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Abstract

The aim of this dissertation is to present the details of the Py P, DG schemes in one space
dimension for N, M € Ny with M > N, to study their numerical properties, to apply them
to scalar equations and systems of the hyperbolic conservation laws, and to make some basic
comparisons between numerical schemes from this large class of schemes. The PyPy, DG
schemes were originally introduced by Dumbser et al. [7].

The Py P, DG schemes use reconstruction operators applied to the discontinuous Galerkin
(DG) scheme. First, the given data are projected on elements of the numerical space domain,
which is discretized by an appropriate partition. This projection gives in each element at
the starting time an approximation which is written in each element as a sum of piecewise
polynomials of a maximal degree N. We define this projection procedure and associate with it
an appropriate basis and an appropriate space of piecewise polynomials. With these algebraic
elements (basis and space), we prove the existence and the uniqueness of the approximation.
Then we prove some of its properties, where we will consider this procedure as an operator.

After that, we prove estimates of this operator using the L' and L? norms. This proof is
done using the Bramble-Hilbert lemma. A smooth order N + 1 is proven for the projection
operator which gives polynomials of the degree N. As supplement, we give some examples of
the projection operators using various continuous and discontinuous functions.

We give an extra work for the extension of the projection operator to the 2D case, with some
properties and estimates.

The first step of the Py Py, DG schemes is to produce new piecewise polynomials of degree
M. They are reconstructed in each element from these approximate polynomials of the degree
N. We present this reconstruction and define the stencils which have a main role in this step.
We prove the existence of the solution using these operators with conditions on choosing the
size of the stencil with respect to the orders N and M. This proof is a first general proof of
this fact which previously had been obtained for special cases, M = 2N + 1 only, see [14]. We
consider two cases of the solution, either a unique exact solution or a unique solution obtained
by using the least squares approach in the overdetermined case.



Then we prove some of the properties of the reconstruction operator, especially the identity
property. We also prove that there are some relations between the two previous operators.
Finally, we prove estimates of this operator using the L? norm. A smooth order M +1 is proven
for the reconstruction operator which gives polynomials of degree M. We again demonstrate,
as supplement, some examples of the reconstruction operators with several types and sizes of
the stencils using various functions.

The second step of the Py Py DG schemes is a time evolution that gives other polynomials
of degree M in time and space. This improvement of the data depends on applying the local
space time Galerkin scheme. We demonstrate the details of this step and explain how to insert
the reconstructed polynomials inside the solutions of this step. After that, we provide some
simple examples for our work in this step.

The third step of Py Py DG schemes is to apply the DG scheme to the conservation laws.
The numerical flux, taken to solve the Riemann problem at the interfaces of the elements, has
to be computed by using the solutions of the local Galerkin step.

We consider the linear advection equation as a standard equation of the 1D hyperbolic
equations. We show the general formula of the Py Py DG schemes for the cases a > 0 and
a < 0, discuss the boundary conditions, and view some special formulas for some choices of the
orders N and M. Then we study the linear stability, obtaining tables of the maximal limits
of the stability for the schemes for all orders till M = 5. We also study the efficiency of the
schemes measuring the cost in the computational time and mesh discretization. We also study
the influence of the size and the type of the stencils.

We also apply the PyP,; DG schemes to the Burgers equation and associate to them the
Lax-Friedrichs and Godunov fluxes. We study two different cases. First, we apply the schemes
for the Riemann problem and discuss the effect of the use of the slope limiter. We note that the
Godunov flux gives better results than the Lax-Friedrichs flux. Second, we apply the schemes
for smooth function and compare the solutions using the Lax-Friedrichs and the Godunov fluxes
at different times using the TVDM and TVBM limiters.

In the last Chapter, we apply the schemes to the system of the shallow water equations.



Zusammenfassung

Das Ziel dieser Arbeit ist es, die Details der Py Py; DG Schemata fir N, M € Ny mit M > N
in einer Raumdimension zu prasentieren, ihre numerischen Eigenschaften zu studieren, sie auf
skalare und Systeme von hyperbolischen Erhaltungssatzen anzuwenden, und einige grundle-
gende Vergleiche zwischen numerischen Schemata aus dieser grofien Klasse von Schemata zu
machen. Die Py Py DG Schemata wurden urspriinglich von Dumbser et al. [7] eingefiihrt.

Die Py Py DG Schemata wenden Rekonstruktionsoperatoren auf die diskontinuierliche Ga-
lerkin Schema an. Die angegebene Daten werden zunéchst auf Elemente des numerischen
Intervalls, welches durch eine entsprechende Aufteilung diskretisiert wird, projiziert. Diese
Projektion liefert zur Startzeit in jedem Element eine Approximation, welche in jedem Element
als eine Summe von stiickweisen Polynomen vom maximalen Grad N geschrieben wird. Wir
definieren dieses Projektionsverfahren und ordnen ihm eine geeignete Basis und einen geeigneten
Raum stiickweiser Polynome zu. Mit diesen algebraischen Elementen (bestehend aus Basis und
Raum) beweisen wir die Existenz und die Eindeutigkeit der Approximation. Dariiber hinaus
beweisen wir einige seiner Eigenschaften, indem wir dieses Verfahren als Operator betrachten.

Im Anschluss beweisen wir einige Abschiatzungen dieses Operators mit Hilfe der L'- und
L?>-Normen. Dieser Beweis wird mit dem Bramble-Hilbert-Lemma durchgefiihrt. Eine glatte
Ordnung N + 1 wird fiir den Projektionsoperator, welcher Polynome vom Grad N liefert,
bewiesen. Als Erganzung geben wir einige Beispiele der Projektionsoperatoren an, bei denen
sowohl kontinuierliche als auch diskontinuierliche Funktionen verwendet werden.

Der Projektionsoperator wird auf den 2D-Fall erweitert und wir geben einige Eigenschaften
und Abschatzungen an.

Im ersten Schritt der PyPy; DG Schemata werden neue stiickweise Polynome vom Grad
M erzeugt. In jedem Element werden diese aus den annahernden Polynomen eines Grades N
rekonstruiert. Wir prasentieren diese Rekonstruktion und definieren die Abhéngigkeitsgebiete,
die in diesem Schritt eine Hauptrolle spielen. Wir beweisen die Existenz der Losung unter
Verwendung dieser Operatoren mit Bedingungen zur Auswahl der Grofle des Gebietes in Bezug
auf die Ordnungen N und M. Dieser Beweis ist der erste allgemeine Beweis dieser Tatsache,
welche bisher fiir Sonderfille, nur M = 2N + 1 erhalten wurde, siehe [14]. Wir betrachten



zwei Falle der Losung, entweder eine eindeutige Losung oder eine, die unter Verwendung des
least-squares Ansatzes erhalten wird.

Dann beweisen wir einige Eigenschaften des Rekonstruktionsoperators, insbesondere die Iden-
titatseigenschaft. Wir beweisen auch, dass zwischen den beiden vorherigen Operatoren einige
Beziehungen bestehen. Schliellich beweisen wir Abschitzungen dieses Operators mit der L2-
Norm. Eine glatte Ordnung M + 1 wird fiir den Rekonstruktionsoperator bewiesen, welcher
Polynome vom Grad M liefert. Als Ergdnzung zeigen wir einige Beispiele der Rekonstruktion-
soperatoren mit verschiedenen Arten und Gréflen der Abhéngigkeitsgebieten unter Verwendung
verschiedener Funktionen.

Der zweite Schritt der Py Py DG Schemata ist eine Zeitentwicklung, welche andere Polynome
vom Grad M in Zeit und Raum ergibt. Diese Verbesserung der Daten hangt von der Anwendung
des lokalen Raum-Zeit Galerkin Schemas ab. Wir demonstrieren die Details dieses Schritts und
erklaren, wie die rekonstruierten Polynome in die Losungen dieses Schrittes eingefiigt werden.
Danach geben wir einige einfache Beispiele fiir unsere Arbeit in diesem Schritt.

Im dritten Schritt eines Py Py; DG Schemas wird das DG-Schema auf die Erhaltungssatze
angewendet. Der numerische Fluss, der zur Losung des Riemann-Problems an den Grenzflachen
der Elemente benotigt wird, wird unter Verwendung der Losungen des lokalen Galerkin-Schritts
berechnet.

Wir betrachten die lineare Advektionsgleichung als eine Standard Gleichung der 1D hyper-
bolischen Gleichungen. Wir zeigen die allgemeine Formel der Py Py; DG Schemata fiir die Félle
a > 0 und a < 0, diskutieren die Rand-Bedingungen, und zeigen einige spezielle Formeln fiir
einige Auswahlmoglichkeiten der Ordnungen N und M. Im Anschluss studieren wir die lineare
Stabilitat und erhalten Tabellen der maximalen Stabilitdatsgrenzen fiir die Schemata fiir alle
Ordnungen bis M = 5. Wir studieren auch die Effizienz der Schemata durch Bestimmung
der Kosten fiir die Rechenzeit und Gitterdiskretisierung. Wir studieren auch den Einfluss der
Grofe und der Art der Gebiete.

Wir wenden die PyPy; DG Schemata auch auf die Burgers Gleichung an unter Verwen-
dung des Lax-Friedrichs oder Godunov Flusses. Wir studieren zwei verschiedene Falle. Zuerst
wenden wir die Schemata auf das Riemann-Problem an und diskutieren den Effekt der Ver-
wendung des Slope-Limiters. Es stellt sich heraus, dass der Godunov-Fluss bessere Ergebnisse
liefert als der Lax-Friedrichs-Fluss. Zweitens wenden wir die Schemata auf eine glatte Funk-
tion an und vergleichen die Losungen mit TVDM- und TVBM-Limitern unter Verwendung der
Lax-Friedrichs und der Godunov Fliisse zu verschiedenen Zeiten.

Im letzten Kapitel wenden wir die Schemata auf das System der Shallow-Water Gleichungen
an.
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Chapter 1

Introduction

1.1 Overview of the PyP,, DG Schemes

A conservation law [12] is a system of hyperbolic PDEs that states that the rate of change of a
physical state or conserved quantity is governed by a flux function. We are interested in solving
1D hyperbolic systems of conservation laws

vi(t,z) + f(v(t,z)), =0,

where the dependent variable v = v(¢, x) is the vector of conserved quantities, the continuously
differentiable function f : R? — R is the flux function, z € I = [a,b] C R is the space variable,
and t > 0 is the time variable. The hyperbolicity means that the Jacobian matrix of f(v)
with respect to v has real eigenvalues associated with a set of linearly independent eigenvectors
which form a basis of R?, where d € N is the dimension of the vector v.

The Py Py DG schemes, originally developed by Dumbser et al. [7], are able, in general, to
treat these systems even with source term s(v) of the form v, + f(v)_ = s(v).

The data are approximated at each time step ¢, on the space interval I by a piecewise
polynomial ™ of degree N € Ny using some time independent piecewise basis polynomials ®; ;
of degree i < N and with time dependent coefficients @7 ;(¢). This approximation is written as

ute) =Y an() (),

=1 i

where Z is the number of cells in the discretization.

The PyPy DG schemes start with using a linear reconstruction operator applied at the
beginning of each time step of the discontinuous Galerkin schemes (DG). This operator is
applied to the numerical data u™. It increases the order of accuracy in space obtaining high
order piecewise polynomials of an arbitrary degree M > N. These polynomials are linear
combinations of the basis functions ®;; of degree M with time dependent coefficients @j';(#).
In the special case when M = N the reconstruction operator reduces to the identity. Dumbser
and Munz [8] were the first to propose the application of the reconstruction operators to the
DG schemes at the beginning of each time step.

10



1.2. THE MAIN RESULTS

The PnPy DG schemes use also a local continuous space time Galerkin method. This
second step evolves the numerical solution in time inside each element and provides a high
order time discretization of the same order of accuracy as the space discretization. This gives,
as a high order accurate predictor, space time polynomials for the functions v, f and s. Dumbser
et al. [7] proposed to use this approach to obtain smaller algebraic systems and solved these
systems efficiently by a simple iteration scheme. They also explained that at least for linear
hyperbolic PDE this iteration scheme has a unique solution and the convergence to this solution
is guaranteed, according to the Banach fixed point theorem. For linear homogeneous scalar
equations the method always converges for any initial guess vector after at most M iterations.
But for nonlinear systems only about M or M + 1 iterations are taken as an approximation.

The third step is to apply the DG schemes. The result of the iteration method is used
for the time integration of the flux and source evolutions. The ADER methods, for Arbitrary
Accuracy DERivative Riemann problem, of Toro et al. [24], solve a high order Riemann problem
approximately at the interface. They need the Gaussian quadrature in space and time in order
to compute the fluxes across the interface. Dumbser et al. [9, 11] proposed a quadrature free
version of the scheme of arbitrary accuracy in space and time on unstructured meshes in two
and three space dimensions. This version of the ADER schemes is similar to the original ENO
scheme proposed by Harten et al. [15], since it first evolves the data for each element via
the Cauchy-Kovalewski procedure and then solves the interactions across the boundary. In
the Py Py DG schemes, to obtain a quadrature free version of the schemes, the space time
informations has been used, which was neither done in the ENO scheme nor in previous ADER
schemes.

The resulting Py Py DG schemes are one step schemes, i.e. only two time levels are involved
in one time step. They are quadrature free, fully discrete, and can be chosen of arbitrary order
of accuracy in space and time. These schemes contain both the finite volume schemes when
N =0, and the discontinuous Galerkin schemes when M = N.

1.2 The Main Results

In Chapter 2, we represent how we define a piecewise approximation u using the operator IIy ;.
We prove that this operator is stable, linear, conservative and as a best approximation. As well
as, it is an orthogonal projection. We give estimates for this operator in the L! and L? norms
for the smooth functions and for the discontinuous ones.

The idea of the projection is extended to the 2D case. We prove in an analogous way similar
properties in Chapter 4.

The main part of the Py Py DG schemes is to use the reconstruction operators, as we will
show in Chapter 5. It is of interest to increase the order of the solution in space arbitrarily. The
reconstruction operator uses a domain around an arbitrary element. This domain is called the
reconstruction stencil. The reconstruction operators are given by equalities of the projections
on the elements of the stencil.

The idea of using the reconstruction operators is inspired from the work of Dumbser et al.
[7]. They applied these operators to conservation laws in two and three space dimensions. Our

11



CHAPTER 1. INTRODUCTION

work on the reconstruction operators is only to the one space dimension and this work has
driven us to prove properties more precisely. A central result is a proof of the unique solvability
of the reconstruction step. Our choices of the stencil sizes for the reconstruction operators
always generate systems of equations with full column rank. Furthermore, the reconstruction
operators give approximations of the data considered, but as a special case they recover the
same data when these originally are polynomials of the same degree.

We prove that the reconstruction operator gives unique solutions and it is stable, linear,
conservative, and consistent. We give some theorems to show the relation between the pro-
jection and the reconstruction operators. Moreover, we prove estimates for the reconstruction
operator meaning that the reconstructed polynomials of degree M are accurate of order M + 1
in the L? norm, provided that the stencil gives equations, whose number is greater than or
equal to the number of the coefficients of the reconstructed polynomials.

The PyPy DG schemes develop the data in time once in each time step. Furthermore,
with the nonlinear equations we use a slope limiter. We apply this limiter once in each time
step. On the other hand, with the RKDG schemes one needs to develop the data in time and
to use the slope limiter several times in each time step, according to the Runge-Kutta stages.
Thus, precisely due to this point, for high order schemes the Py Py, are faster than the RKDG
schemes.

Courant numbers are important for the stability of explicit schemes for conservation laws.
We computationally explore maximal limits of these numbers for the Py P DG schemes by
applying the von-Neumann analysis and using an experimental procedure. We obtain a wide
variety of stability limits, including some unstable cases for which we have only one value A = 1
that gives a stable solution. Moreover, there are some semi-stable cases with a minimal bound
on the time step and some cases with a larger stability interval that ]0,1]. This study of the
stability is for the application of the Py Py; DG schemes to the linear advection equation.

1.3 Outline of the Structure

Now we give an overview of our thesis. The definition and properties of the projection procedure
are presented in Chapter 2. This projection produces piecewise representations of the data.
These representations are polynomials of degree N > 0. We prove the existence and the
uniqueness of the approximation and prove some properties of the projection operator. At the
end we give estimates of this operator using the L' and L? norms. A smooth order N + 1 is
proven for the projection operator which gives polynomials of the degree V.

Some examples of the projection operator using various functions are given in Chapter 3
with figures and tables of errors. The projection always has the order N 4 1 of accuracy using
the L? norm.

The Chapter 4 includes an extension of the projection operator to the 2D case, with some
properties and estimates.

The main part of the work is in Chapter 5 where we introduce the idea of the reconstruction
operators. We define the stencils and their types and sizes. We prove the existence and
uniqueness of the solution using these operators. This is a first general proof of this fact which

12



1.3. OUTLINE OF THE STRUCTURE

is previously had been obtained for special cases, M = 2N + 1 only, see [14]. Some examples
of the reconstruction operators with several types and sizes of the reconstruction stencils view
the formulas of these operators. We consider two cases of the solution, either unique exact
solutions or unique solutions by using the least square approach in the overdetermined case.
Furthermore, some theorems review the properties of these operators and review the relation
between the two operators. Finally, we give estimates using the L? norm. A smooth order
M + 1 is proven for the reconstruction operator which gives polynomials of degree M.

Some examples of the reconstruction operator using various functions are given in Chapter
6 with figures and tables of errors. The reconstruction always has the order M + 1 of accuracy
using the L? norm.

In Chapter 7 we treat the idea of improvement the data in time. This step increases the
degree of the time variable for the data by applying the space time continuous Galerkin method
to the conservation law considered. We give examples of building the nodal bases, explain how
to insert the reconstructed polynomials and how to reduce the linear algebraic system, and
show the iterative method to solve the reduced linear algebraic system. After that, we view
some formulas of the solutions for the advection equation and for the Burgers equation.

In Chapter 8 the DG schemes are applied to the conservation laws. The numerical flux,
taken to solve the Riemann problem at the interfaces of the elements, will be applied to the
space time solutions of the continuous Galerkin method of Chapter 7.

The Chapter 9 is specified to study the numerical properties of the Py Py DG schemes.
The linear advection equation is of interest to determine the efficiency and the ability of the
numerical schemes to capture the best approximations. We view some examples of the Py P,
DG schemes applied to the advection equation, study the Fourier stability analysis, give the
limits of the Courant numbers associated with these schemes. Also we study the numerical
effect of the size and form of these stencils on the efficiency of the Py Py DG schemes.

In Chapter 10 we apply the Py Py DG schemes to the Burgers equation for the Riemann
problem and for smooth functions. We discuss the influence of the slope limiter on the solutions
and compare the solutions using the Lax-Friedrichs and the Godunov fluxes at different times
and using the TVDM and TVBM limiters.

Finally, in Chapter 11, we apply the Py Py DG schemes to the system the shallow water
equations.

13



Chapter 2

The Projection onto Piecewise
Polynomials

2.1 Mathematical Preliminaries

2.1.1 Function Classes

Given a closed finite interval I = [a,b] C R, we define the space of continuous functions on I,

C(I) := {v : v is continuous at each = € I}, see Adams [1]. This space is a normed linear

space with the norm ||v||¢() = max,er|v(z)]. We often deal with smoother functions which

have derivatives. If r is a positive integer, we introduce the space of r-times continuously differ-

entiable functions as C"(I) := {v : v, DWv,..., DMy € C(I)}, where D%y is the derivative of

order 7 of v. At the boundary points a,b € R we assume one-sided continuous differentiability.
We introduce for p € [1, 00| the classical Lebesgue spaces

LP(I) := {v : v is measurable on I and ||v||zr(1) < 00},

vlle(ry = (/|v |pdzzc) , 1< p<oo,

HUHLoo(I) = ess sup |v(x)], p=o0,
zel

with the norms

Especially, we use extensively the L? norm and the corresponding scalar product

(f.g) = / f(@)g(x)dz. (2.1)

Let p € [1,00[ and let r be a non negative integer, the Sobolev space is defined by

W™P(I) .= {v e LP(I) : DMy € LP(I)}, (2.2)

14



2.1. MATHEMATICAL PRELIMINARIES

where the derivatives are taken in the sense of distributions. This space is associated with the
norm

r 1/17
vl lwrey = (Z(\|D(”v!!LP<I>>p> ’ (2.3)

i=0
and with the seminorm
[olwrary == DV 0]| o). (2.4)

For the case p = 2, we have the spaces W"?(I) with the seminorm |v|yr2(). The function
| - lwrr(r) is a seminorm, since we may get |[v|yrry =0 even if v # 0, e.g. if v =1 and r > 1,
therefore it is not a norm.

2.1.2 The Projection Operator

Let X be a normed linear vector space and V' C X be a linear subspace. Then a bounded
idempotent operator P : X — V with P = P? is called a projection operator. Moreover, if X
is a Hilbert space and the image Im(P) is orthogonal to the kernel ker(P), then P is called an
orthogonal projection operator. We are interested only in the case where V' =Im(P) is a finite
dimensional subspace.

2.1.3 The Polynomials

Polynomials play a main role in approximation theory and numerical analysis. To indicate why
this might be the case, let N € Ny and I C R be an interval. We call

N
Py = {p:p(x):Zaixi, ap,...,any € R, xEI}, (2.5)

i=0
the space of polynomials of a maximal degree N with support I. This space is a finite di-
mensional linear space with the monomials 1, z,...,z" as basis. One may also consider any
other convenient basis. The polynomials from Py ; have many attractive features. (1) They
are smooth functions. (2) The coefficients ay, ..., ay can be stored and evaluated on a digital

computer. (3) The derivative of a polynomial is again a polynomial. (4) The number of zeros of
a polynomial of degree N cannot exceed N. (5) Given any continuous function on an interval
[a, b], there exists a polynomial which is uniformly close to it. (6) Precise rates of convergence
can be given for the approximation of smooth functions by polynomials. These properties in-
dicate, indeed, that polynomials should be ideal for approximation purposes, however, it has
been observed that the polynomials possess one unfortunate feature. Many approximation pro-
cesses involving polynomials tend to produce polynomial approximations that oscillate wildly.
This main drawback of the space Py of polynomials is a kind of inflexibility. Polynomials
seem to do all right on sufficiently small intervals, but when we go to larger intervals, severe
oscillations often appear particularly if the degree N > 3,4. This observation suggests that in
order to achieve a greater flexibility, one should divide up the interval of interest into smaller
sub intervals. We are motivated to define another space of polynomials.

15



CHAPTER 2. THE PROJECTION ONTO PIECEWISE POLYNOMIALS

2.2 The Space of the Piecewise Polynomials

Let Z € N, a < b be real, A := {x3+1}g be a grid of Z + 1 equally distant points a =

r1 <23 <. < Ty < Tyyl= = b which are the called the nodes of the partition or grid.

The set A partitions the interval [ = [a,b] into Z disjoint subintervals which we call elements

I; = [[Ej_ JTjpL [ for j =1,...,Z. We define the midpoints by z; := 3(z Tjp1 —l-{Ej_%) and the

constant element size h:=x; 1 —x; 1 .
2 2

2.2.1 The Definition

Given a non negative integer N € Ny. We call
Pnrz:={p:forall j=1,...,Z 3p; € Pnr; plx)=pjx) for zel;},

the space of piecewise polynomials of degree at most N with respect to the partition A, where
Py, for j = 1,...,Z are the spaces of polynomials of the degree N given by (2.5). Any
polynomial on [a, b] is also a smooth piecewise polynomial with respect to any partition of this
interval. This implies that the space Py ; is a subspace of Py 1 z.

By going over from polynomials to piecewise polynomials, we have gained flexibility, but at
the same time we have lost an important property. The piecewise polynomial functions are not
necessarily smooth and they can even be discontinuous. Each function p € Py ;7 consists of Z
polynomial terms. This means that the two polynomial terms p;_; and p; associated with the
intervals [;_; and I; respectively have one common node z; 1 and are unrelated to each other.
Thus there may be a jump discontinuity at z; 1. Thus, the space Py 7 contains functions

with possible jump discontinuities at the interiorznodes Tl

Remark 2.1. In order to maintain the flexibility of piecewise polynomials with achieving some
degree of global smoothness, one can enforce smoothness conditions on the polynomial terms
and their derivatives at the interior nodes. In other words, one can force the two polynomial
terms to tie together smoothly in the sense that a piecewise polynomial p € Py 1z and its first
derivatives are all continuous across the node. For more details, one can see [19]. Here we are
concerned only with the type of piecewise polynomials without such conditions on the terms.

2.2.2 The Legendre Polynomials

The mutually orthogonal Legendre polynomials of degree i € Ny on the reference interval
J = [~1,1] can be determined by the Rodrigues formula £;(s) = SR L {(1 — s2)i} for s € J,

243! dst
see e.g. Stegun [21]. On J they satisfy the orthogonality condition

1
2
/1 ﬁm(S)ﬁn(S)dS = m(gmn,

where 0,,, is the Kronecker delta and satisfy also
Li(—s) = (=1)"Li(s) and L;(1)=1, (2.6)

16



2.2. THE SPACE OF THE PIECEWISE POLYNOMIALS

see e.g. Koornwinder et al. [17, Table 18.6.1]. For example, the first four polynomials are

352 —1 5s® —3s
1, s, , .
2 2

2.2.3 Finding a Basis for the Space Py

Let I; for j = 1,...,Z be our discrete intervals with constant length h and midpoints z;. We
define linear reference transformations v, : I, — J by

vi(z) = %(m —z;), x€lj. (2.7)

We find that v;(xz) € [—1,1] if € I; and O elsewhere. We can suppose that 7, is a vari-
able for the Legendre polynomial associated with I;, and 7, with I, etc. Thus using these
transformations we obtain the transformed piecewise Legendre basis functions

oy ) Lily(®) w e L _
@ZJ(m)—{O ve N, j=1,....7Z, i=0,...,N. (2.8)

The functions ®; ; are orthogonal and defined on 7, not only on /;. For example, in I;

bos0) =1 B) = Fe-a) ayl0) = (Fla-a)) -

and in I\1; we have @ j(x) = O j(x) = $y;(z) = 0.

We collect the first N + 1 such functions in the set Ay, := {P¢;,...,Pn,;}. Let finally
Qn; = span{Ay;} be the space spanned by Ay ;. The restriction Ay |7, forms a basis for
Qn jl1;, this follows directly from the linearly independence of the Legendre polynomials. Also,
the space Qy |7, is a subspace of L*(I;) and L'(I;), therefore we can use the following scalar
product

(v,w); = / v(x)w(z)dr, for all v,w € L*(I;), (2.9)

I;

and the norms

lelliany = [ ot@)Pdr,  forall v e £2(1),
I.

[Vl z1(r)) ::/I lv(z)|dz, for all v e L'(I).

Each space Qy |1, has a basis which consists of N 41 polynomials and is a subspace of Py s,
thus Q| 1; = Pn,1;- We can now take a new definition of the space Py 1z as follows

Pyrz:={p:forall j=1,...,Z 3p; € Qnjlr; p(x)=pj(x) for ze I} (2.10)

Foralli=0,...,Nand j =1,...,Z, the function ®; ; given by (2.8) is a piecewise polynomial

77777
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CHAPTER 2. THE PROJECTION ONTO PIECEWISE POLYNOMIALS

By zl1; = Anjlr;, forall j = 1,..., Z. Thus, By z|z, is linearly independent. Since Ay ;NAy; =
{0} when k # i, one may easily deduce that By z itself is linearly independent. Then By 7 is
a basis of the direct sum of the spaces span{ Ay ;|7 }, which is itself the sum ZJ.Zzl Py 1]7;- On
the other hand, according to the definition (2.10), we have Py z = Z]~Zz1 Pn1|1;- Then By z
is a basis of Py 1 z. Moreover, the basis By z consists of orthogonal functions on I with

h B ]:]/
D, ()P, i (v)dr = 2mt17mm I m,n=20,...,N. 2.11
[ us@ntyio = { grtm 120 2.11)

i
Thus we have proved the following theorem

Theorem 2.2. Py ; has the dimension Z(N + 1) and the set By, z is an orthogonal basis for
it.

2.3 Approximating Using Piecewise Polynomials

In this chapter we will study various functions of different order of smoothness, e.g. starting
from the space C*° of infinitely continuously differentiable functions, such as e.g. sinx, up to
the discontinuous functions, such as a jump function. Therefore, the function, which will be
considered, must be at least bounded on the interval I. The Riemann integral of a bounded
function on a closed interval I always exists, provided that the set of points in I, at which
the function is not continuous, has Lebesgue measure 0, see also [13]. Therefore, we deal with
integrable functions, for example, deal with v € L?(I).

2.3.1 The Approximation

Given v € L*(I). We want to approximate v using piecewise polynomials finding u € Py ; 7 in
such a way that the error in L? norm is minimal. Suppose that the piecewise polynomial u is

written in the form N
u() =Y > Ui®ix), zel

7j=1 =0

The coefficients u; ; are the unknowns and must be computed in such a way that the error of
finding them in the L? norm is minimal.

The error is the difference E(u;;,x) = v(x) — u(x). The error becomes minimal when the
derivatives of its norm squared with respect to the unknowns y, ; vanish, i.e. %}CJHE | |%2( n=0
forall k=0,...,N and j=1,...,Z. The norm of the error is given by

b z z N 2
2 ~
HEH%Z(I) :/ Ezdx:Z/I (E|f,(2)) dx:Z/I (v(m)—Zui,j@J(m)> dx.
a j=1 "4 j=1 71 i=0

18



2.3. APPROXIMATING USING PIECEWISE POLYNOMIALS

Thus we have forall k =0,...,Nand j=1,..., 7

0 o z N 2
= =IIF 22 = = — U; Dy d
0 T EIZ2 Dtix, 2_:/1 (v(x) Z“ ; 7](:5)) .

Therefore, we must have [, (Z?LO ﬂiﬁj(IDi’j(x)> Oy (@)dx = [, v(x)Py;(x)dx, or in detail

iL\OJ/ q)UJ (ZE)CI)OJ(I)dl' + ...+ aN,j

J

a()J‘ / (bg,j ($)(I)17]($)dl' + ...+ ﬂNJ«
1

J

Oy (x)Pgj(x)dr = /Iv(x)cboyj(x)dx,

J

<I>N]( )Py (x)dr = /Iv(x)q)l,j(x)dx,

J

—_—

ﬂ07j/ <I>07j(x)<I>N7j(:p)dx+...+ﬂN,j/ @ij(I)CI)N,j(l')dZL' = /’U(l‘)CI)NJ(ZL‘)d{E.
I I

j I; j

According to the orthogonality (2 11), we obtain for j = 1,...,Z, huy,; = f[ z)Dg j(x)dz,

§l = f[ 2)®y,j(x)dz, and 2N+1UNJ fI x)®y j(x)dz, or simply
~ 2i+1 , .
uivj Z}—l_ <U q)z]> Z:O,---,N, j:17’Z

2.3.2 The Definition

The solution of our problem of approximating a function v € L?(I) using piecewise polynomials
with minimal error using the L? norm is a piecewise polynomial u € Py ; 7z which is given by

The coefficients u; ; have to computed by the following Z (N + 1) equations

2t +1
b, = “Z / o(@)®, ;()dz. (2.12)

I;

We could say also that the solution consists of Z terms. Each term is denoted by

N
= Uy®i ), zel (2.13)
i=0
It is a polynomial of degree N related to the element I; and is 0 on I\ ;.
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CHAPTER 2. THE PROJECTION ONTO PIECEWISE POLYNOMIALS

2.4 Analytical Study

In fact, one can look at the procedure of finding the approximation as the application of an
operator. We define this operator Iy 7 : L*(I) = Py 1.z by IIn z(v) := u to give

Iy z(v)(z) = u(z) = Z Z@’j@i’j(x)’ for z €1, (2.14)

N
HN,Z(U)|IJ- (ZL’) = U|]j (I) = Uj(l') = Zﬂmcbm(m), for x c Ij-

The operator Ily 7 is linear, that is obvious from the definition. Also the operator IIy » has
the following properties.

2.4.1 Identity

The operator 11y 7 is a projection, i.e. it is idempotent meaning that if v itself is a polynomial
of degree N defined on I, then 1y z(v) = v. This implies that Iy z({In z(v)) = Iy z(v).

Proof. Let u = Iy z(v) and u; = u|;, for j = 1,...,Z. Since v and u; are polynomials of the
degree N defined on [;, then these both can be written in the form v(x) = E@']\io 0;;P; ;(z) and
uj(x) = Zi]\io u; j®; ;(z) for x € I;. We have to prove v; ; = u;; for alli = 0,..., N. According
to (2.12) we have foralli=0,...,Nand j=1,..., 7

. . N
R 20 +1 21+ 1 R
Ui = / v(@)®i(2)dr = — /I (Z ki Phj (JJ)) D, (z)dx

I

; N . N

20+ 1 A 21+ 1 R h

- = ;vm (/11 @k,j(x)q)i,j(x)dx> - — Z kg (% — 15@,{;)
2% +1. h

Vi.i = V. j.
h 72+ 1 7

2.4.2 This Operator is an Orthogonal Projection

The solution u = Iy z(v) is an orthogonal projection of v on Py ;z with respect to the L?
scalar product in space.
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2.4. ANALYTICAL STUDY

Proof. Let u = IIN z(v) and ®;; one of the basis functions of the space Py ;7. We have

(=, @) = 04+...+0+(—u;,@i;); +0+...+0=(v,D;); — (uy, Pi;);

_ /1 ()b () - /I | (im,m,ﬂ@) Py (x)dx

J J

- /v(x)q)i,j(x)dx_iak’j (/ q)k’j(x)%j(x)dx>

1 k=0 i

= [ e @ - a

= Ijvx ij(r)dx 2i+1u”’
and according to (2.12)

h 2i+1
(0 —u,@,,) = / (@) ()de — 5 2 / 0(@)@; ()dar = 0.
This means that
<U —Uu, (I)i7j> = 0. (215)

Thus v — Iy z(v) is orthogonal to all @, ;, i.e. orthogonal to the space Py z with respect to
the L? scalar product. In other words ITy z(v) is the piecewise polynomial closest to v with
respect to the L? norm. So we call ITy z(v) the L? projection, or projection of v. O

2.4.3 This Operator is the Best Approximation

Directly from the previous property we find ||v — u||p2) < ||[v — p||2(r) for all p € Py 7. It
means that the piecewise polynomial v = IIy z(v) is the best approximation using piecewise
polynomials, in the sense that the error in the L? norm is as small as possible.

Proof. Let p € Py 1z be arbitrary and set ¢ = uw —p € Py 7. Using (2.15) with p replaced by
q, we get, using the Cauchy’s inequality also,

o —ullZey = (v—u,0—u)=(v—u0—u)+{v-uq = @v-u0-1u+tq)

= (v—wu,v—p) < ||lv—ulle2)||v = pl|L2p)-

Dividing by ||v — ul|p2(py, if [|[v — u|[z2(r) # 0, we get the result. O

2.4.4 Boundedness
Let v € L*(I). The following estimate boundedness holds

N z(0)|| 20y < [0l 2y (2.16)
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CHAPTER 2. THE PROJECTION ONTO PIECEWISE POLYNOMIALS

Proof. Let u(z) = Iy z(v)(z) = Z].Zzl SN TP (x). We have

N 2
il 22,y = /I|uj(l‘)|2d$—/l <Zm~,j<bi,j(x)> dzx
J J =0

- / ZAQ 0 Z“W i Z”’w@kﬂ dr
k;ﬁz

N N
Zain@i,jH%Q(lj) + Z uk] ®1J7¢k]>
=0 0 k=

=2

According to (2.11), where ®; ; are orthogonal, we get

N

~ . h
gl 22r,) ZU NPl 720r, = Zuwuwm—ﬂ (2.17)
i=0
According to (2.12) we obtain
N .
|2t +1 h
gl 220,y = Zuu h /Ij (@) ®iy(w)de| o 1
- / (Z u; ;P ( ) de = / v(z)u;(z)dr,
I
and using the Cauchy Schwarz inequality we find ]|ujHL2 < llz2apllwll 2y or w2,y <
|[v]|L2(z;)- Squaring and taking the summation over all elements I; we get
z z
lullZ2y = Y lusllZa) < D Iollzeqy) = [lollZ2q)
=1 =1
Finally, by taking the square root, we obtain the result. O]
Corollary 2.3. From the equality (2.17), we obtain for all j =1,..., 7
b N N
i=0 1=0
Let §; := (To, ..., Un,) . Using the Euclidean vector norm' we obtain the estimates
h ~
m“uaﬂg < gl Z2r,y < Bl (2.19)
IThe Euclidean norm is defined in RV*+1 by
HpHe:\/p%—i—...—l—p?VH, for all pz(pl,...7pN+1)T€RN+1. (2.18)
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2.4. ANALYTICAL STUDY

Setting m := |||,y = sy and M = = [|Po,ll72(s,) = h we obtain
ml 6112 < 1172, < M6 (2.20)

2.4.5 The Error Estimates of the Projection Operator

We prove error estimates with help of the following theorem, which is a version of the Bramble-
Hilbert Lemma given by Watkins [25, Theorem 1].

Theorem 2.4. Let T € R" be a domain such that the identity map I : W¥L2(T) — WN2(T)
is a compact operator, i.e. we have a compact embedding. Let WY +12(.J), with J = [-1,1], be
the Sobolev space defined by (2.2), and let the seminorm |- [y ~+1.2(), which is defined by (2.4).
Let B : WN*12(J) — Y be a bounded linear operator with domain W~*12(.J) and range in
a normed linear space Y, and let || - ||y be its norm. Thus there exists a constant ||B|| such
that [|[B(f)|ly < |IBl| - || fllwx+120s for all f € WNTL2(J). Suppose also that B(p) = 0 for any
p € Py, in the space of polynomials of degree N. Then there is a constant C'; which depends
on J and N, but not on B, such that

1By < Co-[IB] - [flww+r2(gy, for all fewh+h2( .

Theorem 2.5. Suppose that the interval I = [a,b] has a uniform partition of Z subintervals
with constant mesh size h = (b — a)/Z. Then, for each v € WN*12(]), the following error
estimates hold

HHN,Z(U) _UHLQ(I) CQhN+1"U’WN+1,2(I),

<
[ nz(v) = vl|lg < CshN T ulwaee,

where || - [|y~+12(py and | - [yv+12y the norm and the seminorm, which are defined in (2.3) and
(2.4), respectively.

Proof. The First Inequality. Consider T = J = [~1,1] and f € W¥*L2(J) from Theorem
2.4. We set Y = L*(J). Let IIy; be the projection operator in the special case where the
interval I = J and Z = 1. In this case the assumption of a compact embedding for Theorem
2.4 holds. Then, we can say that the operator B(f) = IIy1(f) — f is

1. linear, due to the linearity of the projection operator,

2. bounded, due to (2.16) for the unique element J, and using the triangle inequality, we
get |[B()L2y = [Hna(f) = flleey < HHna(Hllzzey + 1120y < 201l 20

3. due to the property 2.4.1, we have B(p) = IIx1(p) —p =0 for all p € Py_;.

Thus, by Theorem 2.4, there is a constant Cy with ||IIx1(f) — f||z2) < Cilflwn+12(s). Then

by squaring
/ [Ina(f &)Pdé < / DY £(£))2de.
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Let j = 1,...,Z be fixed and z; be the midpoint of the element ;. We use the inverses
’y;l : J — I; of the linear transformations 7; given in (2.7), and write x = 7;1(5) = %f + x;
for £ € J. We also suppose that f = v o %'—1‘ Then for € I; we have v(z) = v(yj_l(f)) =
(vo ’yj_l)(f) = f(£) and the chain rule gives

daf (€) df(f) do _ dv(z)dr _ @dv(a:) (N+1) B (ﬁ)NH 1)
T e & dr k24 = PUTHO=(3) PN

Furthermore, by defining the operators B; : WN+12(I;) — L%(1;) by
Bj(v) = IInz(v) —v = IIna(f o) = (f o), for ve WNHA(I)),

and noting that d§ = %dx, we can now rewrite the last inequality with the variable x and with
the main projection operator Ily z as follows

%/Ij [ 2(v)(2) = v(x)[*dz < %012 /f

J

B\ VL 2
<§> DN y(2)| de,

or

C?
/[A [y 7 (v)(x) — v(z)Pdr < SoN T3 h2N+2/ ’D(NH) | de.
Then, by taking Co = C127V~!, we get
HHN,Z(U) - UH%%I]-) < Cz2h2N+2|U|124/N+1,2([j)- (2.21)

By summation over all j we get

A
I,z (v) U||L2 Z [N,z (v "U||%2(1j) < Cape Z |U|12/VN+1’2(I]~) = C§h2N+2|U’%/VN+1»2(I)‘
j=1

By taking the square root follows the first inequality.

The Second Inequality. Using the Cauchy Schwarz inequality and (2.21), we have

||HN,Z(U) - U||L1(Ij) = / |HN72(U) —v|dr < (/
I; I

1
2
dx) [ Tn,z(v) = v]|2(1))
J
3
= B3|y z(v) = vlly) < Coh™ 3 [ulvsnag).

By summation over all j, we get
z
3
HHN,Z( —’UHLl ZHHNZ _UHLI(Ij) g CghN+2 Z’U|WN+1,2(IJ.). (222)
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On the other hand, according to the inequality € < %(62 + ¥?), which always holds for all
e, € R, we have

N

Z
’U|WN+12 + ZZ ’U’I/I/N+1,2([j)‘/U‘WN+1,2(IZ_)

z
j=1 j=1 i=1
z

i#]
1 2.2
< |U|WN+12 500 (lymsnagy + oz,
j=1 i=1
i#]
4 1 22 1 2.2
= D _leliwvnag + 52D Whvssegy + 53D [ohiwaaq,
j=1 j=1 i=1 j=1 i=1
i#j ]
z 1 2.2 Z
S S RS o o SRS o) NI
j=1 i=1 j=1 j=1 i=1
7 i)
This implies that
< 2 6 71
<Z |’U’WN+1,2(1J.)> < Z |/U‘WN+1 2( + B Z ‘/U‘WNJrl 2(1,) T 5 Z ‘U|%4/N+1,2(Ii)
=1 j i=1

= Z Z |U|%/VN+1’2(IJ)
j=1

Since Z = (b — a)/h, then we have

z 2 z
(E |U|WN+172(I]-)> < h E |U|%/VN+1,2(IJ,) = (Vb — ah 2|U|WN+1,2(I)> .
Jj=1 Jj=1

Taking the square root and then substituting in (2.22) and taking C5 = Cyv/b — a, we get
finally ||IIy,7(v) — v||L1 ) < Csh™ ™ v|yyasr2(ry), thus the second inequality holds. O

The above estimates are all related to smooth data. However, we sometimes face disconti-
nuities which effect the accuracy and the order.

Theorem 2.6. Let N € Ny, /] C R, and v € B(I) be a bounded function which has a
discontinuity in I. Suppose h is the length of I. Then, there is a constant C; which is only
related to IV, such that the following error estimate, for all 1 < p < oo, holds

1T, 2(v) = vl Loy < Calloll ooy P
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Proof. Since h = |I|, we take a partition of one element Iy = I and assume that u(z) =
Iy z(v)(x) = SN i1 @ (2) with @y = 2L [ o(2)®, 1 (v)da for i = 0,..., N.
For alli=0,...,N we have ||®;;|[z~) = 1 and, for z € I

N
[u(z) —v(@)] < Ju(@)] + o) <Y [l @)] + ollz=q)
1=0
N .
21 +1
< Y / (@) i) 194l + el
=0
N .
2i+1
<D vl [[Pialle @y ) [[Pillqy vl
=1 =1
N
= > @i+ Dol + llollz=
=0
N
= (Z(2i+ 1)+ 1) v]|ze(ry = Cil[v]] oe -
=0
::C:RN)

Then for all 1 < p < oo we have

= vl = [ luo) =P dy < | Gl = el [ = CHloll

Thus the error in the LP norm is ||u — v|o(r) < Ca|v]|poo(yh*? = O (RM/P). O
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Chapter 3

Examples of the Projections

3.1 Preface

Again let Z be a positive integer, N be a non negative integer, A = {xj+%}J-Z:0 be a uniform
partition of equally points of an interval I C R with a constant mesh size h. Let [;; 7 =1,..., 72,
be an element of the partition.

In this chapter we will study two types of functions from the space L*(I) with a support
I which changes with respect to the examples. The types are polynomials of various degrees
and one of the trigonometric functions. Then we will give an example of a function with less
smoothness.

We will check that the Identity 2.4.1 holds for the examples of the polynomials. Furthermore,
the error estimates will be shown, such that the smooth order N + 1 will appear when we use
the projection Iy z of degree N.

We use the projections I1y 7 to polynomials of degree N, which we defined in the previous
chapter. We usually view the formula of the projection of one element /; and the formula of
the complete projection on I will be the summation.

We will use the following notations. The projection of a function v to a polynomial of degree
N is denoted by u = IIy z(v) and the restriction on I; is u; = ulz,.

After that we will compute the errors on the complete interval I by computing the L? norm
numerically using some Gaussian quadrature rule.

3.1.1 Gaussian Quadrature Rule

Let n € N. The Gaussian quadrature rule of order n computes the integral of some func-

tion v € L?(I) on the interval I = [a,b], numerically, by the following formula fabv(x)dx =
Yo wiv(&;), where &, ...,&, € [a,b] are called nodes and wy,...,w, are called weights and

chosen to minimize the expected error obtained in the approximation.

The roots of the Legendre polynomials give us the nodes and weights for the quadrature
rule. In this way, the nodes &1, ...,&, produce an integral approximation formula that gives
exact results for any polynomial of degree less than 2n are the roots of the Legendre polynomial
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of degree n. This is established by Theorem 4.7 in [4]. The Gaussian rule by using the roots of
Legendre polynomials becomes on the interval [—1, 1].
To do the integral over an arbitrary interval [a, b], the integral can be transformed into an

integral over [—1,1] by using the change of variables fabv(x)d:c = fjlv (W) b=ads.
This permits Gaussian quadrature to be applied to any interval [a, b].
For our work, we choose the Gaussian rule of max{deg, N} points, where deg is the degree

of the initial function v, and deg = 1 for the v(z) = sin(z).

3.1.2 Experimental Order of Convergence EOC

We also investigate the orders of the accuracy of the projections numerically by calculating the
experimental order of the convergence (EOC).

Let generally X ba a linear space with some norm || - ||x and let v, € X be a numerical
approximation of a given function v € X which depends on a parameter h of the discretization.
The convergence of vy, towards v as h tends to zero can be quantified by ||v, — v||x < Ch”,
with the order of convergence k. This gives a possibility to quantify the quality of a numerical
scheme. If we can compute two numerical solutions v, and vy, then the order x can be estimated

experimentally by xk ~ EOC(h,h') = 10g(||vh';;;|(|]f,?|il§h_”||").

3.2 Polynomial of Degree One

We consider the polynomial v(x) =z — 1 defined on I = [0,2]. We have according to (2.12)

~ 1 N 3 2 h
Up,; = E/I ([E — 1)dl‘ =T; — 1, Uy; = E /](ZL’ — 1>E(ZL’ — [Ej)dl‘ = 5

3.2.1 Iy,

This projection is given according to (2.14) by Iy z(v)|s; () = u;(r) = 2; — 1. The error using
the L? norm is equal to HU—HQZ(U)H%Q(I) = %. Then we have ||[v— 11y z(v)||r2) = \/% = O(h),
i.e. we get a first order projection using the L? norm. Tables 3.1 and 3.2 show the errors in the
L' and L? norms computed numerically and analytically, respectively, by using the Matlab, as
well as the elapsed time, in seconds, during the computations. Note that we can obtain the
same values of the error by using the exact error Lﬁ. We note that the numerical integral is
faster than the analytical one and has almost similar values as the analytical. So, we always

will do only the numerical computations.
Example. Z =5, h =04, x € {0,0.4,0.8,1.2,1.6,2} and the projection is

0.8 for z€[0 ,04[=1[0 ,0.38],
—0.4 for z€[0.4,0.8/=10.4,0.78],
Iy 5(v)|g (7) = 0 for x€[0.8,1.2]=[0.8,1.18],
04 for =€ [1.2,1.6[=[1.2,1.58],
0.8 for xz€[1.6,2 |
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3.3. POLYNOMIAL OF DEGREE TWO

Figure 3.1 shows this projection.

3.2.2 Iz
This projection is given according to (2.14) by
~ ~ h2
I z(v) |1, (z) = uj(x) = oy + U Prj(x) =25 — 1+ 5%(1‘ —zj) =z —1=vuv(x).

Thus II; 7 becomes the identity operator and this agrees with the Property 2.4.1.

3.3 Polynomial of Degree Two

We consider the polynomial v(z) = 2% — 3z + 2 defined on I = [0, 3]. We have

~ 1 h2

Up,; = E\/I](:L'Q_3?[}—|—2)d1‘:x]2_3x]_’_ﬁ+27
~ 3 2 3h
ur; = E/[j(ﬁ_3x+2)ﬁ(x_xj>dx:xjh_?’

R 5 3 /2 1 h?
Uy = E/],(x2_3$+2) (5 <E(33—%‘)> —5) dr = .

One could easily find that the operator II, z is the identity operator Il z(v)(z) = v(x).

3.3.1 Il

This projection is given by Iy z(v)|;, () = u;(z) = 27 — 3z; + }1‘—; + 2. We present the way of
computing the L? norm of the error in detail. We first take the integral related to ;

2 2
/ (v(z) — u(x))* dz = / <(x2 — 3z +2) — (aF — 3z + Tl 2)> dx
I I
3 1 49 9 3
4 4
=h° (a:j — 27 + 59&? -5t ﬁO) +h (—6x§-’ + 927 — 5% T 4_1>

17 17
+h? (—Qx? + 827 + gsc? -5t 3> + h?(62) — 2127 + 9x;) + h(z] — 62 + 9273).

We have z; = (j — 3)h then the integral becomes

/Ij(v(:v)—u(x)fdx:hf’ (é_%+%) Y (j—%)Jr?)Thg,
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CHAPTER 3. EXAMPLES OF THE PROJECTIONS

Z(Z+1)(2Z241 Z . Z(Z+1
(+()5( +)7 Zj:lj = (2+)7 and

S 7 1= Z, and noting the relation i = 2 we find that the summation over all I; gives

j=1
Z

3h% Rt

o= ull3a) = z / (0(o) — ) do = 2= 1

By using the following rules of summation Z].Zzl g2 =

Finally we get [|v — u||ze(ry = /2 — }11—; = O(h), i.e. we get a first order projection using the

L? norm. Table 3.3 shows the errors in the L! and L? norms computed by using the Matlab.
Example. Z =5 we have h = g = (0.6 and the solution is given by

61 for zel0 057,
1 7 for x€]0.6,1.17],
Hy5(v)|1, () = = —11 for =z € [1.2,1.77],
7 for z€]1.8,2.17],
61 for z€[24,3].

Figure 3.2 shows this projection.

3.3.2 Il

It is given by Iy z(v)|r,(z) = uj(x) = Uo; + U1 ;D1 (z) = ’f—; — 23 + 2+ (22; — 3)x. The error is
equal to [[v — Iy z(v)||2(r) = \;‘—;TJ = O(h?), i.e. we get a second order projection using the L?
norm. We get by using Matlab the Table 3.4. With Z = 5 we have the following solution

97 + 1202 for ze€[0 ,0.57],
L | ere0r for e 06,117,
I 5(v)| () = = ¢ —11 for x € [1.2,1.77],
MV 119160z for = e [1.8,2.17],
263+ 1200 for = € [2.4,3].

Figure 3.3 shows this projection.

3.4 Polynomial of Degree Three

We consider the polynomial v(z) = 2° — « defined on I = [-2,2]. We have Uy; = =} +
(Z—2 — 1> T, Uy j = %x? + % — %, Upj = %xj, and ug; = g—;. The operator I3 7 is the identity
operator and give the same function v. Table 3.5 presents the errors using Matlab. In Figures
3.4 we view the projections with Z = 5.

3.5 Polynomial of Degree Four

We consider the function v(z) = z* — 22% — 2% + 22 defined on I = [—1,2]. The operator II3 »
is the identity operator. Table 3.6 shows the computations by using Matlab. In Figures 3.5 we
view the four projections IIy5 with N =0,1,2.
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3.6. A TRIGONOMETRIC FUNCTION

3.6 A Trigonometric Function

We first consider the trigonometric function v(x) = sin(z) defined on I = [0,2x]. Table 3.7
gives the errors of computing the projections. Figures 3.6 show Iy 5 with N =0,1,2.

Now we give a test for the discontinuous case and view how the discontinuity effects on the
orders. We consider the function

o) = { sin(z) for 0<z< (3.1)

L
sin(z +7) = —sin(z) for I <z <3.

Figures 3.7 show some projections with Z = 15. Table 3.8 shows the errors. Note that the
order is lost and it is 1 with L' norm and 1/2 with L? norm, but with large meshes.

Finally, we consider the same function but with a computational domain symmetric with
respect to the location of the jump. We define the function

v(:v)—{ sin(z) for 0< o<,

| —sin(z) for F<a<7w

We give, in Tables 3.9 and 3.10, the errors in two groups of meshes, odd and even. We note
that with the odd meshes where the jump is included inside one element the order is lost. It is
clear that we get solutions of order 1 with L' norm and of order 1/2 with L? norm. However,
we get solutions of smooth orders N 4 1 with the even numbers of the meshes, since the jump
point isn’t an internal point of any element.

3.7 Summary

In this chapter we have applied the projection operators 1y z to various types of functions.
e We found that the Property 2.4.1 holds for the first four examples.

e The error estimates in Section 2.4.5 have clearly appeared. The smooth order N + 1 was
achieved when we have used continuous functions. While the order O (hl/ p) forp=1,2
was obtained with discontinuous functions.

e We noted that the discontinuity affects the orders, according to Theorem 2.6. Table 3.8
showed that the order is lost and it was 1 for the L! norm and 1/2 for the L? norm,
for suitably fine meshes. On rather coarse meshes the solution error could become larger
after a refinement.

e In the special case where the computational domain was symmetric with respect to the
location of the jump and when the jump was included inside one element the order is lost.
While when the jump point isn’t an internal point of any element the solutions were of
smooth orders N + 1.
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EXAMPLES OF THE PROJECTIONS

Z | L' errors | EOC | L? errors | EOC | Elapsed time (seconds)
8 0.1075829 0.1020621 0.447907

16 | 0.0537914 | 1 0.0510310 | 1 0.990749

32 1 0.0268957 | 1 0.0255155 | 1 1.772117

64 | 0.0134479 | 1 0.0127578 | 1 3.546628

128 | 0.0067239 | 1 0.0063789 | 1 7.105968

256 | 0.0033620 | 1 0.0031894 | 1 13.777892

512 1 0.0016810 | 1 0.0015947 | 1 28.650745

Table 3.1: The errors of computing 1y z(v) for v(z) = x — 1. Numerical integration using a

Gaussian quadrature rule.

Z | L' errors | EOC | L? errors | EOC | Elapsed time (seconds)
8 0.12500000 0.1020621 0.592521
16 | 0.06250000 | 1 0.0510310 | 1 1.117595
32 1 0.03125000 | 1 0.0255155 | 1 2.580826
64 | 0.01562500 | 1 0.0127578 | 1 5.009351
128 | 0.00781250 | 1 0.0063789 | 1 14.078991
256 | 0.00390630 | 1 0.0031894 | 1 28.575431
512 | 0.00195314 | 1 0.0015947 | 1 58.079580
Table 3.2: The errors of computing I1 z(v) for v(z) = x — 1. Analytical integration.
Z | L' errors | EOC | L? errors | EOC
8 | 0.4398194 1 0.3227234 | 0.97
16 | 0.2199097 1 0.1621258 | 0.99
32 | 0.1099548 1 0.0811582 1
64 | 0.0549774 | 1 | 0.0405910 | 1
Table 3.3: The errors of computing Iy z(v) for v(z) = 2? — 3z + 2.
Z | L' errors | EOC | L? errors | EOC
8 | 0.0243801 2 0.0181546 2
16 | 0.0060950 2 0.0045387 2
32 | 0.0015238 2 0.0011347 2
64 | 0.0003809 2 0.0002837 2

Table 3.4: The errors of computing I1; z(v) for v(z) = 2? — 3z + 2.
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7 N=0 N=1 N =2
L' errors | EOC | L' errors | EOC | L! errors | EOC
8 1.6586 0.95 | 0.1939931 2 0.0071762 3
16 | 0.8141305 | 1.03 | 0.0484983 2 0.0008970 3
32 1 0.4036951 | 1.01 | 0.0121246 2 0.0001121 3
64 | 0.2009659 | 1.01 | 0.0030311 2 0.0000140 3
L? errors | EOC | L? errors | EOC | L? errors | EOC
8 1.3185 0.90 | 0.1281740 | 1.97 | 0.0047246 3
16 | 0.6702478 | 0.98 | 0.0322172 | 1.99 | 0.0005906 3
32 | 0.3365006 | 0.99 | 0.0080651 2 0.0000738 3
64 | 0.1684224 1 0.0020170 2 0.0000092 3
Table 3.5: The errors of computing Ty z(v) with N =0,1,2 for v(z) = 2% — z.
7 N=0 N =1 N=2 N=3
L' errors | EOC | L' errors | EOC | L errors | EOC | L! errors | EOC
8 08.3043 0.95 1.4139 1.86 | 0.0980560 3 0.0027948 4
16 | 04.2006 | 0.98 | 0.3549049 | 1.99 | 0.0122570 3 0.0001747 4
32| 02.1141 0.99 | 0.0888158 2 0.0015321 3 0.0000109 4
64 | 01.0578 1 0.0222095 2 0.0001915 3 0.0000007 4
L? errors | EOC | L? errors | EOC | L? errors | EOC | L? errors | EOC
8 6.6149 0.77 | 0.9523059 | 1.88 | 0.0591194 | 2.97 | 0.0016247 4
16 3.4364 0.94 | 0.2426263 | 1.97 | 0.0074317 | 2.99 | 0.1015467 4
32 1.7345 0.99 | 0.0609405 | 1.99 | 0.0009303 3 0.0000063 4
64 | 0.8693072 1 0.0152529 2 0.0001163 3 0.0000004 4
Table 3.6: The errors of computing Ty z(v) with N = 0,1,2,3 for v(z) = 2* — 22° — 2% + 2u.
7 N=0 N=1 N =2 N=3
L' errors | EOC | L' errors | EOC | LT errors | EOC | L errors | EOC
8 | 0.7295349 | 1.14 | 0.0889003 | 2.07 | 0.0053313 | 3.10 | 0.0002853 | 4.08
16 | 0.3503279 | 1.06 | 0.0219792 | 2.02 | 0.0006517 | 3.03 | 0.0000176 | 4.02
32 | 0.1719585 | 1.03 | 0.0054797 2 0.0000808 | 3.01 | 0.0000011 4
64 | 0.0852231 | 1.01 | 0.0013690 2 0.0000101 3 0.0000001 4
L? errors | EOC | L? errors | EOC | L? errors | EOC | L? errors | EOC
8 10.3977513 | 0.96 | 0.0403887 | 1.96 | 0.0026849 | 2.97 | 0.0001330 | 3.97
16 | 0.2004140 | 0.99 | 0.0101642 | 1.99 | 0.0003375 | 2.99 | 0.0000083 | 3.99
32 | 0.1004003 1 0.0025452 2 0.0000422 3 0.0000005 4
64 | 0.0502244 1 0.0006366 2 0.0000053 3 0.0000001 4

Table 3.7: The errors of computing IIy z(v) with N =0, 1,2, 3 for v(x) = sin(z).

33



CHAPTER 3. EXAMPLES OF THE PROJECTIONS
7 N=0 N=1 N =2 N =3
L' errors | EOC | L' errors | EOC | L! errors | EOC | L! errors | EOC
60 | 0.0679552 0.0204950 0.0164041 0.0158297
120 | 0.0214332 | 1.66 | 0.0103905 | 0.98 | 0.0080134 | 1.03 | 0.0043200 | 1.87
240 | 0.0169807 | 0.34 | 0.0050974 | 1.03 | 0.0041007 | 0.97 | 0.0039573 | 0.13
480 | 0.0084895 1 0.0025464 1 0.0020503 1 0.0019787 1
960 | 0.0042445 1 0.0012727 1 0.0010252 1 0.0009893 1
1920 | 0.0021222 1 0.0006362 1 0.0005126 1 0.0004947 1
L? errors | EOC | L? errors | EOC | L? errors | EOC | L? errors | EOC
60 | 0.2150411 0.1117078 0.0861445 0.0715561
120 | 0.1025510 | 1.07 | 0.0835836 | 0.42 | 0.0568214 | 0.60 | 0.0276167 | 1.37
240 | 0.1072711 | -0.06 | 0.0558500 | 0.58 | 0.0430697 | 0.40 | 0.0357772 | -0.37
480 | 0.0758219 | 0.50 | 0.0394917 | 0.50 | 0.0304548 | 0.50 | 0.0252982 | 0.50
960 | 0.0536034 | 0.50 | 0.0279248 | 0.50 | 0.0215348 | 0.50 | 0.0178885 | 0.50
1920 | 0.0378995 | 0.50 | 0.0197458 | 0.50 | 0.0152274 | 0.50 | 0.0126491 | 0.50
Table 3.8: The errors of computing ITy z(v) with N =0,1,2,3 for v given by (3.1).
7 N =0 N=1 N =2 N =3
L' errors | EOC | L' errors | EOC | L! errors | EOC | L! errors | EOC
5 | 0.8582418 0.2727565 0.2084071 0.1989590
151 0.2915306 | 0.98 | 0.0875612 | 1.03 | 0.0687936 1 0.0663061 1
45 | 0.0972266 1 0.0286908 | 1.02 | 0.0229056 1 0.0221018 1
L? errors | EOC | L? errors | EOC | L? errors | EOC | L? errors | EOC
5 | 0.7797969 0.3979689 0.3076241 0.2536529
15| 0.4443682 | 0.51 | 0.2287304 | 0.5 | 0.1764430 | 0.5 | 0.1464466 | 0.5
45 1 0.2545078 | 0.51 | 0.1319953 | 0.5 | 0.1017944 | 0.5 | 0.0845510 | 0.5
Table 3.9: The errors with odd meshes.
7 N=0 N=1 N =2 N=3
L' errors | EOC | L! errors | EOC | L! errors | EOC | L' errors | EOC
10 | 0.1510497 0.0057227 1.6627e-4 3.8365e-6
20 | 0.0748294 | 1.01 | 0.0014271 2 2.0664e-5 3 2.3920e-7 4
40 | 0.0372549 | 1.01 | 0.0003566 2 2.5768e-6 3 1.4941e-8 4
L? errors | EOC | L? errors | EOC | L? errors | EOC | L? errors | EOC
10 | 0.1134762 0.0046034 1.2226e-4 2.4201e-6
20 | 0.0568081 1 0.0011521 2 1.5295e-5 3 1.5136e-7 4
40 | 0.0284128 1 0.0002881 2 1.9124e-6 3 9.4616e-9 4

Table 3.10: The errors with even meshes.
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Figure 3.1: The projection Il z(v) for v(x) = x — 1. The small circles are at the mesh points.
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Figure 3.2: The projection Iy 7 for v(z) = 2? — 3z + 2.
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Figure 3.3: The projection IT; 7 for v(z) = 2? — 3z + 2.
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Figure 3.4: The projections Ty 5(v) with N =0, 1,2 for v(z) = 2* — z.
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Figure 3.5: The projections [Ty 5(v) with N =0, 1,2 for v(z) = z* — 223 — 2 + 2z.
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Figure 3.6: The projections 1y 5(v) with N = 0,1,2 for v(x) = sin(z).
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Chapter 4

The Projection onto Piecewise
Polynomials: 2D Case

The concept of the projection treated for the approximation in the 1D case can be extended
to the 2D case. This extension consists of defining basis functions over a domain € C R? and
compute coefficients u; ; by integrating over 2.

4.1 2D Discretization

We use a discretization based on rectangles. Let the rectangle Q = [a,b] x [a/, 6] C R? be the
computational domain. We assume that ) can be partitioned using K elements ) = Ujil T;
where T} is a rectangle and the partition Qi = {T7,...,Tk} is assumed to be geometrically
conforming and non-overlapping. By conforming we mean that each corner point in the interior
is shared by exactly four rectangles and each side in the interior by exactly two rectangles. We
also assume that the rectangles have the same length h; and the same height hy, where by
choosing 7, Z5 € N we have hy = I’Z_—la, hy = blz_zal, and K = 7, - Z,.

We consider one rectangle element 7} € g, see Figure 4.1, with j = 1, ..., K whose vertices

are counter clockwise starting at the lower left corner v;; = (xj%??/jf%)a Vjg = (ij+%, yjfé),
vjs = (#j51,9541), and w4 = (z;_1,y;,1) with length(v1v;2) =length(v;3v4) = hy and
length(v;1v;4) =length(v,2v;3) = ho.
Now we define the standard reference square Ts = [—1,1] x [—1,1] whose vertices are vg; =
(—1,-1), vgo = (1,—1), vg3 = (1,1), vgq = (—1,1). We also define piecewise linear reference
transformations, see Figure 4.2, R; : T; — T from the physical coordinate system (z,y) € T
into the reference coordinate system (£,7n) € Ts by

(Em) = Ry(a.y) = (2(”“" — i) 2 yﬁ)) , (4.1)

2(x—x;)

or in detail by the formulas {(z) = =5~ and n(y) =

—2(?’};%) where (z;,y;) is the center of T}.
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Figure 4.2: Transformation from 7} to T%.

The differentiations are related by < dx ) =J; < gg ) with the Jacobian

dy
oz y)' & % b 1
Ji| === 8 95 |=] 2 = —hh
] ‘3(&77) Sos| oo m 4

4.2 2D Basis Functions
Let N € Ny and

Pyr; =span{&n;0 <p,¢,p+q < N and (§n) = R;(z,y) with (v,y) € T}},
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be the space of the piecewise polynomials of degree N in two dimensions. The dimension of
this space is given by
(N +1)(N+2)

5 .

For example we have with (§,1) € Ty, Pay, = span{1,&,n,&%, &n,n*} with dy = 6.
Using the linear transformations (4.1) and recalling the basis functions ® defined in (2.8),
we define basis functions V; ; € Py, as

Ui j(z,y) = @y i(x) Py ;(y) = Lp(&(x))Lq(n(y)), (4.2)

where L£,, £, are the Legendre polynomials defined in Section 2.2.2, and

dN = dim(PN,Tj) =

ée[_Ll]? 776[_1:1]7 0<p<N7 O<Q<N7 0<p+Q<N,

_tadlptatl)
2

Note that we can find p and ¢ for a given ¢. We set m := max {k: eN; kﬂ) < i}, then we
have ¢ =i —m and p=m — q.

If we denote the mass matrix By then By € RW*¥  In Appendix A we give examples of
these bases and their mass matrices. These basis functions belong to the space Py, and we
have Py, € L*(T;) and they are orthogonal on T with respect to the scalar product

+q, Oézng—l

(f.9)r, = /TV f(z,y)g(x,y)dydz.

We will use for the functions v € L*(T}) the following norms

V|| 2y = 1/ (v, 0), = v (z,y)dydz | v|| .:/ v(x,y)|dydzx.
ollzzy = /(0. 0)z, (// (2,1) el = [ 1ot

We will also use the notations (f, g)q, ||v|[r2(), and |[v|w~+12(q), as in Chapter 2 for the one
dimensional case. The multiple integrals over the rectangles 7; can be computed by using
Gaussian quadrature rules over Ts. The integral of a function f € Py, over T} is computed
in the form

//fxydydx—|J|//f (¢, ))dnde = "

The integral over Ty of any function g € Pyrp, is evaluated numerically by the following
Gaussian quadrature rule of order Ng € N

H(E,m))dnde.

Ng Ng

/ / (&, m)dnd§ = Zzwkwég &k M)

k=1 (=1

with the weights wy, w, and the roots &, n,. For more details, see Szabo and Babuska [23].
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4.3 The Projection

Given v € L*(Q). We approximate v using piecewise polynomials finding u € Py x in such
a way that the error in L? norm is minimal. Let u; = u|p; with j = 1,..., K. The piecewise
polynomial v is given by the form

dy—1

K dy—
U(%ZJ) = Z Z az',j\pi,j(x7y)7 (I,y) € Q.
=0

J=1

The coefficients 4; ; must be computed in such a way that the error in the L? norm is minimal.
The error is the difference E(u; ;, z,y) = v(x,y) —u(x,y). The error becomes minimal when the
derivatives of its norm squared with respect to the unknowns 1y, ; vanish, i.e. 52—||E]| |%2(Q) =0

Py, ;
forall k=0,...,dv—1and j=1,..., K. We have

K
2
1E|Z2) = // EZdydx:Z// (Elz, (z,y))’ dydz
“ j=17JT;
K dy—1 2
j=1777T; P

Then we have for all k =0,...,dy—1land j=1,..., K

dy—1
// <Z ai,j‘lfi,j($7y)> Uy j(z,y)dyde = // v(@, y) V(2. y)dyde.
Tj \ i=0 T;

This can be written as
dn—1

(i, Ui, = (0, W),

i=0
According to (4.2) there are p,p’,q,¢ € {0,...,N} where ¥y ;(z,y) = @,,(z)®,,(y) and
U, i(x,y) = Oy j(x)Py ;(y). Due to the orthogonality of the one dimensional basis functions
we get

<\I]i’j’ \Ilk’j>Tj = // \I[i,j (‘Ta y>\1lk,j<x7 y)ddeJ
T;
Tivl Yitl hy hy
= /x . Dy () Py () dx /y - Dy i (y) Py (y)dy = TS G
=32

)

Then the last sum in the left hand side reduces to a unique term with index ¢ = k. Then, for
all values j =1,..., K, we find the K X dy solutions of our problem

- _@p+1)(2¢+1)
T hihy

<U7\I]k,j>Tja kzo,...,d]v—l, ]:1,,K (43)
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Properties
We define the operator Iy : L*(Q2) — Pyax by u:= [y x(v) to give

K dy-1
FN,K(U)("EJD = u(z,y) = Z Z al}jlpl}j(x?y)v for (z,y) € ,
1=0

i=1

where the coefficients u; ; are given by (4.3) depending on v. In the same way as the one dimen-
sional case, we find that the operator I'y  is linear, orthogonal projection, best approximation,
bounded. Also, for each v € WNT12(Q), the following error estimates hold

¢
1INk (v) = vllr2@) < NI

||FN,K(U> - U||L1(Q) < 02 V hthﬁN+1|U|WN+1,2(Q),

EN—H |U|WN+1,2(Q) s

where T := max{hy, hy}.
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Chapter 5

The Reconstruction of Higher Order
Polynomials

5.1 The Idea of the Reconstruction

The idea of the projection, as we have found in Chapter 2, is to project a given function v onto
a scalar product space spanned by basis functions with the condition that the error in the L2
norm is minimal in order to get a piecewise polynomial u of degree N. The projection is then
an orthogonal projection. The idea of the reconstruction in the current chapter is somewhat
similar and is to map the projection u onto a set of basis functions of higher order polynomials
with the condition that the error is minimal over a stencil of elements in order to get a piecewise
polynomial of a larger degree M > N.

The reconstruction is, in fact, a non-local map, where the solution does not depend only on
one element, as in the projection, but on a stencil of several adjoining elements.

In this chapter we describe how we reconstruct polynomials of degree M from other poly-
nomials of lower degree N < M. The reconstruction procedure is the main step in the Py Py,
DG schemes which will be presented later.

In the same way as in Chapter 2 we find that the reconstruction is an application of an
operator. The difference here is that this operator is applied to the projections of degree N
obtained in Chapter 2.

As in the ENO and WENO schemes of Harten et al. [15], the key idea of the reconstruction
starts with choosing a stencil, i.e. domain, from where the reconstruction will be computed. For
those schemes a process of choosing the locally smoothest stencil is automatically done, such
that the scheme will avoid discontinuities during the reconstruction as much as possible. On
the other hand, for the reconstruction during a computation in this thesis, we fix the size and
the shape of the stencil used. Nevertheless, we have different choices we make at the beginning
of a computation.
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CHAPTER 5. THE RECONSTRUCTION OF HIGHER ORDER POLYNOMIALS

5.2 Approximations by the Projection Polynomials

To define the reconstructed polynomial we need some preliminaries. We start with discretizing
the computational domain. Recall Z € N, N, M € Ny satisfy N < M, A = {xj+%}g to be a
grid of Z + 1 equally distant points in I = [a, b]. Also recall the subintervals I; = [xj_%, :L‘j_,’_%[
and their midpoints z; for j = 1,...,Z, and h to be the constant mesh size.

5.2.1 The Reconstruction Stencil

A reconstruction stencil in one dimensional problems, is the union of the interval I; with a
finite number of its adjoining intervals. We build the stencil of L elements directly to the left
of I;, and R elements directly to the right of I, and I, itself. The resulting interval has no
gaps. The size of the stencil is denoted by n, = 1+ L+ R with R, L > 0. We denote the stencil
by Sr; .- This notation points out to the shape of the stencil and the location of I; in the

stencil. In general, we have with R = n. — (L +1), Sp; n.,L = U?:—L I;+.. For example, we have

S1,30 = LUl Ul
SIQO_ I I J 7 ]+ ]+
3225 J J+1 S, I. UL UTI t
5@,2,1 = Ij,l U Ij ! 13,1 Jj—1 3 Uit , ete.

Sise=1Ilia U1 UL

Furthermore, to build the reconstruction polynomial on the whole interval I which has asso-
ciated with it a partition of Z elements, we need Z stencils of the same size n, and the same
shape, i.e. the index L is fixed for all stencils. If we change the size or the shape or both we
will get another polynomial.

5.2.2 The Necessity of Extra Elements

The two stencils Sy, ,,, . and Sy, .1 associated to the first and the last elements in the partition
cover their elements and some adjoining elements. Therefore, we have to add extra elements
which are located outside of I either at the left side or at the right side or on both sides. At
these external ghost elements we need to compute the projections, since their values are needed
for the reconstruction. For this purpose we define the extended interval I, := Ule Stime,L- 1t
has Z., .= Z + L + R elements and I C I.,.

Remark 5.1. Another possibility, that is not assumed here, would be to change the stencils
as the boundary is approched in order to take elements from [ only. For example, as the
left boundary is approached one could add elements to the right of I; in order to avoid ghost
elements and to maintain the number of elements n..

5.2.3 The Projection

Let v € L?(I.,), u € Py 1.,,2.. be the projection of degree N of v, and Sp, ., with L €
{0,...,n.—1}, be a stencil related to some element I;. To build one term of the reconstruction
polynomial, using this stencil, we have to use n. terms of u. According to (2.12) and (2.13)

46



5.3. COMPUTING THE COEFFICIENTS

the function v € Py, 7., is given by u(x) = ZJZ:“”l w(z) with u;(z) = SN ;P (x) for

x € I; where for i = 0,..., N we have @;; = 2 [, v(2)®; ;(x)dz. The functions ®;; are the

orthogonal basis functions given by (2.8).

5.2.4 The Reconstruction Polynomial
Suppose that v € L*(I.,) is any given function and u € Py ., 7. is the projection piecewise

polynomial of degree N of v. The reconstructed polynomial is a piecewise polynomial w €

Pyr gz of degree M > N built using the projection v and is written in the form w = Z].Zzl w;

and its terms are given by

wj(x) = Z@i,jq)i,j(x)a x el (51)

1=0
5.3 Computing the Coefficients

5.3.1 The Conditions of Computing w; ;

The reconstruction must satisfy the following three conditions.

(C1) Sufficient Number of Equations

The stencil must give a sufficient number of conditions. By finding the derivative of the norm
of the error, we get for each element in the stencil N + 1 equations. Then we get n.(N + 1)
equations and their number must satisfy n.(/N + 1) > M + 1. Then the following condition

M+1
e 2 ) 5.2
"2 NI (5:2)
. . . . . _ M4+1 M1
must be satisfied when choosing any stencil. We will consider the cases n, = §=5 and n. > {77

M+41

The third case ne < 377,

which generates an under-determined system, will be neglected.

(C2) The Extension of the Terms w;,

The terms w; can be extended to the whole stencil associated to I; as follows. The basis
functions ®, ; are originally defined on the interval /; and their value is set equal to zero on
I\I;. Since they are polynomials on [;, these polynomials are also defined everywhere on R. In
the following we say that we consider the extensions @7 ; of the ®; ; when they are considered
to be the same polynomials outside of the interval /;. For example

2 2
v ale—xy) zel; e () _ s —x5) v€SKn.L
(@) = { 0 vens ' =10 € Lo\Sp, i

Given a stencil Sy, .1 associated to I; with size n, which consists of L left elements and R
right elements and [; itself, and we set ¢ = —L,..., R. Let i« = 0,..., M. The extension wj
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CHAPTER 5. THE RECONSTRUCTION OF HIGHER ORDER POLYNOMIALS

of the term w; onto Ij . = [2;_1 + ch,x;, 1 + ch[ is defined by wi(y) = P o Wi P55 (y) for
2
€ Ij;.. Note that we keep the index j of w; ; without changing. For example, as shown in
Figure 5.1, with the stencil Sy, 31, we have

Figure 5.1: The basis function ®; ; (left) and its extension ®f ; (right) onto the stencil Sy, 31.

(C3) Minimal Errors

The error in L? norm of computing each term must be minimal on the stencil. The error is the
difference E(4; j,y) = u(y) —w(y). Let j=1,...,Z and c=—L,..., R. We have for y € I;,.
and Ej+c = E|

Tjte
M
Ejro(Wijee y) = tjne(y) = wi(y) = UijrePijec(y) — Y D05 ;(y)
= (=0

and then the least squares function is given by

N M 2
2 . ~ ~
HEj+cHL2(Ij+C) —/ E :Ui,j+c‘1)z’,j+c E We,; P ; dy.
Tite \ i=0 =0

The error becomes minimal when the derivatives of its norm squared with respect to the
o~ . . a

unknowns uy ji. vanish, i.e. m||Ej+c||i2(Ij+c) =0forall k=0,...,N,¢c=—L,...,R,

and j =1,...,Z. Since ([ -dx) = [(-)dx for a parameter then we get for k = 0,..., N and

¢ = —L,..., R the following normal equations

N M
= 2/ (Z Ui jyePijre(y) — Z @,j@z,j(y)> [— s jte(y)ldy = 0,
Ijtec

J =0 =0
N
=0

M
= / (Z @,j%,j(@) Dy jie(y)dy = / ( ai,j-i—cq)i,j-i-c(y)) Py jre(y)dy,
Ijte Tjte )

N
= § lU[] (I)£]7 Dy j-‘rC jt+e = E U j+c i,j+c> CI>lc,j—i-c>j—‘,-c-
(=0 =0
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5.3. COMPUTING THE COEFFICIENTS

The orthogonality holds in ;. for the functions ®;;;., and according to (2.11) we have

D@ ives Prite)ire = 5104 This leads to the system
Jt Jtelj+ 2k+1

M
~ B h

Z wé,j@e,ja (I)k,j+c>j+c = %—Huk,j-l—c- (5.3)

£=0

This system consists of n.(N + 1) equations and is obtained due to the minimal condition (C3)
for the errors.

Remark 5.2. Due to the orthogonality of the Legendre basis functions we obtain the equalities
w;; =u,;, +=0,....,N, j=1,...,2 (5.4)
Consequently, the reconstructed polynomial w can be written as
zZ M
w(x) = u(x) + Z Z w; ;P (x), zel.
j=1 i=N+1

Moreover, in the special case M = N, the equalities (5.4) cover all w; ; for i =0,..., M and we
have w = u|;. Then the Py Py DG schemes are equivalent to the classical DG schemes, see [7].

5.3.2 The Matrix Form

We define the vectors W, := (Wp j, ..., War;)T € RM™ and Qe = (Upjyes - - -, Unjpe)! € RNT!
and the matrices

(@6 Pogre)ire - (Phrjs Pojre)jte
M, = | (D6, Prjrcdjre - (Phry Prjic)jre | € RVHIXMHD,
(@6 Pjrc)ite - (DY PNjre)ite
h 0 0
b0
A= . 3 : € RIVHDX(N+1)
h
O 0 e m
Then, for the system (5.3), we can write the following elemental matrix forms
Mj,c : {K\’] = A.jJrC . ﬁjJrC for ¢ = —L, .. ,R. (55)
Taking y;. := Ajic - Uj4. these forms become M. - w; = y,;. for ¢ = —L,...,R. Also
defining vectors y, and matrices M; by y; = (yj,_L,...,yj,R)T € R+ and M; =
(M, _1,...,M,z)" € Rre@W+Dx(M+1) wwe can merge the elemental matrix forms into the follow-
ing full matrix form
M; - w; =y, (5.6)

which is related to the stencil Sy, ., L.
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CHAPTER 5. THE RECONSTRUCTION OF HIGHER ORDER POLYNOMIALS

5.3.3 The Rank of the Reconstruction

We depend on the following Lemma to prove the existence of the solution of the system (5.6).

Lemma 5.3. Suppose that (p,)nen, is a sequence of orthogonal polynomials on the interval
la, b] with p,, of degree n. Then, for each k € {0,...,n}, the polynomial p; has k simple zeros
that lie in ]a, b[.

Proof. We consider p,, with the zeros 27, ...,z € C. We have py = ¢ # 0 and

0 = (po, Pn) —c/ (x —a})...(x — xy)de.

This means that p,, must have at least one real zero, e.g. x,, in |a, b], at which the polynomial p,,
changes its sign. This zero must have an odd multiplicity. Let ¥ = {x €]a,b[: z € {7, ..., 2"}
with odd multiplicities }. Then we know that ¥ # (), since at least z, € ¥. We set 7(z) :=
[I,co(z —t). The function 7 has only simple zeros in a, b], since it is a product of different
linear factors. Then the function p, - 7 has in |a, b real zeros with even multiplicities only. This
implies that p, - 7 has no sign change on ]a,b[. Thus we obtain (p,,7) # 0. Now we assume
that 7 € Pp with £ < n, ie. ™ = Zﬁ:o a;jp;. Then (p,,m) = Zﬁ:o a;j(p;j,pn) = 0. This is a
contradiction to (p,,m) # 0. This means that = € span(p,), thus 7 = Ap,, for some A € R.
Consequently, p,, has only simple zeros all of which lie in |a, b[. H

Corollary 5.4. Suppose that on the interval I = [a,b] we have a set {pg,...,pn} of N +1
orthogonal polynomials with p, € Py for kK =0..., N. Suppose that p € Py is a polynomial
of degree M > N which is orthogonal to all p,. Then it follows, by an analogous proof as for
Lemma 5.3, that p has at least N + 1 different zeros on |a, b|.

Theorem 5.5. The matrix M; has a full column rank M + 1.

Proof. We consider the homogeneous matrix form M; - w; = 0 of (5.6). This system means
that the coefficient vector of the reconstruction polynomial w;, see (5.1), satisfies

<wj7 ¢)07j+6>j+c
Mj,c . \/7\\/']‘ = =0.
<wj7 (I)N,j+c>j+c

Therefore, the polynomial w; of degree M is orthogonal to the N + 1 basis functions ®; ;. on
all elements I;. of the stencil Sy, ,, r, with ¢ = 0,...,N and ¢ = —L,..., R. According to
Corollary 5.4, there are at least N + 1 different zeros of w on each element I;,.. This gives
ne(N + 1) different zeros on the whole stencil. Also according to the condition (5.2) we find
ne(N +1) > (M + 1) > M. Therefore, w is the zero polynomial. This proves the injectivity of
the reconstruction and implies that the matrix M, has the full column rank M + 1. O
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5.3. COMPUTING THE COEFFICIENTS

5.3.4 The Solution of the Reconstruction Problem

For ¢ = 0, the equations (5.3) directly give the equalities (5.4), due to the orthogonality of the
basis functions on /;. Thus we can ignore the equations related to I; in the system (5.3). We

now consider the corresponding reduced system. Defining vectors y; and matrices M; by

?j = (YjmLr-  Yi—1: Y1y - - - >Yj,R)T € R(ne_l)(NH),

M, = (M, _1,...,M;_1,M,;,...,M,;g)" € RemDWN+x(M+1)

then we get the following reduced system ﬁj W =Y.
The vector w; can be divided into two vectors, u; = (up;, ... ,ﬂNJ»)T € RN*! of the
)T c RM-N

known coefficients and X; := (Wn+14,-- ., W, of unknown coefficients. Moreover,

the first N + 1 columns in each matrix M; are related to the known coefficients. Thus the
matrices M, can be divided into two parts, in the form Mj = (Mﬂ,ﬁﬂ) where Mj,l €

RMe=DNHDX(N+1) and Mﬂ € Ree-DWHDX(M=N) = We can rewrite the reduced system as

follows (Mj,hmjg) : < ;j ) - §j7 or
J

Since the matrix Mj,? is a sub matrix from M, and M; has, according to Theorem 5.5, a full
column rank, then M, , has also a full column rank. Thus we conclude the following cases:

1. If n, = ]‘A{—ill, then the matrix Mﬂ is square and invertible. We get the following unique

solution . .
%; = M3 - (3 - My, - ). (5.8)
2. If n, > J‘A{j:ll, then according to the least squares method!, see e.g. Strang [22, p. 200], we
consider Mj2 Mj o which is invertible. Moreover, the system (5.7) is over-determined.

—~

Now with A = MJ,Z, X =X;, and b=7y; — M;; - U;, the normal equations are
(MJT,sz) X; = Mj, <§j - M, 'ﬁj) :
and the least squares solution is given by
~ AT a -1 AT ~ r ~
= <Mj,2 . Mj72> . Mj,2 . <YJ — Mj71 . llj) . (59)

3. Ifn. < %—ill, we ignore this case where the system (5.7) is under-determined.?

'For an overdetermined problem Ax = b with A € R™*" x € R”, b € R™, m > n, and rankA = n, the
quadratic minimization problem X = miny |[[Ax — b||? with the Euclidean norm (2.18) has a unique solution,
provided that the n columns of x are linearly independent, given by solving the normal equations (ATA) X =

ATb. Moreover, the least squares solution is given by X = (ATA)f1 ATb. For details see e.g. Strang [22].
— — . \-1
20ne could consider the solution of smallest Euclidean norm which is given by X; = MJ»T’2 . (Mjg . MJTQ)

(§j - Mil . ﬁj). For details see Strang [22, p. 405].
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5.3.5 The Solutions as Linear Combinations

We conclude from the formulas (5.8) and (5.9) that for one fixed element I; each of the co-
efficients w; ; for @ = 0,..., M of the term w; can be written as a linear combination of all
coefficients Uy, j+. with k =0,..., N and ¢ = —L, ..., R. That means that there are constants
Cikj+c € R such that

R N
Wi = Z ZCi,k,jJrcﬂk,jJrc- (5.10)
c=—L k=0
We define, fort=0,...,M and j =1,..., 7, the vectors

A Nne(N-+1
€1 = (Ci0 gLy CilgmLs - -+ CiNj— L Cil0,j— L1 - - s CiNj— L1 - - - Cin) € R,

o~ S o~ PN o~ o~ PN T ne(N+1
Ujs = ('LLO,J;L,’U/L]',L, co s UNj—L, U0 j—L+1y -+ s UN,j—L+15 - - - ,uN,jJrR) eR e )

The vectors c; are identical for different 5. They only depend on the form of the stencil. With
these vectors we can write w; ; = ¢; - Ujs. Also by defining the matrix C := (c, ... ,CM)T €
RM+Dxne(N+1) e can write

w; =C-u;,. (5.11)

In the same way, as we studied the matrix /1\7Ij72, we have the following cases:

M+1

N1 then the matrix CTC is invertible, it is positive definite.

1. If n, >

2. If n, = %—ill, then C is invertible, and thus the product C*C is positive definite.

Whether the matrix C is square or rectangle, the product C*'C will always be positive definite.
Then, by using the Euclidean norm || - ||, defined in (2.18) and the spectral norm?® ||C||, =

V/ Bmax(CTC) we have
w5112 < [ICII106]12 = [ICI5 ([0 cl2 + - .. + [[ux]7) - (5.12)

The last inequality is needed for proving the boundedness later.

5.4 Motivating Examples

In this section we present some examples of the reconstruction solutions with various stencils
up to degree M = 3. We will consider one element /; of the discretization and give formulas
only of the term w; which associated with ;.

3Let Q € R™ ™. The spectral norm of Q is the largest singular value of Q, i.e. the square root of the largest
eigenvalue Buax(QT Q) of the positive semidefinite matrix Q7' Q

HQHQ = Bmax(QTQ)'
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541 N=0,M=1

The projection on I, € S, .z is constant and is given by u; () = Up j+cPojre(T) = Uo e
for v € I;4. and ¢ = —L,..., R, and the reconstructed polynomial related to I; is given by
U}](ZL‘) = U](ZE) + ﬁ}l,j(bl,j(x) for x € Ij.

5.4.1.1 Stencils of 2-Elements

Let Slj7271 = [;_1 U I;, then for ¢ = —1 the system (5.7) has only one equation and gives
(—2h)w, ; = h(dp j—1 — Uo,;), then the unique solution is

_ ..
Wiy = 5(“0,3' — Up,j-1), (5.13)

and thus for x € I we have
R 1 R 2(x — x; R Tj R 1 . R
w;(@) = o, + 5 (Gog — “0,3'—1)M =Ty = (o = Uo-1) + 5 (o = o).

Similarly, for Sz, 20 = I; U I;;1, and, for ¢ = 1 the system (5.7) has also only one equation and
gives (2h)W; ; = h(Uo j+1 — Uo,;), and the unique solution is

N 1, N
Wiy = §(Uo,j+1 — o), (5.14)
and thus for « € I we have
R 1 20—z - Ti . 1 . .
w; () = Up; + §(U0,j+1 - uo,j)% =g, — #(Uowl — g ;) + ﬁ( 0j+1 — Uo,j)T.

5.4.1.2 Stencils of 3-Elements

Let Sp; 32 = I;_oUI;_1UI;. Then for c = —2, —1, the system (5.7) has two equations and gives

—4h ~ . hagvj_g h ~ 4 ~ . a(),j — ao,j_z
( —2h > Wi = ( Wiio,j1 p)ts 72 )T gy — g )
: 4
By applying the least squares approach, where (4, 2) ( 9 ) = 20, we get

UJL]' = 2—0(4, 2) ( a(o)’j . az’j_f ) = 1—0(3U0,j — U07j_1 — QUOJ‘_Q). (515)
Similarly, we get
. L . ~
for S[j7371 == Ij—l U Ij U Ij+1 . ij == Z(Uo’j_ﬂ — uO,j—l)a (516)
. I~ ~ ~
for S[j73,0 = Ij U Ij+1 U Ij+2 : Wi, = 1—0(2uO’j+2 + Up,j+1 — ?)’U/o’j). (517)
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CHAPTER 5. THE RECONSTRUCTION OF HIGHER ORDER POLYNOMIALS

542 N=0, M =2

The reconstructed polynomial related to I; is given by w;(z) = u;(x) +w ;1 j(x) 4+ Wa ;Do ; ()
for x € I;.

5.4.2.1 Stencils of 2-Elements, Neglected Case

Although this case does not verify the condition (5.2), but we present it for more explanation.
Let Sp; 21 = I;—1 U I, then for ¢ = —1 the system (5.7) has only one equation and gives

wl,j

(—2h, 6h) (

W, ) = h(Uo;—1 — o) = = 2w+ 6Wa; = Uoj-1 — oy
)

This gives an equation of two variable, thus we have infinite number of solutions.

5.4.2.2 Stencils of 3-Elements

- 1 . - - - 1 - -

Siize = Wi;= ;L(Uo,j% — dig ;1 + 3t j), Wa; = ﬁ(uo,jﬂ — 2 ;1 +Uoy), (5.18)
N 1, N . 1 . . N

Sps1 = Wiy = Z(UOJH — Ug,j-1), Wy j = E(Uo,j—l — 2 + Uoj11), (5.19)
- 1, . - - - 1 . - -

Sriz0 = Wi;= 1(4U0,j+1 — 3o — Uojy2), Waj = E(Uo,j — 20 j1 + Uo jy2)-

54.3 N=0, M =3

The stencils of 2- or 3-elements do not verify the condition (5.2). We view stencils of 4-elements

A~ _ 1 ~ AN AN A~
wy,; = m(-lQUOJ,g -+ 87’&07]‘,2 — 177U07]’,1 -+ 109/&0’]'),
A~ - 1 A~ A~ A~ A~

Sti43 Wa,j = 15(—MUo,j—3 + 4o j—2 — Hlo,j—1 + 2Up,j),

W35 = 755 (—Uo,j—3 + 3Uoj—2 — 3Uoj—1 + Uo;)-

~ _ 1 o~ o~ o~ o~
Wy, = 1—20(11110,]'_2 — 63U07j_1 + 33U07j + 19u0,j+1),
o~ . 1 o~ o~ o~
St 42 Wy,j = 15(Uo,j—1 — 2Uo,j + Uoj+1),
S — 1 (= U 1 — 3T s = U
W35 = 755(—Uoj—2 + 3Uoj—1 — 3o, + Uoj41)-
o~ _ l o~ ~ o~ o~
wy,; = m(—lglmd',l — 33'&07]‘ + 63u07j+1 — 11UO’]'+2),
Spa1 Wy j = 15(Uo,j—1 — 2Uo; + Uoj11),

o~ _ 1 —~ —~ o~ —~
W35 = 755(—Uoj—1 + 3Uo; — 3o j41 + Uoj+2)-
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@Lj - ﬁ(—109ﬂ(m + 177@0,j+1 - 87@0,j+2 + 19@0,j+3)7

1 (o~ ~ ~ ~
51540 Wa,j = 13(2Uo; — Sto 41 + 4o 2 — Uojt3),

- 1

W35 = 755(—Uoj + 3o jr1 — 3o jy2 + Uo,jy3)-

544 N=1,M=2

The projection on I;. is linear and is given by w;i.(x) = Ug jtc + Ut j+cP1jrc(x) for € L4,
and ¢ = —L,..., R. The reconstructed polynomial related to [; is given by w;(z) = u;(z) +

Ws j Py () for x € I;. We consider stencils of 2-elements. For St;,2,1 and ¢ = —1 the system
. . 6h ~ hﬂ(),j_l h —2h ’/LL\()J‘
(5.7) has two equations and gives ( o > Wa; = < hG 0 1 i, ) then

6\ ~ Ug i—1 — Ug; + 2Uy .

we have Wa,; = lf(lj ! u%’i—i_ Ui, By applying the least squares approach,
—2 3UL -1 — 3UL;

6

where (6, —2) ( 9 ) = 40, we get

. 1
Wa; = E<6’ —2) ( )

| ~ ~ ~
15— a ) = (I, -1 — U1 — Yo, + 19u15).  (5.20)
3 5] 3 5J
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P ~ 1 ~ ~ ~ ~
Slmllarly, we ﬁnd, for S[j7270, W j = @(9’&07]'4_1 + Uy, j4+1 — QUOJ’ — 19“17]').

545 N=1,M=3

~ 1 ~ ~ ~ ~
Sy 0n = Wa,5 = 55 (15(Uo,j-1 = Uog) + 11051 + 191 5),
291 ~ 17~ ~ ~ ~
’ W35 = 5(Uoj—1 — Uoy + Urj—1 + Upy)
~ 1 o~ o~ o~ ~
g N Wy ; = 5;(15(Uoj11 — Uoz) — 110Uy j41 — 19Uy ),
1:,2,0 PO | ~ s —~
’ w3 ;= 3oy — Uo g1+ Urj + Ui jy1)-

546 N=2 M=3

_ 1 . ~ ~ A . .
S[].7271 = w3 ; = m(l65(&07] — uO,jfl) + 25U1’j,1 — 355U17j - 3U27j71 + 1143’&27]‘).

. 1 - ~ ~ ~ . ~
S]].7270 = ws ; = m<165(u0,j+1 - uO,j) + 25U1,j+1 - 355U17j + 3U27j+1 — 1143u27j).

5.5 Analytical Study

Let M, N € Ny and Sy, 5,z be a stencil whose size satisfies the condition n. > %I—jrrll We define

an operator §RN,M,S,Z . PN,Im,Z@m — PM,I,Z by %N,M,S,Z(u) = w to give

Ryarsz(w) (@) =w(x) =u(z)+ Y Y @;P,(z), for zel. (5.21)

j=1i=N+1
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CHAPTER 5. THE RECONSTRUCTION OF HIGHER ORDER POLYNOMIALS

We call this operator the reconstruction operator. We have for j =1,..., 2

M
R s,z () = w|p(r) = wi(x) = uj(z) + Z w; ;®; ;(z), for zel.
i=N+1

We can define this operator in another form

v s,z LQ(Iex) — Pyrz, with Ryasz(Hnz.,(v) = w,
where Iy 7., is the projection operator, which is defined in (2.14), of a function v € L*(I.,).

Remark 5.6. The reconstruction operator #ty sz depends not only on the orders M and N
and the mesh size h, but also on the stencil Sy, ,,, 1 which is chosen. Thus, if we change one
of these four factors we will get a new operator. For example, if we fix the mesh size h and
take M =1 and N = 0, then we still need to determine the stencil. There is a wide variety
of choices of stencils which are available, but their sizes have to satisfy the condition (5.2), i.e.
here n. > 2. Two of these choices are shown as follows

e With S = S;, 51 we obtain the operator R sz, whose solutions are (5.13).
e With S = S;, 50 we obtain the operator R sz, whose solutions are (5.14).

The operator Ry ar,5.z has the following properties.

5.5.1 Linearity

The reconstruction operator is linear. This means that, for all p,q € Py, 7., and o € R,
%N,M,S,Z(p + q) = éRN,M,S,Z(p) + %N,M,S,Z(Q) and %N,M,S,Z(Qp) = Q%N,M,S,Z(p)-

Proof. In (5.21) the reconstruction operator is written as the projection, which is linear, and a
correction. Due to (5.10) the coefficients of the correction w; ; depend linearly on u. Therefore,
the reconstruction operator is linear. O

5.5.2 Conservativity

The following conservation property (Ry sz (u),ulr) = (ulr,u|;) holds for all u € Py, 7.,
where (-, ) is the scalar product on L?*(I) which was defined in (2.1).

Proof. Let w = Ry ms2(u). We use the equalities (5.4) which hold for the terms w; and
u; on the elements I;. We have using the orthogonality of the basis functions (w,u|;) =
E].Z:1<wj, u;)j = ZJZ:l(uj, u;); = (ulr,u|r) where (-, -); is the L? scalar product on the element

I;, defined in (2.9). O
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5.5. ANALYTICAL STUDY

5.5.3 Consistency for p € P); and Identity

We prove that in the special case when the given function v is a polynomial p € Py; = Py g of
degree M then the system (5.6), M; - W; =y, has a consistent right hand side.

Theorem 5.7. Let p € Py, u = Iy z,,(p) and w = Ry ars2(u). The system (5.6) has a
consistent right hand side. This means that for p € P, the least squares solution is an exact
solution of the linear system (5.6) in the overdetermined case.

Proof. Since p € Py and the extended polynomials ®f ..., ®§, . are a basis of Py, there

exist constants Dy, - ,Pm,; € R such that p(z) = Z%:()ﬁm,j@fw(x). For kK =0,...,N and
c=—L,..., R let us consider the entries of the system A; . -U;;. = M, .- w; defined in (5.5).
Using (2.12) we obtain for a row of the system

e =
— UL 5 c —
o + 1 Mt

Tjte

M
(I)k,j+c(x)p(x)dx = Zﬁm,j/ (I)k,jJrc(x)(I)i@’j(x)dx
m=0

. Ijtc
M
— pon e
= D P Prjiver B )
m=0

This is the k-th row of the equation y;. = A, - Ujsc = M. - p; for P; := (Do, .-, Darj)" -
This means that y;. is in the range of M, for all ¢ = —L,..., R. This holds also for the
system (5.6), i.e. the vector y; is in the range of M;. Thus the system (5.6) has a consistent
right hand side. O]

Lemma 5.8. Let p € Py. For all N € {0,..., M} and by using any stencil S = Sg, », .1 with
size n, satisfying n, > %—ﬂ we have Ry a5z ([N z.,(p) = plr- So Ry sz oy z., is a quasi
identity map for polynomials in P,;. It uses the known values of p € P, on the extended

interval I.,.

Proof. Let w = IINz,,(p) € Py, z, and w = Ry psz(u) € Puyrz. Since Py may be
identified one to one with Py ., the polynomial p can be expanded on I, piecewise. Then we
have

Zew M Zew N 7 M
p= E E D Piy u= E U, jPr 5, w = E Y WPy,
j=1 i=0 j=1 k=0 j=1 =0

where all uy ; and p; ; are given by (2.12) and the @, ; are the solutions of the reconstruction
equations. We have on the extended interval p; ; = u;; fori =0,...,Nand j =1,...,Z,, and
on the original interval the reconstruction coefficients satisty w,; = py; = uy; for £ =0,..., N
and j = 1,...,Z. We want to prove that @w,; =p;; for { = N+1,..., M and j=1,...,2.
By Theorem 5.5 the solution to the reconstruction system (5.6) is unique since M; has full
column rank. This means that for p € Py we have py; = w,; for £ = N +1,...,M and
j=1,...,Z7. O
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CHAPTER 5. THE RECONSTRUCTION OF HIGHER ORDER POLYNOMIALS

5.5.4 Further Relations between Ry 57 and Iy z

Theorem 5.9. Let p,q € Py, 7., such that Ry sz(p) = Ryasz(q). Then, we have
P|I = Q|1.

Proof. Let P = Rnn.s52(p) = Ryasz(q) = Q. Then we may write

or ZJ.Zzl Zz‘]\io(ﬁi,j — Q\”)@”(w) = (. Since the piecewise polynomials ®; ; are linearly indepen-
dent basis functions in Py 7 then we have ﬁiy Q” foralli=0,..., M and j=1,..., 7.
On the other hand, the equalities (5.4) give p;; = P” and q;; = Q” for alli =0,...,N and
j=1,...,Z Thus we find p;; =@, for i =0,...,Nand j =1,...,Z. Thenp\l—q|1. ]

M+1

Theorem 5.10. For any stencil Sy, »,r, with ne > 577,

we have for any v € Pn 1., 2.,

HN,Z(%N,M,S,Z(U)) = U’I-

Proof. Let w = Ry ps2(u), and ¢ = Iy z(w). We want to prove that ¢ = u|;. We have

Zex N Z M Z N
u = E E u;; @i, w= E E w; jP;;, and g = E E Gi i)
j=1 i=0 j=1 i=0 j=1 i=0

Fori=0,...,Nand j=1,..., 7 according to (2.12), we have

. M
R 21 +1 +1
Gij = ——(w, &ij); = h DO W (@i g, g
7j=1 k=0
Since the basis functions satisfy (2.11), WeAhave Zz\f] = Ztl 1@”%) = W; ;. According to
the conservation property (5.4), we have w;; = u;;, then ¢,; = u;; for i = 0,..., N and
j=1,...,Z. This implies finally that ¢ = u|;. O

Theorem 5.11. For all w € Py, 7., and all N € {0,..., M}, the relation

Ryamsz(IIn z., (w)) =w|;
holds

Proof. Follows directly from the Lemma 5.8. n
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5.5. ANALYTICAL STUDY

5.5.5 Boundedness

Theorem 5.12. Let w = Ry a,52(u) and let w; and u; be the restrictions to I; of w and wu,
respectively. Then the following inequalities hold

R
sl 22,y < NwyllEaiy < Cs D el fay,- (5.22)
c=—L
Proof. 1. We start with the first part of the inequality (5.22). From the conservation property
5.5.2 and from the Cauchy Schwarz inequality, we have
|l |22,y = (g, u5)5 = (wyyug)y < gl e lwsl 2y

If |[u;|[z2(z;y = O then trivially ||uj||%2(]j) < ||wj||%2(lj). If |[u;|[z2@z;y > 0O, then we get
sl |2,y < |wjl[z2(,) and hence ||uj||%2(1j) < ||wj||%2(lj), thus the first part of inequality
(5.22) follows.

2. We apply (2.19) to the term w;, then we have by taking w; = (@ ;, . . . ,{U\MJ)T
h ~ 112 2 ~ 12
sl < ey < M 1 (5.23)

On the other hand, according to the formula (5.11), we have w; = Cu, ;. From (5.12), we get

15112 < [ICI1185s112 = NCII3 (18-rlle + - - + [[Tj4rI12) -
According to (2.20), we have |[U;.||? < éHuﬂcH%Q(IHC) forc=—L,..., R, and then
N IC1I3
||wj||§ < m : <||Uj—L||%2(1j_L) . F ||Uj+R||2L2(1]-+R)> :

Substituting into (5.23) we obtain

ICI3

m

i 2y < P2 (gl + - gl Bagr ) -

With noting that m = Whﬂ, we find

w3 2z, < @N + DICHE (ltj-2lagr,_y + -+ sl ) -

Finally, noting that the coefficients in C only depend on the basis polynomials and not on the
v or wj, and by taking C5 := (2N + 1)[|C||3 we get the right inequality. O
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CHAPTER 5. THE RECONSTRUCTION OF HIGHER ORDER POLYNOMIALS

5.5.6 The Error Estimates of the Reconstruction Operator

Theorem 5.13. Suppose that the interval I = [a, b] has a uniform partition of Z subintervals
with constant mesh size h = (b —a)/Z. Let N < M, S = Sy, ne.r be a stencil with n, > %—ill,

and I, = UjZ:1 S1,me,r. be the extended interval. Then, for each v € WM*12(1,), the following
error estimates hold

1R N0,5.2 (1IN 2., (0) = vlrl| 2y < Coh™ [ulwarz,
where | - [ypar12(py is the seminorm on WM*12(T) given in (2.4).

Proof. Let I; be an element with j = 1,..., 7 fixed. Using the triangle inequality, we obtain

RN a5, 21N 2., (V) = Vlil72) < 1R s 2N 2., () = Tz, (V)] 22
[ ar z.. ()1 = 0lil|72(7,) (5.24)
Due to the identity in Lemma 5.8 and the linearity of the reconstruction operator we have

RN, 0,52 (TN, Zew O) =01, Zeo i1l ) = |IRN 0,8, 2 (TN, 2 (V)= RN 05,2 (TN, Zei (T, Zei O 72
J J

- ||§RN,M,S,Z(HNyZEI (v)_HN,Zez (HI\/IyZEI (v)))Hi2(1)
J

By virtue of inequality (5.22) and linearity as well as boundedness of the projection operator
we obtain

R
HERN,M,S,Z(HN,Zea:(’U))fnf\/f,zez('U)linQ(Ij) < 05 Z ||(HN7Zex (U) - HNazeac (HMyzeac (U)))|Ij+c||%2(1j+c)

c=—L
R
= C5 > Unz. (0 = Mgz, )1y B2y
c=—L
R
= G5 Y (= Mz, 01yl 72, -
c=—L

Substituting into (5.24) we get
I‘mN,AI,S,Z(HN,Zer (’U))f/vlfl‘iQ(Ij)gcV5 Z?:—L H(’U*H}\{’ZEI (’U))‘I]'_,.C Hi?(1j+c)+||HALZEZ (’U)|]*’U|[H§42(Ij)~
Now the error estimate (2.21) obtained in the proof of Theorem 2.5 gives

R
272M+2|,,12 29 2M4-2),,|2
H%N,M,S,Z(HN,Zez(U))*”|IH2L2(1J.) < 05 E (CQh |U|WM+1,2(1].+C)>+02}L |U|WM+1,2(Ij)
c=—L

= (1 + neC5>022h2M+2|U|%/VM+1,2(]J.)'
By taking Cg = C5v/1 + n.Cs and by summation over all j, we get

|1 RN a5, 2 (1N 7. () = V11 [F2ry < CERM T2 [ulfparie -

Finally, taking the square root, we obtain the result. O
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Chapter 6

Examples of the Reconstruction

The aim of this chapter is to view examples of reconstructed polynomials and to study the
numerical effect of the reconstruction operators. We apply them and study their accuracy
and how do they increase the order of the solutions. We use the same examples considered in
Chapter 3 and the same solutions computed there for the coefficients ; ;.

6.1 The Function v(z) =2z —1

Un s = Ts — . =1
We have ug; = xr; — 1 and uy ; = 3.

e When M = N =0, we get the same operator Il z. It is of first order, see Table 3.1.
e When M = N =1, we get the identity operator.

For the operator 1 5z we first choose the stencil Sz, 51. Using Upj1=cj1—1l=x;—h—1
and according to (5.13) we get @Wo; = Up; = x; — 1 and @y ; = 3(Uo; — Uoj—1) = %, and the
reconstructed polynomial is w;(z) = z; — 14 22(z — 2;) = x — 1 = v(z). Thus this operator
is the identity.

If we choose another stencil we will get the same result. For example, for Sy, 3 » and according

to (5.15) we have

) =z —1) =2z —1) 1
71717]': 3(xj ) (Ij 110 ) <x] 2 ):1—0(3x]—3—($]—h—l)—Z(%’]—Qh—l)):g

6.2 The Function v(z) = 2% — 3z + 2

~ 2 ~ ~ 2
We have 1 ; = m? —3x; + }f—Q +2, ;= x;h — %, and Uy = &

2 6
e When M = N =0, we get the same operator Il z. It is of first order, see Table 3.3.
e When M = N =1, we get the same operator II; . It is of second order, see Table 3.4.

e When M > 1, we get the identity operator.

61



CHAPTER 6. EXAMPLES OF THE RECONSTRUCTION

6.2.1 N =0, M =1, with S,

Using Goj—1 = 22y — 3z, + 25 +2 = 22 — (2h + 3)z; + B + 3h + 2 and according to (5.13),

~ ~ h2 ~ 1/~ ~ h2 3h
we find @y ; = Uo; = 27 — 3x; + 5 + 2 and Wy ; = 5(TUo; — Uoj—1) = ha; — &% — 3 and

h? h?  3h\ 2
w; = x?—3xj+ﬁ+2+ <h:p]~—?—7) E(m—xj)
h2
= —x?—l—hxj+ﬁ+2+(2xj—h—3)m.

These polynomials are of second order of accuracy and the L? errors are equal to ||v —w|| 2y =
h?\/4/15 = O(h?). We get by using Matlab the Table 6.1.

Example. We take the interval |0, 3[ and discretize it into 5 elements (with Z = 5) then we
have h = g = 0.6 and the solution is given by

610 — 375z for x € [0 ,0.6],
1 49 — 225 for z €10.6,1.2],
Wi = ToF —44 — 75z for x € [1.2,1.8],
7+ 75x for x € [1.8,2.4],
—122+ 2250 for x € (24,3 ]
Figure 6.1 shows this solution.
6.2.2 N = 0, M = 1, with S[j73’2
According to (5.15), we have @y ; = 15(3to; — Uoj—1 — 2Uoj-2) = hx; — % — 31 and the

reconstructed polynomials are

o~ 2 2
wj = uo,j:x§—3xj+}f—2—|—2+(hxj—l—O—T)T

= o+ Pr+ 424 (20, -2 -3) .

The L? errors are equal to [[v — w]|r2¢y) = h*/62/75 = O(h?), i.e. second order, see Table 6.1.
Figure 6.2 shows the solution with Z = 5.

6.2.3 N = 0, M = 1, with S]j7371
According to (5.16), we have @;; = 1(Uoj41 — Uoj—1) = x;jh — 2, and the reconstructed
polynomials are w; = z7 + ’11—; + xjh3 (x — x;) = ’1‘—; — a3 4 2z;2. The L? errors are equal

to |[v — wl|r2y = h*y/1/60 = O(h?), i.e. second order, see Table 6.1. Figure 6.3 shows the
solution with Z = 5.
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6.3. THE FUNCTION V(X) = X3 - X

6.24 N =0, M =1, with S]j,3,o

According to (5.17), we have w;; = 110@0J+1 3@09 + 2 j40) = ha; + 2o — 3 and the
reconstructed polynomials are w; = —x — —:Itj + & 5 T2+ (2@ + % — 3) x. The L? errors are

the same as of the case with Sy, 3.

6.2.5 M>1

With any stencil the reconstruction operator will be the identity. For example we choose
N =1 and M = 2 with Sj,51. Then according to (5.20) we have @, ; = x? — 3z + ff—; + 2,

h2

S = . — o _3h o~ L (x> o T — h=
Wy; = U = hz, 5> Waj = 15(Uoj—1 — Uoy + 3u1; — Urj—1) = . The reconstructed

polynomials are

2

h 3hY\ 2(x —a;) B2 (3 (2@ —x;)\° 1)

6.3 The Function v(z) = 2° -z

— 2 )
wj =z — 3w +

h3

oo 3 h? o 3h,2 4 3h3 _h ~ _ B . o — b
Wehaveu07j—$j+(4 —1)xj,u1]— T+ Gy — 3, U = 2:lc],arldu;J,J—ZO.

o When M = N with N =0, 1,2, we get the same operators I1y z. They are of order N +1,
see Table 3.5.

e When M > 2, we get the identity operator.

For N =0, M =1, with Sy, 31, we have |[v — w||r2(r) = 1/ 1osh® 4+ 12h* and

3 2 2 5h?
wj:—ij—hxj—l— 3xj+T—1 x

For N =0, M = 2, with Sy, 51, we have |[v — w||r2(r) = |/ 15h* and

5h? 5h?
wj = x;’ — ij + (—335? + e 1) T+ 3xjx2
For N =1, M = 2, with Sy, 21, we have [[v — w||r2(r) = \/ 5592=h* and
5 OTh 2 3h? 1943 57h 3h? 57h 9
w]‘:l’j—w %ZL']‘{'W—F 3 +25 +%—1 x + 31’]'—5 €T .
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CHAPTER 6. EXAMPLES OF THE RECONSTRUCTION

For example, we view the operator when N = 0 and M = 2 with S7, 3, and take the interval
[—2,2]. With Z =5 then we have h = % = 0.8 and the solution is given by

—1426864,/78125 — 118372 /625 — 242%/5
—152/3125 + 3112/125 — 1242 /5

wj = —x/5
152/3125 + 3112/125 + 1222/5

1426864 /78125 — 118372 /625 + 242%/5

Figure 6.4 shows this solution and Table 6.2 views the L? errors.

6.4 The Function v(z) = sin(z)

for
for
for
for
for

€[-2,-12]
€ [-1.2,-0.4],
€ [~0.4,0.4],
€ 04,1
€12

2,
2]

We consider the function v(z) = sin(z) defined on I = [0, 27]. Table 6.3 views the L? errors of

some operators. Figures 6.5 and 6.6 view two solutions.
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6.4. THE FUNCTION V(X) = SIN(X)

7 | L? errors | EOC Z | L? errors | EOC Z | L? errors | EOC
8 | 0.072618 2 8 0.127858 2 8 | 0.018155 2
16 | 0.018155 2 16 | 0.031964 2 16 | 0.004539 2
32 | 0.004539 2 32 | 0.007991 2 32 | 0.001135 2
64 | 0.001135 2 64 | 0.001998 2 64 | 0.000284 2
f f f
h2\ /415 h2\/62/75 h?,/1760

Table 6.1: The errors of computing the reconstructed polynomials for v(z) = 22 — 3z + 2 when
N =0 and M = 1 with the stencils S, o1 (left), Si; 32 (middle), Sy, 31 (right).

Z

L? errors

EOC

8
16
32
64

0.079526
0.009941
0.001243
0.000155

li

3

3
3
3

Table 6.2: The errors of computing the reconstructed polynomials for v(z) = x

N = O and M = 2 Wlth S[j73,1

Z

L? errors \ EOC

L? errors

EOC

L? errors

EOC

PPy

8 | 5.908358¢-2
16 | 1.160803e-2
32 | 2.641818e-3
64 | 6.427222e-4

2.50
2.35
2.14
2.04

PP

PP

8 | 4.328446e-2
16 | 5.619406e-3
32 | 7.091082¢-4
64 | 8.884859¢-5

2.78

2.95

2.99
3

3.843646¢-3
3.810827e-4
4.368701e-5
5.327866e-6

3.53
3.33
3.12
3.04

PoPs

PPy

PPy

8 | 1.677594e-2
16 | 1.109078e-3
32 | 7.029687e-5
64 | 4.408990e-6

3.67
3.92
3.98
3.99

2.756360e-3
1.772770e-4
1.115948e-5
6.987184e-7

3.84

3.96

3.99
4

1.808543e-4
9.223925e-6
2.368237e-7
3.289320e-8

4.52
4.29
4.10
4.03

3

— 2 when

Table 6.3: The errors of computing some reconstructed polynomials for v(z) = sin(x).
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Figure 6.1: The operator Ry 1,55 for v(z) = 2* — 3z + 2 with Sy 5.
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Figure 6.3: The operator R 1 g5 for v(z) = 2? — 3z + 2 with S1;3.1-
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6.4. THE FUNCTION V(X) = SIN(X)

Figure 6.4: The operator R g5 for v(z) = z* — z with Sy, 5.
1
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0.4
0.2
0
02
04
06
08
_‘ID 1 2 3 4 5 6

Figure 6.5: The operator Rz g5 for v(z) = sin(z) with S, 3,
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0.5
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Figure 6.6: The operator R, 5 g5 for v(z) = sin(z) with S7; 21
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Chapter 7

The Local Space Time Galerkin
Scheme

The local space time Galerkin scheme is used as a predictor step for solving high order Riemann
problems. This scheme evolves the reconstructed polynomials, produced by the reconstruction
operators in Chapter 5, locally in time inside each element to the same order of accuracy as in
space, by using the governing equations.

This time evolution is a part of the algorithm, proposed by Dumbser et al. [10], of the FV
schemes for solving systems of hyperbolic balance laws with stiff source terms. In the same
manner, another algorithm proposed by Dumbser et al. [7] uses this time evolution, namely,
the Py Py DG schemes. The suggestion of Dumbser of using this approach avoids the Cauchy-
Kovalewski procedure used by Harten et al. [15] to evolve the data in time.

In this thesis we follow the procedure of Dumbser used in [7] for the Py Py DG schemes.
The process starts by choosing space time functions 6; ; used as basis functions and as test
functions where they are multiplied by the governing PDEs obtaining a weak form in space and
time.

The solutions of the function, flux, and source terms are represented by linear combinations
in terms of the basis functions 6; ; weighted by coefficients. Some of these coefficients are known
and computed with help of the basis functions ®; ; of degree M defined in (2.8). To compute
the remaining coefficients we solve the weak form by replacing these formulas in the weak form
obtaining a local system of linear algebraic equations. This local system is solved by an iteration
scheme.

7.1 The Local Space Time Basis Functions

Let M € No, T > 0, Z € N, I; be an element of a partition with constant mesh size h
of the space interval I = [a,b] with j = 1,...,Z fixed. Suppose that we have the times
0=ty <t <...<tmax =T with different time steps and let T}, = [tny tnya], with ¢, < T, be
a time interval with time step k, = t,1 — t,.

In the following we proceed according to Dumbser et al. [7]. We want to build basis functions
0; ; according to the following properties:
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1. They are from the space Py, 7 I i.e. they are polynomials of the same degree M in the
space and the time variables.

2. They take their value to be zero outside of T, x I;.

3. They are nodal functions. This means that we choose some nodes on T, x I;. Then we
relate each node to a function such that this function equals to 1 at this node and equals
to 0 at the others. The number of nodes should equal the number of degrees of freedom
of these polynomials.

4. These functions will be used not only as basis functions to represent the solutions of the
local Galerkin scheme, but also as test functions for finding the weak form of the local
space time Galerkin scheme.

In the following, we present two examples of building these basis functions.

711 M=2
The general form of a polynomial of degree 2 in space and time, which is zero out of I;, is
- ay + aox + asx?® + ast + asxt + agt?, if x € 1, 9
QZ,J(taaj) - { O lf = I\I]’ t € Tn,

with aq,...,as € R. The number of coefficients is (M + 1)(M + 2)/2 = 6 therefore we need 6
conditions. We take the following 6 nodes

ﬁl = (tnax]’_%) 52 = (tnamj) BS = (tnax]q_%)
B4 = (tn+%7‘rj—é) 65 = (tn—&-%’xj-i-%) BG = (tn+1vxj)7

see Figure 7.1-b. After that we relate to each node j; one polynomial 0, ; for ¢ = 1,...,6. In
total we have 6 x 6 = 36 conditions defined as follows

Qi,j(ﬁk) = (51']@, for i, k= 1, e ,6.

The node polynomial can be obtained as follows. Let ¢, ; be the polynomial of degree 2 related
to the first node g8, = (t,, :L‘jfé). Then we have

el,j(ta ZL’) =a; + axx + CL3.CE2 + aqt + asxt + a6t2.

The 6 conditions related to 6, ; are listed as follows

2 2
917j(tn,l‘j_%) = ay+ agl'j_% + CL3I’J.7% + aqt, + CL5ZL‘j_%tn + a6tn =1,
2 2
01(tn, ;) = @i+ aw; + azz? + ast, + aswjt, + agth =0,
2 2
Orjltn, 1) = a1+ 0oy 0 + 0325,y + Gatn + 05251t + agt, =0,
Or(tns1, 2, 1) = a; +asx: 1 +azx? | +agt, 1 +asr, 1t 1 +agt:, =0
_ 2 9 B
6‘1,](@14—%7 x]_;'_%) = a + ang_,_% + ang_’_% + a4tn+% + a5xj+%tn+% + a6tn+% — O’
2 2
O1j(tu1,25) = a1+ @z + asxj + aatnsr + as52tar + agty g = 0.
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The matrix form is

1 z._1 22 t T a1t t2
=z Vi3 " =z " n a 1
. 2 . 2
1 T 2xj tn Zity, tg as 0
1 .T]_‘_% x]—% n [Ej_,'_%tn tn as - 0
2 2 =
1 Tiy T byl Ty 1t 1 tn+% ay 8
1 .1 22 t 1 ox. it 1 t? as
]+§ ]J,-% ’Vl+§ J+§ n+§ n-}-% O
1 : 2 ¢ toir 12 6
Z; T; n+1 Tjlpt1  lp4q

The coefficient matrix is invertible, since its determinant equals to k2h?/32. Inverting this
matrix and setting ¢ = 2(z — z;) and ¢ = ;= (¢ — ), then we get the solution

1 1.2 2 :
-3¢+ 35¢° =20 +<¢C+2¢, if xel;, Y
b)) = { g2 PRI ek et

In the same way we get for x € I; and t € T,
01;(C(t),s(x)) = =36 + 56 =20+ C+2¢% O25(C(t),s(x)) =1 —*+ ¢ — 2%,
03;(C(),s(2)) = 36 + 56° =20 = (e +2¢% 04;(C(1),s(2)) = 2¢ — (s — 2¢2, (7.1)
05,(C(), <(x)) = 2¢ + s — 27, 06.,i(C(1),s(z)) = =C+2¢.
We set the basis to be Oy ; = {61 ,02,05;,04;,05;,06;} Note that at t = ¢, we have
O4(tn,x) =05 ,(tn,x) =06 i(tn,x) =0, forall z e I

The other functions in O, ; depend on the spatial points at ¢t = ¢,,. The number of these other
functions is M + 1 = 3, namely, 0, ;, 0, ;, and 0 ;.

712 M=1

The general form of a polynomial of first degree in space and time, which is zero out of I;, is

- ) ai+ar +ast, if xelj, g
917](t7$) _{ 0 if re I\[j7 tETn.

The number of nodes is (M + 1)(M + 2)/2 = 3 which are §; = (tn,xjfé), Be = (tn,x#%), and

B3 = (tny1,x;), see Figure 7.1-a. With ¢ = Q(x—;w]) and ¢ = 5= the functions are given in I; by

0a(C(0),s()) = 51 =5 =) by s@) = 51+ =), BsylCl)s(e) = (72)

We set the basis to be ©1; = {0, ,602,,03,}. Note that at ¢t = ¢, we have 05 ;(t,,z) = 0 for
x € I;. The other functions in ©,; depend on the spatial points at ¢ = t,,. The number of
these other functions is M + 1 = 2, namely, ¢, ; and 0, ;.
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L X X x L X X x

(a) M =1,N = 3. (b) M =2, N = 6.

Figure 7.1: The nodes associated with the nodal functions of degrees M =1, 2.

7.1.3 The General Case

For an arbitrary degree M, the number of nodes, which we denote by N, is given by N :=
(M +1)(M + 2)/2. The nodes 8, with r = 1,... N, except the last node, are chosen via the
following distribution

k i k=0,1,..
Br = (ti,kaxi,k) = (tn+Mkn,xj; + mh) , :“: (i,l,...,M—k,

The last node is set to be (toar, Tonr) = (tni1, ;). According to these N nodes there will be
N nodal space time functions 6;; for i = 1,...,N. They must be zero out of the element
I;. Moreover, each function must be associated with one node and is computed by solving the
general formula of the space time polynomial of degree M at this node. Then we set the basis
to be

@M,j — {01’]', ey 9'/\[7]'}.

The first M + 1 basis functions are taken to depend on the spatial variable x at t = ¢,,. They
could be grouped together in a subbasis @%/Lj‘ All other basis functions vanish for ¢ = ¢, and
could be grouped together in a subbasis ©}, ;. This means ©,,; = Y, , U Oy, .

7.2 The Formulas of the Solutions

The general form of the hyperbolic systems of balance laws in one dimension is given by

v(t, ) + f(u(t, ), = s(v(t,x)), for ze€l, tel0,T]. (7.3)
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CHAPTER 7. THE LOCAL SPACE TIME GALERKIN SCHEME

We suppose that the solution v, the flux f, and the source term s using the local space time
Galerkin scheme are approximated on 7;, X I by the formulas

zZ N
ot,z) = U"(tz) =YY U6t ), (7.4)
j=1 i=1

N
ft,z) = F(tx) =YY" fU)0:,(t,x), for (t,z)€T,x1I,

z N
s((t,z)) = Sn(t,x):Zzs(ﬁgj)ei,j(t,x>,

where the coefficients U " € R are unknowns. According to the space discretization, these
solutions have the followmg terms

N N
Z 0;(t, ), Ff(t,x):Zf(U”)Qw(tx) Sy(t,x):ZS(Un)eu(m)

7.3 The Matrix Form

We multiply (7.3) by 6 ; for k =1,..., N and integrate over T, x I. Since the value of these
test functions are taken to be zero outside T,, x I;, thus we get for k =1,...,N

/“n /Ij Ok, (t, x)ve(t, x)dxdt + [n /Ij Ok, (t, ) f(v(t, x))dedt = [ﬂ /lj Ok (t, x)s(v(t, x))dzdt.

Introducing the scalar product
:/ / g(t, x)h(t, x)dzdt. (7.5)

and using the previous definitions, the systems become for k =1,..., N
N
Z<9k,ja z] ta:Un +Z 0]43]7 zg t:cf :Z 91{]7 ©,] t:ts )
i=1 i=1

We introduce the following matrix entries
Gri == <9k:,ja (ei,j)t>ta:, Hy; = (91:,]', (ei,j)x>txa Wi = <9k,ja9i,j>txa 1<,k < N.

The values of these entries do not depend on j, since we use the same shifted basis for each

~ ~ ~ T ~
J via a reference transformation. Introducing the vectors U} := <U1"7j, cee U/(L[7j) , Fj o=
~ ~ T ~ . . T
(f(U{fj), . ,f(U]%»)) , and 8% := (5(Uﬂj), . ,S(U}\l/’j)> , we get the matrix forms
GU! + HF = WS’
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The first M + 1 degrees of freedom are related to the functions @5’\47 ;- We group them together
into the subvector ﬁ?,o € RM+1 All other degrees of freedom are grouped together into the
subvector ﬁ;‘l e RV-M-1 Analogously, we define the subvectors IAT‘;L’O, ]?‘;"1, §;~L’O, and §;°1
Then the matrix forms become

31,0 n,0 an,0
G IJ% 1 +H :E{m 1 =W ’S\f@ 1 )
Uy’ Fy S;’

We write the matrices G, H, and W as block matrices

GOO GOl HOO HOl WOO WOl
G:(Glo G“)’ H:(Hlo H11)7 W:(Wlo W11>’

where
GOO, I_IOO7 WO ¢ RM+1)x(M+1) 7 GOl, HOI, WOl ¢ R(M+1)><(./\/'7M71)
G0 HI0 W10 ¢ R(Nfol)x(MJrl) G HI Wl ¢ R(Nfol)x(Nfol)

Then we get

( Qo @Ol ) ( g0 ) ( HOO  EO! ) ( Fr0 ) ( WO Wol ) ( gm0 )
AJ _|_ ,\-7 = A‘] . (76)
10 11 n,1 10 il n,1 10 11 n,1
G"® G U’ HY H F; w*P W S;
In the following we give two examples to the matrices arising in the matrix form.

7.3.1 Example M =2

In this case the space time basis is given by (7.1) and we have the following matrices

o 1 0 0 0 -1 0o 0 0 1 —-10
-2 -1 -2 2 2 1 -1 0 1 -2 20
h o 1 0 0 0 -1 ky 0o 0 0 1 =10
G=%l 1 2 1 11 20 =% 2 4 2 2 20| D
1 -2 -1 -1 1 2 2 -4 2 -2 20
2 -3 2 -2 -2 3 1 0 -1 -2 20
18 =27 8§ —19 -9 -1
=27 80 —27 34 34 —4
hk,, 8 =27 18 -9 —-19 -1
W=Ts0| -19 34 9 w4 6| (7.8)
-9 34 -19 4 44 6
-1 -4 -1 6 6 24
7.3.2 Example M =1
In this case the space time basis is given by (7.2) and we have the following matrices
-1 -1 2 -1 10 2 01
G:§ -1 -1 2 1, H:Z -1 10 ], W:W 0 21 (7.9)
-2 =2 4 -2 20 11 4
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7.4 Inserting the Reconstructed Polynomials

In Chapter 5 we have defined the reconstructed polynomial w of degree M as a function only of
the space variable, w = w(x). Since we deal with the time variable ¢ starting from this chapter,
we denote the polynomial w as w™ with w(t,,z) = w™(z) at time ¢ = ¢,,. Furthermore, the
coefficients @; ; will be denoted as Wy,

We determine the vector ﬂ—?,o of the first degrees of freedom related to @?\47 ; by projecting
the reconstructed polynomial w™ at time t = t, onto the space spanned by the first nodal
functions @(Z)\M' This gives the following system of equations

/917j(tn,x)U"(tn,x)dx = /917j(tn,x)w(tn,x)dx,

I I

/9M+17j(tn,a:)U"(tn,x)dx = /9M+17j(tn,x)w(tn,$)dx,

I; I

or,fork=1,...,M+1

M
/ Ok i (tn, ) Z 0, (tn, x)dx —/ Hk,j(tn,x)Z@quDg,j(x)dx.
I =0

Since 0, ;(tn,z) = 0 for i = M +2,..., N, then the sum in the left hand side reduces to the
first M + 1 terms. Thus we get

M+1 N M
D (Ok(tn, ), 033 (b, ) U =D Ok i(tn, ), ®es () 5075
i—1 =0
Now we define the vector w7 = ({ﬁgyj, . ,@%J)T, and the matrices
(O15(tn; ), 0050, )5 oo (O1i(tns ), Onrga (s -));
(O25(tn; ), 015(tn, )5 oo (O2(tn; ), Onrgn i (tn, -));
J = ,
(Onr15(tns); 015 (tns )5 oo (Onrgrj(Bns)s Onrsn (Ens )5
(015(tn, ) Poi()); oo (Or(tn, ), Pary(t));
(O2i(tn, ), Poji()); oo (O2(tn, ) Pary(4))s
K := ,
(Onrg1,5(tn, ) Poi(-)); - (Onrgri(tn, o), Pary(t));
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then, making k takes the values 1,..., M + 1, we get the following matrix forms J [AJ;“O = Kw}.
Since the functions 6; ; for ¢ = 1, M +1, belong to the basis, they are linearly independent, thus
the columns of J are linearly independent. This implies that J is invertible, for all orders M > 0.
So by denoting the following projection Matrix O, := J7'K we can write U?’O =0 Mv?f?. The
matrix O, is square of size M + 1. We give now four examples of these projection matrices

1 -1 1 -1
1 -1 b= L -1 1 1
Q=1 O.= C 0= {1 0 =3 ], 0= i1

7.4.1 Example M =2

We choose N = 0 and Sy, 31. According to (5.19) we have
-n

on u%n , 8ug ;- +20ug ; — 4ug ;14

N R = —Ug 1 + 26Ug ; — Up 54

N 4
Ug,j—1—2Ug, ;UG 11 —4dag ;y + 20ug ; + 8up ;44
12 9. 9. 9.

R 1 —1
U’=(1 o0 -
11

— Nl

7.4.2 Example M =1
We choose N =0 and 57, 2. According to (5.13) we have

1)) () H(208)
Us'; 11 %(a&j—a&jfl> 2\ 3up,; — Uy )

7.5 Reducing the Algebraic System

Since we now have determined M + 1 known coefficients, we no longer need the upper blocks in
(7.6). Therefore, we cancel the first M + 1 rows of these systems to obtain the smaller systems

U Fo0 S
(Glo Gll) ( AZ’L, > + (HIO Hll) ( A‘;L, ) — (WIO Wll) < AZ’L, > )
U™t Fl S’ !

J J

In order to determine the vector 6?1 we have to solve the nonlinear equations
1177n,1 1145n,1 11gn,l 107 7n,0 101an,0 10gn,0
G U "+HF"-W'S" =-G"'U;"-—H"F;” +W"S;".

The quadratic matrix G depends on the mesh size h but not on the time step or the equations
to be solved. For all orders of accuracy, the matrix G'! is invertible, since its columns are
linearly independent. Therefore we obtain a fixed point problem for the unknowns U?’l

A~

Ut = (Gn)—l [an?,l _ Hllf\;},l + W10§?’0 . Hlof‘?,o . Gloﬂ-?,o '

J
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7.5.1 Example M =2
We depend on the matrices given by (7.7) and (7.8). Then we have

L[ -1 -2 1 -2 4 -2 we [ 19 34 -9
Glo=2 1 -2 -1 |, HO="% 2 -4 2|, wio=122 -9 34 -19 |,
6\ 2 -3 =2 1 0 -1 O\ 1 4
1 -1 2 -1 1 0 2 2 3
G”:ﬁ -1 1 2|, HY=Ek{_-110], WHZ% 2 22 3
6\ 2 23 110 0\ 3 3 12
The unknown degrees of freedom are then given by
0y, By 70 —10 —15 sOi)\ . (1 -1 0 F(Ug;)
Uy, = ﬁ -10 70 -15 s(U) +ﬁ 1 -1 0 £(U3;)
Uy, 48 48 12 S(Uél,j) 4 -4 0 f(Uaj)
k -30 55 —10 s@‘,j) i 5 —8 3 f@fj)
+ % -10 55 —30 s(U3) +ﬁ -3 8 -5 £
—28 68 —28 S(Ué,",j 0 0 0 f(U:?,j)
100 U,
+ 00 1 Uy,
010 U,
7.5.2 Example M =1
We depend on the matrices given by (7.9).
h k hk h hk
GO=_—(-1,-1), HY=2(-1,1), Wi%=_"2(1,1), G'=—-, H'=0, W!'!l=—"""
4( ) )7 2 ( Y )? 12 ( 9 )7 27 7 3
(7.10)
The unique unknown degree of freedom Uy'; is given by
~ ~ s [71 j f U\{z un.
O, = 2o (Og,) + 20 [ 390 ) s [ ) @ [ G ).
J J s U2n7] f U2n7] U2,j
7.6 Iterating the Reduced Algebraic System
We solve the final system for [AJ;” using the fixed point iteration
rn, i+l 11\ —1 11Qn,1,i 117an,1,4 10Qn,0 107an,0 10777,0
Tyttt = (G 7 [ WUSPY - HURPY 4 WISHO - HURO - GRUY| L ()

The superscript i denotes the iteration number. This approach works since (G!)™ W' and
(G!)~"H turn out to be contraction mappings, see Dumbser et al. [7, p.8218]. In our practical
computations the fixed point was determined after at most M + 1 iterations.
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As suggested in [7] we begin iterating by using a stationary solution in time of (7.3) as an
initial guess value for U?’l. The stationary equation is v; = 0. The matrix form is GU} = 0.
Then we get the initial guess with ¢ =0

U= - (G grurt. (7.12)

7.7 Example 1: the Linear Advection Equation

Now we apply the local Galerkin scheme to the initial value problem of the linear advection
equation v(t,z) + av,(t,z) = 0 for (t,z) € Ryg x [ with I C R, a € R, and with an initial
function vy(z) = v(0,z) defined on I. We show formulas of the solutions of this approach

9

on some time element T, = [t,,{,1[ with time step k, > 0. We have f ((7[3) = al/]\g?j for all
i=1,...,.Nand j=1,...,Z. The iterative scheme (7.11) becomes

L+l 111 1173n,1,4 10777,0 1077n,0
Ut = (G1) 7 [ —aHM O - B0} - G107 (7.13)
This system has to be solved iteratively for IAJ;“ with the initial guess given in (7.12).

771 M=0

The solution is piecewise constant UT'; = @y ; = Ug ; where no need to the iteration.

772 M=1

We have N’ = 3 and the known coefficients are given by

% :<1 _1>(1§&j>:(1§33‘_2§7ﬁj).
U;J. 1 1 w’ﬁj wg"j + wﬁj
On the other hand, since, according to (7.10), H = 0 and there is no source terms with our

advection equation, then the local Galerkin scheme with M = 1 is fully explicit and hence it
does not need any iteration. The iterative equation (7.13) becomes

Py 2ak, /1 —1 Un. 11 Unr. 2ak
n’.l+1 = L Y] I ~ Ll e n ~n N

7721 N=0and M =1
With S7, 2.1. According to (5.13) we have

~n ~n
Ugj—1 T U ;

~ 1
n __ ~-~n -n
Uji=5 ~Ug i1+ 3Up,
“~n a, ~-~n “-~n
2ug ; + =5 (ug 1 — Ug;)
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With S7, 2. According to (5.14) we have

no __n
. 1 3 ; — U 41
n __ -n -n
Uj = 5 Ug ; + Up iy

-n 2akn (70 ~n
2ug ; + =5 (UG — U 1)

With S7, 32. According to (5.15) we have

-n -n -n
2ug j_o UGy + TUG

~ 1
n __ -~n -~ n
i =10 — 25 5y =g 130G,
~-n a ~-~n “~n “-~n
10ug ; + =52 (2ug ;o + Uy — 3ug14)

With S7,31. According to (5.16) we have

-n -n -n
1 U1+ AUy = Up i
n __ -~ -~n -n
Uj =~ —ug 1+ Aug ;UG

j
~n 2ak, (-n -~n
g ; + =5 (ug ;- — Ug 1)

With S;, 30 and the degrees of freedom (5.17)

~n ~n ~n
13u07j — Uy 1 — 2u07j+2

~ 1
mn n n N
i = E 7’(;0 + U07j+1 + 2u07j+2
-n a -n -n -n

7722 M=N=1

-n

Upj — Uy
We have w7, = uj; for i = 0,1 and U} = ug ; + Ut
_ 2aknn
0,J h Lj

We have 6 coefficients where N’ = 6 and the known coefficients are computed by
An N N n N
Ui L =1 1 Wo,; Wo,j — Wi + Wy
Uy (=1 0 —3 Wiy | = Wo,; — 2Wa,;
5 ) s L
B 1 1 1 wy wy ; + Wy + Wy

The iterative equation (7.13) becomes

~ i+1 ~ )
UL; ks 1 -1 0 Ur; ks 5 -8 3 1 0
Ur. =211 -1 0 ur. +|==1 -3 8 -5 ]+ 00
5, ~.5J 4h
4 0 0 0 0 1

Ah
-4 0 Us.
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7731 N=0and M =2
With S7; 3. According to (5.18), the known coefficients become

Ut 1 —4diug ;o + 20ug ;_; + 8up
Upj | =57 | U2t 2U5;1 + 23U,
Ugfj Agg 2 28@8471 +44a8,j

We begin with the guess solution (7.12) corresponding to the iteration index i = 0 to get

~ 1

Ut 1 —8ug ;o + 40ug ;4 +61’§u0g + Sgkn (Up j—o — Up ;o)
ggl,j =18 16t ;o — 561G 5y + 88U ; — 5™ (3up ;o — 8Ug ;1 + 5ang)
& —2up ;o + 4ug ;_ + 46ug ;

We iterate the solution again to get

[Jn k 6(ak ~ ~

[/]\4,3' 1 —8ug = o +40ug - 1 +16ug J+247L o (ag =1 —g ])"‘ (a ") (ug G 2_2“3,]'—1"‘“3,]')
— k 6(ak . .

U5n’j = E ""16“0] 5 56u0,]_1+88u0 j 24“ o (uDJ 2—3U0J 1+2u0])+ (a ") (ug o= 2Ug 1+u8])

77 ~n 24 k 24( k )2

Uéfj —2(Ug ;o =20y 5 —23Ug ;) — =5 (Ug ;o —4UG ;4 +3T5 )+ ZQH (UG j—2—2ug ;1 +4g ;)

If we repeat the iteration we will get the same result IAJ?“ = ﬁ?’m for all 7 > 3.

7732 N=1land M =2
With St 21. According to (5.20) we have

Ui 1 18ug ;_q + 102ug ; — 2uy ;4 — 82uf;
ﬁi’?,j 18ug ;4 + 102ug ; — 2ut ;| + 158u7

In the same way and after two iterations we get the solution

3(ak,)?

<ty - )+ S @, - @) - a0
rin 1 ~n ~n ~n o~ 3aky, ~n ~n
U = 60 Gug ;_y + dlug; —uy ;_y + 79y ; — ——(9(ug ;_y — Ug ;)

3(ak,)?

<ty 300t + 2ol oy, - o) - 2, 102
mno_ 1 -1 o . 1204k, .
U3,j = @ [7(9%7j_1 — 129U0,j — a?,j—l -+ 19u17j) — Tul’j

6(aky,) .
12 (9@33’71 - uo,j) - a?,jfl + 19@%)
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7733 M=N=2

n -~ -n -n
Ut toj — iy Uy
We have w;; = uj; for i = 0,1,2 and | U3, | = U ; — 5Us . After two iterations
Fin Ry I 5
U3,j Uo,; + U1, + Ua,
we get the following solution
in ~n ~n ~n akn (0 ~n 3((11%)2/\%
Uy ug; — Uy 4 gy — (Ul — 3uy ;) + =5 L2
>n _ ~n ~n ~n aky (551 -~n 3(akn)® ~n
Ugj | = | uo,; +ul, +ug; — Uy, +3us;) + =55 LUz
n ~n _ 1l-~n _ 2aknn 6(akn)® ~n
Us.; Ugj = qUgj — TR UL; + =52 Uy

7.8 Example 2: Nonlinear Burgers Equation

Now we apply the local Galerkin scheme to the initial value problem of the nonlinear Burgers
equation v(t, ) + (v*/2).(t,x) = 0 for (t,x) € Rs¢ x I with I C R and with an initial function
vo(z) = v(0,z) defined on I. We have f(U;) = 5(U;)? foralli=1,..., N and j =1,...,Z.

781 M=1

The known coefficients are given by

An SN o~ SN

Uiy _ ( L~ ) ( W ) _ ( Wy ; — Wy )
n ~n ) - ~n ] ~n i .

Uz,j 1 1 Wy, Wy, + Wy,

We found above that the local Galerkin scheme with M = 1 does not need any iteration. The

iterative equation becomes
1 ~
~ 2k, (1 —1 5 11 Up. 2k
n,i+1 n 2 1, _ o 2 an
Usim =% (5’7) ) * (5’5) ( i ) =@~ 7 06,0
2 9.

782 N=0, M =1, with S; 5,

~-n -n

Up ;1 + Ug,;

-n -n
—ug 1+ 3u07j

~n 2kn S (n -~n
2ug ; + =g (Ug g — g ;)

1
)

783 M=N-=1

We have @y, = uj; for i = 0,1 and

on -n
. Yo U,
n o __
ono 2kn 0 i



Chapter 8

The Discontinuous Galerkin Schemes

8.1 Preface

Here we apply the DG schemes [5, 6] and use numerical fluxes whose arguments are the solutions
U™ and F™ of the previous step.

Let "> 0 and I C R. We discretize the intervals I and [0, T] and consider I; = [z; 1,2, 1]
and Tn = [tn, tns1[ With a time step k, > 0 and a constant mesh size h for j =1,..., Z.

In this thesis we will study various functions of different order of smoothness, e.g. starting
from the space C*°(I) of infinitely continuously differentiable functions, such as e.g. sinz, up
to the discontinuous functions, such as a jump function. Therefore, at each time ¢ € [0, T, the
function which will be considered must be at least bounded on the interval /.

The integral of a bounded function on a closed interval I always exists, provided that the
set of points in I, at which the function is not continuous, has Lebesgue measure 0, see also
[13]. Then we can deal with integrable functions, for example, deal with v(¢,-) € L*(I). The
conserved functions will be from the following function space

L>°([0,T), L*(1)) = {v : [0,T] x I — R, such that ess sup |Jv(t,")|| < oo}.
t€[0,T]

8.2 The PyFP,y DG Schemes

Here we formulate the final fully discrete Py Py DG schemes for the general nonlinear hyperbolic
systems of balance laws in one space dimension. We have

vi(t,x) + f(v(t,x)), =s(v(t,z)), for (t,x)€[0,T] x I.

Let v,, f,, and s, be arbitrary components of the vectors v, f, and s, respectively. According
to these components we have the following equation

(Up(ta ) + (fp(vq(t>x))x = Sp(vq(t>x))-

The components f, and s, are based on the vector v, so we write them in the form f,(v,)
and s,(v,), respectively, where v, of the subindex ¢ indicates an arbitrary component of the
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CHAPTER 8. THE DISCONTINUOUS GALERKIN SCHEMES

vector v. We consider one space element [;, with j = 1,..., 7 fixed, and one time element
Tn — [tn, tn+l[~

8.2.1 Step 1.

Multiplying with an arbitrary smooth function x € L?*(I;), integrating over T, x I ;, and using
integration by parts in space we get

// ) (v, (t, ) dmdt+/ @) £ (vg(t, 2)) |
/ /X:c x) fp (vy(t, z)) dedt = / / x)s, (vg(t, x)) dadt. (8.1)

8.2.2 Step 2.

We assume that the numerical solution, defined on T, x 1 , of the DG scheme, which we denote
as uy, is a piecewise polynomial of the degree N and is given by

Jj+

dt

[\3{»—‘ [N

Z N
up(t,x) =Y Y, (H®(x), for z el

where u" uy,; €ER for j=1,...,Z and £ =0,..., N, are unknowns, and ®,; are the Legendre
basis functions of degree N > 0, which are given by (2.8). This solution has Z terms, each
term is written as

N
ul i(t, ) :Za;},z,j(t)@e,j(x), for j=1,...,2.

8.2.3 Step 3.

Substituting the numerical solution u; and replacing the test function x by the basis functions
Oy for k=0,...,N in (8.1) leads to the following forms

[ [ e anazas [ og@ieen]
//% o fy (' (t, @) dedt = //% s, (ul (1, 2))ddt.

The sum over the index j in the numerical solution w; is reduced only to one term u, ; which has
values on /; and the other terms have value zero on I By theindex £k =0,..., N we have N+1
equations for the N +1 unknown coefficients uj ;(t). Now with uy ;(,7) = Ze o Up ()P (),

]+7 dt
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we have

N X
/ /cp,” <Za;g] )0 ) dxdt+/u Buy (0 f, (51, 2)) |s

—[n /Ij(@k,j(a:))xfp u;ﬂj(t,x))dycdt:/vn /1]- ;m(x)sp (up (¢, x)) dedt. (8.2)

it
2 gt
)

8.2.3.1 The First Term in (8.2)

The time derivative and the time integral in the first term are applied to Upe , since the
functions ®,; are independent of the time variable. This derivative can be replaced as follows
for x € I

/n<zum )@y i ( )dt:g(/fn(a;m(t)) )‘% f; —an, ) ().

Thus we have for the first term in (8.2)

N
/I Dus(w) Y (@ — ) B (w)d.

J /=0

Due to the orthogonality of the basis functions, the sum in the first term reduces to one term

with index k = ¢ and the space integral has the value 2k - Thus the first term becomes

h
2k +1

(ks — Ups) -

8.2.3.2 The Second Term in (8.2)

According to the special values (2.6) of the Legendre polynomials, we have &y, ; (xjfé) = (—1)*
and @k,j(:z:j%) =1for k=0,..., N. Then we have for the second term in (8.2)

/Tn [fp (ug,j(t7xj+%)> — (=1)*f, (ugﬁj(t,xj_%)ﬂ dt.

Substituting these first and second terms in (8.2) we obtain the following system

Qkh+ 1 (ks = Tprg) + /T [fp (“?,j(tal’ﬂg)) — (=1*f, (ug,j(t,:rj_%)ﬂ dt
_ /n /I.(q)k,j(x»xfp (uZ,j(t,x)) drdt = /7L /1 Py, i (x)s, (uf;’j(t, x)) dadt. (8.3)
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8.2.4 Step 4.

Since the piecewise test functions ®, ; are discontinuous at the interfaces between the elements,
then along an element boundary two distinct values of the solution can be obtained. To remove
this non uniqueness in the second term the flux function f, is replaced by a numerical flux func-
tion J, which produces a single unique value. We can use any consistent monotone numerical
flux that guarantees stable schemes and implies the convergence to the entropy solutions. For
more details see [5].

For the values f, (u;"j(t, T; +%)>, we follow Dumbser et al. [7] and use numerical flux func-

tions whose arguments are the solutions U ., see (7.4), of the local Galerkin scheme, i.e.

q,j)
fo (st 2,0)) = Fryy () 1= Fy (U () Uy y) )

Similarly, we have

fo (Uosta,0)) m Fpy a8 = Fy (Ul ), Uty y))

2

We insert also these solutions U " in the formulas of the flux and source terms
fo (g (8,2)) =~ Z 1o (T3) st ),

N
sp (up;(t,x)) =~ Zsp (Ug J) 0,;(t,x), for (t,x)e T, x I,

Substituting into (8.3) we get using (7.4)

h ~n+1 k
s @ =T+ [ Fama- [ F

/n/ @iy [; T (ﬁ«;m> 0:;(t, x)] drdt
/ /1]- () L (Ut?z]) 0:4(t, x)] dxdt.

The coefficients f, ( q”> and s, <(7" ) are constants, thus, using the scalar product (-, ),

(t)dt

N

q7Z7J

given by (7.5), we get

h
2k+1

(aZ7Jlgl B p,kj) + [ o
Th Th

s
Il
i
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8.2.5 Step 5.
Finally, by rearranging the terms, we get the fully discrete one step Py Py DG scheme

2% + 1 W2k + 1

untl o= Uy — /) Ty ()dt + (1) ; T Froos ()t (8.4)
N
2k+1 Fn 2% + 1 .
Z o (Uq,i,j> ((Prj)as Oij) tx + . (Uq”> (D15, 0;.5) e
= i=1

The equations (8.4) give the updates of u, ; from the time ¢, to t,;1. The numerical discrete
solution updated at the new time ¢, related to the element I; is the term

N
”H ZA"H ), for (t,z)eT, x I,
k=0
taking the summation over all elements of the discretization we get

Z N
wt (z ZZ Uy (I)k,] for (t,z) € T, x I.

=1 k=0

85



Chapter 9

Linear Advection Equation and
Numerical Studies

Starting from this chapter for previty we say only the Py Py schemes.

Let us consider the scalar linear advection equation v (t,z) + av,(t,x) = 0 for (t,z) €
0,7] x I with T > 0, I = [e1,65] C R, and a € R. Suppose that the initial solution is
vo = v(0,-) € L*(I). The exact solution is given by v, (¢, z) = vo(z — at).

9.1 The PyPFPy, Schemes

We use the Lax-Friedrichs flux given by Cockburn and Shu [6]

1 n n
F£F7j+%(t> =5 [an—i—l( ) j+ )+CLU <t7x]+ ) C <Uj+1<t7x]+ ) U (t7xj+ >>] ’

where C = max |f( )| = lal.
miny(vo)<s<maxy(vg)

We have the following two cases. If a > 0 we have
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If a < 0 we have

N
Frpea(t) =aUl (¢, L+l az Uijbijn(t ' Lits )
=1

-
e
T

T

Q

g

@
M z
%

=1

and

S
I
I
§§

N
(2k + Ja
J Z{ i1 </T 9i,j+1(ta$j+;)dt)

i=1
_(—1)]6(/}27?] (\/T 9i7j(t,.’ll'j_é)dt> — (7i7?j<(q)k,j)x>9i,j>tx} . (92)

The N + 1 relations (9.1) or (9.2) give updates of the degrees of freedom.

9.1.1 The Extra Elements

The space interval is always discretized into Z elements. The relations (9.1) (for a > 0) and
(9 2) (for a < 0) indicate that the new degrees of freedom ﬁzyl depend on the values U} J and

ur

(2 ] Y
and U 11 locate at the left element I;_; and the right element I, respectively. Therefore,
we add two extra element. Thus we need Z + 2 elements.

In additional, the degrees of freedom U "o for C=j—1,4,7+1 are related to the reconstructed
degrees of freedom w)! o respectively. The degrees of freedom w wy ¢ depend on the elements within
the stencil which contains n. elements.

as well as on U}, ; (for a > 0) or A[LjH (for @ < 0), of the past time ¢,. The values UJ"; ,

o If M = N, then n, = 1 and W}, = u; ;- We do not need any neighbors.

e If M > N, thenn, > 1 and @w” rC need n, —1 new neighbors. Then we have to add (2n, —2)
elements in order to cover all shapes of the stencil.

Thus we have to add 2n,. extra elements. For example, the Py P); schemes with N = M have
single stencils, i.e. ne = 1, and need only two extra elements, (one at left, one at right). The
stencils of size 2 require 4 extra elements, (2 at left, 2 at right), and so on.

9.1.2 The Boundary Conditions

Let us discretize the space interval into Z elements and attach them with the extra elements.
The relations (9.1) and (9.2) give updates only to the main Z elements. In order to continue
with the time variable we have to update the solutions on the 2n, extra elements. Therefore,
we need to add 2n. boundary conditions.
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Example: Periodic Initial Function

Let M, N € N with M > N. We discretize the space interval [e;, €] into Z elements and add
2n. extra elements. The boundary conditions are given in the Table 9.1.

The size of | The number of | The Boundary Conditions for all 7 =0,1,..., N
the stencil, n, | all elements
Left Right
~n+1 __ ~n+1 ~n+1 _ -~n+1
1 Z+2 Uin = U701 Wi z19 = Uio
~n+1 __ ~n+1 ~n+1 _ -~n+l1
Uin = W z41 Wizv3 = U3
2 Z+4
~n+1 _ ~n+1 ~n+1 _ -~n+l
Uso = U 719 Wiz1qg = Uiy
~n+1 __ ~n+1 ~n+1 _ -~n+1
Ui = Uiz41 Ui 744 = Ui
3 Z + 6 anJrl _ ﬂnJrl aﬂ+1 _ anJrl
.2 Wizio i,24+5 — Ui5
~n+1 _ -~n+1 ~n+1 _ -~n+l
Uiz = Uiz43 Uiz16 = Uig

Table 9.1: The boundary conditions of the Py Pj; schemes applied to the advection equation
with a periodic initial function.

9.1.3 Some PyFP,; Formulas for a > 0
The arguments of the discretization k, and h are related, see [5], by the Courant number

A= % This number is important for the stability of the schemes.

The FyF, Scheme

The FyP; Scheme with 57,2,

ugtt =g

~n ~n ~n ~n ~n ~n
5= oy — 5 (W — 4105y +305,) + 5 (8 — 205,-0 +Tp)

The PP Scheme with 57,50

A A2
~n+l _ ~n T (en _on (o _onn -n
oy =gy + 5 (@m0 = U gen) + 5 (Wm0 = 20, + U ) -
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The P, P, Scheme

~n+1 __ ~n ~n “~n -~n ~n 2 (~n ~n
gt =Ty + A (U oy — gy + 0y oy —ay ) — N (a1, —ayy)

st =gy — 3 (U oy — gy + Uy Uy ) + 3N (U — Uty) -

A A2 o
%L,erl = ag,j + 6 (2u0] 3 9“0; o T 18@3,]'71 - Hag,j) ) (U’O,ij - 4@8,1‘72
)\3
-~n, “-~n, “-~n “~n “~n “-~n,
+ 5”0,]'71 - 2”0,]') + G (Uo,jfs - 3“0,3'72 + 3“0,3'71 - uo,j) .
The P()PQ Scheme with S[j7371
1 A ?
+
Uy = Uy — 6 (U’O] o — 6Ug ;_y + 3ug ; + Q%L,jﬂ) + B ({Zg,jfl — 2ug ; + %,jﬂ)
A3 o
+—= 6 (%L,y 2 3“0,3'71 + 3%1,3' - ﬁg,jﬂ) .
The P, Scheme with 57, 30
1 A 2
UNno,J; = Uy, + 6 (ZUOJ |+ 3ug ; — 6ug ;o + ag,j+2> + o (UAno,j—l — 2ug ; + uAno,jﬂ)
A3 .

“~n “~Nn “~n
+— 6 (uo,g 1~ g+ 3Ug g — “0,j+2) .

The P, P, Scheme with S 51

4

ugtt = up 4 g (9up,_y — Uy, +42uy,_y + 80Uy, — blug; — T9uY ;)
—35 (9 (U o — 2y, + g ;) — WYy +40UT ,_; — 3907)
+35 (9 (U0 — 205, + g ;) — ULy + 2007,y — 1937 ) ,
aqf,}rl - a?f,j - % (9@\&ij - @711,342 + 60@6}'71 + 78@\?11,]'71 - 69%1,3‘ + 79@?4)

+3%5 (9 (U —y — ;) — WYy + 3807, — 1)

_)\_3 -n __on -n _n -n _ -n
o (9 (UG — 2Ug ;_y +0g,) — Yy + 20U7 ;_, — 1937 ) .
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The P, P, Scheme

2 (—n -~n -~n -~n 3 (-n -~
— N (@ g+ 3Uy g~y — 3uy ) + 28 (U, - ugy)

ayyt o= ayy = 3N (U ATy Uy — gy Uy Uy )

+3N? (Y + 3us g — Uy + 3us;) — 6N (Uh,, — uy)

Uyt = U SN (U Uy Uy — Ty Uy — )

=52 (@} ;_y + 3uy;_y — Ut + 3ug ) + 10N (g, —ug;) .

9.2 Numerical studies

In fact, there are several parameters which control the Py Py, schemes, namely: (1) The orders
N and M. (2) The size n. of any stencil Si, », r, that must satisfy the condition n, > %I—ill
(3) The index L of the stencil Sy, ,, 1 that indicates the form of the stencil. (4) The mesh size
Z which gives the length h of the elements. (5) The maximal time value 7" with the time step
k, <T. (6) The Courant number \ = % which relates the time step k,, to the mesh length
h, see [5].

In the following we study the stability and efficiency of the Py Py; schemes by studying three
of these parameters, namely, the Courant number as well as the size and form of the stencils.

9.2.1 Stability Analysis

The Courant number is important for the stability of the schemes. We determine maximal
Courant numbers which are limits of the stability. We study the Py P, schemes applying to
the linear advection equation v; + v, = 0 with a = 1. At first, we apply the von Neumann
stability analysis [16] with the special case N = 0. Then we follow an experimental procedure
for higher order Py Py schemes with N > 0.

9.2.1.1 Von Neumann Analysis

The computational domain of the Fourier representations is the region [—z,z] which is dis-
cretized into 2Z; mesh elements with equidistant length element hy = 2/Z; and z € R is a
period of the initial data. We decompose the coefficients a"OJ inside the element [;, into a

Fourier sum as
Zy

U, = Y Ape, (9.4)

(=—Z;

where A} is called the amplitude vector at time level ¢,,, ¢ = v/—1 is the imaginary unit, and
¢¢ is the wave number and it is given by ¢y = ¢m/Z; with £ = —Z, ..., Z;. This finite sum

90
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splits the time dependence from the spatial one, where the time evolution is included in the
time dependence of the amplitude Aj}.

Now we substitute this finite sum into the scheme considered. Then, dividing by e¥?¢, we
obtain a relation between the amplitude vectors A} and A}™' with some space shifts e,
This relation can be written as AZH = D,A}, where D, is called the amplification factor for
C=—Zg, ..., Zy.

The stability condition of the von Neumann analysis states that the Euclidean norm of
the amplitude vector A} for any wave number ¢, does not grow in time. In other words, this
condition can be written as |D,| < 1 for all ¢,.

The FPyFP, Scheme

In this case we can obtain the Courant number A = £ exactly. Substituting (9.4) in (9.3) we
get, for 0 = —Z¢, ..., Zy,

A?Z-i-leijw _ A?@ijw + )\ (_Azlei(j—l)w _ A?eijm) — _Azleijqﬁe (1 + e ¥ _ )\) )

Dividing by €% we get A7 = (1 — X+ e ™) A7. Then we have

S/

-~

D,

D> = DI'D,= (1 _ )\+/\€i¢e) (1 _ )\+)\€—i¢4)
= 1+A [—2 + ez’¢z + e—iW} + 22 [1 _ 6i¢e _ e—ing + e_iweing
= 14+ A2+ 2cos(¢g)] + A*[2 — 2cos(¢y)] = 1+ 2X(X — 1)[1 — cos(¢y)].

The condition max |D,| < 1 is equivalent to A(A — 1)[1 — cos(¢¢)] < 0, this indicates directly
that the Courant number is bounded by 0 < A < 1.

For other PyP; Schemes with N =0

We can determine the maximal Courant numbers numerically. The amplification factor D,
is a function of two variables Dy = Dy(¢p, A). We take Zy = 3 then ¢ = —3,...,3 and
¢ € {—m,—2n/3,—7/3,0,7/3,2r/3, 7}, and define the variable A\; = s/10 with 1 < s < 30
which covers the interval [1/10,3]. Then we compute the modulus of D, at each value of ¢,
and of A\, then we get a 7 x 30 matrix of these values. Each column is related to one value of
As. If all entries of the column are less or equal to one then the value A, to which this column
associated, gives a stable solution of the scheme.
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For example, the Py P; scheme with stencil S 1,,2,0, We obtain the following matrix

0.98 0.92 e 0.62 1 1.42 1.88

0.98 0.95 e 0.80 1 1.25 1.55

0.99 0.99 e 0.98 1 1.03 1.07
1 1 e 1 1 1 1

0.99 0.99 e 0.98 1 1.03 1.07

0.98 0.95 e 0.80 1 1.25 1.55

0.98 0.92 . 0.62 1 1.42 1.88
T fr T ) fr

)\1 == 01 )\2 - 02 )\9 == 09 )\10 == 1 )\11 - 11

Note that, starting from the eleventh column, the entries are larger than one. This proves that
the value A;; = 1.1 gives an unstable solution. Thus the maximum value of A\, which gives a
stable solution is Aqg, thus A = Aig = 1. On the other hand, all columns to the left of the
eleventh have entries less or equal one, thus their A\ give stable solutions. We obtain that the
range of the Courant number for the Py P, scheme using S7, 2 is the interval A € (0, 1].

ne [ L] BoP, | BB, | PoPs | BoPs | PoPs
, | 001
11(0,2]
0] (0,1] *
30101 (0,1
2| (0,1] | [1,2]
0] (0,1] * *
R ERRC RS E(S)
21 (0,1 | (0,1 | (0,2]
31 (0,1] * [1,2]
0 (0,1 | (05,1]| * | =
10,1 ] 0,1 | (0,1 ] =
5121 (0,1 | (0,1 | (0,1] | (0,1]
31 (0,1] | (0,1] | (0,1] | [1,2]
4| (0,1] * * *
0 (0,1 | (0,1] * * *
10,1 ] 0,1 |01 ] * | =«
6 12101 ] (01 | 0101 01
30 (0,1] ] (0,1 |(0,1] (0,1 | (0,1]
4] 0,1 ] (0,1 | (010,71 =
51 (0,1] | (0,1] x| [1,2] |

Table 9.2: The maximal Courant numbers for some PyP,; schemes, for N = 0 and M =
1,2,3,4,5.

Table 9.2 includes the maximal limits A,.¢, which are computed numerically in this way, of
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the Courant numbers for the PPy, schemes with N = 0 and various orders M = 1,...,5 with
all cases of the stencils St ..z with n. = Hg—j:ﬂ ,...,6and L =0,...,n, — 1. The symbol x

indicates unstable cases for which we have only one value A\ = 1 that gives a stable solution.
The fact that A = 1 is stable is an artifact due to the equation v; + v, = 0, because for A = 1
the numerical solution of these schemes is the exact solution. Moreover, the range (0, 1] mostly
appears, but there are some semi-stable cases which are written in boldface. Also, there are
two cases with higher stability A € (0, 2] that are also highlighted in boldface.

9.2.1.2 Another Experimental Procedure

The von Neumann analysis for higher order Py Py; schemes with N > 0 is not possible without
the use of computer algebra and numerical computation, see Dumbser [7, p. 8221]. Therefore,
we consider another numerical procedure. We continue in the study of the advection equation
vy + v, = 0 with the initial solution vo(z) = sin(z) for # € [0,2n] and periodicity as the
boundary condition. So we have vg(x) = sin(z) for all z € R. It is well known that the exact
solution is v.(t,z) = vo(x — t) on [0,7] x [0, 27].

We found experimentally appropriate limits of the Courant numbers which guarantee the
stability without resorting to von Neumann analysis. We checked the stability of the numerical
solutions at the final time 7" = 1007 for a mesh with Z = 50. Let us set A\¢ = 1/(2N +
1). Cockburn [5] considered Runge-Kutta DG schemes and took for the linear equations A
somewhat smaller than Ao as a limit in order to avoid unstable solutions. We start with this
inequality and define variables A; in an interval around Ao as follows Ay = ayAc + 0.001s for
s =20,1,2,..., where 0 < ay < 1 is constant associated to the order N and determines the
starting point of a search algorithm. We use the values ag = 0.99, a; = 0.9, ap = 0.8, a3 = 0.7,
ay = 0.6, and a5 = 0.5.

Increasing the index s, the variable A\; comes closer to the ratio A¢ and then larger than
Ac. For each value \,, we associate the value L} = [, |v.(T,2) — w(T,x)|dx, which is the L'
error of the reconstructed polynomial (solution) w computed using the Py Py scheme at the
last time 7' with time step At = A\;h. We compute the errors L! numerically using Gaussian
rules of enough large orders. As well, we compute the differences d; = |L! — L!_,| for s > 0,
defining dy o = 0. We also set a condition to stop this algorithm which is d; ; > TOL, where
TOL is a tolerance that we choose enough large, e.g. TOL = 10, to guarantee that the L'
error is large, and this means that the solution is unstable. For example, we consider the P, P
scheme. Then we have \¢ = 0.2, ap = 0.8 and A\, = 0.16 + 0.001s. We arrange the errors in
the following table which leads to the conclusion that A,.. &~ 0.171.

s |2 3 4 5 6 7 8 9 10 11 12
As [0.162 ] 0.163 | 0.164 | 0.165 | 0.166 | 0.167 | 0.168 | 0.169 | 0.170 | 0.171 | 0.172
L110.074]0.047 | 0.009 | 0.040 | 0.064 | 0.079 | 0.005 | 0.009 | 0.011 | 0.018 | 4 x 10™

Note that in solution plots the solution for Ay = 0.170 looks smooth, whereas for A, = 0.171
small oscillations occur that become stronger for larger A,.
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In the following, we give the approximate values of A, for all Py Py schemes for

M+1
N +1

M=0,...,5, N:Q“WM,7%:[ W,w& L=0,...,n —1.

9.2.1.2.1 Case M = 1. For the P, P; scheme we obtain A\¢ = 0.333 and A.x =~ 1/3. For
the Py Py, see Table 9.3.

n\L| 0 1 2 3 4 5

2 | 1.003 | 2.006
1.005 | 1.006 | 1.008
1.005 | 1.006 | 1.007 | 1.009
1.005 | 1.005 | 1.006 | 1.008 | 1.007
1.006 | 1.006 | 1.005 | 1.008 | 1.007 | 1.007

O O = W

Table 9.3: The maximal Courant numbers for Py P; scheme with Ao = 1.

9.2.1.2.2 Case M = 2. For the P,P, scheme we obtain A\c = 0.2 and A\, =~ 0.17. Also,
Tables 9.4 give the approximations of A, for the PyP, and P; P, schemes.

The PyP, schemes with A\ =1

ne\L 0 1 2 3 4 5

3 1.002 | 1.01 | [1,2]
4 1.013 | 1.012 | 1.005 | 1.011

5 1.003 | 1.01 | 1.006 | 1.005 | 1.011

6 1.004 | 1.007 | 1.006 | 1.006 | 1.006 | 1.01

The P, Py schemes with Ao = 0.333

n\L | 0 1 2 3 4 5
2 | 1/3 | *
3 | 1/3 | 1/3 | *
4 | 1/3 | 1/3 | *
5 | 1/3 | 1/3 | 1/3
6 | 1/3 | 1/3 | 1/3 | * * 1 0.305

Table 9.4: The maximal Courant numbers for PyP, and P; P, schemes.

9.2.1.2.3 Case M = 3. For the P,P; schemes where A\ = 0.2 and with all stencils con-
sidered above we obtain A\,., ~ 0.17 and for the P3;P; scheme where \¢ = 0.143 we find
Amax ~ 0.103. For the PyP; and P, P; schemes, see Table 9.5.
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The FyP; schemes with A\c =1

ne\ L 0 1 2 3 4 5
4 1.001 | 1.005 | 2.009 | [1,2]

5 1.002 | 1.01 | 1.006 | 1.005 | 1.02

6 1.002 | 1.011 | 1.006 | 1.006 | 1.006 | 1.017
The P, P; schemes with \o = 0.333

n\L]| 0 1 2 3 1 5
2 (0318 *
3 10328034 | *
4 103311 033 0338 *
5 |0332] 1/3 |0332] *

6 |0.332|0.332 | 0.316 | 0.335 * *

Table 9.5: The maximal Courant numbers for FyPs; and P; P; schemes.

9.2.1.2.4 Case M = 4. For the P3P, schemes with Ao = 0.143 we obtain A, ~ 0.103 and
for the P, P, scheme where \o = 0.111 we find A\, =~ 0.069. For the Py Py, PP, and PP,
schemes, see Table 9.6.

The PyP; schemes with A\p =1
ne\L 0 1 2 3 4 5
5 1 1.002 | 1.012 | 2.02 | [1,1.5]
6 1 1.006 | 1.012 1 1 [1,2]
The P, P; schemes with Ag = 0.333
3 0.316 | 0.346 *
4 0.325 | 0.347 * *
5 0.328 | 0.338 | 0.337 * *
6 0.330 | 0.338 | 0.337 * 0.312 *
The PP, schemes with A\c = 0.2
ne\L 0 1 2 3 4 5
2 0.166 *
3 0.169 | 0.176 *
4 0.170 | 0.173 | 0.173 *
5 0.170 | 0.170 | 0.172 | 0.170 | 0.170
6 0.170 | 0.170 | 0.172 | 0.172 | 0.170 | 0.170

Table 9.6: The maximal Courant numbers for Py P,, P, P,, and P,P3; schemes.

9.2.1.2.5 Case M = 5. For the P,P; schemes where A\c = 0.111 we obtain A\, =~ 0.069
and for the P5P5 scheme where A¢ = 0.091 we find A\, = 0.05. For the Py Ps, P, P5, P> Ps5, and
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P3P,y schemes, see Table 9.7.

The PyPs schemes with A\ =1
ne\L 0 1 2 3 4 5
6 1 1.001 | 1.005 | [1,2] | [1,3] 1
The Py P5 schemes with Ao = 0.2
5 * *
3 0.165 | 0.176 *
4 0.167 | 0.176 | 0.175 *
5 0.168 | 0.175 | 0.172 | 0.174 *
6 0.169 | 0.172 | 0.172 | 0.172 | 0.172 *
The P, P5 schemes with A\¢ = 0.333
ne\L 0 1 2 3 4 5
3 * 0.402 *
4 * 0.346 * *
5 * 0.345 | 0.335 * *
6 0.324 | 0.344 | 0.327 | 0.34 * *
The P;P5 schemes with A\¢ = 0.143
2 0.1 *
3 0.103 | 0.106 | 0.102
4 0.103 | 0.105 | 0.104 | 0.103
5 0.103 | 0.103 | 0.104 | 0.103 | 0.103
6 0.103 | 0.103 | 0.104 | 0.104 | 0.103 | 0.103

Table 9.7: The maximal Courant numbers for PyPs, P, P5, P,Ps, and P3P5 schemes.

9.2.2 Experimantal Order of Convergence (EOC)

We investigate the orders of the accuracy numerically by calculating the EOC. Let generally
X ba a linear space with some norm || - ||x and let v, € X be a numerical approximation of a
given function v € X which depends on a parameter h of the discretization. The convergence
of v, towards v as h tends to zero can be quantified by ||v, — v||x < Ch”, with the order of
convergence k. This gives a possibility to quantify the quality of a numerical scheme. If we can

compute two numerical solutions v, and vy, then the order x can be estimated experimentally
by Ko~ EOC(h, h/) — log(th/l_C;u;/‘}l;)h—UHX)'

The maximum Courant numbers computed above are quite sharp since oscillations occur
with slightly longer time steps. Therefore, for our further tests, we used the following restrictive
bounds on the Courant number, see Table 9.8.

Now we consider the advection equation v; + v, = 0 with v(0, z) = sin(x) defined on I = [0, 27|
and its solution at time T' = 27w. We apply some Py Py schemes. The CFL numbers \ are

taken from the Table 9.8. The L! errors are listed in the Table 9.9 where we always used the
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The order N 0 1 2 3 4 5)
The Courant number Ayeeq | 1 | 0.25 | 0.16 | 0.08 | 0.05 | 0.05

Table 9.8: The Courant numbers A z.q for N =0,...,5.

stencil Sz, 52. The numbers for the EOC were truncated after the second decimal. Note that
we always get the expected order of convergence close to M + 1. Some of the schemes produce
a wrong experimental order on the coarsest meshes. This is not a problem, since the order is

an asymptotic property for h — 0.

Z Lt \ EOC Lt EOC Lt EOC Lt EOC Lt EOC
PoPo
10 | 6.23e-1
20 | 3.17e-1 | 0.97
40 | 1.58e-1 | 1.00
P0P1 P1P1
10 | 1.50e-1 1.67e-1
20 | 2.34e-2 | 2.68 | 4.16e-2 | 2.01
40 | 4.17e-3 | 2.49 | 1.03e-2 | 2.00
PP, PP, PP,
10 | 1.32e-1 2.61e-2 2.03e-1
20 | 1.80e-2 | 2.87 | 2.14e-3 | 3.60 | 9.81e-4 | 7.69
40 | 2.28e-3 | 2.98 | 2.17e-4 | 3.30 | 1.22e-4 | 3.00
POP3 P1P3 P2P3 P3P3
10 | 7.85e-3 2.10e-2 2.00e-1 1.96e-4
20 | 4.56e-4 | 4.10 | 1.36e-3 | 3.94 | 2.68e-5 | 12.86 | 1.23e-5 | 3.99
40 | 2.77e-5 | 4.04 | 8.61e-5 | 3.98 | 1.21e-6 | 4.46 | 7.80e-7 | 3.98
POP4 P1P4 P2P4 P3P4 P4P4
10 | 3.54e-3 1.28e-3 2.0le-1 1.27e-5 1.25e-1
20 | 1.19e-4 | 4.89 | 3.57e-5 | 5.16 | 2.13e-5 | 13.20 | 2.39¢e-7 | 5.73 | 6.28¢-2 | 1.00
40 | 3.75e-6 | 4.98 | 1.07e-6 | 5.04 | 6.72e-7 | 4.98 | 5.86e-9 | 5.34 | 5.60e-9 | 23.41
80 1.75e-10 | 4.99

Table 9.9: The L! errors and EOC of some Py Py schemes applied to the advection equation.

9.2.3 The Study of the Efficiency

We again consider the advection equation v; + v, = 0 with the initial function vy(z) = sin(x)
defined on I = [0, 27] and its solution at time 7" = 2w. The CFL numbers \ were taken from the
Table 9.8. We study the efficiency of the Py Py schemes by setting the bound for the L' errors
at time T" = 27 to be 0.01. We measure the speed of the schemes by the computational time
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and number of time steps Z;. Since we consider the linear advection equation then the time
step At is constant and then it is equal to At = T'/Z; = 2w /Z;. Also the time step is computed
using the Courant number A by At = Ah/a. With our assumptions here we have a = 1 and
h =2n/Z then At = \27/Z. Thus we have 2w /Z; = A27/Z which implies that Z; = Z/\. A
further indicator of and the cost of the discretization is the mesh size Z. To explain how do we
perform these computations we take as example the Py P, scheme using the stencil S 1,21 and
take the mesh size Z changing from Z = 2 to Z = 35. We ended the computation when the L*
error became lower than 0.01. For brevity, we give only some of these results for Z = 28, ..., 35.
Table 9.10 shows that, when Z = 33, it is the first case where the L! error is less than 0.01. In
this case we need 33 iterations and a computational time of 0.049 seconds.

L 0.0132681 | 0.0123711 | 0.0115621 | 0.0108299 | 0.0101650 | 0.0095595
time | 0.0376 0.0364 0.0399 0.0460 0.0458 0.0490

Z 28 29 30 31 32 33

A 28 29 30 31 32 33

Table 9.10: The computational time and the mesh size for the FPyP; scheme.

Now we will only give the data for the solution that satisfies the error bound on the coarsest
mesh, which we obtain from a sequence of finer and finer meshes as explained. The errors will
be rounded to 4 decimals.

9.2.3.1 The Influence of the Size n,

We recall that the reconstruction stencil is given by S Tine L = Ufzf ;. Litc and it consists of the
interval I; with L and R elements to the left and right of I;, respectively, and its size is given
by ne =14+ L+ R with L € {0,...,n.—1} and R > 0. We used various stencils with different
sizes n, and fixed the index L at the values L = 0 and L = n., — 1, see Table 9.11.

For M = 1, we have two schemes, the FPyP; scheme with various stencils and the P, P;
scheme with the unique stencil S 1,10 = I;. In all cases N = M we have n. = 1 since there is no
reconstruction needed. Table 9.11 shows that the Py P; scheme is faster than the P; P; scheme.
This is expected, since the piecewise constant solution FyP; scheme has only one unknown
degree of freedom. But the P;P; scheme has a higher accuracy on the same mesh. Also, we
find that the computational time grows when the size of stencil becomes larger, again this is
expected, since the information comes from more cells. Thus the size of the stencil has negative
influence on the efficiency of the scheme, as expected. An important point is that the larger
stencils need more grid points to achieve the same accuracy.

For M = 2, we have the PyP,, P, P», and P, P, schemes. Table 9.11 shows that Py P, scheme
is faster than the others. Comparing tables we see that whereas in Table 9.9 on the same
spatial mesh the error decreases from FPyPs to PP, to P, P, schemes, on the other hand, in
terms of the actual efficiency using the smallest possible stencil in Table 9.11 the order in terms
of computational time is reversed. This is despite the fact that the other schemes need fewer
mesh points to achieve the same accuracy. But they need more time steps due to their stability
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L=0 L=n.,—1

e Lt time ‘ Z1 ‘ Z Ne Lt time ‘ Z1 ‘ Z
PPy PPy

2 1 0.00955 | 0.00898 | 33 |33 2 1 0.00955 | 0.01030 | 33 |33

3] 0.00904 | 0.01328 | 45 | 45 3| 0.00904 | 0.01288 | 45 | 45

4 1 0.00961 | 0.01471 | 52 | 52 4 {0.00961 | 0.01511 | 52 | 52

5 10.00903 | 0.01872 | 61 | 61 5 10.00903 | 0.01741 | 61 | 61

6 | 0.00974 | 0.01890 | 65 | 65 6 | 0.00974 | 0.01905 | 65 | 65
PP PPy

1 ]0.00879 | 0.01887 | 116 | 29 1 ]0.00879 | 0.01991 | 116 | 29
PP, Py P,

3 ] 0.00626 | 0.00586 | 19 | 19 3 ]0.00626 | 0.00630 | 19 | 19

4 10.00991 | 0.00657 | 21 |21 41 0.00991 | 0.00638 | 21 |21

5 10.00802 | 0.00768 | 27 |27 5 | 0.00802 | 0.00826 | 27 | 27

6 | 0.00982 | 0.00915 | 29 | 29 6 | 0.00982 | 0.00919 | 29 |29
PP, PP,

2 [0.00851 [ 0.01446 | 56 | 14 2

3] 0.00537 | 0.01459 | 76 | 19 3

4| 0.00721 | 0.01534 | 76 | 19 4 unstable

5 1 0.00895 | 0.01483 | 76 | 19 5

6 | 0.00914 | 0.01647 | 80 | 20 6 | 0.00897 [ 0.01508 [ 76 | 19
PP, PPy

1 ]0.00203 | 0.01236 | 75 | 12 1 ]0.00203 | 0.01313 | 75 | 12

Table 9.11: Numerical computations for some Py P); schemes with M =1 and M = 2 for two
values of L, L =0 and L =n, — 1.

restrictions. Note also that there is no real difference between choosing the larger stencils in
an upwind L =n, — 1 or a downwind L = 0 manner.

In Table 9.12 we now compare the case L = 0 with the smallest stencil for different mesh
sizes. The computational time of the FPyP, scheme is the smallest using the different meshes
comparing with the P, P, and P, P, schemes. Again we see that the stability is crucial to the
comparison since severer stability limits lead to a larger number of time steps.

9.2.3.2 The Influence of the Shifting L

We now use stencils of the same size n. but with different type for the values L =0,... ,n.—1.
We choose M = 3 and n. = 5.

We note in Table 9.13 that the symmetric stencil with L = 2 is the best choice according to
the computational time and the spatial discretization. On the other hand, the one side stencils
with L = 0 and L = 4 require slightly longer computational time. The difference in choice
of stencil is not very pronounced. Moreover, for the finite volume scheme FyPs, the number
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L=0
PoPQWithTLe:?) P1P2With’n6:2 PgPQ
Z Lt time Al Lt time Al Lt time A

10 | 0.04172 | 0.01471 | 10 | 0.02313 | 0.01881 | 40 | 0.08998 | 0.02117 | 63
11 |1 0.99828 | 0.00517 | 12 | 0.25449 | 0.00995 | 45 | 0.04117 | 0.01186 | 69
12| 0.02444 | 0.00462 | 12 | 0.23295 | 0.01008 | 49 | 0.00203 | 0.01282 | 75
13 | 0.84816 | 0.00503 | 14 | 0.01062 | 0.01122 | 52 | 0.10307 | 0.01438 | 82
14 | 0.01550 | 0.00806 | 14 | 0.00851 | 0.01421 | 56 | 0.06386 | 0.01830 | 88
15 |1 0.73693 | 0.00530 | 16 | 0.18595 | 0.01169 | 61 | 0.02988 | 0.01558 | 94

Table 9.12: Numerical computations for some Py Py, schemes with M = 2 using the smallest
possible stencil.

L| L' | time |Z|Z L] L' [ time | 2 [Z
POP3 P2P3

0 [ 0.00676 | 0.00714 | 16 | 16 0 [0.00491 | 0.01139 | 50 | 8

1| 0.00784 | 0.00540 | 12 | 12 1 |0.00405 | 0.01156 | 50 | 8

2 1 0.00940 | 0.00421 | 8 | 8 2 | 0.00097 | 0.01165 | 50 | 8

31 0.00784 | 0.00485 | 12 | 12 3 10.00350 | 0.01178 | 50 | 8

4 | 0.00676 | 0.00632 | 16 | 16 | | 4 | 0.00440 | 0.01220 | 50 | 8
PPy P3Py

0.00772 [ 0.01277 | 56 | 14 0 [ 0.00009 | 0.02086 | 125 | 10

0.00661 | 0.01146 | 40 | 10
0.00931 | 0.01017 | 40 | 10

unstable

=W N = O

Table 9.13: The computational time and the mesh size of some Py P,; schemes for M = 3 with
different types of the stencils of the size n, = 5.

of iterations relates to the type of the stencil, whereas with N > 0 this number seems to be
constant. This is seen also in Table 9.11.

Furthermore, when N = 0, the number of iterations Z; is equal to the mesh size Z, whereas
for N > 0, this number is larger than Z by a factor due to the stability restriction. This indeed
means that with larger NV the cost of the computations is larger, but this improves the accuracy.
This agrees with the results in the Table 9.9 where we find for example that for Z = 40 the
P;3 P; scheme is more accurate than the P, P; scheme which is in turn more accurate than the
P, P; and Py P; schemes.

In Table 9.14 we again compare the computational time for some PyPp; schemes with
M = 3 using the smallest stencil for different mesh sizes. The computational time of the FyP;
scheme is the smallest using the different meshes comparing with the P, P, and P, P, schemes.
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Again we see that the stability is crucial to the comparison since severer stability limits lead
to a larger number of time steps.

Py P
with n, =4
and L =1

PyPs
with n, =4
and L =2

PPy
with n, = 2
and L =0

PPy
with n, = 2
and L =0

Py Py

time
0.0197
0.0263
0.0235
0.0263
0.0290
0.0323

time Lt time Lt

0.0098 | 0.0884 | 0.0125 | 0.00009
0.0096 | 0.0400 | 0.0168 | 0.04045
0.0104 | 0.0003 | 0.0143 | 0.00004
0.0116 | 0.1025 | 0.0148 | 0.03424
0.0111 | 0.0634 | 0.0157 | 0.00002
0.0133 | 0.0295 | 0.0186 | 0.02968

7 Lt time Lt time Lt

10 | 0.0070 | 0.0037 | 0.0070 | 0.0036 | 0.0040
11 1 0.9979 | 0.0044 | 0.9994 | 0.0043 | 0.2501
12 |1 0.0034 | 0.0045 | 0.0034 | 0.0042 | 0.2299
13 | 0.8480 | 0.0052 | 0.8486 | 0.0048 | 0.0014
14 | 0.0018 | 0.0050 | 0.0018 | 0.0047 | 0.0010
15| 0.7368 | 0.0066 | 0.7371 | 0.0060 | 0.1847

Table 9.14: Numerical computations for some Py P,; schemes with M = 3 using the smallest
possible stencil.
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Chapter 10

The Burgers Equation

Here we apply the Py Py schemes to the initial value problem of the Burgers equation v(t, z)+
(v?/2),(t,x) =0 for (t,x) € Ryg X [a,b] with an initial function vy(x) = v(0, ).

10.1 The PyP),; Schemes

In this chapter we will use two numerical fluxes. The Lax-Friedrichs flux is given by

1 <UJ"+1( j+§)>2 N (Un(t,$]+ ))2

Firsas®) =3 ; 5 = (Ut ) — U (teysy))
where C = max If'(s)| = max |s| = max |vg(x)].
miny (vo)<s<maxy(vg) miny (vo)<s<maxy(vg) zel

The Godunov flux is given by

max{ f ( j+1(t7I]+l)) f(Uf(taijr%))} if Uﬁrl(taxﬁ%) < U]Z—l(tvxj—i-%))

. mln{f( ]+1( ’ j+%))7 f(U (t7x3+ ))} if Uf+1(t7xj+é) > UjJrl(t?a;]Jr )
Then the scheme (8.4) becomes in the form
Zk‘ —|— 1 2k +1
uptt = ug / + (—=1)F - / ffié(t)dt

2k +1 ~
L ;f <Ui,j) (Prj)e, Oij)ra

For example, we consider the FPyF, scheme. In this case we have (7{1] = Wy,; = Uy, and
f (Uln) = (uOJ)Q. We have @ ;(z) = 1, 61 ,(t,z) = 1, and ((Po)s,01,)t= = 0. The Lax-
Friedrichs flux becomes

W)+ (@) C
szj+():(07]+l)4 (07]) _E ~n
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C
sz,j_%(t) = 1 D) (a& Uo,j—1>
Thus we get
2 2
| an )= (@
“Ano,?l - ﬁg,j 9% 7 { ( OJH) ( o 1) - C@g,j—1 - Z%L,j + ﬂg,jﬂ)} dt

2 2
~n kn (u/\no ] 1) T (ag 4—1) ~n
= Uy — o { 2T 5 = - C(%L,jq - 2”0,]' + ag,j+1) .

10.2 The Slope Limiter

The Py Py schemes for the Burgers equation generate oscillations near the discontinuities which
in turn render the schemes unstable in the high order cases. So we use a slope limiter. We
will use the limiter defined in Cockburn [5] for the RKDG. The author proved that the RKDG
scheme obtained is total variation diminishing in the means (TVDM) under a CFL condition.
At first we need the following notation.

The minmod function p : R™ — R with r > 0, is given, for n;,...,n. € R by

| vminyge ], if v =sign(m) = ... = sign(n,)
Pl o) = { 0, otherwise.

We assume that the term uf of the solution at time ¢, is uj = Zf\io ﬂ'gqu)i,j. We denote by 71?
to the slope limiter of u} and calculate the two limits

~Nn B . -n n B N ~n N N ~n
(“j+l> =gy T p ((“ﬂ;) — Uo,5 Yo, — Uo,j—1 Y0541 T “o,j) »
~ 1 + N “~~n n + N “~n “~~n N
<“j—%> = Uo; — M| Yoy T (“j—%) »Uo,j — Yo, 5-15Uoj+1 — Yo | -
We can finally define the slope limiter as follows.

- - + +
1. If the conditions (11;?+1> = (uf”‘ ) and (ﬂ’f‘ ) = (u? ) hold then we set 11;1 = um.

i+3 J

_1
2 2

-n

2. If not, then we set @' = uy ; + p (uf ;, ug; — g

0,j—1> a(rf,jﬂ - Ag) (I)l,j-

This slope limiter enforces the TVDM property, but it loses the high order accuracy. Therefore,
we modify the slope limiter displayed above in such a way we preserve the high order accuracy
even at local extrema. The resulting scheme will then be total variation bounded in the means
(TVBM). We follow Shu [20] and modify the definition by using the TVB corrected minmod
function 1 defined as follows. We define

N , if < Or,
M(T/h"wn'f): n ’nl‘ .
w(ni,...,n.), otherwise,
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where C is an upper bound of |(vg)..| at the local extrema. In other words, if the initial function
vo(x) € C*(I), then we can take

C = sup{|(vo)se(2)|, for all z € [a,b] such that (vg),(x) = 0}.

10.3 The Riemann Problems

We first rewrite the Burgers equation in the form v; + (v?/2), = v + vv, = 0. The method
of characteristics enables us to determine some exact solutions. If we evaluate x as a function
x = x(t) of t, then the characteristics of the Burgers equation are curves in the x-t plane and
given by 2/(t) = f'(v) = v(t,z(t)). The function v is a constant along characteristics, since

%v(t, z(t)) = v (t, (b)) + v (¢, 2(¢))2' (t) = v, + vv, = 0.

We suppose e.g. v = vy = v(0,2(0)), then the characteristics have constant slopes. This means
that they are straight lines of the form z(t) = vt 4+ z(0).

The conservation law together with piecewise constant data having a single discontinuity is
known as the Riemann problem, see LeVeque [18]. An example of these initial data is given by

vy, for rz<zx
vo(x) =< 1 ; S " where z, € R.
VR, 10T T = Ty,

Since the initial solution is constant, except at = z., the constant which is associated to the
TVBM slope limiter is C' = 0. So when we would use the slope limiter it will hold only the
TVDM property and the high order accuracy will be lost. The Riemann problem can be solved
depending on the relation between vy and vg.

When v;, > vg. The problem has a unique weak solution which is the following shock wave
v, for z<a 4+t
vlt, v) = { vg, for x>z, + pt.

where ¢ is the shock speed which is given by the following Rankine-Hugoniot jump condition
_ fluor) — f(vr)  vL+ug

UV, — UR 2

(10.1)

Since vy, > ¢ > vg, which is known as the entropy condition, then the characteristics in each
of the regions should go into the shock as time advances, see Figure 10.1.

When v, < vg. The solution is a rarefaction wave, see LeVeque [18],

VL, for <z, +vrt
v(t,x) =< (x(t) —zy)/t, for x,+vpt < < x4+ VRt
UR, for x, +vgrt < .

The rarefaction solution is shown in Figure 10.2.
In the following we apply some Py P,; schemes and study the influence of the slope limiter
and the numerical fluxes on the solution.
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10.3.1 Initial Data 1
We first use the initial data

2, for =1<2<0,
W) =90 for 0<z<l.

The shock speed is ¢ = 1. For < t the characteristics are the lines x(t) = 2t +2(0), whilst for
x >t the characteristics are given by the vertical lines x = x(0), until they cross, see Figure
10.3, then they go into the shock. So the solution is given by

o(t,z) = 2, for —1<z<t,
10, for t<a <.

Now we apply the PyF, scheme using the Lax-Friedrichs flux with final time T" = 0.1. The
shock appears at + =T = 0.1. Since M = 0 we do not need to apply the slope limiter. Table
10.1 shows that the solution is of a half order using the L? norm while it is of the first order
with the L! norm, this agrees with the Theorem 2.6 about the discontinuous solutions. Figure
10.4 views this solution with 7' = 0.1 and Z = 128.

We apply the PPy scheme with the stencil Sy, 31 and T' = 0.1 for three cases, the first
without using the slope limiter, the second and third with using a TVDM slope limiter but
with Lax-Friedrichs and Godunov fluxes, respectively. The oscillations appear clearly in Figure
10.5. The use of the slope limiter, as shown in Figures 10.6 and 10.7, removes these oscillations
at the jump, and by using the Godunov flux, the solution is slightly better.

We view in Table 10.2 the L' and L? errors of the PyP; scheme using the TVDM slope
limiter. We find that the Godunov flux gives better solutions.

10.3.2 Initial Data II

The initial data are
2, for —1<x<0,

v(0,z)=<¢ 1, for 0O0<z<2,
0, for 2<ux<4.

The solution consists of two moving shocks ¢, and s, the first shock at * = 0 moves with
speed ¢ = 1.5 and the second at x = 2 moves with speed s = 0.5. After a small time ¢t < 2,
the characteristics and shock lines are given by

2t +2(0) for z < 3t
. _ 3 X o9b

o T, s =] ta) for J<z<iii
P2 —3lTs z(0) for 3t+2<u,

until the shocks would cross. To illustrate this meeting, the left part of the characteristics cross
with the slope ¢ when their times are equal, i.e.

— (0 2
teha = tsho — x—x() = =T — Tr = —31’(0)



CHAPTER 10. THE BURGERS EQUATION

For example, the characteristic through z(0) = —0.5 is the line z(¢) = 2t — 0.5. It goes into
the shock at x = —3(—0.5) = 1.5 and so 1.5 = 2t — 0.5 or ¢t = 1. This is the same point if we
substitute ¢t = 1 in the equation of the ;. Hence for a small time (¢ < 2) the solution is given
by
2, for -1 <z <2t
v(t,z) =< 1, for %t<x<%t+2,
0, for %t+2<x<4.

With the time, the middle region, defined onto 1.5t < x < 0.5t + 2, becomes smaller and
smaller, and at (z = 3,¢ = 2) this domain diminishes and the two shocks merge into one shock
3, see Figure 10.8. The new shock will connect between two values vy = 2 to the left and
vg = 0 to the right. Using the Rankine-Hugoniot condition (10.1) the shock speed equals to
w3 = 1 and the equation of the shock line is

x(t) —x(2) x(t)—3

1= - = H) =t +1.
t—2 t—2 o(t) =t +

[N [eN]

Therefore, we have

for ¢t > 2.

(t ) = 2, for =1 <e<t+1,
LT = 0, for t+1<ux<4,

Figures 10.9, 10.10, 10.11, and 10.12 views the P, P, solution with the stencil SIJ.,3,1 using the
TVDM limiter with Z = 128 at times 7' = 1,1.8,2,2.5. Note how the two shocks merge when
T = 2 and with T" > 2 the soltion is shifting to right. The order of accuracy of the solutions
are again a half with the L? norm and one with the L' norm.

A L EOC L? EOC
32 | 0.1259 0.3059
64 | 0.0696 | 0.86 | 0.2140 | 0.52
128 1 0.0372 | 0.90 | 0.1604 | 0.42

Table 10.1: The L' and L? errors of the PP, scheme for the initial data I.

Lax-Friedrichs Godunov
A Lt EOC L? EOC Lt EOC L? EOC
32 | 0.1259 0.3097 0.0613 0.2552

64 | 0.0696 | 0.86 | 0.2182 | 0.51 | 0.0239 | 1.36 | 0.1511 | 0.76
128 | 0.0372 | 0.90 | 0.1622 | 0.43 | 0.0154 | 0.64 | 0.1276 | 0.24

Table 10.2: The errors of the Py P, scheme for the initial data I.

10.4 The Burgers Equation with Smooth Initial Data

We choose the initial data to be the periodic function vy(z) = sin(x) for = € [0, 27].
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10.4. THE BURGERS EQUATION WITH SMOOTH INITIAL DATA

Figure 10.1: The shock solution corresponds to the case vy > vg.

\%// x

Figure 10.2: The rarefaction solution corresponds to the case vy < vg.
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Figure 10.3: The characteristics of the initial data I.
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CHAPTER 10. THE BURGERS EQUATION

0.5

Figure 10.4: The PyF, solution for data I.

0.5 -

Figure 10.5: The Py P; solution without using the slope limiter.

0.5

Figure 10.6: The PyP; solution with 7' = 0.1 using slope limiter with the Lax-Friedrichs flux.
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10.4. THE BURGERS EQUATION WITH SMOOTH INITIAL DATA

0.5

Figure 10.7: The PyP; scheme with T" = 0.1 using slope limiter with the Godunov flux.

Figure 10.8: The characteristics and the shock solution corresponds to data II.

0.5 T=1

Figure 10.9: The P, P, scheme for data Il at T' = 1.
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0.5

T=1.8

Figure 10.10: The P, P, scheme for data IT at T'= 1.8.

0.5

T=2

Figure 10.11: The P, P, scheme for data IT at T' = 2.

0.5

T=2.5

Figure 10.12: The P, P, scheme for data II at T
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10.4. THE BURGERS EQUATION WITH SMOOTH INITIAL DATA

10.4.1 The Exact Solution

The exact solution after time 7" > 0, see LeVeque [18], is given implicitly by the function
v(T,z) = sin(z — uT) for x € [0,2r]. The method of characteristics determines the exact
solution also the characteristics are straight lines of the form x(t) = vyt + 2(0) with constant
slopes vg = v(0, z(0)).

At the time ¢ = 0 the initial function has the value zero at x = w. The characteristic at
xr = m is vertical, it is so at * = 0 and z = «, and the solution on this line is constant and
equals to zero, so a small shock appears immediately at the point of x = w. At ¢t = 7/2 the
characteristics of the maximal value 1 of vy at /2 and of the minimal value —1 of vy at 37/2
reach x = . For later times the modulus of these values decreases, see Figure 10.13.

w2

0«2 T 3m2 2

Figure 10.13: The exact solution of the Burgers equation for the initial data vo(z) = sin(z)
using the characteristic method.

10.4.2 The Numerical Solutions

We will compute the errors on the whole domain = € [0, 27] and on the domain away from the
shock which appears at © = 7, i.e. the shock excluding domain will be chosen to be

z € [0,m—0.15] U |7+ 0.15,27].

The sine function has two local extrema in [0, 27|, namely y = 7/2 and y = 37/2, and

|(v0)2z(y)] = 1. Then by choosing C' = 1 the slope limiter will verify the TVBM property.
In order to find the best solution of this example applying the Py Py; schemes, we consider
all of the following points:

e The slope limiter will be not applied at first, then it will be applied with the TVDM
property (C' = 0) and with the TVBM property (C' = 1).

e The Lax-Friedrichs and the Godunov fluxes will be considered.
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CHAPTER 10. THE BURGERS EQUATION

e The L' errors will be computed on the whole and the shock excluding domains.

On the other hand, we fix the final time to be T'= 1 and choose only the stencil Sz, 3, which
consists of three elements with one left neighbor of I;. This stencil fits with all schemes we
study in this section.

Tables 10.3 and 10.4 view the errors and orders of the PyP; and P; P, Schemes, respectively.
We note, from these Tables that

e (Scheme) It clearly appears that the P P; is better than the PyP;.

e (Domain) The solution always is of second order when the errors are computed away from
the shocks. While, we lose the orders, if we compute the errors onto the whole domain.

e (Limiter) The TVDM limiter increases the error with the coarse mesh, then with fine
mesh works better. While the TVBM limiter always gives good results. Moreover, the
slope limiters only remove the oscillations and do not improve the order.

e (Flux) The Lax-Friedrichs flux gives better results than these which the Godunov flux
gives. This appears clearly, when we move from the Py P, to P, P;, where we see that the
errors using the Lax-Friedrichs flux reduce to about 50% or less, while using the Godunov
flux, the errors reduce with a weaker rate.

From the remarks above we resume the progress onto the higher order schemes only by using
the Lax-Friedrichs flux and using the TVBM-limiter.
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10.4. THE BURGERS EQUATION WITH SMOOTH INITIAL DATA

7 shock excluding domain whole domain
Lax-Friedrichs \ Godunov Lax-Friedrichs \ Godunov
Without-limiter
80 | 6.84e-3 3.92e-3 45.73e-3 16.44e-3

160 | 1.02e-3 | 2.75 | 0.87e-3 | 2.17 | 19.22¢-3 | 1.25 | 6.06e-3 | 1.44
320 | 0.22e-3 | 2.23 | 0.22e-3 | 1.98 | 8.40e-3 | 1.19 | 2.32e-3 | 1.39

With TVDM-limiter

80 | 6.78e-3 4.09e-3 44.92¢-3 11.87e-3
160 | 1.04e-3 | 2.71 | 0.89e-3 | 2.19 | 19.24e-3 | 1.22 | 4.31e-3 | 1.46
320 | 0.22e-3 | 2.25 | 0.22e-3 | 2.01 | 8.40e-3 | 1.20 | 1.65e-3 | 1.38

With TVBM-limiter

80 | 6.67e-3 3.92¢-3 44.88e-3 11.72e-3
160 | 1.02e-3 | 2.71 | 0.87e-3 | 2.17 | 19.22e-3 | 1.22 | 4.29e-3 | 1.45
320 | 0.22e-3 | 2.23 | 0.22e-3 | 1.98 | 8.40e-3 | 1.19 | 1.65e-3 | 1.38

Table 10.3: The L' errors of the PyP; scheme.

7 shock excluding domain whole domain
Lax-Friedrichs |  Godunov Lax-Friedrichs | Godunov
Without-limiter
80 | 1.32¢-3 3.20e-3 23.30e-3 8.87e-3

160 | 0.22e-3 | 2.60 | 0.83e-3 | 1.95 | 9.86e-3 | 1.24 | 3.22e-3 | 1.46
320 | 0.06e-3 | 1.93 | 0.22e-3 | 1.93 | 4.17e-3 | 1.24 | 1.19e-3 | 1.44

With TVDM-limiter

80 | 4.37e-3 5.55e-3 23.17e-3 11.22e-3
160 | 0.91e-3 | 2.26 | 1.33e-3 | 2.06 | 9.51e-3 | 1.29 | 3.73e-3 | 1.59
320 | 0.21e-3 | 2.15| 0.32e-3 | 2.06 | 3.98e-3 | 1.26 | 1.29e-3 | 1.53

With TVBM-limiter

80 | 1.27e-3 2.41e-3 20.37e-3 8.09e-3
160 | 0.22e-3 | 2.55 | 0.64e-3 | 1.92 | 8.88e-3 | 1.20 | 3.02e-3 | 1.42
320 | 0.06e-3 | 1.93 | 0.17e-3 | 1.90 | 3.84e-3 | 1.21 | 1.14e-3 | 1.41

Table 10.4: The L' errors of the P, P, scheme.

113



Chapter 11

The Shallow Water Equations

11.1 The Mathematical Model

We are interested to the system of one dimensional shallow water equations with discontinuous
bed topography A(z), see [2], which can be written in the form

U, +F(U), =S(U), (11.1)
A 0 0
where U=| & |, FU) = ho ., S(U) = 0 ,
ho ho* + 4h? —ghA,

and the variables A, f, © and ¢ are respectively the bottom topography, the water height, the
water velocity and the gravitational constant. We will study the shallow water equations on
the flat bottom area, i.e. A(x) = 0, then the system becomes homogeneous

U, + F(U)_ = 0. (11.2)

The quasi linear form of the system (11.1) is written as V;,+A(V)V_ = 0 where V = (A, i, ho)7,
the Jacobian matrix A(V) is given as

0 0 0
AV)=| 0 0 1
gh gh—1v%* 20

The eigenvalues are \y = 0, hy = v — 0, and hy = v + o, where ¢ = /gh is the sound speed.
The system (11.2) is not strictly hyperbolic due to that Ay can be equal to any of two other
eigenvalues. The corresponding right eigenvectors are

020—2172 0 0
RO = 1 5 Rl = 1 s Rg = 1
0 v—0 v+ 0o
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11.2. NUMERICAL TEST

11.2 Numerical Test

The Lax-Friedrichs flux used here is given by
1 n n n n
Fregis® =5 [F (Ualtay)) + £ (U7 ta,00)) = € (Upaltia,) = Uptagey) )|

where C = max<|v \—l—\/gﬁ—)

This value of C'is the spectral radius of the matrix of the quasi form, see [26]. We consider the
following Riemann initial value problem

— —3<
ﬁ(x):{ hr =4 for 3< <0, #(x) = 0.

hrp =04 for 0<x <3,

The computational domain is = € [—3,3]. We will use the TVDM slope limiter defined in
Section 10.2. Figure 11.1 views the P P; solution with Z = 300 at time T = 0.2.

45

a5r B

s Function h 4

s Function h.u A

Figure 11.1: The P, P, solution using TVDM limiter with Z = 300 at time 7" = 0.2.
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Conclusion

We have considered the Py Py DG schemes for the 1D problems of the hyperbolic conservation
laws with N < M introduced by Dumbser et al. [7].

We presented some properties of the projection operators. We proved that the piecewise
polynomials of degree N > 0 are approximations of order N + 1 for smooth initial data. The
projection operators also recover the same initial data exactly if these initial data are polynomial
of the same degree N.

We proved that the reconstruction operators give unique solutions and recover the same
initial data exactly if these initial data are polynomial of the same degree M.

In Chapters 3 and 6 the solutions for some examples were approximations of the expected
order. Also for those in Chapter 6 we found small differences by changing the stencils.

All allowed combinations 0 < N < M < 5 had some stencils with stability for all CFL
numbers between 0 and a maximal CFL number. We found a wide range of maximal stability
limits being CFL numbers between 0.103 and 2. Some stencils have a strange semi-stability
behaviour since they are stable for CFL numbers in an interval bounded away from 0. Also
some stencils lead to unstable schemes.

Using the stability limits that we obtained, we checked the experimental order of convergence
(EOC). We report only the cases 0 < N < M < 4 for the stencil SIJ.,572. We always obtain an
expected EOC close to M + 1, also in other cases we did not put into the paper.

Based on the stability limits of the various schemes we also studied the efficiency of the
schemes. We found that for given M the FyP,; schemes are faster than the others with M >
N > 0. Also, we found that the computational time grows when the size of stencil becomes
larger and there was no real difference between choosing the larger stencils in an upwind L =
ne,— 1 or a downwind L = 0 manner. We noted that the symmetric stencil, i.e. with n, > 1 odd
and L = % —1, achieves a required accuracy on a coarser mesh leading to a faster computation
in comparison to the asymmetric stencils of the same size.
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Appendix A

2D Hierarchical Orthogonal Basis on
Rectangles

Let T} be a rectangle from the partition Qx and (z,y) € T; and (§,7) = R;(z,y) € Ts.
For N = 0, the unique basis function is ¥y (&, n) = 1.

For N =1, the basis has three functions W ;(&,n) =1, Uy ;(&,n) =&, and Uy (&, 1) = 1.
For N = 2, the basis has six functions

1 1
Vo, =1, W1;=¢ Wy, = 5(352 —1), Ug=n, Vy;=¢&n, Vs;= 5(3772 —1).
For N = 3, the basis has ten functions

\IJO,]‘ = 1 \Ijl,j :f \:[127]‘ — %(352 - 1) \1137]. _ %(553 . 35)
W= U5, =mn¢ U, =33 —1)n Wy =530 —1)

100

The mass matrices are By = hiho, By = hihy | 0 % 0 |, and
00 3

1000000 00 O

0200000 00 O

100000 000000 00 O

0%9000 000;900000

00+ 000 00003500 00 O

Ba=thal g g6 100 | B=Melogooo00lo 00 0

0000 40 000000% 00 O

00000 % 0000000 20 0

0000000 0 0

0000000 00O0 %
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