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Abstract

In a typical fluidized bed, liquid to be granulated is atomized into small droplets by an
atomizer located at the top of the chamber. These droplets adhere and spread on the
surface of the solid particles which are suspended in the air and form a film on their sur-
face. This liquid film starts to evaporate leaving a hard crust on the particles surface. A
model that describes the temperature and humidity inside a fluidized bed was introduced
by Heinrich [32].

During the flight of the droplets before they adhere on the surface of the particles, the
droplets can be carried away by the gas flow, or they turn into the solid state after the
volatile liquid evaporates. These two cases disable the process. Here we consider the third
case where these droplets hit the particle surfaces. In this work we take into consideration
that these droplets loose some of their mass before hitting the surface of the particles.
The aim of this thesis is to reformulate and extend this model to make it more general
and closer to the reality. The model introduced by Heinrich [32] is modified, two new
equations related to the temperature of the air and humidity in the empty space between
the nozzle and the particles where added and finally the model equation for the nozzle
spray is also reformulated to be convenient to the new model. This is achieved for the 1D
and 2D cases.

The next step is to find an efficient numerical solution for the new model. Our model con-
sists of coupled partial differential equations (PDE’s), in essence, hyperbolic and parabolic
equations. To solve this model, discontinuous Galerkin method (DG) was adapted for the
spatial discretization, where the domain is discretized into smaller cells, then we look for
an approximate solution in every cell. In order to determine the approximate solution we
look for the weak formulation. This can be achieved by multiplying the partial differential
equation by a test function belongs to the finite dimensional space and then we integrate
over every cell. After some manipulations we get a system of ordinary differential equa-
tions.

The resulting ordinary differential equations (ODE’s) are solved employing numerical dif-
ferentiation formulas (NDF).

The numerical results agree with the theoretical consideration for the one and two dimen-
sional cases.

Moreover, another study has been conducted to describe another process related to the
spray drying. In this process, we study the change of the temperature and the concentra-
tion of the droplets, in addition to the population balance model for drying of droplets
containing aggregating nanoparticles.






il

Zusammenfassung

In einer typischen Wirbelschicht wird die zu granulierende Fliissigkeit mithilfe eines
auf der Kammer fixierten Zerstaubers in Tropfchen verdiist. Diese kleinen Trépchen
haften und verteilen sich auf die Oberfliche der soliden Partikel, die sich in der Luft
befinden, und bilden eine diinne Schicht auf der Oberflache. Die Schicht fangt an zu
verdampfen und lésst eine harte Schicht auf der Partikeloberflache. Heinrich [32] stellte
ein Modell vor, welches die Temperatur und Feuchtigkeit in einer Wirbelschicht darstellt.
Bevor die Tropchen wahrend ihres Fluges die Partikel erreichen, konnen sir durch den
Gasstromungsweg abgetragen werden. Auflerdem werden sie evtl. nach Ausdiinstung
der verdampfbaren Fliissigkeit zum Festkorper. Diese zwei Falle verhindern den Prozess.
Wir beriicksichtigen hier den dritten Fall, bei dem die Tropfchen die Partikeloberflache
erreichen. In dieser Arbeit beriicksichtigen wir auch einen moglichen Massenverlust der
Tropfchen, bevor siese auf der Oberfliche landen. Das Ziel dieser Dissertation ist es,
dieses Modell neu zu formulieren und so zu erweitern, dass es allgemeiner wird und die
Realitat besser annahert.

Das von Heinrich [32] vorgestellte Modell wird in dieser Arbeit modifiziert. Im Wesentlichen
werden zwei Gleichungen hinzugefiigt, die die Temperatur und Feuchtigkeit im Leerraum
zwischen der Sprithdiise und den Partikeln beschreiben. Anschliefend wird eine Modell-
gleichung des Sprays zur Anpassung an das neue Model, sowohl fiir den ein als auch zwei-
dimensionalen Fall, dargelegt. Im zweiten Schritt soll eine effiziente numerische Losung
fiir das neue Modell beschrieben werden.

Unser Modell setzt sich aus gekoppelten partiellen Differentialgleichungen (PDE’s), ndmlich
hyperbolischen und parabolischen Differentialgleichungen, zusammen. Fiir die Losung
dieses Modells wurde die unstetige Galerkin-Methode zur raumlichen Diskretisierung
eingesetzt. Dabei wird das Gebiet in kleinen Zellen zerlegt und fiir jede Zelle eine ap-
proximierte Losung gesucht. Dafiir wird schwache Formulierung eingesetzt. Die partielle
Differentialgleichung wird mit einer dem finiten dimensionalen Raum zugehorigen Test-
funktion multipliziert. Danach wird tiber jeder Zelle integriert. Nach einigen Manipula-
tionen bekommen wir ein System von gewohnlichen Differentialgleichungen. Die daraus
entstehenden gewohnlichen Differentialgleichungen (ODE’s) wurden anschlieflend durch
Formeln der numerischen Differentiation (NDF) gelést. Die numerischen Ergebnisse stim-
men mit der theoretischen Betrachtung der ein- und zweidimensionalen Falle iiberein. In
einer zweiten Studie beschreiben wir dariiber hinaus einen mit der Sprithtrocknung zusam-
menhangenden Prozess. Untersucht werden dabei im Wesentlichen die Veranderung der
Temperatur und Konzentration der Tropfchen. Weiter betrachten sir das Populationsbi-
lanzmodel der Trocknung von Tropfchen, die aggregierende Nanoteilchen beinhalten.
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Chapter 1

Introduction

A fluidized bed is a situation in an apparatus of process engineering in which some solid or
liquid particles are suspended against gravity due to a strong upward flow of surrounding
gas. This situation is then used for treatment of the particles, e.g. they may be dried,
burned or coated.

Due to the wide applications of fluidized beds for industrial purposes, the need to study
the mechanics of fluidized beds became more and more important. This comes from the
fact that important products of the chemical industries are particles.

The technology of fluidized beds was initiated in 1922 by the German engineer Fritz Win-
kler [89] who made the first application of fluidization in a reactor for coal gasification.
Many different constructions of fluidized beds were then developed for various industrial
requirements.

Fluidized beds are also used to produce particles with required properties such as dust
free, dry, free flowing, low attrition, etc. One such process is fluidized bed spray granula-
tion. For it several technologies are available such as

e Aggregation: Powders are suspended and then agglomerated due to a binder suspen-
sion or solution which forms liquid bridges between the powder particles.

e Blending: Gas flows through bulk solids causing optimized blending and reducing
blending time.

e Encapsulation: Solids liquids or gaseous material are packaged in capsules.

e Drying: Hot air drys powder particles, where small particles leave the fluid bed and
the bigger are transported into the subsequent section.

e Coating (Layering): Dense particles are produced, where suspension, solution or
emulsion leaves a solid film on the surfaces of the particles.

Fluidized beds are widely used due to the high rate of mass and heat transfer between
the gas and the particles. By convention the heat is transferred from the bulk phase to
the surface of the particles and then into the particles by conduction, while the humidity
is transferred in a form of vapor to the bulk phase by convention [39)].

Considerable research was done to predict the particle formation in fluidized beds using
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population balance equations. These population balance equations (PBEs) predict the
temporal change of particle-property distributions [51], [56], [60].

In our work we shall focus on the coating process, where particles in this process are
growing in layers. Agglomeration can take place without a binding agent by molecular
forces (e.g. van der Waals forces, ionic and hydrogen bonds), electrostatic or magnetic
interparticle forces, as well as by thermal effects and chemical reaction, see [7]. To avoid
the agglomerates bounded by molecular forces, a mechanical stress is applied to increase
the distance between the particles above a critical threshold. The electrostatic and the
magnetic forces are short-range forces affect only the very small particles and they are
neglected in our work. The thermal effects which include sintering, partial melting and
glass transition are also neglected here because of the nature of this work. To avoid ag-
glomeration due to the binder liquid, some parameters have to be chosen in a right way,
e.g. particles below 100 um in diameter tend to agglomerate because of the binder liquid.
Several studies have been done to investigate the phenomena inside the chamber, see e.g.
53] [87], [51], [70], [50], [61], [88], [38]. Various models were studied, see Heinrich et al.
[34, 33] 35], Heinrich [32], Reppmann [66], Trojosky [84], Blumschein [4] and Henneberg
[36]. Nagaiah [54] used an improved model. This model is mesh independent in order to
be more flexible with different meshes. Also he reformulated the model equation for the
nozzle spray in two and three dimensions.

This work is motivated to study the pneumatic behavior of the heat and the mass trans-
fer beside some other phenomena which take place inside the chamber of the apparatus.
Some possible applications can be found in [I] and [87]. Several researches have been
done to study the behavior of the particles, the wetting efficiency, the humidity of air, the
temperature of air, the temperature of particles, the temperature of the liquid film, the
growth of the particles, the agglomeration, etc.

In the process of the fluidized beds, liquid to be granulated is atomized into small droplet
by an atomizer. These droplets adhere on the surface of the particles. The hot gas which
flows through the distributor at the bottom of the fluidized beds causes the water to
evaporate. Due to this, the initial values of each of the air humidity, the degree of wet-
ting, the temperature of the air, the particles as well as the temperature of the liquid
film will change. The previous model introduced by Heinrich [32] gave a system of partial
differential equations which find the change of the values of the previous quantities. The
solution of this system satisfies the balance equations.

In this work we modify the model which was introduced by Heinrich [32] and Nagaiah
[52], where we assume that the droplets sprayed from the nozzle loose some of their mass
due to evaporation. Because of that, the apparatus is divided into two regions. The
upper region includes just the sprayed droplets, while the lower region includes the solid
particles wetted by collision with the droplets. We assume that the partial evaporation
of the droplets takes place in the upper region only. In addition to this modification we



introduce a new model related to the upper region. The model equation for the nozzle
spray is also reformulated to be convenient with the new model. The results that we got
fulfil the balance equations and show the change of the studied quantities in both regions.
The difference between the old and the new model can be noticed in the numerical results.
Due to the evaporation of the sprayed droplets in region (1), less amount of the liquid
will enter region (2). Consequently, less humidity will be observed at the outlet of region
(2). The new model is completely explained in Chapter .

In Chapter [3] we study another process called the spray drying process which has a very
wide usage in the drying technology. In this chapter we study the change of the temper-
ature and the concentration of the droplet, as well as the shrinkage of the droplet radius
due to the evaporation at the surface of the droplet. The aggregation of the nano-particles
inside a single droplet is also studied briefly in this chapter. At the end of Chapter [3]
some numerical results are presented. These numerical results are supported by some
experiments.

Chapter [ focuses on the discretization of the partial differential equations in space and
time for hyperbolic and parabolic systems in the 1D and the 2D cases. Due to the high
complexity of the nature of the equations which describe the fluidized bed, the exact
solution is unknown. For this purpose, some numerical methods can be introduced to
find an approximate solution for the partial differential equations. In our work we use a
high order numerical method called discontinuous Galerkin method . In this method, the
domain is discretized into cells, then we integrate the equations over every cell. Finally
we get a system of ordinary differential equation related to time. The result system can
be solved using a type of implicit numerical methods called the numerical differentiation
formulas (NDF) which are a modification of backward differentiation formulas (BDF).
To see the validity of the used numerical methods we introduce some examples of certain
problems related to convection and diffusion equations with the exact solutions.

In Chapter |5 we introduce the numerical results in 1D and in 2D case of each of the hu-
midity of air, the degree of wetting, the temperature of air, the temperature of particles,
as well as the temperature of the liquid film.

Finally, Chapter [0] presents a brief summary and conclusions regarding this work.

At the end, an appendix is given including the relations and the formulas which are needed
to find some parameters.






Chapter 2

A New Mathematical Modeling of
Heat and Mass Transfer in Fluidized
Beds

A typical fluidized bed granulation device is a cylindrical apparatus provided with a nozzle
positioned at the top, bottom, or side of the chamber as shown in Figure[2.1. A hot gas
passes through a porous plate at the bottom which s penetrable to the gas but not to the
particles. This gas flows through the voids among the particles to be granulated. The pro-
cess starts when the minimal fluidization point is achieved. At this point the fluidization
starts and then these particles are suspended in the heated air. The nozzle starts spraying
a granulation liquid which contains a volatile liquid like water. This liquid, sprayed as
droplets, hits and then is distributed on the surface of the particles. The volatile liquid
evaporates due to the hot, unsaturated fluidizing gas, leaving a thin sold film on the parti-
cle surface. The process of enlarging the particles by layers is called layering or coating.

Here we consider a batch operation (particle side) where the number of particles in this
process stays constant during the process while the size of the particles increases.

2.1 Fundamental assumptions and variables
In order to model these processes we have to consider balance of mass, momentum, and
energy. Their derivation is explained below. Some of the assumptions that we make and

the formulas have been used in a number of previous publications, such as [33] 4].

Geometric configuration: In our work we divide the chamber into two regions as
it is explained in Figure [2.3]

Region (1): This region extends from the height where the particles arrive to the top of

5
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Outlet Air

Nozzle Spraying Liquid

Bed Material
Region (2)

Gas Distributor t t - Inlet Air

Figure 2.1: Top-spray fluidized bed granulator

the chamber where the nozzle is located.
Region (2): This region extends from the bottom of the chamber to the highest point
where the particles arrive.

Now we introduce some fundamental variables and assumptions which are needed for the
work, then we shall conclude our new model considering the both regions.

In the following, we denote by d, the diameter of the particle, p, the density of the
particle, &, the drag coefficient, ps density of air, V4 velocity of air, v4 the kinematic
viscosity and g the gravitational acceleration. A freely floating single particle is affected
by some forces [51] as shown in Figure These forces are known as
gravity force Fy,

Fgr - Ed;ippg7
lifting force Fy;
T
Fiy = Sdypag,

drag force Fy,
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T 1

FIi Fdr

L
Pretttrttttt

Figure 2.2: Forces affect a freely floating single particle

1 m
Fagr = igpzdfop/‘vja
and accelerating force F,.

AV

T3
Fac = gdpppﬁ

At a balance point, the sum of these forces is zero due to Newton’s law, i.e.
Sr-

Egr + Eli + Edr + Eac = 0.

or

Projecting these force vectors onto the z-axis leads to
T T 1 =
- Edf;ppg + gdf;PAg + §€pZdIQJPAVj =0.
After some cancellations and dividing the both sides by p4v4 we get the following relation

4d3g(pp — pa) d,Va\>
G g (22)

3 PAVY VA

This can be written also as

4
gAT = §pR62,

where Ar and Re are the Archimedes number and the Reynolds number respectively, see
Appendix A.

Specific surface area of a particle: The surface area of the particles plays a very
important role to determine the heat transfer and the amount of evaporation of the liquid

7
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Region 1

(]
Region 2 e e
o

Figure 2.3: The two regions

spread on the surface of these particles. The specific surface area A* of a particle is given

as
_dA
- dV
where dA and dV are the incremental surface area and the incremental volume of the
particle respectively.
For monodisperse particles with d, as a diameter, the previous relation can be written as

dA de 6

A*

A*

Tav %’/Td]?; N d_p‘
Concentration: The concentration x; of a component ¢ in a mixed phase of substances
is given as the mass m; of this component per unit volume

dmi
AV
Porosity: The ratio of the volume of the voids to the total volume is denoted by the
porosity €. It has values between 0 and 1, or is taken as a percentage between 0 and
100%. It can be calculated either from the following formula
~ Vioias
 Viotal

or as a function of Archimedes number and Reynolds number [2§]

(18Re 1+ 0.36Re? ) 0-21
E = .
Ar

Ri

8
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In fluidized beds the porosity grows from its minimum value €,y = 0.4 at the minimal
fluidization point and reach its maximum value € = 1 at the elutriation point.

Wetting efficiency: The Wetting efficiency ¢ or the degree of wetting is given as the ratio
of wetted particle surface area A, qieq to the total particle surface area Ay etted + Aunwetted

¢ o Awetted o Awetted o Awetted
Awetted + Aunwetted Z Ap,single Ap

where A, singie is the surface area of a single particle and A, is the surface area of all
particles.

Supposing that the particles are completely wetted with a film thickness F' that has the
density p; we get the maximum concentration Kz, q. to be

RLmaz = A*(l — €)FpL.

In this case the degree of wetting can be given for i = L as

O =

RL

RL ,max

Density of air: Using the ideal gas law, the density of dry air can be written as a
function of gas pressure P4 and gas temperature T  as follows

pPA = RAT
while the density py of vapour is
pv = Z?VT’

where Ry = 287.22 J/(kgK) is the specific gas constant for dry air, Ry = 461.5 J/(kgK)
the individual gas constant water vapor and Py the pressure water vapor.

Partial pressure: In a mixture of ideal gases, the partial pressure of an ideal gas is equal
to the pressure of the same gas if it occupies the same volume at the same temperature.
We denote by P; the pressure of the i component. According to Dalton’s law of partial
pressures, the total pressure P of the mixture is equal to the sum of the pressures P; of
the components in the mixture, i.e.

P=Y"P,
=1

where n is the number of the components in the mixture. In the case of humid air, the
total pressure is

P =Ps+ Py.
Specific gas constant: For dry air, the specific gas constant R, is given as

/{ZBNA
Ra =
A MA )
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where kp is Boltzmann constant, M4 = 0.02896 kg/mol is the molecular mass of air and
N, is Avogadro constant. For water vapor it is given as

KBNA
My’

Ry =

where My = 0.01802 kg/mol is the molecular mass of vapor.
Humidity of air Yj:

Pv. PV/(RVT) _@&

pa  Py/(RAT) Ry Pa

_ (kg/My)Py My Py My Py

~ (kp/Ma) Py My Py MjyP—Py

Yy =

(2.1)

Latent enthalpy of vaporization Ah.,: It describes the enthalpy change that is needed
to transform a quantity of a substance from liquid to gas at a specific pressure.
Enthalpy of humid air: The enthalpy of humid air A per volume element is the sum
of the enthalpy of dry air h4 per volume element and the enthalpy of vapor hy per volume
element, i.e.

hst - hA + hV.

The enthalpy of dry air per volume element is given as

ha = paCpatadV
=maCpabla

where ()4 is the specific heat capacity of the air, m4 the mass of the air and 04 the
temperature of the air. The enthalpy of vapor per volume element is

hV = pAYA(CpVQA + Ahuo)dv
= mAYA(CpVHA —+ Ahv}o)

where C,y is the specific heat capacity of the vapor.

Saturation vapor pressure P,,;: The pressure at the point where the number of water
molecules which are escaping from the water surface due to evaporation is equal to the
number of molecules which are returning to the liquid is called saturation vapor pressure.
It is a function of the temperature where increasing the temperature leads to an increase
in the saturation vapor pressure. Saturation vapor pressure can be approximated through

10
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the “Antoine equation” as a function of the temperature 6,,;, see Schliinder and Tsotsas

1]

3978.205
Piat(050¢) = exp (23.462 — ) )

233.349 + 0,
Adiabatic saturation humidity Y:

MV Psat

Yjsat (esat) = E P——Pt .

(2.2)

The mass transfer coefficient 3: This coefficient is used to predict the process of the
transport of masses across an interface or a bulk phase. This coefficient can be found
using the Sherwood number, see Appendix A.

Mass flow rate of evaporation r.,: If a droplet of the sprayed liquid hits a particle
before it evaporates and returns into solid, it spreads on the surface of this particle
covering the partial area A of the total surface area of this particle. After adhering, the
liquid evaporates at the interface A between the liquid and the humid air. The evaporation
flow can be written as a function of the vapor pressure and the saturated vapor pressure
as follows

P P— Py
Ney = BPA—=MyIn | ———— |, 2.3
e = DA VH(P—Psat) (2:3)
where R is the ideal gas constant.
From ({2.1)) we can write
P PY,
U (My/Ma) + Y
Similarly from ({2.2))
P PY;at
sat —

(My/Ma) + Yiar
Substituting into ([2.3|) the evaporation flow can be written as

- BAPMA le ((MV/MA) +Ysat)

RT My "\ (My/Ma) +Ya

= 6ApAKs(}/sat - YA);

where we set

~ (Myv/Ma) (My/Ma) + Ya
&_nwdumammm+m>’

which is known as Stefan correction. Here we consider the case that the partial pressure of
the vapor is too small in comparison with the total pressure of the system, i.e. P, < P. In
this case, the corrector K, can be taken to be 1. Now the evaporation flow is determined
by the formula

My = /BPAA(}/:‘;CLt - YA) (24)

11
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For droplets, A is the surface area of the droplet given as
A= drnd?,.
Here dy, is the radius of the droplet, and the evaporation mass for a single droplet is
Mew = 4Bpands, (Ysar — Ya).

Enthalpy flow of the evaporated water ¢.,: Here we assume that the heat needed for
evaporation is taken from the liquid film, while the heat needed for raising the temperature
from 6, to 04 comes from the air. The volume-based heat flow of the evaporation ¢, is
given as

Qev = BPAA*(l - 6)¢(}/Sat - YA)(Ath + CPVHA)'

The heat transfer coefficient a: This coefficient is defined as a proportionality coef-
ficient which is used to find the heat transfer between two surfaces. This coefficient can
be calculated using Nusselt number, see Appendix A
Figure shows the enthalpy flow of evaporated water h.,, the enthalpy flow between the
wetted part of the particle and the air ¢4, between the unwetted part and the air ¢4p,
as well as between the film and the particle ¢p;. Heat is transported between interfaces
through conduction, convection and radiation.

In the following, we denote by 64 the temperature of the air, §p the temperature of the

Outflow

TTTTTTTI

/‘lw = Tiey (Ahyo + vaeA) Liquid film

0L,
Air
. , Particle
drrL = aprLApd(0p —0L) p 04
dpa =apaAp(1—¢)(0p —0a) (iLA =araApo(0L —04)

F

TTTTTTTI

Inflow

Figure 2.4: Heat and mass transfer on a wetted particle
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particles and 6y, the temperature of the liquid.
The volume based heat flow from the particle to the film ¢py, is given as

dpr = (1 — €)A*¢apr(0p — 01), (2.5)
while for the heat flow from the air to the film ¢4y, is

Gar = (1 — €)A"paar (04 — 01), (2.6)
and from the air to the particle ¢4p is modeled as

QAP - (1 - E)A*(l — (b)OéAP(QA — 19p). (2.7)

During the flight of the droplets in region (1), three different cases are available.
Elutriation takes place when some droplets are carried away by the gas flow before
entering region (2).

Rebound describes the case when droplets turn into the solid state after the volatile
liquid is evaporated. In this case these minute particles rebound from the surface of the
larger solid particles. These dried fines are elutriated if they are light or they remain in
the bed if they are heavy enough.

Adhesion happens when droplets hit and deposit on the surface of the particles.

The first two cases disable the process, while the third case is the required case.

2.2 Derivation of the balance equations

To find the model we follow Nagaiah [54] and Heinrich et al. [33]. A general balance
equation can be written in the following expression

K udV:—/s(u)-ﬁds—i—/vdV. (2.8)
dt Jy s v

This form represents the conservation of some quantities u in a closed region with a
volume V' and a surface area S over a closed interval [0,7]. The function u here is a
continuous and differentiable vector valued function defined as u :  x [0, 7] — R*. This
function contains the variables which are conserved. The function s : R* — R? is a vector
valued flux, 7 is the outward pointing normal vector on the surface S, and v is the rate
of production of u. The vector flux s(u) can be chosen to model different mechanisms
such as advection, convection or dispersion.

On the left hand side of equation (2.8 it is possible to move the derivative inside the
integral, and by applying the Gauss’s theorem to the first term of the right hand side of
(2.8]) we get

Ju

—dV:—/V-s(u)dVJr/vdV. (2.9)
Vat 14 14
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We will denote the first term on the right hand side as the transport term and the second
term the source term, which actually may be a sink term for a negative source.

The following model is given in Cartesian coordinates.

Assumptions for region (1).
e All droplets are spherical.
e All droplets have the same radius dg,, i.e. the droplets are monodisperse.

e The hot air flows as ideal plug through the fluidized bed, i.e. we have a plug flow
tube reactor (PFTR) behavior. The flow velocity is constant everywhere.

e The droplet temperature 6, is uniform throughout each droplet, i.e. Bi < 0.1, where
Bi is the Biot number which gives an index of the heat transfer resistances inside
of and at the surface of the droplet. See Appendix A.

e All droplets hit the particles before they turn into the solid state, i.e. no overspray.

Temperature of the droplet 6,

The temperature of the droplet increases due to the hot air, consequently the mass and the
outer radius of every droplet decreases because of the evaporation flow. The evaporation
flow can be calculated from the formula

mevl = BlpAlAsd(Ysatl - YAl)
= 481 pmmdy, (Yearr — Ya1).
(2.10)

The temperature of a single droplet is given by the following ordinary differential equation

do 1 )
d_td = Olemw T Cpgmg [a’AL(eAl — ed)477d?1r — mevl(—C’leéd -+ Ahvp + C’leGA(l)} )
2.11

where C)pr1 and Cpg are the specific heat capacity of the liquid and the specific heat ca-
pacity of the solid in the droplet respectively. The quantities m,, and mg are the mass of
liquid in a single droplet and the mass of the solids inside this droplet.

The radius of the droplet dg. in the above equation is not constant. It is changing with

14



2.2. DERIVATION OF THE BALANCE EQUATIONS

respect to time. To find the change of the radius of a single droplet we start with the
change of the mass m; of a single droplet with respect to time ¢ given by

dm .
L = it (2.12)
We have
4 3
my = Varpr1 = gWPledr
where V. is the volume of a single droplet. Replacing m; and 1., in (2.12]) we get
4 ddg,
337TPL1d(21Td—Z = —4B1pamds, (Yean — Yar).

After some cancellations we obtain

dd,, Sh
d:_@()“%nm—mg (2.13)
dt Pr1

Therefore equations (2.11]) and (2.13)) are coupled.

Mass balance of air in region (1)

Figure [2.5] illustrates the enthalpy flow of evaporated water alongside with the enthalpy
flow between the droplet and the air.

The humidity of air which enters region (1) is increasing due to the evaporation flow which
comes from the surface of the droplets. By convection the humidity is transferred in a
form of vapor to the bulk phase.

Source term: In (2.9) the source v is taken to be the evaporation flow 77,1 from [2.10]

Transport term: The convection in the plug flow which is given by s(u) = g can be
taken as the transport term.

Balance equation:

The humidity Y,; is given as the ratio of the vapor mass mg to the mass of air m;.
Consequently we find that mg1 = Ya1ma1 and mg; = Yaima1 where m 4 is the mass flow
rate of the air. Inserting these terms to the balance equation (2.9) leads to

/ LT / Oivsis 1 v 4 iy V.
” ot v 0z 1

Here H; represents the height of region (1). For more details about deriving such an
equation the reader is referred to Heinrich [32]. Using equation (2.10) we can write

o(Yam O(Yam
/ M d‘/l - - / MHI d‘/1 + 61pA1Ad7"oplets (}/satl - YAI) d‘/l
\ 8t \ 8,2 \
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Outflow

TTTTTTTI

heul = meul (AhV,O + CleaAl)

N

Droplet

0, Air

01

Gar1 = aarni1(0a1 — 6a)

FTTTTTTI

Inflow

Figure 2.5: Heat and mass transfer on a droplet

Here Agropiets represents the surface area of all droplets. Since the integral balance holds
for arbitrary volume V; we obtain the differential equation

aY:‘ll . 8YA1
ma 8t - _mAHl 82 +61pA1Adroplets(1/;at1 _YAl)-
Dividing both sides by m4; gives
8YA1 8YA1
T Yoar = Ya), 2.14
8t Ql 82 + QZ( t1 Al) ( )
where .
m
Ql = _AH1
ma1

. BlpAlAdroplets
Qo=—""—""".
mal
Energy balance of air in region (1)
Figure (2.5) shows the heat flow which occurs between the droplet and air beside the

enthalpy flow of evaporated water. The heat transfer coefficient is calculated according
to Gnielinski [26].
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Source term: Here it can be taken to be the enthalpy of the evaporation flow Brent
given by hevl = mevl (Ahwo -+ C’leHAl).

Sink: The sink term is the enthalpy flow between the droplet and air ¢4, which can be
calculated from equation ([2.6)).

Transport term: In equation (2.9) the transport term is the convection in the plug
flow s(u) = hg.

Balance equation:

We have

hst1 = hai + hyy

= ma1Cpa10a1 + marYa1Ahyp +maYaiCpyi0ai,

Taking the derivative of the above formula with respect to time leads to the following
equation

Ohg 00 oY, 00 oY,
8tt1 =ma1Cpa a;u + marAhy 8?1 + ma1Cpy1 (YA1—8?1 + 01 a;u)
00 Y,
=mu1 (Cpa1 + Cpy1Yar) 8?1 + mar (Ahyo + Cpy16a1) 8?1’

Similarly we find

oh, : 00 : aY,
8;1 =14 (Cpar + Cpy1Ya1) a;ﬂ + 14 (Ahy + Cpv1041) 8?'
Again, making use of equation ({2.9)) gives
hs hy . ;
/ Ohn dvlz—/ 0 “Hldvl—/ qAlevl+/ hev dV7. (2.15)
Vi 8t Vi 82 Vi Vi
h h
Substituting Ohsin and s in (2.15) leads to
ot 0z
00 oY,
/ (mAl (Cpa1 + Cpy1Yar) 8?1 + may (Ahyo + Cpr1041) %) av;
i
) 00 . oY,
= —/ (mA (Cpar + Cpy1Yar) Hy 821 — 1y (Ahyvo + Cpy16a1) Hy 8?1) v,
\%1
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- / aariAdroptets (a1 — 0q) dVi + [ 1hent (Ahv + Cpvi0a1) dVi.
Vi

Vi

Y.
Replacing OV from (2.14|) we find
00 ta - OYar e
v mar (Cpar + Cpy1Yar) WAI dvy = v mai (Ahyo + Cpy16a1) [mjl H, 821 - mA11
) 00 ) 5)d
— | ma(Cpar + Cpv1Yar) Hy aAl dVi — | 1a (Ahyg + Cpyi10a1) Hy AL v
i z Vi 32
- / aALlAdroplets (QAI - ‘gd) avi + Mevl (AhV,O + CleeAl) d‘/lf
Vi V1
After some cancellations we get
00 . 06
ma1 (Cpar + Cpy1Yar) TAL v = — | g H, (Coar + Covr Yar) AL gy
W1 ot Vi 0z

- / aALlAdroplets (eAl - ed) d‘/l
\%1
Since the integral equation is independent of the choice of volume we can write

ol . 00
8?1 = —mAH1 (CpAl + CpV1YA1> 821 - aALlAdroplets (GAI - ed) .

Finally, dividing both sides by m a1 (Cpa1 + Cpy1Ya1) leads us to

ma1 (Cpar + Cpv1Yar)

0041 0041
o~ 9o,

— Q3 (041 — 0a), (2.16)

where
Q o O5AL1A’4CZ7“0plets
3

~ ma (Cpar + Cpy1 Yar)
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Assumptions for region (2)

e All particles are spheres.

e All particles have the same average diameter d,, i.e. the particles are monodisperse.

e The fluidized bed has a constant porosity.

e The injected liquid is completely deposited onto the particles as a film with constant
thickness F'.

e A plug flow tube reactor (PFTR) behavior.

e The solid and liquid density are constants.

e The particles are ideally mixed, i.e. we have a continuous stirred-tank reactor
(CSTR) with uniform wetted particles for the one-dimensional model.

e There is no agglomeration, overspray or breakage.

e We have a non-ideal mixing of particles for the two-dimensional model with non-
uniform liquid distribution.

e Only the constant-rate period of drying (first drying period) is observed, i.e drying
from surface-wet particles.

Mass balance of the air in region (2)

The humidity which is carried with the inlet hot gas flow increases according to the
evaporation of the liquid film on the particles. The vapor is transferred into the air as a
function of mass transfer. In equation ([2.9) we can take

the source term as the evaporation flow 7., and

the transport term as the convection in the plug flow s(u) = rgs.
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Balance equation
Taking H as the height of region (2) and substituting the source term and the transport

term in equation (2.9) gives

Oz AVy = — Oritsra HydVy+ [ 1ieyy dVs.
Vo @t Va 82 Vo

The usage of equation (22.4]) beside the fact that mg = Yaomas gives

(Y 1om (Y 1o
/ OWaomaz) 4 / OWaed) v [ BapasAyd(Vaurs — Yaz) Vi
Vs 8t Vo 82’ Vo

This equation can be also written in the form

0(ma2Yas)
ot

O(maYao)

=—-H
2 0z

+ B2pa2Apd(Ysarz — Yaz).

Since the mass of air is independent of time, and the mass flow rate of air is independent
of space, it is possible to write

oY, . oY,
M A2 8?2 = —maH, 6?2 + B2pa2Apd(Yearz — Yaz).
After dividing the both sides of the above equation by m 4o we get
ayY, aY,
8?2 = -4 8?2 + Q59(Yeatz — Yaz), (2.17)
m
Qi = ——H.
ma2

mag

Energy balance of the air in region (2)

Several studies have been done to study the distribution of the temperature of air in-
side the fluidized bed during the layering process, see e.g. Nienow and Rowe [56], Smith
and Nienow [80] and Wnukowski [91]. Here we follow Heinrich et al. [33].

As it is seen in Figure[2.4], the inlet gas comes in contact with the wetted and the unwetted
part of the particles. Due to this contact, a heat flow takes place between the unwetted
portion of the particle and air beside the heat flow which occurs between the wetted part
(liquid film) of the particle and air. The enthalpy of the evaporated water also increases
the energy of air. In equation ([2.9))

the source term is the enthalpy of the evaporation flow hevg = M2 (Ahyo 4+ Cpyabaz),
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the sink terms are the enthalpy flow between the liquid film and air ¢4z, enthalpy
flow between the unwetted portion and air ¢4p which can be calculated from equations

(2.6) and (2.7) respectively, while

the transport term is the convection in the plug flow s(u) = hgro.

Balance equation:

We have

hsto = hao + hyo
= M a2Cpa20.42 + MaYa2Ahyp + maYasCpiab ao.

Taking the derivative of both sides with respect to time leads to

6tt2 =maz (Cpaz + CpraYao) 8?2 +maz (Ahy + Cpyabaz) 3;542'
Similarly we can write

Ol . s | . oY,

8;2 =14 (Cpaz + Cpr2Ya2) 8?2 +ma (Ahyo + Cpyat az) 8?2'

When we substitute the source, the sink and the transport terms in the balance equation
(2.9) we obtain the following balance

h h
a st2 d‘/g _ _ a st2
Va (975 Vo 82

H2dv2—/ QAdeVz—/ q'APdVQ—i—/ hewa dVa,  (2.18)
Vo Va

Va

Replacing the integrands in the above equation gives

00 oy
(mA2 (Cpas + CpvaYaz) WAQ + maz (Ahyy + Cpyala2) —8?2> dVs

/.
) 06 ) aY.
= —/ (mA (Cpaz + Cpy2Yas) Hy 822 — g (Ahy + Cpvabaz) Ho 822) dvs
Vo

- / caraAnd (B4s — 01) dVi — / aapAy(1 =) (Bas — Op) Vi
Va Vo

+ | Mews (Ahyo + Cpyafaz) dVa.

Vo

Y,
Replacing 8?2 from ([2.17)), and after some cancellations we get
89 . 89
maz (Cpaz + CpvaVaz) — 2 dVe = — | sty (Cpaz + Cpy2Ya2) 22 v,
Va ot Va 0z
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_ / Ay (B0 — 1) AV — / aapAy(1— 6) (012 — Op) dVa.
V2 V2

The heat transfer coefficient between air and the dry portion of the particle ayp as well
as between the liquid film and air a4y, are assumed to be equal as in Groenewold [29], i.e.
apap = Q4 = Q.

Taking into consideration that the integral balance holds for arbitrary volume V5, and
after dividing the both sides by mas (Cpaz + Cpr2Ya2) we obtain

o0 a0
o = ~QaHa= ™ — Qo (6 (Baz — 01) + (1= ) (B2 — 6p)] (2.19)
where A
Qo = -

maz (Cpaz + CpyaYas)

Energy balance of the particles

Assuming that the heat transfer coefficient between air and the dry portion of the particle
is equal to the heat transfer coefficient between air and the liquid film, i.e. oy, = aap = «
we introduce a corrective factor f as follows

apr,
f==""
o

This dimensionless factor is known as the heat transfer ratio.

The heat flow which takes place between the particles and liquid film as well as be-
tween the unwetted part of the particles and air beside the intensity of dispersion cause a
temporal change to the enthalpy of the particles. Making use of equation ([2.9)) we consider

the source term as the heat transfer between the unwetted portion of the particles
and air gup,

the sink term as the heat transfer between the liquid film and the particles ¢p;, which
can be found from ([2.5)), while

the transport term as the particle conduction s(u) = —DVh,, where D is the con-
duction matrix.

Balance equation:
Substituting these terms in equation (2.9 we get

oh
“2dVy, = [ V- (DVh,) dv2+/

B GapdVs — / gpr, dVa,
Vo t Va Vo Va

where the enthalpy of the solids h, is given as h, = m,C,plp. Here C,p and m, are
the specific heat capacity and the total mass of the particles respectively. Replacing the
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integrands in the above equation leads us to the following balance

/ % v, = / V- (DY (m,Copllp)) dVs + / aapAp(1 = 6) (012 — Op) dVs
Va Vs Va

- / aPLAp¢(0P — QL) d‘/g
Va
This equation can be also written in the form

00
"ot
Dividing both sides by m,C,p and the usage of the heat transfer ratio f leads to the
following PDE

d0p

mpCp = mpC’ppV . (DVQP) -+ OéApAp(l — qb)(GAg — 0P> — apLAp¢(6p — GL)

T V- (DVlp) + Q7 [(1 — ¢)(0a2 — 0p) — fo(0p — 01)], (2.20)
where 4
a
Q7 = mpCZp'

Mass balance of water

The maximal liquid mass inside the fluidized bed is reached when the surface areas of all
particles are covered with liquid film, i.e. the particles are 100% wetted. In this case the
maximum liquid concentration per volume element is given as

PLmaz = A;(l —e)Fpy.

It would be very effective from the energic point of view if the particles are completely
or almost completely wetted, but in fact this may leads to undesired results where small
particles may tend to agglomerate. Therefore these wet conditions should be taken into
account in experiments.

In our new model the sprayed liquid loses some of its amount due to the evaporation
which takes place when the droplets pass through region (1). In equation we can
take

the source term to be the effective mass flow MLV’eff which is given by MLV,eff =
My — Mgy, where My is the mass flow of the drop deposition ,

the sink term to be the evaporation flow m.,» and
the transport term to be the particle conduction s(u) = —DVMp, where My p =

Ap¢FpL2-
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Balance equation:

Replacing these terms in equation ([2.9) gives

oM .
/ LE vy = | V- (DVMpp)dVy — | thedVa+ | MpyessdVa.
Vo 8t Va Va Va

Substituting in the previous equation

0(A, oF
/ % Wy — [ V- (DV(A6Fpi)) Vs — | Bapasdé(Yaus — Yia) Vi
Vo Vo Vo

+ | MpyessdVa.

Vo
It is also possible to write this equation in the following form

0 .
AprL2_¢ = A, FpraV - (DV @) — BopacApd(Ysarz — Yaz) + Miyesy.

ot
Dividing both sides by A,Fprs leads to
0p :
9 V- (DV®) — Qsdp(Yearz — Yaz) + QoMrvesy, (2.21)
where
QS = /Bﬁ%pA27
PL2
1
Q= o

Energy balance of Water

The sprayed liquid enters region (1) with a specific temperature and then it changes
after passing through this region as we saw in equation and enters region (2) with
another temperature 6;.,4. The droplets then hit and deposit on the surfaces of the
particles as a film. The temperature of this liquid film is influenced by the dispersion of
the particles, the heat flow between the liquid film and air ¢4z, the heat flow between the
liquid film and the particle ¢pz, the enthalpy flow brought by the liquid into the bed g,
as well as the enthalpy of evaporation Preo. Again we replace the source term, the sink
term and the transport term in the equation where

the source terms here are hdr, qprL, Gar, , Where th = MLV’effC’pLQGd’end,
the sink term is the enthalpy of evaporation flow Ry, where

hey = Mep2(Ahv 4+ CpvaBa2) = BopasApd(Ysar — Yaz)(Ahyg + Cprabas) and
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the transport term is the particle conduction s(u) = —DVhy, where
hy, = mpCpr20r = VipraCpr20r, = ApdFpraCpralr.

Balance equation:

Inserting these terms to the balance equation ([2.9)) leads us to

oh . .
a—LdVF/ v-(DVhL>dv2+/ q'ALd%+/ q'pLdVﬁ/ hdrdVQ—/ o dVa,
Va t Va Va Va Va Va
Substituting the integrands in the above equation gives
O(A,pF praClraf
/V Ao Cats 2. | V-(DV(AF p1aCpuafr)) dVirt /V aaLAp@(0a—01) dVs
2 2 2

+ / aprA,p(0p —0r) dVa + MLV,efprm@d,end dVs
%}

Vo
— | BopazApd(Ysarz — Yaz)(Ahyo + Cprab.a2) dVa.
Vo

The integral balance holds for arbitrary V5 so we can write the previous equation in the
form

o(ob
AprLZCpLQ% = A FproCproV - (DV(901)) + aarApd(0a2 — 01)

+ aprA,d(0p — 01) — BapasApd(Vaar — Yuz)(Ahyo + Cpvabas) + Mryv.esCproli.end-

Inserting the corrective factor f and dividing the both sides by the term A,Fpr2Cpro
leads to the partial differential equation for liquid film temperature

0(p0
O08) 7 (DV(661)) + Quo 6162 — 1) + Fol6p — 0,)]
— Q110 (Ysarz — Ya2) (Ahvo + Cpyaba2) + QlZMLV,effa (2.22)
where
a

Qo = FpraChoro’
_ Bapaz

Qu = FpraCoro’
o Qd,end

Q12 = A Fprs
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2.2.1 Total balance equations

In fluidized beds it is possible to find the outlet humidity and the outlet temperature of
air at the steady state through the total balance equations.
Humidity of air: The outlet air humidity can be found by knowing the values of the
inlet air humidity, mass flow of the liquid and the mass flow of air as follows

Yaout = Ya,in + % (2.23)

ma

Temperature of air: The outlet temperature of air can be also found through the
balance of the enthalpies inside the chamber. The balance equation for the temperature
of air is )
mA<CpA + YA,meV)OA,m + ML(CpLeL,m — AhV,O)

- . 2.24
mA(CpA + YA,outhV) ( )

QA,out =

These two balance equations are needed to check the numerical results at the steady state.

2.3 Boundary conditions

Region (1): As it is seen in Figure the surface of the fluidized bed at region (1) is
divided into 3 surfaces such that

39 - 691 + 602 + 603,

where
02, represents the bottom surface,
0§25 the side wall,
023 the top surface.

The bottom surface: Here hot and humid air comes from region (2) to region (1)
passing the surface 92,1, so Dirichlet boundary conditions can be assumed for the bottom
surface of region (1), i.e.

Ya1 = Yai1,m on 082y,
Oa1 = 9A1,m on 92y,

where Y1 in, a1 € R are given constants.

The side wall: For simplicity we assume that the heat exchange between the bed and the
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Outflow boundary region (1)
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Figure 2.6: Initial and boundary conditions

wall of the apparatus is ignored, so it is possible to say that the gradient at the wall is zero.

The top surface: Since the boundary here is an outflow boundary, equations (2.14)
and (2.16|) have no boundary conditions.

Region (2): Similarly as it is seen in Figure [2.6| the surface of the fluidized bed at region
(2) is also divided into 3 surfaces such that

017 = 02, + 02 + 02,

where
0{2] represents the bottom surface,
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082, the side wall,
0(2 the top surface.

The bottom surface: The hot fluidizing gas passes the porous plate carrying vapour to
the top of the bed, so again the boundary conditions for equations (2.17)) and ({2.19) are

given as

Yo = YA2,in on 8917
HAQ = 9142’1‘” on 891

It is assumed that the heat transfer at the distributor plate is disregarded, so there is
no flux for the degree of wetting, temperature of particles and temperature of liquid film,
ie.

-DV¢ =0 on 02,
. DVGP =0 on 6(%,
- DV, =0 on 0.

313 13

The side wall: In general, the wall effects the temperature inside the bed, it can absorb
temperature to increase its temperature or radiate temperature to decrease it. For our
model we assume that the heat exchange between the wall and the bed is neglected, so
we can write the boundary condition at the side wall as following

- DVOp =0 on 0(2,
- DVO, =0 on 02,

The wall of the apparatus is impervious, so there is no flux of degree of wetting, i.e.
n-DV¢ =0 on 02,

The top surface: This surface is described as the outflow surface, consequently equa-
tions (2.17) and (2.19) have no boundary condition. Also there is no flux for the degree
of wetting, temperature of liquid and temperature of particles. The boundary conditions

at the top surface for the equations (2.20)), (2.21]) and (2.22)) are

- DV¢ =0 on 02,
- DVOp =0 on 012,
-DV0;, =0 on 0§2;.

SIS IS
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2.4. TWO DIMENSIONAL MODEL FOR THE LIQUID DEPOSITION
INTO THE FLUIDIZED BED

2.4 Two dimensional model for the liquid deposition
into the fluidized bed

In the sprayed region, droplets hit the particles and deposit on their surfaces. Practically
particles close to the nozzle will be wetted more than those which are further from the
nozzle orifice. The nearest particles to the distributor plate get the least amount of liquid
in the sprayed region. This comes from the fact that particles close to the nozzle form a
shelter allowing a lower amount of liquid to arrive on the particles that are further away
[T1]. Due to this fact, the temperature and the humidity are influenced by the spatial
distribution of the sprayed liquid inside the chamber. The spraying area is influenced by
both the impingement efficiency and the dispersion angle of the spray. The dispersion
angle 6,,.. depends on the nozzle used. The impingement efficiency n;,, refers to the
ability of having contact between a droplet and a particle.

2.4.1 Liquid deposition on a single particle surface

At certain air velocities, droplets accelerated by the nozzle cannot follow the streamlines
anymore and deposit on the surface of the particles when their trajectories intersect.
After the collision between a droplet and a particle, the droplet can either be absorbed
by the particle or rebound. The deposition efficiency ¢q., is given as the product of the
impingement efficiency 7;,, and the adhesion probability h.q, see LofHer [45],

¢dep - nimhad~ (225)

Link and Schliinder [44] introduced a critical impingement velocity V,,.; for horizontal,
dry, non-porous surfaces given by

v Ana [3tan(6./2) + tan3(s,/2)]"*
erit darpar tan?(8,/2) ’

where J; is the contact angle. Contact angles with 5 < 90° lead to high wetting systems,
while contact angles with d, > 90° correspond to poorly wetting systems. Up to the
critical velocity, droplets will adhere and spread on the particle surface, above this value
droplets will rebound.

(2.26)

Impingement efficiency: For a single particle, the impingement efficiency is given as
the ratio of the effective cross section, droplets will collide with the particle within this
area, to the projection area of the particle, see Figure [2.7]

dim 2
im = . 2.2
= () (2.27)

In this equation d;, is unknown. However, Schuch [72] introduced an alternative formula

using the Stokes number
st 1\’
im = (St+ Qa) '
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Boundary particle trajectory

Streamlines

Figure 2.7: Collision of a droplet and a particle

The number St is the Stokes number given by

_ Pdr ‘/gas dér
18n4d,, ‘

The numbers a, b are parameters that can be found in [33]. From (2.27)) and (2.28]) it is
obvious that increasing the size of the droplets leads to an increase in the impingement
efficiency, as well as the increase of the atomizing air flow rate.

St (2.28)

Adhesion probability: The ratio of droplets which collide with particles and are
captured on the surfaces of these particles is referred to as the adhesion probability. Sev-
eral factors affect the adhesion probability such as liquid properties, the structure of the
particle surface, the kinetic energy of the droplets, wetting and spreading properties as
well as the collision angle. Up to the critical impingement velocity, the adhesion proba-
bility can be assumed to be one. The adhesion probability decreases with the increase of
the droplets size, the droplet temperature, as well as with increase of the droplet velocity
above the critical impingement velocity at which droplets start to rebound. In this case
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the adhesion probability can be determined according to Link [43].
According to LofHer [45], the change of the concentration of droplets in fluidized beds
with respect to the height of the bed is given by the following formula

o d_’i —15 € (bdep

K 1—e€ d,

dH Nd

or

Cyr = o exp —1.5L¢d€pHNd )
Ko 1—c¢ dp

Here xq is the initial concentration and Hy, is the distance from the nozzle.

As seen in Figure 2.8 most of the injected liquid droplets deposit on the particles surfaces
which are very close to the nozzle, while particles which are further away get a very small
amount of liquid because the closed particles form a shelter preventing a large amount
of liquid to reach the further particles. It is also obvious that increasing the porosity of
the bed leads to an increase in the concentration. Figure illustrates that the droplet
concentration rises when the diameter of particles increases.
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—+—¢=5 X . dTmm
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Figure 2.8: Influence of porosity on Figure 2.9: Influence of particle diame-
the droplet concentration ter on the droplet concentration
Assumptions:

e The spraying region forms a right circular cone.

e The velocity of droplets ug,. is considered to be constant until the droplets adhere
to the particles surfaces.

e The liquid within the spraying region is assumed to be evenly distributed. Out of
the spraying region the concentration is taken to be zero.
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31 Oyoss 3 n ONozz
2 2 2 2

Figure 2.10: Polar coordinate of the nozzle

e The particles and the droplets are spheres.

e The deposition efficiency ¢ge, is considered to be constant.

e The polar coordinates (r, #) are taken in order to find the spatial drop concentration
distribution. Here 6 represents the angle of the cone, see Figure 2.10}

The average drop path length can be taken as

d
S (2.29)

:l_('jgbdep7

2
SNa = 3
see [33]. The drop concentration flow can be expressed as

k(r,0) it R <,

0 otherwise.

<0< —
y =U'=5 Tt (2.30)

3_7T . 9Nozz 3m QNOZZ
R(x) = 2

Here R is the radius of the circle centered at the nozzle position. We assume for the
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Nozzle center

Nozzle axis

Figure 2.11: The nozzle spray

modeling that this circle does not contain any particles. The balance equation of the drop
concentration in the polar coordinates is

8%_

o = V- (kua) = A (2.31)

where £ is the lost drop concentration flow due to the deposition of particles surfaces and

Uy, = Ugre, is the velocity of droplets, where e, is the unit vector in the radial direction.
For the divergence V - (kug,,) we can write

V- (Kgdr) =V (IiUdTQT)
=ug (e, VE+ KV -¢e,).

(2.32)
We have the relation

Ok 10k
(gr —7") E + (gr ’ QG) ;%
_on
C o
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Similarly, we obtain,

Ve — e, 1, O
K € =K [ or T_QH 90

1
pum— . . 0 —_— .
R <§r R Ee)

==

Substituting in equation (2.32) leads to

0
V - (Kuy,) = ugy (a—lj + E) )

r

The balance equation (2.31)) can be written now as

Ok ok K .
E = —Ugyr (E + ;) — K. (233)

Due to equation (2.29) the following holds

. Uy
K= K. 2.34
5 (2.34)
Substituting in the balance equation gives
Ok ok K Udy
— = —Ug | —+— | — . 2.35
8t Hd (87” + T ) S Ndlli ( )

0
Here we solve the above equation in the stationary case where G_,Z = 0. This leads after
canceling the velocity to the following ODE

dk 1 1
5 - - (; + S_Nd) K. (236)

The general solution of this ODE is given as

v = o) " 5). (2.37)

r

where C'(0) € R.
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2.4.2 Mass balance of spraying

The mission here is to determine the constant C'(6). The liquid flow 74, (1) passes through
the spraying region, this flow can be found as following.

thay (1) = /S K(2) Uy, dn

3 eNozz
2 + 2

exp(——=
= / C(@)Mudﬂ"d@

r

3T _ eNozz
2 2

T
= C(e)udreNozz exp(_S_Nd)

The liquid mass flow M, can be determined by taking the limit of both sides when
r — R.

ML = lim mdr<7’) = C(‘g)udreNozz eXp<_i)'
r—R SNd

Consequently we get

My
c(0) = T
udreNozz eXp(_ S_Nd)
Substituting in (2.37)
o M;, eXp(— 5;d>
UdreNozz eXp(_ Si];d) r ‘
Replacing in([2.34) we get
' exp(—=L
pe Mo p( SNd>, (2.38)
QNozzSNd r
where
My = / rdX (2.39)
R2

2.5 Invariant regions

In this section we follow the analysis in Nagaiah [52] which was based on Smoller [&1].
Note that our model has the following difference in comparison to the one in Nagaiah
[52]. In our model the mass flow rate M, is not constant unlike in Nagaiah [52] where
the mass flow rate is supposed to be constant and not influenced by the heat. Also in
our model the temperature of the inlet liquid 04 cyq is influenced by the humidity and the
temperature of air.
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Invariant regions are very useful to study dynamical systems in order to determine prop-
erties such as the large time behavior of trajectories (solutions) as well as stability.

Definition 1. A set O is called invariant set if every solution of the the differential
equation © = f(x) passing through any point of O lies completely in O, in another word, a
subset O C E is invariant set under the mapping W, : E — E if for all z € E, ¥, (x) € O,
i.e. U(O) C O for allt. If this condition holds for t > 0 then O is called o positively
(forwardly) invariant region.

Here we consider an invariant region of the form

1= ﬁ{v € Q:Zi(v) <0}, (2.40)

where Q C R™, 7Z; are smooth real valued functions defined on open subsets of Q and for
each 4, the gradient VZ; does not vanish, see Smoller [81].

Definition 2. The smooth function Z : R" — R is called quasi-convex at v if whenever
VZ,-( =0, then the Hessian H of Z is positive, i.e. HZ,((,() > 0.

Now we take an open interval €2 in R, the n X n matrix-valued functions D = D(v, x),
M = M(v,z) defined on an open subset in R" x Q and the smooth n—vector function
F.

Consider the system

ov

5 = Duyy + Mu, + F(v)  (z,t) € Q x R, (2.41)
together with the initial condition
v(z,0) = vo(x), = € Q. (2.42)
Our model in region (2) can be written in the matrix form as above as follows
Yo 00 0 0 O Yo —Q@: 0 000 Yo
0 42 000 0 O 0 a2 0 —-Q4+ 0 00 042
0p | =10 0 D 0 O Op +1 0 0 000 Op
o) 00 0 D O o) 0 0 000 o
P01) ¢ 00 0 0 D L) 1o 0 0 000 o0L) .

+Q5P(Ysar2 — Ya2)
—Qe [0 (042 —0L) + (1 — ¢) (Baz — 0p)]
+ +Q7[(1 = @) (0a2 — 0p) — fo(0p — 01)]

—Qsd(Ysarz — Yaz) + QoMpy,ess .
+Q10 [¢0(0a2 — 01) + fo(0p — 01)] — Q110 (Yearz — Yaz) (Ahv + Cpvabaz) + QraMiv,esy

In comparison between the previous two forms we see that
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v = (YA27 01427 0P7 ¢7 gbeL)
D = diag(0,0,D, D, D)

M = diag(_Qﬁla _Q47 07 07 0)

QS(b(}/;atQ - YAQ):
—Qe (¢ (0a2 —01) + (1 — @) (0a2 — 0p)]
Flv) = Q7l(1 = ¢)(0a2 —bp) — fO(0p — OL)]
—Qsd(Ysarz — Ya2) + QoMpv,ess .
Qo [@(0az — 01) + fo(Op —01)] — Q110 (Ysarz — Yaz) (Ahvo + Cpvabfaz) + QraMpyesy

It is obvious that Qs, Qs, Q7, Qs, Qo, Q10 Q11, Qr2, f, Mrvesss Ahyg, Cpya > 0,
alSOOSYAQSKGt2;0§0A2§X7OSQPSX70S¢§]-aOSHLSX)Where

X represents the inlet air temperature.

Theorem 2.5.1. Let [] be defined by (2.40), and suppose that for all t € R* and for
every vy € O[], so Z;(v) =0 for some i, the following conditions hold:

1. VZ; at vy is a left eigenvector of D(vg, x), and M(vg, x), for all x € R.
2. If VZ;D(vg, x) = uNVZ;, with p # 0, then Z; is quasi-convex at vy.

3. VZ;- F <0 at vy, for allt € RT.

Then ] is invariant for (2.41).

Proof. See Smoller [&1]. O

Since the process in region (1) is completely dependent on the process in region (2), it is
enough to study the invariant region for the process in region (2).

Lemma 2.5.2. Let [] be defined as follows
H:{YA270A276P7¢a0L: OSYAQSYS(It27 0§0A279P70L§X) 0§¢§ ]'}

Under the conditions
1

Yar > Y;a -
A2 = Ssan2 Q110(Ahv + Cpy26.42)

{Qlo {0042+ fobp} + QmMLv,eff} at 0, =0,

0 §X—f—1¢(1—¢)(6A2—X) at Op — X.
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Yao < Yiaro — %MLV,eff at ¢ =1

Qs
Y2 < Yoo — ! {Qlo {042 — X) +f¢(9P—X)}+Q12MLveff}
N Quo(Ahyo + Cpvabtlaz) ’
at 0, = X, the system has an invariant region.
Proof. Let
Z1(u) = —Yao, Zy(u) = =02, Z3(u) = —0p, Zy(u) = —9,
Z5(U) = —0r, ZG(U) = Ya2 — Ysar2, Z?(U) =01 — X,
Zg(U) ZQP—X7 Zg(u):¢—l, R Zl()(U):eL—X.

-1 0 0 0 0
0 -1 0 0 0
VZl = O ,VZQ = 0 ,VZg == —]_ VZ4 - O ,VZ5 - 0
0 0 0 -1 0
0 0 0 0 -1
1 0 0 0 0
0 1 0 0 0
VZ@‘ = 0 ,VZ7 = 0 ,VZg = 1 VZg = 0 ,VZH) = O
0 0 0 1 0
0 0 0 0 1

In order to prove that [] is an invariant region we need to verify the three conditions
of the Theorem [2.5.1] The eigenvalues of the diagonal matrix D(vg, z) are {0, D}. The

eigenspace corresponding to A = 0 is given by

1 0
0 1
span 01, 0 ,
0 0
0 0

while the eigenspace corresponding to A = D is given by

span

OO = OO
o= O O O
_ o O O O
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From above we find that all VZ; for i = 1,--- |10 are left eigenvectors of D(vg, ). Simi-
larly we find that the eigenvalues of the matrix M(vo, z) are {0, —Q4}. The eigenvectors
corresponding to A = 0 are

0 0 0
0 0 0
11, 01, 0 |,
0 1 0
0 0 1
while the eigenvectors corresponding to A = —(@),4 are
1 0
0 1
01, 0
0 0
0 0

This means again that the vectors VZ; are left eigenvectors of M(vg,z). The second
condition of Theorem holds automatically. Now we need to check the last condition.
The equality Z;(v) = —Y49 implies that

VZi - F ly—0= —Q50(Ysarz — Ya2) |lvsn—0= —Q50Ysar2 < 0.

Similarly Zs(v) = —6 42 implies

VZy - F lop=0 = (=1){=Q6 {0 (0a2 — 0) + (1 — &) (042 — Op) }} 0,00
= Q{0 (—01) +(1—0)(=0p)} <O.

For Z3(v) = —0p we obtain
Vs F lop=0 = (=1){Q7 [(1 = ¢)(0a2 — Op) — fo(0p — L)1} |6,=0
= (=D {Q7[(1 — ¢)flaz — fo(—0r)]} < 0.
Again for Z,(v) = —¢ we have

V7 F lomo = (=1) { ~Qs6(Vaur = Yaz) + QoMrviess | lomo

= (—1) {QQMLV,eff} <0.

Setting Zs(v) = —0, gives
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VZs-F lo,=0
= (_1){Q10 [0(0a2 — 01) + fo(Op — 01)] — Q1P (Ysarz — Yaz2) (Ahyo + Cpyaba2)
+ QlZMLV,eff |9Lo}

= (—1){Q10 (0042 + fdOp] — Q110 (Yearz — Ya2) (Ahvo + Cpyabaz) + Q12MLv,eff}-

Due to the assumption of the lemma, the right hand side of the above equation is less
than zero, i.e. VZs - F |9,=0< 0.

Now for Zg(v) = Yas — Ysao We obtain

VZ6 ’ F |YA2:Ysat2: Q5¢<}/;at2 - YA2) |YA2:Ysat2: 0

If we set Zz(v) = 042 — X then we have
VZr - F lppe=x = {=Qo6 {0 (0a2 = 0L) + (1 = ¢) (042 — Op)}} lp1o=x
={-Qe {0 (X —0) + (1 -¢) (X —0p)}} <0.
Similarly Zg(v) = 0p — X leads to

VZg - F lop=x = Q7 [(1 = ¢)(0a2 — Op) — fo(0p — O1)] |6p=x
=Q7[(1=¢)(0az — X) — fO(X —0)].

From the assumption of the lemma we find that VZs - F |g,—x< 0.

Again for Zg(v) = ¢ — 1 we have

VZg-F |p=1 = {—Q8¢(Ysat2 —Ya2) + QQMLV,eff} | p=1

= {—QS(YsatQ — Yao) + QQMLV,eff} .

According to the condition in the statement of the lemma we see that VZg - F |5=1< 0.
Finally for Zjo(v) = 0, — X we get
Vi F lo,=x
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= {Qlo (0(0a2 —01) + fo(Op — 01)] — Q110 (Ysarz — Yaz) (Ahyo + Cpyaa2)

+ Q12MLV,eff |9Lx}

= Q0 [p(0a2 — X) + fo(0p — X)] — Q116 (Yaarz — Yaz) (Ahvo + Covalaz) + QraMpy.ess.

Due to the assumption of the lemma, the right hand side of the above equation is less
than zero, i.e. VZi-F |9,=x< 0.

]

In comparison with the previous model of Heinrich and Nagaiah we notice, e.g. that the
outlet humidity in the new model is less than that one presented by Heinrich and Nagaiah
for the same parameters. This comes from the fact that the droplets loose some of their
mass in region (1) due to the evaporation.
The difference between the outlet humidity of air of the both cases can be calculated as
follows

_ mevl

YA,out,old - YA,out,new - . )
ma

where YA out oid, YA 0utmew are the outlet humidity of air of the old and the new model
respectively, 1,1 is the evaporation flow and 74 is the mass flow rate of the air. Also
the evaporation which takes place in region (1) causes decreasing in the degree of wetting
which also effects at the same time the temperature of each of the air, the particles as
well as the liquid film as we shall see later.
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Chapter 3

Spray Drying Process

3.1 Introduction

In this chapter we study the so-called spray drying process. This process is similar to
the process that takes place in region (1) as explained in Chapter . Here we study this
process for longer time for droplets inside the chamber.

Inlet hot air

Atomizer

|  Spray to be dried

Drying chamber

Discharge tube

Figure 3.1: Spray dryer

Definition 3. The spray drying process is a method used to convert slurry or nano-sized
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particles included in liquid into a dry powder.

In this process the liquid to be dried is atomized to small droplets, these droplets have
contact with a hot gas as shown in Figure [3.1] Due to this contact a mass and heat
transfer between the droplets and the hot air takes place. The hot gas causes the droplets
to evaporate. Moisture is transferred to the bulk phase leaving solid particles.

The process of spray drying depends completely on the evaporation of liquid content and
has wide applications such as:

Food production: vitamins, enzymes, milk powder.
Industrial purposes: ceramic materials, polyvinyl chloride.
Pharmaceutical industry: antibiotics.

Agricultural chemicals: herbicides, fungicides.

The spray drying process provides a flexible control over some properties of the prod-
uct such as the size and the density. The drying rate is related to the liquid to be dried,
temperature of the droplets, and the size of the droplets. While the size of the droplets
is related to the design of the atomizer.

Several studies were made to depict the changes which take place during the process.
These changes are related to temperature of the droplets, their concentration, their move-
ment inside the spraying region, and aggregation of nano-sized solids inside the droplets.
Contributions to this research can be found in [311 [73] 49| 27, [5, 86, 20}, 16 59].

Single droplet models were assumed in the all previous studies. These models focused
on temperature, diameter, concentration of a single droplet, as well as aggregation of
nano-particles inside the droplet.

3.2 Mechanism of the process

Liquid to be dried is atomized into small droplets by a convenient atomizer. The dryer
is provided with an air disperser. Consequently the droplets and the hot gas will be in
contact. Due to this contact a heat and mass transfer will take place in the drying cham-
ber. Mass transfer can be represented as the evaporation of the solvent. This process
lasts until there is no solvent on the surface of the droplet or inside it and the product
is discharged through a discharge tube. The whole process can be summarized into three
distinct periods.

Warm-up period

In this period the temperature of the droplets starts to increase from the initial tem-
perature ty until it reaches the wet bulb temperature of the dry gas t;. Evaporation starts
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at the droplet surface.

First drying period

In this period the temperature of the droplet is close to the wet bulb temperature, and
droplets start to shrink due to the evaporation at surface where the diameter decreases
from the initial diameter value Ry to R;. The temperature stays constant because the
added heat is consumed by evaporation. This period lasts until the solvent is completely
evaporated and a very thin solid shell starts to be formed at the surface of the droplet.
At this point the second drying period starts.

Second drying period

This period starts when a solid crust begins to appear at the surface of the droplet.
In this period the mass and the heat transfer are reduced due to the decrease of the
drying rate. The droplet is now divided into two regions: the outer porous solid crust
at the surface and the inner wet core. The outer diameter is constant during this period
while the inner diameter decreases from R, to R;; according to the evaporation which
occurs through the inner boundary. This period ends when the moving boundary arrives
at the center of the particle, i.e. when the particle is completely dry. It forms a compact
particle, an extremely porous medium if the radius of the droplet at the end of the first
drying period Rg.

3Im 1/3
- 5 . 1
Ra. > <4*7T(1 —e)ps) (3.1)

Or it may be a hollow sphere if

3. 1/3
Rye=|—"7—— .
’ 4x7(1—¢€)ps

Figure illustrates the three periods of the drying process.

3.3 Mathematical models of the process

In this section we study the change of water mass fraction, solid mass fraction, concen-
tration, temperature of the droplets as well as the aggregation of the nano-sized particles
inside the droplets. Here it is assumed that the droplets atomized by the nozzle are
spheres with an initial radius Ry.
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Shell

Wet core

Rio
Warm First drying period Second drying period
up
period

Time of drying

Tepmerature of the droplet

>

Figure 3.2: Droplet drying periods

3.3.1 Basic variables

Here we introduce some basic variables which are needed in the mathematical model. In
a mixture of many substances with total mass my,, total volume v, and total density
pror We can define the following quantities.

Mass fraction: This quantity is defined as the ratio of the mass of the component ¢

to the total mass, i.e.
my;

Xi:

)
Mot

Mot = E m;.
i

Taking the summation of all components gives

ZX Z — =1

Mass concentration: The concentration of a substance in a mixture is known as the
ratio of the mass of the component i to the total volume, i.e.

where

C, =1 (3.2)

Utot

Again the summation of the concentrations of all components gives

ZC Z z_mtot:p

Vtot Vtot

For a mixture consisting of two components, like water and a binder, the mass fraction

of the water is m
X, = —-, (3.3)

Mot
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while the mass fraction of the binder is given as

X, = % (3.4)

Mot

From the above two equations we find that

m, m,
X+ Xp=— 4 —2 =1, (3.5)
Mot Mot

where the total mass in this case is equal to the summation of the masses of the both
components.
The concentration of the water in the mixture is given as

m
C = —L. (3.6)
Utot
The concentration of the binder is
my
Cy, = .
Vtot

The relation between the mass fraction and the concentration can be found as follows.
From equation (3.3)) we have

my = XMyt
Substituting into equation (3.6]) leads to

X
O, = 2UMet (3.7)

Vtot

Since the density of the mixture p is given as the ratio of the total mass to the total
volume of the mixture equation (3.7) can be written in the form

Cr = Xip.

Similarly we can find that
Cb = Xbp.

3.3.2 Change of the water mass fraction

Due to the evaporation of water from the surface of the droplets the water mass fraction
must be changed. This change is given by Fick’s low of diffusion in the following partial
differential equation which is given in the spherical coordinates

0X 10

0X;
_ 2 < <r< .
_81%_r28r(r%8r)’O_t<OO’O_T_R(t> (3.8)

with the homogeneous Neumann inner boundary condition

0X
a—l = 0, at the center of the droplet (3.9)
”
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To find the outer boundary condition we note that the solid mass of the droplet is constant

with respect to time, i.e.
dm _,
dt
But from equation (3.4)) we find

my = XpMiot-
Substituting into the previous equation we get

d

dt (Xbmtot) =0

The total mass of the mixture equals to the multiplication of the density and the total
volume, so the the above equation can be written as

d

dt (XbPUtot) = 0

Taking into consideration that the density of the liquid and the solid are constant, the

above equation gives
d

dt
which can be also written in the following integral form

(XbUtot) 0

d R
pr i (Xpdmr?)dr = 0

Dividing both sides by 47 and applying the Leibniz rule yields

R dX dR
/ r2 22 a4 R?’X,— = 0.
0 dt dt

From equation (3.5)) we have X, = 1 — X, so the previous equation takes the form

E_dX, dR
- “lir+R(1-X = 0.
/07“ “Ldr 4 B2(1 - X)n' =0

Using equation (3.8)) leads us to the following form

Bo [, 0X ) dR
_ - = 1— X)) p—
/O 5 (7‘ Y 87") dr = R*( l)Rdt

Integrating the left hand side and evaluating the outer boundary we get

0X,

dR
RZ")/[— ’R R2(1 —Xl)

dt
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3.3. MATHEMATICAL MODELS OF THE PROCESS

Dividing the both sides of this expression by R*vy; gives the outer boundary condition of
equation ([3.8|)

0ox; 1 dR

or ’yl( ! dt wor
The shrinkage of the droplet is represented by the decrease of the outer radius. The

change of the outer radius is given by the following expression

dR Pa

— = B (Yo — Y,). 3.10

= Y- Y)) (310
See (12.13)) for more detail about the derivation of this equation.
In the foregoing equations, r represents the radial coordinate of the droplet, v; is the
diffusivity of the binder in the water. It is determined as an example by Sloth et al. [79]
as

v =3.27 x 107 exp(5.97X)) for trehalose,

and
v = 1.78 x 107" exp(13.12X)) for maltodextrin,

B is the mass transfer coefficient, p, is the density of the hot gas, p; is the density of
water, Y, is the adiabatic saturation humidity and Y, is the moisture content in the hot
gas.

3.3.3 Temperature of the droplet

The mass and heat transfer between the droplet and the bulk phase is given by the
following ODE, see [55],

dba ! [(9 04)47 R? — M,y (—C, 104 + Ahey + C 9)] (3.11)

_— = a\b, — m - ev\ ev vYa . .

dt Cp’lml + Cp,sms d plvd P
The change of the outer radius of the droplet is given again by equation (3.10). The
previous equation assumes a uniform temperature of the droplet. For a non-uniform
distribution of heat inside the droplet another equation for the energy balance of the
droplet can be expressed as follows

0 1 0
p(CpiXi+ Cp s Xs) % — 723 (/\dr2%> ., 0<r<R, (3.12)

with the inner boundary condition

00
8_d = 0, at the center of the droplet
,
and the outer moving boundary condition
200, 1 dR

FbY (Oé(ea —04) + Aaﬂl%) ,

where p and Ay are the density and the thermal conductivity of the droplet. For more
details about the previous equation the reader is referred to [4§].
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3.3.4 Study of a population balance model of nano-suspension
droplets

One of the most important internal phenomena which take place inside droplets is the
aggregation of nano-sized particles contained in these droplets. Due to the aggregation a
thin shell appears. This shell turns into a porous medium forming a crust that reduces
the evaporation rate. These pores allow the process of diffusion and flow of liquid. The
evaporation of the wet core is assumed. The vapor diffuses through the pores into the
bulk phase.
In the following mathematical model it is assumed that there is no deformation of the
droplet shape, i.e. the droplet remains spherical during the process. The volume of sus-
pended spherical particle v is taken as an internal coordinate where v € [0, 0o].
The change of the number density n of the suspended nano-sized particles is given in the
following population balance equation (PBE), see [63]
n 1 1 n

?9_15 + ﬁ%@ﬁwn) - ﬁ%(TQW%) + Bagg(n, v,7,t) — Dygg(n, v, 1, t), (3.13)
where r € [0, R] and v € [0, 0o.
In the foregoing PBE w is the local shrinkage rate of control volume. It has a nonzero

value ’r just at boundary i.e.

dR .
w=lda HTr=~R (3.14)
0, ifr#R

Also ~; represents the diffusion coefficient of nano-sized particles in liquid. This coefficient
is given as an example according to Nesi¢ and Vodnik as follows

1077, if X, > 0.6

W= 28.1+ 282X\
_EITEOSA) i X, < 0.6.
P ( 1+ 15.47X, ) R

The birth term B,g4(n, v, 7, t) and the death term D,g44(n, v, r,t) are given respectively in
the following formulas

(3.15)

1 14
Bagg(nv v, T, t) = 5 / B/(U, V= U)?’L(t, T, u)”(ta TV = u) dU,7 (316)
0
Dygg(n,v,r t) = / B (u, v)n(t,r,u)n(t,r,v) du. (3.17)
0
The above PBE is accompanied with the homogeneous Neumann boundary condition
on
— |r=0=0 3.18
e (315)
and the outer boundary condition
on
— 5 li—r="0 (3.19)
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3.4. NUMERICAL RESULTS

3.4 Numerical results

In order to solve the ordinary differential equations, the Dormand-Prince method is used.
This method is explained in details in Chapter 4 Due to the mass transfer the liquid mass
fraction decreases. This is because of the fact that some amount of water is converted into
vapor causing a decrease of liquid mass. Consequently the solid mass fraction increases
where there is an inverse proportion between the liquid and the solid mass fraction.

Mass fraction of the liquid (-)
o o o o
o o 1) o
N S (2] ©

g
o
T

e
13
©

Figure 3.3: Liquid mass fraction of the droplet: Ry = 1lmm, 0 = 19°C, X, = 0.3,

0, =178°C.

0.44

0.42r

Mass fraction of the solid (-)

0.34

0.32

0.4r

0.38

0.36

Figure 3.4: Solid mass fraction

Figures [3.3 and illustrate the change of the solid and liquid mass fraction during the
process. Figures[3.5] 3.0 predict the decrease of the droplet mass along with the decrease
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Figure 3.5: The change of the droplet mass

of the droplet radius while Figure shows the increase of temperature of the droplet.

x10™

Radius (m)

Figure 3.6: Droplet diameter evolution

These results are supported by experimental results. For more details about the experi-
mental results the reader is referred to [6].

In the first drying period the diameter of the droplet decreases until a solid shell is formed
at the surface of the droplet. At that point (locking point) the outer diameter remains
constant. It is assumed that the locking point is obtained when the solid fraction at the
surface of the droplet forms 40% of the mass at the outer diameter of the droplet. In
order to determine the locking point equation ({3.8)) is solved using the local discontinuous
Galerkin method of order k£ = 1.

Figure shows the decrease of the liquid mass fraction from its initial value X; = 90%
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Figure 3.7: Temperature of the droplet
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Figure 3.8: Droplet mass fraction with solid mass fraction of 10%, Ry = 0.75mm, 0, =
19°C, 6, = 60°C.

until it reaches the locking point with the value X; = 60% at the surface of the droplet.
Unlike the liquid mass fraction the solid mass fraction increases from X, = 10% until
it reaches the value X, = 40% as seen in Figure [3.9f The outer radius of the droplet
decreases from its initial size Ry = 0.75mm until it reaches the locking point at ¢ ~ 126s
where it stays constant, see Figure [3.10

Figures and show the decrease and the increase of the liquid and the solid mass
fractions for different initial values of the solid mass fraction with respect to time, while
Figure [3.13| shows the decrease of the outer radius until it reaches the locking point.
For a pure water droplet, i.e. X; = 100% and X, = 0% the liquid and the solid mass
fractions stay constant until the droplet evaporates completely, i.e. the radius tends to
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Figure 3.9: Droplet mass fraction with solid mass fraction of 10%, Ry = 0.75mm, 0; =
19°C, 0, = 60°C.
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Figure 3.10: Radius of the droplet with solid mass fraction of 10%, Ry = 0.75mm,
0, =19°C, 6, =60°C.

zero. These figures show that the droplets with higher initial solid mass fraction solidi-
fies faster and at larger droplet size than the droplets with lower initial solid mass fraction.

The influence of the temperature of the bulk phase can be seen in Figures [3.14) and
[3.16l These figures show that the higher the temperature is, the faster solidification takes
place.
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3.5. VELOCITY DISTRIBUTION AND DROPLET MOVEMENT
WITHIN THE NOZZLE SPRAY CONE

1@@eoco-o-e0oa s S S-S-OaD
_9_)(|=1
0.95 ——X,=0.9
X,=0.8
0.91 —X=0.7
™ 0.85
s
= 08
o
L
=
o 0.75
=)
k=
-4 0.7
0.65
0.6
0.55 L ! :
50 100 150 200

Time [s]

Figure 3.11: Liquid mass fraction with different initial values, Ry = 0.75mm, 0, = 19°C,
0, =60°C.
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Figure 3.12: Solid mass fraction with different initial values, Ry = 0.75mm, 6; = 19°C,
0, =60°C.

3.5 Velocity distribution and droplet movement within
the nozzle spray cone

The liquid to be dried is atomized into small droplets and sprayed conically within the
chamber. These droplets are affected by some forces. These forces are the gravity force
F,,, the lifting force F}; and the drag force Fy,. The momentum of the droplet is given as
[18]

d

a (Mdropydrop) = Z E = Egr + Eli + CEdT'
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Figure 3.13: Radius of the droplet with different initial values of the liquid mass fraction
with Ry = 0.75mm, 0, = 19°C, 6, = 60°C.

Here Mayop, Ugyop are the mass and the velocity of the droplet respectively. The constant
c takes the values {—1,+1}. If the droplet is moving towards the top of the bed then ¢
has the value (+1) otherwise it has the value (-1), see Fig(3.17)) . Projecting these vectors
onto the z — axis leads to

d
E (Mdropvdrop,z) - Fgr - Ez + CFdT' (32())

The mass of the droplet is given as the multiplication of the volume V4., and the density
Pdrop Of the droplet i.e. Myrop = ViropParop- According to the evaporation, the mass of the
droplet is changing during the process time. This change can be expressed as

dj\éimp = % (Pdrodemp) = % <pd7“017§7rd3rop> = 47Tpdr0pd?lrop dd;;Op (3.21)
Equation can be written as
Mdrop% + Udrop,z% =F, — Fj; + cFy,.
Making use of we can write
Waropz: _ For — Fii + cFar — 3Varop.: 47 il dd grop
dt Marop Ards, . Parop prdrop gy

or
dvdrop,z o Fgr - -Flz + CFdr Svdrop,z ddd'rop

dt Pdrop ‘/drop ddrop dt
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Figure 3.14: Liquid mass fraction with different air temperatures, Ry = 0.75mm, 6, =
19°C.
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Figure 3.15: Solid mass fraction with different air temperatures, Ry = 0.75mm, 6, = 19°C.
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Figure 3.16: Radius of the droplet with different air temperature Ry = 0.75mm, 0 =
19°C.
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Figure 3.17: Forces affecting a single droplet

Reichardt [65] suggested that the velocity profile within the jet can be found using the
Gauss error function

wg,nozz = eXp(— h’l 2Q2)wg,nozz,center- (322)

Here wy center is the centerline velocity and p is the radial coordinate of the jet given by

0= ", (3.23)

Ta
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where y is the horizontal droplet position and r, is the radius of the core spray where the
gas velocity in the open jet equals 50% of the centerline velocity [1§]. In Figure the

Wgnozz = 0.5 Wg,nozz,center

Figure 3.18: Scheme of the nozzle spray cone

shaded area represents the core of the nozzle gas cone according to Truckenbrodt [85]. To
find the centerline velocity, the principle of momentum conservation along the jet is taken
into consideration, see Malmstrom [47], [94].

Let A be the outlet area, dy,.. the radius of the nozzle orifice, wy the uniform outlet
velocity. Then the initial momentum is given as

2 2

MO = paAw(% = paﬂ-dNozz("')O‘

The momentum M, at any distance z from the nozzle orifice is given by the following
formula

M, = 27rpa/ w;nozzy dy.
0

Due to the principle of momentum conservation we can write
My = M,,

or

paWd%Vozzwg = 27Tpa/ ws,nozzy dy
0

After some cancellations we get

(9]
2 2 __ 2
dNozsz - 2/ wg,nozzy dy
0
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Making use of equations (3.22)), (3.23) and integrating the right hand side the centerline

velocity Wy center can be written in the form

v2In2

Ta

Wy, center = dNozsz .
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Chapter 4

Numerical Scheme and
Discretization of Hyperbolic and
Parabolic Systems

4.1 Introduction

In this chapter we introduce a numerical method called discontinuous Galerkin method
(DGM). This method has been used first by Reed and Hill [64] to solve the neutron trans-
port equation which is a partial differential equation of the hyperbolic type. This method
then was developed and modified to also solve parabolic and elliptic problems. It became
very popular and is used very often to solve linear and nonlinear systems of PDE’s. Sev-
eral publications were made considering discontinuous Galerkin method, for instance see
[37], [19], [68], [12], [90], [83], [23], [24], [25]. The discontinuous Galerkin method can be
represented as a class of the finite element methods (FEM).

In this method, discontinuous piecewise polynomials for both the numerical solution and
the test functions are used. The discontinuous Galerkin method has some very important
properties such as good stability as well as accuracy, the possibility of handling com-
plicated geometries, and the possibility of increasing the accuracy without taking finer
meshes.

In the second section of this chapter we will consider the 1D hyperbolic equation and ex-
plain the discretization of space using the DGM. The local discontinuous Galerkin method
for 1D problems of the second order diffusion equation is considered in the third section.
Section 4 studies 2D hyperbolic problems, while a 2D parabolic equation is introduced in
the fifth section. In Section 6, numerical methods are introduced to solve the resulting
ordinary differential equations. Finally Section 7 introduces the methods which are used
to approximate integrals. Simple examples for every case are presented in Section 8.
This chapter includes some materials drawn from Cockburn and Shu [I5], Cockburn et
al. [13].
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HYPERBOLIC AND PARABOLIC SYSTEMS

4.2 Spatial discretization of a scalar conservation law
in one space dimension

In this section we will consider the following simple 1D hyperbolic equation
Oyu~+ 0, f(u) =0, in |0, 1[x]0, T, (4.1)
with the initial condition
u(z,0) = uy, for all z €]0, 1], (4.2)

and periodic boundary condition.

4.2.1 The weak formulation

N
For the spatial discretization we take a partition {a:z +%} of the domain 2 = ]0, 1[, where
i=0
r1 = 0and zy, 1 = 1. This partition consists of N non-overlapping cells I; :]xifé, Tip1 [.

The length of the cell I; is donated by
Az, =, T
The maximum length Ax is given as

Az = max Auz;.
1<i<N

The midpoint of a cell I; is
Ti—1/2 + Tiy1/2
xIr; = .
2
The approximate solution wuy, is taken from the finite element space

Ap={s€eL'(0,1]); s |, P*(L); i=1,--- N},

where
P* = {p; pis a polynomial of degree at most k on I} .

One of the most important differences between the classical finite element method and
the discontinuous Galerkin method is that in the latter the functions of the finite element
space Ay, have the possibility to have jumps at the interfaces z; 11
For a function v, € Aj we introduce vy(z; ;) to be the left hand limit obtained by
2
considering values inside I;, whereas Uh(:Ei__ ;) is the right hand limit on /;_;.
2
The weak formulation can be constructed by multiplying the equations (4.1)), (4.2)) by an
arbitrary test function v, € Aj, and replacing the exact solution u by the approximate

solution wu; and finally by integrating over every cell I; as follows
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/1~ Oyup (x, t)vp(x) dx + /1 O f (up(z,t))vp(x) de = 0, (4.3)
/I' u(z,0)vp(x) de = /I uovp(z) dz. (4.4)

For the main equation we integrate the second term by parts. Consequently we get

/IV Orup(x, t)vp(x) do — /1 fup(z,t))0pvp(2) da

(i 0)onlor, ) = Flm(ey, O)on(af,) = 0.

The function f(uh(xzur%, t)) is then replaced by a numerical flux f(u)zur%(t) given by

~

Py ) = Fluler, 1), u(et,y 1),

The conservative formulation now has the following form

/' Oyup(z, t)vp(z) doe — /1 fup(x,t)0pvp(z) do

I;

+ f<uh)i+%(t)vh<xi_+%) - f(uh)if%(t)vh(a::;%) =0, (4.5)
/1» u(z, 0)vp(z) doe = /I uovp () dz. (4.6)

4.2.2 Diagonalizing the mass matrix
The approximate solution u; regarding the element [; is taken as

k
up(z,t) = w()W,(z) forz € I,

r=0

o) - (225,

Here P, is taken to be the Legendre polynomial given as

where

Pe) = g (07 1)

(4.7)
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The Legendre polynomials for n =0, 1, 2, 3 are
Lo Lo 3
Py(z)=1, P(z)=2,  BPx)= 5(31: —1), Pi(z)= 5(53} — 3x)

respectively. Figure [4.4] shows the Legendre polynomials which are used as the basis

Figure 4.1: Legendre polynomials

functions. These polynomials have a very important property which is their orthogonality
with respect to the L? inner product on [—1,+1], i.e.

[ Pene:- (52) 5= (438)

-1 2T+1

where

5Ts:{(), if r#s

1, if r=s

P,(1)=1, P,(—1)=(-1)" (4.9)

The test function v, (z) is taken as follows
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Now we consider the first term of equation (4.5))

/ Dyun (. ) on () dr = / * (zk;u (@) .(z) da

atzk:u / U, (2)0,(z) da.

=0

<

In order to exploit the orthogonality property of the Legendre polynomials, we need to
transform the domain of the integral from [xl;%, Tip1 1] to [-1, + 1]. Therefore we use
the following transformation z = Az + B and solve the system

+1 = A$i+; + B.
2

After solving this system we get the following transformation

2(x — xy)
AJ?i ’

The first term of equation (4.5)) leads to the formula

/Iﬁtuh(xtvh dm—@tZu / U, (2),(z) do

i

In a similar way, the left hand side of (4.6)) can be written as

AZL’Z' s
/Ii u(z, 0) vy () de = o 1 1%’ (0).

The values of the test function v, (z) at the boundaries x; 1 and z, 1 of the cell I; can
be found as follows
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21 — ;)
vz ) = \I/s(xiJr%) =P (JZ—:U> = P,(+1) = +1.

Now the conservative formulation can be written as

Fori=1,--- N and for s =0,--- ,k

ous S
0 E / F(un. 1)), () da

ot
_ QSA—;l {f(Uh)H%(t) — (—1)8f(uh)i_%(t)} . (4.10)
us (0) = QZ;? /I oW () da. (4.11)

This shows that the spatial discretization leads to the following system of ordinary differ-

ential equation

d
7t = M (uy), (4.12)

up(0) = up(x,0). (4.13)

In a special case, if ug = C' where C is a constant, then for (4.11)) we can write

28 +1
= CVUy(x)d
u Ax; /L o

25 +1 2(x — ;) 2(x — x;)
— po(2 ) p (A T
s
_ 2t 1A / Py(2)Py(2) d=
-1

C
505

_23+1 2

2 25+ 1
T

—0503—{0’ ifs=0

0, otherwise

4.2.3 Numerical flux

The boundary flux f(up(z,, 1,t)) is approximated by the numerical flux f(u), 1 (t) which
can be chosen to be one of the following numerical schemes
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e The Lax-Friedrichs scheme:

{Flus) + Flugy) = aluy =y}

N | —

f(“i—%ﬂpré) =

a =max | f'(u) | .

e The local Lax-Friedrichs scheme:

e The Engquist-Osher scheme:

f(ui—%7ui+%) = f+(u7,—%) + f_(uz—i—%) + £(0),

where
u

0

e The Roe scheme:

R flu;_1), ifa; >0,
f(ui—%vui—i-l) = {f j

2 (u;y1), ifa; <0,
where
o — f(uz+%) - f(uzf%)
! uH% —UF% '
e The Godunov scheme:
. min, | <u<u_, flu), ifu_1 <uga,
f(uz_%7ul+%) fnd 2 +3 f 2 2 (414)
MaXy, s >u>u,, (u), i Ui 1 > U1

In the linear case where f(u) = Cu, all these numerical schemes are identical and have

the flux
- Cu,_
f(“i—%7 Uz‘+%) = Cus,

. ifC >0,
, if O <0.

[SIE ST
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In the discontinuous Galerkin method, the approximate solution u; can be discontinuous
at the boundaries of the cell. The fluxes at these boundaries depend on the following left
and right limits [42] of u

u 1= lim wu(z,t) (left), uil = lim wu(x,t) (right).
T3 =T T3 m%xt_l
it5 it

Figure shows the jump across the boundary z,_ 1 of the cell I;. These fluxes are given
in the following formulas [14]

Figure 4.2: The jump across the boundary T

4.2.4 Error estimation

For the linear case, the following theorem holds [13].

Theorem 4.2.1. Suppose that the initial condition ug belongs to H*1(]0,1[). Then we
have

1
Hu — uhHLz(O’l) S Cl‘uO’Hk+l(}071D(Ax)k+2 ,

where C" depends on k, |C|, and T.
If the initial condition ug belongs to H*2(]0,1[). Then we have

[ — unll 20,1y < C'uol grs2qo,ip (Az)

Proof. See [13]. O

4.3 The local discontinuous Galerkin method for one
dimensional second order diffusion problems

In this section we consider a one dimensional convection diffusion problem of the form
Opu + O f (u) — (A(u)ug), =0, in |0, 1[x]0, T, (4.15)
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with the initial condition
u(z,0) = ug, for all x €]0, 1[. (4.16)

This section includes material drawn from [13], [I5], [77]. Before we proceed with our
problem we introduce the following notations

Q=0 -Q. QL =QuL) @,

For the system (4.15)) and (4.16)) we insert the variables

q =/ A(u)0,u, S(u) = / VA(2) dz.
Making use of these new variables our system (4.15)) and (4.16)) can be rewritten in the

form
D+ 0, <f(u) - \/A(u)q) —0, in 10, 1[x]0, | (4.17)
q— 0.5(u) =0, in 10, 1[x]0, T'[ (4.18)
u(z,0) = ug, for all z €]0,1]. (4.19)

Note that the system (4.18)) is not a hyperbolic system. The second equation also does
not include the time derivative.

4.3.1 The weak formulation

N

As we did in the previous section we take a partition {% 1 } for the interval ]0,1]
i=0

consisting of non-overlapping elements I; =]z, 1T [.

Now we set

Az; = Tip1 =T 1.

D=

The center of a cell I; is
_ Tici2+ Tigaye

T
2

To discretize in space we multiply (4.17)), (4.18) and (4.19)) respectively by arbitrary test

functions vy, 4, v 4 and vy from the finite element space

Ay = {s € Ll(]o, 1)); s |n€ Pk([z-); i=1,--- ,N}7
where
Pt = {p; p is a polynomial of degree at most k in I} .

Then we replace the exact solution (u,q) by the approximate solution (uy,q,) and inte-
grate over every element [; for i =1,--- , N as follows

/I'atuh(:c,t)vhm(:c)dx—i— / 0, ()~ V/Aan(e.1) ) vz de =0, (4.20)

I;
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/I. qn(z, t)vpq(x) do — /1 O0xS(up)vpq(x)dr =0, (4.21)

7

/ un (2, 0)vp.o(2) do = / UoUno (1) dz. (4.22)

L; Ii

Now we set f(up) — /A(un)gn(2,t) = Hj, and integrate the second term of (4.20) and
(4.21)) by parts. This leads to the following system
/ Ovup (2, t)vp () do — / Hy(up(x,t), gz, t))0pvpu(x) do
LL‘ Ii

+ Hh(uh(xi—&—%at)? Qh(aji—i-%at))vh,u(x;_%) - Hh(uh($i—%v t)a Qh(xi—%7t))vh7u<l‘j__%) =Y,

(4.23)
/1- qn(, t)vnq(x) dx + /1 S(u(z,t))0pvnq(z) do
_ S(Uh(l’iJr%;t))Uh,q(xl;%) + S(“M%%J))Uh,q(x;i%) —0 (4.24)

/Ii up(, 0)vpe(z) do = /1 UgUn,o(7) dz. (4.25)

Since the functions u;, and g, are discontinuous at the boundaries of every cell, the func-
tions Hh(uh(:rH%,t),qh(xi%,t)) and S(uh(xi+%,t)) must be replaced by the numerical

fluxes ]:Ih(uh(xH%, t), qh(xH%, t)) and g(uh(xiJr%,t)) respectively.

Our system now is given as

/ Ovup(x, t)up () do — /] Hy(up(x,t), qn(x,t))0pvpu(x) do

I;

A

+ ﬁh(uh(xi+%at)7 Qh(aji—i-%at))vh,u(x;_%) - Hh(uh(xi—%v t)a Qh(xi—%7t))vh7u<$j_%) = U,

(4.26)
/1- qn(z, t)op 4(2) do + /[ S(u(z,t))0yvpq(x) dz
— S(un(wsy 1, t))ung (2, 1) + S(Uh(%_%;t))vh,q(xf_%) =0, (4.27)

/uh(x,O)vh,c(x) d:c:/uovhﬁ(:c) dx. (4.28)

I; I;

The numerical fluxes ]:Ih(uh(xi+%,t), qh(xH%, t)) and S’(uh(miJr%,t)) are determined either

ﬁ:f_wm”@, $ = S(uy),
ﬁ:f—wﬁﬁ%J $ = (u}),
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see [7]. The convection flux f can be taken to be any locally Lipschitz E-flux, see Osher
[57].
As we did in Section we take the approximate solution (uy, qs) as follows

k k

up(x,t) = Zuf(t)\lfr(:c), qn(z,t) = Zq{(t)\lir(a:) for x € I,.

r=0 r=0

Here

U, (z) =P, (%) , (4.29)

where P, is considered to be the Legendre polynomial of degree r. The test functions
Unu(), vpe(z) and vy () can be taken also as

Upu(z) = vpq(x) = Up () = Uy(2). (4.30)
Taking this into consideration and taking the transformation

2(x — x;)
Z&wi ’

the first term of (4.26]) can be written as follows

7 —

Z&$i s
/Ii Orup(x, t)up(z) de = o5 1 18tui (t).
The first term of (4.27)) can be similarly written as
ZX$1
t dr = 5.
/I; Qh(x, )’Uhﬂ(x) T 28 + lq’t

Finally the left hand side of (4.28)) is written as

/ wn(, 0)un o () d = —2513(0).

—= ui
I; 25 +1

The values of the test functions at the cell boundaries =

1 and T; 1 are calculated as
follows

i+l
Uh,u(xi—&—%) = Uh,q(xz‘—i—%) = Uh,C(xz‘—i—%) = \IJS(:CH_%) =P,(1)=1.

Uh,U<5Ui—%) = Uh,q(flfi—%) = Uh,C(xi—%) = \DS(%—%) = P,(-1) = (=1)".

Our system now can be written as follows:

Fori=1,--- ,N and for s =0,--- ,k

oui(t) 2s+1 2(x — x;)
=50 [ mwteaeor ()
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2221 {ﬁh(uh(:ci+%,t),qh( Tiy1,t)) — (= 1)8Hh(uh(xi_%,t),qh(mi_%,t))}, (4.31)

2541 2(x — ;)

2s+1 (4 -
Uvs {s<uh( T 1) = (C1)°S(un(zy, 1)} (4.32)
2s+1 2(x — x;)
(0= P\ =K ) d= 4.33
As we did before, if the initial condition is constant, i.e. ug = C then (4.33)) takes the
form
C, ifs=0
wO) =17 (4.34)
0, otherwise.

Now we see that after the spatial discretization the system was converted into an ODE
system.

4.3.2 Error estimation

Theorem 4.3.1. Let u be the exact solution of , uy, the numerical solution. For a
small h we have the error estimates

lu = unll < CH¥F2,

where C'is a constant depends on the time t and k is the degree of the polynomials in the
finite element space Ay,.

Proof. See [92]. O
As a special case we take A(u) =1 and f(u) = 0. This leads us to the heat equation
Up — Ugy = 0, in |0, 27[x]0, T'. (4.35)
This equation can be decomposed into two equations
u — gz = 0, (4.36)
q—u; =0. (4.37)
This system is written in the semi-discretized form as

0 25 +1 2541 2(x

Euf(t) Az, {qA(ler%) - (_1)8(2(%7%)} Az, /[qh(x )0, P <—A;zxz)> dz,

s_28+1 N s~ 28+1 Q(x_xl)
% = A.Iz {u(x”r%) N (_1) u(xr%)} AJIz /Uh(%t)axPS( Ax’ ) dx

I;
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13

yl+§
Qi1

. 1

yl+§

Qi1 Qi j Qit1,

Yi—1
Q-1

Yi-3

1'77% :L'i7% .CEZ-+% x,+%

Figure 4.3: Partition of a rectangular domain into rectangular elements

The numerical fluxes for the heat equation are given either as

N s
Wird = Uiy Gty = 911
or as
U1 =ul i1 =0 -
3 it3’ (AN i+

4.4 Discontinuous Galerkin method for two dimen-
sional hyperbolic problems

This section includes materials taken from [02], [41], [3], [76]. Here we consider a simple
2D hyperbolic equation

Ou+ 0 f(u) + Oyg(u) =0, (z,y) € Q, t €[0,T], (4.38)
with the initial condition
u(z,y,0) =ug, forall (z,y) € Q (4.39)

Here we assume that €2 is a rectangular domain.

4.4.1 Spatial discretization and weak formulation

For simplicity we assume a partition of the domain 2 into rectangular elements as seen
in Figure 4.3
Ng

In the x—direction we take the partition {ml 41 } where
i=0

73



CHAPTER 4. NUMERICAL SCHEME AND DISCRETIZATION OF
HYPERBOLIC AND PARABOLIC SYSTEMS

N,
while in the y—direction the partition {yj 1 } s taken, where
j=0

y%<y%<---<yNy+%.

In this way the domain §2 is partitioned into rectangular elements €2;; as follows

fOTi:l)-..7Nzandj:]_,...’N

Yy

%Syéyj-i-

b

Q= {(@y)lry ST <@

N

The length of the cell in the x—direction is given as

The maximum length in the x—direction is

Ar = max Auw;,
1<i<N,

while the center of the cell is
_ Tic1/2 + Titi1/2

ZT;
2
Similarly, the length of the cell €2;; in the y—direction is

Ay =y;1 =y 1.

2

The maximum length is denoted by

Ay = Ay,

The center of the cell in the y—direction is taken as

Y-y Y2
J 9 .

The approximate solution wy is taken from the finite element space

Ay = {S S Ll(Q);S

QO GPk;izlz"-:Nx,j:1:-~~:Ny},
where
P* = {P; P is a polynomial of degree up to k in Q}.

To construct the weak formulation we multiply and by the test function
vp(z, y) from the finite element space Aj; and then by replacing the exact solution u(zx,y, t)
by the approximate solution uy(x,y,t) taken from the finite element space A, and finally
by integrating every term over the rectangular element €2;; as follows

/ Ovup(z,y, t)up(x, y) dS;; +/ Op f (un(z,y,t))up(z,y) d;
Qij Qij
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+ / ayg(uh<x7yvt>>vh(l‘7y) dQZ] - O; (440)
| w0 iy = [ wleponey) i, (4.1
45 Qij

The approximate solution uy(x,y,t) on the rectangular element €2;; is given as

ko k
un(z,y,0) = Y Y w0V (2)Wa(y), (,y) € Qy, (4.42)
where VU, U, are Legendre polynomials given as

%@=B<%i%5,%@=3<&cﬁg. (4.43)

The test function vy (z,y) can be taken as

vn(@,y) = Wi(2)¥n(y). (4.44)

Now let’s consider the first term of (4.40)

Here

and then we substitute into the above equality. This leads to
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Similarly, we find that

Ay;
2m +1

Sm -

[ v =

Consequently the first term of (4.40) takes the formulation

Ay
Il / atuh :L‘ ?/, 'Uh(x ) sz] = at E E l7" ] 5sm
— = 2[ + 1 2m +1
A A
= 20 S gume). (4.45)

A+12m+1 "4

Now we consider the second term of (|4.40))

I = / D f (un (i, 1, £))on () A

/ / uh z,y, ))Uh(x7y) dIdy

Integrating by parts leads to

Tird T 1
i _/ +2 f(uh(x7y7t))axvh(xvy) dx dy

L= [7 gty
:/”% (P00, ,00) = Flunle g,y 0)ona? . 0) | dy
Y

/ / uh x,y, ))axvh<$’y) dx dy
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Since the flux f is discontinuous at the edges x;_1, 1 it is replaced by the numerical

1
2

flux f which can be taken to be the Lax-Friedrich flux. We have also

mmﬁmza(%iﬁga(%i%g

Now we can write
Yirl (4 2 2(y - 3/)
L= [ {fntey ) - 10ty )} P (22 dy
2 ; { h\iq-3 s } ij

Yek [T 2y — ) 2(a — )
— P, | ——= Pl ——- )
Lj /xl f(uh<x? Y, t)) m ( ij ax l Al'l dx dy

Nl

N
Nl

In a very similar way the third term of (4.40))

13—/ Oyg(un(z,y,t))vn(r,y) dv dy
Qi

can be written as

i1

Is = /:z+2 {g(Uh(:E,ijr%,t)) - (—1)m§(uh(x,yj_%’t))} P, (2(2—;%)> s

i3
Tirh [Yird 2(x — x;) 2(y — y;)
/xz'—é /yj— AL ’ AY;

Nl
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In the following we consider the left hand side of (4.41])

]left = / Uh<5(7,y,0)Uh<CC,y) dl'dy

ity [Yi+d
= uh(fL’,y,O)vh(fL’,y) dy dx
x. Y.

k
rs AIEZ ij
=2 2w O g O

g —u..
204+12m+1 Y

Now the equations (4.40), (4.41]) are written as

O A+ 12m 41
ot Z] N ALIZ’Z Ay]

/ " {0 = 0 Fnto )} o (P2 ay

i—

L?f{

/ / o(un (@, y, )P (%) 9, P (ﬂyA—;]yﬂv dydx], (4.46)

with the initial Condltlon

2 +12m +1 2(x — x;) 2(y — yj)
Ilm _ T\ Y “\d JIJ
ul™(0) = v / / . (x,y,0 ( Az ) P, ( Ay, dy dz.

(4.47)

N

20+ 12m+1
Az;  Ay;

Na)Y
s
>
&
NS
+
=
|
=
=
<
>
&
&=
=
——
s
VR
N
&
>
S|
S
N
N——
Q.
&

The fluxes at the boundaries of a cell are given as

k

k
DHWANE

r=0 s=0 x”

Nl
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k k
+(‘T7 yj—%) = Z Z u:;qu(x)lps(y)

In a special case, if the initial condition is constant, i.e. ug(z,y,0) = C, then (4.47) can
be written as

2l+12m+1 i+4 ;) 2(y —yj)
tm _ P, P, | =222
i Az, Ay, / / ! ( Az, ) m Ay, dy dz

20+ 12m+1 Tird 2(x — ;) 2(x — ;)
B Ax; ij ¢ /a:._l PO( j )Pl( Ax; e

Yit} (2(y—yj>> (Z(y—yj))
Py (22— p, (2P gy
/yj_% "\ Ay Ay;

20+ 12m+1 Az, Ay; 2 2
= 50[ 6Om
Az; Ay 2 2 2041 "2m+1

C, ifl=m=0

0, otherwise.

- 050150m - {

4.5 The local discontinuous Galerkin method for two
dimensional second order diffusion problems

Now we consider the convection diffusion problem of the form

d
Oru + Zaﬂﬁz (fZ Z %u) =0, 2€Q, te[0,T] (4.48)

=1

with the initial condition
u(xy, 2, ,0) = ug, for all z € Q. (4.49)

Here we assume that the matrix A;;(u) is a symmetric, positive semi-definite matrix. In
two dimensions we take the form
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g + Oy f(u) — 0y [A11(u)Opu + Aqa(u)0yul
+ 0yg(u) — Oy [Aa1 (u)0pu + Agg(u)dyu] = 0, (4.50)

with the initial condition
u(z,y,0) = up. (4.51)

It is known that a real symmetric matrix A;; is semi-definite if and only if there exists a
non-singular symmetric matrix M;; such that

Aij = Mz]Mt

YR

where M,fj is the transposed matrix of M;;. The matrix A;; can be written also as

Aij(u) = M, (u) My;(w).
The entries of the matrix A;; are

Ay = My My + Myp My
Ajg = My Mg + Myp Moy
Aoy = Moy My + My Moy
Agg = Moy My + Moy Moy
After substituting in and doing some manipulations we get

Ut + axf(u) + ayg(u) — 8x [MH(MH@xu + Mlgé?yu) + M12(M218xu + Mggayu)]

— ay [Mgl(Mnaru + MlgayU) -+ MQQ(MQI@IU -+ Mggay’d)] =0. (452)

Taking
q1 = M10;u + Mi20yu, (4.53)
G2 = M2 0yu + Mar0yu (4.54)

equation (4.52)) takes the form
ug + Oy f(u) + Oyg(u) — 0 (Mi1qh + Mi2qa) — 0y (Mar1qn + Maage) = 0.
Now we introduce a new variable

Syi(u) = /u M,i(z)dz. (4.55)

Our system can now be written as

U + Op f(u) 4+ Oyg(u) — Op(Mr1qr + Mi2ga) — Oy(Marqr + Maags) = 0, (4.56)
¢1 — 0,511 (u) — 0,S12(u) = 0, (4.57)

g2 — 03521 (1) — 0y S (u) =0, (4.58)

u(z,y,0) = ug. (4.59)
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4.5.1 The weak formulation
Again for simplicity we assume that the domain €2 is partitioned into rectangular elements
(;; as seen in Figure |4.3]

O = { @yl y <o <wiyyy <Y<y )

The length of the cell on the z—direction and on the y—direction are given respectively
as

The maximum length in both the x—direction and the y—direction are

Ax = max Ax;,
1<i<Ng

Ay = Ay,
Y= 0E, Y

The center of the any cell €);; is

Ti—1/2 T Tit1/2 Yj—1/2 + Yj+1/2
(x'iayj> :( 9 ) ’ 9 ’ )

The approximate solution (up, ¢ix, gon) is taken from the finite element space

Ah:{s;s

QijEPk;izlz-n:NI,j:l:---:Ny},

where
P* = {P; P is a polynomial of degree up to k in Q}.

To construct the weak formulation we multiply (4.56), (4.57)), (4.58) and respec-
tively by the test functions vy, ., Uhq,, Ung and v taken from the finite element space
Aj,. Then we integrate over every cell ;; and replace the exact solution (u, g1, ¢2) by the
approximate solution (up, g1 4, g2,s) as follows

/Gtuh(w,y,t)vh,u(x,y)dxdy+/ Ouf(u(z,y,t))vpu(z, y)dzdy
Qij Qij

+/ 3yg(U(l‘,y,t))vh,u(x,y)dfcdy—/ Ox (M1 + Migqap)Un (2, y)dxdy

— / Oy(Ma1q1.n + Masgop)vn (2, y)dxdy =0, (4.60)
/Q

ql,hvh,ln(xay)dxdy_/ aa:Sll(u>,Uh,q1 (5U>y)d$dy—/ 8y512(u)vh7q1 (-T,y)dﬂfdy - Oa
(4.61)

ij
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J

ez, 0)dady = [ 0.Su(u)on (e p)dady = [ 0,Su(u)unp(z,p)drdy =0
Qij Qij

ij

(4.62)
/ u(a:,y,O)vh’c(x,y)dxdy = / uOUh,C<x7y)d'rdy' (463>
We assume that the solution (up, g1 4, ¢2,s) is expressed as
ko k E ok
Up = Z Z u:]s(t)qu<x>\1js<y)a q1,n = Z Z qz;(ﬂqu(m)\ps(y)a
r=0 s=0 r=0 s=0
ko k
n =30 a5 (O, (@)U, (y). (4.64)
r=0 s=0
Here
V() =(—— Us(y) = —— |, 4.
0 = (22 = (2 (4.65)

where W,.(z) and W(y) are the Legendre polynomials of degree r and s respectively. The
test functions vy, y, U g, Un,g and vy are given as

U = Uhygy, = Vhygy = Uhe = Vi(2) ¥, (1), (4.66)

Now we consider the first term of (4.60))

[1 = / atuh(x7y7t)vh,u<x7y)dxdy
Qij

D)

A+ 12m+1

Applying the integration by parts for the second term of (4.60) we get

Yt i+3 Tirl
[2 = / 2 f(Uh<x7y7t))Uh’u(x7y) — / 2 f(Uh(.x7y7t))ax’Uhvu(x7y> dl’ dy
¥ xX. X

J*% z—% i*%

/ Yi+
Y;

_1
2

1 T
’ / ’ f(uh('r7y7t))al‘vh,u($’y) dx dy
xi_%
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The flux f is discontinuous at the edges z; L1 Ty, therefore it is replaced by the numerical

flux f . Also we have

2(x — z; 2(y — vy,
ey (252) . (852
? J :c:xiJr%

and

Now we can insert these to give

L= [T {fn ) - <—1>lf<uh<xi_%,y,t>>} P (22 0y

S

,l
2

Nl

1
2

The third term of (4.60) is handled in a very similar way as the second term

I3 = /:H% {Q(Uh(x,yj+%7t)) - (_1)m§(uh(x,yj_%7t>)} P (Q(JUA—;Z%)) .

lO
N

Now we consider the forth term of (4.60)

I, = / Op(Mi1q1 1, + Mi2gop)Unu(x, y)d zdy.
Q

ij

Integrating by parts leads us to

Yird Tirk Tiyd
I, = (M11Q1,h + M12Q2,h) Uh,u - (M11Q1,h + M12C]2,h) axvh,udx dy.
Yy T

=3 i-} i3
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The functions My, M2, ¢1, and go, are replaced by MH, Mlg, ¢1,n, and Gz p, respectively.
The last equation takes now the following form

Y1, . X . A
Iy I/ 2 {(Mn(%g,y)%,h(fﬁwga3/) + M12($¢+%7Z/)Q2,h(l’i+%7y)>—
£

j—

ol

Similarly the ﬁfth term can be written as

$i+l R R . )
15:/ 2|:<M21(l‘,yj-l—%)Ql,h(l‘ayj—l—%)+M22(5L'7yj+§)qZh(l’,yj+é)>_

(10" (o)) + Ny iaatory ) | 7 (25 ) -

Tird 2(x — x;) 2(y — y;)
M. M. Pl —+" P, | —=—Z | dad
/ § /x 1 (Ma1g1,, + Ma2gop) l( Az, )3y m< Ay, ray.
)

l\:>

Now we consider equation (4.61]) and start with the first term

11=/ Q1 Vhg (T, y)dxdy
Q

ij

l_% ]_% r=0 s=0
k k
Titd Yit
=SS [ wwnar [ v dy
r=0 s=0 xzf% y]*%
AZL‘Z' Ay» k& +1 +1
=SS a [ R@R@ [ PGP dy
r=0 s=0 -1 -1
Ax; Ay, LS s 2 2
R D) B e e L
AZ‘Z‘ Ay] Im

2+ 12m + 11

The second term of (4.61]) is handled as follows
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o
I

/ a:csll<u)vh,111 ([L’,y)dﬂfdy
Q

ij

Titd Titl
g / b S (w)dv(a,y) da b dy

— /jﬁ% {S11<u(xi+%’y>> - (_1)1311(14(%_%,?;))} Fn (Q(yA—;ay])> W

e 2y — uy) 2z — 1)
- Su(u(z,y)) P <— 0. P dz dy.
/y_ . ! Ay; '\ Az

The third term of (4.61))

]3:/ OpS12(uw)vp g (2, y)d xd y
Qij

can be written in a similar way as

B= [ Sl — (0" Satu(e )} R (u) e

qi—

i+3 2(x — x;) 2(y —v;)
- /x / B Sra(u(,9)) P ( Az ) 0P ( Ay ) B

Equation (4.62) is handled exactly as equation (4.61]). For the last equation (4.63]) we can

write

20N +12m—+1 2(x — x;) 2(y — yj)
m(0) = ) P (L)
;' (0) Ar; Ay, / / (9.0 ( Ax; ) ( Ay;

Fori,j=1,---,N and for [,m = 1,2 our System can now be written in the semi-discrete
form as

oulm _2+12m+1 2(y — ) 2(x — x;)
i )Py (LY o, (21 g
ot Az; Ay, / / flunlz,9.9)) ( Ay; ) l < Az; ) o

2 +12m +1 2(x — x;) 2(y — ;)
P ==—2)0,pP, ( 22— dyd
i Az, Ay / B / » alun(zy.1)) ( Az, > ( Ay; e

M
l\.’)
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21;3—%1272;14 ’{f( n(@i1,y, 1) = (=)' f(un(z, ,y,t))}pm (Q(yA_—nyJ)> a

i-3

20+ 12m+1 [Ti+d . 2(x — x;)
I [ attees ) - G0t )} R (2 o

i— =

20+12m+1

/ [(Mu( Tipls y)qu,h($i+%>y) + ]\7[12(35”%, y)fb,h(lﬂ%, y))
Y. 1

i=3
N . N ~ 20y — y;
- (_]-)l <M11<xi_%7 y)th(%_%,y) + Ml?(xz‘_%7 y)qQ,h('ri_%a y>>:| P’m (%) dy
J

2[+12m+1/xi+§

{(Mm(iva Yir)an(®,y01) + Moo (z, Yjr1)en(z, yj+%)>

Nl

i—

— (=1 (Mgl(x Yi-1)aun(@,y; 0 )+M22(x Yj-1 1)d2n (2, Y51 »}Pz <A;$z

20+ 12m + 1 2(y — y; 2(x — x;
- / / Mnfh,h + M12Q2,h) P, <%) 0. P, (u> dzdy
1 1 Y;j sz

Al'i Ay]

-2 -2
A+12m+1 [Y+d [T} 2(x — x;) 2(y — ;)
- M. M P22V o P, | 2L dady.
Aﬂfi ij /y /aci_l ( 2L - 22(]2,h) : ( A.CI?Z > Y ( ij ey
(4.67)
2 4+12m + 1 i+} 2(y — yj) 2(r — ;)
Im _ NP [ 22—22) 0,P [ 25— ) dad
q1ij An Ay, / B / B St (u(zx,y)) < Ay, 0. P, A x dy

l\.’)
M

2 +12m+1 Yi+} 2(z — ;) 2(y — yj;)
P P Y dJJ7
+ Av, Ay, / /y 1 Sia(u(z,y)) l(—Aa:i Oy P, Ay, dx dy
i=3

i—

3
A+12m+1 [Y+h (- LA 2y —y;)
—— / {80y ) = (S0 )} P (—ij dy
A+12m+1 [ . A 2(x — ;)
Az Ay, /ril {Slg(u(x,yﬂ%))—(—l) 512(u(x,yj_;))}Pz( Az; )dx.
(4.68)
20+12m+1 i+} 2(y — v5) 2(x — ;)
lm_ g JIJ @7
BT A Ay, /mlu/l&l )Rn< Ay N\ TE )
2 +12m+1 i+3 2(x — x;) 2y —y;)
NP [ 22— 9,P, [ 2L
+ Az; Ay, / / B S )l( Az; >8y m( Ay, e dy

1
2

w\
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4.5. THE LOCAL DISCONTINUOUS GALERKIN METHOD FOR TWO
DIMENSIONAL SECOND ORDER DIFFUSION PROBLEMS

I [ (St ) = (1) St} 2 (2 )

A.Ti ij 1
204 12m+1 [T+ (4 A 2(x — x;)
Az Ay; /x {SQQ(U(x’y”%)) - (=1) SZQ(u(m’yj_%))} h <A—xz) o

i3
(4.69)
with the initial condition

A+12m+1 [Td [Yird 2(x — ;) 2(y — ;)
Im(yy _ p (2t p (2 Y)Yy
U’z] (O) A(L’l Ay] /z ) /; 1 uo(x,y,O) l( Aflfl ) m Ay] ( 70)
—2 )

In a special case, if the initial condition is constant, i.e. ug(x,y,0) = C then the last
equation can be written as

ulm(O):{C’ ifl=m=20

“ 0, otherwise.

Before we continue we introduce the following notations
Q=Q" -Q . QL =QuL) Q=0

The numerical convection fluxes f and ¢ are chosen as any monotone fluxe, while the
other numerical fluxes are given as

. S, . - X o

Mij:[ 1]7 Sij:Sija Qi:qzrv fori,j=1,2.

[u]

In a special case if
f(u) = g(u) = App(u) = Ag(u) =0,

All = A22 = (COTLStCLTLt),

then (4.50)) takes the form

ou  Pu  Pu 0
ot 0x2  o0y2
By introducing the variables ¢; and ¢, we get
ou ou ou Jq  Oq

and the semi-discretization is

oul™ A +412m+1 /fm%

yj_1

2
204+ 12m+1 [Yi+d [Tird 2(y — ) 2(x — 1)
_ P.|—— )0, P| ——= ) dxd
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A+12m—+1 [Th (. m g 2o — @
+ / ’ {q2(x,yj+%) —(=1) qz(x,yij}P’ (%) e

Awi ij .

A+12m+1 [Y+} 2(x — x;) 2(y — ;)
_ VP | ———= P | =22 ) dod

Aq;i ij 1 / C(} y 1 ( A:)ﬁl 8y m Ay] ray,

Yi-%
A+12m+1 [Yd (. X 2(y — ;)

Im __ A _(— l 1 A
N = "Aw, Ay /y {u<x’+§’y) (1) u(%*ﬁ’y)} Em ( Ay, W

NI

j—

20+ 12m +1 /yH; /“’CH; (Q(y—yj)) (2(3:—:5@))
— u(z,y) Py, | ——== | 0, P, | ———= | dzdy,
Ax; ij vy Jey ( ) ij ! Ax;

20 +12m+1 [T} [ ; He =)
Im mn :
BT TAw, Ay /x._l {“(x’yﬂ%) - (=1 u(x’yj_%)} H ( Az; ) dx

2
o+ 12m+1 [Y+h [Ti+h 2(x — ;) 2(y — y;)
— Pl ——)0,P, =2 D dedy.
Az, ij /y;% Lz% u(x’ y) l ( Ax; Y ij v

The numerical fluxes for this case are

ﬁ(a:l+1,y) =u (xz+1>y)v (x Yiv ) U (QU Yiv )
Qi(ri1,y) =0 (T1,9), al@yu1) =6 (2,9;,1),
qA2<xi+%ay) = q;—(‘%‘z—l—l)y)v (.ZTJ y]-l— ) q;—(l‘ yj-}— )
where -
rs 2(1‘ - xz) Q(y Y )
e =35 on (M) n (R |
r=0 s=0 L Yj m:zi+%
_ 2z — )\ , (20 —y))
Sl =33 uor () (L)
r=0 5=0 ! Yi Y=Y 1

ok 2(x — x;) 2(y — ;)
qq (xz-l—l’y) - ;;qgf_ﬁ.l’j(t)f)r ( Al‘z ) PS ( ij ] > T= -+17
koK 2z — ;) 2(y —y))
q (w,yj+;) = Z:qufj—‘rl(t)PT ( Az ) P ( Ay; : ) _ 7
r=0 s=0 G
GRNUR 2(x — x;) 2(y —y;)
D) (xz-l—l ) y) - ; ;q22+17j(t)Pr ( Al’z ) PS ( ij ) = ¢+;’
Pk 2(x — x;) 2(y — yy)
45 (x,yj+;) = qugfgﬂ(t)Pr ( Az; ) Py ( Ay; : )

Y=Y5+4



4.6. NUMERICAL SOLUTION OF ORDINARY DIFFERENTIAL
EQUATIONS

4.6 Numerical solution of ordinary differential equa-
tions

4.6.1 Runge-Kutta method

To integrate the ordinary differential equations (ODEs) an explicit Runge-Kutta method
is used. This method gives very precise results and is very easy to implement. To illustrate
this method we take a simple first order ordinary differential equation v’ = f(¢,u) with
the initial condition wu(ty) = up. Denoting the number of stages by r, the general form of
the family of Runge-Kutta method is given as

Upt1 = Uy + Al Z BiH;,
i—1

where
Hl = f(tmun)y
H2 = f(tn—i_f)/?Ataun—{_AtanHl)a
Hy = f(tn + 73t u, + At(as1 Hy + oo Ho)),

Hr = f(tn + %At, Uy + A75<057“1I—I1 + ar2H2 + -+ ar,r—lHr—l))-

Here the matrix [a;j] for 1 < j < i < r denotes the Runge-Kutta matrix, while the
coefficients f; forv = 1,--- ;r and ~; fori = 2,--- ,r are the weights and the nodes
respectively. The Runge-Kutta formula can be expressed using the so-called Butcher
array. For explicit methods it has the form

0
Y2 | Q21
V3 | Q31 (32

Tr| Cr1 Qo - Oy r—1

51 52 cee B’r—l 67’
with the property

,
Vi = E Q.
J=1

For r = 1 we get the simplest Runge-Kutta method. In comparison with Taylor expansion
we find that §; = 1. In this case we get

Up+1 = Up + Atf(tn7 un)7

which is exactly the explicit Euler’s method.
For r = 2 we get a two stage Runge-Kutta method with the Butcher array
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0
1/2 [ 1/2

-

In this case the second order Runge-Kutta method is given as

At At

Upt1 = Up + Atf(t, + 5 Un + Tf(tn,un)).
For r = 4 a corresponding Butcher array is
0
1/2 1 1/2
/21 0 1/2

1 0 0 1

1/6 1/3 1/3 1/6

giving the classical fourth order Runge-Kutta method that has the form

At
Up+1 = Up + _(Hl + 2H2 + 2H3 + H4>7

2
with
Hl = f(t’mun)
H2 - f(tn+ - un‘}'%Hl)a
Hy = f(ta+ 5 +{%L

For more details about Runge-Kutta methods the reader is referred to [75], [9], [93], [8],
53).

4.6.2 Adaptive Runge-Kutta methods
Dormand-Prince method

The embedded Runge-Kutta methods include two Runge-Kutta formulas usually of orders
p and p — 1, see [62]. One member of the Runge-Kutta family is the Dormand-Prince
method. In this method p is taken to be 5. The corresponding Butcher array is given as
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EQUATIONS
0
1 1
5} 5
3003 9
10 40 40
4 44 51§) 32
) 45 15 9
8 | 19372 _ 25360 64448 _ 212
9 6561 2187 6561 729
] 9017 _355 46732 49 B 5103
3168 33 5247 176 18656
1 35 0 500 125 2187 11
384 1113 192 6784 84
5179 0 7571 393 92097 187 1
57600 16695 640 339200 2100 40
ﬁ 0 500 ﬁ _ 2187 E 0
384 1113 192 6784 84

The scheme of the lower order step is given as

p—1
Upt1 = Uy + At Z BiH;,

=1

where the H;’s are given as above. Now we can write

ﬁ, =u +ﬁ _|_ﬂ +%H _£87 +EH
T T et T 1137 T 1927t 67840 T ge
and
oy BIT9 L THTL 393 92097 . 18T 1
nrl T T er600 L 16695 0 6400 1 3392000 ° T 21000 0 T 400"
The error is given as
71 71 71 17253 22 1
i — — H, — Hi+ —H, — Hi+ ——H,— —H,|.
e =i =1 s Tog0s M Toa0 ™ 3302007 T 5as e T 1T

More details about this method can be found in [46], [78], [82], [21].
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4.6.3 Backward and Numerical Differentiation Formulas
Backward Differentiation Formulas (BDF)
The k — step BDF method has the form

k
Z QjUpti—k+1 = Atﬂkf(tn-i-l’ Un+1)- (4-71)
i=0

Here At is the step size and «; and [, are parameters given in Table

Eoas oy Qs Qs ay ayp Br
1 1 -1 1 1
4 2
2 1 — - )
3 3 3
18 9 2 6
1 = = = =
3 11 11 11 11 3

483 16 3 12
25 25 25 25 25

800300 20 17512 60
137 137 137 137 137 137

Table 4.1: Coefficients of the BDF methods

In this table p denotes the order of the method. As an example, the backward differenti-
ation formula (BDF2) is given as

2 1 4
Up+1 = gAtf(tn-l—la un—H) - gun—l + gun
Equation (4.71)) can be also written as
"1
Z Evmun—&—l = Atf(tnt1, Unt1), (4.72)
m=1

where the operator V is given as
Vyr = Yk — Yp-1-

Higher order differences can be obtained by repeating the operations of the backward
difference operator, e.g.
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Ve = V(Vyr) = V(ye — ye-1)
= Vyr — Vyr1
=Yk — Yk—1 — Yk—1 + Yr—2
=Yk — 2Yk—1 + Yp—2

In general we can write

where (:) is the binomial coefficient.

Numerical Differentiation Formulas (NDF)

Numerical differentiation methods are a modification of the backward differentiation
methods where a new term is added. For a k — step method these methods have the
formula

k
1
Z Evm“nﬂ = Atf(th, Un+1) + Kk (Un+1 - Uﬂl) ) (4~73)
where

,[Slrl Z V™u,.

In this formula « is a scalar parameter and ; is given by v, = Zle 1/i. The coefficients
of the NDF methods of order 1 to 5 are given in Table [4.2]
It is simple by induction to prove the following formula

Upt1 — uﬂl = V", . (4.74)

Using this formula it is possible also with induction to prove the following identity

k
1 m m
Zl EV Up+1 = Vk (Un+1 n+1> Z Vi V" U

Due to this formula, equation (4.73)) is equivalent to the following equation

(1 - ’{)'Vk: <un+1 n+1> Z ’Ymvmun - Atf( n+1; un-l—l) 0.

To solve this algebraic equation the simplified Newton’s method is used. This method
will be clarified in the following subsection. More details about the BDF and the NDF
can be found in [30], [74] [69].
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k K s Oy s (%) o Qg Bk p

1 —37/200 1 -1 11
4 1 2

2 —1/9 1 -= 5 5 2
/ 3 3 3
18 9 2 6
—0.082 _ - - _ - —_

3 0.0823 11 11 11 11 3
4 1 12

4 —0.0415 1 8 36 0 3 — 4

25 25 25 25 25

80030 20 17512 60
137 137 137 137 137 137

Table 4.2: Coefficients of the NDF methods

4.6.4 Newton and Simplified Newton’s Iteration

Let o : D C R"™ — R" be a differential function. Newton iteration is a method used to
solve non-linear algebraic equations as

wi(xy, -+ ,an) =0, t=1:--- N.
In the Newton iteration the function ¢(X) where X = (z1,---,xy) is approximated in
the vicinity of X* = (2% ... 2%) by a function ¢;(X) and the solution is used as the
next iterate X+t = (.:E’f“, e ,:L’]]"’VH). Making use of Taylor expansion we get

0= (X)) = p(X*) + J,(X")(X — X*).
Here J,(X) is the Jacobi matrix given by
_ 0pi(X)

[JSO(X)]U - axj

Next we solve the equation ¢ (X**1) = 0 for the iterate X**1
0 = (X = p(X) 4 J,(X) (X = X*)

Xk+1 — Xk o [Jw(Xk)}*l gO(Xk)

This is called the Newton iteration. If the same Jacobi matrix is used successively then
we get the so-called the simplified Newton’s method where the iteration is given by

Xk—i—l — Xk: _ [Jap(XO)} -1 gO(Xk)

The iteration is terminated if the convergence is not achieved. In this case the step size
is reduced. For more details the reader is referred to [10], [75], [40].
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4.7 Numerical integration

For some integrands it is very complicated to find the integrals because of the complicated
nature of these integrands. In order to solve this problem some numerical integrations
are used, e.g. trapezoidal rule, rectangle rule, Simpson’s rule, Newton-Cotes formulas,
Gauf$-Legendre quadrature. In our work Gauf-Legendre quadrature is used for 1D and 2D
domains.

Gaul3-Legendre quadrature for 1D
The integral
Iy = f(z)dz

-1

is approximated by the sum

i=1
Here w; and x; represent the weights and the nodes respectively. The Gaufl node x; is the
it" root of the Legendre polynomial P, given by

1o
—onpl dan

n

[(x2 — 1)”} .

The weights are given by

see [17].

Example 4.7.1. For two points, i.e. n = 2 we have two nodes located at x, = —1//3
and xo = 1/\/5 The corresponding weights are w; = wy = 1

" RO A= fAy + =
. BEAWE Nl

The nodes and the weights up to 5 points are listed in Table [£.3] The nodes and the
weights up to n = 16 can be found in [2].
In general, in order to integrate

b
Iy :/ f(z)dx (4.75)
we take a transformation T'= ax + [ and solve the system

-1 = aa+ g,
+1 = ba+pS.
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DISCRETIZATION OF

f©)

—1

+1

Figure 4.4: A 2-point GauB-Legendre quadrature rule

Number of points, n | Nodes, x; Weights, w;
1 0 2
2 +1/v/3 1
3 0 8/9
+/3/5 5/9
3 2 /6 184++/30
i\/ 735 o
4
3 2 /6 18—/30
i\/ st a5 T
0 128/225
1 10 32241370
5 i5\/5 —2 7 +900
1 10 322—13/70
i5\/5 +2 T 900

Table 4.3: Table of nodes and weights up to n =5

The solution of this system gives

2 a+b

R = a—1>b

The transformation we seek now is
T = b_a<2x— (a+b)).
The integral /¢ can be written now as
b +1
b—a b—a a+b
dr = T dT.
/af(x)x 2 /1f< 2 7 2)
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The approximation of this integral is given due to Gauf-Legendre by

b — a - —Qa a
LAf@Wm%bQ ;;wﬁ<b2 T, + ;b>. (4.76)

Gaufl-Legendre quadrature for 2D
The integral

+1 +1
UZ/ f(x,y)dzdy
-1 Ja

is approximated by the sum

]f ~ Z Z wiwjf(xi, y])

i=1 j=1

Again w;, w; represent the weights and z;, ; represent the nodes.
For one point i.e. n = 1 we have

1+l
n=[ [ty =a500)
-1 Ja

For two points i.e. n = 2 we get the formula

s
(-1,+1) T (+1,+1)

/w1:4

(0,0)

(-1,-1) (+1,-1)

Figure 4.5: One point Gauf-Legendre rule

1+
=[]ty

1 1 1 1 1
Zf(ﬁa%)+f(——37—3)+f(ﬁy—

5l
w
SN~—

1
)+f(_%7_

Sl

In general, the integral

b d
nz//fmwwm
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(71771) (+1$71)
w1:w2:w3:w4:1

Figure 4.6: Two points Gau-Legendre rule

can be written after taking the following two transformations with respect to z and y

1 1
T: <2 — )7 :—<2 - ),
o\ (a+0b) S T\ (c+d)
e b d o b b d d
—ad—c —a a+ —c c+
I = T dS dT.
! 22/1/1f(2+2’25+2>s
The approximation of this integral is given due to Gauf}-Legendre quadrature by
b—ad—c~w b—a a+b d—c c+d
I = wif | —T; ; . 4.
,=boed Zzwzwjf( gy 2) (@.77)

i=1 j=1

For more details about Gauf}-Legendre quadrature and some other methods, the reader
is referred to [22] and [67].

4.8 The L? error and the experimental order of con-
vergence EOQC

The L? error in the region {2 is given in the following formula

1/2
Hu — uhHLQ(Q) = (/ | U — up |2 dQ) y
2

where u and uy, are the exact and the approximate solutions respectively.
The experimental order of convergence (EOC) of the mesh sizes h and b’ can be calculated
with respect to the P — norm as follows

log([u — up||r) — log(|lu — unl|)r
EOC(h, ) := e h o .

98



4.9. NUMERICAL EXAMPLES

4.9 Numerical examples

In the following the discontinuous Galerkin method with piecewise linear elements has
been used for the spatial discretization, while the resulting ODEs were solved using the
Dormand-Prince method. Both methods have been already explained in Sections [4.2] [4.3]
and as well as in Subsection [4.6.2]

4.9.1 1D hyperbolic partial differential equation example
In the following we consider the advection equation given by
Uy + Uy = 0, in 0, 27[x]0, 10], (4.78)
with the initial condition
u(z,0) = sin(z), for all z €]0, 27|, (4.79)

and the periodic boundary condition. The exact solution for this equation is given as
u(z,t) = sin(x — t). Figure 4.7|shows both the exact and the approximate solution taken

T T T
Exact solution
*  Aproximate solution

Figure 4.7: Comparison of the exact solution and the approximate solution.

with N = 50 points and piecewise linear elements.

In the table below we see the L? errors and the orders of convergence for the discontinuous
Galerkin method applied to the equation (4.78)) with the initial condition u(z,0) = sin(x)
at t=10.

Az L? error order
27/50 1.77e-03 —
27T/100 4.31e-04 2.04
27T/200 1.07e-04 2.00
27 /400 2.66e-05 2.00
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4.9.2 1D parabolic partial differential equation example

Here we take the following heat equation

Uy — Ugy

with the initial condition

u(z,0) = sin(z),

=0,

in |0, 27]

for all z €]0, 27|,

«10,1[, (4.80)

(4.81)

and the periodic boundary condition. The exact solution for this equation is given as

u(z,t) = exp(—t) sin(x)

0.4

0.3r

0.2F

u(x,t)

-0.1F

-0.2F

-0.3f

/
7
0.1F ?{

T T T
*  Exact solution
Aproximate solution

\

Hosp ek

#
/

#

-0.4
0

*
Kx
hS

#
* o
s
5 6

Figure 4.8: Comparison of the exact solution and the approximate solution.

Figure shows both the exact and the approximate solution taken with N = 50 points
and again with piecewise linear elements.

In the table below we see the L? errors and the orders of convergence for the discontinuous
Galerkin method applied to the equation (4.80) with the initial condition u(z,0) = sin(x)

at t=1.
Az L? error order
27T/50 6.26e-04 —
27T/100 1.56e-04 2.00
27 /200 3.890-05 2.00
27 /400 9.64e-06 2.00

4.9.3 2D hyperbolic partial differential equation example

Here we find the numerical solution for the following 2D partial differential equation

Up + Uy + uy = 0,

(z,y) € Q= [0,47] x [0,47], t € [0,2],
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with the initial condition

u(x,y,0) = sin(x + y), for all (z,y) € Q (4.83)

and the periodic boundary condition. The exact solution for this equation is u(z,y) =
sin(z+y —2t). Figure 4.9 shows the numerical solution of equation at the left hand
side next to the exact solution at the right hand side. The L? errors as well as the orders
of convergence are presented in the following table.

Figure 4.9: Numerical solution (left) and the exact solution (right).

mesh size L? error order
40 x 40 6.21e-02 —
80 x 80 1.51e-02 2.03
160 x 160 3.75e-03 2.01
320 x 320 9.35e-04 2.00

4.9.4 2D parabolic partial differential equation example

Now we consider the following 2D heat equation

ur — Au = 0, (x,y) € Q=[0,27] x [0,27], t € [0,0.4], (4.84)
with the initial condition
u(z,y,0) =sin(z +y), for all (z,y) € (4.85)
and the periodic boundary condition. Here A is the Laplacian operator given as
0u  0%u
—\72,, —
AU = V u = w + 6_y2

This PDE has an exact solution given as u(z,y,t) = exp(—2t) sin(z + y).

Figure m presents the numerical solution for the equation (4.84) beside the exact solu-
tion with N = 80 and T' = 0.4. The L? errors and the orders of convergence are shown in
the bottom table.
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(right).
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(left) and the exact soluti
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Numerical solut

Figure 4.10

order

2.07
2.03
2.01

L? error

5.94e-02

1.41e-02
3.43e-03

8.48e-04

mesh size

10 x 10
20 x 20
40 x 40
80 x 80
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Chapter 5

Numerical Results

In this chapter we present the numerical results for the two systems given in Chapter [2|
In the first section we show the numerical results in 1D for the uniform distribution of
liquid droplets where we present the influence of the mass flow rate of the air 1y, the
temperature of air 849, the heat transfer ratio f, the thickness of the film F' as well as the
mass flow rate of the liquid My, . In the second section a 2D simulation for the case of
a non-uniform distribution is presented. The results are computed at the top of the flu-
idized bed with respect to time and at the last moment ¢ = 250s with respect to the height.

5.1 Numerical results in 1D

The liquid is atomized and sprayed from the nozzle covering an area in the fluidized bed
chamber. These droplets adhere on the surface of the particles forming a film on each
particle. The water evaporates increasing the humidity of the air. As we see in Figure 5.1}
the humidity is increasing almost linearly in the axial direction in both regions. The air
temperature is decreasing also in axial direction, see Figure The maximum value the
temperature of air takes place directly at the bottom of the chamber where the distributor
plate is. This is because of the inflow of the air.

The left hand side of Figure [5.3 shows that in region (2) the humidity of air is increasing
with respect to time until it arrives the steady state. At this point the outlet humidity
verifies the balance equation . The right hand side of Figure shows that the
degree of wetting is increasing at first very fast from its initial value 107® at t = 0
and then very slowly toward the outlet value. The temperature of air along with the
temperature of particles are decreasing from the initial time ¢t = 0 to the final time as
seen in Figure The temperature of the liquid film increases very sharply from the
inlet liquid temperature to a certain value before it starts to decrease till it arrives to the
steady state, see Figure 5.5l The interpretation of this phenomenon is that after a while
the process reaches the equilibrium point between the heat supplied by the hot gas and
the heat loss due to evaporation of the film.
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Influence of the air mass flow rate 4

Figures [5.6] and show that the air mass flow rate is inversely proportional to the
humidity of air and the degree of wetting, while it is directly proportional to the air
temperature and the particle temperature as seen in Figures and [5.90 The outlet
values of the liquid temperature at the steady state are changing slightly due to the
change of the air mass flow rate, see Figure [5.10}

Influence of air temperature 64,

Figure shows that the humidity is increasing towards the top of region (2). We
can see in this figure that the outflow humidity at the top of region (2) for the lower
temperature of air is larger than the outflow of the humidity for the higher temperature
of air. In region (2) all of them have the same outflow value at the steady state to verify
the balance equation . This can be interpreted as follows: At a higher temperature
of air more evaporation takes place in region (1), consequently less water arrives in region
(2). This leads to a lower humidity in the outflow in region (2). This can be also seen at the
left hand side of Figure which shows the humidity at the top of region (2). Different
values of the air temperature lead to different outflow values at the steady state. Higher
inlet air temperatures lead to higher outflow temperatures for each of the temperature
of air, the particles and the liquid, see Figures |5.12} |5.14] and |5.15, In contrast to this,
higher inlet air temperatures give lower values of the degree of wetting at the outlet, see
the right hand side of Figure [5.13

Influence of the thickness of the liquid film F

From the Figures [5.16] [5.17 and [5.18 it is possible to see that every balance quantity
has almost the same outlet value for different thicknesses of the liquid film. The only
difference can be seen is the behavior of the balance equations in few seconds after the
injection of the liquid. The thickness of the film has no influence on the heat transfer
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between the liquid film and the air. It has an influence on just the particle. The stronger
the thickness is, the more time is needed to arrive at the steady state.
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Influence of the mass flow rate of the liquid M

Increasing the mass flow rate of the liquid results in a higher humidity of the air. This
matches with the balance equation . Also this increase leads to a larger degree of
wetting where the wetted surface becomes larger which means that the interface between
the liquid film and the air, as well as the liquid film and the particle becomes larger. This
leads to a decrease in the temperatures of air, particles and the liquid film, see Figures

5.19, [5.20, 5.21] [5.22] and [5.23]

Influence of the heat transfer coefficient f

To see the effect of the ratio of the heat transfer coefficient f we present the simulations
for two different thicknesses F' = 1 um and F' = 100 um each with a different ratio of
heat transfer coefficient. As seen in Figure for F' = 1 pum the humidity curves for
different values of f are almost identical. This comes from the fact that for very small
thicknesses, f has no effect on the evaporation flow. This also can be seen in Figure |5.28
for the temperature of air and the temperature of particle. The heat transfer coefficient
has a strong effect on both the degree of wetting and the temperature of liquid, where a
smaller value of f results in a higher outflow of the degree of wetting at the final value in
contrast to the temperature of liquid outflow. This means that for a better heat transfer
between the hot particles and the cold liquid film we get a higher temperature of liquid

film, see Figures [5.24], [5.27], [5.26] and [5.29

5.2 Numerical results in 2D
In this section we take into consideration the non-uniform distribution of the spray in the

fluidized bed which was described in Chapter 2, The spraying is assumed to be down from
the top. The nozzle is located at the top of the fluidized bed and in the middle of the
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diameter of the apparatus, i.e. at the point (d";” , Hiot) as seen in Figure The spraying
angle fy,.. is taken to be & while the deposition efficiency is taken as @ge, = 30%. Here
we present the numerical results of the humidity of air, the temperature of the air, the
degree of wetting, the temperature of the particles as well as the temperature of the liquid

film. The humidity of the air is increasing almost linearly from its initial value until it
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arrives at the steady state where it reaches its maximum value at the top of the fluidized
bed, see the left hand side of Figure [5.30 The temperature of air is decreasing from the
initial value at ¢ = 0 at the distribution plate until it arrives at the stationary state as
seen in the right hand side of Figure [5.30f On the right hand side of Figure we see
that the temperature of particles has a very slight difference with respect to the height.
This is because of the very high heat transfer between the air and the particles as well
as between the air and the liquid film, also because of the high axial intermixing of the
particles. Due to this we see a very small difference between the lowest and the highest
value, where the difference does not exceed a few percent. The degree of wetting reaches
its maximum value near the nozzle region and decreases after that. This is because of the
fact that we have an almost complete deposition of the liquid droplets onto the particles
after few centimeters from the nozzle, see the left hand side of Figure [5.31} Unlike the
degree of wetting the temperature of the liquid film reaches the lowest value near the
nozzle region. This is because of the fact that temperature of the injected liquid is 20°C,
so the temperature decreases when the energy of the particles is absorbed and increases
when the energy is emitted as seen in Figure [5.32] The patterns of the parameters in
the 2D computations behave exactly as the 1D patterns. Because of this they will not be
presented here. Instead of this we shall show the behavior of the parameters in different
time levels. This can be seen in the figures from Fig to Fig[5.62
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Figure 5.50: Simulation of the degree of wetting at time ¢t = 250s.
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Chapter 6

Summary

In this thesis, a new study of the mass and heat transfer in a fluidized bed has been
studied. An existing model was extended by adding two new partial differential equations
related to the humidity and the temperature of the air. Also it was modified after taking
the evaporation of the atomized droplets in region 1 into consideration . The derivation
of the two models can be found in Chapter 2 The liquid spray model was also modified
to match the new study. The arising semilinear partial differential equations were solved
using the discontinuous Galerkin method. The numerical differentiation formulas (NDF)
were applied to solve the resulting ordinary differential equations. Both methods were
explained in Chapter [d The numerical simulations for these equations were presented in
Chapter [5, where the influence of the air mass flow rate, the temperature of the inlet air,
the thickness of the liquid film, the liquid mass flow rate as well as the ratio of the heat
transfer coefficient were presented in the uniform distribution for the 1D case. Also the
two dimensional distribution of the humidity of air, the temperature of air, the degree of
wetting, the temperature of the particles as well as the temperature of the liquid film in
the non-uniform distribution of the liquid spray was presented.

To complete the work, another process called the spray drying process has been studied
in Chapter [3] In this process we studied the change of the temperature of the droplet, the
shrinkage of the droplet radius, the concentration of the droplet as well as the aggregation
of the nano-particles inside a single droplet. This model can be also modified. In this
model we assumed a constant thickness of the film on the particles surface while it is
possible to consider different thicknesses according to how the particles are close to the
nozzle.
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Appendix A

Notations

surface area, m?

specific surface area, m?/m3
specific heat capacity at constant pressure, J/(kg K)
diameter, m
dispersion matrix, m?/s
incremental volume, m?
heat transfer ratio, (dimensionless)
liquid film thickness, m
gravitational acceleration, m/s?
enthalpy, J
enthalpy of the evaporation flow, J/s
height, m
adhesion probability, (dimensionless)
specific heat of evaporation of water , J/kg
Ahy o specific heat of evaporation of water at 0°C | J/kg
molecular mass, kg/mol
mass, kg
mass flow, kg/s
mass flow rate, kg/s
number density, 1/m?
pressure, Pa
area based heat, J/m?
area based heat flow, J/(m? s)
specific gas constant for dry air, J/(mol K)
radius, m
length, m
time, s
temperature, K
velocity, m/s
mass fraction, (dimensionless)

TTTe Mo R

>
5‘&

SN T hmSS vE 23 g
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APPENDIX A. NOTATIONS

Y humidity, (dimensionless)

Greek symbols

heat transfer coefficient, W/(m? K)
mass transfer coefficient, m/s
diffusivity, m?/s

contact angle, (dimensionless)
porosity, m3/m3

dynamic viscosity, kg/(m s)
impingement efficiency, (dimensionless)
temperature, K

concentration, kg/m?

initial concentration, kg/m?
concentration flow, kg/(m? s)

thermal conductivity, W/(m K)
kinematic viscosity, m?/s

drag coefficient, (dimensionless)
density, kg/m?

degree of wetting, (dimensionless)
deposition efficiency, (dimensionless)
local shrinkage rate of control volume, m/s

T TS O >2 »O
3

=
S

U
Q
bS]

£ -0 M > =

Subscripts

A air

ac  acceleration
ad  adhesion
agg aggregation

b binder
dep deposition
dr  droplet

dr  drag

eff  effective
ev  evaporation

gr  gravity

in inflow

im  impingement
L liquid

li lifting

nozz  nozzle

out outflow

P particle
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S solid

sat saturation

sd single droplet
st steam

tot total

v vapor

Dimensionless numbers

A.0.1 Dimensionless numbers

Archimedes number .
_ 49(pp — pa)

Ar 5 .
PAV 4
Nusselt number
Nu = %
=
Prandt]l number o
ntp
Pr=-"—=.
TN
Reynolds number
Re = GV
VA .
Schmidt number
Se= A
Dy’
Sherwood number 5d
Sh ="—2,
Dy
Spalding number
B Cpo(Ta — Ty)
Ahy '
Stokes number )
St — ParVgasdy,
1877Adp
Biot number I
«a
Bi = <.
T
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Appendix B

Parameters for Heat and Mass
Transfer in Fluidized Beds

B.0.2 Constants

Avogadro constant
N4 = 6.022140857 - 10** mol ™.

Boltzmann constant

R
kp = — = 1.38064852 - 10% J/K.
Ny

Universal Gas constant
R = 8.3144598 J/(mol K).

Gravitational constant
g =19.81m/s%

Molecular mass of air
M, = 0.02896 kg/mol.

Molecular mass of vapor

My = 0.01802 kg/mol.

specific gas constant
R =287.22 J/(kg K).

Specific heat of evaporation of water at 0°C
Ah, o = 2500000 J/kg.

Standard pressure
P =101325 Pa.
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B.0.3 Values of parameters

The following parameters are taken from the Ph.D theses of Henneberg [36] and Heinrich

[32].
e Dry air

Density of air

Unit: [kg/m?]

P

PA = Ra(04 +273.15)

Specific heat capacity at constant pressure

RSN el
'S

Unit: [J/(kg K)]

Thermal conductivity

Aa
A
B
C
D
Unit: [W/(m K)]
Dynamic viscosity
NA
A
B
C
D

Unit: [kg/(m s)]

A+B-04+C-05+D-03.
+1006.256

+2.2120536 - 1072
+4.180195 - 10~

—1.521916 - 1077

(B.1)

A+B-04+C-05+ D603,
+24.5211 - 1073

+7.501414 - 1075

—2.593344 - 1078

+5.292884 - 1071

(B.2)

A+B-04+C-05+D-63.
+1.705568 - 10~°

+4.511012 - 1078

—8.766234 - 10712
—3.382035- 1071
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APPENDIX B. PARAMETERS FOR HEAT AND MASS TRANSFER IN
FLUIDIZED BEDS

Kinematic viscosity

na
Vg = —.
PA
Unit: [m?/(s)]
Prandt]l number o
NaCpa
Prjy=—=".
A )\A
Unit: [—]
e Water

Density of water

pr = A+B-0p+C 62
A = +1006
B = +40.26 (B4)
C = -0.0022
Unit: [kg/m?]
Specific heat capacity at constant pressure
Cop = A+B-0,+C-07+D-63.
A = 44174.785
B = 41.785308 1072 (B.5)
C = —5.097403-10~*
D = +4+4.216721-107°
Unit: [J/(kg K)]
Specific heat of evaporation of water
Ah, = A+B-0,+C-62.
A = +2500000
B = —2042.5 (B.6)
C = —3.8130

Unit: [J/kg]

Saturation vapor pressure
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P (0) = A :
(00) = exp(A+ )
A = +23.462 (B.7)
B = —3978.205
C = +233.349
Unit: [Pal]
e Vapor
Adiabatic saturation humidity
MV Psat
Yiar(0L) = —— 5 —F—
) =3 PP

Unit: [kg/kg]

Specific heat of evaporation of vapor

+6.148483 - 1074
= —2.060606 - 107"

Cov = A+B-0,+C-07+D-03.

A = +1862

B = +2.858485-107" (B.8)
C

D

Unit: [J/(kg K)]

Diffusion coefficient of water in air

Dy

2252 (04 +273.15\ "
P 273.15

Unit: [m?/s]

B.0.4 Parameters calculations

Cross section surface of the Fluidized bed

d 2
i (7) |
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APPENDIX B. PARAMETERS FOR HEAT AND MASS TRANSFER IN
FLUIDIZED BEDS

volume of the Fluidized bed
Vfb - AApthot-

Porosity

__ Vooia _ Vioia _ (18Re+ 0.36Re?\ ">
Vi Vi + Ve Ar '

Number of particles

]_ _
Np = 8=V,
7rdp
Surface area of all particles
6(1 — &)V,
A, — (1—e)Vi
dp
Schmidt number
Sc = Za
Dy’
Sherwood number
Sh =2+ 0.72V ReV/ Sec.
Mass transfer coefficient
Dy Sh
6 = d *
P

Nusselt number for laminar flow
Nuygm = 0.664Pr /> Rel/?,

where

R
Re, = —e.
€
Nusselt number for turbulent flow
PrReb®

Ny = 0.037

1+ 2.443Re-01(Pri — 1)

Nusselt number

Nu=2+ \/Nu?am + Nu?, ) (1+1.5(1—¢)).

Lewis number

A
) —
CppADV
For air-water mixture Le ~1 = Sh ~ Nu.
Heat transfer coefficient
Nu)\A
o= )
dp
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B.1. PARAMETERS

Parameters

Parameters values in 2D for fluidized beds

Fluidized bed Parameters

total height Hy,; 1.20 m
height of region 2 H, 1 m
width dapp, 0.80 m
Bed material (beads)

density pp 2471 kg/m?
total mass mp 20 kg
diameter dp 1.16 mm
specific heat capacity Cp 750 J/kg K
Liquid spraying

mass flow rate Mg, 10 kg/h
liquid inlet temperature Oin 20 °C
Fluidization gas

mass flow rate ma 0.4 kg/s
inlet humidity Yin 0.004 kg/kg
inlet temperature Oain 80 °C

Other parameters
heat transfer ratio f
liquid film thickness F 100 wm
dispersion in z—axis D. 0055 m?/s
dispersion in y—axis D, 055  m?/s
Initial conditions for the computation

humidity of air Yy 0.004  kg/kg
temperature of air Oap 80 °C
bo
Op

degree of wetting le—8 —
temperature of particles 80 °C
temperature of liquid film 0r, 80 °C

Parameters values for spray drying

mass fraction of solids Xso 030 —
velocity of air Va 1.4 m/s
total mass of the droplet Mty 4.3 —6 kg
specific heat capacity of the solids Cps 750 J/kg K
humidity of air Y. 0.004 kg/kg
temperature of the inlet gas 0, 178 °C
Initial conditions for the computation

radius of the droplet Ry le—3 m
temperature of droplet 04,0 19 °C
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