞❡♥ ✐♠ ❘❛❞❛r ✈❡r❜❛✉t❡♥ ❆♥t❡♥♥❡♥ ❤❛♥❞❡❧t ❡s s✐❝❤ ✉♠ ✐♥t❡❣r✐❡rt❡ P❛t❝❤✲
❆♥t❡♥♥❡♥✱ ✇❡❧❝❤❡ s✐❝❤ ❞✉r❝❤ ✐❤r❡ ❦♦♠♣❛❦t❡ ❇❛✉✇❡✐s❡ ❛✉s③❡✐❝❤♥❡♥✳ ❉❛♥❦ ❞❡r
❱❡r✇❡♥❞✉♥❣ ♠❡❤r❡r❡r ❊♠♣❢❛♥❣s❛♥t❡♥♥❡♥ ✐♠ ❘❛❞❛r♠♦❞✉❧ ❜❡st❡❤t ❛✉ÿ❡r❞❡♠
❞✐❡ ▼ö❣❧✐❝❤❦❡✐t ♥❡❜❡♥ ❞❡r ❊♥t❢❡r♥✉♥❣ ❛✉❝❤ ❞✐❡ ❘✐❝❤t✉♥❣ ❡✐♥❡s ❩✐❡❧s ✭ü❜❡r
❚r✐❛♥❣✉❧❛t✐♦♥✮ ③✉ ❜❡st✐♠♠❡♥✳ ❉✐❡ ▼❡ss✉♥❣❡♥ ❛♥ s✐❝❤ ❧❛ss❡♥ s✐❝❤ ✇❛❤❧✇❡✐s❡
✐♠ ❩❡✐t✲ ♦❞❡r ✐♠ ❋r❡q✉❡♥③❜❡r❡✐❝❤ ❞✉r❝❤❢ü❤r❡♥ ✉♥❞ ❛✉s❣❡❜❡♥✳ ❲❡✐t❡r❡ ❉❡✲
t❛✐❧s ü❜❡r ❞❛s ✈❡r✇❡♥❞❡t❡ ❘❛❞❛r♠♦❞✉❧ ❦ö♥♥❡♥ ✐♥ ❞❡r ▲✐t❡r❛t✉r ✐♠ ❆♥❤❛♥❣
❋ ❡✐♥❣❡s❡❤❡♥ ✇❡r❞❡♥✳ ❬✾❪
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❩✉♠ ❜❡ss❡r❡♥ ♥❛❝❤♣rü❢❡♥ ❞❡r ❊r❣❡❜♥✐ss❡ ✇✉r❞❡♥ ❜❡✐ ❞❡♥ ▼❡ssr❡✐❤❡♥ ❞✐❡ ❉❛✲
t❡♥ ✈♦♥ ③✇❡✐ ❊♠♣❢❛♥❣s❛♥t❡♥♥❡♥✴❊♠♣❢❛♥❣s❦❛♥ä❧❡♥ ❢ür ❞✐❡ ❆✉s✇❡rt✉♥❣ ✈❡r✲
✇❡♥❞❡t✳ ❯♠ ❡✐♥❡ ❛✉sr❡✐❝❤❡♥❞❡ ❊♥t❢❡r♥✉♥❣s❛✉✢ös✉♥❣ ③✉ ❣❡✇ä❤r❧❡✐st❡♥ ✇✉r❞❡
❢ür ❞✐❡ ❋r❡q✉❡♥③r❛♠♣❡ ❡✐♥❡ ❇❛♥❞❜r❡✐t❡ Bchirp ✈♦♥ ✶✵✵✵▼❍③ ❣❡✇ä❤❧t✱ ✇♦✲
❞✉r❝❤ s✐❝❤ ❜❡✐ ❞❡r ▼❡ss✉♥❣ ✵✱✶✺♠ ❣r♦ÿ❡ ❊♥t❢❡r♥✉♥❣s③❡❧❧❡♥ ❡r❣❡❜❡♥✳ ❆✉❢❣r✉♥❞
❞❡r ❣❡✇ä❤❧t❡♥ ❇❛♥❞❜r❡✐t❡ ❡r❣✐❜t s✐❝❤ ❡✐♥❡ ❙t❛rt❢r❡q✉❡♥③ fstart ✈♦♥ ✷✸✱✷✹✷●❍③
✉♥❞ ❢♦❧❣❧✐❝❤ ❡✐♥❡ ❙t♦♣❢r❡q✉❡♥③ fstop ✈♦♥ ✷✹✱✷✹✷●❍③✳ ●❡r❛❞❡ ❞✐❡ ❙t❛rt❢r❡q✉❡♥③
❧✐❡❣t ❞❛❜❡✐ ✇❡✐t ❛✉ÿ❡r❤❛❧❜ ❞❡s ü❜❧✐❝❤❡♥ ✈♦♠ ❘❛❞❛r ✈❡r✇❡♥❞❡t❡♥ ■❙▼✲❇❛♥❞❡s✳
❉✐❡ ❉❛✉❡r ❞❡s ❙❡♥❞❡❝❤✐r♣s ✇✉r❞❡ ❛✉❢ ✹♠s ❢❡st❣❡❧❡❣t ✉♥❞ ❛❧s ❙❡♥❞❡❧❡✐st✉♥❣
✭❊■❘P✮ ❞✐❡ ♠❛①✐♠❛❧❡♥ ✸✵❞❇♠ ❡✐♥❣❡st❡❧❧t✳

✸✳✷ ❉❡r ✈❡r✇❡♥❞❡t❡ ❇❡s❝❤❧❡✉♥✐❣✉♥❣ss❡♥s♦r

❇❡✐♠ ✈❡r✇❡♥❞❡t❡♥ ❇❡s❝❤❧❡✉♥✐❣✉♥❣ss❡♥s♦r ❤❛♥❞❡❧t ❡s s✐❝❤ ✉♠ ❞❡♥ ▼✉r❛t❛
❙❈❆✸✶✵✵✲❉✵✹✱ ✇❡❧❝❤❡r ❞✐❡ ❇❡s❝❤❧❡✉♥✐❣✉♥❣ ✐♥ ❞r❡✐ ❘✐❝❤t✉♥❣❡♥ ♠✐sst✳ ❉✐❡ ❜❡✲
♥öt✐❣t❡ ❱❡rs♦r❣✉♥❣ss♣❛♥♥✉♥❣ ❜❡trä❣t ✸✱✸❱ ✉♥❞ ❞❡r ▼❡ss❜❡r❡✐❝❤ ❧✐❡❣t ③✇✐✲
s❝❤❡♥ ✲✷❣ ✉♥❞ ✷❣✱ ✇❡❧❝❤❡r s✐❝❤ ✐♥ ✾✵✵▲❙❇✴❣ ❛✉❢t❡✐❧t✳ ▲❙❇ ✐st ❞❛❜❡✐ ❞✐❡ ❆❜❦ür✲
③✉♥❣ ❢ür ✒❧❡❛st s✐❣♥✐✜❝❛♥t ❜✐t✏ ✉♥❞ ❜❡③❡✐❝❤♥❡t ❞✐❡ ❦❧❡✐♥st❡ ♠ö❣❧✐❝❤❡ ❉✐✛❡r❡♥③
③✇✐s❝❤❡♥ ③✇❡✐ ✈♦♠ ❙❡♥s♦r ❛✉❢❣❡♥♦♠♠❡♥❡♥ ✉♥❞ q✉❛♥t✐s✐❡rt❡♥ ▼❡ss✇❡rt❡♥✳
❉✐❡ ❆✉s❣❛❜❡ ❞❡r ▼❡ss✇❡rt❡ ✭✶✷✲❇✐t✮ ❡r❢♦❧❣t ü❜❡r ❡✐♥ ❙P■ ❞✐❣✐t❛❧ ✐♥t❡r❢❛❝❡
✭❦❡✐♥ ■✷❈✮✳ ❉❛♥❦ ❞❡r ❣❡r✐♥❣❡♥ ❆❜♠❡ss✉♥❣❡♥ ✭✼✳✻ ① ✸✳✸ ① ✽✳✻ ♠♠✮ ❡✐❣♥❡t s✐❝❤
❞❡r ✈❡r✇❡♥❞❡t❡ ❙❡♥s♦r ❢ür ❡✐♥❡ s♣ät❡r❡ ■♥t❡❣r❛t✐♦♥ ✐♥ ❞❛s ❘❛❞❛r♠♦❞✉❧✳❬✶✷❪

✸✳✸ ❱❡rs✉❝❤s❛✉❢❜❛✉

❉❡r ✐♥ ❆❜❜✐❧❞✉♥❣ ✼ ❣❡③❡✐❣t❡ ❱❡rs✉❝❤s❛✉❢❜❛✉ st❡❧❧t ❞❡♥ ✈❡r✇❡♥❞❡t❡♥ ❙❤❛❦❡r
❞❛r✱ ✇❡❧❝❤❡r ✐♥ ❇❡tr✐❡❜ ❡✐♥❡ ❤❛r♠♦♥✐s❝❤❡ ❙❝❤✇✐♥❣✉♥❣ ✐♥ ❡✐♥❡ ❘✐❝❤t✉♥❣ r❡❛❧✐✲
s✐❡rt✳

❇❡✐♠ ❙❤❛❦❡r ❤❛♥❞❡❧t ❡s s✐❝❤ ✉♠ ❡✐♥❡ ❆rt ❙t❛❜♣❡♥❞❡❧✱ ✇❡❧❝❤❡s ♠✐t ❡✐♥❡♠ ❊❧❡❦✲
tr♦♠♦t♦r ü❜❡r ❡✐♥ P❧❡✉❡❧st❛♥❣❡ ❜❡tr✐❡❜❡♥ ✇✐r❞✳ ❉✐❡ ❋r❡q✉❡♥③ ❞❡r ❙❝❤✇✐♥❣✉♥❣
st❡✉❡rt ❞❛❤❡r ü❜❡r ❞✐❡ ❉r❡❤③❛❤❧ ❞❡s ▼♦t♦rs✳ ❩✉♠ ❊✐♥st❡❧❧❡♥ ❞❡r ❋r❡q✉❡♥③
❞❡r ❣❡✇ü♥s❝❤t❡♥ ❉r❡❤③❛❤❧ ✇✐r❞ ❡✐♥❡ ❘❡✢❡①❧✐❝❤ts❝❤r❛♥❦❡ ✈❡r✇❡♥❞❡t✱ ✇❡❧❝❤❡
❛♥ ❞❡r ❉r❡❤❛❝❤s❡ ❞❡s ❆♥tr✐❡❜s ❜❡❢❡st✐❣t ✐st✳ ❉✐❡ ❆✉s✇❡rt✉♥❣ ❞❡r ❉r❡❤③❛❤❧
✉♥❞ s♦♠✐t ❞❡r ❋r❡q✉❡♥③ ❡r❢♦❧❣t ♠✐tt❡❧s ❡✐♥❡s ❖s③✐❧❧♦s❦♦♣s✳

❉✉r❝❤ ❞✐❡ ❱❡r✇❡♥❞✉♥❣ ✈♦♥ ③✉✈♦r ❦♦♥str✉✐❡rt❡♥ ❍❛❧t❡r✉♥❣❡♥✱ ✇❡❧❝❤❡ ✐♥ ❆❜✲
❜✐❧❞✉♥❣ ✽ ❞❛r❣❡st❡❧❧t s✐♥❞✱ ❢ür ❞❡♥ ❘❛❞❛rs❡♥s♦r ❦❛♥♥ ♠❛♥ ❞❡♥ ❙❤❛❦❡r ❢ür
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✸ ■♥❜❡tr✐❡❜♥❛❤♠❡ ❞❡s ❱❡rs✉❝❤s❛✉❢❜❛✉s

▼❡ss✉♥❣❡♥ ✐♥ ❛♥❞❡r❡ ❘✐❝❤t✉♥❣❡♥ ✭❜❡③♦❣❡♥ ❛✉❢ ❞❛s ❘❛❞❛r♠♦❞✉❧✮ ♠♦❞✐✜③✐❡✲
r❡♥✱ ✇♦♠✐t ❧❡t③t❡♥❞❧✐❝❤ ❛❧❧❡ ❆❝❤s❡♥ ❞❡s ❇❡s❝❤❧❡✉♥✐❣✉♥❣ss❡♥s♦rs ❛❜❣❡❞❡❝❦t
✇❡r❞❡♥✳

❆❜❜✐❧❞✉♥❣ ✼✿ ❇✐❧❞ ❞❡s ✈❡r✇❡♥❞❡t❡♥ ❙❤❛❦❡rs
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✸ ■♥❜❡tr✐❡❜♥❛❤♠❡ ❞❡s ❱❡rs✉❝❤s❛✉❢❜❛✉s

❆❜❜✐❧❞✉♥❣ ✽✿ ❩❡✐❣t ❞✐❡ ❢ür ❞✐❡ ▼❡ss✉♥❣❡♥ ❛♥❣❡❢❡rt✐❣t❡♥ ❍❛❧t❡r✉♥❣❡♥ ❢ür ❞❛s
❘❛❞❛r♠♦❞✉❧
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✸ ■♥❜❡tr✐❡❜♥❛❤♠❡ ❞❡s ❱❡rs✉❝❤s❛✉❢❜❛✉s

✸✳✹ ❉❡✜♥✐t✐♦♥ ❞❡r ❙❝❤✇✐♥❣r✐❝❤t✉♥❣❡♥

❉✐❡ ❆✉sr✐❝❤t✉♥❣ ✉♥❞ ❇❡t✐t❡❧✉♥❣ ❞❡r ❇❡s❝❤❧❡✉♥✐❣✉♥❣s❛❝❤s❡♥ ❡♥ts♣r✐❝❤t ❞❡r ✐♥
❆❜❜✐❧❞✉♥❣ ✾ ❣❡③❡✐❣t❡♥ ❆♥♦r❞♥✉♥❣✳

❆❜❜✐❧❞✉♥❣ ✾✿ ❉❡✜♥✐t✐♦♥ ❞❡r ❙❝❤✇✐♥❣r✐❝❤t✉♥❣❡♥ ❛♥❤❛♥❞ ❞❡s ❘❛❞❛r♠♦❞✉❧s

❉❡♥ ❇❡③✉❣s♣✉♥❦t ❜✐❧❞❡t ❞❛❜❡✐ ❥❡✇❡✐❧s ❞✐❡ ❇❧✐❝❦r✐❝❤t✉♥❣ ❞❡s ❘❛❞❛rs❡♥s♦rs
❜③✇✳ ❞❡r❡♥ ❆✉sr✐❝❤t✉♥❣ ③✉♠ ❇♦❞❡♥✳

❙♦ ❡♥ts♣r✐❝❤t ❞✐❡ ♣♦s✐t✐✈❡ ❇❡s❝❤❧❡✉♥✐❣✉♥❣ ♣❛r❛❧❧❡❧ ③✉r ③✲❆❝❤s❡ ❞❡r ❇❧✐❝❦r✐❝❤✲
t✉♥❣ ❞❡s ❘❛❞❛r♠♦❞✉❧s✳ ❉✐❡ ①✲❆❝❤s❡ ✇✐❡❞❡r✉♠ ✐st ♦rt❤♦❣♦♥❛❧ ③✉♠ ❘❛❞❛r♠♦✲
❞✉❧ ✉♥❞ ❤♦r✐③♦♥t❛❧ ③✉♠ ❇♦❞❡♥ ❛✉s❣❡r✐❝❤t❡t✳

❉✐❡ ❧❡t③t❡ ✈❡r❜❧❡✐❜❡♥❞❡ ❆❝❤s❡ ✭②✲❆❝❤s❡✮ ✐st ♦rt❤♦❣♦♥❛❧ ③✉ ❞❡♥ ③✉✈♦r ❣❡♥❛♥♥✲
t❡♥ ♣♦s✐t✐♦♥✐❡rt✳

✸✳✺ ▼❡sss③❡♥❛r✐♦

❉❡r ▼❡ss❛✉❢❜❛✉ ❛♥ s✐❝❤ ❜❡st❡❤t ❛✉s ❞❡♠ ❜❡r❡✐ts ❣❡♥❛♥♥t❡♥ ❙❤❛❦❡r✱ ❛♥ ❞❡♠
s♦✇♦❤❧ ❞❡r ❇❡s❝❤❧❡✉♥✐❣✉♥❣ss❡♥s♦r ❛❧s ❛✉❝❤ ❞❛s ❘❛❞❛r♠♦❞✉❧ ❜❡❢❡st✐❣t s✐♥❞
✉♥❞ ❡✐♥❡♠ st❛t✐♦♥är❡♥ ❩✐❡❧✱ ✇❡❧❝❤❡s ✐♥ ❡✐♥❡♠ ▼❡t❡r ❉✐st❛♥③ ❛✉❢❣❡st❡❧❧t ✇✐r❞✳
❩✉r ❜❡ss❡r❡♥ ■♥t❡r♣r❡t❛t✐♦♥ ❞❡r ❘❛❞❛r❞❛t❡♥ ❜❡✐ ❞❡r ❆✉s✇❡rt✉♥❣ ❞❡r ▼❡ssr❡✐✲
❤❡ ✐st ✇❡✐t❡r❤✐♥ ❞✐❡ ❉✐st❛♥③ ✈♦♥ ❝❛✳ ✶✱✺✵♠ ③✉r ❲❛♥❞ ❢❡st③✉❤❛❧t❡♥✳ ❙ä♠t❧✐❝❤❡
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❞❡t❡❦t✐❡rt❡♥ ❘❛❞❛r③✐❡❧❡✱ ❞✐❡ ❜❡✐ ❞❡r ❆✉s✇❡rt✉♥❣ ❤✐♥t❡r ❞❡r ❲❛♥❞ ❛✉❢tr❡t❡♥✱
s✐♥❞ ❛✉❢ ▼❡❤r❢❛❝❤r❡✢❡①✐♦♥❡♥ ✐♠ ❘❛✉♠ ③✉rü❝❦③✉❢ü❤r❡♥✳ ❉❛❤❡r ✇❡r❞❡♥ ❜❡✐
❞❡r ❆✉s✇❡rt✉♥❣ ❧❡❞✐❣❧✐❝❤ ❩✐❡❧❡ ❛✉s❣❡✇❡rt❡t✱ ✇❡❧❝❤❡ ♠❛①✐♠❛❧ ✶✱✺♠ ✈♦♠ ❙❡♥✲
s♦r ❡♥t❢❡r♥t s✐♥❞✳

❆❜❜✐❧❞✉♥❣ ✶✵✿ ❱❡rs✉❝❤s❛♥♦r❞♥✉♥❣ ❢ür ❞✐❡ ❛✉❢❣❡♥♦♠♠❡♥❡ ▼❡ssr❡✐❤❡

❇❡✐ ❞❡♠ ✈❡r✇❡♥❞❡t❡♥ ❘❡✢❡❦t♦r ❤❛♥❞❡❧t ❡s s✐❝❤ ✉♠ ❡✐♥❡♥ s♦❣❡♥❛♥♥t❡♥ ❲✐♥❦❡❧✲
r❡✢❡❦♦r✱ ✇✐❡ ❞✐❡s❡r ✐♥ ❆❜❜✐❧❞✉♥❣ ✶✶ ❞❛r❣❡st❡❧❧t ✐st✳ ❲✐♥❦❡❧r❡✢❡❦t♦r❡♥ ③❡✐❝❤♥❡♥
s✐❝❤ ❞✉r❝❤ ✐❤r❡♥ ❤♦❤❡♥ ❘❛❞❛rq✉❡rs❝❤♥✐tt ❛✉s✱ ✇♦❞✉r❝❤ s✐❡ ❛❧s ❩✐❡❧❡ ❞❡✉t❧✐❝❤
✈♦♠ ❘❛❞❛r ❞❡t❡❦t✐❡rt ✇❡r❞❡♥✳ ❉✐❡s ✐st ♠ö❣❧✐❝❤✱ ❞❛ ❞❛❞✉r❝❤ ❞✐❡ ❣❡♦♠❡tr✐s❝❤❡
❆♥♦r❞♥✉♥❣ ❞❡r ❋❧ä❝❤❡♥ ❡❧❡❦tr♦♠❛❣♥❡t✐s❝❤❡ ❲❡❧❧❡♥ ✐♥ ❞✐❡ ❘✐❝❤t✉♥❣ ③✉rü❝❦✲
❣❡str❛❤❧t ✇❡r❞❡♥ ❛✉s ❞❡r s✐❡ ❦♦♠♠❡♥✳ ❉✐❡ ❡✐♥③❡❧♥❡♥ ❋❧ä❝❤❡♥ ❞❡s ❞r❡✐✢ä❝❤✐❣❡♥
❘❡✢❡❦t♦rs s✐♥❞ ❥❡✇❡✐❧s ✐♠ ✾✵➦✲❲✐♥❦❡❧ ③✉ ❞❡♥ ❜❡✐❞❡♥ ❛♥❞❡r❡♥ ❛♥❣❡♦r❞♥❡t✳

❆❜❜✐❧❞✉♥❣ ✶✶✿ ❉❛rst❡❧❧✉♥❣ ❞❡s ✈❡r✇❡♥❞❡t❡♥ ❘❡✢❡❦t♦rs
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✸ ■♥❜❡tr✐❡❜♥❛❤♠❡ ❞❡s ❱❡rs✉❝❤s❛✉❢❜❛✉s

✸✳✻ ❊rst❡ ▼❡ss✉♥❣❡♥ ♠✐t ❞❡♠ ❘❛❞❛r♠♦❞✉❧

◆❛❝❤ ❞❡r ❇❡s❝❤r❡✐❜✉♥❣ ❞❡s ❱❡rs✉❝❤s❛✉❢❜❛✉s ✉♥❞ ❞❡r ❡✐♥③❡❧♥❡♥ ❑♦♠♣♦♥❡♥t❡♥
❢♦❧❣t ♥✉♥ ❞✐❡ ❆✉s✇❡rt✉♥❣ ❞❡r ❡rst❡♥ ▼❡ss✉♥❣❡♥ ♠✐t ❞❡♠ ❘❛❞❛r♠♦❞✉❧✳ ❉✐❡
❡r❤♦❜❡♥❡♥ ❉❛t❡♥ ✇✉r❞❡♥ ❞❛❜❡✐ ♦❤♥❡ ❡✐♥❡ ❞✉r❝❤ ❞❡♥ ❙❤❛❦❡r ❤❡r✈♦r❣❡r✉❢❡♥❡
❙❝❤✇✐♥❣✉♥❣ ❛✉❢❣❡♥♦♠♠❡♥✳

❇❡✐ ❞❡r ❇❡tr❛❝❤t✉♥❣ ❞❡r ❊♥t❢❡r♥✉♥❣s♠❡ss✉♥❣ ✐♥ ❆❜❜✐❧❞✉♥❣ ✶✷ ❡r❦❡♥♥t ♠❛♥
❞❡✉t❧✐❝❤ ❞❡♥ ✐♠ ✈♦r❤❡r✐❣❡♥ ❆❜s❝❤♥✐tt ❜❡s❝❤r✐❡❜❡♥❡♥ ❘❡✢❡❦t♦r✱ ✇❡❧❝❤❡r ✐♥
❡✐♥❡♠ ▼❡t❡r ❉✐st❛♥③ ❛✉❢❣❡st❡❧❧t ✇✉r❞❡✳ ❊❜❡♥s♦ ❡r❦❡♥♥t ♠❛♥ ❜❡✐ ❞❡r ▼❡ss✉♥❣
❞❡r ❆♥t❡♥♥❡ ❉✷ ❞✐❡ s✐❝❤ ✐♥ ✶✱✺♠ ❉✐st❛♥③ ③✉♠ ❘❛❞❛r ❜❡✜♥❞❧✐❝❤❡ ❲❛♥❞✳ ❉✐❡
▲❡✐st✉♥❣✱ ❞✐❡ ❞✐❡s❡ r❡✢❡❦t✐❡rt✱ ✇✉r❞❡ ❜❡✐ ❞❡r ▼❡ss✉♥❣ ❛♥ ❞❡r ③✇❡✐t❡♥ ❆♥t❡♥♥❡
✐♥ ❞✐❡s❡♠ ❋❛❧❧ ❛✉❢ ❞r❡✐ ❊♥t❢❡r♥✉♥❣s③❡❧❧❡♥ ❛✉❢❣❡t❡✐❧t✳ ❉✐❡ ▲❡✐st✉♥❣✱ ❜❡✐ ❞❡♥ ✐♥
❞✐❡s❡r ❆r❜❡✐t ❞❛r❣❡st❡❧❧t❡♥ ❊♥t❢❡r♥✉♥❣s♠❡ss✉♥❣❡♥✱ ✇✐r❞ ✐♥ r❡❧❛t✐✈❡♥ ❲❡rt❡♥
❛♥❣❡❣❡❜❡♥✱ ✇❡s❤❛❧❜ ❞✐❡ ❡♥ts♣r❡❝❤❡♥❞❡♥ ❆❝❤s❡♥ ❡✐♥❤❡✐t❡♥❧♦s s✐♥❞✳

❇❡✐ ❞❡r ❆✉s✇❡rt✉♥❣ ❞❡r P❤❛s❡ ✐♥ ❆❜❜✐❧❞✉♥❣ ✶✸ ✐st ❦❧❛r ③✉ ❡r❦❡♥♥❡♥✱ ❞❛ss s✐❝❤
❜❡✐ ❜❡✐❞❡♥ ❊♠♣❢❛♥❣s❛♥t❡♥♥❡♥ ❞✐❡ P❤❛s❡ ❞❡s ❩✐❡❧s ❜❡✐ ❡✐♥❡♠ ▼❡t❡r ❉✐st❛♥③
ü❜❡r ❞✐❡ ❩❡✐t ♥✐❝❤t ✈❡rä♥❞❡rt✱ ✇❛s ♦❤♥❡ ❡✐♥❡ ❇❡✇❡❣✉♥❣ ❞❡s ❘❛❞❛rs ♦❞❡r ❩✐❡❧s
❛✉❝❤ ③✉ ❡r✇❛rt❡♥ ✇❛r✳
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❆❜❜✐❧❞✉♥❣ ✶✷✿ ▼❡❤r❡r❡ ❊♥t❢❡r♥✉♥❣s♠❡ss✉♥❣❡♥ ❞❡s ❘❛❞❛rs ♠✐t ❞❡♥ ❆♥t❡♥♥❡♥
❉✶ ✫ ❉✷ ♦❤♥❡ ❇❡✇❡❣✉♥❣
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✸ ■♥❜❡tr✐❡❜♥❛❤♠❡ ❞❡s ❱❡rs✉❝❤s❛✉❢❜❛✉s

❆❜❜✐❧❞✉♥❣ ✶✸✿ ▼❡❤r❡r❡ P❤❛s❡♠❡ss✉♥❣❡♥ ❞❡s ❘❛❞❛rs ♠✐t ❞❡♥ ❆♥t❡♥♥❡♥ ❉✶
✫ ❉✷ ♦❤♥❡ ❡✐♥❡ ❇❡✇❡❣✉♥❣
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✸ ■♥❜❡tr✐❡❜♥❛❤♠❡ ❞❡s ❱❡rs✉❝❤s❛✉❢❜❛✉s

✸✳✼ ❊rst❡ ▼❡ss✉♥❣❡♥ ♠✐t ❞❡♠ ❇❡s❝❤❧❡✉♥✐❣✉♥❣ss❡♥s♦r

◆❛❝❤ ❞❡♠ ❆✉❢❜❛✉ ❞❡s ❱❡rs✉❝❤s❛✉❢❜❛✉s ✇✉r❞❡♥ ③✉♥ä❝❤st ❡✐♥③❡❧♥❡ ▼❡ss✉♥❣❡♥
♠✐t ❞❡♠ ❇❡s❝❤❧❡✉♥✐❣✉♥❣ss❡♥s♦r ❞✉r❝❤❣❡❢ü❤rt✳ ❉❛❜❡✐ ✇✉r❞❡ ❡✐♥❡ ❆✉s❧❡♥❦✉♥❣
✈♦♥ ✹➦ ✭✵✳✵✶✷✺♠✮ ❡✐♥❣❡st❡❧❧t✳

❇❡r❡✐ts ♥❛❝❤ ❞❡r ❡rst❡♥ ■♥t❡❣r❛t✐♦♥ ❞❡r ❛✉❢❣❡♥♦♠♠❡♥❡♥ ❇❡s❝❤❧❡✉♥✐❣✉♥❣ ❡r✲
❦❡♥♥t ♠❛♥✱ ✇✐❡ ✐♥ ❞❡r ❆❜❜✐❧❞✉♥❣ ✶✺ ❞❛r❣❡st❡❧❧t✱ ❡✐♥❡ ❉r✐❢t ✐♥ ❘✐❝❤t✉♥❣ ①✲
❆❝❤s❡✳ ❇❡✐ ✇❡✐t❡r❡♥ ▼❡ss✉♥❣❡♥ ✇✉r❞❡ ❢❡st❣❡st❡❧❧t✱ ❞❛ss ❞❛s ✇❡❣❣❧❡✐t❡♥ ❞❡r
P♦s✐t✐♦♥s✇❡rt❡ ❦❡✐♥❡r ✈♦r❣❡s❝❤r✐❡❜❡♥❡♥ ❘✐❝❤t✉♥❣ ✉♥t❡r❧✐❡❣t✳ ❉❛r❛✉s ❧ässt s✐❝❤
s❝❤❧✐❡ÿ❡♥✱ ❞❛ss ❡s s✐❝❤ ✉♠ ❦❡✐♥❡♥ s②st❡♠❛t✐s❝❤❡♥ ▼❡ss❢❡❤❧❡r ❤❛♥❞❡❧t✳ ❲❡✐✲
t❡r❤✐♥ ✐st ❞✉r❝❤ ❞✐✈❡rs❡ Pr♦❜❡♠❡ss✉♥❣❡♥ ♠✐t ▲❛✉❢③❡✐t❡♥ ✐♠ ❇❡r❡✐❝❤ ✈♦♥ ✶✵
▼✐♥✉t❡♥ ❜✐s ❡✐♥❡r ❙t✉♥❞❡ ❦❡✐♥❡ s✐❣♥✐✜❦❛♥t❡ ❆❜❤ä♥❣✐❣❦❡✐t ❞❡r ❉r✐❢ts ✈♦♥ ♠ö❣✲
❧✐❝❤❡r✇❡✐s❡ ❛✉❢tr❡t❡♥❞❡♥ ❇❡❧❛st✉♥❣s❡✛❡❦t❡♥ ❞❡s ❙❡♥♦rs ✐♥ ❋♦r♠ ✈♦♥ ❚❡♠♣❡r❛✲
t✉r❡✛❡❦t❡♥ ❢❡st③✉st❡❧❧❡♥ ❣❡✇❡s❡♥✳ ◆❛❝❤ ❞❡r ❇❡r❡❝❤♥✉♥❣ ❞❡r ❛❦t✉❡❧❧❡♥ P♦s✐t✐♦♥
✐♥ ❆❜❤ä♥❣✐❣❦❡✐t ❞❡r ❩❡✐t✱ ♠✐tt❡❧s ❡✐♥❡r ✇❡✐t❡r❡♥ ■♥t❡❣r❛t✐♦♥✱ ❡r❤ä❧t ♠❛♥ ❡✐♥❡
❞❡r ❆❜❜✐❧❞✉♥❣ ✶✻ ä❤♥❧✐❝❤❡ ❑✉r✈❡✳ ❉❛❜❡✐ ❢ä❧❧t ❛✉❢✱ ❞❛ss ✐♠ ❉✐❛❣r❛♠♠ ❞✐❡ ❉r✐❢t
ü❜❡r❧❛❣❡rt ✈♦♥ ❞❡r ❡✐❣❡♥t❧✐❝❤ ③✉ ❡r♠✐tt❡❧♥❞❡♥ ❙❝❤✇✐♥❣✉♥❣ ❞❛r❣❡st❡❧❧t ✐st✳ ❯♠
♥✉♥ ❛✉❢ ❞✐❡ t❛tsä❝❤❧✐❝❤❡ P♦s✐t✐♦♥ ❞❡r ❙❡♥s♦r❡♥ ③✉ ❦♦♠♠❡♥✱ ♠üsst❡ ♠❛♥ ❞✐❡
❛✉❢tr❡t❡♥❞❡♥ ❉r✐❢ts ❜❡st✐♠♠❡♥ ✉♥❞ ❦♦♠♣❡♥s✐❡r❡♥✳ ❉❛ s✐❝❤ ❞❛s ❙✐❣♥❛❧ ❞❡r
❙❝❤✇✐♥❣✉♥❣✱ ✇❡❧❝❤❡s ✈♦♥ ■♥t❡r❡ss❡ ✐st✱ ❞❡✉t❧✐❝❤ ✈♦♥ ❞❡r ❉r✐❢t ✉♥t❡rs❝❤❡✐❞❡t✱
✇❡r❞❡♥ ✐♠ ❢♦❧❣❡♥❞❡♠ ❑❛♣✐t❡❧ ✈❡rs❝❤✐❡❞❡♥❡ ❋✐❧t❡rt❡❝❤♥✐❦❡♥ ✈♦r❣❡st❡❧❧t ✉♥❞
❡r♣r♦❜t✳ ❉❡r ●r✉♥❞❣❡❞❛♥❦❡ ❞✐❡s❡r ❧✐❡❣t ❛✉❢ ❞❡r ❇❡st✐♠♠✉♥❣ ❞❡r ❉r✐❢ts ✉♥❞
❞❡r ❛♥s❝❤❧✐❡ÿ❡♥❞❡♥ ❘❡❞✉❦t✐♦♥✳ ❙✐❣♥❛❧✜❧t❡r ✐♠ ❦❧❛sss✐❝❤❡♥ ❙✐♥♥❡ ✭❚✐❡❢✲✱ ❍♦❝❤✲
✱❇❛♥❞♣❛ss✮ ❦ö♥♥❡♥ ✈♦♥ ✈♦r♥❤❡r❡✐♥ ❛✉s❣❡s❝❤❧♦ss❡♥ ✇❡r❞❡♥✱ ❞❛ ❛✉❢❣r✉♥❞ ❞❡r
✈❡r❤ä❧t♥✐s♠äÿ✐❣ ❦❧❡✐♥❡♥ ❋r❡q✉❡♥③❡♥ ❞✐❡ ♠❡❝❤❛♥✐s❝❤❡ ❙❝❤✇✐♥❣✉♥❣ ♥✉r s❡❤r
s❝❤✇❡r ✈♦♥ ❞❡r s♣❡❦tr❛❧❡♥ ▲❡✐st✉♥❣ ❞❡r ❉r✐❢t ✉♥t❡rs❝❤✐❡❞❡♥ ✇❡r❞❡♥ ❦❛♥♥✳
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❆❜❜✐❧❞✉♥❣ ✶✹✿ ❉❛rst❡❧❧✉♥❣ ❞❡r ❣❡♠❡ss❡♥❡♥ ❇❡s❝❤❧❡✉♥✐❣✉♥❣ ü❜❡r ❞❡r ❩❡✐t

❆❜❜✐❧❞✉♥❣ ✶✺✿ ❉❛rst❡❧❧✉♥❣ ❞❡r ❛✉s ❞❡♥ ❙❡♥s♦r✇❡rt❡♥ ❜❡r❡❝❤♥❡t❡♥ ●❡s❝❤✇✐♥✲
❞✐❣❦❡✐t ü❜❡r ❞❡r ❩❡✐t

✷✼



✹ ❉r✐❢t❦♦♠♣❡♥s❛t✐♦♥

❆❜❜✐❧❞✉♥❣ ✶✻✿ ❉❛rst❡❧❧✉♥❣ ❞❡r ❜❡r❡❝❤♥❡t❡♥ P♦s✐t✐♦♥ ü❜❡r ❞❡r ❩❡✐t

✹ ❉r✐❢t❦♦♠♣❡♥s❛t✐♦♥

❉❛ ❞✐❡ ③✉ ❛♥❛❧②s✐❡r❡♥❞❡ ❙❝❤✇✐♥❣✉♥❣ ❞❡✉t❧✐❝❤ ✐♥ ❞❡♥ ❡rst❡♥ ▼❡ss✉♥❣❡♥ ③✉
❡r❦❡♥♥❡♥ ✐st✱ ✇❡r❞❡♥ ✐♠ ♥✉♥ ❢♦❧❣❡♥❞❡♥ ❑❛♣✐t❡❧ ✈❡rs❝❤✐❡❞❡♥❡ ❱❡r❢❛❤r❡♥ ③✉r
❉r✐❢t❦♦♠♣❡♥s❛t✐♦♥ ✈♦r❣❡st❡❧❧t ✉♥❞ ❛✉❢ ❞✐❡ ✈❡rs❝❤✐❡❞❡♥❡♥ Pr♦❜❡♠❡ss✉♥❣ ❛♥✲
❣❡✇❛♥❞t✳ ●r✉♥❞✐❞❡❡ ❞❡r ❡✐♥③❡❧♥❡♥ ❱❡r❢❛❤r❡♥ ✐st ❥❡❞❡s♠❛❧ ❞✐❡ ❊①tr❛❦t✐♦♥ ❞❡r
❉r✐❢ts✱ ❞✉r❝❤ ❡✐♥❡ ●❧ätt✉♥❣ ❞❡r ❜❡r❡❝❤♥❡t❡♥ P♦s✐t✐♦♥s✇❡rt❡ ü❜❡r ❞❡r ❩❡✐t✱
✉♠ ❞✐❡s❡ ❞❛♥♥ ❛✉s ❞❡r ❣❡stört❡♥ ▼❡ss✉♥❣❡♥ ❤✐♥❛✉s③✉r❡❝❤♥❡♥✳ ❉✐❡ ♣r❛❦t✐s❝❤❡
❯♠s❡t③✉♥❣ ❞❡r ❡✐♥③❡❧♥❡♥ ❑♦♠♣❡♥s❛t✐♦♥s✈❡r❢❛❤r❡♥ ❡r❢♦❧❣t❡ ❥❡✇❡✐❧s ✐♥ P②t❤♦♥
✷✳✼ ✳

✹✳✶ ●❧❡✐t❡♥❞❡s ▼✐tt❡❧✇❡rt✜❧t❡r

❊✐♥❡s ❞❡r ❡✐♥❢❛❝❤st❡♥ ▼❡t❤♦❞❡♥ ③✉r ●❧ätt✉♥❣ ✈♦♥ ▼❡ss✇❡rt❡♥ ✐♠ ❩❡✐t❜❡r❡✐❝❤
st❡❧❧t ❞❡r ❣❧❡✐t❡♥❞❡ ▼✐tt❡❧✇❡rt ❞❛r✳

❩✉ ❇❡❣✐♥♥ ❞❡✜♥✐❡rt ♠❛♥ ❡✐♥❡ ❋❡♥st❡r❧ä♥❣❡ N ü❜❡r ❞✐❡ ❣❡❣❧ätt❡t ✇❡r❞❡♥ s♦❧❧✳
❉❡r ❞❛❢ür ❣❡✇ä❤❧t❡ ❲❡rt s♦❧❧t❡ ❣röÿ❡r ✷ ✉♥❞ ✉♥❣❡r❛❞❡ s❡✐♥✳ ❉❛s ❋❡♥st❡r ♠✐t
❞❡r ▲ä♥❣❡ N ✇❛♥❞❡rt ♥✉♥ ▼❡ss✇❡rt ✉♠ ▼❡ss✇❡rt ü❜❡r ❞✐❡ ❛✉❢❣❡♥♦♠♠❡♥❡♥
❲❡rt❡ ✉♥❞ ❜✐❧❞❡t ❞❛❜❡✐ ✈♦r ❥❡❞❡♠ ✒✇❡✐t❡rrü❝❦❡♥✏ ❞❡♥ ▼✐tt❡❧✇❡rt✱ ❞❡r ✐♥ ✐❤♠
❧✐❡❣❡♥❞❡♥ ❊❧❡♠❡♥t❡✳ ❉❛s ❊r❣❡❜♥✐s ❞✐❡s❡r ▼✐tt❡❧✇❡rt❜✐❧❞✉♥❣ ❡rs❡t③t ❛♥s❝❤❧✐❡✲
ÿ❡♥❞ ❞❡♥ ❲❡rt ❛♥ ❞❡r ❋❡♥st❡r♣♦s✐t✐♦♥ (N + 1)/2✱ ❛❧s♦ ❞❡♥ ❲❡rt ✇❡❧❝❤❡r ✐♥

✷✽



✹ ❉r✐❢t❦♦♠♣❡♥s❛t✐♦♥

❆❜❜✐❧❞✉♥❣ ✶✼✿ ❉❛rst❡❧❧✉♥❣ ❞❡r P♦st✐♦♥s♠❡ss✉♥❣ ✭❣rü♥ ❂ ✉rs♣rü♥❣❧✐❝❤❡ ▼❡ss✲
✇❡rt❡✱ ❜❧❛✉ ❂ ❣❡❣❧ätt❡t❡ ▼❡ss✇❡rt❡✮

❞❡r ▼✐tt❡ ❞❡s ❋❡♥st❡rs ❧✐❡❣t✳ ❲✐❡ ✒st❛r❦✏ ❣❡❣❧ätt❡t ✇✐r❞ ♦❞❡r ♠✐t ❛♥❞❡r❡♥
❲♦rt❡♥✱ ❞❡r ●r❛❞ ❞❡r ●❧ätt✉♥❣ ✐st ❞❡✜♥✐❡rt ü❜❡r ❞✐❡ ▲ä♥❣❡ ❞❡s ❋❡♥st❡rs✳❬✼❪

❉❡r ❣❡r❛❞❡ ❣❡♥❛♥♥t❡ ❆❜❧❛✉❢ ❞❡r ●❧ätt✉♥❣ ✐st ✐♥ ●❧❡✐❝❤✉♥❣ ✭✸✷✮ ✭❡♥t♥♦♠♠❡♥
❛✉s ❬✼❪✮ ❞❛r❣❡st❡❧❧t✳

y(n) =
1

N

N
∑

i=1

x(n−
N + 1

2
+ i) ✭✸✷✮

❇❡✐♠ ❱❡r❣❧❡✐❝❤ ❞❡r ✉♥❣❡❣❧ätt❡t❡♥ ✉♥❞ ❞❡r ❣❡❣❧ätt❡t❡♥ ❲❡rt❡ ✐♥ ❆❜❜✐❧❞✉♥❣ ✶✼
❡r❦❡♥♥t ♠❛♥✱ ❞❛ss ❞✐❡ ❞✉r❝❤ ❞❡♥ ❙❤❛❦❡r ✈❡r✉rs❛❝❤t❡ ❙❝❤✇✐♥❣✉♥❣ ❞✉r❝❤ ❞❡♥
❣❧❡✐t❡♥❞❡♥ ▼✐tt❡❧✇❡rt✜❧t❡r ✈♦❧❧stä♥❞✐❣ ✈❡rs❝❤✇✉♥❞❡♥ ✐st✳ ◆❛❝❤ ❞❡r ❛♥s❝❤❧✐❡✲
ÿ❡♥❞❡♥ ❙✉❜tr❛❦t✐♦♥ ❞❡r ❣❡❣❧ätt❡t❡♥ ❑✉r✈❡ ✈♦♥ ❞❡r ✉rs♣rü♥❣❧✐❝❤❡♥ ❡r❣✐❜t s✐❝❤✱
❞❡r ✐♥ ❆❜❜✐❧❞✉♥❣ ✶✽ ❞❛r❣❡st❡❧❧t❡ P♦s✐t✐♦♥s✈❡r❧❛✉❢✳ ❊s ❢ä❧❧t s♦❢♦rt ❛✉❢✱ ❞❛ss s✐❝❤
❞❡r ▼✐tt❡❧✇❡rt ❞❡r ❙❝❤✇✐♥❣✉♥❣ ü❜❡r ❞❡r ❩❡✐t ä♥❞❡rt✳ ❉✐❡ ♠❡❤r❢❛❝❤❡♥ ❱❡r✲
ä♥❞❡r✉♥❣❡♥ ❞❡r ❋❡♥st❡r❧ä♥❣❡ i ❜r❛❝❤t❡♥ ❦❡✐♥❡ ③✉❢r✐❡❞❡♥st❡❧❧❡♥❞❡♥ ❊r❣❡❜♥✐ss❡
❤❡r✈♦r✱ ❞❛ ❜❡✐ ❡✐♥❡r ❘❡❞✉③✐❡r✉♥❣ ❞✐❡ ❣❡❣❧ätt❡t❡ ❑✉r✈❡ ❞❡r ✉rs♣rü♥❣❧✐❝❤❡♥ ③✉
ä❤♥❧✐❝❤ ✇❛r ✉♥❞ ❜❡✐ ❡✐♥❡r ❊r❤ö❤✉♥❣ ❞❡r ❋❡♥st❡r❧ä♥❣❡ ❞✐❡ ❣❡❣❧ätt❡t❡♥ ❲❡rt❡
s✐❝❤ ❧❛♥❣s❛♠ ✈♦♥ ❞❡r t❛tsä❝❤❧✐❝❤❡♥ ❑✉r✈❡ ❡♥t❢❡r♥❡♥✳

✷✾



✹ ❉r✐❢t❦♦♠♣❡♥s❛t✐♦♥

❆❜❜✐❧❞✉♥❣ ✶✽✿ ❇❡r❡❝❤♥❡t❡ P♦s✐t✐♦♥sä♥❞❡r✉♥❣ ❞❡r ❙❡♥s♦r❡♥ ♥❛❝❤ ❆♥✇❡♥❞✉♥❣
❞❡s ❣❧❡✐t❡♥❞❡♥ ▼✐tt❡❧✇❡rt✜❧t❡rs

✹✳✷ ❊①♣♦♥❡♥t✐❡❧❧❡ ●❧ätt✉♥❣

❉✐❡ ❡①♣♦♥❡♥t✐❡❧❧❡ ●❧ätt✉♥❣ ✐st✱ ✇✐❡ ❞❛s ③✉✈♦r ❜❡r❡✐ts ❣❡♥❛♥♥t❡ ❣❧❡✐t❡♥❞❡ ▼✐t✲
t❡❧✇❡rt✈❡r❢❛❤r❡♥✱ ❡❜❡♥❢❛❧❧s ❡✐♥ r❡❧❛t✐✈ ❡✐♥❢❛❝❤❡s ❱❡r❢❛❤r❡♥ ③✉r ❊❧❡♠✐♥✐❡r✉♥❣
❤ö❤❡r❢r❡q✉❡♥t❡r ❙❝❤✇✐♥❣✉♥❣❡♥✳ ❉❛❜❡✐ ❤❛♥❞❡❧t ❡s s✐❝❤ ❡✐❣❡♥t❧✐❝❤ ✉♠ ❡✐♥❡ st❛✲
t✐st✐s❝❤❡ Pr♦❣♥♦s❡♠❡t❤♦❞❡ ❛✉s ❞❡♠ ❇❡r❡✐❝❤ ❞❡r ❩❡✐tr❡✐❤❡♥❛♥❛❧②s❡✱ ✇❡❧❝❤❡
❡❜❡♥s♦ ③✉r ❡✐♥❢❛❝❤❡♥ ●❧ätt✉♥❣ ❡✐♥❡r ✒✈❡rr❛✉s❝❤t❡♥✏ ▼❡ssr❡✐❤❡ ❣❡♥✉t③t ✇❡r✲
❞❡♥ ❦❛♥♥✳ ❉❡r ❊✐♥✢✉ss ❞❡r ✉♠❧✐❡❣❡♥❞❡♥ ❲❡rt❡✱ ❡✐♥❡s ③✉r ●❧ätt✉♥❣ ❣❡✇ä❤❧t❡♥
❡✐♥③❡❧♥❡♥ ❲❡rt❡s✱ ♥✐♠♠t ♠✐t ❞❡r ❆❦t✉❛❧✐tät ❞❡r ❲❡rt❡ ③✉✳ ❉❛s ❤❡✐ÿt✱ ❞❛ss
❲❡rt❡ ❞✐❡ s✐❝❤ ✐♥ ❞❡r ◆ä❤❡ ❞❡s ③✉ ❣❧ätt❡♥❞❡♥ P✉♥❦t❡s ❜❡✜♥❞❡♥ ❤ö❤❡r ❣❡✇✐❝❤✲
t❡t ✇❡r❞❡♥ ❛❧s ❲❡rt❡ ❞✐❡ ✇❡✐t❡r ✈♦♥ ❞✐❡s❡♠ ✇❡❣ ❧✐❡❣❡♥✳ ❬✻❪

❉✐❡ ❣❡❣❧ätt❡t❡ ▼❡ss❦✉r✈❡ ✷✳❖r❞♥✉♥❣ ❜❡r❡❝❤♥❡t s✐❝❤ ❞❛❜❡✐ ✇✐❡ ✐♥ ❢♦❧❣❡♥❞❡r
●❧❡✐❝❤✉♥❣ ✭❡♥t♥♦♠♠❡♥ ❛✉s ❬✻❪✮ ❜❡s❝❤r✐❡❜❡♥✳ ❉❡r s♦❣❡♥❛♥♥t❡ ●❧ätt✉♥❣s❢❛❦t♦r
a ❣✐❜t ❞❛❜❡✐ ❛♥✱ ✇✐❡ st❛r❦ ❞❡r ❛❦t✉❡❧❧❡ ❲❡rt ✐♠ ❱❡r❣❧❡✐❝❤ ③✉♠ ✈❡r❣❛♥❣❡♥❡♥
❣❡✇✐❝❤t❡t ✇✐r❞✳

y[i] = a · x[i] + (1− a) · x[i− 1] ✭✸✸✮

✸✵



✹ ❉r✐❢t❦♦♠♣❡♥s❛t✐♦♥

❆❜❜✐❧❞✉♥❣ ✶✾✿ ❉❛rst❡❧❧✉♥❣ ❞❡r P♦st✐♦♥s♠❡ss✉♥❣ ✭❣rü♥ ❂ ✉rs♣rü♥❣❧✐❝❤❡ ▼❡ss✲
✇❡rt❡✱ ❜❧❛✉ ❂ ❣❡❣❧ätt❡t❡ ▼❡ss✇❡rt❡✮

❉❛ ❜❡✐ ❞❡r ❡①♣♦♥❡♥t✐❡❧❧❡♥ ●❧ätt✉♥❣ ✷✳❖r❞♥✉♥❣ ❞❡r ❜❡r❡✐ts ③✉rü❝❦❧✐❡❣❡♥❞❡
❲❡rt ❜❡rü❝❦s✐❝❤t✐❣ ✇❡r❞❡♥ ♠✉ss✱ ✇❡❧❝❤❡r ❜❡✐ ❞❡r ❡rst❡♥ ▼❡ss✉♥❣ ♥✐❝❤t ❜❡✲
❦❛♥♥t ✐st✱ ✇✐r❞ ❞❡r ❡rst❡ ▼❡ss✇❡rt ❧❡❞✐❣❧✐❝❤ ♠✐t ❞❡♠ ●❧ätt✉♥❣s❢❛❦t♦r a ♠✉❧✲
t✐♣❧✐③✐❡rt✳

y[1] = a · x[1] ✭✸✹✮

◆❛❝❤ ❞❡r ❯♠s❡t③✉♥❣ ✐♥ P②t❤♦♥ ❡r❣❡❜❡♥ s✐❝❤ ❢ür ✈❡rs❝❤✐❡❞❡♥❡ ❇❡s❝❤❧❡✉♥✐✲
❣✉♥❣s♠❡ss✉♥❣❡♥ ❞❡r ❆❜❜✐❧❞✉♥❣ ✶✾ ä❤♥❧✐❝❤❡ ❣❡❣❧ätt❡t❡ P♦s✐t✐♦♥s✈❡r❧ä✉❢❡✳ ❊s
❢ä❧❧t ❛✉❢✱ ❞❛ss ❜❡✐ ❞✐❡s❡r ❋♦r♠ ❞❡r ●❧ätt✉♥❣ s✐❝❤ ❞✐❡ ♥❡✉ ❜❡r❡❝❤♥❡t❡ ❑✉r✈❡ ❛❜
❡✐♥❡r ❣❡✇✐ss❡♥ ▼❡♥❣❡ ✈♦♥ ❉❛t❡♥♣✉♥❦t❡♥ ✈♦♠ ❱❡r❧❛✉❢ ❞❡r ♦r❣✐♥❛❧❡♥ ❑✉r✈❡
❡♥t❢❡r♥t✳ ❉❡♠ ❦❛♥♥ ③✇❛r ❞✉r❝❤ ❡✐♥ ❡r❤ö❤❡♥ ❞❡s ●❧ätt✉♥❣s❢❛❦t♦rs a ❡♥t❣❡❣❡♥
❣❡✇✐r❦t ✇❡r❞❡♥✱ ✇❛s ❛❧❧❡r❞✐♥❣s ③✉r ❋♦❧❣❡ ❤❛t✱ ❞❛ss ♥✐❝❤t ❛✉sr❡✐❝❤❡♥❞ st❛r❦
❣❡❣❧ätt❡t ✇✐r❞✳

❉❛❤❡r ❡♠♣✜❡❤❧t s✐❝❤ ❞✐❡s❡ ❆rt ❞❡r ●❧ätt✉♥❣ ❜❡✐ ❧ä♥❣❡r❡♥ ▼❡ss✉♥❣❡♥ ♥✐❝❤t
③✉r ❑♦♠♣❡♥s❛t✐♦♥ ❞❡r ❉r✐❢ts✳

✸✶



✹ ❉r✐❢t❦♦♠♣❡♥s❛t✐♦♥

✹✳✸ ❙❛✈✐t③❦②✲●♦❧❛②✲❋✐❧t❡r

❉❛s ❙❛✈✐t③❦②✲●♦❧❛②✲❋✐❧t❡r✱ ❡rst♠❛❧s ✶✾✻✹ ✈♦♥ ❆❜r❛❤❛♠ ❙❛✈✐t③❦② ✉♥❞ ▼❛r✲
❝❡❧ ❏✳ ❊✳ ●♦❧❛② ❜❡s❝❤r✐❡❜❡♥✱ ✐st ❡✐♥ s②♠♠❡tr✐s❝❤❡s ●❧ätt✉♥❣s✜❧t❡r✱ ✇❡❧❝❤❡r
❞❛③✉ ❞✐❡♥t ❞❛s ❘❛✉s❝❤❡♥ ❡✐♥❡s ❙✐❣♥❛❧s ③✉ r❡❞✉③✐❡r❡♥ ♦❤♥❡ ❞❛❜❡✐✱ ✇✐❡ ❜❡✐
❡✐♥❡r ❤❡r❦ö♠♠❧✐❝❤❡♥ ❚✐❡❢♣❛ss✜❧t❡r✉♥❣ ü❜❧✐❝❤✱ ❤♦❝❤❢r❡q✉❡♥t❡r❡ ❙✐❣♥❛❧❛♥t❡✐❧❡
③✉ ❞ä♠♣❢❡♥✳ ❉❛s ❜❡❞❡✉t❡t✱ ❞❛ss s❝❤♠❛❧❡ P❡❛❦s ✐♥♥❡r❤❛❧❜ ❞❡r ▼❡ssr❡✐❤❡ ❛✉❝❤
♥❛❝❤ ❞❡r ●❧ätt✉♥❣ ❛❜❤ä♥❣✐❣ ✈♦♥ ❞❡♥ ❣❡✇ä❤❧t❡♥ ❋✐❧t❡r❡✐❣❡♥s❝❤❛❢t❡♥ ❡r❤❛❧t❡♥
❜❧❡✐❜❡♥✳ ❚r♦t③❞❡♠ ✇✐r❞ ✇❡✐t❡r❤✐♥✱ ✇✐❡ ❜❡✐ ❞❡♥ ③✉✈♦r ❛✉❢❣❡❢ü❤rt❡♥ ❱❡r❢❛❤✲
r❡♥✱ ❢ür ❥❡❞❡♥ P✉♥❦t ❡✐♥ ✈♦♥ ❞❡♥ ✉♠❧✐❡❣❡♥❞❡♥ ❛❜❤ä♥❣✐❣❡r ❣❡❧ätt❡t❡r ❲❡rt
❜❡r❡❝❤♥❡t✳❬✶✸❪

❉✐❡ ●❧ätt✉♥❣ ❛♥ s✐❝❤ ❡r❢♦❧❣t ❞❛❜❡✐ ❞✉r❝❤ ❡✐♥❡ ♣♦❧②♥♦♠✐❛❧ ❘❡❣r❡ss✐♦♥ ♥✲
t❡♥ ●r❛❞❡s ü❜❡r ❞✐❡ ③✉✈♦r ❢❡st❣❡❧❡❣t❡ ❋❡♥st❡r❧ä♥❣❡ N ✱ ✇❡❧❝❤❡ s✐❝❤ ❛✉s ❞❡r
▼❡♥❣❡ ❞❡r ❉❛t❡♥♣✉♥❦t❡ r❡❝❤ts Nr ✉♥❞ ❧✐♥❦s Nl ❞❡s ❛❦t✉❡❧❧❡♥ ❲❡rt❡s fk
③✉s❛♠♠❡♥s❡t③t✳❬✶✸❪

❇❡✐ ❞❡r ●❧ätt✉♥❣ ✇✐r❞ ❡✐♥ ❢✉♥❦t✐♦♥❛❧❡r ❩✉s❛♠♠❡♥❤❛♥❣ ③✇✐s❝❤❡♥ ❞❡♥ ❛✉s✲
❣❡✇ä❤❧t❡♥ ❉❛t❡♥ ✐♥♥❡r❤❛❧❜ ❞❡s ❋❡♥st❡rs ♠✐tt❡❧s ❡✐♥❡r ❆♥♣❛ss✉♥❣s❢✉♥❦t✐♦♥
❡r♠✐tt❡❧t✱ ✇♦❜❡✐ s✐❝❤ ❞✐❡ ❑♦❡✣③✐❡♥t❡♥ cn ❞❡s ❋✐❧t❡rs ❛✉❢ ❞✐❡s❡r ♥❛❝❤❡♠♣❢✉♥✲
❞❡♥❡♥ ❑✉r✈❡ ❜❡✜♥❞❡♥✳ ❉❡r ●r❛❞ ❞❡r ❆♥♣❛ss❢✉♥❦t✐♦♥ ❜❡s❝❤r❡✐❜t ❞❛❜❡✐ ✇✐❡
st❛r❦ ❞✐❡s❡ ❞✐❡ r❡❛❧❡ ❑✉r✈❡ ♥❛❝❤❡♠♣✜♥❞❡t✳

gk =
Nr
∑

n=−Nl

cn · fk+n ✭✸✺✮

❉✐❡ ❑♦❡✣③✐❡♥t❡♥ cn ❜❡r❡❝❤♥❡♥ s✐❝❤ ❞❛❜❡✐ ❛❧s ❡rst❡ ❩❡✐❧❡ ❞❡r ▼♦♦r❡✲P❡♥r♦s❡✲
■♥✈❡rs❡ A+ ❞❡r ✐♥ ❆❜❤ä♥❣✐❣❦❡✐t ❞❡r ❖r❞♥✉♥❣ s ✉♥❞ ❞❡r ❋❡♥st❡r❧ä♥❣❡ N =
Nl +Nr ❛✉❢❣❡st❡❧❧t❡♥ ▼❛tr✐① A✳❬✶❪

A =





















(−Nl)
0 (−Nl)

1 ... (−Nl)
s

... ... ... ...
(−1)0 (−1)1 ... (−1)s

0 0 ... 0
10 11 ... 1s

... ... ... ...
(Nr)

0 (Nr)
1 ... (Nr)

s





















✭✸✻✮

❉✉r❝❤ ❡✐♥❡ ❋❛❧t✉♥❣ ❞❡r ❡rst❡♥ ❩❡✐❧❡ ❞❡r ▼♦♦r❡✲P❡♥r♦s❡✲■♥✈❡rs❡ A+♠✐t ❞❡♥

✸✷



✹ ❉r✐❢t❦♦♠♣❡♥s❛t✐♦♥

▼❡ss✇❡rt❡♥ ❞✐❡ ✐♥♥❡r❤❛❧❜ ❞❡s ❢ür ❞✐❡ ●❧ätt✉♥❣ ❣❡✇ä❤❧t❡♥ ❋❡♥st❡rs ❧✐❡❣❡♥✱
❡r❣❡❜❡♥ s✐❝❤ ❞✐❡ ❣❡❣❧ätt❡t❡♥ ❲❡rt❡ gk✱ ✇✐❡ ✐♥ ●❧❡✐❝❤✉♥❣ ✸✺ ❣❡③❡✐❣t✳❬✶❪

❉❛ ❞✐❡ ❢ür ❞✐❡ ●❧ätt✉♥❣ ❜❡♥öt✐❣t❡♥ ❑♦❡✣③✐❡♥t❡♥ ❜❡✐ ❦♦♥st❛♥t❡r ❋❡♥st❡r❧ä♥❣❡
❣❧❡✐❝❤ ❜❧❡✐❜❡♥✱ ❣❡❤ört ❞❛s ❙❛✈✐t③❦②✲●♦❧❛②✲❋✐❧t❡r ③✉ ❞❡♥ ❡✐♥❢❛❝❤ ❛♥③✉✇❡♥❞❡♥✲
❞❡♥ ●❧ätt✉♥❣s✈❡r❢❛❤r❡♥✳ ❆✉ÿ❡r❞❡♠ ❦❛♥♥ ❡r ❞✉r❝❤ ❡✐♥❡ ❡♥ts♣r❡❝❤❡♥❞❡ ❆♥✲
♣❛ss✉♥❣ ❞❡r ❋✐❧t❡r♣❛r❛♠❡t❡r ❡❜❡♥s♦ ③✉r ❇✐❧❞✉♥❣ ❞❡s ❣❧❡✐t❡♥❞❡♥ ▼✐tt❡❧✇❡rt❡s
♦❞❡r ③✉r ❇❡r❡❝❤♥✉♥❣ ❡✐♥❡r ❣❡❣❧ätt❡t❡♥ ❆❜❧❡✐t✉♥❣ ❣❡♥✉t③t ✇❡r❞❡♥✳❬✶✸❪

◆❛❝❤ ✈❡rs❝❤✐❡❞❡♥❡♥ ❞✐✈❡rs❡♥ ●❧ätt✉♥❣❡♥ ❡r❣❛❜ s✐❝❤ ❡✐♥❡ ♦♣t✐♠❛❧❡ ❋❡♥st❡r✲
❧ä♥❣❡ ✈♦♥ N = 120✳ ❉❛s ❊r❣❡❜♥✐s ❡✐♥❡r ●❧ätt✉♥❣ ✐st ✐♥ ❆❜❜✐❧❞✉♥❣ ✷✵ ③✉
s❡❤❡♥✳ ❲✐❡ ✐♠ ❱❡r❣❧❡✐❝❤ ♠✐t ❞❡♥ ✈♦r❤❡r✐❣❡♥ ❱❡r❢❛❤r❡♥ ③✉ ❡r❦❡♥♥❡♥ ✐st✱ ✇✐r❞
❞✐❡ ❉r✐❢t ❞✉r❝❤ ❞✐❡ ❘❡❞✉❦t✐♦♥ ❞❡r ❙❝❤✇✐♥❣✉♥❣ ❦❛✉♠ ✈❡r❢ä❧s❝❤t✳ ❉❛❤❡r ❡♥t✲
s♣r✐❝❤t ❞✐❡s❡r ❆rt ❞❡r ●❧ätt✉♥❣ ❞❡♥ ❣❡✇ü♥s❝❤t❡♥ ❆♥❢♦r❞❡r✉♥❣❡♥✳

❆❜❜✐❧❞✉♥❣ ✷✵✿ ❉❛rst❡❧❧✉♥❣ ❞❡r P♦st✐♦♥s♠❡ss✉♥❣ ✭r♦t ❂ ✉rs♣rü♥❣❧✐❝❤❡ ▼❡ss✲
✇❡rt❡✱ ❣rü♥ ❂ ❣❡❣❧ätt❡t❡ ▼❡ss✇❡rt❡✮

✸✸



✺ ❱❛❧✐❞✐❡r✉♥❣ ❞❡r ❡r♠✐tt❡❧t❡♥ P♦s✐t✐♦♥s✈❡rä♥❞❡r✉♥❣

❆❜❜✐❧❞✉♥❣ ✷✶✿ ❉❛rst❡❧❧✉♥❣ ❞❡r P♦s✐t✐♦♥ ❞❡s ❘❛❞❛r♠♦❞✉❧s ü❜❡r ❞❡r ❩❡✐t ❜❡✲
r❡❝❤♥❡t ❛✉s ❞❡♥ ❇❡s❝❤❧❡✉♥✐❣✉♥❣s✇❡rt❡♥ ❜❡✐ ❡✐♥❡r ❙❝❤✇✐♥❣❢r❡q✉❡♥③ ✈♦♥ ✻❍③
✉♥❞ ❡✐♥❡r ❆✉s❧❡♥❦✉♥❣ ✉♠ ✷➦

✺ ❱❛❧✐❞✐❡r✉♥❣ ❞❡r ❡r♠✐tt❡❧t❡♥ P♦s✐t✐♦♥s✈❡rä♥✲

❞❡r✉♥❣

❉✉r❝❤ ❞✐❡ ❑♦♠♣❡♥s❛t✐♦♥ ❞❡r ❉r✐❢ts ♠✐t❤✐❧❢❡ ❞❡s ❙❛✈✐t③❦②✲●♦❧❛②✲❋✐❧t❡rs ❜❧❡✐❜t
✐♥ ❞❡r ❆❜❜✐❧❞✉♥❣ ✷✶ ❞✐❡ P♦s✐t✐♦♥ ❞❡s ❘❛❞❛rs ü❜❡r ❞❡r ❩❡✐t ❜❡✐ ❡✐♥❡r ❆✉s❧❡♥✲
❦✉♥❣ ✐♥ ①✲❘✐❝❤t✉♥❣ ü❜r✐❣✳

❆♥❤❛♥❞ ❞❡r ❆♥③❛❤❧ ❞❡r ❙❝❤✇✐♥❣✉♥❣s♣❡r✐♦❞❡♥ ✐♥ ❞❡r ❉❛rst❡❧❧✉♥❣ ❞❡r ❆✉s✲
❧❡♥❦✉♥❣ ❞❡r ❙❡♥s♦r❡♥ ❦❛♥♥ ♠❛♥ ❧❡✐❝❤t ❞✐❡ ❙❝❤✇✐♥❣❢r❡q✉❡♥③❡♥ ❞❡r ❛✉s③✉✇❡r✲
t❡♥❞❡♥ ❉❛t❡♥ ♠✐t ❞❡♥ ✈♦r❤❡r ♠✐tt❡❧s ❖s③✐❧❧♦s❦♦♣ ❡✐♥❣❡st❡❧❧t❡♥ ❋r❡q✉❡♥③ ✈♦♥
✻❍③ ❛❜❣❧❡✐❝❤❡♥✳ ❉❛❜❡✐ ③❡✐❣t s✐❝❤✱ ❞❛ss ❞✐❡ ❡r✇❛rt❡t❡ ❋r❡q✉❡♥③ ♠✐t ❞❡r ❞✉r❝❤
❞❡♥ ❙❡♥s♦r r❡❣✐str✐❡rt❡♥ ❛✉❝❤ ✐♥ ❛❧❧❡♥ ✇❡✐t❡r❡♥ ▼❡ss✉♥❣❡♥ ü❜❡r❡✐♥st✐♠♠t✳
❇❡✐♠ ❱❡r❣❧❡✐❝❤ ❞❡r ♠❛①✐♠❛❧❡♥ ❆✉s❧❡♥❦✉♥❣ ✈♦♥ ✐♠ ❙❝❤♥✐tt ✺✱✾♠♠ ♠✐t ❞❡♥
③✉✈♦r ❜❡r❡❝❤♥❡t❡♥ ❲❡rt❡♥ ✭✺✱✽♠♠✮ ✐st ❞❡✉t❧✐❝❤ ③✉ ❡r❦❡♥♥❡♥✱ ❞❛ss ❞✐❡s❡ ♥❛✲
❤❡③✉ ü❜❡r❡✐♥st✐♠♠❡♥✳ ❇❡✐ ❞❡r ❇❡r❡❝❤♥✉♥❣ ❞❡r ❆❜✇❡✐❝❤✉♥❣ ü❜❡r ❞✐❡ ❋♦r♠❡❧
✸✻ ❢ür ❞✐❡ ▼❡ss❛❜✇❡✐❝❤✉♥❣ ❡r❣❡❜❡♥ s✐❝❤ ❞✐❡ ✐♠ ❑❛♣✐t❡❧ ❛✉❢❣❡❢ü❤rt❡♥ ❚❛❜❡❧✲
❧❡♥ ❢ür ❡✐♥❡ ❘❡✐❤❡ ✈♦♥ Pr♦❜❡♠❡ss✉♥❣❡♥ ♠✐t ✉♥t❡rs❝❤✐❡❞❧✐❝❤❡♥ ❋r❡q✉❡♥③❡♥
✉♥❞ ❆✉s❧❡♥❦✉♥❣❡♥✳ ❉✐❡ ❆♥❣❛❜❡ ❞❡r ▼❡ss❛❜✇❡✐❝❤✉♥❣ e ❡r❢♦❧❣t ❞❛❜❡✐ ✐♥ Pr♦✲

✸✹



✺ ❱❛❧✐❞✐❡r✉♥❣ ❞❡r ❡r♠✐tt❡❧t❡♥ P♦s✐t✐♦♥s✈❡rä♥❞❡r✉♥❣

❙❝❤✇✐♥❣❢r❡q✉❡♥③ ♣♦s✐t✐✈❡ ❆✉s❧❡♥❦✉♥❣ ♥❡❣❛t✐✈❡ ❆✉s❧❡♥❦✉♥❣ ▼❡ss❛❜✇❡✐❝❤✉♥❣

✸✱✺❍③ ✵✳✵✶✶✵♠ ✲✵✳✵✶✶✵♠ ✶✷✪
✸✱✺❍③ ✵✳✵✶✶✺♠ ✲✵✳✵✶✶✼♠ ✼✳✷✪
✹✱✵❍③ ✵✳✵✶✸✵♠ ✲✵✳✵✶✷✵♠ ✹✱✵✪
✹✱✵❍③ ✵✳✵✶✷✼♠ ✲✵✳✵✶✷✵♠ ✷✳✽✪
✹✱✺❍③ ✵✳✵✶✷✾♠ ✲✵✳✵✶✷✵♠ ✸✳✻✪
✹✱✺❍③ ✵✳✵✶✸✵♠ ✲✵✳✵✶✷✵♠ ✹✱✵✪

❚❛❜❡❧❧❡ ✶✿ ❇❡r❡❝❤♥❡t❡ ❞✉r❝❤s❝❤♥✐tt❧✐❝❤❡ ❆✉s❧❡♥❦✉♥❣ ❜❡✐ ✹➦ ✭✵✳✵✶✷✺♠✮ t❛tsä❝❤✲
❧✐❝❤❡ ❆✉s❧❡♥❦✉♥❣

❙❝❤✇✐♥❣❢r❡q✉❡♥③ ♣♦s✐t✐✈❡ ❆✉s❧❡♥❦✉♥❣ ♥❡❣❛t✐✈❡ ❆✉s❧❡♥❦✉♥❣ ▼❡ss❛❜✇❡✐❝❤✉♥❣

✹✱✵❍③ ✵✳✵✵✺✾♠ ✲✵✳✵✵✺✽♠ ✶✳✼✪
✹✱✵❍③ ✵✳✵✵✺✼♠ ✲✵✳✵✵✺✽♠ ✵✳✾✪
✺✱✼❍③ ✵✳✵✵✻✵♠ ✲✵✳✵✵✺✽♠ ✷✳✻✪
✺✱✼❍③ ✵✳✵✵✻✵♠ ✲✵✳✵✵✺✽♠ ✷✳✻✪

❚❛❜❡❧❧❡ ✷✿ ❇❡r❡❝❤♥❡t❡ ❞✉r❝❤s❝❤♥✐tt❧✐❝❤❡ ❆✉s❧❡♥❦✉♥❣ ❜❡✐ ✷➦ ✭✵✳✵✵✺✽♠✮ t❛tsä❝❤✲
❧✐❝❤❡ ❆✉s❧❡♥❦✉♥❣

③❡♥t ✉♥❞ ❜❡r❡❝❤♥❡t s✐❝❤ ❛✉s ❞❡♠ ❱❡r❣❧❡✐❝❤ ❞❡r ü❜❡r ❞❡♥ ❙❡♥s♦r ❡r♠✐tt❡❧t❡♥
❉✉r❝❤s❝❤♥✐tts✇❡rt❡ w ♠✐t ❞❡♥ t❤❡♦r❡t✐s❝❤ ❇❡r❡❝❤♥❡t❡♥ wreal✳

e[%] =
|w − wreal|

w
· 100 ✭✸✼✮

❉✐❡s❡ ✈❡r♥❛❝❤❧äss✐❣❜❛r❡♥ ❆❜✇❡✐❝❤✉♥❣❡♥ s✐♥❞ ✇❡✐t❡st❣❡❤❡♥❞ ❛✉❢ s❡♥s♦r❜❡✲
❞✐♥❣t❡♥ ❙tör❡✐♥✢üss❡✱ ✇✐❡ ❞❡♠ ❘❛✉s❝❤❡♥ ❛♥ ❞❡♥ ❡❧❡❦tr♦♥✐s❝❤❡♥ ❇❛✉t❡✐❧❡♥
✉♥❞ ❞❡♠ ◗✉❛♥t✐s✐❡r✉♥❣sr❛✉s❝❤❡♥ ③✉rü❝❦③✉❢ü❤r❡♥✳ ❆✉ÿ❡r❞❡♠ ❦ö♥♥❡♥✱ ❞❛✲
❞✉r❝❤ ❞❛s ❞❡r ❱❡rs✉❝❤❛✉❢❜❛✉ ❛♥ s✐❝❤ ♥✐❝❤t ✉♥❛❜❤ä♥❣✐❣ ✈♦♠ ❇♦❞❡♥ ❣❡❧❛❣❡rt
✐st✱ ✇❡✐t❡r❤✐♥ ❛♥❞❡r❡ ♥✐❝❤t ✈♦r❣❡s❡❤❡♥❡ ❊rs❝❤ütt❡r✉♥❣❡♥ ❊✐♥✢✉ss ❛✉❢ ❞✐❡ ▼❡s✲
s✉♥❣ ♥❡❤♠❡♥✳

❇❡✐ ❇❡tr❛❝❤t✉♥❣ ❞❡r ▼❡ss❛❜✇❡✐❝❤✉♥❣❡♥ ✐♥ ❞❡♥ ❚❛❜❡❧❧❡♥ ✶ ✫ ✷ ✐st ❢❡st③✉✲
st❡❧❧❡♥✱ ❞❛ss ❞✐❡ ❛✉s ❞❡♥ ▼❡ssr❡✐❤❡♥ ❜❡r❡❝❤♥❡t❡♥ ❲❡rt❡✱ ❜✐s ❛✉❢ ❡✐♥✐❣❡ ❆✉s✲
♥❛❤♠❡♥✱ ♠✐t ❞❡♥ t❛tsä❝❤❧✐❝❤❡♥ ❲❡rt❡♥ ❢ür ❞✐❡ ♠❛①✐♠❛❧❡ ❆✉s❧❡♥❦✉♥❣ ü❜❡r✲
❡✐♥st✐♠♠❡♥✳ ❙tär❦❡r❡ ❆❜✇❡✐❝❤✉♥❣❡♥ ❡♥tst❡❤❡♥✱ ✇❡♥♥ ❞✐❡ ❉r✐❢t ✐❤r❡ ❘✐❝❤t✉♥❣
✇ä❤r❡♥❞ ❞❡r ▼❡ss✉♥❣ ä♥❞❡rt✱ ✇♦❞✉r❝❤ ❞❛s ✈❡r✇❡♥❞❡t❡ ❙❛✈✐t③❦②✲●♦❧❛②✲❋✐❧t❡r
❡✐♥❡ ❣❡✇✐ss❡ ▼❡♥❣❡ ❛♥ ❉❛t❡♥♣✉♥❦t❡♥ ❜r❛✉❝❤t ✉♠ s✐❝❤ ③✉ r❡❦❛❧✐❜r✐❡r❡♥✳

✸✺



✺ ❱❛❧✐❞✐❡r✉♥❣ ❞❡r ❡r♠✐tt❡❧t❡♥ P♦s✐t✐♦♥s✈❡rä♥❞❡r✉♥❣

❲❡✐t❡r❤✐♥ ✐st ③✉ s❛❣❡♥✱ ❞❛ss ❞✐❡ ❆❜✇❡✐❝❤✉♥❣❡♥ ✈♦♠ r❡❛❧❡♥ ❲❡rt✱ ❜❡✐ ❞❡r
❆✉s❧❡♥❦✉♥❣ ❞❡s ❙❤❛❦❡rs ✈♦♥ ✷➦✱ ❣❡r✐♥❣❡r s✐♥❞ ❛❧s ❞✐❡ ❜❡✐ ❡✐♥❡r ❆✉s❧❡♥❦✉♥❣
✈♦♥ ✹➦✱ ✇❛s s✐❝❤ ❛✉❢ ❞✐❡ ❡r❤ö❤t❡♥ ❇❡s❝❤❧❡✉♥✐❣✉♥❣s❦rä❢t❡ ✉♥❞ ❡✐♥❡♠ ❞❛♠✐t
✈❡rä♥❞❡rt❡♥ ❙❦❛❧✐❡r✉♥❣s❢❛❦t♦r ❞❡s ❙❡♥s♦rs ③✉rü❝❦③✉❢ü❤r❡♥ ✐st✳

✸✻



✻ ❆✉s✇❡rt✉♥❣ ❞❡r ▼❡ssr❡✐❤❡♥

✻ ❆✉s✇❡rt✉♥❣ ❞❡r ▼❡ssr❡✐❤❡♥

■♠ ❢♦❧❣❡♥❞❡♥ ❑❛♣✐t❡❧ ✇✐r❞ ❞✐❡ ❆✉s✇❡rt✉♥❣ ❞❡r ✐♠ ❆♥❤❛♥❣ ③✉ ✜♥❞❡♥❞❡♥ ▼❡ss✲
r❡✐❤❡♥ ❞✉r❝❤❣❡❢ü❤rt✳ ❉❛❜❡✐ ✇✉r❞❡ s♣❡③✐❡❧❧ ❛✉❢ ❞✐❡ ❊♥t❢❡r♥✉♥❣s♠❡ss✉♥❣ ✉♥❞
❞✐❡ ❱❡rä♥❞❡r✉♥❣❡♥ ❞❡r P❤❛s❡ ❡✐♥❣❡❣❛♥❣❡♥✳ ❉❛ ❣❡r❛❞❡ ❞✐❡ P❤❛s❡ ❞❡s ❘❡✢❡❦✲
t♦rs✴❩✐❡❧s ❡✐♥❡ ✇✐❝❤t✐❣❡ ❘♦❧❧❡ s♣✐❡❧t✱ ✇✉r❞❡ ❞✐❡s❡ ❜❡s♦♥❞❡rs ❜❡rü❝❦s✐❝❤t✐❣t✳

✻✳✶ ❊r✇❛rt✉♥❣❡♥ ❛♥ ❞✐❡ ❣❡stört❡♥ ▼❡ss✉♥❣❡♥

■♥ ❞✐❡s❡♠ ❆❜s❝❤♥✐tt s♦❧❧ ❞❛r❛✉❢ ❡✐♥❣❡❣❛♥❣❡♥ ✇❡r❞❡♥✱ ✇✐❡ st❛r❦ s✐❝❤ ❞✐❡ ✉♥✲
t❡r ❆❜s❝❤♥✐tt ✷✳✶✳✸ ❣❡♥❛♥♥t❡♥ ❙tör❡✐♥✢üss❡ t❤❡♦r❡t✐s❝❤ ❛✉❢ ❞✐❡ ▼❡ss✉♥❣❡♥
❛✉s✇✐r❦❡♥✳

✻✳✶✳✶ ❚❤❡♦r❡t✐s❝❤❡ ❆✉s✇✐r❦✉♥❣ ❞❡s ❉♦♣♣❧❡r✲❊✛❡❦t❡s

❩✉r ❇❡r❡❝❤♥✉♥❣ ❞❡r ❞✉r❝❤ ❞❡♥ ❉♦♣♣❧❡r✲❊✛❡❦t ❤❡r✈♦r❣❡r✉❢❡♥❡♥ ❱❡rs❝❤✐❡❜✉♥❣
✇✐r❞ ✐♠ ❢♦❧❣❡♥❞❡♥ ♠✐t ❞❡r ✐♥ ❞❡♥ ▼❡ssr❡✐❤❡♥ ♠❛①✐♠❛❧ ❛✉❢tr❡t❡♥❞❡♥ ❆✉s❧❡♥✲
❦✉♥❣ ✈♦♥ ✹➦ ✭✵✱✵✶✷✺♠✮ ❣❡r❡❝❤♥❡t✳ ❲❡✐t❡r❤✐♥ ✇✉r❞❡ ❜❡✐ ❡✐♥❡r ❙❝❤✇✐♥❣❢r❡q✉❡♥③
f ✈♦♥ ✸✱✺❍③ ❡✐♥❡ ●❡s❝❤✇✐♥❞✐❣❦❡✐t v ✈♦♥ ±✵✱✷✺♠✴s ❞✉r❝❤ ❞✐❡ ❆✉s✇❡rt✉♥❣
❞❡r ❉❛t❡♥ ❞❡s ❇❡s❝❤❧❡✉♥✐❣✉♥❣ss❡♥s♦rs ❡r♠✐tt❡❧t✳ ❉✉r❝❤ ❊✐♥s❡t③❡♥ ❞✐❡s❡r ●❡✲
s❝❤✇✐♥❞✐❣❦❡✐t ✐♥ ❞✐❡ ●❧❡✐❝❤✉♥❣ ✭✷✵✮ ❛✉s ❑❛♣✐t❡❧ ✷✳✶✳✸ ✇✐❡ ❢♦❧❣❡♥❞ ❣❡③❡✐❣t✱
❡r❣✐❜t s✐❝❤ ❞✐❡ ✐♥ ❆❜❜✐❧❞✉♥❣ ✷✷ ❣❡③❡✐❣t❡ ❱❡rs❝❤✐❡❜✉♥❣ ❞❡s ❩✐❡❧s✳

△r = f0 · v ·
Tchirp

Bchirp

= 24GHz · (±0, 35m/s) ·
4 · 10−3s

1GHz
= ±0, 084m ✭✸✽✮

❉❛ s✐❝❤ ❞❛s ❩✐❡❧ ✐♠ ▲❛✉❢❡ ❡✐♥❡r ❙❝❤✇✐♥❣✉♥❣ ✉♠ ✐♥s❣❡s❛♠t ✶✼❝♠ ✈❡rs❝❤✐❡❜t
✉♥❞ ❞❛s ❘❛❞❛r ❡✐♥❡✱ ✇✐❡ ❜❡r❡✐ts ❡r✇ä❤♥t✱ ❆✉✢ös✉♥❣ ✈♦♥ ✶✺❝♠ ❤❛t✱ ❦❛♥♥ ❡s
❜❡✐ ❞❡r r❡❛❧❡♥ ▼❡ss✉♥❣ ❞✉r❝❤❛✉s ❞❛③✉ ❦♦♠♠❡♥✱ ❞❛ss s✐❝❤ ❡✐♥ ♥✐❝❤t ③✉ ✈❡r✲
♥❛❝❤❧äss✐❣❡♥❞❡r ❆♥t❡✐❧ ❞❡r r❡✢❡❦t✐❡rt❡♥ ▲❡✐st✉♥❣ ✈♦♥ ❡✐♥❡r ❆✉✢ös✉♥❣s③❡❧❧❡
✐♥ ❞✐❡ ♥ä❝❤st❡ ✈❡rs❝❤✐❡❜t✳ ❉✐❡s ✐st ❛❧❧❡r❞✐♥❣s ♥✉r ❜❡✐ ❡✐♥❡r ❙❝❤✇✐♥❣✉♥❣ ❞❡s
❘❛❞❛r♠♦❞✉❧s ✐♥ ③✲❘✐❝❤t✉♥❣ ③✉ ❡r✇❛rt❡♥✱ ❞❛ ❞✐❡ ❢ür ❇❡r❡❝❤♥✉♥❣ ❣❡♥✉t③t❡
●❡s❝❤✇✐♥❞✐❣❦❡✐t ❛❧s r❡❧❛t✐✈ ③✉♠ ❩✐❡❧ ❛♥❣❡♥♦♠♠❡♥ ✇✉r❞❡✳ ❉❡♠ ❣❡❣❡♥ü❜❡r
tr❡t❡♥ ❜❡✐ ❙❝❤✇✐♥❣✉♥❣❡♥ ✐♥ ①✲ ✉♥❞ ②✲❘✐❝❤t✉♥❣ ♥✉r s❡❤r ❦❧❡✐♥❡ ❘❡❧❛t✐✈❣❡✲
s❝❤✇✐♥❞✐❣❦❡✐t❡♥ ❛✉❢✱ ✇❛s ❦❡✐♥❡ ♠❡ss❜❛r❡♥ ❊✐♥✢üss❡ ❞❡s ❉♦♣♣❧❡r✲❊✛❡❦t❡s ❛✉❢
❞✐❡s❡ ▼❡ss✉♥❣❡♥ ③✉r ❋♦❧❣❡ ❤❛❜❡♥ s♦❧❧t❡✳

✸✼



✻ ❆✉s✇❡rt✉♥❣ ❞❡r ▼❡ssr❡✐❤❡♥

❆❜❜✐❧❞✉♥❣ ✷✷✿ ❉❛rst❡❧❧✉♥❣ ❞❡r ❞✉r❝❤ ❞❡♥ ❉♦♣♣❧❡r❡✛❡❦t ❤❡r✈♦r❣❡r✉❢❡♥❡♥ t❤❡♦✲
r❡t✐s❝❤ ❣❡♠❡ss❡♥❡♥ ❉✐st❛♥③✈❡rä♥❞❡r✉♥❣ ❜❡✐ ●❡s❝❤✇✐♥❞✐❣❦❡✐t❡♥ ✈♦♥±✵✳✸✺♠✴s
❜❡✐ ❡✐♥❡♠ ❩✐❡❧ ✐♥ ✸♠ ❊♥t❢❡r♥✉♥❣

✻✳✶✳✷ ❚❤❡♦r❡t✐s❝❤❡ ❆✉s✇✐r❦✉♥❣❡♥ ❞❡r P❤❛s❡♥✈❡rs❝❤✐❡❜✉♥❣

❇❡✐ ❞❡r ❱♦r❜❡tr❛❝❤t✉♥❣ ❞❡r ❆✉s✇✐r❦✉♥❣❡♥ ❞❡r P❤❛s❡♥✈❡rs❝❤✐❡❜✉♥❣ ♠✉ss ③✇✐✲
s❝❤❡♥ ❞❡♥ ✈❡rs❝❤✐❡❞❡♥❡♥ ❘✐❝❤t✉♥❣ ❞❡r ❙❝❤✇✐♥❣✉♥❣ ✉♥t❡rs❝❤✐❡❞❡♥ ✇❡r❞❡♥✳
❲ä❤r❡♥❞ ❜❡✐ ❞❡r ❙❝❤✇✐♥❣✉♥❣ ✐♥ ❇❧✐❝❦r✐❝❤t✉♥❣ ❞❡s ❘❛❞❛rs ❞✐❡ ❆♠♣❧✐t✉❞❡ ❛❧s
❞✐r❡❦t ❱❡rä♥❞❡r✉♥❣ ❞❡r ❊♥t❢❡r♥✉♥❣ ③✇✐s❝❤❡♥ ❘❛❞❛r ✉♥❞ ❩✐❡❧ ❡✐♥❣❡s❡t③t ✇✐r❞✱
❡r❣✐❜t s✐❝❤ ❢ür ❞✐❡ ❛♥❞❡r❡♥ ❜❡✐❞❡♥ ❆❝❤s❡♥ ü❜❡r ❡✐♥❡ ❚r✐❛♥❣✉❧❛t✐♦♥ ✇✐❡ ✐♥
❆❜❜✐❧❞✉♥❣ ✷✸ ❣❡③❡✐❣t✱ ❡✐♥❡ ❞❡✉t❧✐❝❤ ❦❧❡✐♥❡r❡ ❉✐st❛♥③✈❡rä♥❞❡r✉♥❣✳

❉✐❡s❡ ❊♥t❢❡r♥✉♥❣sä♥❞❡r✉♥❣ △r ✐♠ ❇❡r❡✐❝❤ ✈♦♥ ✶✱✻♠♠ s♦❧❧t❡ ❞❡♥♥♦❝❤ ✐♥ ❞❡r
P❤❛s❡ ③✉ ❡r❦❡♥♥❡♥ s❡✐♥✳ ❉✉r❝❤ ❊✐♥s❡t③❡♥△r ✉♥❞ ❞❡r ❛♥❞❡r❡♥ ❡♥ts♣r❡❝❤❡♥❞❡♥
❲❡rt❡ ✐♥ ❞✐❡ ❛✉s ❆❜s❝❤♥✐tt ✻✳✶✳✷ ❜❡❦❛♥♥t❡♥ ●❧❡✐❝❤✉♥❣ ❜❡r❡❝❤♥❡t s✐❝❤ ✇✐❡ ❢♦❧❣t
❞✐❡ ♠❛①✐♠❛❧❡ ❙❝❤✇❛♥❦✉♥❣ ❞❡r P❤❛s❡ ✇ä❤r❡♥❞ ❡✐♥❡r ❙❝❤✇✐♥❣✉♥❣✳

△ϕ ≈
4π

c
fstart ·∆r =

4π

c
· 24 · 109Hz · 0, 00016m = 0, 16rad ✭✸✾✮

Ü❜❡r ❞❡r ❩❡✐t ä♥❞❡rt s✐❝❤ ❞✐❡ P❤❛s❡ ❜❡✐ ❞❡r ❙❝❤✇✐♥❣✉♥❣ ✐♥ ①✲ ✉♥❞ ②✲❘✐❝❤t✉♥❣
✇✐❡ ✐♥ ❆❜❜✐❧❞✉♥❣ ✷✹ ❣❡③❡✐❣t✳

❇❡✐ ❞❡r ❇❡tr❛❝❤t✉♥❣ ✈♦♥ ❊♥t❢❡r♥✉♥❣sä♥❞❡r✉♥❣ ✐♠ ❇❡r❡✐❝❤ ✈♦♥ ✸♠♠ ✉♥❞
♠❡❤r ✐st ③✉ ❜❡❛❝❤t❡♥✱ ❞❛ss ❞✐❡ ❆♠♣❧✐t✉❞❡ ❞❡r ❱✐❜r❛t✐♦♥ ❣röÿ❡r ❞❡r ❲❡❧❧❡♥✲

✸✽



✻ ❆✉s✇❡rt✉♥❣ ❞❡r ▼❡ssr❡✐❤❡♥

❆❜❜✐❧❞✉♥❣ ✷✸✿ ❉✐st❛♥③✈❡rä♥❞❡r✉♥❣ ❜❡✐ ♠❛①✐♠❛❧❡r ❆✉s❧❡♥❦✉♥❣ ✐♥ ①✲ ✉♥❞ ②✲
❘✐❝❤t✉♥❣

❆❜❜✐❧❞✉♥❣ ✷✹✿ ❉❛rst❡❧❧✉♥❣ ❞❡r P❤❛s❡♥✈❡rs❝❤✐❡❜✉♥❣ ❜❡✐ ❡✐♥❡r P♦s✐t✐♦♥s✈❡rä♥✲
❞❡r✉♥❣ ✈♦♥ ±✵✱✶✻♠♠

✸✾



✻ ❆✉s✇❡rt✉♥❣ ❞❡r ▼❡ssr❡✐❤❡♥

❆❜❜✐❧❞✉♥❣ ✷✺✿ ❉❛rst❡❧❧✉♥❣ ❞❡r P❤❛s❡♥✈❡rs❝❤✐❡❜✉♥❣ ❜❡✐ ❡✐♥❡r P♦s✐t✐♦♥s✈❡rä♥✲
❞❡r✉♥❣ ✈♦♥ ±✸♠♠

❧ä♥❣❡ ✇✐r❞✳ ❉✐❡s ❤❛t P❤❛s❡♥✈❡rs❝❤✐❡❜✉♥❣ ü❜❡r ✶✽✵➦ ✭π✮ ③✉r ❋♦❧❣❡✳ ❇❡✐ ❘❛❞❛r✲
♠❡ss✉♥❣❡♥ ✇❡r❞❡♥ ❛❧❧❡r❞✐♥❣s ♥✉r P❤❛s❡♥✈❡rs❝❤✐❡❜✉♥❣ ✐♠ ❇❡r❡✐❝❤ ✈♦♥ ✲π ❜✐s
π ❣❡♠❡ss❡♥✱ ❞❛ ♥✐❝❤t ❢❡st❣❡st❡❧❧t ✇❡r❞❡♥ ❦❛♥♥ ♦❜ s✐❝❤ ❞❛s ❙✐❣♥❛❧ ✐♥♥❡r❤❛❧❜
❡✐♥❡r ❙✐❣♥❛❧♣❡r✐♦❞❡ ♦❞❡r ❞❛rü❜❡r ❤✐♥❛✉s ✈❡rs❝❤♦❜❡♥ ❤❛t✳ ●❡❤t ♠❛♥ ♥✉♥ ❜❡✐
❞❡r ❙❝❤✇✐♥❣✉♥❣ ✐♥ ❇❧✐❝❦r✐❝❤t✉♥❣ ❞❡s ❘❛❞❛rs ✈♦♥ ❡✐♥❡r ❆✉s❧❡♥❦✉♥❣ ✈♦♥ ✷➦
✭✵✱✵✵✺✽♠✮ ❛✉s ❡rr❡❝❤♥❡t s✐❝❤ ❞✐❡ P❤❛s❡♥✈❡rs❝❤✐❡❜✉♥❣ ✇✐❡ ❢♦❧❣t✳

△ϕ ≈
4π

c
fstart ·∆r =

4π

c
· 24 · 109Hz · 0, 0058m = 5, 83rad ✭✹✵✮

❉✐❡ P❤❛s❡♥ä♥❞❡r✉♥❣ ü❜❡r ❞❡r ❩❡✐t ✐st ❞❛❜❡✐ ✐♥ ❆❜❜✐❧❞✉♥❣ ✷✺ ❞❛r❣❡st❡❧❧t✱ ✇❛s
❛❧❧❡r❞✐♥❣s ♥✐❝❤t ❞❡♠ P❤❛s❡♥✈❡r❧❛✉❢ ❞❡s ❘❛❞❛rs ❡♥ts♣r✐❝❤t✳ ❯♠ ❛✉❢ ❞✐❡ ✈♦♠
❘❛❞❛r ❞❡t❡❦t✐❡rt❡♥ ❉❛t❡♥ ③✉ ❦♦♠♠❡♥ ♠✉ss ✈♦♥ ❥❡❞❡♠ P❤❛s❡♥✇❡rt ❣röÿ❡r π
❞❡r P❤❛s❡♥✇✐♥❦❡❧ ✷π s✉❜tr❛❤✐❡rt ✉♥❞ ❜❡✐ ❥❡❞❡♠ P❤❛s❡♥✇❡rt ❦❧❡✐♥❡r ✲π ❛❞❞✐❡rt
✇❡r❞❡♥✳

❉❛s ❊r❣❡❜♥✐s ✉♥❞ ❞❛♠✐t ❞❡r ✈❡r♠✉t❡t❡ P❤❛s❡♥✈❡r❧❛✉❢ ❜❡✐ ❡✐♥❡r ❙❝❤✇✐♥❣✉♥❣
♠✐t ❞❡r ❆✉s❧❡♥❦✉♥❣ ✈♦♥ ✷➦ ✉♥❞ ❞❡r ❋r❡q✉❡♥③ ✈♦♥ ✸✱✺❍③ ✐st ✐♥ ❆❜❜✐❧❞✉♥❣ ✷✻
③✉ s❡❤❡♥✳

✹✵



✻ ❆✉s✇❡rt✉♥❣ ❞❡r ▼❡ssr❡✐❤❡♥

❆❜❜✐❧❞✉♥❣ ✷✻✿ ❉❛rst❡❧❧✉♥❣ ❞❡r P❤❛s❡♥✈❡rs❝❤✐❡❜✉♥❣ ✇✐❡ s✐❡ ✈♦♠ ❘❛❞❛r ❞❡✲
t❡❦t✐❡rt ✇✐r❞ ❜❡✐ ❡✐♥❡r P♦s✐t✐♦♥s✈❡rä♥❞❡r✉♥❣ ✈♦♥ ±✸♠♠

✹✶



✻ ❆✉s✇❡rt✉♥❣ ❞❡r ▼❡ssr❡✐❤❡♥

✻✳✷ ❙❝❤✇✐♥❣✉♥❣ ✐♥ ❘✐❝❤t✉♥❣ ❞❡r ①✲❆❝❤s❡

❇❡✐ ❞❡r ❇❡tr❛❝❤t✉♥❣ ❞❡r ❊♥t❢❡r♥✉♥❣s♠❡ss✉♥❣ ❜❡✐ ❡✐♥❡r ❙❝❤✇✐♥❣✉♥❣ ✐♥ ①✲
❆❝❤s❡✱ ✇✐❡ ✐♥ ❆❜❜✐❧❞✉♥❣ ✷✼ ❣❡③❡✐❣t✱ ❡r❦❡♥♥t ♠❛♥✱ ✇✐❡ ❡r✇❛rt❡t ❡✐♥❞❡✉t✐❣✱ ❞❛s
③✉ ❞❡t❡❦t✐❡r❡♥❞❡ ❩✐❡❧ ✐♥ ❡✐♥❡♠ ▼❡t❡r ❉✐st❛♥③ ❜❡✐ ❜❡✐❞❡♥ ❊♠♣❢❛♥❣s❦❛♥ä❧❡♥✳
❲❡✐t❡r❤✐♥ ❢ä❧❧t ❛✉❢✱ ❞❛ss s✐❝❤✱ ✇✐❡ ❡❜❡♥❢❛❧❧s ❡r✇❛rt❡t✱ s❡❤r ❣❡r✐♥❣❡ ❚❡✐❧❡ ❞❡r
❡♠♣❢❛♥❣❡♥❡♥ ▲❡✐st✉♥❣ ✇ä❤r❡♥❞ ❞❡r ❙❝❤✇✐♥❣✉♥❣ ✈♦♥ ❡✐♥❡r ❊♥t❢❡r♥✉♥❣s③❡❧❧❡
✐♥ ❞✐❡ ❆♥❞❡r❡ ✈❡rs❝❤✐❡❜t✳ ❉✐❡s❡ ➘♥❞❡r✉♥❣ ✐st ❛✉❢❣r✉♥❞ ✐❤r❡r ●röÿ❡♥♦r❞♥✉♥❣
✇❡✐t❡st❣❡❤❡♥❞ ③✉ ✈❡r♥❛❝❤❧äss✐❣❡♥✳

❆❜❜✐❧❞✉♥❣ ✷✼✿ ❊♥t❢❡r♥✉♥❣s♠❡ss✉♥❣ ❜❡✐ ❡✐♥❡r ❆✉s❧❡♥❦✉♥❣ ✈♦♥ ✹➦✭✵✱✵✶✷✺♠✮ ✐♥
①✲❘✐❝❤t✉♥❣ ✉♥❞ ❡✐♥❡r ❋r❡q✉❡♥③ ✈♦♥ ✸✱✺❍③

■♥ ❆❜❜✐❧❞✉♥❣ ✷✽ ✐st ❞✐❡ ➘♥❞❡r✉♥❣ ❞❡r P❤❛s❡ ✐♠ ❱❡r❧❛✉❢ ❡✐♥❡r ❙❝❤✇✐♥❣♣❡r✐♦❞❡
❞❛r❣❡st❡❧❧t✳ ❊s ✐st ❞❛❜❡✐ ❦❧❛r ③✉ ❡r❦❡♥♥❡♥✱ ❞❛ss s✐❝❤ ❞✐❡ P❤❛s❡♥✈❡rs❝❤✐❡❜✉♥❣
✐♥ ❞❡♥ ✈❡r♠✉t❡t❡♥ ❉✐♠❡♥s✐♦♥❡♥ ä♥❞❡rt✳ ◆♦❝❤ ❞❡✉t❧✐❝❤❡r ✇✐r❞ ❞✐❡s ❜❡✐ ❡✐♥❡r
❉❛rst❡❧❧✉♥❣ ❞❡r P❤❛s❡♥ä♥❞❡r✉♥❣ △ϕ ü❜❡r ❞❡r ❩❡✐t✱ ✇✐❡ ✐♥ ❆❜❜✐❧❞✉♥❣ ✷✾ ③✉
s❡❤❡♥✱ ❜❡✐ ❞❡r ♠❡❤r❡r❡ ❙❝❤✇✐♥❣♣❡r✐♦❞❡♥ ❜❡rü❝❦s✐❝❤t✐❣t ✇✉r❞❡♥✳ ❉❡r ❈❤❛r❛❦✲
t❡r✱ ❞❡r ❞✉r❝❤ ❞❡♥ ❙❤❛❦❡r ❡r③❡✉❣t❡♥ ❙❝❤✇✐♥❣✉♥❣ ✱ ✐st ❞❛❜❡✐ ✐♥ ❞❡r P❤❛s❡ ③✉
❡r❦❡♥♥❡♥✳

✹✷



✻ ❆✉s✇❡rt✉♥❣ ❞❡r ▼❡ssr❡✐❤❡♥

❆❜❜✐❧❞✉♥❣ ✷✽✿ P❤❛s❡ ✇ä❤r❡♥❞ ❡✐♥❡r ❙❝❤✇✐♥❣✉♥❣ ♠✐t ❞❡r ❆✉s❧❡♥❦✉♥❣
✹➦✭✵✱✵✶✷✺♠✮ ✐♥ ②✲❘✐❝❤t✉♥❣ ✉♥❞ ❡✐♥❡r ❋r❡q✉❡♥③ ✈♦♥ ✸✱✺❍③

❆❜❜✐❧❞✉♥❣ ✷✾✿ ❉❛rst❡❧❧✉♥❣ ❞❡r P❤❛s❡♥ä♥❞❡r✉♥❣ ❞❡s ❩✐❡❧s ❜❡✐ ❡✐♥❡r ❙❝❤✇✐♥✲
❣✉♥❣ ✐♥ ①✲❘✐❝❤t✉♥❣ ♠✐t ❡✐♥❡r ❆✉s❧❡♥❦✉♥❣ ✈♦♥ ✹➦ ✭✵✱✵✶✷✺♠✮ ✉♥❞ ❡✐♥❡r ❋r❡✲
q✉❡♥③ ✈♦♥ ✸✱✺❍③

✹✸



✻ ❆✉s✇❡rt✉♥❣ ❞❡r ▼❡ssr❡✐❤❡♥

✻✳✸ ❙❝❤✇✐♥❣✉♥❣ ✐♥ ❘✐❝❤t✉♥❣ ❞❡r ②✲❆❝❤s❡

❇❡✐ ❞❡r ❆✉s✇❡rt✉♥❣ ❞❡r ▼❡ssr❡✐❤❡ ✐♥ ②✲❘✐❝❤t✉♥❣ s✐♥❞ ❙tör❡✛❡❦t❡ ✐♥ ❞❡r ●rö✲
ÿ❡♥♦r❞♥✉♥❣ ❞❡r ❜❡r❡✐ts ❛✉s❣❡✇❡rt❡t❡♥ ❙❝❤✇✐♥❣✉♥❣ ✐♥ ①✲❘✐❝❤t✉♥❣ ③✉ ❡r✇❛r✲
t❡♥✱ ❞❛ ❞✐❡ P♦s✐t✐♦♥sä♥❞❡r✉♥❣✱ ✇❡❧❝❤❡ ❞❛s ❘❛❞❛r ❡r❢ä❤rt✱ ✐♥ ❞❡♥ ❣❧❡✐❝❤❡♥ ●rö✲
ÿ❡♥♦r❞♥✉♥❣❡♥ ❧✐❡❣❡♥✳ ❲❡✐t❡r❤✐♥ s♦❧❧t❡♥ ❞✐❡ s❡❧❜❡♥ ❘❡❧❛t✐✈❣❡s❝❤✇✐♥❞✐❣❦❡✐t❡♥
③✇✐s❝❤❡♥ ❘❛❞❛r ✉♥❞ ❩✐❡❧ ❛✉❢tr❡t❡♥✱ ✇✐❡ ❜❡✐ ❞❡r ③✉❧❡t③t ❜❡tr❛❝❤t❡t❡♥ ❘✐❝❤t✉♥❣
❞❡r ❙❝❤✇✐♥❣✉♥❣✳

❉❛❤❡r ✜♥❞❡t✱ ✇✐❡ ❡r✇❛rt❡t✱ ❦❡✐♥❡ s✐❣♥✐✜❦❛♥t❡ ➘♥❞❡r✉♥❣ ❞❡r ❊♥t❢❡r♥✉♥❣s✲
♠❡ss✉♥❣✱ ✇✐❡ ✐♥ ❆❜❜✐❧❞✉♥❣ ✸✵ ❣❡③❡✐❣t✱ ③✇✐s❝❤❡♥ ❘❛❞❛rs❡♥s♦r ✉♥❞ ❩✐❡❧ st❛tt✳
❙♦♠✐t ✐st ❢❡st③✉❤❛❧t❡♥✱ ❞❛ss ❞✐❡ ❊♥t❢❡r♥✉♥❣s♠❡ss✉♥❣ ♥✐❝❤t s♦♥❞❡r❧✐❝❤ ❞✉r❝❤
❞✐❡ ♠❡❝❤❛♥✐s❝❤❡ ❙❝❤✇✐♥❣✉♥❣ ❜❡❡✐♥✢✉sst ✇✐r❞✳

❉✐❡ ❛✉❢❣❡♥♦♠♠❡♥❡♥ P❤❛s❡♥✈❡r❧ä✉❢❡ ✇❡✐s❡♥ ❡❜❡♥❢❛❧❧s ❦❡✐♥❡ ❜❡♠❡r❦❡♥s✇❡rt❡
❱❡rä♥❞❡r✉♥❣ ✐♠ ❇❡③✉❣ ❛✉❢ ❞✐❡ ❡r✇❛rt❡t❡♥ ❊r❣❡❜♥✐ss❡ ❛✉❢✳ ❙♦ ❜❧❡✐❜t ❞✐❡ P❤❛s❡
❢ür ❞❛s ③✉ ❞❡t❡❦t✐❡r❡♥❞❡ ❩✐❡❧ ✇ä❤r❡♥❞ ❞❡r ▼❡ss✉♥❣ ✇❡✐t❡st❣❡❤❡♥❞ ✐♥ ❞❡♥ ✐♥
❆❜s❝❤♥✐tt ✻✳✶✳✷ ❜❡st✐♠♠t❡♥ ●röÿ❡♥♦r❞♥✉♥❣❡♥✱ ✇✐❡ ✐♥ ❆❜❜✐❧❞✉♥❣ ✸✷ ❣❡③❡✐❣t
✇✐r❞✳

❆❜❜✐❧❞✉♥❣ ✸✵✿ ❊♥t❢❡r♥✉♥❣s♠❡ss✉♥❣ ❜❡✐ ❡✐♥❡r ❆✉s❧❡♥❦✉♥❣ ✈♦♥ ✹➦✭✵✱✵✶✷✺♠✮ ✐♥
②✲❘✐❝❤t✉♥❣ ✉♥❞ ❡✐♥❡r ❋r❡q✉❡♥③ ✈♦♥ ✸✱✷✺❍③

✹✹



✻ ❆✉s✇❡rt✉♥❣ ❞❡r ▼❡ssr❡✐❤❡♥

❆❜❜✐❧❞✉♥❣ ✸✶✿ P❤❛s❡ ✇ä❤r❡♥❞ ❡✐♥❡r ❙❝❤✇✐♥❣✉♥❣ ♠✐t ❞❡r ❆✉s❧❡♥❦✉♥❣
✹➦✭✵✱✵✶✷✺♠✮ ✐♥ ②✲❘✐❝❤t✉♥❣ ✉♥❞ ❡✐♥❡r ❋r❡q✉❡♥③ ✈♦♥ ✸✱✷✺❍③

❆❜❜✐❧❞✉♥❣ ✸✷✿ P❤❛s❡ ✇ä❤r❡♥❞ ❡✐♥❡r ❙❝❤✇✐♥❣✉♥❣ ♠✐t ❞❡r ❆✉s❧❡♥❦✉♥❣
✹➦✭✵✱✵✶✷✺♠✮ ✐♥ ②✲❘✐❝❤t✉♥❣ ✉♥❞ ❡✐♥❡r ❋r❡q✉❡♥③ ✈♦♥ ✸✱✷✺❍③

✹✺



✻ ❆✉s✇❡rt✉♥❣ ❞❡r ▼❡ssr❡✐❤❡♥

✻✳✹ ❙❝❤✇✐♥❣✉♥❣ ✐♥ ❘✐❝❤t✉♥❣ ❞❡r ③✲❆❝❤s❡

❉✐❡ ✐♥ ❞✐❡s❡♠ ❆❜s❝❤♥✐tt ❜❡tr❛❝❤t❡t❡ ♠❡❝❤❛♥✐s❝❤❡ ❙❝❤✇✐♥❣✉♥❣ ✐♥ ③✲❘✐❝❤t✉♥❣
✭❛❧s♦ ❇❧✐❝❦r✐❝❤t✉♥❣ ❞❡s ❘❛❞❛r♠♦❞✉❧s✮ ✐st ❢ür ❞✐❡ ❊♥t❢❡r♥✉♥❣s♠❡ss✉♥❣ ✉♥❞
❞❡r P❤❛s❡♥✈❡rs❝❤✐❡❜✉♥❣ △ϕ ✈♦♥ ❜❡s♦♥❞❡r❡♥ ■♥t❡r❡ss❡✱ ❞❛ ❡s ③✉ s✐❣♥✐✜❦❛♥t❡♥
➘♥❞❡r✉♥❣❡♥ ❞❡r ❉✐st❛♥③ ③✇✐s❝❤❡♥ ❘❛❞❛r ✉♥❞ ❩✐❡❧ ❣röÿ❡r ❞❡r ❲❡❧❧❡♥❧ä♥❣❡
❦♦♠♠t✳ ❲❡✐t❡r❤✐♥ ✐st ♠✐t ❞❡♥ ❆✉s✇✐r❦✉♥❣❡♥ ❞❡s ❉♦♣♣❧❡r✲❊✛❡❦t❡s ③✉ r❡❝❤✲
♥❡♥✱ ❞❛ ❞✐❡ ●❡s❝❤✇✐♥❞✐❣❦❡✐t ♠✐t ❞❡r s✐❝❤ ❞✐❡ ❙❡♥s♦r❡♥ ❜❡✇❡❣t ✐♥ ❞✐❡s❡♠ ❋❛❧❧
❣❧❡✐❝❤ ❞❡r ❘❡❧❛t✐✈❣❡s❝❤✇✐♥❞✐❣❦❡✐t ✈♦♠ ❘❛❞❛r ③✉♠ ❩✐❡❧ ✐st✳

❆❜❜✐❧❞✉♥❣ ✸✸✿ ❊♥t❢❡r♥✉♥❣s♠❡ss✉♥❣ ❜❡✐ ❡✐♥❡r ❆✉s❧❡♥❦✉♥❣ ✈♦♥ ✹➦✭✵✱✵✶✷✺♠✮ ✐♥
③✲❘✐❝❤t✉♥❣ ✉♥❞ ❡✐♥❡r ❋r❡q✉❡♥③ ✈♦♥ ✸✱✺❍③

■♥ ❞❡r ❆❜❜✐❧❞✉♥❣ ✸✸ ✐♥ ❞❡r ❞✐❡ ❊♥t❢❡r♥✉♥❣s♠❡ss✉♥❣ ❜❡✐ ❡✐♥❡r ❆✉s❧❡♥❦✉♥❣
✈♦♥ ✹➦ ✉♥❞ ❡✐♥❡r ❋r❡q✉❡♥③ ✈♦♥ ✸✱✺ ❍③ ❞❛r❣❡st❡❧❧t ✐st✱ ❡r❦❡♥♥t ♠❛♥ ❞❡✉t❧✐❝❤✱
❞❛ss s✐❝❤ ❞✐❡ ③✉rü❝❦❣❡str❛❤❧t❡ ▲❡✐st✉♥❣ ❞❡s ❘❡✢❡❦t♦rs✱ ✇ä❤r❡♥❞ ❞❡r ❙❝❤✇✐♥✲
❣✉♥❣✱ ✐♥ ❞✐❡ ♥ä❝❤st❡ ❊♥t❢❡r♥✉♥❣s③❡❧❧❡ ✈❡rs❝❤✐❡❜t ✉♥❞ s♦♠✐t ❞✐❡ ❞❡t❡❦t✐❡rt❡
❉✐st❛♥③ ③✉♠ ❩✐❡❧ ❣röÿ❡r ✇✐r❞✳ ❉✐❡s❡ ❋❡stst❡❧❧✉♥❣ ❡♥ts♣r✐❝❤t ❞❡r ✐♥ ❆❜s❝❤♥✐tt
✻✳✶✳✶ ❣❡tät✐❣t❡♥ ❆♥♥❛❤♠❡✱ ❞❛ss ❡s ❞✉r❝❤❛✉s ❞❛③✉ ❦♦♠♠❡♥ ❦❛♥♥✱ ❞❛ss ❡✐♥
❩✐❡❧ ❛✉❢❣r✉♥❞ ❞❡s ❉♦♣♣❧❡r✲❊✛❡❦t❡s ❞✐❡ ❊♥t❢❡r♥✉♥❣s③❡❧❧❡ ✇❡❝❤s❡❧t✳ ❉❛ s✐❝❤ ❞✐❡
❞❡t❡❦t✐❡rt❡ ❊♥t❢❡r♥✉♥❣ ❛❧s ❛✉❝❤ ❞✐❡ P❤❛s❡ ❛♥❛❧♦❣ ③✉r ♠❡❝❤❛♥✐s❝❤❡♥ ❙❝❤✇✐♥✲
❣✉♥❣ ä♥❞❡rt✱ ✐st ❞❛♠✐t ❞❡r ❩✉s❛♠♠❡♥❤❛♥❣ ③✇✐s❝❤❡♥ ❜❡✐❞❡♥ ♥❛❝❤❣❡✇✐❡s❡♥✳
❇❡✐ ❆✉s✇❡rt✉♥❣ ✇❡✐t❡r❡r ▼❡ss✉♥❣❡♥ ♠✐t ✉♥t❡rs❝❤✐❡❞❧✐❝❤❡♥ ❆♠♣❧✐t✉❞❡♥ ❞❡r
❙❝❤✇✐♥❣✉♥❣ ✉♥❞ ✈❡rs❝❤✐❡❞❡♥❡♥ ❋r❡q✉❡♥③❡♥ ✇✉r❞❡ ❢❡st❣❡st❡❧❧t✱ ❞❛ss ❞✐❡ ❆✉s✲
❧❡♥❦✉♥❣ ❞❡♥ ❣röÿ❡r❡♥ ❊✐♥✢✉ss ❛✉❢ ❞✐❡ ❊♥t❢❡r♥✉♥❣s♠❡ss✉♥❣ ❤❛t✳ ❉❡♥♥♦❝❤ ä♥✲

✹✻



✻ ❆✉s✇❡rt✉♥❣ ❞❡r ▼❡ssr❡✐❤❡♥

❞❡rt s✐❝❤ ❞✐❡ ✈❡rs❝❤♦❜❡♥❡ ▲❡✐st✉♥❣ ③✇✐s❝❤❡♥ ❞❡♥ ❊♥t❢❡r♥✉♥❣③❡❧❧❡♥ ✇❡✐t❡r❤✐♥
❞✐r❡❦t ♣r♦♣♦rt✐♦♥❛❧ ③✉r ❋r❡q✉❡♥③ ✉♥❞ ③✉r ❆♠♣❧✐t✉❞❡✳

❆❜❜✐❧❞✉♥❣ ✸✹✿ ❊♥t❢❡r♥✉♥❣s♠❡ss✉♥❣ ❜❡✐ ❡✐♥❡r ❆✉s❧❡♥❦✉♥❣ ✈♦♥ ✷➦✭✵✱✵✵✺✽♠✮ ✐♥
③✲❘✐❝❤t✉♥❣ ✉♥❞ ❡✐♥❡r ❋r❡q✉❡♥③ ✈♦♥ ✸✱✺❍③

❉✐❡s ❧ässt ❞✉r❝❤ ❞✐❡ ●❧❡✐❝❤✉♥❣ ✸✵ ❢ür ❞✐❡ ●❡s❝❤✇✐♥❞✐❣❦❡✐t ✈ ❛✉s ❆❜s❝❤♥✐tt
✷✳✷✳✸ ❜❡❧❡❣❡♥✱ ❞❛ ❞✐❡ ❋r❡q✉❡♥③ f ✐♥♥❤❡r❤❛❧❜ ❞❡r ❈♦s✐♥✉s❢✉♥❦t✐♦♥ ❛✉❢tr✐tt ✉♥❞
s♦♠✐t ❣❡r✐♥❣❡r❡♥ ❊✐♥✢✉ss ❤❛t ❛❧s ❞✐❡ ❆♠♣❧✐t✉❞❡ A✱ ✇❡❧❝❤❡ ❛❧s ❋❛❦t♦r ✐♥ ❞✐❡
❘❡❝❤♥✉♥❣ ❡✐♥✢✐❡ÿt✳ ❉✉r❝❤ ❞✐❡ ▼❡ss✉♥❣❡♥ ✐st ❢❡st③✉❤❛❧t❡♥✱ ❞❛ss ❡✐♥❡ s✐❣♥✐✲
✜❦❛♥t❡ ❊♥t❢❡r♥✉♥❣s✈❡rs❝❤✐❡❜✉♥❣ ♥✉r ❜❡✐ ✹➦✲❆✉s❧❡♥❦✉♥❣ ❛✉❢tr✐tt✳ ▼❡ss✉♥❣❡♥
❜❡✐ ✷➦✲❆✉s❧❡♥❦✉♥❣ s✐♥❞ ❛❧s ✇❡✐t❡st❣❡❤❡♥❞ ✉♥❣❡stört ③✉ ❜❡tr❛❝❤t❡♥✳

✹✼



✻ ❆✉s✇❡rt✉♥❣ ❞❡r ▼❡ssr❡✐❤❡♥

❆❜❜✐❧❞✉♥❣ ✸✺✿ ❉❛rst❡❧❧✉♥❣ ❞❡r ✈♦♠ ❇❡s❝❤❧❡✉♥✐❣✉♥❣ss❡♥s♦r ❡r♠✐tt❡❧t❡♥ ❆✉s✲
❧❡♥❦✉♥❣ ✭❜❧❛✉✮ ✉♥❞ ❞❡r ü❜❡r ❞✐❡ P❤❛s❡ ❜❡r❡❝❤♥❡t❡♥ ❆✉s❧❡♥❦✉♥❣ ✭r♦t✮ ❜❡✐ ✶➦
t❛tsä❝❤❧✐❝❤❡r ❆✉s❧❡♥❦✉♥❣

❇❡✐ ❞❡r ❆✉s✇❡rt✉♥❣ ❞❡r P❤❛s❡ ✇✉r❞❡ ❡✐♥❡ ♠❡❝❤❛♥✐s❝❤❡ ❙❝❤✇✐♥❣✉♥❣ ✈♦♥
✷✱✺❍③ ✉♥❞ ❡✐♥❡ ❆✉s❧❡♥❦✉♥❣ ✈♦♥ ✶➦ ✭✵✱✵✵✷✺♠✮ ❛♠ ❙❤❛❦❡r ❡✐♥❣❡st❡❧❧t✱ ❞❛ ❞✐❡✲
s❡ ❆♠♣❧✐t✉❞❡ ❞✐❡ ●r❡♥③❡ ❞❛rst❡❧❧t ❛❜ ❞❡r ❡s ③✉ ❙♣rü♥❣❡♥ ✐♠ P❤❛s❡♥✈❡r❧❛✉❢
❛✉❢❣r✉♥❞ ✈♦♥ P❤❛s❡♥✈❡rs❝❤✐❡❜✉♥❣❡♥ ❣röÿ❡r π ❦♦♠♠❡♥ ❦❛♥♥✳ ❉✐❡s ❡r❧❡✐❝❤t❡rt
✇✐❡❞❡r✉♠ ❞✐❡ ❆✉s✇❡rt✉♥❣ ❞❡r P❤❛s❡✳ ❇❡✐ ❇❡tr❛❝❤t✉♥❣ ❞❡r ❊r❣❡❜✐ss❡ ✐♥ ❆❜✲
❜✐❧❞✉♥❣ ✸✺ ✐st ❞❡✉t❧✐❝❤ ❞✐❡ ❛♥❛❧♦❣✐❡ ③✇✐s❝❤❡♥ ❞❡r ❛✉s ❞❡r P❤❛s❡ ❜❡r❡❝❤♥❡t❡♥
❆✉s❧❡♥❦✉♥❣ ✉♥❞ ❞❡r ü❜❡r ❞❡♥ ❇❡s❝❤❧❡✉♥✐❣✉♥❣ss❡♥s♦r ❜❡st✐♠♠t❡♥ ♠❡❝❤❛♥✐✲
s❝❤❡r❙❝❤✇✐♥❣✉♥❣ ③✉ ❡r❦❡♥♥❡♥✳ ●❡r✐♥❣❢ü❣✐❣❡ ❆❜✇❡✐❝❤✉♥❣ r❡s✉❧t✐❡r❡♥ ❛✉s ❞❡♥
③✉❢ä❧❧✐❣❡♥ ▼❡ss❢❡❤❧❡r♥ ❞❡s ❇❡s❝❤❧❡✉♥✐❣✉♥❣ss❡♥s♦rs✳

✹✽



✻ ❆✉s✇❡rt✉♥❣ ❞❡r ▼❡ssr❡✐❤❡♥

❆❜❜✐❧❞✉♥❣ ✸✻✿ ❉❛rst❡❧❧✉♥❣ ❞❡r P❤❛s❡♥ä♥❞❡r✉♥❣ ❞❡s ❩✐❡❧s ü❜❡r ❞❡r ❩❡✐t ✐♠
❱❡r❣❧❡✐❝❤ ♠✐t ❞❡r ♠❡❝❤❛♥✐s❝❤❡♥ ❙❝❤✇✐♥❣✉♥❣ ❜❡✐ ✷➦ ❆✉s❧❡♥❦✉♥❣

✹✾



✻ ❆✉s✇❡rt✉♥❣ ❞❡r ▼❡ssr❡✐❤❡♥

❇❡tr❛❝❤t❡t ♠❛♥ ♥✉♥ ▼❡ss✉♥❣❡♥ ❜❡✐ ❞❡♥❡♥ ❙❝❤✇✐♥❣✉♥❣❡♥ ❣röÿ❡r ❞❡r ❤❛❧❜❡♥
❲❡❧❧❡♥❧ä♥❣❡ ❡✐♥❣❡st❡❧❧t ✇✉r❞❡✱ ✇✐❡ ✐♥ ❆❜❜✐❧❞✉♥❣ ✸✻ ❞❛r❣❡st❡❧❧t✱ ❡r❦❡♥♥t ♠❛♥
❡✐♥❡♥ P❤❛s❡♥✈❡r❧❛✉❢ ❞❡r ä❤♥❧✐❝❤ ❞❡r ❆❜❜✐❧❞✉♥❣ ✷✺ ❛✉s ❞❡r ❱♦r❜❡tr❛❝❤t✉♥❣ ✐st✳
❉✐❡ ❆❜✇❡✐❝❤✉♥❣❡♥ ③✇✐s❝❤❡♥ ❞❡♥ ✈❡r♠✉t❡t❡♥ ✉♥❞ ❞❡♥ t❛tsä❝❤❧✐❝❤❡♥ P❤❛s❡♥✲
ä♥❞❡r✉♥❣❡♥ s✐♥❞ ❛✉❢ ❞✐❡ ✈❡r❤ä❧t♥✐s♠äÿ✐❣ ❣❡r✐♥❣❡ ❆❜t❛str❛t❡ ③✉rü❝❦③✉❢ü❤r❡♥✳
❙♦ ✇✐r❞ ♣r♦ ❙❝❤✇✐♥❣✉♥❣ ❞❡s ❙❤❛❦❡r ♥✉r ✉♥❣❡❢ä❤r ❞r❡✐ ♠❛❧ ❛❜❣❡t❛st❡t✳

❆❜❜✐❧❞✉♥❣ ✸✼✿ ❉❛rst❡❧❧✉♥❣ ❞❡r ✈♦♠ ❇❡s❝❤❧❡✉♥✐❣✉♥❣ss❡♥s♦r ❡r♠✐tt❡❧t❡♥ ❆✉s✲
❧❡♥❦✉♥❣ ✭❜❧❛✉✮ ✉♥❞ ❞❡r ü❜❡r ❞✐❡ P❤❛s❡ ❜❡r❡❝❤♥❡t❡♥ ❆✉s❧❡♥❦✉♥❣ ✭r♦t✮ ❜❡✐ ✷➦
t❛tsä❝❤❧✐❝❤❡r ❆✉s❧❡♥❦✉♥❣

❯♥t❡r ❱❡r✇❡♥❞✉♥❣ ❞❡r t❤❡♦r❡t✐s❝❤❡♥ ❆♥♥❛❤♠❡♥ ✇✉r❞❡ ✐♠ ❆♥s❝❤❧✉ss ❞✐❡ P❤❛✲
s❡ ✒❦♦rr✐❣✐❡rt✏✱ ❛❧s♦ ❞✐❡ t❛tsä❝❤❧✐❝❤❡ P❤❛s❡♥✈❡rs❝❤✐❡❜✉♥❣ △ϕ ❛✉s ❞❡♥ ▼❡ss✲
✇❡rt❡♥ ❜❡st✐♠♠t✳ ❉✐❡s❡ ✇✉r❞❡♥ ❞❛♥♥ ♠✐tt❡❧s ❞❡r ❜❡❦❛♥♥t❡♥ ❲❡❧❧❡♥❧ä♥❣❡ λ
✭✈♦♥ ✵✱✵✶✷✺♠✮ ü❜❡r ❞❡♥ ❩✉s❛♠♠❡♥❤❛♥❣ △s = △ϕ

2π
· λ ✐♥ ❞✐❡ P♦s✐t✐♦♥sä♥❞❡✲

r✉♥❣ △s ✉♠❣❡r❡❝❤♥❡t ✇❡r❞❡♥✳ ❉❛s ❊r❣❡❜♥✐s ✐st ✐♥ ❆❜❜✐❧❞✉♥❣ ✸✼ ❞❛r❣❡st❡❧❧t✳

▼❛♥ ❡r❦❡♥♥t s♦❢♦rt✱ ❞❛ss ❞✐❡ ü❜❡r ❞✐❡ P❤❛s❡ ❡r♠✐tt❡❧t❡ P♦s✐t✐♦♥sä♥❞❡r✉♥❣ ♣❛r✲
❛❧❧❡❧ ③✉r ✈♦♠ ❇❡s❝❤❧❡✉♥✐❣✉♥❣ss❡♥s♦r ❡r♠✐tt❡❧t❡♥ ✈❡r❧ä✉❢t✳ ❉❡s✇❡✐t❡r❡♥ ❦❛♥♥
♠❛♥ ❞❛r❛✉s s❝❤❧✐❡ÿ❡♥✱ ❞❛ss ❞✐❡ ●röÿ❡♥♦r❞♥✉♥❣❡♥ ❞❡r ♠❛①✐♠❛❧❡♥ P❤❛s❡♥✈❡r✲
s❝❤✐❡❜✉♥❣ ♠✐t ❞❡♥ ❣❡tät✐❣t❡♥ ❆♥♥❛❤♠❡♥ ❛✉s ❆❜s❝❤♥✐tt ✻✳✶✳✷ ü❜❡r❡✐♥st✐♠✲
♠❡♥✳

✺✵



✼ ❇❡✇❡rt✉♥❣ ❞❡r ❊r❣❡❜♥✐ss❡ ✉♥❞ ❆✉s❜❧✐❝❦

✼ ❇❡✇❡rt✉♥❣ ❞❡r ❊r❣❡❜♥✐ss❡ ✉♥❞ ❆✉s❜❧✐❝❦

❉✐❡ ❆✉s✇❡rt✉♥❣ ❞❡r ❡✐♥③❡❧♥❡♥ ▼❡ss✉♥❣❡♥ ✐♠ ❇❡③✉❣ ❛✉❢ ❞✐❡ t❤❡♦r❡t✐s❝❤❡♥
❲❡rt❡ ✐♥ ❑❛♣✐t❡❧ ✻ ③❡✐❣t✱ ❞❛ss ❞❛s ❛✉❢❣❡st❡❧❧t❡ ▼♦❞❡❧❧ ③✉r ❇❡r❡❝❤♥✉♥❣ ❞❡r
P❤❛s❡♥✲ ✉♥❞ ❞❡r ❉♦♣♣❧❡r✈❡rs❝❤✐❡❜✉♥❣ ❛✉❢❣r✉♥❞ ✈♦♥ ✈✐❜r❛t✐♦♥s❜❡❞✐♥❣t❡♥ ❙tö✲
r❡✐♥✢üss❡♥ ✐♥ ❘❛❞❛r♠❡ss✉♥❣❡♥ ♠✐t ❞❡r ❘❡❛❧✐tät ü❜❡r❡✐♥st✐♠♠t✳ ❙♦ ✇✉r❞❡♥
❞✐❡ ❊✐❣❡♥s❝❤❛❢t❡♥ ❞❡r ♠❡❝❤❛♥✐s❝❤❡ ❙❝❤✇✐♥❣✉♥❣ ✭❆♠♣❧✐t✉❞❡✱ ❋r❡q✉❡♥③✮ ❞❡s
❙❤❛❦❡rs s♦✇♦❤❧ ❜❡✐♠ ❇❡s❝❤❧❡✉♥✐❣✉♥❣ss❡♥s♦r ❛❧s ❛✉❝❤ ✐♥ ❞❡r P❤❛s❡ ❞❡r ❘❛✲
❞❛r♠❡ss✉♥❣ ♥❛❝❤❣❡✇✐❡s❡♥✳ ❉❡s ✇❡✐t❡r❡♥ ✇✉r❞❡ ❞✐❡ ✉♥t❡rs❝❤✐❡❞❧✐❝❤❡ ●❡✇✐❝❤✲
t✉♥❣ ❞❡r ❥❡✇❡✐❧✐❣❡♥ ❙❝❤✇✐♥❣r✐❝❤t✉♥❣ ❜❡stät✐❣t✳ ❙♦ s✐♥❞ ❞✐❡ ❜❡s❝❤r✐❡❜❡♥❡♥
❙tör❡✛❢❡❦t❡ ❜❡✐ ❡✐♥❡r ❙❝❤✇✐♥❣✉♥❣ ✐♥ ❇❧✐❝❦r✐❝❤t✉♥❣ ❞❡s ❘❛❞❛rs ❛♠ stär❦s✲
t❡♥ ❛✉s❣❡♣rä❣t✳ ❊❜❡♥❢❛❧❧s ♥❛❝❤❣❡✇✐❡s❡♥ ✇✉r❞❡ ❞✐❡ ❊✐❣♥✉♥❣ ❞❡s ✈❡r✇❡♥❞❡✲
t❡♥ ❇❡s❝❤❧❡✉♥✐❣✉♥❣ss❡♥s♦rs ③✉r ❇❡st✐♠♠✉♥❣ ❞❡r P♦s✐t✐♦♥sä♥❞❡r✉♥❣✱ ✇♦❜❡✐
❛✉❢tr❡t❡♥❞❡ ❉r✐❢ts ♠✐t❤✐❧❢❡ ❞❡s ❙❛✈✐t③❦②✲●♦❧❛②✲❋✐❧t❡rs ❡♥t❢❡r♥t ✇✉r❞❡♥✳ ❆❧✲
❧❡r❞✐♥❣s ♠✉ss ❜❡✐ ❞❡r ❱❡r✇❡♥❞✉♥❣ ❞❡s ❜❡s❝❤r✐❡❜❡♥❡♥ ❱❡r❢❛❤r❡♥s ③✉♥ä❝❤st
❡✐♥❡ ❞✉r❝❤ ❞✐❡ ❋❡♥st❡r❧ä♥❣❡ ❞❡s ❋✐❧t❡rs ❞❡✜♥✐❡rt❡ ▼❡♥❣❡ ❛♥ ▼❡ss❞❛t❡♥ ✈♦♠
❇❡s❝❤❧❡✉♥✐❣✉♥❣ss❡♥s♦r ❣❡s❛♠♠❡❧t ✇❡r❞❡♥✱ ✇♦❞✉r❝❤ s✐❝❤ ❞✐❡ ❆✉s✇❡rt✉♥❣ ❞❡r
❘❛❞❛r❞❛t❡♥ ✈❡r③ö❣❡rt ✇✐r❞✳ ❩✉r ◆❛❝❤❜❡❛r❜❡✐t✉♥❣ ❞❡r ✈♦♠ ❘❛❞❛r♠♦❞✉❧ ❡r✲
st❡❧❧t❡♥ ▼❡ss✉♥❣❡♥ ✐st ❞❛❜❡✐ ♥❡❜❡♥ ❞❡r P♦s✐t✐♦♥ ❛✉❝❤ ❞✐❡ ●❡s❝❤✇✐♥❞✐❣❦❡✐t
✈♦♥ ■♥t❡r❡ss❡✱ ✇✐❡ ❞✐❡ ❇❡tr❛❝❤t✉♥❣ ❞❡r ❊♥t❢❡r♥✉♥❣s♠❡ss✉♥❣❡♥✱ ❛✉❢ ✇❡❧❝❤❡
❞❡r ❊✐♥✢✉ss ❞❡s ❉♦♣♣❧❡r✲❊✛❡❦t❡s ③✉ ❡r❦❡♥♥❡♥ ✐st✱ ❣❡③❡✐❣t ❤❛❜❡♥✳ ❙♦ ❦❛♥♥ ❡s
❛✉❢❣r✉♥❞ ✈♦♥ s❝❤♥❡❧❧❡♥ P♦s✐t✐♦♥sä♥❞❡r✉♥❣❡♥ ③✉r ❱❡rs❝❤✐❡❜✉♥❣ ❞❡r r❡✢❡❦t✐❡r✲
t❡♥ ▲❡✐st✉♥❣ ❡✐♥❡s ❩✐❡❧s ✐♥ ❡✐♥❡ ❜❡♥❛❝❤❜❛rt❡ ❆✉✢ös✉♥❣s③❡❧❧❡ ❦♦♠♠❡♥✳

❆❧s ♥ä❝❤st❡s s♦❧❧ ❛✉❢ ❞✐❡ ③✉❦ü♥❢t✐❣❡♥ ❙❝❤r✐tt❡✱ ✇❡❧❝❤❡ ✐♠ ❘❛❤♠❡♥ ❞✐❡s❡r ❆r✲
❜❡✐t ♥✐❝❤t ♠❡❤r ❜❡❛r❜❡✐t❡t ✇❡r❞❡♥ ❦♦♥♥t❡♥✱ ❡✐♥❣❡❣❛♥❣❡♥ ✇❡r❞❡♥✳ ❉❛③✉ ❣❡❤ört
✉♥t❡r ❛♥❞❡r❡♠ ❞❛s ❇❡st✐♠♠❡♥ ✈♦♥ ❙❝❤✇❡❧❧✇❡rt❡♥ ❢ür ❞✐❡ ❋r❡q✉❡♥③ ✉♥❞ ❞✐❡
❆♠♣❧✐t✉❞❡ ✐♠ ❇❡③✉❣ ❛✉❢ ❞✐❡ ❙❝❤✇✐♥❣r✐❝❤t✉♥❣✱ ❞❛ ❞✐❡s❡ ❞❡✜♥✐❡r❡♥ ✇❛♥♥ ❡✐♥❡
▼❡ss✉♥❣ ❛❧s ❣❡stört ❣✐❧t✳ ❲❡✐t❡r❤✐♥ ♠üss❡♥ ③✉r ❑♦♠♣❡♥s❛t✐♦♥ ❞❡r P❤❛s❡♥✲
✈❡rs❝❤✐❡❜✉♥❣ ❣❡❡✐❣♥❡t❡ ❱❡r❢❛❤r❡♥ ❣❡❢✉♥❞❡♥ ✇❡r❞❡♥✱ ✇❡❧❝❤❡ ❡s ❡r♠ö❣❧✐❝❤❡♥
❞✐❡ P❤❛s❡♥✈❡rs❝❤✐❡❜✉♥❣ ❛✉t♦♠❛t✐s❝❤ ③✉ ❜❡st✐♠♠❡♥ ✉♥❞ ❛✉s ❞❡r ❘❛❞❛r♠❡s✲
s✉♥❣ ③✉ ❡♥t❢❡r♥❡♥✳ ❊❜❡♥s♦ ✐st ❡s ❡r❢♦r❞❡r❧✐❝❤ ❆❧❣♦r✐t❤♠❡♥ ③✉ ❡♥t✇✐❝❦❡❧♥✱ ❞✐❡
❞❡♥ ❊✐♥✢✉ss ❞❡s ❉♦♣♣❧❡r✲❊✛❡❦t❡s ❛✉❢ ❞✐❡ ▲❡✐st✉♥❣s✈❡rt❡✐❧✉♥❣ ❜❡✐ ❞❡r ❊♥t❢❡r✲
♥✉♥❣s♠❡ss✉♥❣ ❛✉s✇❡rt❡♥ ✉♥❞ ❣❡❣❡❜❡♥❡♥❢❛❧❧s ❦♦♠♣❡♥s✐❡r❡♥ ✉♠ ❞❛s ❆✉❢tr❡t❡♥
✈♦♥ ●❡✐st❡r③✐❡❧❡♥ ③✉ ✈❡r♠❡✐❞❡♥✳ ❉❡r ●r✉♥❞st❡✐♥ ❞❛❢ür ✇✉r❞❡ ♠✐t ❞❡r ❇❡r❡❝❤✲
♥✉♥❣ ❞❡r P♦s✐t✐♦♥sä♥❞❡r✉♥❣ ❛✉s ❞❡♥ ❉❛t❡♥ ❞❡s ❇❡s❝❤❧❡✉♥✐❣✉♥❣ss❡♥s♦rs ✉♥❞
♠✐t ❞❡r Ü❜❡r♣rü❢✉♥❣ ❞❡s t❤❡♦r❡t✐s❝❤❡♥ ▼♦❞❡❧❧s ❞❡r ❛✉❢ ❞❛s ❘❛❞❛r ✇✐r❦❡♥❞❡♥
❙tör❡✛❡❦t❡ ✐♥ ❞✐❡s❡r ❆r❜❡✐t ❣❡❧❡❣t✳
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▲✐t❡r❛t✉r

▲✐t❡r❛t✉r

❬✶❪ ❙❛✈✐t③❦② ❣♦❧❛② ✜❧t❡r✐♥❣✱ ✉r❧✿ ❤tt♣✿✴✴s❝✐♣②✲
❝♦♦❦❜♦♦❦✳r❡❛❞t❤❡❞♦❝s✳♦r❣✴✐t❡♠s✴s❛✈✐t③❦②❣♦❧❛②✳❤t♠❧✱ ✷✵✶✻✳

❬✷❪ ❍✳ ❈③✐❝❤♦s✳ ❉✐❡ ●r✉♥❞❧❛❣❡♥ ❞❡r ■♥❣❡♥✐❡✉r✇✐ss❡♥s❝❤❛❢t❡♥✱ ♣❛❣❡ ●✾✽ ❢✳
❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✸✶✳ ❡❞✐t✐♦♥✱ ✷✵✶✸✳

❬✸❪ ❏✳ ❉❡t❧❡❢s❡♥✳ ❘❛❞❛rt❡❝❤♥✐❦✿ ●r✉♥❞❧❛❣❡♥✱ ❇❛✉❡❧❡♠❡♥t❡✱ ❱❡r❢❛❤r❡♥✱ ❆♥✲

✇❡♥❞✉♥❣❡♥✳ ❙♣✐♥❣❡r✲❱❡r❧❛❣✱ ✶✳ ❡❞✐t✐♦♥✱ ✷✵✶✸✳

❬✹❪ ❍✳✲❏✳ ●❡✈❛tt❡r ❛♥❞ ❯✳ ●r✉❡♥❤❛✉♣t✳ ❍❛♥❞❜✉❝❤ ❞❡r ▼❡ss✲ ✉♥❞ ❆✉t♦✲

♠❛t✐s✐❡r✉♥❣st❡❝❤♥✐❦ ✐♥ ❞❡r Pr♦❞✉❦t✐♦♥✱ ♣❛❣❡ ✶✵✵✳ ❙♣r✐♥❣❡r ❙❝✐❡♥❝❡ ✫
❇✉s✐♥❡ss ▼❡❞✐❛✱ ✶✳ ❡❞✐t✐♦♥✱ ✷✵✵✻✳

❬✺❪ ▼✳ ●❧✉❡❝❦✳ ▼❊▼❙ ✐♥ ❞❡r ▼✐❦r♦s②st❡♠t❡❝❤♥✐❦✿ ❆✉❢❜❛✉✱ ❲✐r❦♣r✐♥③✐♣✱

❍❡rst❡❧❧✉♥❣ ✉♥❞ Pr❛①✐s❡✐♥s❛t③ ♠✐❦r♦❡❧❡❦tr✐s❝❤❡r ❙❝❤❛❧t✉♥❣❡♥ ✉♥❞ ❙❡♥✲

s♦rs②st❡♠❡✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✶✳ ❡❞✐t✐♦♥✱ ✷✵✵✺✳

❬✻❪ ❏✳ ❍❡✐❞❡♣r✐❡♠✳ Pr♦③❡ss✐♥❢♦r♠❛t✐❦✳ ❖❧❞❡♥❜♦✉r❣ ■♥❞✉str✐❡✈❡r❧❛❣✱ ✶✳ ❡❞✐t✐✲
♦♥✱ ✷✵✵✶✳

❬✼❪ ❏✳ ❍♦✛♠❛♥♥✳ ▼❆❚▲❆❇ ✉♥❞ ❙■▼❯▲■◆❑ ✐♥ ❙✐❣♥❛❧✈❡r❛r❜❡✐t✉♥❣ ✉♥❞

❑♦♠♠✉♥✐❦❛t✐♦♥st❡❝❤♥✐❦✳ P❡❛rs♦♥ ❉❡✉ts❝❤❧❛♥❞ ●♠❜❍✱ ✶✳ ❡❞✐t✐♦♥✱ ✶✾✾✾✳

❬✽❪ ❙✳ ❍♦❢♠❛♥♥✳ ◆✉♠♠❡r✐s❝❤❡ ✐♥t❡❣r❛t✐♦♥ ✈♦♥ ❜❡s❝❤❧❡✉♥✐❣✉♥❣ss✐❣♥❛❧❡♥✳
❚❡❝❤♥✐❝❛❧ r❡♣♦rt✱ ■▼❲✱ ✷✵✶✸✳

❬✾❪ ■▼❙❚✳●♠❜❍✳ ✷✹❣❤③ ❢♠❝✇ ♠✉❧t✐✲❝❤❛♥♥❡❧ r❛❞❛r ♠♦❞✉❧❡✳ ♠✐❝r♦✇❛✈❡ ❥♦✉r✲
♥❛❧✳ ♣❛❣❡s ✾✷✕✾✹✱ ✷✵✶✸✳

❬✶✵❪ ❆✳ ❑✳ ▲✉❞❧♦✛✳ Pr❛①✐s✇✐ss❡♥ ❘❛❞❛r ✉♥❞ ❘❛❞❛rs✐❣♥❛❧✈❡r❛r❜❡✐t✉♥❣✳
❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✷✳ ❡❞✐t✐♦♥✱ ✷✵✶✸✳

❬✶✶❪ ❲✳ ▼❡♥③ ❛♥❞ ❖✳ P❛✉❧✳ ▼✐❦r♦s②st❡♠t❡❝❤♥✐❦ ❢✉❡r ■♥❣❡♥✐❡✉r❡✳ ❏♦❤♥ ❲✐❧❡②
✫ ❙♦♥s✱ ✶✳ ❡❞✐t✐♦♥✱ ✷✵✶✷✳

❬✶✷❪ ▼✳ ❊✳ ❖②✳ ❙❈❆✸✶✵✵✲❉✵✹ ✸✲❆①✐s ❍✐❣❤ P❡r❢♦r♠❛♥❝❡ ❆❝❝❡❧❡r♦♠❡t❡r✱ ✷✵✶✺✳

❬✶✸❪ ❆✳ ❙❛✈✐t③❦② ❛♥❞ ▼✳ ●♦❧❛②✳ ❙♠♦♦t❤✐♥❣ ❛♥❞ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ ❞❛t❛ ❜②
s✐♠♣❧✐✜❡❞ ❧❡❛st sq✉❛r❡s ♣r♦❝❡❞✉r❡s✳ ❆♥❛❧②t✐❝❛❧ ❈❤❡♠✐str②✱ ✶✾✻✹✳
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▲✐t❡r❛t✉r

❬✶✹❪ ❙✳ ❙❝❤❡❧❦s❤♦r♥✳ ▼✉❧t✐s❡♥s♦r✐❡❧❧❡ P♦s✐t✐♦♥s❜❡st✐♠♠✉♥❣ ❛✉s ❉♦♣♣❧❡rs✐❣♥❛✲
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OVERVIEW

The 24 GHz 2-Channel FMCW-Radar is a 
miniaturized, ultralight radar unit. This system 
comprimises a manifold configurable RF fronted 
with digital signal processing and programmable 
interface. The controller allows flexible generation 
of radar signals and provides enough computation
power to perform signal processing for target 
detection or even complex tracking algorithms. 
The radar unit is equipped with an CAN Bus which allows 
the user to define all radar settings and to receive all measured data. 
These data can be calculated properties from single targets (like distance, 
angle and speed) or complex time- or frequency domain curves for user-defined evaluations.

The Developer Kit comprises the Radar Sensor, a PC software with Graphical User Interface and a USB cable/
adapter for user-friendly startup, testing and application specific integration of the radar unit. The software 
allows parameter settings and visualization of measured radar data. Typical parameters are detection range, 
resolution, frequency bandwidth, output power, radar signal shape and duration. The measurement results are 
shown in different types of graphs and can be expoted to csv-files.

An Expert Mode allows the experienced user to test the radar sensor beyond the ISM band limitations by incre-

asing the frequency bandwidth and the RF output power.
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24 GHz-FMCW-RadaR Kit

FEATURES:

•	 24	GHz	ISM-Band	Radar-Module	appl.	FMCW
•	 2	Receive	Antennas	with	I/Q	Channels	each
•	 Distance	and	Velocity	Measurements
•	 Target	Detection	with	Angle	Information
•	 Onboard	Signal	Generation	with	DDS
•	 Onboard	Signal	Processing	with	DSC
•	 CAN	Bus	or	USB
•	 Weatherproofed	Housing
•	 PC-Software	with	Graphical	User	Interface

APPLICATIONS:

•	 Human	Tracking,	Intruder	Detection
•	 Obstacle	Recognition
•	 Distance	and	Speed	Monitoring
•	 Terrain	Mapping,	Awareness	and	 
	 Warning	(TAWS)
•	 Dedicated	for	UAVs	and	Drones



tECHNiCaL data
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Radio  

Operating	Bands:	 	 K-Band,	24	GHz	ISM
Frequency Range:  24.00 GHz … 24.25 GHz
Output	Power:	 	 	 20	dBm	(100	mW)	EIRP,	max.
Radar	Method:	 	 	 FMCW	with	DDS	Ramp	Generation
Transmit-Channel (Tx):  1
Receive-Channels	(Rx):	 	 2	(I/Q	Data	for	each	Channel)
Antenna Beam Pattern:  70° (Rx) Azimuth and 24° (Rx) Elevation
    58° (Tx) Azimuth and 24° (Tx) Elevation
Frequency Ramp Duration*1: 1 ms to 20 ms
Frequency Ramp Resolution*1: 10 Hz
Polarization:   Linear

Detection  

Min. Range*²:   typ. 10 cm
Max. Range*²:   typ. 250 m (in Sky) or 30 m (Human Tracking)
Distance Accuracy:  cm-range
Distance Resolution:  dm-range (depending on Bandwidth)
Angular Resolution:   <50 cm @ 15 m Distance (Time of Arrival Principle)
Measurements Interval:  Ramp duration (1 ... 20 ms) + Processing (10 ... 25 ms) + 
    Transfer to PC (5 ... 50 ms) + GUI (PC dependent)

Data Interface

Interface:   CAN Bus proprietary/USB
Data Rate:   1Mbit gross 

General

Operating	Voltage:	 	 10.5	V	…	13	V
Standby	Power:	 	 	 1.2	W
CW	Operation:	 	 	 5	W	max.
Dimension	(L	x	W	x	H):	 	 98.0	mm	x	87.0	mm	x	42.5	mm	(Housing)
    114.0 mm x 87.0 mm x 42.5 mm (Bushing)
Weight:	 	 	 	 186	g
Mounting:   4 Mounting Holes (Ø 5 mm)
Cable	Exit:	 	 	 9	Wire	Cable	(Shielded)
Operation	Temperature:	 	 max.	60°C (Temperature Sensoric incl.)

Special Info

Controller:   Digital Signal Controller (DSC)
Firmware-Updates:  possible
Special Customer Firmware: possible (contact IMST)
RF-Output-Power	tunable:	 Yes
Bandwidth	tunable:	 	 Yes
Internal	Flash:	 	 	 Yes

Certifications

Marking:   CE
Environmental	Rating:	 	 IP65

*1: These values are specified by software (DDS is used in radar-module)
*2: Depends on environment and application
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SCA3100-D04 3-AXIS HIGH PERFORMANCE ACCELEROMETER WITH 
DIGITAL SPI INTERFACE  

 
Features 

 3.3V supply voltage 
 2 g measurement range 
 3-axis measurement XYZ directions 
 30mg offset stability over temp range 
 SPI digital interface 
 Extensive self diagnostics features  
 Size  7.6 x 3.3 x 8.6 mm (w x h x l) 
 Qualified according to AEC-Q100 standard 
 Package, pin-out and SPI protocol compatible 

with Murata digital accelerometer product family   
 RoHS compliant Dual Flat Lead (DFL) plastic 

package suitable for lead free soldering process 
and SMD mounting 

 Proven capacitive 3D-MEMS technology 
 

 
 

Applications 
SCA3100-D04 is targeted to applications with high 
stability requirements. Typical applications include  
 Hill Start Aid (HSA) 
 Electronic Parking Brake (EPB) 
 Roll Over detection 
 Suspension control 
 Inclinometers 
 Motion and position measurements 

 

  

General Description 
 
SCA3100-D04 is a high performance three axis accelerometer component based on Murata capacitive 3D-MEMS 
technology. The component integrates high accuracy micromechanical acceleration sensing together with a flexible 
SPI digital interface. Dual Flat Lead (DFL) housing guarantees reliable operation over product lifetime. 
 
SCA3100-D04 is designed, manufactured and tested for high stability, reliability and quality requirements of 
automotive applications. The accelerometer has extremely stable output over wide range of temperature, humidity and 
vibration. The component is qualified against AEC-Q100 standard and has several advanced self diagnostics features.  
The DFL housing is suitable for SMD mounting and the component is compatible with RoHS and ELV directives. 
 
SCA3100-D04 is a part of Murata digital accelerometer family and fully compatible with single axis accelerometers 
(SCA800 series) and other multi axis accelerometers (SCA2100 series and SCA3100 series). 
 
 

 
 
 
 
 
 
 
 
 

Data Sheet 
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Performance Characteristics 
 
Vdd=3.3 V and ambient temperature unless otherwise specified. 
 

Parameter 
 
 

Condition  

Min Typ
 A)

 Max Units 
Analog and digital Vdd  3.0  3.6 V 
Current consumption  Active mode  3 5 mA 
 Power down mode   0.12  mA 
Measurement range  Measurement axes (XYZ) -2  2 g 
Operating temperature   -40  125 °C 
Offset total error 

B)
 Temperature range -40 ... +125 °C -70  70 mg 

Offset calibration error
 C)

 @25 °C ±5°C -40 ±16 40 mg 
Offset temperature drift Temperature range -40 ... +125 °C -30

 D)
 ±18

 E)
 30

 D)
 mg 

Sensitivity  12 bit output 
Between ±3° 

 900 
0.0637 

 Count/g 
°/Count 

Total sensitivity error  Temperature range -40 ... +125 °C -4  4 % FS 
Sensitivity calibration error @25 °C ±5°C  ±0.5  % FS 
Sensitivity temperature drift Temperature range -40 ... +125 °C  ±0.8  % FS 
Linearity error  +1g ... -1g range -20  20 mg 
Cross-Axis sensitivity   -3.5 ±2.5 +3.5 % 
Zero acceleration output 2-complement  0  Counts 
Amplitude response  

F)
 -3dB frequency 30  55 Hz 

Noise     5 mg RMS 
Power on setup time    0.1 s 
Output data rate    2000  Hz 
Output load     50 pF 
SPI clock rate     8 MHz 
ESD protection Human Body Model   2 kV 
 Charge Device Model   1 kV 
Moisture sensitivity level IPC/JEDEC J-STD-020C, Level 3     
Mechanical shock    20 000 g 
ID register value Customer readable ID register (27hex)  C1   

 

A) Typical ± values are ±3 sigma variation limits from validation test population. 
B) Includes offset deviation from 0g value including calibration error and drift over lifetime, temperature and 

 supply voltage. 
C) Includes offset deviation from 0g value including calibration error and drift over lifetime. 
D) Offset drift due to temperature. Value is a relative value and has been centered to zero. Error defined as maximum change 

of offset in temperature range. Offset (max)-Offset Min). 100% tested in production. 
E) 

Biggest change of output from RT value due temperature. 
F) See figure 4. 

 
 

 
 
Figure 1.  SCA3100-D04 Block diagram 
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Typical Performance characteristics 
 
 

X axis Offset calibration error
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Y axis Offset calibration error
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Z axis Offset calibration error
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Temperature dependency of X axis offset
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X axis Offset drift at temperature range 

-40oC…+125oC
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Temperature dependency of Y axis offset
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Y axis Offset drift at temperature range 

-40oC…+125oC
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Temperature dependency of Z axis offset
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Z axis Offset drift at temperature range 

-40oC…+125oC
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X axis Sensitivity at 25oC
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X axis Sensitivity drift at temperature range 

-40oC…+125oC
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Y axis Sensitivity at 25oC
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Y axis Sensitivity drift at temperature range 

-40oC…+125oC
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Z axis Sensitivity at 25oC
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Z axis Sensitivity drift at temperature range 

-40oC…+125oC
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Measument directions 
 
 

 
 
Figure 1. Accelerometer measuring directions       

 
Housing dimensions 

 
 Figure 2. Housing dimensions 

 
Frequency response 
 

 
 
Figure 3. Frequency response curves  
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