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 A B S T R A C T

Efficient and accurate time integration methods are crucial for real-time simulation, opti-
mization and control of constrained multibody systems. This paper presents new Lie group 
generalized-𝛼 methods that improve accuracy for multibody systems with large rotations. The 
proposed methods extend the widely used geom1 scheme by Brüls and Cardona by introducing 
a 𝜎-modification that allows to systematically eliminate a Lie group-specific part of the leading 
error term without compromising second-order accuracy or zero stability. While optimal 
accuracy is achieved for a specific choice of 𝜎, the special case 𝜎 = 1 offers notable algorithmic 
simplicity and minimal computational overhead. The original geom1 scheme is recovered by 
setting 𝜎 = 0. Several numerical benchmarks demonstrate the potential of the proposed Lie 
group integrators compared to both the original geom1 method and conventional formulations 
based on Euler parameters or Cardan/Tait-Bryan angles.

. Introduction

Efficient and accurate time integration methods are indispensable for real-time applications, large-scale simulations, parametric 
tudies, or optimization of constrained multibody systems. The generalized-𝛼 method [1] is a Newmark-type integrator that has 
ecome a standard method for time integration of constrained multibody systems. The method is second-order accurate, easy to 
mplement, computationally efficient and allows an optimal combination of accuracy at low-frequency and numerical damping at 
igh-frequency [2]. It is also well-suited for systems involving controller dynamics and supports implementations with variable time 
tep sizes, cf. [3]. It can be combined easily with index reduction techniques [4,5] and extensions for non-smooth systems exist [6,7], 
aking it a powerful time integration method for the mentioned applications, see e.g. [3]. This paper introduces a new variant of 
he generalized-𝛼 method that not only provides improved accuracy for multibody systems with large rotations, but also allows a 
emarkably simple implementation, making it well suited for real-time applications, model-based control, and optimization.
A widely used approach for such applications – also adopted in this paper – is to model multibody systems using absolute 

oordinates [8]. That is, a set of absolute nodal translation and rotation variables describing the position and orientation of each 
ody relative to an inertial frame, see e.g. [9]. Each translation variable resides in the linear space R3 whereas each rotation variable 
elongs to special orthogonal group SO(3) or an isomorphic representation1 of it. Classical parameterization based approaches 
xplicitly represent rotation variables in a coordinate system, which allows to formulate the equations of motion in a linear space 
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1 i.e., rotation parameters as Euler parameters or the Cartesian rotation vector for example.
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S. Holzinger et al. Mechanism and Machine Theory 217 (2025) 106236 
instead of a nonlinear one. Consequently, standard integrators like generalized-𝛼 [1] can be used for time integration. A well-
known issue in the time integration of the resulting equations of motion are singular points, which arise when spatial rotations are 
modeled using three rotation parameters [8]. In classical parameterization based approaches, singular points are typically avoided 
by employing reparameterization strategies [9,10] or by using four Euler parameters in combination with differential–algebraic 
equations (DAEs), see e.g. [11].

It is well-known that significant simplifications and improved computational performance can be obtained for an absolute 
coordinate approach, if the equations of motion as well as the integration algorithm are directly formulated in a Lie group setting, 
see e.g. [12,13]. Lie group integrators address the challenges in time integration of spatial rotations by algorithms that exploit the 
Lie group structure of the configuration spaces, see e.g. [14]. The configuration space of a single frame or rigid body is given by 
the direct or semi-direct product of R3 and SO(3) [9]. Rodrigues like formulae allow the efficient evaluation of the exponential 
map and its derivatives that are essential algorithmic components of Lie group integrators, see, e.g., [15–17]. At system level, 
the configuration space is composed as tensor product of its components representing the individual frames and rigid bodies. The 
efficient implementation of Lie group integrators for multibody systems relies on these specific properties of configuration spaces 
with Lie group structure.

Park and Chung [16] combined local coordinates on the Lie group with an explicit one-step Lie group integrator of Munthe-
Kaas-type [15], resulting in a method that achieves the same order as its classical counterpart from ODE theory in linear spaces. In 
each stage of the method, they use a Rodrigues-like formula for evaluating the inverse of the tangent operator that represents the 
derivative of the exponential map. For multistep methods [18] and for implicit integrators [19], the use of local parametrizations 
in a Munthe-Kaas-like framework is less straightforward and algorithmically challenging.

As an alternative, Brüls and Cardona [20] proposed a novel generalized-𝛼 Lie group integrator that systematically avoids all 
forms of nested iterations while still achieving the same order as its classical counterpart [12]. A detailed comparison with a local 
coordinate-based updated Lagrangian approach [19] is given in sections 6 and 7 of [12]. With local coordinates, the method is 
algorithmically substantially more complex but achieves in most numerical tests a better accuracy, see [12].

The critical view of Mäkinen [21] on Newmark-type Lie group integrators, along with growing interest in implementation 
aspects [13], motivates the present investigation into local coordinate based approaches for generalized-𝛼 Lie group time integration 
methods. In this paper, we present novel local coordinates based Lie group generalized-𝛼 methods for constrained multibody systems. 
The newly presented 𝜎-modified Lie group generalized-𝛼 methods are modifications of the geom1 method of Brüls and Cardona [20], 
which is the most frequently used generalized-𝛼 Lie group integrator in multibody dynamics, see [12]. As will be shown in this paper, 
the 𝜎-modification – unlike geom1 – allows to eliminate a Lie group specific part of the leading error term without compromising 
the method’s second-order accuracy or zero stability. Furthermore, we demonstrate that the 𝜎-modification allows for the systematic 
removal of the tangent operator from the algorithm, resulting in a simple and computationally efficient algorithm.

The rest of the paper is organized as follows: In  Section 2, we revisit the equations of motion of constrained multibody systems 
formulated within the Lie group framework. Subsequently, we address local coordinates in  Section 3. The new 𝜎-modified Lie group 
generalized-𝛼 methods are introduced in  Section 4. In  Section 5, the convergence of the method is studied in detail and second-order 
accuracy is proven. Implementation aspects are discussed in detail in  Section 6. In  Section 7, we compare our 𝜎-modified Lie group 
generalized-𝛼 methods with the geom1 method and a conventional Euler parameter based formulation in terms of accuracy and 
computational performance using several numerical examples. Finally, we conclude our study in  Section 8.

2. Equations of motion on a Lie group

This section provides a recap of the equations of motion for constrained multibody systems as formulated in the Lie group setting.
The dynamics of multibody systems are effectively modeled by DAEs defined on a 𝑘-dimensional manifold 𝐺 with Lie group 

structure [12]. In this paper, we consider constrained multibody systems of the form
𝐌(𝑞)𝐯̇ = −𝐠(𝑞, 𝐯, 𝑡) − 𝐁T(𝑞)𝝀 , (1)

𝑞̇ = 𝐷𝐿𝑞(𝑒) ⋅ 𝐯 , (2)

Φ(𝑞) = 𝟎 , (3)

and/or Φ̇(𝑞, 𝐯) = 𝟎 . (4)

In an absolute coordinate approach, an element 𝑞 ∈ 𝐺 comprises multiple subsets of absolute nodal displacement and rotation 
variables, initially treated as independent. Generally, these variables must satisfy a set of 𝑚 kinematic constraints at the position 
Φ ∈ R𝑚 or velocity level Φ̇ ∈ R𝑚, restricting the dynamics to a submanifold of dimension 𝑘 − 𝑚 [12]. Matrix 𝐯 denotes the skew 
symmetric representation of the velocity vector 𝐯 ∈ R𝑘, and 𝝀 ∈ R𝑚 is the vector of Lagrange multipliers associated with either the 
constraints on position or velocity level. The invertible linear mapping 

(̃∙) ∶ R𝑘 → g , 𝐰 ↦ 𝐰̃ , (5)

defines an isomorphism between vectors in R𝑘 and the Lie algebra g ∶= 𝑇𝑒𝐺, which is defined as the tangent space at the neutral 
element 𝑒 ∈ 𝐺 [14]. The mass matrix 𝐌(𝑞) ∈ R𝑘×𝑘 is supposed to be symmetric and positive definite. Vector 𝐠 ∈ R𝑘 represents 
external, internal, and complementary inertia forces, and 𝐁 ∈ R𝑚×𝑘 is the matrix of constraint gradients 

𝐁(𝑞) = 𝜕Φ̇(𝑞, 𝐯)
. (6)
𝜕𝐯
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S. Holzinger et al. Mechanism and Machine Theory 217 (2025) 106236 
The kinematic reconstruction Eq. (2) relates velocities 𝐯 and the time derivative of the configuration variable 𝑞 through the 
directional derivative 𝐷𝐿𝑞(𝑒) of the left translation map 𝐿𝑞(𝑒), cf. [12,22]. Eq. (2) is typically the starting point for Lie group 
time integration methods in multibody dynamics and is discussed in greater detail in the next section.

3. Local coordinates and velocities

The proposed Lie group generalized-𝛼 methods presented later in  Section 4 are formulated using local coordinates. This section 
explains how the time derivatives of local coordinates relate to velocities and how these are used to integrate the kinematic 
reconstruction equation Eq. (2).

Let Ψ be an invertible map that maps a neighborhood of ̃𝟎 ∈ g in the Lie algebra to the Lie group 

Ψ ∶ g→ 𝐺, θ̃↦ 𝑞 = Ψ(θ̃) , (7)

such that 𝟎̃ ∈ g is mapped to the identity of 𝐺. A solution to Eq. (2) at time 𝑡 ∈ [𝑡𝑛, 𝑡𝑛+1] with initial conditions 𝑞(𝑡𝑛) ∈ 𝐺 is given by 

𝑞(𝑡) = 𝑞(𝑡𝑛) ◦ Ψ(θ̃(𝑡)) ∈ 𝐺 , (8)

where θ̃(𝑡) is the solution of the ODE 

𝐯 = dΨ−θ̃(
̇̃θ)

(̃∙)
←←←→ 𝐯 = 𝐓Ψ(θ)θ̇ (9)

with initial conditions θ(𝑡𝑛) = 𝟎, cf. [8,20]. The vector θ is the vector of local coordinates on 𝐺, which locally parametrizes the 
configuration increment from time step 𝑛 to time step 𝑛 + 1 [8]. The symbol ◦ in Eq. (8) denotes the composition operation for 
group elements, see e.g. [22]. Matrix dΨ−θ̃ is the left-trivialized differential of Ψ, see e.g. [8]. The matrix exponential 

exp(θ̃) =
∞
∑

𝑖=0

1
𝑖!
θ̃𝑖 (10)

is a typical choice for a coordinate map [8] and is used in this paper. Efficient closed-form solutions to Eq. (10) exist for the Lie 
groups R3 × 𝑆𝑂(3) and 𝑆𝐸(3); see [14,22,23]. The matrix 𝐓Ψ in Eq. (9) is denoted as tangent operator [20] and its specific form 
depends on the considered Lie group and the chosen coordinate map. Closed-form expressions for the tangent operator can be found, 
for instance, in [24,25].

4. Proposed 𝝈-modified Lie group generalized-𝜶 methods

Inspired by the works [12,14,19,20,26], we introduce in this section the proposed 𝜎-modified Lie group generalized-𝛼 methods 
for solving Eqs. (1)–(4). In the proposed Lie group generalized-𝛼 methods, the numerical solution is updated in time step 𝑡 → 𝑡 + ℎ
with time step size ℎ based on the following discretized set of equations

𝑞𝑛+1 = 𝑞𝑛 ◦ exp(θ̃𝑛+1) , (11)

θ𝑛+1 = ℎ𝐯𝑛 + ℎθ̇(𝜎)𝑛+1 + ℎ2( 12 − 𝛽)𝐚𝑛 + ℎ2𝛽𝐚𝑛+1 , (12)

θ̇(𝜎)𝑛+1 = 𝜎 𝛽
𝛾 (θ̇𝑛+1 − 𝐯𝑛+1) − 𝐓−1(θ𝑛+1)𝐁T(𝑞𝑛)𝜼𝑛 , (13)

𝐯𝑛+1 = 𝐯𝑛 + ℎ (1 − 𝛾) 𝐚𝑛 + ℎ𝛾𝐚𝑛+1 , (14)

(1 − 𝛼𝑚)𝐚𝑛+1 + 𝛼𝑚𝐚𝑛 = (1 − 𝛼𝑓 )𝐯̇𝑛+1 + 𝛼𝑓 𝐯̇𝑛 , (15)

𝐓(θ𝑛+1)θ̇𝑛+1 = 𝐯𝑛+1 , (16)

and satisfies the equilibrium conditions

𝐌(𝑞𝑛+1)𝐯̇𝑛+1 = −𝐠(𝑞𝑛+1, 𝐯𝑛+1, 𝑡𝑛+1) − 𝐁T(𝑞𝑛+1)𝝀𝑛+1 , (17)

Φ(𝑞𝑛+1) = 𝟎 , (18)

and/or Φ̇(𝑞𝑛+1, 𝐯𝑛+1) = 𝟎 , (19)

and 𝜼𝑛 = 𝟎 (index-3 and index 2 formulation). (20)

As compared to the works [12,14,20], the proposed generalized-𝛼 methods add a new term θ̇(𝜎)𝑛+1 with a new algorithmic parameter 
𝜎 ∈ R to the integration formula Eq. (12). The variable θ̇(𝜎)𝑛+1 consistently incorporates the kinematic relation between the time 
derivative of local coordinates θ̇ and velocities 𝐯 according to Eq. (9) at time step 𝑛 + 1. For the index-3 formulation, 𝜎 = 0 yields 
the original geom1 method of Brüls and Cardona [20]. As we will show in  Section 5, optimal accuracy is obtained for 𝜎 = 𝛾∕(3𝛽). 
For 𝜎 = 1, a particular simple and implementation friendly integrator is obtained, cf.  Section 6.3. The four parameters 𝛽, 𝛾, 𝛼𝑓
and 𝛼𝑚 in Eqs. (12)–(15) represent the usual generalized-𝛼 parameters and should be selected as usual in order to obtain suitable 
convergence and stability properties, see e.g. [2].
3 
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Note, the algorithmic acceleration variable 𝐚 is associated with the accelerations 𝐯̇, see Eq. (15). Time derivatives of local 
coordinates and accelerations are related by [12,19] 

𝐯̇ = 𝐓(θ)θ̈ + 𝐓̇(θ, θ̇)θ̇ . (21)

As θ̈ ≠ 𝐯̇ in general, the algorithmic acceleration variables 𝐚𝑛 and 𝐚𝑛+1 in Eq. (12) are not consistent to Eq. (21). However, we 
will prove in  Section 5 that the proposed Lie group generalized-𝛼 methods remain second-order accurate and can give improved 
accuracy as compared to the original geom1 method.

5. Convergence

For local truncation error analysis, the discretized equations of motion are evaluated in terms of the analytical solution 𝑞(𝑡), 𝐯(𝑡), 
𝐯̇(𝑡), 𝝀(𝑡) with residuals that are studied for ℎ → 0 by Taylor expansion, see section 4.1 of [14] for some Lie group specific details. 
The term − 𝐁T(𝑞𝑛)𝜼𝑛 in (13) may be ignored for the moment since 𝜼(𝑡) ≡ 𝟎 for the analytical solution. As in [27], the algorithmic 
acceleration variables 𝐚𝑛, 𝐚𝑛+1 are substituted by 𝐯̇(𝑡𝑛 + 𝛥𝛼ℎ) and 𝐯̇(𝑡𝑛+1 + 𝛥𝛼ℎ) with the shift parameter 𝛥𝛼 ∶= 𝛼𝑚 − 𝛼𝑓 . Furthermore, 
the algorithmic parameters have to satisfy the order condition 𝛾 = 1

2 − 𝛥𝛼 , see [1].
In local coordinates θ with Ψ being defined by the exponential map exp, the solution at 𝑡𝑛+1 = 𝑡𝑛 + ℎ is given by 

𝑞(𝑡𝑛 + ℎ) = 𝑞(𝑡𝑛) ◦ exp
(

θ̃(𝑡𝑛 + ℎ)
)

, (22)

see (8), with [28] 
θ(𝑡𝑛 + ℎ) = ℎ𝐯(𝑡𝑛) +

ℎ2

2 𝐯̇(𝑡𝑛) +
ℎ3

6 𝐯̈(𝑡𝑛) +
ℎ3

12 𝐯(𝑡𝑛)𝐯̇(𝑡𝑛) + (ℎ4) . (23)

Here, we have used the hat operator ̂(∙) ∶ R𝑘 ×R𝑘×𝑘 that represents as in [22] the adjoint operator (matrix commutator) in the sense 
of 

̃̂𝐯𝑎𝐯𝑏 = Ad𝐯𝑎 (𝐯𝑏) =
[

𝐯𝑎, 𝐯𝑏
]

. (24)

Adjoint operator and matrix commutator account for the non-commutativity of group operation and matrix multiplication, 
respectively. They may be used to represent the tangent operator 𝐓(𝐯𝑎) by its series expansion [15] 

𝐓(𝐯𝑎) =
∞
∑

𝑖=0

(−1)𝑖

(𝑖 + 1)!
(𝐯𝑎)𝑖 (25)

that proves 𝐓(𝐯𝑎)𝐯𝑏 = 𝐯𝑏 for vectors 𝐯𝑎, 𝐯𝑏 corresponding to commuting elements 𝐯𝑎, 𝐯𝑏 ∈ g since [𝐯𝑎, 𝐯𝑏
]

= 𝟎̃ in that case, 
i.e., (𝐯𝑎)𝑖 𝐯𝑏 = 𝟎, (𝑖 > 0). In particular, we have 𝐓(θ𝑛+1)θ𝑛+1 = θ𝑛+1 resulting in 

((

𝐓(θ𝑛+1)
)−1 − 𝐈

)

⋅ 1
ℎθ𝑛+1 = 𝟎 . (26)

This identity helps to simplify the convergence analysis by expressing the vector ℎθ̇(𝜎)𝑛+1 in the right hand side of Eq. (12) formally 
in terms of 𝐯𝑛, 𝐚𝑛, 𝐚𝑛+1. To this end, we omit again the − 𝐁T(𝑞𝑛)𝜼𝑛 term in (13) and obtain θ̇𝑛+1 =

(

𝐓(θ𝑛+1)
)−1 𝐯𝑛+1, i.e.

θ̇(𝜎)𝑛+1 = 𝜎 𝛽
𝛾

((

𝐓(θ𝑛+1)
)−1 − 𝐈

)

𝐯𝑛+1 , (27)

= 𝜎 𝛽
𝛾

((

𝐓(θ𝑛+1)
)−1 − 𝐈

)(

𝐯𝑛+1 −
1
ℎθ𝑛+1

)

, (28)

see (13) and (26). The inverse of the tangent operator in Eq. (28) satisfies 
(

𝐓(ℎ𝐯)
)−1 = 𝐈 + ℎ

2 𝑣 + (ℎ2) , (29)

since 
𝐓(ℎ𝐯) = 𝐈 − ℎ

2 𝑣 + (ℎ2) (30)

according to Eq. (25). Therefore,
(

𝐓(θ𝑛+1)
)−1 =

(

𝐓(ℎ𝐯𝑛 + ℎθ̇(𝜎)𝑛+1 + ℎ2( 12 − 𝛽)𝐚𝑛 + ℎ2𝛽𝐚𝑛+1)
)−1 , (31)

= 𝐈 + ℎ
2 𝐯𝑛 +

ℎ
2
̂̇θ
(𝜎)

𝑛+1 +
ℎ2

2 𝐉(𝐯𝑛, θ̇
(𝜎)
𝑛+1, 𝐚𝑛, 𝐚𝑛+1) (32)

with a matrix-valued function 𝐉 that depends smoothly on all its arguments. Inserting Eqs. (12), (14), (32) in Eq. (28), we obtain 

θ̇(𝜎)𝑛+1 =
ℎ
2 𝜎 𝛽

𝛾

(

𝐯𝑛 +
̂̇θ
(𝜎)

𝑛+1 + ℎ 𝐉
)( ℎ

2 𝐚𝑛 + ℎ(𝛾 − 𝛽)(𝐚𝑛+1 − 𝐚𝑛) − θ̇
(𝜎)
𝑛+1

)

. (33)

The Implicit function theorem allows to solve these equations locally uniquely with respect to θ̇(𝜎)𝑛+1 whenever the coefficient 
ℎ
2 > 0

in front of the right hand side is sufficiently small: 
θ̇(𝜎) = 𝜎ℎ2𝜺(𝜎)(𝐯 , 𝐚 , 𝐚 ) (34)
𝑛+1 𝑛 𝑛 𝑛+1

4 



S. Holzinger et al. Mechanism and Machine Theory 217 (2025) 106236 
with a locally uniquely defined function 𝜺(𝜎) that satisfies a Lipschitz condition with respect to all three arguments 𝐯𝑛, 𝐚𝑛, 𝐚𝑛+1 (with 
Lipschitz constants being independent of ℎ). For ℎ → 0, the term ℎ2𝜺(𝜎) is given by 

ℎ2𝜺(𝜎)(𝐯𝑛, 𝐚𝑛, 𝐚𝑛+1) =
ℎ
2

𝛽
𝛾

( ℎ
2 𝐯𝑛 𝐚𝑛 + ℎ(𝛾 − 𝛽)𝐯𝑛 (𝐚𝑛+1 − 𝐚𝑛)

)

+ (ℎ3) . (35)

Note, that the formal expression (34) for θ̇(𝜎)𝑛+1 is just introduced as a tool for the convergence analysis. It is not at all relevant for 
the practical implementation of the 𝜎-modified method that will be discussed in Section 6 below.

With (34), the discretized Eq. (12) with 𝜎 ≠ 0 is seen to be an (ℎ3) perturbation of the corresponding equation for the original
geom1 method of Brüls and Cardona [20]: 

θ𝑛+1 = ℎ𝐯𝑛 + ℎ2( 12 − 𝛽)𝐚𝑛 + ℎ2𝛽𝐚𝑛+1 + 𝜎ℎ3𝜺(𝜎)(𝐯𝑛, 𝐚𝑛, 𝐚𝑛+1) . (36)

The new 𝜎ℎ3𝜺(𝜎) term in (36) contributes additional higher order terms to the theoretical investigations that do, however, not affect 
the (quite complex) analysis of zero stability and (global) error propagation for generalized-𝛼 Lie group integrators in section 4 of 
[14]. This comment applies as well to the stabilized index-2 version of the 𝜎-modified method with the additional −𝐁T(𝑞𝑛)𝜼𝑛 term 
in Eq. (13), see Lemma 4.9 in [14] for a more detailed discussion.

For local truncation error analysis, vectors 𝐯𝑛, 𝐚𝑛, 𝐚𝑛+1 in (36) have to be substituted by 𝐯(𝑡𝑛), 𝐯̇(𝑡𝑛 + 𝛥𝛼ℎ) and 𝐯̇(𝑡𝑛+1 + 𝛥𝛼ℎ), 
respectively, resulting in a vector 

θ𝑛+1(𝑡𝑛 + ℎ) ∶= ℎ𝐯(𝑡𝑛) + ℎ2( 12 − 𝛽)𝐯̇(𝑡𝑛 + 𝛥𝛼ℎ) + ℎ2𝛽𝐯̇(𝑡𝑛+1 + 𝛥𝛼ℎ) + 𝜎ℎ3𝜺(𝜎)ℎ (𝑡𝑛) (37)

with 

𝜺(𝜎)ℎ (𝑡𝑛) ∶= 𝜺(𝜎)
(

𝐯(𝑡𝑛), 𝐯̇(𝑡𝑛 + 𝛥𝛼ℎ), 𝐯̇(𝑡𝑛+1 + 𝛥𝛼ℎ)
)

(38)

that is compared to the analytical solution θ(𝑡𝑛 + ℎ) in Eq. (23).
The 𝜎-modification contributes a new error term of size (ℎ3) that does not affect the (known) second order local error estimate 

of the geom1 method but yields a different leading error term. More precisely, Eqs. (35) and (38) show 

ℎ3𝜺(𝜎)ℎ (𝑡𝑛) =
ℎ3

4
𝛽
𝛾 𝐯(𝑡𝑛) 𝐯̇(𝑡𝑛) + (ℎ4) (39)

with the Lie group specific third order term ̂𝐯(𝑡𝑛) 𝐯̇(𝑡𝑛) that is known from the Taylor expansion of the analytical solution in Eq. (23). 
Note, that for 𝜎 = 0, i.e., for the original geom1 method, this term does not appear in the Taylor expansion of θ𝑛+1(𝑡𝑛+ℎ), see (37). 
The proposed 𝜎-modification offers a systematic way to address this Lie group specific third order term in the difference of θ(𝑡𝑛 +ℎ)
and θ𝑛+1(𝑡𝑛 + ℎ) and therefore also in the local truncation error 𝐥𝑞𝑛 for the configuration variable 𝑞.

Following the analysis of Lemma 4.2 in [14], we get a local truncation error 

𝐥𝑞𝑛 = 𝐶𝑞 ℎ
3 𝐯̈(𝑡𝑛) +

ℎ3

4 ( 13 − 𝜎 𝛽
𝛾 )𝐯(𝑡𝑛) 𝐯̇(𝑡𝑛) + (ℎ4) (40)

with 

𝐶𝑞 =
1
6 (1 − 6𝛽 − 3𝛥𝛼) . (41)

For the algorithmically most promising setting 𝜎 = 1, see Section 6.3 below, the classical algorithmic parameters according to Chung 
and Hulbert [1] result in 

1
3 − 𝜎 𝛽

𝛾 = 1
3 − 𝛽

𝛾 = 1
3

(

1 − 2
(1 + 𝜌∞)(1 − 𝜌∞∕3)

)

(42)

with 𝜌∞ denoting the numerical damping parameter. A straightforward analysis proves | 13 − 𝛽
𝛾 | <

1
3  whenever 𝜌∞ ∈ (0, 1]. I.e., the 

coefficient of the Lie group specific term ̂𝐯(𝑡𝑛) 𝐯̇(𝑡𝑛) in (40) is in modulus systematically reduced by the 𝜎-modification with 𝜎 = 1. The 
term may even be completely eliminated from the leading error term defining the new algorithmic parameter 𝜎 such that 𝜎 𝛽

𝛾 = 1
3 .

The results of the convergence analysis may be summarized as follows: 𝜎-modification does not affect the order of the Lie group 
integrator but allows to reduce or even to eliminate a Lie group specific part in the leading error term. The 𝜎-modified method shares 
the favorable zero-stability properties of the classical geom1 integrator for unconstrained systems and for constrained systems in 
index-3, index-2 or stabilized index-2 formulation. With appropriate starting values, the method converges with order 𝑝 = 2 in all 
solution components. Less sophisticated initialization schemes may result (as in geom1) in a transient first order error term that is, 
however, damped out rapidly by numerical dissipation [14].

6. Implementation

In this section, we address in detail implementation aspects of our 𝜎-modified Lie group generalized-𝛼 methods and present 
Newton–Raphson algorithms that solve Eqs. (11)–(19) at time step 𝑛 + 1 for the variables 𝑞𝑛+1, 𝐯𝑛+1, 𝐯̇𝑛+1, 𝐚𝑛+1, 𝝀𝑛+1, starting from 
given values 𝑞 , 𝐯 , 𝐯̇ , 𝐚 .
𝑛 𝑛 𝑛 𝑛
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6.1. Local-global-transition map

For efficient implementation, we do not operate with matrix representations of Lie group elements 𝑞 ∈ 𝐺. Instead, we use an 
isomorphic representation in terms of absolute coordinates 𝐪 ∈ R𝑘, i.e., 

𝑞 ≅ 𝐪 . (43)

Eq. (8) can be replaced by the so-called Local-Global-Transition (LGT) map 𝝉 [8], which maps local coordinates θ(𝑡) and initial 
values 𝐪(𝑡𝑛) to absolute coordinates 𝐪(𝑡𝑛+1)

𝝉 ∶ R𝑘 × g→ R𝑘 ,

(𝐪(𝑡𝑛), θ(𝑡)) ↦ 𝐪(𝑡) = 𝝉(𝐪(𝑡𝑛), θ(𝑡)) .
(44)

The explicit form of the LGT map depends on the selected type of absolute coordinates and the chosen Lie group formulation,2 as 
discussed in [8]. LGT maps used in this paper are provided in Appendix  A.

6.2. Newton–Raphson

In this section, we present a Newton–Raphson algorithm for solving the index-3 system Eqs. (1)–(4). Newton–Raphson algorithms 
for the index-2 and stabilized index-2 formulation can be derived in the same way from Eqs. (11)–(16) and are not addressed here 
due to space reasons. For completeness, Appendix  D summarizes the key formulas required for implementing the proposed stabilized 
index-2 integrator.

We define the residual vector 𝐫 as 
𝐫 ∶= 𝐌(𝐪)𝐯̇ + 𝐠(𝐪, 𝐯, 𝑡) + 𝐁T(𝐪)𝝀 = 𝟎 . (45)

The linearization of Eq. (45) and Eqs. (18)–(19) follows as
𝛥𝐫 = 𝐌𝛥𝐯̇𝑛+1 + 𝐂𝑡𝛥𝐯𝑛+1 +𝐊𝑡𝛥𝐪𝑛+1 + 𝐁T𝛥𝝀𝑛+1 , (46)

𝛥Φ = 𝐁𝛥𝐪𝑛+1 , (47)

𝛥Φ̇ = 𝐙𝑡𝛥𝐪𝑛+1 + 𝐁𝛥𝐯𝑛+1 , (48)

where

𝐊𝑡(𝐪, 𝐯, 𝐯̇,𝝀, 𝑡) =
𝜕𝐫(𝝉(𝐪, 𝐳), 𝐯, 𝐯̇,𝝀, 𝑡)

𝜕𝐳
|

|

|

|𝐳=𝟎
, (49)

𝐂𝑡(𝐪, 𝐯, 𝑡) =
𝜕𝐫(𝐪, 𝐳, 𝑡)

𝜕𝐳
|

|

|

|𝐳=𝐯
, (50)

𝐙𝑡(𝐪, 𝐯) =
𝜕Φ̇(𝝉(𝐪, 𝐳) , 𝐯)

𝜕𝐳
|

|

|

|𝐳=𝟎
. (51)

In the practical implementation of the Newton–Raphson algorithm, we neglect the terms (𝜕𝐌(𝐪)∕𝜕𝐪)𝛥𝐪 and (𝜕(𝐁T(𝐪)𝝀)∕𝜕𝐪)𝛥𝐪. We 
linearize the integration formulas Eqs. (11)–(16) as

𝛥𝐪𝑛+1 = 𝐓(θ𝑛+1)𝛥θ𝑛+1 , (52)

𝛥θ𝑛+1 = ℎ𝛥θ̇(𝜎)𝑛+1 + ℎ2𝛽𝛥𝐚𝑛+1 , (53)

𝛥θ̇(𝜎)𝑛+1 = 𝜎 𝛽
𝛾

(

𝛥θ̇𝑛+1 − 𝛥𝐯𝑛+1
)

, (54)

𝛥𝐯𝑛+1 = ℎ𝛾𝛥𝐚𝑛+1 , (55)

(1 − 𝛼𝑚)𝛥𝐚𝑛+1 = (1 − 𝛼𝑓 )𝛥𝐯̇𝑛+1 , (56)

𝐓(θ𝑛+1)𝛥θ̇𝑛+1 = 𝛥𝐯𝑛+1 . (57)

In the Newton–Raphson method, there are several choices for the unknowns, such as position, velocity or acceleration coordinates. 
In the following, we show how our 𝜎-modified Lie group integrator can be implemented for the set of unknowns (𝛥θ𝑛+1, 𝛥𝝀𝑛+1).

Rearranging Eqs. (53)–(55) yields 
𝜎 ℎ𝛽

𝛾 𝛥θ̇𝑛+1 = 𝛥θ𝑛+1 −
ℎ𝛽
𝛾 (1 − 𝜎)𝛥𝐯𝑛+1 . (58)

Local coordinates and velocity increments are related by the tangent operator Eq. (57). Applying the tangent operator 𝐓(θ𝑛+1) to 
Eq. (58) gives 

𝜎 ℎ𝛽
𝛾 𝛥𝐯𝑛+1 = 𝐓(θ𝑛+1)𝛥θ𝑛+1 −

ℎ𝛽
𝛾 (1 − 𝜎)𝐓(θ𝑛+1)𝛥𝐯𝑛+1 . (59)

2 R3 × 𝑆𝑂(3) or 𝑆𝐸(3) for example.
6 
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By rearranging Eq. (59) we obtain 

𝐓(θ𝑛+1)𝛥θ𝑛+1 =
ℎ𝛽
𝛾 𝐏(θ𝑛+1)𝛥𝐯𝑛+1 , (60)

with a matrix 𝐏 that we define as 

𝐏(θ) ∶= 𝜎𝐈 + (1 − 𝜎)𝐓(θ) . (61)

Based on Eq. (60), we express 𝛥𝐯𝑛+1 and 𝛥𝐯̇𝑛+1 as

𝛥𝐯𝑛+1 = 𝛾 ′𝐏−1(θ𝑛+1)𝐓(θ𝑛+1)𝛥θ𝑛+1 , (62)

𝛥𝐯̇𝑛+1 = 𝛽′𝐏−1(θ𝑛+1)𝐓(θ𝑛+1)𝛥θ𝑛+1 , (63)

where 

𝛽′ =
1 − 𝛼𝑚

ℎ2𝛽(1 − 𝛼𝑓 )
, 𝛾 ′ =

𝛾
ℎ𝛽

. (64)

As can be seen from Eq. (61), matrix 𝐏 involves the tangent operator 𝐓. Hence, the analytical expression for 𝐏−1 depends on the 
specific structure of the tangent operator. For implementation, we approximate 𝐏−1 as3

𝐏−1(θ) = 𝐈 + (1 − 𝜎)
2

[

θ̂ −
2 − 3(1 − 𝜎)

6
θ̂2

]

+ (‖θ‖3) , (‖θ‖ → 0) . (65)

For the Lie group R × 𝑆𝑂(3), we provide the matrix θ̂ in Appendix  B. Inserting Eqs. (60)–(63) into Eqs. (46)–(47) and eliminating 
𝛥𝐪𝑛+1, 𝛥𝐯𝑛+1, 𝛥𝐯̇𝑛+1 and 𝛥𝝀𝑛+1 yields the linear system 

[

𝛥𝐫
𝛥Φ

]

= 𝐒𝑡
[

𝐓𝛥θ
𝛥𝝀

]

(66)

with the symmetric Jacobian 

𝐒𝑡(θ,𝐪, 𝐯, 𝐯̇,𝝀, 𝑡) =
[

𝐌∗(𝐪, 𝐯, 𝑡)𝐏−1(θ) +𝐊𝑡(𝐪, 𝐯, 𝐯̇,𝝀, 𝑡) 𝐁T(𝐪)
𝐁(𝐪) 𝟎

]

, (67)

where 

𝐌∗(𝐪, 𝐯, 𝑡) ∶= 𝛽′𝐌(𝐪) + 𝛾 ′𝐂𝑡(𝐪, 𝐯, 𝑡) . (68)

It is known that the conditioning of the Jacobian of Newmark-type time integration methods is poor for very small time step 
sizes ℎ. To achieve an optimal conditioning of the Jacobian Eq. (67), a suitable scaling strategy can be used, see e.g. [2,29].

As can be seen from Eq. (66), the tangent operator 𝐓 can be moved from the Jacobian into the vector of unknowns. As a result, 
the local coordinates increment obtained from solving the linear system Eq. (66) must be multiplied by the inverse tangent operator 
𝐓−1 to compute the local coordinates increment 𝛥θ. Hence, for Newton iteration 𝑗 → 𝑗 + 1, it follows that

θ𝑗+1𝑛+1 = θ
𝑗
𝑛+1 + 𝐓−1(θ𝑗𝑛+1)𝛥θ

𝑗+1 , (69)

𝐪𝑗+1𝑛+1 = 𝝉(𝐪𝑛, θ
𝑗+1
𝑛+1) , (70)

𝐯𝑗+1𝑛+1 = 𝐯𝑗𝑛+1 + 𝛾 ′𝐏−1(θ𝑗+1𝑛+1)𝐓(θ
𝑗+1
𝑛+1)𝐓

−1(θ𝑗𝑛+1)𝛥θ
𝑗+1 , (71)

𝐯̇𝑗+1𝑛+1 = 𝐯̇𝑗𝑛+1 + 𝛽′𝐏−1(θ𝑗+1𝑛+1)𝐓(θ
𝑗+1
𝑛+1)𝐓

−1(θ𝑗𝑛+1)𝛥θ
𝑗+1 , (72)

𝝀𝑗+1𝑛+1 = 𝝀
𝑗
𝑛+1 + 𝛥𝝀𝑗+1 . (73)

Assuming that 

𝐓(θ𝑗+1𝑛+1)𝐓
−1(θ𝑗𝑛+1) ≈ 𝐈 , (74)

Eqs. (71)–(72) may be simplified as

𝐯𝑗+1𝑛+1 = 𝐯𝑗𝑛+1 + 𝛾 ′𝐏−1(θ𝑗+1𝑛+1)𝛥θ
𝑗+1 , (75)

𝐯̇𝑗+1𝑛+1 = 𝐯̇𝑗𝑛+1 + 𝛽′𝐏−1(θ𝑗+1𝑛+1)𝛥θ
𝑗+1 . (76)

The simplification Eq. (74) reduces the complexity of the proposed approach, but could be critical. Our numerical experiments 
indicate that this simplification has a negligible impact on accuracy and does not affect the number of Newton iterations.

3 If (𝛥𝐯 , 𝛥𝝀 ) are chosen as unknowns, 𝐏−1 does not have to be computed. Only 𝐏 is involved in the Newton–Raphson method.
𝑛+1 𝑛+1
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6.3. The case 𝜎 = 1

A particularly simple variant of our 𝜎-modified Lie group generalized-𝛼 methods follows for 𝜎 = 1. In this case, the matrix 𝐏
in Eq. (61) reduces to the identity matrix, and the dependence of the Jacobian in Eq. (67) as well as Eqs. (75)–(76) on the local 
coordinates is completely eliminated. It is worth noting that the tangent operator is not involved within the Jacobian in this case. As 
will become apparent in the next section and ultimately in Alg. 1, this yields a simple and computationally efficient implementation.

6.4. Updating absolute coordinates

In this section, we present an alternative approach to updating absolute coordinates with Eqs. (69)–(70). As we will show, the 
presented approach eliminates the need to evaluate the inverse tangent operator in Eq. (69). This is advantageous for 𝜎 = 1, because 
it results in a corrector step that is entirely free of both local coordinates and tangent operators.

We rewrite Eq. (70) as 
𝐪𝑗+1𝑛+1 = 𝝉(𝐪

𝑗
𝑛+1, 𝛥𝐪

𝑗+1) , (77)

where the increment 𝛥𝐪𝑗+1 is obtained from the linearization of Eq. (70)
𝛥𝐪𝑗+1 = 𝐓(θ𝑗+1𝑛+1)𝛥θ

𝑗+1 . (78)

As shown in Eq. (66), the tangent operator 𝐓(θ𝑗𝑛+1) can be shifted from the iteration matrix to the vector of unknowns. Thus, the 
increment obtained from Eq. (66) must be multiplied by 𝐓−1(θ𝑗𝑛+1) to obtain 𝛥θ𝑗+1. Applying this in Eq. (78) and utilizing the 
assumption Eq. (74) once again, we derive the increment 𝛥𝐪𝑗+1 as 

𝛥𝐪𝑗+1 = 𝐓(θ𝑗+1𝑛+1)𝐓
−1(θ𝑗𝑛+1)𝛥θ

𝑗+1 = 𝛥θ𝑗+1 . (79)

Inserting Eq. (79) into Eq. (77), we obtain the desired tangent operator free representation of Eq. (70): 
𝐪𝑗+1𝑛+1 = 𝝉(𝐪

𝑗
𝑛+1, 𝛥θ

𝑗+1) . (80)

6.5. Initializing the predictor step

The initialization of velocities 𝐯𝑛+1, accelerations 𝐯̇𝑛+1, and algorithmic accelerations 𝐚𝑛+1 in the predictor step of the proposed 
Newton–Raphson algorithms follows the standard procedure for generalized-𝛼 methods; see [2,12]. The nonlinear relationship 
between the time derivative of the local coordinates, θ̇𝑛+1, and the velocities, 𝐯𝑛+1, as described in Eq. (16), may necessitate a 
different initialization approach for θ𝑛+1 to ensure optimal performance. This section introduces the proposed initialization strategy.

For deriving the predictor equations for θ𝑛+1, we rewrite Eq. (16) as 

θ̇𝑛+1 = 𝐓−1(θ𝑛+1)𝐯𝑛+1 . (81)

Inserting Eq. (81) into Eq. (12) yields 
θ𝑛+1 = ℎ𝐯𝑛 + 𝜎 ℎ𝛽

𝛾 (𝐓−1(θ𝑛+1)𝐯𝑛+1 − 𝐯𝑛+1) + ℎ2( 12 − 𝛽)𝐚𝑛 + ℎ2𝛽𝐚𝑛+1 . (82)

To resolve the nonlinearity in Eq. (82), we approximate 𝐓−1(θ) linearly as shown in Eq. (29). Inserting Eq. (29) into Eq. (82) and 
using the relation 

θ̂𝑛+1𝐯𝑛+1 = −𝐯𝑛+1θ𝑛+1 , (83)

yields after rearranging the proposed predictor 

θ𝑛+1 =
(

𝐈 + 𝜎 ℎ𝛽
𝛾 𝐯𝑛+1

)−1 (
ℎ𝐯𝑛 + ℎ2

(

1
2 − 𝛽

)

𝐚𝑛 + ℎ2𝛽𝐚𝑛+1
)

. (84)

For efficient computations, we approximate the inverse in Eq. (84) as 
(

𝐈 + 𝜎 ℎ𝛽
𝛾 𝐯𝑛+1

)−1
≈
(

𝐈 − 𝜎 ℎ𝛽
𝛾 𝐯𝑛+1

)

. (85)

6.6. Newton–Raphson algorithm summarized for 𝜎 = 1

Algorithm Alg. 1 outlines the computation of a single step using the proposed index-3 Lie group generalized-𝛼 method for 𝜎 = 1. 
For 𝜎 = 𝛾∕(3𝛽), a algorithm is given in Appendix  C and for the stabilized index-2 formulation in Appendix  D.

To implement the 𝜎-modified Lie group generalized-𝛼 method with 𝜎 = 1 in an existing multibody code that already includes
geom1, only three modifications are required. First, line 6 from Alg. 1 must be added. Second, the tangent operator in the geom1
Jacobian must be removed. Finally, the Newton update for the absolute coordinates must be adapted as shown in line 15 of Alg. 1.
8 
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Algorithm 1 Numerical algorithm computing a Newton update for the proposed index-3 formulation for 𝜎 = 1.
function SolveTimeStepSigma1(𝐪𝑛, 𝐯𝑛, 𝐯̇𝑛, 𝐚𝑛)
1: 𝐯̇𝑛+1 ∶= 𝟎
2: 𝝀𝑛+1 ∶= 𝟎
3: 𝐚𝑛+1 ∶= (𝛼𝑓 𝐯̇𝑛 − 𝛼𝑚𝐚𝑛)∕(1 − 𝛼𝑚)
4: 𝐯𝑛+1 ∶= 𝐯𝑛 + ℎ(1 − 𝛾)𝐚𝑛 + ℎ𝛾𝐚𝑛+1
5: θ𝑛+1 ∶= ℎ𝐯𝑛 + ℎ2

(

1
2 − 𝛽

)

𝐚𝑛 + ℎ2𝛽𝐚𝑛+1

6: θ𝑛+1 ∶=
(

𝐈 − ℎ𝛽
𝛾 𝐯𝑛+1

)

θ𝑛+1
7: 𝐪𝑛+1 ∶= 𝝉(𝐪𝑛,θ𝑛+1)
8: for 𝑗 = 1 to 𝑗𝑚𝑎𝑥 do
9:  res =

[

𝐫(𝐪𝑛+1, 𝐯𝑛+1, 𝐯̇𝑛+1,𝝀𝑛+1, 𝑡𝑛+1)
Φ(𝐪𝑛+1)

]

10:  if ‖res‖ < 𝑡𝑜𝑙 then
11:  break
12:  else
13:  𝐒𝑡 ∶= 𝐒𝑡(𝐪𝑛+1, 𝐯𝑛+1, 𝐯̇𝑛+1,𝝀𝑛+1, 𝑡𝑛+1)

14:  
[

𝛥θ
𝛥𝝀

]

∶= −𝐒−1𝑡 res

15:  𝐪𝑛+1 ∶= 𝝉(𝐪𝑛+1, 𝛥θ)
16:  𝐯𝑛+1 ∶= 𝐯𝑛+1 + 𝛾 ′𝛥θ
17:  𝐯̇𝑛+1 ∶= 𝐯̇𝑛+1 + 𝛽′𝛥θ
18:  𝝀𝑛+1 ∶= 𝝀𝑛+1 + 𝛥𝝀
19:  end if
20: end for
21: 𝐚𝑛+1 ∶= 𝐚𝑛+1 + ((1 − 𝛼𝑓 )∕(1 − 𝛼𝑚))𝐯̇𝑛+1
22: return 𝐪𝑛+1, 𝐯𝑛+1, 𝐯̇𝑛+1, 𝐚𝑛+1, 𝝀𝑛+1,
end function

7. Numerical examples

In this section, we compare the proposed 𝜎-modified Lie group generalized-𝛼 methods with both the geom1 method and 
conventional non-Lie group formulations based on Euler parameters and/or Cardan (Tait-Bryan) angles. In [13,30], the accuracy 
and computational performance of the geom1 method were evaluated against the conventional generalized-𝛼 method using several 
rigid multibody systems. To evaluate our 𝜎-modified Lie group generalized-𝛼 methods, some of the rigid body examples considered 
here are drawn from [13,30]. The following abbreviations are used:

• G𝛼 (CTB): Cardan/Tait-Bryan angles formulation (index-3), cf. [13]
• G𝛼 (EP): DAE-based Euler parameter formulation (index-3), cf. [13]
• geom1: Lie group generalized-𝛼 (index-2, index-3, stabilized index-2), see [14,20]
• geom1-𝜎1: Proposed approach with 𝜎 = 1 (index-2, index-3, stabilized index-2)
• geom1-𝜎 𝛾

3𝛽
: Proposed approach with 𝜎 = 𝛾∕(3𝛽) (index-2, index-3, stabilized index-2)

All numerical examples have been implemented in the open source multibody simulation code Exudyn [31] using version 1.10.6 
and Python 3.13 64 bit. Note that the conventional geom1 method (index-2, index-3), as well as the proposed extension 
with 𝜎 = 1 (index-2, index-3), have been implemented in C++ with a focus on efficiency. The proposed 𝜎-modified methods 
with 𝜎 = 𝛾∕(3𝛽) (index-2, index-3, stabilized index-2) have been implemented in Python and integrated into Exudyn via the
SetUserFunctionNewton() interface. In addition, the proposed stabilized index-2 method for 𝜎 = 1 has also been implemented 
through SetUserFunctionNewton(). All simulations have been performed under Windows 10 on an Intel Core i7-6600U 2.60 GHz 
processor. Unless explicitly stated, the absolute and relative tolerances 𝑎𝑡𝑜𝑙 and 𝑟𝑡𝑜𝑙 in the Newton method were selected as 
𝑎𝑡𝑜𝑙 = 1.0 × 10−10 and 𝑟𝑡𝑜𝑙 = 1.0 × 10−8 and the spectral radius as 𝜌∞ = 0.9. The label ‘‘Simplified Jacobian’’ refers to cases where 
the matrix 𝐏−1 (used in the Jacobian for the 𝜎 ≠ 1 methods) and the tangent operator 𝐓 (used in the geom1 methods) are omitted. 
Conversely, ‘‘Full Jacobian’’ indicates that both 𝐏−1 and 𝐓 are fully included in the Jacobian matrices. For the C++ implementations, 
Exudyn provides a modified Newton method, which will also be used for performance evaluation. In this method, the iteration matrix 
is computed once at the beginning of the simulation and updated only when the contractivity becomes larger than 0.5. Specifically, 
an update and factorization is computed if either a predefined maximum number of Newton iterations is exceeded or if the error 
cannot be reduced below a prescribed tolerance in a given iteration; see [31,32]. For easier comparison with the conventional Euler 
parameter formulation, we have evaluated the error in the rotation parameters in terms of Euler parameters.
9 
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Fig. 1. Benchmark problem Heavy top.

Fig. 2. Time histories of the heavy top’s center of mass (COM) position (left plot) and translational velocity coordinates (right plot) expressed in 
the global frame. Reference solutions were computed over a simulation time of 𝑡 = 1 s with a time step size of ℎ = 2.5×10−5 s using RecurDyn (RD). 
The heavy top’s center of mass position and translational velocity coordinates obtained with Euler parameters and generalized-𝛼 are computed 
for comparison purpose over 𝑡 = 0.8 s.

7.1. Heavy top with kinematic constraints

The heavy top, illustrated in Fig.  1, is a classical benchmark used to evaluate Lie group time integration methods (see, 
e.g., [12,33]). The system consists of a single rigid body attached to a fixed point 𝑂 via a spherical joint and subject to gravity. 
The motion of the heavy top could, in principle, be described without kinematic constraints purely on SO(3) if the equilibrium of 
momentum were formulated with respect to the fixed point, see, e.g., [33]. To evaluate our algorithms for constrained systems, 
we consider the translation of the center of mass 𝐱 ∈ R3 and the rotation of the body 𝝍 ∈ R3 as independent variables and model 
the heavy top using the R3 × 𝑆𝑂(3) formulation, cf. [22]. Model parameters and initial conditions can be found, for example, 
in [12,13,33].

In Fig.  2, the time histories of the heavy top’s center of mass position coordinates (left plot) and translational velocity coordinates 
(right plot) computed with the proposed index-3 Lie group generalized-𝛼 method are compared with reference solutions computed 
with the multibody simulation software RecurDyn. As can be seen in Fig.  2, the time histories obtained with the proposed Lie 
group generalized-𝛼 method visually match the reference solutions. The absolute deviation of the heavy top’s position and velocity 
coordinates at 𝑡 = 1 s is approximately 1.0 × 10−5 m respectively 1.0 × 10−5 m∕s. Similar results have been obtained for the proposed 
index-2 integrator.

In Fig.  3, the convergence in the norm of the absolute coordinates (Fig.  3(a)) and velocities (Fig.  3(b)) are illustrated for different 
time integration methods. For the index-3 integrators, the spectral radius was selected as 𝜌∞ = 0.65 and for the stabilized index-2 
methods as 𝜌∞ = 1.0. In Fig.  4, the convergence in the norm of the Lagrange multipliers error is illustrated. As shown in Figs. 
3 and 4, the 𝜎-modified generalized-𝛼 methods exhibit the expected higher accuracy compared to geom1 and outperform both 
conventional formulations. For clarity, the figures omit the results for the index-2 methods. Nevertheless, the proposed index-2 
𝜎-modified methods exhibit a similar accuracy improvement as the corresponding index-3 methods.

With full Jacobians, the average number of Newton iterations per time step is 2 for all Lie group methods, 3.8 for the conventional 
Euler parameter method, and 2.1 for the Cardan–Tait–Bryan angle method. While the 𝜎-modified generalized-𝛼 methods with 𝜎 = 1
do not require any tangent-operator–like matrix in the Jacobian, such matrices can also be neglected in geom1 and in the 𝜎-modified 
10 
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Fig. 3. Convergence in the norm of the maximum error of the heavy top’s absolute coordinates and velocities for different time integration 
methods.

Fig. 4. Convergence in the norm of the maximum error of the Lagrange multipliers for different time integration methods in the heavy top 
example.

generalized-𝛼 methods for 𝜎 ≠ 1, which simplifies their implementation. With simplified Jacobians, the average number of Newton 
iterations per time step is 3.1 for geom1 (index-3), 2.9 for geom1 (stabilized index-2), 2.5 for the proposed 𝜎-modified method 
(index-3, 𝜎 = 𝛾∕(3𝛽)), and 3.4 for its stabilized index-2 variant. In case modified Newton is used, the mean number of Newton 
iterations per time step is equal to 7.9 for both the proposed Lie group integrators with 𝜎 = 1 and for geom1 (index-2, index-3), 
and equal to 8.4 for the conventional Euler parameter method and 7.3 for the Cardan-Tait/Bryan method. It should be noted that 
the comparatively low average iteration number of the Cardan–Tait–Bryan formulation arises because it fails to simulate the heavy 
top at the three largest time steps, but succeeds at smaller step sizes where fewer Newton iterations are required.

7.2. High-speed rotor with flexible supports

The high-speed rotor with flexible supports depicted in Fig.  5 was used in [13] to evaluate the performance of Lie group time 
integration methods and it turned out that the conventional Euler parameter formulation achieves a higher accuracy as geom1, 
which motivates this example. Gravity is not considered but the rotor is subjected to a constant torque: 

𝐭 =
[

0 0 −(𝐿2 − 𝐿𝐿)𝑚𝑔
]

T . (86)

The model parameters are given in Table  1.
In Fig.  6, the trajectory of point 𝐩1 = [−𝐿𝐿, 0.0, 0.0] in 𝑦-𝑧-plane (left plot) and the time history of its coordinates (right plot) 

are shown. Fig.  6 was obtained using the proposed index-3 Lie group integrator with a time step size of ℎ = 1.0 × 10−5 s. As can be 
seen in the left plot of Fig.  6, the rotor performs a precession motion, whereby the precession period is about 2.5 s (cf. Fig.  6 (right 
plot)), which corresponds to a precession frequency of 0.4 Hz.

In Fig.  7, the convergence in the norm of the right bearing position (Fig.  7(a)) and velocities (Fig.  7(b)) are illustrated for different 
time integration methods. Convergence is investigated at 𝑡 = 1 s. As shown in Fig.  7(a), the 𝜎-modified Lie group generalized-𝛼
methods achieve an accuracy approximately one order of magnitude higher than that of the geom1 methods. A similar improvement 
11 
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Fig. 5. Schematic representation of high-speed rotor with flexible supports.

Fig. 6. Left : Trajectory of point 𝐩1 on the rotor located at the position of the left support. Right : Time history of the components of angular 
velocity vector represented in the local frame. Left plot Tilting motion of the rotor, right plot position coordinates of point 𝐩1.

Table 1
Model parameters of ’high-speed rotor with flexible supports’.
 Model parameter Value Notes  
 𝑚 in kg 1.223 mass of the rotor  
 𝑟 in m 0.05 radius for disk mass distribution  
 𝐿𝑟 in m 0.02 length of rotor disk  
 𝐽𝑥𝑥 in kg m2 0.001541 polar moment of inertia  
 𝐽𝑦𝑦 in kg m2 0.000812 moment of inertia for y axes  
 𝐽𝑧𝑧 in kg m2 0.000812 moment of inertia for z axes  
 𝐿𝐿 in m 0.11 length of rotor  
 𝐿𝑅 in m 0.09 length of rotor  
 𝑛 in rpm 200000 rotational speed  
 𝜔 in rad/s 20 944 𝜔 = 2𝜋𝑛∕60  
 𝑘𝐿 in N/m 4000 applied in 𝑥-𝑦-𝑧-direction  
 𝑘𝑅 in N/m 4000 applied in 𝑦-𝑧-direction  
 𝐷 0.0001 dimensionless damping  
 𝑑𝐿 in kg/s 5.165093 𝑑𝐿 = 2𝐷𝜔𝑚 applied in 𝑥-𝑦-𝑧-direction 
 𝑑𝑅 in kg/s 5.165093 𝑑𝑅 = 2𝐷𝜔𝑚 applied in 𝑦-𝑧-direction  
 𝑔 in m/s2 9.81 gravitational acceleration  
12 
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Fig. 7. Convergence in the norm of the maximum error of the right bearing position and velocity.

Fig. 8. Spatial rigid slider-crank mechanism [34,35].

is observed for the velocity of the left bearing point (see Fig.  7(b)). As shown in Fig.  7, the 𝜎-modified Lie group generalized-𝛼
method achieves higher accuracy than the conventional Euler parameter formulation and substantially higher accuracy than the 
Cardan–Tait/Bryan formulation. It is worth noting that all Lie group integrators successfully simulate the high-speed rotor even at 
the largest time step sizes considered, whereas the conventional Euler parameter formulation fails, see Fig.  7. While the Cardan–
Tait–Bryan angle formulation remains stable at the largest time step sizes, its accuracy is significantly lower than that of the Lie 
group integrators.

In case of full and simplified Jacobians, the mean number of Newton iterations per time step is equal to 1.3 for the index-2 
𝜎-modified generalized-𝛼 methods, equal to 1.8 for geom1 with index-2, and equal to 2.56 for the conventional Euler parameter 
and Cardan-Tait/Bryan angle method. When modified Newton is used, the mean number of Newton iterations per time step is 
2.1 for the proposed 𝜎-modified Lie group integrators (index-2 and index-3), 2.3 for geom1 (index-2 and index-3), 3.3 for the 
conventional Cardan–Tait/Bryan method, and 8.3 for the conventional Euler parameter method. We want to note, that all Lie group 
integration methods required on average only one Jacobian evaluation for the entire simulation with modified Newton, whereas 
the conventional Euler parameter method required 119823 Jacobian updates.

7.3. Spatial rigid slider-crank mechanism

The spatial slider-crank mechanism [34], schematically illustrated in Fig.  8, was also studied in [13] to evaluate the performance 
of Lie group time integration methods. It was shown that the conventional Euler parameter formulation achieves, on average, higher 
accuracy than the geom1 method, which motivates the use of this example.

The spatial slider-crank mechanism consists of four rigid bodies: slider, crank, connecting rod and ground. The crank (AB) has 
a length of 0.08 m and is connected to ground by a revolute joint at point A. The crank is driven from initial crank angle 𝜃 = 0 rad 
with an initial angular velocity of 6 rad/s. The connecting rod has a length of 0.3 m and is connected to the crank by a spherical 
joint at point B and to the slider by a universal joint at point C. The slider is connected to ground by a prismatic joint at point 
13 
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Fig. 9. Time histories of the slider crank’s slider position and crank angle. The reference solution (𝑠𝑀𝑎𝑠𝑎𝑟𝑎𝑡𝑖) was taken from the library of 
computational benchmark problems IFToMM [34].

Fig. 10. Convergence in the norm of the maximum error of the slider crank’s slider position and slider velocity for different time integration 
methods.

D with sliding displacement 𝑠. All links are subjected to gravity of magnitude 9.81 m/𝑠2 in the negative 𝑧-direction. Studying the 
dynamic response of the slider-crank mechanism under the gravitational force is the main objective of this benchmark problem. 
Model parameters and initial conditions are given in [13,34]. The relative tolerance 𝑟𝑡𝑜𝑙 in the Newton method was selected as 
𝑟𝑡𝑜𝑙 = 1.0 × 10−9 and the spectral radius as 𝜌∞ = 0.875.

In Fig.  9, the time histories of the slider-crank’s slider position coordinate 𝑠 and crank angle 𝜃 are compared with reference 
solutions provided by IFToMM [34]. Fig.  9 was obtained using the proposed index-3 Lie group generalized-𝛼 method with 𝜎 = 1 and 
time step size ℎ = 1.0×10−5 s. As can be seen in Fig.  9, the time histories obtained with generalized-𝛼 and Euler parameters visually 
match the reference solution. The absolute deviation of the slider crank’s slider position 𝑠 at 𝑡 = 5 s is approximately 8.6 × 10−3 m. 
The difference between our solution and the solution provided by IFToMM is due to the fact that different time integration methods 
were used, see [34].

In Fig.  10, the convergence in the norm of the slider crank’s slider position and slider velocity error, evaluated at 𝑡 = 2 s, is 
illustrated for different time integration methods. As can be seen in Fig.  10, the proposed 𝜎-modified Lie group methods yield higher 
accuracy as the geom1 methods. The proposed index-2 integrators exhibit in this example higher accuracy as the conventional Euler 
parameter method. In contrast to the previous examples, the conventional Cardan-Tait/Bryan angles formulation turns out to be the 
most accurate one in this example.

When full and simplified Jacobians are used, the mean number of Newton iterations per time step is 2.5 for the index-2 𝜎-modified 
generalized-𝛼 methods and geom1, 2.0 for the index-3 𝜎-modified generalized-𝛼 methods and geom1, 3.0 for the conventional Euler 
parameter method, and 2.0 for the Cardan–Tait/Bryan angle method. When modified Newton is used, the mean number of Newton 
iterations per time step is 7.2 for both the proposed 𝜎-modified Lie group integrators and geom1 (index-2 and index-3), 7.8 for 
the conventional Euler parameter method, and 7.3 for the conventional Cardan–Tait/Bryan method. Note, all Lie group integration 
methods required on average 170 Jacobian evaluations for the entire simulation with modified Newton, whereas the conventional 
Euler parameter method required 1000 Jacobian updates. We want to point out that for the 𝜎-modified integrator with 𝜎 = 1, the 
14 
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Jacobian structure is identical to the one obtained by neglecting the matrix 𝐏−1 in the 𝜎-modified integrators with 𝜎 ≠ 1 and the 
tangent operator 𝐓 in the Jacobian of geom1. This shows the increased simplicity of the proposed 𝜎-modified integrators with 𝜎 = 1
compared to geom1.

8. Conclusion

This paper introduces novel 𝜎-modified Lie group generalized-𝛼 methods for the simulation of constrained multibody systems. 
We demonstrate second-order accuracy for differential–algebraic equations both analytically and through numerical examples 
involving several constrained rigid and flexible multibody systems. A detailed analysis of the local truncation error shows that 
the 𝜎-modification does not affect the order of the Lie group integrator but enables the elimination of a Lie group-specific part of 
the leading error term. The proposed methods inherit the favorable zero-stability properties of classical generalized-𝛼 Lie group 
integrators, both for unconstrained systems and for constrained systems in index-3, index-2, or stabilized index-2 formulations.

The 𝜎-modified Lie group generalized-𝛼 methods are benchmarked against a conventional Euler parameter and Cardan-
Tait/Bryan angles formulation as well as the geom1 Lie group generalized-𝛼 method [20], which is the most frequently used 
generalized-𝛼 Lie group integrator in flexible multibody dynamics. Based on the numerical results, we conclude that for constrained 
rigid body systems with large rotations, the proposed 𝜎-modified Lie group generalized-𝛼 methods deliver higher accuracy than 
the original geom1 method and comparable or superior accuracy to the conventional Euler parameter formulation. In most of the 
investigated examples, the conventional Cardan–Tait/Bryan angle formulation was outperformed by every other method considered. 
For flexible multibody systems modeled using the floating frame of reference formulation, we observed that the accuracy of the 
𝜎-modified methods is comparable to that of geom1 and the conventional Euler parameter formulation.

Comparing the computational effort for one step for the special case 𝜎 = 1, the 𝜎-modified methods outperform geom1. This is 
because the corrector stage does not require handling of local coordinates in this case — neither in the Jacobian nor in the Newton 
updates. The performance advantage becomes also apparent when simplified Jacobians are used in geom1, as the Jacobian of the 
proposed method with 𝜎 = 1, by design, does not involve the tangent operator. The absence of the tangent operator preserves the 
sparsity structure of the system matrices and avoids potential stability issues that may arise in geom1 when the tangent operator is 
excluded. Moreover, depending on the chosen coordinate map and the Lie group used for modeling, evaluating the tangent operator 
can be computationally expensive and prone to numerical issues, cf. [17]. Therefore, tangent-operator-free Lie group integrators – 
such as the method with 𝜎 = 1 – offer clear advantages in terms of both efficiency and numerical robustness. The improvements 
in computational efficiency and accuracy are particularly beneficial for real-time applications, large-scale simulations, parametric 
studies, and optimization tasks. In conclusion, the proposed 𝜎-modified Lie group time integrators show strong potential for accurate, 
reliable and high-performance multibody simulations.
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Appendix A. LGT maps for rigid and FFRF bodies

For a multibody system consisting of 𝑁 bodies (rigid, flexible), the LGT map Eq. (44) collects 𝑁 LGT maps for 𝑁 bodies. For 
the 𝑖th rigid body in the multibody system, the LGT map reads 

𝝉 (𝑖)RB ∶ R3+𝑙 × R6 → R3+𝑙 ,

(𝐪(𝑖)(𝑡𝑛), θ(𝑖)(𝑡)) ↦ 𝐪(𝑖)(𝑡) = 𝝉 (𝑖)RB(𝐪
(𝑖)(𝑡𝑛), θ(𝑖)(𝑡)) ,

(A.1)

where the variable 𝑙 in Eq. (A.1) denotes the number of rotation parameters used to globally parameterize SO(3). For the 𝑖th flexible 
body modeled with the floating frame of reference formulation [36,37], the LGT map reads 

𝝉 (𝑖)FFRF ∶ R3+𝑙+𝑛𝑓 × R6+𝑛𝑓 → R3+𝑙+𝑛𝑓 ,
(𝑖) (𝑖) (𝑖) (𝑖) (𝑖) (𝑖)

(A.2)

(𝐪 (𝑡𝑛), θ (𝑡)) ↦ 𝐪 (𝑡) = 𝝉FFRF(𝐪 (𝑡𝑛), θ (𝑡)) ,
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where the variable 𝑛𝑓  in Eq. (A.2) denotes the number of flexible (modal) coordinates used in the floating frame of reference 
formulation. The explicit form of the LGT maps Eqs. (A.1)–(A.2) depend on the Lie group chosen to describe the configuration 
space of a single body and the rotation parameters used to parameterize SO(3). In this paper, we use the (Cartesian) rotation vector 
𝝍 ∈ R3 as absolute rotational coordinates. The rotation vector is defined as the vector 

𝝍 = 𝜑𝐧 , (A.3)

which has the direction of the rotation axis 𝐧 = 𝝍∕‖𝝍‖ and a length equal to the rotation angle 𝜑 = ‖𝝍‖, see, e.g., [9]. In our case, 
the absolute coordinates 𝐪(𝑖) ∈ R6 for the 𝑖th rigid body are 

𝐪(𝑖)RB =
[(

𝐱(𝑖)
) T (

𝝍 (𝑖)) T] T , (A.4)

where 𝐱(𝑖) ∈ R3 denotes the position of a rigid body w.r.t. a global inertial frame of reference. For the 𝑖th modally reduced FFRF-body, 
we have 

𝐪(𝑖)FFRF =
[(

𝐱(𝑖)
) T (

𝝍 (𝑖)) T (

𝜻 (𝑖)
) T] T , (A.5)

where 𝜻 (𝑖) are modal coordinates.
For implementation purposes, it is convenient to separate the LGT maps Eqs. (A.1)–(A.2) into a LGT map for rigid body 

translations 𝝉 t
𝝉 t ∶ R3 × R3 → R3,

(𝐱(𝑡𝑛), θt (𝑡)) ↦ 𝐱(𝑡) = 𝐱(𝑡𝑛) + θt (𝑡)
, (A.6)

a LGT map for rigid body rotations 𝝉 r
𝝉 r ∶ R3 × R3 → R3,

(𝝍(𝑡𝑛), θr (𝑡)) ↦ 𝝍(𝑡) = 𝝍(𝑡𝑛) ⋄ θr (𝑡) .
(A.7)

and in the case of a FFRF-body into a LGT map for the flexible coordinates 
𝝉 f ∶ R𝑛𝑓 × R𝑛𝑓 → R𝑛𝑓 ,

(𝜻(𝑡𝑛), θf (𝑡)) ↦ 𝜻(𝑡) = 𝜻(𝑡𝑛) + θf (𝑡) .
(A.8)

The symbol ⋄ in Eq. (A.7) denotes the composition operation for rotation vectors, which is given explicitly for example in Eq. (26) 
in [38].

Appendix B. Hat-operator matrices for R × 𝐒𝐎(𝟑)

For implementation purposes, it is convenient to decompose θ for each body in the multibody system into components associated 
with rigid body translations θt ∈ R3, rotations θr ∈ R3, and a flexible part θf ∈ R𝑛𝑓  in the case of a FFRF-body 

θRB =
[

θt
T θr

T] T, θFFRF =
[

θt
T θr

T θf
T] T . (B.1)

For the Lie group 𝐺 = R3 × 𝑆𝑂(3) and a single rigid body, matrix θ̂ reads 

θ̂RB(θRB) =

[

𝟎3×3 𝟎3×3
𝟎3×3 θ̃r

]

, (B.2)

and for a single FFRF-body we have 

θ̂FFRF(θFFRF) =

[

θ̂RB(θRB) 𝟎6×𝑛𝑓
𝟎𝑛𝑓×6 𝟎𝑛𝑓×𝑛𝑓

]

, (B.3)

where 𝑛𝑓  is the number of flexible (modal) coordinates used.

Appendix C. Newton–Raphson algorithm summarized for 𝝈 = 𝜸∕(𝟑𝜷)

Algorithm Alg. 2 outlines the computation of a single step using the proposed index-3 Lie group generalized-𝛼 method for 
𝜎 = 𝛾∕(3𝛽).

Appendix D. Newton–Raphson algorithm for stabilized-index-2

The derivation and implementation of the proposed index-3 𝜎-modified Lie group generalized-𝛼 methods were detailed in 
Section 6. While the initialization procedure introduced there also applies to the stabilized index-2 integrator, the corrector step in 
the stabilized index-2 scheme must be extended to account for the auxiliary variables 𝜼. This section summarizes the key formulas 
necessary for implementing the stabilized index-2 𝜎-modified Lie group generalized-𝛼 method.
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Algorithm 2 Numerical algorithm computing a Newton update for the proposed index-3 formulation for 𝜎 = 𝛾∕(3𝛽).
function SolveTimeStepSigmaOpt(𝐪𝑛, 𝐯𝑛, 𝐯̇𝑛, 𝐚𝑛)
1: 𝐯̇𝑛+1 ∶= 𝟎
2: 𝝀𝑛+1 ∶= 𝟎
3: 𝐚𝑛+1 ∶= (𝛼𝑓 𝐯̇𝑛 − 𝛼𝑚𝐚𝑛)∕(1 − 𝛼𝑚)
4: 𝐯𝑛+1 ∶= 𝐯𝑛 + ℎ(1 − 𝛾)𝐚𝑛 + ℎ𝛾𝐚𝑛+1
5: θ𝑛+1 ∶= ℎ𝐯𝑛 + ℎ2

(

1
2 − 𝛽

)

𝐚𝑛 + ℎ2𝛽𝐚𝑛+1

6: θ𝑛+1 ∶=
(

𝐈 − ℎ
3 𝐯𝑛+1

)

θ𝑛+1
7: 𝐪𝑛+1 ∶= 𝝉(𝐪𝑛,θ𝑛+1)
8: for 𝑗 = 1 to 𝑗𝑚𝑎𝑥 do
9:  res =

[

𝐫(𝐪𝑛+1, 𝐯𝑛+1, 𝐯̇𝑛+1,𝝀𝑛+1, 𝑡𝑛+1)
Φ(𝐪𝑛+1)

]

10:  if ‖res‖ < 𝑡𝑜𝑙 then
11:  break
12:  else
13:  𝐒𝑡 ∶= 𝐒𝑡(θ𝑛+1,𝐪𝑛+1, 𝐯𝑛+1, 𝐯̇𝑛+1,𝝀𝑛+1, 𝑡𝑛+1)

14:  
[

𝛥θ
𝛥𝝀

]

∶= −𝐒−1𝑡 res

15:  θ𝑛+1 ∶= θ𝑛+1 + 𝐓−1(θ𝑛+1)𝛥θ
16:  𝐪𝑛+1 ∶= 𝝉(𝐪𝑛,θ𝑛+1)
17:  𝐯𝑛+1 ∶= 𝐯𝑛+1 + 𝛾 ′𝐏−1(θ𝑛+1)𝛥θ
18:  𝐯̇𝑛+1 ∶= 𝐯̇𝑛+1 + 𝛽′𝐏−1(θ𝑛+1)𝛥θ
19:  𝝀𝑛+1 ∶= 𝝀𝑛+1 + 𝛥𝝀
20:  end if
21: end for
22: 𝐚𝑛+1 ∶= 𝐚𝑛+1 + ((1 − 𝛼𝑓 )∕(1 − 𝛼𝑚))𝐯̇𝑛+1
23: return 𝐪𝑛+1, 𝐯𝑛+1, 𝐯̇𝑛+1, 𝐚𝑛+1, 𝝀𝑛+1,
end function

For the stabilized index-2 formulation, the linear system to be solved reads 

⎡

⎢

⎢

⎣

𝛥𝐫
𝛥Φ
𝛥Φ̇

⎤

⎥

⎥

⎦

= 𝐒𝑡
⎡

⎢

⎢

⎣

𝐓𝛥θ
𝛥𝝀
𝛥𝜼

⎤

⎥

⎥

⎦

. (D.1)

The Jacobian is given by 

𝐒𝑡(θ,𝐪, 𝐯, 𝐯̇,𝝀, 𝑡) =
⎡

⎢

⎢

⎢

⎣

𝐌∗𝐏−1 +𝐊𝑡 𝐁T 𝜎
𝛾′ 𝐌

∗𝐏−1𝐁T

𝐁 𝟎 𝟎
𝐙𝑡 + 𝛾 ′𝐁𝐏−1 𝟎 𝜎𝐁𝐏−1𝐁T

⎤

⎥

⎥

⎥

⎦

. (D.2)

Using Eq. (74), Eqs. (69)–(73) follow as

θ𝑗+1𝑛+1 = θ
𝑗
𝑛+1 + 𝐓−1(θ𝑗𝑛+1)𝛥θ

𝑗+1 , (D.3)

𝐪𝑗+1𝑛+1 = 𝝉(𝐪𝑛, θ
𝑗+1
𝑛+1) , (D.4)

𝐯𝑗+1𝑛+1 = 𝐯𝑗𝑛+1 + 𝐏−1(θ𝑗+1𝑛+1)
(

𝛾 ′𝛥θ𝑗+1 + 𝜎𝐁(𝐪𝑛)T𝛥𝜼
)

, (D.5)

𝐯̇𝑗+1𝑛+1 = 𝐯̇𝑗𝑛+1 + 𝐏−1(θ𝑗+1𝑛+1)
(

𝛽′𝛥θ𝑗+1 + 𝜖′𝜎𝐁(𝐪𝑛)T𝛥𝜼
)

, (D.6)

𝝀𝑗+1𝑛+1 = 𝝀
𝑗
𝑛+1 + 𝛥𝝀𝑗+1 , (D.7)

where 

𝜖′ =
1 − 𝛼𝑚

ℎ𝛾(1 − 𝛼𝑓 )
. (D.8)

A simple variant of our stabilized index-2 𝜎-Lie group generalized-𝛼 method follows for 𝜎 = 1. In this case, the matrix 𝐏−1 Eq. (65) 
is reduced to the identity matrix, and the dependence of the Jacobian Eq. (D.2) and Eqs. (D.3)–(D.6) on the local coordinates is 
waived and a correction step without local coordinates can be obtained, cf.  Section 6.4. Alg. 3 outlines the computation of a single 
step using the proposed stabilized index-2 Lie group generalized-𝛼 method for 𝜎 = 1.
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Algorithm 3 Numerical algorithm computing a Newton update for the proposed stabilized index-2 formulation for 𝜎 = 1.
function SolveTimeStepSigma1GGL(𝐪𝑛, 𝐯𝑛, 𝐯̇𝑛, 𝐚𝑛)
1: 𝐯̇𝑛+1 ∶= 𝟎
2: 𝝀𝑛+1 ∶= 𝟎
3: 𝐚𝑛+1 ∶= (𝛼𝑓 𝐯̇𝑛 − 𝛼𝑚𝐚𝑛)∕(1 − 𝛼𝑚)
4: 𝐯𝑛+1 ∶= 𝐯𝑛 + ℎ(1 − 𝛾)𝐚𝑛 + ℎ𝛾𝐚𝑛+1
5: θ𝑛+1 ∶= ℎ𝐯𝑛 + ℎ2

(

1
2 − 𝛽

)

𝐚𝑛 + ℎ2𝛽𝐚𝑛+1

6: θ𝑛+1 ∶=
(

𝐈 − ℎ𝛽
𝛾 𝐯𝑛+1

)

θ𝑛+1
7: 𝐪𝑛+1 ∶= 𝝉(𝐪𝑛,θ𝑛+1)
8: for 𝑗 = 1 to 𝑗𝑚𝑎𝑥 do

9:  res =
⎡

⎢

⎢

⎣

𝐫(𝐪𝑛+1, 𝐯𝑛+1, 𝐯̇𝑛+1,𝝀𝑛+1, 𝑡𝑛+1)
Φ(𝐪𝑛+1)

Φ̇(𝐪𝑛+1, 𝐯𝑛+1)

⎤

⎥

⎥

⎦

10:  if ‖res‖ < 𝑡𝑜𝑙 then
11:  break
12:  else
13:  𝐒𝑡 ∶= 𝐒𝑡(𝐪𝑛+1, 𝐯𝑛+1, 𝐯̇𝑛+1,𝝀𝑛+1, 𝑡𝑛+1)

14:  
⎡

⎢

⎢

⎣

𝛥θ
𝛥𝝀
𝛥𝜼

⎤

⎥

⎥

⎦

∶= −𝐒−1𝑡 res

15:  𝐪𝑛+1 ∶= 𝝉(𝐪𝑛+1, 𝛥θ)
16:  𝐯𝑛+1 ∶= 𝐯𝑛+1 + 𝛾 ′𝛥θ + 𝐁(𝐪𝑛)T𝛥𝜼
17:  𝐯̇𝑛+1 ∶= 𝐯̇𝑛+1 + 𝛽′𝛥θ + 𝜖′𝐁(𝐪𝑛)T𝛥𝜼
18:  𝝀𝑛+1 ∶= 𝝀𝑛+1 + 𝛥𝝀
19:  end if
20: end for
21: 𝐚𝑛+1 ∶= 𝐚𝑛+1 + ((1 − 𝛼𝑓 )∕(1 − 𝛼𝑚))𝐯̇𝑛+1
22: return 𝐪𝑛+1, 𝐯𝑛+1, 𝐯̇𝑛+1, 𝐚𝑛+1, 𝝀𝑛+1,
end function

Data availability

Data will be made available on request.
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