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Abstract

In this thesis we study the dependence properties of sequential order statistics
based on exchangeable random variables. One of the main application areas of
sequential order statistics is reliability theory where they can be used for describ-
ing the lifetime of a technical k-out-of-n system. Modeling the system lifetime with
the help of sequential order statistics allows to take into account such factors as the
interdependence of components and the impact that a failure has on the lifetimes
of surviving components. In this respect, the knowledge about the influence of de-
pendence properties of component lifetimes on sequential order statistics would
provide an important insight into structural properties of the model.

Our work presents the results on the analysis of such dependence properties
as multivariate total positivity of order two (MTP;), hazard rate increasing upon
failure and lifetimes conditionally increasing in sequence.

We provide necessary and sufficient conditions for the above-mentioned de-
pendence properties of sequential order statistics. In particular, we derive sufficient
conditions for the MTP, of sequential order statistics for several types of distribu-
tions distinguished by the special forms of their conditional hazard rates. Among
others we provide sufficient conditions for the MTP, of sequential order statistics
based on Schur-constant random variables and Archimedean copulas.

Obtained results shed light on cases when dependence of component lifetimes
induces the corresponding properties of sequential order statistics. Thus, our work
gives a better understanding of the relation between the component lifetimes and
the lifetime of the system and provides a basis for further analysis of reliability
and aging properties of sequential order statistics based on exchangeable random
variables.



Zusammenfassung

In dieser Dissertation untersuchen wir die Abhdngigkeitseigenschaften von sequ-
entiellen Ordnungsstatistiken basierend auf austauschbaren Zufallsvariablen.
Eines der wichtigsten Anwendungsgebiete von sequentiellen Ordnungsstatistiken
ist die Zuverlassigkeitstheorie, in der sie zur Beschreibung der Lebensdauer eines
technischen k-von-n-Systems verwendet werden kénnen. Die Modellierung der
Systemlebensdauer mit Hilfe von sequentiellen Ordnungsstatistiken erlaubt es,
Faktoren wie die Abhédngigkeit von Komponenten und die Auswirkungen von
Ausfdllen auf die Lebensdauern noch intakter Komponenten zu berticksichtigen.
Kenntnisse iiber den Einfluss von Abhédngigkeitseigenschaften der Lebensdauern
von Komponenten auf sequentielle Ordnungsstatistiken liefern wichtige Einsichten
in strukturelle Eigenschaften des Modells.

In unserer Arbeit werden Ergebnisse der Untersuchung von Abhéngigkeits-
eigenschaften wie der mehrdimensionalen totalen Positivitdt der Ordnung 2
(MTP3), ,hazard rate increasing upon failure“und , conditionally increasing in se-
quence“vorgestellt.

Wir erhalten notwendige und hinreichende Bedingungen fiir die genannten
Abhéngigkeitseigenschaften von sequentiellen Ordnungsstatistiken. Insbesondere
leiten wir hinreichende Bedingungen fiir MTP; von sequentiellen Ordnungsstat-
istiken fiir mehrere Typen von Verteilungen her, die sich durch die spezielle Form
ihrer bedingten Ausfallrate unterscheiden. Unter anderem liefern wir hinreichende
Bedingungen fiir MTP; von sequentiellen Ordnungsstatistiken basierend auf
Schur-konstanten Zufallsvariablen und Archimedischen Copulas.

Unsere Ergebnisse werfen Licht auf die Fille, in denen Abhdngigkeiten der
Lebensdauern von Komponenten entsprechende Eigenschaften fiir sequentiellen
Ordnungsstatistiken bewirken. Hierdurch tragt unsere Arbeit zu einem besseren
Verstiandnis der Zusammenhiénge zwischen Lebensdauern von Komponenten und
der Systemlebensdauer bei und stellt eine Basis fiir weitere Untersuchungen von
Zuverlassigkeits- und Alterungseigenschaften von sequentiellen Ordnungsstatisti-
ken basierend auf austauschbaren Zufallsvariablen dar.
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Introduction

Stochastic dependence arises in a variety of areas such as medicine, economics, fin-
ance and engineering. For instance, consider a technical system that consists of sev-
eral identical components working simultaneously. The lifetimes of components
are not predefined and, as a result, possess a stochastic nature. Since components
share the environment and load, a failure of one likely influences the life-lengths
of the remaining. This observation indicates the existence of stochastic dependence
between components lifetimes. Thus, the reliability and safety of such system is
closely related to the notion of dependence between its parts. In past decades, the
topic of stochastic dependence has received a major attention. It has found applic-
ations in probability theory and statistics, reliability theory, mathematical physics,
etc.

In this thesis we study the dependence properties of sequential order statistics
based on exchangeable random variables — a probabilistic model for ordered data
that was introduced in Burkschat (2009). One of its main application areas is reliab-
ility theory where sequential order statistics provide an expression for the life-time
of a technical k-out-of-n system.

In general, a k-out-of-n system consists of n identical components that start
working simultaneously. It functions as long as at least k out of 7 components are
working. A machine with 4 engines that works as longs as at least 2 engines are
running can be considered as 2-out-of-4 system. k-out-of-n systems were thor-
oughly investigated in context of the coherent systems theory. Their analysis can
be found in Barlow & Proschan (1981) and Meeker & Escobar (1998).

From the definition of a k-out-of-n system follows that the lifetime of the sys-
tem is represented by the (n — k + 1)-th ordered lifetime of its components and
can be obtained in terms of an ordered data model. Because of the widely de-
veloped statistical theory, order statistics based on iid random variables are often
chosen for this purpose. Their detailed description can be found in David & Naga-
raja (2003), Arnold et al. (1992). However, order statistics based on iid random
variables do not reflect possible effects of failures on the remaining components.
To include such interactions sequential order statistics based on conditionally iid
random variables were introduced in Kamps (1995). Further, in Burkschat (2009)
conditional independence was replaced by exchangeability. It resulted in formu-
lation of a universal model for lifetimes in a k-out-of-n system. The correspond-
ing ordered random quantities were named sequential order statistics based on
exchangeable random variables.

As mentioned above, reliability of a system is closely related to dependence re-
lations between its parts. The strength of the relations can be assessed with the help
of different dependence notions. In this regard we will focus on positive depend-



ence properties. They measure the tendency of random variables to take on con-
cordant values. For instance, an indicator of positive dependence is positive cor-
relation. An overview of positive dependence concepts can be found in Colangelo
et al. (2005). Many dependence properties describe the joint behavior of compon-
ents from the reliability point of view. For instance, describing lifetimes as “hazard
rate increasing upon failure” indicates that with a failure of one component the
danger of another breakdown increases. Assumptions about system dependence
aspects also lead to a more sophisticated analysis of the effects of different com-
ponent treatments, like repair or replacement policies, see Lai & Xie (2006). Thus,
dependence properties play an important role in understanding the reliability mod-
els and in the further development of their statistical applications, see Barlow &
Proschan (1981) and Block et al. (1990).

Since the lifetime of a system can be expressed as the (n — k + 1)-th order stat-
istic, the following question arises: How does the dependence structure of under-
lying lifetime distributions influence the properties of order statistics? For order
statistics based on iid random variables and sequential order statistics based on
conditionally iid random variables an extensive answer can be found in the literat-
ure, see Averousa et al. (2005), Boland et al. (1996) and Cramer (2006). In particular,
both models reveal positive dependence and they are based on positively depend-
ent random variables. With this thesis we address a similar problematic for sequen-
tial order statistics based on exchangeable random variables. Our goal is to explore
their dependence properties in comparison to other models of ordered data and in
reference to the real-life qualities of k-out-of-n systems. We will proceed with the
narrative as outlined below.

In Chapter 1 we look at several models for ordered data, the assumptions that
they impose on a k-out-of-n system, their key properties and connections between
different models. Here we start with the consideration of order statistics based on
iid random variables and proceed to the models that impose weaker conditions
on underlying distributions of random lifetimes. We finish this chapter with the
description of sequential order statistics based on exchangeable random variables.

Chapter 2 builds a foundation for the latter analysis of dependence properties
of sequential order statistics based on exchangeable random variables. We start
this chapter by introducing multivariate conditional hazard rates. These objects
represent the risk of a breakdown taking into account previous failures in the sys-
tem. They also provide an alternative representation for densities of multivariate
survival distributions, see Spizzichino (2001). It is important to note that the joint
density of sequential order statistics based on exchangeable random variables can
be expressed in terms of multivariate densities that describe component lifetimes
between two successive failures. Therefore, further in this chapter we look at dif-
ferent types of multivariate survival distributions. They are grouped according to
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the complexity of interactions between the lifetimes which is assessed with the help
of conditional hazard rates.

In Chapter 3 we give an overview of dependence concepts, related stochastic
orders and their properties. A special focus is on the dependence properties of
ordered random variables as well as random variables described by multivariate
distributions from Chapter 2. This chapter provides the motivation for the analysis
conducted in Chapter 4.

Chapter 4 represents the results of our research on the topic of dependence
properties of sequential order statistics based on exchangeable random variables.
As mentioned above the problem can be summarized by the question: Do the se-
quential order statistics inherit dependence properties from the underlying distri-
butions? First we consider this question in a general set up and provide conditions
for several dependence properties of sequential order statistics. Then we proceed
with the analysis of multivariate total positivity of order two (MTP;), which is one
of the strongest positive dependence properties. Here we derive the conditions for
the MTP, of sequential order statistics under the assumption that the underlying
lifetimes follow a distribution belonging to one of the groups described in Chapter
2.

Conventions and notation

For x = (x1,...,x,) and x = (y1,...,Y»n) under x < y we understand x; < y; for
alli=1,...,n.

By increasing (decreasing) functions we mean non-decreasing (non-increasing)
functions.

For all integrals or expectations in this thesis we assume that requirements
of measurability and integrability are automatically met without further mention.
Moreover, considering a product X of measurable spaces X;, i = 1, ..., n denote by
0 = 01 X ... X 0, aproduct measure on X with o; representing o -finite measures
on X;,i = 1,...,n. Then we will use a shorter notation

doi(x;) = dx;, do(x) = dx
and
[ o) = [ feodx.

In this thesis we consider random vectors of the form Y = (Yy,...,Y,), n € N



defined on some fixed probability space (Q,F,P). In this thesis by absolutely
continuous random variables we understand random variables with the joint dis-
tribution that is absolutely continuous with respect to the n-dimensional Lebesgue
measure.

Notation
N {1,2,3,...}
R (—o00, )
R4 [0, 00)
R% {(tl,...,tn) E]Rn’tl §§tn}
!
G e
In natural logarithm
a.s. almost sure
iid independent and identically distributed
iff if and only if
S, set of all permutations on {1,...,n}
X ~ F X is arandom variable with distribution function F
F 1-F



1 Order statistics

In this chapter we consider several models for ordered data along with assump-
tions that they impose in the context of specific applications from reliability theory.
The overview is hinged on the objects called order statistics. As they are well stud-
ied in the literature, we provide only the information needed for the argumentation
in the following chapters. For deeper insights into the theory of ordered data mod-
els consult the literature cited below.

Let us start by considering n random variables Y7,...,Y,. Arranging them
in the ascending order of magnitude we obtain order statistics Yi., < ... < Yy,
(based on Y7,...,Y},). There are different ways to define order statistics formally.
Below the definition from Kamps (1995), using the permutation matrices, is cited.
Another one, using pseudo-inverse functions, can be found in David & Nagaraja
(2003).

Def 1.1. For (y1,...,Yn) € R" let a function T : R" — R" be defined by
T(y1,-- yn) = Wy, -+ Yn))

with
W1, yn)P = Yy - Yw)

where Y1y < ... < Y and P is n X n permutation matrix (which results from permut-
ing the columns of a n x n identity matrix and is defined according to the positions of y; in
(y(l),...,y(n)), i=1,...,n). Moreover, fori = 1,...,n let the functions T; : R" — R
be defined by

Ti(y1, -+ ¥n) = Y -

Then, for real valued random variables Y1,...,Y,

Yo = Ti(Y, ..., Ya)

is called the i-th order statistic, i = 1,...,n, and

Yy Yy) = TV, 0.0, Ya)



1.1 Order statistics based on iid random variables

is the vector of order statistics (based on Y1,...,Yy,).

Remark 1.2. Note that the occurrence of identical outcomes for order statistics based on
absolutely continuous random variables has probability zero. Therefore considering abso-
lutely continuous Y1,...,Y, events, such that two or more order statistics attain the same
value, can be neglected.

Order statistics find applications in many areas of mathematics and engineer-
ing science such as statistical inference, life testing, extreme value theory, image
processing (see David & Nagaraja (2003), Castillo (1988), Pitas & Venetsanopoulos
(1992)). In particular, in reliability theory order statistics are used to model lifetimes
of components in a technical system.

Consider a system of n identical components that start working simultaneously.
In addition, assume that the system works as long as at least k of n components
are functioning. In the literature such systems are called k-out-of-n systems, they
play a significant role in reliability theory and are well investigated. For a detailed
description of different types of k-out-of-n systems we refer to Way & Ming (2002).
Below we cite several examples provided in that book. For instance, consider an
automobile with eight cylinder engine that can be driven if at least four cylinders
are firing, i.e. it functions as 4-out-of-8 system. Considering a communication
system with three transmitters, to ensure the delivery of some critical messages at
least two of the transmitters should be operational at any time. Then the transmis-
sion system behaves as 2-out-of-3 system. Other examples of k-out-of-n systems
are multi-engine systems in airplanes, multi-display systems in cockpits, multi-
pump subsystems in hydraulic control systems, etc. From the probabilistic point
of view we observe that the lifetime of an arbitrary k-out-of-n system is given by
the (n — k 4 1)-th order statistic based on the random variables representing the
lifetimes of components. For example, the eight-cylinder car can be driven for the
period of time defined by the fourth order statistic.

Many research questions involving ordered data models are motivated by prac-
tical applications. Therefore, we will often interpret facts concerning order statistics
in terms of lifetimes in a technical system. In the following sections we will specify
different models for order statistics by looking at the assumptions that they impose
on the corresponding k-out-of-n system.

1.1 Order statistics based on iid random variables

The simplest model for ordered lifetimes arises if we assume components to be
identical and have no influence on each other. In other words their lifetimes are
represented by continuous iid random variables and the lifetime of the whole sys-
tem is modeled with the help of order statistics based on them. Ordered failure



1.2 Order statistics based on exchangeable random variables

times in such system are described by the joint density function presented in David
& Nagaraja (2003).

Lemma 1.3. Let Y1, ..., Yn:n represent order statistics from absolutely continuous iid
random variables Y1,...,Y,. Then the joint density function of Y1.n,...,Ynn can be
calculated as

n

fyl:”""’Y":" (fl, ceey i’n) = n! Hf(tl) ,

i=1

where t1 < ... < t, and f represents the density of Y;, i =1,...,n.
Moreover, Y1,...,Y, form a Markov chain with transition densities

n—r—1
Pty = - LEEE) S

where F is the distribution function correspondingto f, r =1,...,n — 1.

An important advantage of this model is the simple form of the joint density
function, which allows to draw conclusions about the system properties at large.
However, the model is not able to reflect two important aspects of k-out-of-n sys-
tems. First, the components, e.g. engines, share the same working environment
and therefore are dependent in many real-life systems. Second, a failure likely
influences the work of remaining components. This influence can manifest itself
through increased load or damages caused by failures.

Therefore, in the following section we will look at structures that arise from
relaxing the independence assumption.

1.2 Order statistics based on exchangeable random variables

Let lifetimes of components in the system be modeled with absolutely continuous
random variables Y7, ..., Y, such that their joint density function is symmetric, e.g.

fY] ..... Yy,(tll""tn) — le ..... Yn(tr{(])l"'ltﬂ'(i’l)) (1.1)

for all permutations 77 defined on the set {1,...,n}, n € N. According to Bern-
ardo (1996) such random variables are called exchangeable. Thus, components are
regarded as identical or, in other words, independent of the labels given to them.
This assumption corresponds to a system of components with identical technical
characteristics.



1.3  Sequential order statistics based on conditionally iid random variables

Representation (1.1) indicates that the density is a symmetric function. As a
result, the distribution of order statistics based on exchangeable Y, ...,Y, can be
described by the density function

frimeXun(ty, b)) = nlf (b, b)), (1.2)

for t; < --- <'t, (see David & Nagaraja (2003)).

Moreover, exchangeability allows to address a wide class of joint distributions
for the lifetimes of underlying components, for instance mixture models and cop-
ulas. Note that due to representation (1.2) properties of order statistics are closely
related to those of underlying variables.

1.3 Sequential order statistics based on conditionally iid random vari-
ables

Consider the assumption that lifetime distributions in the system can change from
failure to failure. It reflects the idea of a failure causing damage to surviving com-
ponents and therefore changing their properties or weakening the system. The
corresponding model for ordered data represents an extension of ordinary order
statistics based on iid random variables. It was first introduced in Kamps (1995).
The underlying concept was explained in terms of the triangular scheme which we
introduce next.

Vo zbozh zhy Zho~ Fi()
FZ(')fFZ(Z},n)

(2) 2 2 2
X5 2y Ly Ly ~ TTERGE

(n—1) n—1 n—1 Fn,1(')—F,,,1(z’1152)
xD o zn1 zn AR E
Fn(‘)_Fn(ny,El)

Xin) < Zil 171:”(2;151)

For the sake of simplicity consider the scheme in a context of a k-out-of-n system.
Then every line in the scheme corresponds to the state of the system in the time
period between two consecutive failures. The order in which the states occur is

reflected by the upper index of x\).



1.3  Sequential order statistics based on conditionally iid random variables

Let Fy,...,F, be continuous distribution functions and zglg < Zﬁfl < ... <
1)

zgnzf be real numbers. The first line of the scheme contains random variables
Z }, eee, Z,l1 that represent the lifetimes of components before the first failure.

Moreover, it is assumed that Z1, ..., Z,l1 are iid with distribution function

0
_ Fi() — Fl(zg,iﬂ) L)
= 0 ’ 1,n+1
1- R,

= —O0 .

Fi(v)

Then the first ordered failure time Xil) is obtained as a minimum in the sample

Z1,...,ZL. To pass to the second state, suppose that the first failure has happened
(1)

1,n°
z2,..., Zﬁ_l. Given the first failure time z
are iid with distribution functions

at time z Then there remains n — 1 functioning components with lifetimes

(1)

1o the random variables Z%, el Zfl_l

By analogy, second failure time X is modeled as the minimum of Z2, ..., Z2

n—1-
In general, the triangular scheme consists of random variables

(

] )1§r§n, 1<j<n—r+1 ’

where (Z(.r)> are iid according to the distribution function
I J1<j<n—r+1
E() - (Y
AR RIS VETE) <r<m, oz, = -0,

—1
1- R0

which is F, truncated on the left at the occurrence time zgr,;ll 1 of the (r — 1)-

th failure. Given zgrn:lz 4, the next failure time Xir) is modeled as the minimum
in the sample ZY), cey Z,(Qr 41, which represents lifetimes of remaining n — r +

1 components. Failure times X£1), ., Xi”) obtained according to the triangular



1.3  Sequential order statistics based on conditionally iid random variables

scheme are called sequential order statistics. The definition of sequential order
statistics contains pseudo inverse functions that we introduce next.

Def 1.4. For a univariate distribution function F : R — [0, 1] the pseudo-inverse F~1 :
[0,1] — R is defined by

F(y) = inf{x : F(x) > v}
for y € (0,1) and F~1(0) = lim, o F~'(y), F'(1) = lim,;— F'(y).
Then sequential order statistics can be formally defined as follows.

Def 1.5. Let (Y(r) be independent random variables with

J )1<r<n,1<j<nf1’+1

(Y}r))lﬁjﬁn—r—kl ~ B

wherer = 1,...,nand Fy, ..., F, are continuous distribution functions with

and for r = 2,...,n define

X\ = F <Fr () (1-F(x)) +F (Xff“)) ,

X(r) = min X(.r)
* 1<j<n—r+1 17

Then the random variables Xil), e, Xin) are called sequential order statistics.

Remark 1.6. In Definition 1.5 random variables X{r), ceey X,(lr_) ,41 represent the lifetimes
(r)

of surviving components after the (r — 1)-th failure. Random variables Y7, ..., Y,(Qr “

10



1.3  Sequential order statistics based on conditionally iid random variables

are designed to obtain conditional distributions

P <)XV =2) = E(t) — B(z)

that we have seen in the triangular scheme. Indeed
X < xIY = )
( Er)(1-ExI) + B(xTY)) <o xiY = z> :

Since Fr(Y](r)) (1 — F(z)) + F(z) is independent of XUV the expression above can be
reduced to

P(R(Y))(1 - E(z) + E(z) S E(1) = P(Fr(ﬂ“) < ””—F”)

] 1— F(z)

; _1( F(t) — F(z
- e ()
B -E()

1 — F(z)

and we obtain the needed representation.

To sum up, the structure of sequential order statistics allows to take into account both
the influence of a failure through the changes in distribution and the knowledge about pre-
vious failure time incorporated in conditional distributions.

Theorem 1.7. If Fy, . .., F, are continuous distribution functions with densities fi, ..., fu
respectively, then the joint density of the first r sequential order statistics XS), cee, x\ is

given by

11



1.3  Sequential order statistics based on conditionally iid random variables

wherer =1,...,n, tg= —occand ty,...,t, e R, tg < t) <...<t,.
Remark 1.8.

(i) Construction of sequential order statistics ensures not only specific Markov proper-
ties of underlying lifetime distributions, but also a Markov property of sequential
order statistics themselves. Indeed, as noted in Cramer & Kamps (2001) from The-
orem 1.7 follows that sequential order statistics form a Markov chain with transition
probabilities

n—r+1
) -1 _ o _ (L=FE®\"
P(X" > ¢ X0 = g) = (1_%) , 1.3)

wherer = 2,...,nand s < t.

(ii) In Cramer & Kamps (2003) an alternative representation for sequential order statist-
ics is given. It is built basing on the connection of random variables forming a Markov
chain and uniform distributed random variables (see for example Pfeifer (1989)). In
more detail, let Fy, ..., F, be continuous distribution functions with

where 1—"1._1 is a pseudo-inverse of F;, i =1,...,n. Let Vq,...,V, be independent
random variables with V, ~ Beta(n —r + 1,1), r = 1,...n. Then sequential or-
der statistics (based on Fy, ..., F,) can be defined as

7 (1.4)
X0 =1 - v,ExIYy,
wherer =1,...,n, Xio) = —00.
Example 1.9. In the definition of sequential order statistics let
E(t) =1 — (1 — F(r))7/t=r+1) (1.5)

where v = 1,...,n, F is a continuous distribution function and y.,...,y, are positive
numbers.

12



1.4 Sequential order statistics based on exchangeable random variables

Then, sequential order statistics Xil), s, X,En) based on Fy, ..., F, of the form (1.5)
correspond to a specific class of ordered random variables called generalized order statistics.
Generalized order statistics represent a unified approach to a range of models for ordered
data and allow to consider their properties in more global context, for deeper insights see
Kamps (1995), Cramer & Kamps (2001).

Applying Theorem 1.7 we can calculate the joint density function of generalized order
statistics as

in” ..... xi’”( ﬁ yi(1 — F(;)) ' f (1)

t1,...,t,) = n! -
v ) = G @ Fa))

n—1
= (1 = F(t) ()] [ra0 = B0 f (1)
i=1

where f is the density corresponding to F.
Thus, the form (1.5) allows to reduce uncertainty in the model to the choice of paramet-
ers yi,...,vn and the distribution function F.

Sequential order statistics reflect a wide variety of dependence relations that
can be observed in systems with identical components. Additionally they possess
a graceful density function, which encourages their application in reliability theory.
Their construction scheme has formed a background for a more general model that
is described in the next section.

1.4 Sequential order statistics based on exchangeable random variables

The structure of sequential order statistics is closely associated with conditional in-
dependence of lifetimes given the previous failure time. In many cases, however,
this assumption is too strong and it would be desirable to have a similar model
basing on a broader class of lifetime distributions. This issue is addressed by the
construction introduced in Burkschat (2009), that assumes exchangeable distribu-
tions of lifetimes for the periods between consecutive failures.

Let us start the consideration of the new model with a simple example.

Example 1.10. Consider a system of three identical components that start working sim-
ultaneously. In the beginning of their run let the lifetimes of components be modeled by
random variables

Z

1 1
_ 4 Yé)z@i’ Y

_ %
-5
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1.4 Sequential order statistics based on exchangeable random variables

where iid random variables Z1,Z,,Z3 represent lifetimes of components in perfect, sep-
arated environments, and random quantity ©1 describes the load that the system goes
through, which is independent of Z1,Z», Z3.

Assume that the first failure appears at a time point t; > 0 and changes the distribu-
tions so that the lifetimes are next represented by

2) _ Zs
0,

2) 4y

_ 4 o 2L
0,’

— y!
0’ 3

Y Y

where Oy is independent of Z1,Z,, Z3.
By analogy, after the second failure occurs at a time point t, > t1, let the lifetimes be
distributed as

Z Z Z
yO _Z1 e _Z2 o) _ L
1 @3’ 2 @3’ 3 @3 4

where O3 is independent of Z1,Zy, Z3.

Thus, we have modeled the lifetimes of both surviving and failed components Yl(i), Yz(i),

Yél) for the periods between (i — 1)-th and i-th failure, i = 1,2, 3. The effects induced by
each failure are reflected by changes in the distribution of the environmental variable ©;.

Next, by analogy to the triangular scheme, for i = 1,2,3 we construct order statistics
Yl(f%, Yz(g, Y?S% from the exchangeable random variables representing lifetimes on each level.
Finally, to connect the failure times between the levels, for 0 < t; < t, <t we define
conditional probabilities

p(xV < =pY <
P(XP <t|xV =) = P33 < t[Y]3 = h)
P(xP¥ < t|xP =, xV =) = PV <t Y3 =15, Y3) = 1),

where X,El), Xf(z), X£3) denote sequential failure times in the system. Such random vari-

ables kal), Xﬁz), Xf’) are called sequential order statistics based on exchangeable random

variables Yl(i),Yéi),Yéi), i=1,2,3.

In general, according to Burkschat (2009) sequential order statistics based on
exchangeable random variables are defined as follows.

Def 1.11. Let (Yl(r), . .,Y,Sr)), r=1,...,n, n € N be random vectors with values in
R™ that satisfy the following conditions:

14



1.4 Sequential order statistics based on exchangeable random variables

(i) Random vectors (Yl(r), ., Y,S”) have the same support.

(ii) For r = 1,...,n random variables Yl(r), 2L fulfill

wherei,j=1,...,n, i # j.

(iii) Random variables Y, ..., Y") are exchangeable for r = 1,...,n.

Y,ST%) be the random vectors of the corresponding

order statistics. Then random variables X,El), el X,E") are called sequential order statistics

based on exchangeable components if their distribution satisfies

Then, for r =1,...,n let (Y(r)

s

p(xV <t)=prYY <t), hHeR,

and

PRI < byt [ X0 = 1, X0 = 1)

= P(Yﬁﬁ;t’? <t | Y£Tn+1) =ty,... ryl(rljl) = tl)/ fry1 € R,

(1.6)

for ny)'“"xf*l)-almost all (ty,...,t1) € R", foreveryr=1,...,n — 1.
Remark 1.12.

(i) For the sake of simplicity we will refer to the system state between the (r — 1)-th and
r-th failure as the "r-th level”. For example, the system before the first failure is on
the first level, between the first and the second failure — on the second level and so on.
After the n-th failure we do not assign any level to the system. On the r-th level the
lifetimes of the components are described by random variables Y, ., Y,Sr) ,(r—1)
of the corresponding components have already failed at that time, r = 1,...,n.

(ii) Forr =1,...,n, 0 <t; < ... <t, Definition 1.11 ensures
(r) - (1) (r) 1 y(r) (r)
XX g, ) = Y e Y (g, ) (1)

15



1.4 Sequential order statistics based on exchangeable random variables

The last conditional density can be calculated as

r

(r) 1 y(r) (r)
fYr:n | Y, e Y (tr‘tr71, ey tl)

vy (r)
fyln rlnY (tl,...,trflit}’)

FrE (b, )
. ft, fym : fywl fr(tlz ceey tr; Y41, Yr42, -+ ]/n)dyn te d]/r+2dyr+1
ft(:: foro e f;ril fr(tlr ceey trflz YerYr+1s -+ ]/n)d]/n te d]/rJrldyr

where f,(t1,...,t,) is a shorter notation for the density fyy)""'y'(lr) (t1, ..., tn).

The following lemma derives an alternative representation for the integrals in
(1.7).

Lemma 1.13. For an integrable and symmetric function f(t1,...,t,) holds

/ /y y f tl,...,t]',l,y]',...,yn)dyn...dy]'+1dyj
j n—1

== (n—]—’—l)'/t' /t /t f(tl,...,t]‘_l,yj,...,yn>dyn...dy]'+ldy]' .

The Proof of Lemma 1.13 is primarily technical, for the sake of completeness it
can be found in Appendix.
Applying Lemma 1.13 to the integrals in (1.7) we obtain

)| xr-1  xM
F Xt |to1 .. b))

ft?o ft?o T ft?o fi’(tll sy tl’/ y}’+1/ y7’+2/ ceey yl’l)dyﬂ T dyl’+2dy7+1

ft(:il ft(:?l e ft(:fl fr(tlr s /tl’—ll YeoYr+1,-- -/yn)dyn e dy7’+1dy1’ .
(1.8)

=mn—-r+1)

The following theorem yields a representation for the joint density of sequential
order statistics basing on the densities of underlying distributions.

Theorem 1.14. For r = 1,...,n let (Y( ), ey Y,Sr)) possess a joint density function f,
with respect to the n—dimenszonal Lebesgue measure. Then the density of sequential order

16



1.4 Sequential order statistics based on exchangeable random variables

statistics is given by

1) (n)
fX* Joeer X (tlr vy, tn)

| f”(tl/ . )
ftn 1f1’l<t11---/tn71/ yn)dyn

H yz+1 fyO:—lfi(tl""/ti/yi—Hw~~/yﬂ)dyﬂdyn—1 o 'dyi—H
ft: 1 fy: e fyO: 1 ﬁ(tll ey ti—l/ ]/i/ .. -/]/n)d]/ndyn—l e d%
/ / fl tl/yZ/---/yn)dyn"'dyZ/
t1 Y2 Yn-1
fortp < - <ty
Proof. The proof is deduced from the fact that
n
(1) (n) (1) (i) | 5 (i=1) (1)
FE X ) = P ) it k)
i=2

by applying (1.7). For a detailed reasoning see Burkschat (2009).

(1.9)

Example 1.15. Consider the random variables from Example 1.10. Let Z1, Z», Z3 be inde-
pendent, exponentially distributed with mean 1, and environmental variables ©; be gamma

distributed with parameters «;, A;, i = 1,2,3. Then for sequential order statistics X %

x?, x®) it follows by (1.8) that

(1) (1)
X () = (k)
o 3(X1 Ai‘l
T (Bt + Ayt
(2) |y (2) 11(2)
FETIXT () = Y2 1Y (y)h)
o 2 (‘XZ + 1) (3t1 + Az)“ﬁ_l
= (tl ¥ 2t2 + A2)0Q+2
x® | x@ x® Y3 1Y) y©)
f + v X (t3|t2,t1) :f 33 | 1237113 (t3|t2,t1)
(g + 2)(t + 2ty + Az)et?
(tl + ty + 13 + 7\3)"‘3+3 !

17

* 7



1.4 Sequential order statistics based on exchangeable random variables

where 0 < t1 < tp < t3. Theorem 1.14 yields

(1) +(2) +(3)
fRATXT (1 b, )

(3) | v(2) (1) (2) | (1) (1)
= I (]t 1) £ 1K (1] t1) X (1)
= 3! Ai{l o4 (062 + 1) (063 + 2)
y (t1 + 2ty + A3)BF2(3t; + Ap)%2t!
(tl + t) + t3 + }\3)"‘3+3(t1 + 2t + }\2)"‘2+2(3t1 + 7\1)"‘1+1’

(1.10)

where 0 < t1 < tp < t3. For the computational details see Appendix.

. (1) (2) x(3) .
Note that the density fX< XX contains parameters A; and &; from all the model

o XU x@ @) . . .
levels, which indicates that f*= %" inherits some properties from all the vectors (Y;",

(i)

Y vy, i =1,2,3.

According to Burkschat (2009) there exist the following connections between
sequential order statistics based on exchangeable random variables and the models
for ordered data discussed earlier in this chapter.

Remark 1.16.

()

(ii)

Assigning the same joint distributions to the lifetimes (YY), ey Y,Sr)) on each level
r, r =1,...,n we obtain usual order statistics based on exchangeable random vari-
ables described in Section 1.2.

The connection to sequential order statistics based on conditionally iid random vari-
ables appears in the following context:

Forr =1,...,n assume the vectors (Yfr), s, Y,Sr)) consist of iid components with

continuous cumulative distribution functions F,. Note that Yl(r), .. ,Y,(f) can be

()

lins -

istics based on (Yl(r), . ,Yr(f)). Then, according to Definition 1.11 for sequential
order statistics XV .. X" based on (Y{r), .., Y,Sr)), r=1,...,n holds

seen as exchangeable random variables. Let Y ., Y,(lr% represent the order stat-

P(xV <t) =Py <t)=1-(1-FR(H))"

— 1in —

and by Lemma 1.3

PXU <t | X0 =ty X = 1) = POV < b [ YT = 1)



1.4 Sequential order statistics based on exchangeable random variables

1 — Fyi(t)\" "
=1-(——7+17-+—"+7-~ ,
r=Fat))

where 0 < 1 < ... <tyandr=1,...,n —1.

Moreover, in this setup Xil), cey x" possess the Markov property and their trans-

ition probabilities coincide with those of sequential order statistics shown in (1.3) .
Note that, in general, sequential order statistics based on exchangeable random vari-

ables are not Markov, if the underlying distributions of order statistics Yl(fgl, ceey Y,(fy),
are not Markov.

(iii) In contrast to the other models, sequential order statistics based on exchangeable
random variables possess the most complicated form of the density function. For
the future investigation of dependence properties it would be desirable to describe se-
quential order statistics in a simpler way. Therefore, expressions similar to (1.4) are
of particular interest. However, the construction of (1.4) requires the Markov prop-
erty. Therefore a similar representation does not exist for sequential order statistics
based on exchangeable random variables in general.

(iv) In some k-out-of-n systems the lifetimes of components are not exchangeable. For
instance, consider a system of water pumps with different working capacities, it cor-
responds to dependent and non-exchangeable lifetimes. An extension of Definition
1.11 for this case can be found in Burkschat (2009).

Consider a system where lifetimes of components are conditionally independ-
ent given some parameter ©. For instance, a system from Example 1.15 is of this
type. As mentioned in Spizzichino (2001), conditional independence summarizes
the assumption that there is no “physical interaction” among components and, at
the same time, their behavior is influenced by common factors specified by ©. Dis-
tributions of this type are called “mixture models”, they will be considered in detail
in Chapter 2. The joint density function of sequential order statistics based mixture
distributions is shown below.

Theorem 1.17. Let ©4,...,0,, be random variables with distributions G, ..., Gy, re-
spectively. For r = 1,...,n let YY), cee, Y,Sr) have a joint density function

n
fr(tlr ceey tﬂ) = /Hf7’<yl‘9)dcf’(9)’
i=1
where f,(-|0) denotes a density with respect to the Lebesque measure for every O in the
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1.4 Sequential order statistics based on exchangeable random variables

support of ©,. Then the joint density function of sequential order statistics is given by

fX£ ,...,Xx(fl) (tll ., tn)
= nt [ fi(h10)(Fi(1]0))" dGr ()

Hf Hr+1fr+1 t]@)) r+1(tr+1’9 )n " 1dGr+1(9)
i—1 fre1(ti]0)) (Frr1(£16))"7d Gy 11 (6)

7

where 0 < t; < --- <'t, and F,(-|0) denotes the distribution function corresponding to

fr(-16), r=1,...,n

Remark 1.18. Theorem 1.17 leads to the observation that even consideration the lifetime
distributions of a simple form does not bring noticeable simplifications to the joint dens-
ity function of sequential order statistics. The influence of the level distributions on the
representation of sequential order statistics density will form the core of Chapter 3.

In summary, sequential order statistics based on exchangeable random vari-
ables reflect a wider range of dependencies between components in a system than
other models considered in this thesis. Their properties are influenced by the ran-
dom variables from all the levels in the model. In order to investigate this connec-
tion, in the next section the focus will be placed on special types of distributions for
the lifetimes on the levels.

20



2 Multivariate survival distributions

In the following we will look at several types of lifetime distributions that will be
considered throughout this thesis. The distributions are grouped basing on the
forms of corresponding conditional hazard rates.

For the sake of completeness we will start with a short introduction to condi-
tional hazard rates and their properties.

2.1 Conditional hazard rates

Conditional hazard rates generalize the concept of usual univariate hazard rates.
According to Shaked & Shanthikumar (2007) the latter are defined as follows.

Def 2.1. Consider a nonnegative random variable Y with an absolutely continuous dis-
tribution function F and a density f. Then the hazard rate of Y at a time point t > 0 is
defined as

Pt<Y<t+s|Y>t) f(t)
F

50+ ) (1) ’ @1

where F(t) =1 — F(t) .
Remark 2.2.

o According to Shaked & Shanthikumar (2007) a hazard rate allows the representation
) = L mEw).
dt

o From the survival theory point of view a hazard rate can be interpreted as the intens-
ity of failure of a device, with a random lifetime X, at a time point t.

As mentioned in the previous chapter a breakdown in the system likely affects
surviving components and their proneness to failure. For instance, an engine mal-
function in a multi-engine system increases the load on the remaining engines and
the intensity of their failures. Conditional hazard rates generalize the univariate
hazard rates in order to take into account the influence of all preceding incidents.

To introduce the notion of conditional hazard rates let us consider a technical
system of n components with not necessary exchangeable random lifetimes Y7, ...,
Y, . We are interested in the failure intensity of the component with the number
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2.1 Conditional hazard rates

k; and the lifetime Y}, at a time point ¢t > 0. A history of failures preceding time
point ¢, ordered by their occurrence, can be described as

he = {Yil = t1/~~~rYz'j = tszkl > t/~~~/Yk,,,]- > t} , (2.2)

where 0 <j<n 0<t; <.--<t; <t and

I= {11,,1]} C {1,2,...,1’1}

K={ki,....ko—j} ={1,2,...,n} \ 1. @3)

In other words, the set I represents components that have failed before the time
point ¢, where t1, ..., t; are their ordered failure times. Yj, k € K, on the contrary,
are components surviving the time ¢.

Then, according to Shaked & Shanthikumar (2007), the conditional hazard rate
can be defined as follows (see also Spizzichino (2001)).

Def 2.3. Consider a vector Y = (Y1,...,Yy) of absolutely continuous random lifetimes.
Given the history of failures by from (2.2) with I, K defined by (2.3) the conditional hazard
rate of the surviving component Yy, k; € K is defined as

Awii(tt, ..o t) =

1 (2.4)
5EI&EP(Y]<I < t—|—5|Yil = i’l,...,Yi]. = tj/Ykl > t,...,Yk

> t).

n—j

For j = 0 the conditional hazard rate of the first failure in the system is defined as

. 1
Ak]m(t) = 51i>r51+gp(ykl < f+5‘Y1 >t Y, > t) .

Remark 2.4.

(i) To be able to calculate the limit in (2.4) we can represent the conditional hazard rate

22



2.1 Conditional hazard rates

as

At (ttn, oo 1) =
1 P(Yk’ < t+5,Yk1 > t,...,Yk . > t|Yl'1 = tl,...,Yi]. = f]')

lim ~ e
5—0+ 0 P(Ykl > t,...,Yknﬂ, > t’Yil = tl/---/Yz'j = t])

4

(2.5)

where we define the conditional probabilities with the help of the following equality

P(qu S Akl/"'/Yk € Ag 7]

n—=j

— . fYkl -----
Ak Ay

= tl,...,Yi]. = tj)

T A L P )1 1

n—j

for Ay, CRy,i=1,...,n—j.
The existence of the limits in (2.4) and (2.5) will be addressed in Lemma 2.5 below.

(ii) Consider the representation (2.5) for exchangeable random variables Y1,...,Y,. It
can be shown with the help of Lemma I from Szekli (1995) together with Lemma 1.13
that the limit in (2.5) can be calculated as follows

Mgi(tlte, oo t)
lim 1 P(t<Y]'+1:n §t+5|Y1;n :tl,...,Y]':n :t]')
0—0+ 5(71 — ]) P(t < Yj-i—l:n ’ Yi., = t1,.. .,Y]':n = t])
) 1
= 515&6(717—]')13(%“:71 <t+ 5|Y1;n = tl,...,Y]';n = t]',Y]'Jrl:n > t) .
(2.6)

Thus, for exchangeable lifetimes conditional hazard rates depend on the number of
failures and the set of failure times but not on the particular choice of components.
Therefore, from now on a simplified notation will be used for conditional hazard rates
based on exchangeable random variables, namely

A(tlt, .. ty) = A (tlt, .. 1)
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2.1 Conditional hazard rates

and
A(t) = Ago(t) -
(iii) Consider random variables Z1, ..., 7Z, such that

1 < ...< Zy as. (2.7)

Since the random variables are ordered the identities of failed components are defined
by (il,...,ij) = (1,...,j), where iy,...,i; are the indexes defined according to
(2.2).

It follows from Lemma I in Szekli (1995) that for 1 #m, I,m € {j+1,...,n}
holds

1
521513 P(t<Zl <t+4t< Zy §t+5,Zj+1 >t‘Zl :tl,...,Z]’:t]’)

=0.

Therefore, we can summarize the behavior of conditional hazard rates by

>0 ifk=1—1and {iy,..., ik} ={1,...,1 =1},
= 0 otherwise.

Attt {
2.8)

In other words, for ordered random variables a non-trivial case represents conditional
hazard rates of the form

.1
/\1,[(t|t1,...,t1,1) = 521’(])1313(21 <t+ 5|Zl =t,...,. 211 =Ht_1,2Z; > t),

where [ ={1,...,1 -1}, 1 =1,...,n.
Note that by construction order statistics fulfill (2.7). Therefore, to emphasize (2.8),
we will use the notation

.1
A(t‘tl,...,tl_l) = (SE%‘:LSP(ZI <t+ §|Z1 =t,..., 211 =t_1,2; > t) ,
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2.1 Conditional hazard rates

.1
A*(t|t1/~~/tl—l) = 51ir51+gp(yl:n <t+ 6|Y1:n = t1/~~~/Yl—1:n = tl—l/Yl:I’l > t) ’

1 ~ ~ '
A(j)(t’tl,...,fl,l) = 511%1_1_3130(1(:]71) <t+ (5|Y1(]1i = tl,...,Y(]) = tl—lzy(]) >t

I-1:n I:in

and

A(*,])(f“l, ceey tlfl)

— tim 2p(xD <45 x0 =, x!
5—0+ O

U tl—llxil) > 1),

where j,1 = 2,...,n. The empty failure history can be considered by analogy.

The following lemma states the existence of the limits in (2.4) and provides ex-
pressions for conditional hazard rates based on exchangeable random variables.
For the proof we refer to Szekli (1995) .

Lemma 2.5. Let Y = (Y1,...,Yy) be a vector of exchangeable lifetimes with a joint
density function f(t,..., ty). For 1 <j<n—1,0<t <--- <t; <t, the limit
in (2.4) exists for almost all (t,t1,...,t;) and is a measurable function of (t,t1,...,t;),
with

[ [ f(t, ottt o te)dE o . dty
ftoo Tt ftoof(tl, ceey t], t]‘+], t]‘+2, ey tn)dt]‘+1 . dtn

At ... tj) =

and

I bty t)dE L dty
I [ (b, ty)dEy L dEy,

AH)

almost sure.

Taking (2.6) into account an alternative expression for a conditional hazard rate
can be given.

Lemma 2.6. For absolutely continuous exchangeable random variables Y1, ...,Y, holds

1 0
*lnP<Yj+1:n > t|Y1:n =ty,.. -/Y]':n = t]) (29)

25

)



2.1 Conditional hazard rates

forlgjgn—l,0<t1§---§tj<t,and

A(t) = —Tll(ilnP(Yl;n > 1),

almost sure.

Proof. Denote

p(t‘tl,...,t]') = P(Y]‘+1;n > t’len = tl,...,Y]‘:n = t])
() = P(Yi > 1) .

From (2.6) follows

Mty t)

1 . p(i’+5|t1,...,t]')—p(t|t1,...,t]')
= — - lim
(n = j)p(tlt, ..., tj) s=0+
J
O (tlty, ... ti
_ 1 atp(|1 ]) _ 1 ilnp(ﬂtl,...,t]-),

(n—17j) p(tlty, ..., tj) (n—j) ot

foralmostall 0 < t; < ... < t. By analogy we can state

1 P(E< Yy, <t+0)
A) = - lim SP(t < Y1) (2.10)
_ lgp®) _ 19, () |
T onop(t)  not np)-
O

In the proof of the previous lemma replace Yi.,,..., Y., by ordered random
variables Zy,...,Z,. Then by analogy to (2.9) we observe the following relation.

Lemma 2.7. For absolutely continuous random variables Z1, ..., Z,, that satisfy (2.7),
conditional hazard rates can be expressed as

0
lnP(Z]'Jrl >t‘Z1 :t1,...,Z]':t]') (2-11)

At ) = =5
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2.1 Conditional hazard rates

forlgjgn—l,0<t1§---§tj<tand

A(t) = —gtlnP(Zl > f) (2.12)

almost sure.

Comparing (2.9) with (2.11), the only significant difference represents the miss-
ing factor in front of the derivative. It arises from the failure history form for
ordered random variables that we have discussed in Remark 2.4 (iii).

Lemma 2.7 allows to obtain a simpler representation for the conditional hazard
rates of sequential order statistics based on exchangeable random variables.

Lemma 2.8. Consider sequential order statistics X,El) e, X}in) based on absolutely con-

tinuous exchangeable random lifetimes (Yl(i), ... ,Y,(li)), i=1,...,n. Then the condi-
tional hazard rates

A(*,]'+1)(t|t1/ ey t]')

1 ; : .
= lim  P(XV™) <t 5|xY =1, xV =1, XU > 1)
5—0+ &

can be calculated as
A(*,]'+1)(t|tlr ey tj) = (Tl — ]) }\(j+1)(t|t1, ey t]‘) , (213)
where by analogy to (2.6) for j =1,...,n — 1

7\(]'+1)(t|t1, ceey t]')

: 1 (j+1) (j+1) (j+1) (j+1)
- 51_1>%1+ m P(Yj+1:n St+9d ‘ Yl:n =ty,... ’Yj:n = t]" Yj+1:n > t) :

Proof. Since xM, . xm satisfy (2.7), applying Lemma 2.7 we obtain

d i+1 1 ‘
/\(*’j+1)(t|t1,...,t]') = —EIHP(X,EH_ ) > t|X,(k ) = fl,...,X£]) = t]) .
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2.1 Conditional hazard rates

Moreover, taking into account (1.6) we can state that

J +1) (j+1 +1
At jiny (Hb . 1) = = In P X >t X =, x0T = 1)

jin

Finally, comparing the last expression with (2.9) leads to
Ajrry (it - b)) = (n = ) Ay (Elt, - t)

where )\(]-H)(t]tl,...,tj) corresponds to (Yl(jJrl),...,Y,ng)), j=1...,n—1. O

In the following we define a cumulative hazard of a component as shown in
Shaked & Shanthikumar (2007).

Def 2.9. Consider a system of exchangeable components with the history of failures as in
(2.2) and the sets I, K defined by (2.3). The cumulative hazard function of the component
i € K at a time point t is defined as

qji‘l(t’tll“'/t]lfl) :/O 1\9 du + Z/ Al‘ll lk 1 |t1,.. tk 1)
+/t Aqp(ults, ., ti1)du
-1

Remark 2.10. Consider ordered random variables Z1, . .., Z, and their conditional hazard
rates /\i\l(" -+ ). Taking into account (2.8) for a cumulative hazard of Z1, ..., Z, holds

otherwise.

t ) .
A‘ t;-.-,t'_ d I: 1"”’ 1,
\yi“(t‘tl, .. 'Iti—l> — {gti1 l|I(u‘ 1 i 1) u Zf { ; }

The following lemma states the connection between the joint density of ex-
changeable random variables and the corresponding conditional hazard rates. It
represents a special case of Lemma J in Szekli (1995).

Lemma 2.11. Let Yy, ..., Y, represent non-negative exchangeable random variables with
the joint density function f(t1,...,t,) and conditional hazard rates A(t|t1,..., ti—1),
A(t), i=2,...,n. Let Yiy,...,Ynn be order statistics based on Yi,...,Yy, for i =
2,...,nandalmostall 0 < t; < ... < t, holds
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2.1 Conditional hazard rates

(i)
P(Yi:n >t | Yi—l:n = ti—l/- . -1Y1:n = tl)
£
- exp<—(n it 1)/ )\(u|t,-1,...,t1)du> ,
ti1
and
f
P(Yi, > 1) = exp(—n/ A(u)du) .
0
(ii)

in:n ‘ Yi 1 Y1m (t1|t171, e, tl)

ti
= (Vl — i+ 1) A(ti‘tiflz-- .,tl) exp<—(n — i+ 1)/ )\(u|ti1,...,t1)du>
ti1

and
o (t) = nA(t) eXp(—n /Ot1 A(u)du) .

(ii1) As a result,

fylm,...,Yn:n (tl/ ey tn)

n

ty
= n!A(tl)H}\(th“h_l,...,tl) exp<—n/ A(u)du)
0
h=2
u t
X exp<—Z(n —h+1) /h )\(u|th_1,...,t1)du> .
h=2 th1

Proof. The first equality is deduced from (2.9) by integrating both parts for t €
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2.1 Conditional hazard rates

[tj, t]'+1], t]', t]'+1 € R, t]' < t]'+1

t.
/]H)\(tltl,...,tj)dt
t

j

1 fiv1 9
- _(n_])\/t'] glnP(Y]‘Jrl:n Z t|Y1:n - tl,...,Y]‘:n - t])dt .

Calculating the integral on the right we obtain

tiv
/ /\(t’tl,...,t]‘)dt
tj
1
- _m 1HP(Y]'+1:71 > t]‘+1 ’Y1:n = tl/"'/Yj:n = t])

— lnP<Y]'+1;n > t]"len = tl,...,Y]':n = t])> .

Since P(Yji1:n > tj| Y1 = t1,..., Yjm = t;) = 1, (i) follows.
Next let us look at the conditional density

in:n ‘ Yi 1o Y1in (ti|t1‘71/ e, tl)
0

= _gP(Yi:n >t | Yicn = ticy, o, Yin = 1)
1
9 b
= —exp<—(n —i+1) / A(u\ti_l,...,tl)du)
atl ti*l

and by Leibniz integration rule holds

in:n ‘ Yi 1o Y1 (ti‘ti—l/ eer, t1>

£
=(n—i+1)Atltizy, ..., 0) exp<—(n —i+ 1)/ /\(u|ti_1,...,t1)du> .

tiq

For i = 1 the conditional hazard rate coincides with the usual univariate hazard
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2.1 Conditional hazard rates

rate of Y7.,,. Then from (2.10) for t; > 0 follows that

P(Yin > t1) = exp(—n /Ot1 /\(u)du)
e (t) = nA(t) eXp<—n /Ot1 /\(Lt)du)

and (ii) is confirmed.
Finally, the expression (iii) is obtained by substituting (i) and (ii) in the joint
density representation (1.7). O

Remark 2.12. Equality (iii) in Lemma 2.11 leads to another representation of the joint

Let 7t be a permutation of t1,...,t, such that
(tay, - ty) = 7t tn)

where t(l) S e S t(n)~
Since for exchangeable random variables

frimdun (), b)) = nt (b, )

we obtain
le ..... Y”(tl, , tn)
n ty
= A(t(l)) /\(t(h) |t(1), ey t(h—l)) exp <—1’l / /\(Ll)dM) (2 14)
h=2 ’
! Em)
X exp(— Z[i’l — (h — 1)]/ A(u|t(1),...,t(h_1))du>
h=2 En-1)

forty,... t, € R.

Lemma 2.13. For the density of sequential order statistics Xil), . X" and 0 < H <

... < t, holds

1) xm
fX* /~~~/X* (tll c ey t}’l)
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2.2 Distributions with special forms of conditional hazard rates

n t
= n! A(l)(tl) HA(h)(th’tlf ey thfl) exp <—1’l /0 A(l)(u)du>
h=2

1 t
X exp<—z (n—h+ 1)/h )\(h)(u]tl,...,th_l)du) .

h=2 1

Proof. The resultis obtained by substitution of the representation for fYin |Yi-1n Y1

from Lemma 2.11 (ii) in (1.7). O
2.2 Distributions with special forms of conditional hazard rates

In the following we are going to consider several types of multivariate distributions
by distinguishing the number of failure times on which the conditional hazard rates
depend.

2.2.1 Distributions with Markov order statistics

To begin with, let us look at a n-dimensional distribution with hazard rates of the
form

Atltr, ..o 1) = g(t)

for k = 2,...,n. Such conditional hazard rates are independent of the number of
previous failures and their failure times. The following lemma describes distribu-
tions with conditional hazard rates of this type.

Lemma 2.14. Consider absolutely continuous exchangeable random variables Y1,...,Yy
with marginal distribution functions F and corresponding densities f. Denote by

o - £

E(t)

the univariate hazard rate of Yj,j = 1,...,n. Then Y1,...,Y, are iid if and only if for
k=2,...,n holds

A(i’|t1, .. /tkfl) = T’(t) . (215)

Proof. Let Y7,...,Y, beiid, then for the history of failures as in (2.2) by Definition
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2.2 Distributions with special forms of conditional hazard rates

2.3 we obtain

A(tt, o ter)

1
= 5lggl+gp(¥k1 < t+5‘Yi1 = tl,...,Yi]. = tj/Ykl > t/---rYkn,j > t)
1
— lim - < _
Jim <P(Yy < t+ 6], > 1)

Consequently, the conditional hazard rate is equal to the univariate hazard rate
defined by (2.1).

It is left to prove that condition (2.15) implies iid. Taking into account (2.14) we
can represent the joint density as

Il
<
~—~
Py
NV
]
X
o
N
|
=
CJ\H‘
\u
—
=
SN—r
QU
=
~__
]
X
o
N
|
1=
—~
Iy
|
=
+
—_
N—
\N
-
—~
=
SN—
Q
=
~__

i=1 h=2 fn-1)
n —
= | | r(ty) exp [n (InF(t)) — In F(O))]
i=1
X exp [Z(n —h+1) (InF(tgy)) — lnF(t(h_l)))]
h=2
n n n n
=Tt exe( Y nFte)) = TTrte) = T1re)
i=1 h=1 =1 i=1
It follows immediately that Y1, ..., Y, areiid. O

For the next step consider distributions with conditional hazard rates depend-
ing on the age of the surviving components and the number of failures, but not on
the failure times, i.e.

A(t|t1,...,tk) = gk(t) , (216)

wherek=1,...,n — 1.
In the following several examples of distributions that possess such conditional
hazard rates are presented.

Example 2.15.
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2.2 Distributions with special forms of conditional hazard rates

(i) According to Kotz et al. (2000) the density function of the symmetric Block and Basu
multivariate exponential distribution is given by

n n

Flt, oo tn) = %exp(—/\ Yi-viw)[Je-r+n e

i=1 r=1
for iy = max{ty, ..., ty}, t1,..., tln €ERy,0< A€ Rand y € Ry.

In Lemma 2.5 let random lifetimes Y1, ...,Y, follow the Block and Basu distribution.
Then substituting (2.17) for f we obtain conditional hazard rates

At - 1)

1
IO
. exp(—(n —h—1)At — yt) exp(—/\ Yhot— At)
exp(—(n — h)At — yt) exp(—)\ Y, ti)

j_hIL(A(n —j+1)+7)
j_hIL(A(n —j+1)+7)

_Am—h)+vy

- (n=h)

In this case the multivariate conditional hazard rate depends only on the number of
failed components and stays constant between two failures.

(ii) In Spizzichino (2001) Example 2.37, 3.30 the author considers a model by Ross,
which can be described by the joint density

6" o
flt, ... th) = i (n)

and conditional hazard rates

At ..o b)) = — (2.18)
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2.2 Distributions with special forms of conditional hazard rates

where 6 > 0 is a given quantityand t; > 0,i = 1,...,n.

From the form of conditional hazard rates we can conclude that for such systems the
hazard of a failure increases with every failed component. This can be the case, for
example, when failures cause damage to surviving components. Moreover, the condi-
tional hazard rate in (2.18) does not depend on the current time t, i.e. components
do not undergo any aging process. This is the case, for instance, when the duration of
experiment is small and effects of aging are insignificant in comparison to the failure
consequences.

Another group of distributions with conditional hazard rates of the form (2.16)
can be found in Navarro & Burkschat (2011). It is of interest due to the close rela-
tion to sequential order statistics. More specifically, the distributions arise from the
following lemma.

Lemma 2.16. If Xﬁl), cen, Xﬁ(fl) are sequential order statistics basedon Fi, F,, ..., F,, then
there exists an exchangeable random vector X* = (X5, ..., X;;) such that the vector of its

usual order statistics is equal to the vector (Xil), ., X,En)) )

Thus, under consideration are exchangeable random variables such that their
order statistics coincide in distribution with sequential order statistics. The joint
density of X7, ..., X}, can be obtained as follows.

Lemma 2.17. If XS), cen, Xﬁ(fl) are sequential order statistics basedon Fy, F,, ..., F,, then
the exchangeable random variables X7, ..., X, defined in Lemma 2.16, possess the joint
density function

X; 0 X 1/ 1 Ety) " filt) 219
/ (- tn) = H<1 — Fi(t(i-1)) 1= Fi(ti-1) 219

for ti,...,t, € R.

Proof. Let Yi,...,Y, be exchangeable random variables and Y., ..., Y., their or-
der statistics . For t; < ... < t, itis known that

X (b)) = ml fe (b, )

Then for t;,...,t, € R we can write

le"“’Y" (t1, ceey tn) = — le:” """ Yonon (t(l)/ ey t(n)) , (2.20)



2.2 Distributions with special forms of conditional hazard rates

where (t(l),...,t(n)) =n(h,...,t,) and 7 € S, is such that ta) < ... <ty The
result follows by combining (2.20) with the representation of the joint density of
sequential order statistics from Theorem 1.7. ]

Remark 2.18. As already mentioned, Xj, ..., X;; provide another example of exchangeable
random variables with conditional hazard rates of the form (2.16). Indeed, by (1.3) together
with (2.9) almost surely holds

— n—nh
At|tr, . ty) = _(nl—h)aatm(?:(lti?)

fri1(f)

Fry1(t)

4

where fi,,1(t) is the density function corresponding to the survival function Fj1(t), h =
1,...,n—=1and 0 <t; <... <t <t. Byanalogy, combining the result of Theorem
1.7 with (2.12), the conditional hazard rate of the first failure in the system is obtained as

A(t) = —(n_i}0;11n(Fla))"
_ At
Fi(t)

Thus, for X7,..., X, conditional hazard rates depend both on the age of the considered
component and the number of failures preceding the current time t.

Example 2.19. Consider sequential order statistics XS), ey Xin) based on Fi,...,F,.
For 6y,...,0,—1 > 0and i = 1,...,n define the distribution functions F; as

1

E(t) =1— (1 - F(t)% .

where F(t) is the distribution function of standard exponential distribution. Then the
following representations exist:

F(t)=1- exp(—gitl)
0= g on(-).

i—1 i—1

36



2.2 Distributions with special forms of conditional hazard rates

According to Balakrishnan et al. (2008) such X,El), e, Xﬁ") coincide with the order stat-
istics based on Weinman multivariate exponential distribution. They can be described by
the following density function taken from Kotz et al. (2000)

n—1 .
xM . xm _ 1 —(n —i)(tin — 1)
f (tl,...,tn)—n!He_exp< 6; i

i=0 "

with 8; >0,1=0,...,n =1, to =0and to < t; < ... <t,. Then considering cor-
responding conditional hazard rates one may observe that

]\(t‘tl,...,th) = — a.s.

The corresponding exchangeable random variables X7, ..., X possess the density

n—1 .
X, X _ 1 —(n — ) (i) — te)
J& (tl,...,tn)—il;!)ei exp 0, ,

where tq,...,t, € R. According to Kotz et al. (2000) X7, ..., X; follow Freund’s mul-
tivariate exponential distribution.

Remark 2.20. Consider absolutely continuous random variables Y1, ...,Y, with condi-
tional hazard rates of the form (2.16). It can be seen that their order statistics Y1y, ..., Ynun
possess the Markov property, i.e.

in:n [ Yi 1 Y1 (ti‘ti—l/ ., tl) — in:n|Yi—1:n (ti‘ti—l> , (2.21)

fori=2,...,nand 0 < t; < ... < t,. In more detail, from (2.14) the density function
of Y1,...,Yy is of the form
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2.2 Distributions with special forms of conditional hazard rates

where p; are appropriately chosen functions. Then the density of order statistics is

n

fromen(ty, o ty) = nl [ pilt), 0 <...<ta
i=1

and the following equality holds

Yo i ()14, 1)
B S oy e i pi(t)dtn - dbipodtig pi(t)
B [t?o ft(,)o ft(,-)jl s ft:: 7:i+1 pj(tj)dtn e dti+2dfi+179i(ti)dti
= frenliom (]t )

almost surely.

Next we are going to look at distributions that satisfy (2.21). For the sake of con-
sistency let us identify these distributions by the form of their conditional hazard
rates.

Lemma 2.21. The order statistics Y1., . .., Yn:n, Which are based on absolutely continuous
exchangeable random variables Y1, ...,Y,, possess Markov property if and only if for i =
2,...,n holds

A(tlty, ... tior) = gi(t tica)

where 0 < t; < ... < ti_1 <t

Proof. Let Y1.,...,Yn:n be Markov for i = 1,...,n, then by (2.6) holds

. 1
A(t|t1,...,ti_1) = lim 7P(Yi;n <t+ At|Y1;n =t1,..., Yiqn=ti_1,Yin > t)

At—0+ A
= um L P(t <Yip <t+ At Y1y =t1,..., Yic1m = tii1)
At—0+ At P<t < Yi:n ‘ Yl:n =1t,.. -/Yi—lzn = ti—l)
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2.2 Distributions with special forms of conditional hazard rates

and due to Markov property of Y1., ..., Yu., we obtain

lim L P(t < Yip < t+ At|Yi_1. = ti1)
At—0+ At P(t < Yin | Yi1n = tifl)

Aty ... ti1) =

) 1
= A%g{h At P(Yiy <t +AtYi 1 = tiq, Yig > 1) .

It is left to show the inverse implication. By Lemma 2.11 (i) holds
in:n ‘ Y1, Yic1m (tl‘tll e, ti—l)

d fi
- exp<_(n —i+ 1)/ gi(t/til)dt>

= (n—i+1)gi(titi-1) eXp<—(n —i+ 1)/” gilt, ti_l)dt> .

tiq

For the sake of simplicity denote

ti
piltiast) = i tin) exp(~0n =i +1) [ gt

tiq
so that
in:n | Yeinsee Yiotn (ti|t1, ey tifl) = (1’1 — 1+ 1) Pi(ti—lz t,‘) (222)

and the proof follows immediately. O

Example 2.22. Consider non-negative exchangeable random variables Y1, ...,Y, with
joint density function

flt,oote) = 1tap) [ TRt ta) (2.23)
i=2

where 0 € (0,1], t1,...,ty € Ry and
I(t) = zeexp[—(zt)ﬂ (21)% 1,

39



2.2 Distributions with special forms of conditional hazard rates

k(t(i-1), (i)
zeexp[—(t(i,l) + t(i))f’] (t(i,l) + t(i))g_z (e(t(i,l) + ) — (6 — 1))

29exp[ (2t_1))° }(2%-,1))6_1

Note that the numerator of the function k(-|-) consists of the joint density function of some
random variables Z1, Z, such that Z1 < Z, a.s. Indeed, since 6 € (0,1] for 0 < zq < zp
we can state

29exp[—(zl - zz)e} (z1 + 22)072 (6(21 +22) — (6 — 1)) >0

and

/000 /:ZQexp [—(Zl + 22)9] (z1 + 22)?72 (9(21 +2,5)? — (6 — 1)>dzzdzl

:/ / 2 exp )
= —/0 2 gexp(—zg)

e =1

dedZ1
z=2z1+2»

le

z=221

Moreover, since the following equality holds
de

/ 2 exp %)
z=2z1+2p

= 29exp[—(221)9} (2z1)971,

we can conclude that the denominator of k(z1,z2) corresponds to the marginal density of
the variable Zy . Then k(z1,z,) represents the conditional density f%211(z5|z1), where
0 S Z1 S Z7.

Let us return to the consideration of exchangeable random variables with the joint dens-
ity function described by (2.23). According to (1.2) their order statistics possess the joint
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2.2 Distributions with special forms of conditional hazard rates

density

n

fromeon (b, ty) = nll (k) [T k(tioa, 1),

i=2

where 0 < t; < ... < t,. Then the conditional densities of order statistics can be can be
described by

in:n |Yi71:n/~~~/Y1:n (ti‘ti—ll e, tl)
00 00 © y
/ / / f Lineses nm(tlr---/ti/yi-i-l/---/yn)dyn---dyi—H
I Yi+1 Yn—1

/ / / le:”""’Y”:”(tl,...,ti_l,yi,...,yn)dyn...dyi
tii1 JYi Yn-1

= k(ti_1,t;)
/t k(tiryiJrl)/y k(yi+1/yi+2)~~~/y k(Yn—1,Yn)dYn - .. dyiy1
i i+1 n—1
Kty [Tk [ ke )y dy
ti1 Yi Yn—1

Observe that fyolo k(yj, yjs1)dyjp1 = 1 for j=1,...,n — 1, since k(yi, yiy1) is a con-
ditional density. Then we can conclude that

in:n ‘ Yitmsees Y1in (ti|ti—1/ e, tl) — k(ti—]_/ tl)

and for t > t;_4
P(Yl';n >t ’ Yi—l:n =t _1,..., Yl:n = tl)
= /too k(ti_1, u)du
/Oo 2 > exp(—z9) du
. t azz z=t;_1+u
exp [—(21‘1;1)9} (2t;1)9-1

20exp [_(ti—l + t)g] (tig + t)e_l

N 26exp[—(2ti_1)9] (2t;_1)0-1
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2.2 Distributions with special forms of conditional hazard rates

1 ¢ -1
_ )9 _ (4. AN et
- eXp|:(2tl—1) (tl—l + t) j| <2 + Ztl'_‘l) .

Finally, according to (2.9) multivariate conditional hazard rates are obtained as

Atlti1, ..., 1)
1 d

= G | @)~ (er + 07+ @ D5 + 2tf1)]

1
T =it D)t + 1) (9(

tig+ 802 +1 - 6)

for0 <t <...<ti1 <t i=1,...,n. ltdependson the number of previous failures,
last failure time and the age of considered component.
2.2.2 Schur-constant densities

In the following we consider conditional hazard rates that depend on two or more
of the preceding failure times.

To begin with we are going to look at Schur-constant random vectors. In Cara-
mellino & Spizzichino (1996) they are defined as follows.

Def 2.23. A non-negative random vector (Y1,...,Yy) is called Schur-constant if it pos-
sesses a Schur-constant joint survival function, i.e. for a suitable univariate survival func-
tion ® : Ry — [0, 1] holds

n
F(ty, ... t) = P(Ty > t1,..., Ty > ty) = CD(Zti) )
i=1

forty,... tp € Ry.

According to Spizzichino (2001) the Schur-constant property can also be formu-
lated for joint density functions, namely:

Remark 2.24. A joint density function of non-negative lifetimes is Schur-constant if it
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2.2 Distributions with special forms of conditional hazard rates

allows the representation
n
flt,ote) = d() t),
i=1

where ¢ : Ry — Ry. B
Moreover, an absolutely continuous survival function F(t,...,t,) is Schur-constant
if and only if its density f(ti1,...,t,) is Schur-constant.

Example 2.25. Consider the random variables Y1,Y>,Ys distributed similar to Yl(i), Yz(i),
Y?EZ) from Example 1.15, i.e.

where Z1,Z3,Z3 are independent, exponentially distributed with mean 1 and © is a
gamma distributed random variable with parameters «, A. Observe that Y1,Y>,Ys are
Schur-constant. Indeed, it is shown in Appendix that their survival function is given by

A%
(tl + tr + t3 + )\)‘X
= (D(tl + t + t3) ,

P(Y1 >t1,Yy > tr, Yz > t3) =

where

O(y) = g = 1+ D

Since for a« > 0 and y > 0 the function ® is a survival function we can conclude that
Y1, Y>, Y3 are Schur-constant random variables.

Remark 2.26. In the context of reliability theory Schur-constant random vectors stand
out, among others, by their no-aging property. Namely, Definition 2.23 implies

P(Yk—tk>S|Y1 >t,o,Ye >ty Yy >tn)

(2.24)
ZP(Yl—tl >S|Y1 >t Y >0, Y > tn)

fors >0, (t1,...,ty) € R and k # 1.
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2.2 Distributions with special forms of conditional hazard rates

Let Yq,...,Y, represent lifetimes of components in a system. Then equation (2.24)
states that, under the condition Y1 > t1,...,Y, > t,, the distributions of residual life-
times (Yy — ty) and (Y; — t;) of two different components are equal, although the ages ty
and t; can differ. In other words, the age of the component Yy does not influence the cor-
responding conditional probability of the component Y| to survive the next period of length
S.

Conditions under which the function ®(-) from Definition 2.23 corresponds
to a multivariate survival function were studied in Nelsen (2006) and McNeil &
Neslehové (2009). Here we outline some of their results.

Def 2.27. Consider an interval I C R and denote by I the interior of 1. A function
f R — Ry iscalled d-monotone on I, where d > 2, if

(i) it is differentiable on the interior of I, up to the order d — 2,
(ii) fork =0,1,...,d —2and x € I the derivatives satisfy

(—1ffM(x) >0,

with fO(x) = f(x),
(i) (—1)4"2f=2)(x) is non-increasing and convex on I.

For d = 1, f is called 1-monotone if it is non-negative and non-increasing on 1. If f has
derivatives of all orders on T and if (—1)kf®)(x) > 0 forall k € N and x € I, then f is
called completely monotone.

Lemma 2.28. Let @ be a real valued function on [0,00). The function S, specified for
tl,...,tn 6 R+ by

S(tl,...,tn) — @(tl +"'+t7’l)

is a survival function if and only if ® is an n-monotone function on [0, co) satisfying the
boundary conditions lim;_,o, ® () = 0 and ®(0) = 1.

Lemma 2.29. Let @ be a continuous univariate survival function. Then ©(t; + ... +
ty) is an n-dimensional survival function for all n > 2 if and only if @ is completely
monotone on [0, 00).

Example 2.30. Consider a univariate survival function ®(t) = max(1 — t,0)%1, for
some d € N,d > 2. Computing partial derivatives we obtain

(1) = (~1)'; @D ax(1 — 01

d—1—n)!
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2.2 Distributions with special forms of conditional hazard rates

forh =0,...,d — 2. Theleft and right derivatives of ®@=2)(t) do not coincidein t = 1.
Therefore, the derivative of ®@=2)(t) does not exist in t = 1. However (—1)"®")(t) >
0for h=0,...,d —2 and ®@=2)(t) is non-increasing and convex on (0,00). Then
according to Definition 2.27 @ is d-monotone but not (d + 1)-monotone.

The following lemma can be found in Caramellino & Spizzichino (1996). It
provides representations for the joint density and conditional hazard rates of Schur-
constant random variables.

Lemma 2.31. Consider absolutely continuous Schur-constant random variables Y1, ...,
Y, with the joint survival function

F(tr, ... ta) = P(Y1 > t, ..., Yy > ty) = (D<

D=

tz’) ,

1

7

where @ : Ry — [0,1] is n-times differentiable.
Then Yi,...,Yy, possess

(i) a joint density function

oy, k) = (=1)" (p(”)(i ti) ,

(ii) conditional hazard rates of the form

At . ) = — ) (2.25)

wherey:Zf’zlti—k(n—h)t, 0<hH<...<ty, <t

Proof. Representation (i) is obtained by direct differentiation of the Schur-constant
survival function, i.e.
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2.2 Distributions with special forms of conditional hazard rates

To deduce (ii) notice first that the joint density of order statistics based on Yi,..., Y5
can be calculated as

fYLn,...,Yh:n (t]/ ceey th)

o0 o0 o0 n
= n! D)oMW (Y ) dt, ... dt. .
" /th [h+1 /tnl ( ) <Zl l) " i

1

Further, applying Lemma 1.13 we can reduce the last integral to the following ex-
pression

dt,...dt
/th /th+1 /nl ; > o
n(y
- n—h /t} /th /t’ (—1)" @ <Zti>dtn...dth+1

i=1

- (7(1__1)}1)! <§1t +(n—h+ 1)th> :

Thus, we have obtained that
fY1:n1~~~,Yh:n (tll o, th)
-1

h 2.26
:(—1)h(11i!}l)!®(h)<;ti+(n—h—l—l)th> . (2.26)

With the help of (2.9) and (2.26) multivariate conditional hazard rates can be de-
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2.2 Distributions with special forms of conditional hazard rates

scribed by

A(tt, .. ty)

o0 h
i (h+1) (-
1 9 (—1)" 1 (n — h)! /t ) <1§ ti + ( h)y)dy]

1
= —7711’1 7
(n — h) ot _(—1) (n—h—1)! o) <Z?;f bt (n—h+ 1)th>

1o | (—1)h(n — h)! o™ (Z?_l ti+ (n— h)t) ]

=——————1In
(n=my ot =] (EDMm =k =D =) g (zﬁ“f bt (n— Dt 1>th>

) h
— _(nl_h)atln (—1)h®(h)<2ti+(n—h)t>] :

(2.27)

Finally the needed result is obtained by differentiation in (2.27). O

Remark 2.32. Let us look at representation (2.25) from a survival theoretical point of view.
For Schur-constant random variables the hazard rate depends on the history of failures only
through the number of failures h and the total age of the system at the moment t, namely

h
y=Yti+(n—hyt.
i=1

Therefore, from now on a shorter notation for conditional hazard rates will be used:

/\(”l, y) = A(t|t1,. . -/th)
CD(hH)(y)
~ o0(y)

Note that due to (2.27) conditional hazard rates can also be calculated as

d
A(h,y) = —@lnw(“(y)\- (2.28)
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2.2 Distributions with special forms of conditional hazard rates

A special case represents the densities corresponding to completely monotone
survival functions. In fact, they can be expressed as a Laplace transform of some
probability distribution. In Nelsen (2006) the Laplace transform is defined as fol-
lows.

Def 2.33. Consider a distribution T1 defined on [0, c0). Then the Laplace transform with
a mixing distribution T1 is given by

L(t) = /0 e 0dri(o) .

Then the connection between Laplace transform and Schur-constant random
variables arises from Lemma 4.6.5 in Nelsen (2006).

Lemma 2.34. A function ¢ on [0, 0o) is the Laplace transform of a probability distribution
if and only if it is completely monotone and ¢(0) = 1.

Taking into account Definition 2.23, Lemma 2.34 yields the following result.

Theorem 2.35. Let Y1, ..., Y, be Schur-constant random variables with survival function
n
S(ty, ..., ty) = <D<Z ti> /
i=1

where ® is a completely monotone function on R.. Then, for a suitable probability distri-
bution TT1(6) on [0, c0) the joint density of Y1,...,Y, can be represented as

frmXu(ty, o) = /0006” exp<—9i fi>dﬂ(9> ’ (229)
i=1

where t1,...,t, € Ry,

Proof. Note that for the survival function S holds

5(0,...,0) = ®(0) = 1. (2.30)

Then, applying Lemma 2.34 for the function ® we obtain

S(ty,..., ty) = /000 exp<—9iti>dﬂ(6) )

i=1
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2.2 Distributions with special forms of conditional hazard rates

Finally, with the help of Leibniz integration rule the joint density Yi,...,Y, canbe
described by

O]

Remark 2.36. The proof presented above is a special case of a similar argument concerning
infinite sequences of Schur-constant random variables that can be found in Spizzichino
(2001).

Example 2.37. Let us look again at the random variables Y1,Y>, Y3 from Example 2.25.
They are constructed on the basis of conditionally independent random variables and pos-
sess the joint density of the form (2.29). Namely the density is equal to

00 Ax
Y1,Y2,Y3t iyt :/ —0(t+tp+t3) rofl 7)\9d9
f ( 1,82, 3) 0 e r(LX) e
Ax
(1 +tr +t3+A)x

Thereby Y1,Y>, Y3 are distributed according to Pareto distribution of the second kind with
parameters «, %
According to Kotz et al. (2000) a Pareto survival function of the second kind is defined

O(t) = (1+pt)~

foro,3>0andt € Ry.
Its h-th derivative has the form

oM (t) = (—1)" W B (14 pry=t (2.31)
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2.2 Distributions with special forms of conditional hazard rates

By (2.25) conditional hazard rates can be calculate as

(D(h+1)( )

A = ~5y)
_ (a+h)B
1+ By

(2.32)

7

where y > 0. Since ®(t) is completely monotone, S(t1,...,t,) = ©(t1 + ...+ ty)
represents a n-dimensional survival function for n > 2. Similar to the three-dimensional
case S(t1, ..., ty) corresponds to the density function

Fltry e tn) = /Ooo 0" exp<—ei‘6ti> 7(0)d0 (2.33)

where 7(0) is a density of the gamma distribution with parameters (o, %) .

Remark 2.38. Let Y = (Y1,...,Yy) be a Schur-constant random vector with a survival
function

q)(t],...,tn) = S(tl —|—...—|—tn) ,

where S is completely monotone on [0, 00). It is shown in Nelsen (2005) that the survival
function possesses the representation

S(x1+ ... +x,) = S[P(S(x1)) + ... + ¢(S(xn))] , (2.34)

where ¢ is the inverse of S.

2.2.3 Archimedean copulas

The form (2.34) of the survival function corresponds to a structure known as copula.
In the following we introduce copulas as it is done in McNeil & Neslehové (2009).
The definition is formulated in terms of difference operators and quasi monotone
sets. For the sake of completeness these objects will be introduced first.

Def 2.39. Consider a function f : R" — R, x, h € R" with h > 0. A difference oper-
ator Ay f(x) is defined as

Auf(x) = O ... 8 F(x)
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2.2 Distributions with special forms of conditional hazard rates

where A;li denotes the first order difference operator given by
Zif(x) = f(x1, .., xic1, X + hi, Xig1, o0, x%0) — f(X1, 000, Xim1, Xi, Xig1, .o, Xn) -
Then, for A C R" we will call a function f : A — R quasi-monotone on A, if it satisfies
Ayf(x) > 0 for every x and h such that all vertexes of (x,x + h| liein A.
Then a copula can be defined as follows.
Def 2.40. A n-dimensional copula is a function C : [0,1]" — [0, 1] satisfying
(i) C(ui,..., un) = 0 whenever u; = 0 for at leastone i =1,...,n,
(i) Cuy, ..., uy) = u; ifuj=1forall j=1,...,nwith j #1,
(iii) C is quasi-monotone on [0, 1]".

Copula functions find applications in a wide range of fields from reliability and
survival analysis to actuarial science and finance (see for example Jaworski et al.
(2010), Clayton (1978), Frees & Valdez (1997), Cherubini et al. (2004)). Many of these
applications originated from Sklar’s theorem introduced in Sklar (1959), which we
quote next. By the means of copulas it provides a link between multivariate distri-
bution functions and their univariate margins (see also Nelsen (2006)).

Theorem 2.41. Let H be a n-dimensional distribution function with margins F;, i =
1,...,n. Then there exist a copula C, referred to as the copula of H, such that

H(t, ... t) = C(Fi(t1), ..., Ea(tn)) (2.35)

forany t1,...,t, € R. Furthermore, C is uniquely determined on D = {u € [0,1)%|u €
ranFy x --- x ranF,}, where ranF; denotes the range of F;. In addition for any u € D,

C(u) = H(F{l(ul),...,F,jl(un)) ,

where F 1 (u;) = inf{x|Fi(x) > w;}, i=1,...,n.

Conwversely, given a copula C and univariate distribution functions F;(u;), i =1,...,
n the function H defined by (2.35) is an n-dimensional distribution function with mar-
ginals Fy, ..., F,.

An interpretation of Sklar’s Theorem for multivariate survival functions can be
found in McNeil & Neslehova (2009).
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2.2 Distributions with special forms of conditional hazard rates

Theorem 2.42. Let S be an n-dimensional survival function with marginal survival func-
tions F;, i = 1,...,n. Then there exist a copula C, referred to as survival copula of S,
such that

S(t1,..., tn) = C(Fi(t1),..., Fu(tn)) (2.36)

for t1,...,tn € R. Furthermore, C is uniquely determined on D = {u € [0,1]%u €
ranFy X --- x ranF,}, where ranF; denotes the range of F;. In addition for any u € D,

Cw) = S(Fy '), F, () |

where F; ' (u;) = inf{x|F:(x) < w;}, i =1,...,n.
Conwversely, given a copula C and univariate survival functions Fi(u;), i = 1,...,n,

S defined by (2.36) is a n-dimensional survival function with marginals Fy, ..., F,.

Remark 2.43. With respect to Theorem 2.41 and Theorem 2.42, note that a copula and the
corresponding survival copula do not necessarily coincide. This fact is described in more
detail in Example 2.49 (ii).

Next we are going to look at the class of copulas known as Archimedean copu-
las.

Def 2.44. Let ¢ : [0,1] — [0, 0o] be a continuous, strictly decreasing function such that
¢(1) = 0. Then pseudo-inverse of ¢ is the function =1 : [0, 00] — [0,1] given by

o=1(t) = {‘P_l(t)’ 0=t (2.37)

¢(0
0, $(0) <t <

< ¢(0),
< 0.

t

Note that ¢!=1 is continuous and non-increasing on [0, co] and strictly decreasing on
[0, $(0)]. Furthermore, I~ (p(u)) = u on [0,1], and

PL0) = {23(0), 505 .

= min(t, ¢(0)) .

Def 2.45. Let ¢ : [0,1] — [0, 00) be a continuous, strictly decreasing function such that
¢(1) = 0, and let ¢~ be the pseudo-inverse of ¢ defined by (2.37). An n-dimensional
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2.2 Distributions with special forms of conditional hazard rates

copula C is called Archimedean if it permits a representation
Cu) = W (p(ur) + ... + d(un)), wuelo1]". (2.38)

Remark 2.46.

(i) The function ¢ from Definition 2.45 is called Archimedean generator. If ¢(0) = oo
then ¢ is called a strict generator. In this case ¢p!=Y = ¢, where ¢~ is the
inverse of .

According to Widder (1941) a function g(t), completely monotone on [0,00) and
satisfying g(c) = 0 for some finite ¢ > 0, must be identically zero on [0, 00). Then
we can conclude that completely monotone ¢l=Y must be positive on [0,00), i.e. it
corresponds to a strict Archimedean generator and ¢l=1) = =1,

(ii) In the frame of Definition 2.45, Remark 2.38 describes the connection between sur-
vival functions of Schur-constant random variables and Archimedean survival copu-
las.

Archimedean copulas have gained popularity due to the simplicity of their con-
struction and nice properties that they possess. The facts presented below are taken
from McNeil & Neslehova (2009) and Nelsen (2006), to which we refer for further
detail. In particular, the following statements describe Archimedean generators
that produce multivariate copulas.

Lemma 2.47. Let ¢ be an Archimedean generator. Then C : [0,1]4 — [0, 1] given by
Cut, ..., un) = O (d(ur) + ... + p(un)) ,

is a n-dimensional copula if and only if ¢!~ is n-monotone on [0, o).

Lemma 2.48. Let ¢ be a continuous strictly decreasing function from [0,1] to [0, co]
such that $(0) = oo and ¢(1) = 0, and let ¢~ denote the inverse of ¢. If C is the
function from [0,1]" to [0, 1] given by (2.38), then C is an n-copula for all n > 2 if and
only if ¢~ is completely monotone on [0, 00).

Example 2.49.

(i) The survival function from Example 2.30 corresponds to the d-dimensional Archime-
dean survival copula
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where u; € [0,1] for i = 1,2,...,d and the generator is described by
o) =1—tet,
for t € [0,1].
(ii) Consider a Gumbel bivariate copula

C(ul,uz)
=u +up— 1+ (1 —u)(1—u2)exp(—0In(1 — u1)In(1 — uz)) ,

where 6 € (0,1]. The corresponding survival copula is shown in Barnett (1980) and
has the form

S(uy,up) = wyupexp(—0Inuy Inuy) .

1t is called Gumbel-Barnett survival copula. It was pointed out in Genest & MacKay
(1986) that the Gumbel-Barnett copula is Archimedean with generator

¢(t) =In(1 — OInt)

and

b =exp (155 )

where t € [0,1], u € [0, co|. However the Gumbel copula is not Archimedean. Fur-
thermore, in Georges et al. (2001) the authors show that the Frank copula is the only
Archimedean copula for which the survival copula is also Archimedean (see Frank
(1979), Frank (1991), Hutchinson & Lai (1990)).

Remark 2.50. As mentioned in Nelsen (2005) there is one-to-one correspondence between
Schur-constant survival functions and Archimedean copulas. Thus, a Schur-constant sur-

vival function S corresponds to a copula with a generator given by the pseudo-inverse of
S.

In particular, a subclass of Archimedean copulas represented by frailty survival
functions generalizes completely monotone Schur-constant survival functions. The
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2.2 Distributions with special forms of conditional hazard rates

concept of frailty reflects the idea that survival times of components depend on an
unobserved random variable ®. Moreover, the survival times are assumed to be
conditionally independent given ©. A description of frailty survival distributions
can be found in Oakes (1989). In Georges et al. (2001) frailty survival functions are
defined as follows.

Def 2.51. A frailty survival function S(t1,...,t,) with marginal survival functions F,,
i=1,...,n is defined by

S(t1,...,ta) = C(Fi(t1), ..., Faltn)) ,

where C is an Archimedean copula with a generator corresponding to the inverse of a
Laplace transform with the mixing distribution of the frailty variable ©.

Example 2.52. For some 6 > O consider an Archimedean survival copula with generator

o(t) = (t°-1),

¢ () = (1+u)7,

where t € [0,1], u € [0,00]. This copula belongs to the Clayton family. According to
Nelsen (2005) it generalizes the case of Schur-constant random variables with Pareto joint
survival function of the second kind. In particular, since ¢ is completely monotone, it
generates an n-dimensional Clayton copula

@l

" -6
Clus, ..., u,) = max(Zui_ — (n— 1),0) , (2.39)

i=1

where u; € [0,1], i =
For t; € [0,00), i
survival function, i.e.

1,2 , 1 (see also Nelsen (2006)).
= n let u;p = ¢1(t;). Then (2.39) turns into a Pareto

C(p ' (t),..., o (tn))
= max[(l +4) 000 4 (14 tn)_e(_%) —(n— 1),0} B
=(th+-+t+1)°.

Moreover, according to Definition 2.51 C(u,...,uy,) is a frailty copula. By analogy to
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2.2 Distributions with special forms of conditional hazard rates

(2.33) it can be represented as a Laplace transform

Clu, ... uy) = /Ooo exp [_19 i ¢*1(ui)} (9)dd (2.40)

i=0

with 7(9) = ﬁﬁ"‘*l exp(—9).

Remark 2.53. In the majority of applications Archimedean copulas with one or two para-
meters are considered. However, the number of parameters can be increased by so called
transformation functions. For a detailed description we refer to Nelsen (2006) .
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3 Stochastic orders and dependence notions

Dependence properties play an important role in understanding of stochastic mod-
els. They find applications in such fields as reliability theory, mathematical physics,
actuarial and social sciences. In particular, in reliability theory positive dependence
defines joint behavior of components. For instance, two components represented
by positively dependent random variables tend two behave similarly, i.e. if one
tends to longevity then so does the other. In this chapter we will look at several
stochastic orders and the dependence properties they generate. Furthermore, we
will concentrate our attention on one of the strongest positive dependence proper-
ties called multivariate total positivity and illustrate it with the examples of distri-
butions considered in Chapter 2.

3.1 Stochastic orders

Stochastic orders find a wide range of applications in reliability theory, for instance,
they play a key role in defining dependence and aging properties. We refer to
Shaked & Shanthikumar (1990) for examples of application in reliability theory and
to Shaked & Shanthikumar (2007) and Miiller & Stoyan (2002) for an exhaustive
survey of stochastic orders.

In the following we provide definitions for several stochastic orders (cf. Shaked
& Shanthikumar (2007), Spizzichino (2001), Richards (2010)). First a note on nota-
tion:

Def 3.1. For x = (x1,...,%,) and y = (y1,...,y,) in R" define the least upper bound
xVy = (max(x1,y1),..., max(xy, Yn)) (3.1)
and the greatest lower bound,
x Ay = (min(x1,y1),...,min(x,, y,)). (3.2)
In particular, for n = 1

xVy=max(x,y),
x Ay =min(x,y) .

Def 3.2. Let X = (X1,...,Xy) and Y = (Y1,...,Yy) be two absolutely continuous n-
dimensional random vectors of lifetimes and let us denote by
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3.1 Stochastic orders

1..(:|) and A,.(-|") the corresponding conditional hazard rates,

®@..(-|-) and W.|.(-|-) the corresponding cumulative hazard functions
described in Definitions 2.3 and 2.9. Then X is said to be smaller than Y in

(i) the usual stochastic order (denoted X <4 Y), if E(¢(X)) < E(¢p(Y)) for all in-
creasing functions ¢ for which the expectations exist,

(ii) the multivariate hazard rate order (denoted X <, Y) if forall t > 0

Ai(tlyr) < myp(tlxg) , (3.3)

whenever I C J C{1,...,n}, r ¢ ], x; <y; <t, xj<tforallic I jec ]\

(iii) the cumulative hazard rate order (X <., Y)if forall t > 0

Wi (tyr) < @,(txy) , (3.4)

whenever I C J C {1,...,n}, r ¢ ], x; <y; <t, x; <tforallicl,jec ]\

(iv) the likelihood ratio order (denoted X <j, Y) if for any pair of vectors x,y € R"

fx()fr(y) < fx(xVy)fr(x Ay) . (3.5)

Remark 3.3. For the sets

A=A{m,...,aq} C{1,...,n},
ZI {blr---/bnfk} = {1,...,1’1}\A,

where 1 < k < n, we will use a shorter notation for the history
Yo, = Vo, Yo, = Ya, Yo, > ..., Yy, >ty ={Ya = ya, Yz > te}.
Similarly, for A = () we denote by

.....

Then, considering Definition 3.2 note that:
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(i) in part (ii) the history
he = {Yr = y1, Y7 > te}
includes fewer failures with later failure times than

f]é = {X] = X],XT > te} ’

where T ={1,...,n}\I, ] ={1,...,n}\]J. Therefore b, is often called less severe
than by, see for example Spizzichino (2001), Caramellino & Spizzichino (1996).

Assume that X and Y represent lifetimes of components in two systems that start
working simultaneously. Then (3.6) indicates that the system described by X is more
prone to failure at the time point t whenever it went through at least the same number
of failures as the system described by Y and the failures occurred earlier than in Y .

Let X and Y be Schur-constant random variables. Lemma 2.31 states that in this case
the multivariate conditional hazard rates depend on the history b only through the
number of failed components h and the total age of the system y = Y"1 t; + (n —
h)t. Therefore X <p, Y is equivalent to

Ax(W,y') > Av(hy) (3.6)

whenever W' > h,y' <y for b, € {0,1,...,n — 1} and y,y' > 0.
(ii) from the definition of likelihood ratio order follows immediately that for y < x

fr(x) fx(y) = fr(y)fx(x).

For n = 1 this condition is equivalent to X <, Y. In general, however, it is weaker
than (3.5).

Example 3.4. Let us generalize Example 2.1 from Burkschat (2009). Namely, for i = 1,2
consider random vectors Y ;) = (Yl(l), ... ,Yr(f)). Forj=1,...,nlet

. W
Y(Z) ~ ]
J OCZ‘V !

where Wy, ..., W, are independent exponentially distributed random variables with mean
1, the random variable V follows the gamma distribution with shape parameter o« > 0 and

59



3.1 Stochastic orders

scale parameter b = i > 0 and ; > 0. Moreover, let V be independent of Wy, ..., W,,.

Then the joint survival function of (Yl(i), ey Y,(li)) can be expressed as

F(t,...,ty) = /000 exp(—(xiv(tl + ...+ t”»@r(a) p*1 exp(—%)dv

o oo a—1
= (x/ et ' dt
M) Jo (ai(ts + ..+ ta) + @)°
0.4 24
((xi(tl + ...+ t) + (X)

_ <1+Oci(t1—|—...+tn)>_a‘

[o

(3.7)

We can conclude that Y ;) is Schur-constant with respective univariate survival function

of the form
Di(y) = (1 + iy) -

The derivatives CDZ(Z) can be calculated as
( ] 1)' : —a—1
0 X + 1 —1)! & &
©i7(y) = (=1) (ax —1)! (cx) (1+ocy)

and for conditional hazard rates holds

(h+1)
(O
Mo lhyy) = =2
(n)
;7 () (3.8)
& 24} -1
wherel =0,...,n, h=0,...,n—-1,i=1,2, y > 0.
Let us look at the sufficient conditions for Y1y <p, Y(2y. According to Definition 3.2
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we have to ensure
%1 a1 N\ o -1
it - > it} it}
(oc+h)“<1+(xy) _(oc+h)“(1+ y) ,
for ' > h, y' < y. Forsuch h and h' holds
a+h >a+h,
then it suffices to show
o a N\ o \7!
bt bt > £ hac} .
oc(1+ocy) _oc(1+(xy)
The last can be written equivalently as

xq > [04)
a+ay T a+ay

Note that by construction «, 1,y > 0 and y,y' > 0, therefore the last inequality holds

iff

oy + o > o+ aagy (3.9)
Sy —y)+tala —a)>0. '

Finally, from (3.9) we can conclude that oy > oy ensures Ya) <w Y-

The theorem below summarizes the relations between the stochastic orders un-
der consideration. It covers results from Shaked & Shanthikumar (2007) and Spiz-
zichino (2001).

Theorem 3.5. The following implications hold

Slr = Shr = Sch = Sst .

Remark 3.6. Assume that random variables Xy, ..., X, and Y1, ...,Y, from Definition
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3.2 satisfy almost surely

X3
Yy

Consider Definition 3.2 (ii) and (iii):

(i) First we are going to look at X <y, Y. Observe that the components fail in accord-
ance to their indexes, i.e. in Definition 3.2 1 = {1,...,m}, ] = {1,...,1} where
m <1 <r—1. Taking into account Remark 2.4 (iii) we will distinguish the fol-

lowing cases:

1. m<Il<r—1,then (3.3) turns into 0 < 0.

2. m <1l =r—1,then we obtain 0 < n,;(t|xy), which holds per definition of
conditional hazard rate.

3. m=1=vr—1, then should hold

(3.10)

.....

whenever x; < y;,i=1,...,vr — 1.
(ii) Consider X <., Y. Taking into account to Remark 2.10 let us look at the following

cases:
1. I,] #{1,...,r — 1}, then (3.4) turns into 0 < 0.
2.1 # Jand J ={1,...,r — 1}, then we obtain

t
/ Ar|](u|x1,...,x,_1)du >0,
Xr—1

which holds since a conditional hazard rate is a non-negative function.

3. L] =A{1,...,r — 1}, (3.4) yields

t t
/ Ar|1(u|y1,...,yr,1)du < / nru(u]xl,...,xr,l)du , (3.11)
Y Xr—1

r—1

where x; < y;, i=1,...,vr — 1.
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(iii) Consider order statistics (X(1, ..., X)), (Y1), -, Y(n)) based on absolutely con-
tinuous exchangeable random vectors (X1, ..., Xn), (Y1,...,Yn). Then by (3.10)
together with (3.11) from

(X1/~~~/Xn) Shr (Yll"'/Yn)

follows
(X(l)/ - /X(n)) <ur (Y(]), . rY(n))-

An analogous observation for random vectors with iid components can be found in
Belzunce et al. (2003Db).

In some cases conditions defining stochastic orders can be made more specific.
For instance, in Belzunce et al. (2003a) stochastic orders for random vectors with
mixture distributions are described. In particular, the following statement is given:

Theorem 3.7. Consider random vectors (Si,...,S,,01) and (Ty,..., Ty, ©2), where
(S1,...,Sn) and (T4, ..., Ty) are independent given ©1 = 6 and ©, = 0 for any value
of 0, respectively, and ©1 and O, are m-dimensional random vectors defined on R™. If,
foralli=1,...,n

(i) Si(0) =« Ti(6) forall 6,
(ii) Si(0) <; Si(0') forall® < @',
(iii) ©1 <j; O2,
then
(St Su) <pr (Ti, o, Ty) .
Here S;(09), (T;(0)) denotes a distribution of S; (T;) under the condition ©1 = 0 (0, =
0).

For the Schur-constant random variables Theorem 3.7 leads to the following
observation.

Lemma 3.8. Let S = (Sy,...,S,) and T = (T4, ..., T,) be non-negative n-dimensio-
nal random vectors with joint densities fi, f», respectively. For tq,...,t, € Ry let

flty,... th) = /OOO 0" exp<—9i ti) m (0)do
i=1
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fo(ti, ...ty /G”exp > »(0)do ,

for some absolutely continuous random variables ©1, 0, with density functions 7 (6),
7'[2(9). If@z Slr @1, then S Slr T

Proof. According to Definition 2.23 (Sy,...,S,), (T4, ..., T,) have Schur-constant
densities and survival functions. Rewrite fi, f» with respect to V1 = -0, YV, =
—0,
0 n
f1(t1,...,tn):/ (=1)"n exp(nZtZ)

1

faltyots) = [ (<1 exp(nftz)

=1

|
3

Then, without loss of generality we can apply Theorem 3.7 for Y1, Y, defined on
(—o0,0]. In terms of which S;(n) =4 Ti(n) and f5IM1(t|n) = fTilM2(t|n) = —net,
therefore condition (i) is satisfied. According to (ii) for n < ' and y; < y, is re-
quired
_ nenyz(_n'en’yl) < —pe™ (—n/e”,yz) )
Indeed the last inequality is equivalent to
e2=y1) < o' (y2-11)

o1 < e=m2-n)

which holds since (' — 1) >0, (y2 — y1) > 0. It remains to check (iii), namely
that Y1 <j, Y. For n < 1 per definition of the Ir-order should hold

—m(=1")(=m(-n)) < —m(—n)(-m(-n")) .

Since 8 = —n' < 0 = —n, this inequality transforms into

m(6')m(0) < m(0)m(6'),
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3.2 Dependence notions

which is equivalent to m <, 711.
Thus, all conditions of the Theorem 3.7 are satisfied and S <;, T. O

3.2 Dependence notions

In the literature stochastic dependence properties of random variables are qualified
as positive or negative based on the joint behavior that they reflect. Thus, posit-
ive (negative) dependence properties describe the tendency of random variables
to attain concordant (discordant) values. In the following we give an overview of
several dependence notions and their properties.

3.2.1 Positive dependence properties

The following definitions are taken from Karlin & Rinott (1980a), Spizzichino (2001)
and Shaked & Shanthikumar (1987).

Def 3.9. Let Y = (Y1,...,Yy) be a random vector with joint density f(t1,...,t,), con-
ditional hazard rates A.|.(-|) and cumulative hazard rates ®..)(-|-). Then Y is called

(i) associated if

Cov(f(Y),8(Y)) 20,

or all bounded increasing functions f,¢ : R" — R.
f 8 8

(ii) conditionally increasing in sequence (CIS) if, for i = 2,...,n, it satisfies
P(YZ > t|Yi,1 =ti_1,...,Y1 = tl) < P(Yl > t|Yi,1 = t;il,...,Yl = t/l)
whenever t; < t;, j=1,...,i—1.
(iii) hazard rate increasing upon failure (HIF), if Y <p, Y namely if

Ai(tlyr) < Ayy(tlxy) (3.12)

whenever I C J C {1,...,n}, r ¢ ], x; <y; <t, x; <tforallicl,jec ]\

(iv) possessing supportive lifetimes (SL), if X <., X i.e.

D, (tlyr) < Oy (txg) (3.13)
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whenever I C J C{1,...,n}, r ¢ ], x; <y; <t, x; <tforallicl,jec ]\

(v) multivariate totally positive of order two (MTP,), if Y <;, Y i.e.
f)f(y) < fFevy)fx Ay), (3.14)

where x = (x1,...,%n), ¥y = (y1,...,Yyn). For n = 2 the density is called TP.
Remark 3.10.

(i) In general, the concept of multivariate total positivity is legitimate not only for prob-
ability densities. According to Khaledi & Kochar (2000), a function f : R" — [0, 00)
is called MTP, if it satisfies the inequality

fOf(y) < fxVy)fxny),

for x,y € R". Moreover, as mentioned in Richards (2010) the operations (3.1) and
(3.2) induce a partial order on R" and the set becomes a distributive lattice. Thus,
the definition can be generalized further. Specifically, in Karlin & Rinott (1980a)
MTP; functions defined on lattices are considered. In this thesis we will mostly
concentrate our attention with respect to the MTP, property on functions of the type

f R — [0, 00). For the details in a more general set up we refer to Karlin & Rinott
(1980a).

(ii) In the literature an MTP, function f : R" — R, is also called log-supermodular.
Initially this terminology comes from game theory and economics, where the concept
of MTP; functions was developed in parallel to stochastics, see, for example, Topkis
(1998).

Def 3.11. A function f : R" — R is called supermodular, if
f) +f(y) < fxVy) + fxAy),

forall x,y € R".

The log-supermodular representation leads to a new description for positive
valued MTP; functions. Namely, the following fact can be found in Richards (2010)
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Lemma 3.12. Consider a function f : R" — R strictly positive, twice differentiable on
R"™. Then f is MTP,, iff

az
axiaxj

Inf(xq,...,x,) >0, (3.15)

forall xj,x; € R, i,j=1,...,n, i #j.

Remark 3.13. As shown in Remark 2.4 exchangeable random variables possess a distinct
form of conditional hazard rates. Therefore, for exchangeable Y7, ...,Y, the HIF property
can be written as

)\(t|x1,...,xi) < A(t|y1,...,y]') , (316)

where i,j € {0,...,n}, i <jand yp <x <t fork=1,...,iand ys <t for s =
i+1,...,7].

Theorem 3.14. Between the dependence properties considered above the following relations
exist:

CIS

/ N\
MTP, Association

pN /
HIF — SL

We refer to Shaked & Shanthikumar (1990) for the proof of the MTP, — HIF
relationship, to Shaked & Shanthikumar (1987) for HIF— SL relationship and to
Block & Ting (1981) for the rest.

Due to their role in development of reliability theory and statistics, depend-
ence properties are well studied in the literature. Here we would like to mention
the works of Shaked & Shanthikumar (2007), Block & Ting (1981) and Colangelo
et al. (2005), where an overview of existing dependence properties is presented. In
the following we cite several theorems providing conditions for different types of
positive dependence. A special attention is turned to MTP, since it is one of the
strongest known dependence properties.

Theorem 3.15. If f(x) and g(x) are two MTP, functions, then f(x)g(x) is also MTP,.
Proof. Proof follows directly from the definition of MTP», for the details see Karlin
& Rinott (1980a). O
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The following result can be found in Khaledi & Kochar (2001).

Lemma 3.16. Consider the functions f(x,y,z) and g(x,z) defined on ordered sets X, Y,
Z respectively. If

(i) f(x,y,z) > 0and f is TP in each pairs of variables when the third variable is held
fixed,
(ii) g(x,z)is TP,

then the function

hxy) = [ Flxy g 2)du(z),

defined on X x Y is TPy in (x,v).

In this thesis we will investigate the MTP, property on different sets, i.e. R",
R, R”. Therefore, in the following we present several results concerning the
MTP, property in a general way. In particular, we are going to consider functions
defined on a product X = [[i; &; of totally ordered spaces &}, i =1,...,n with
a partial ordering on X', which for x = (x1,...,x,), ¥ = (y1,...,yn) € X states
x<yifx; <y;inA&jfori=1,..,n.

The following theorem can be found in Karlin & Rinott (1980a). It states that
the MTP, property is preserved under marginalization.

n
Theorem 3.17. Let f be an MTP; function on X = HXi' Then the marginal function
i=1

k
¢ defined on HXi by
i=1

(P(X1,...,Xk):/ f(X],...,xn)ka+1"'dxn

J Xy

is MTP,.
In particular, Theorem 3.17 leads to the following observations.

Theorem 3.18. Consider a MTP, random vector (X3, ..., Xy). Then for {i1,...,ix} C
{1,...,n} the random vector (Xy,, ..., X;,) is MTP;.
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Remark 3.19. Consider a MTP, function f : R" — R. In the inequality (3.14) without
the loss of generality assume

(xll"'/xi’l) - (x1/x2123/“'/zn) 7
(ylr---/yn) = (]/1;}/2,23/---;211) s

where z3,...,z, € R are held fix. Then inequality (3.14) turns into

f(x1/x2/ Z3/ e /Zl’l) f(]/lx yZ/ Z3/ e /Zﬂ)
< f(x1Vy,xaVy2,za,...,zn) f(X1 Ay1, X2 AN Y2,23,...,2n) -

In other words, f is TPy in any (t;, tj), i,j=1,...,n, i +# j if all the other variables
are held fix. Thus MTP, implies TP, in pairs. The following lemma shows that under a
certain additional assumption the reversed implication also holds. For the proof see Karlin
& Rinott (1980a).

Lemma 3.20. Let f(t) = f(t1,...,tn), (t1,...,tn) € X be TP, in every pair of arqu-
ments, when the remaining arquments are held constant, and suppose that f(x)f(y) # 0
implies f(u)f(v) # 0 forany x,y € X and u,v € X with

xANy<u, v<xVy. (3.17)
Then forall x,y € X

ff(y) < fFlxVy)fxny).

Applying a similar reasoning the following statement for the case of ordered
random variables can be made.

Lemma 3.21. Consider a density function f(t) = f(t1,...,ta), t = (t1,...,tx) € R",
such that

{ﬂﬂ>0 te A (318)

ft)=0 t¢ A,

where A = {t = (t1,...,ty) |t € R", 11 < ... < t,}.
Let f(t1,...,tn) be TPy in every pair of arguments, when the remaining arguments
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are held constant. Then f(t1,...,t,) is MTP;.
Proof. For f(t) to be MTP; should hold

f)f(y) < fxAy)f(xVy), (3.19)

for x,y € R".
Note thatif x ¢ A or y ¢ A then (3.19) turns into

0< fxAy)f(xVy),

which holds due to (3.18). Thus it suffices to consider (3.19) for x,y € A.
Let us check whether in this case x VV y, x A y belong to A. Since min(x;, y;) <
xi,yi and x; < x;11, y; < yiq1 it follows immediately that

min(x;, y;) < min(xi41, Yir1)
fori =1,...,n — 1. Then x A y € A. By analogy we can state
max(x;, ¥;) < max(xit1, Yi+1),

since x;, y; < max(x;, y;) and x; < xj41, y; < y;41 fori =1,...,n — 1. Therefore
xVyeA.

In the following we are going to show that (3.19) holds for all x,y € A. The
proof is obtained by induction.

The case n = 2 represents the induction base. Obviously, if f(t1,t,) is TP,
then it also can be called MTP5.

For the induction step assume that (3.19) holds for n = k — 1. Under this as-
sumption we need to prove (3.19) for n = k.

To do so, consider two sets I,] C {1,...,n}, ] = {1,...,n}\I, such that x; <
yiforalli € I'and y; < x; forall j € J. Let s € S, be a permutation of (t1,...,t,)
€ R"” such that S(tl, ceey tn) = (t(l)/ ceey t(n))/ where t(l) <...< t(n) . For the set of
indexes I = {iy,...,i;} denote x; = (x;,,...,%;). Under this notation it suffices to
show

fanyfxvy)  f(s(gy))f(s(xnyy))

f(x)f(y) fs(xyp, x1)) f(s(yy, y1)) (3.20)

>1.

70



3.2 Dependence notions

For the sake of simplicity denote J\n = J\{n}. Suppose first that max(x,, y,) =
x, and J\n # (. Then we can rewrite the left part of (3.20) as

Fxpan y1), %) f(sCer, ypan) yn) _ FSEpa Y1), %) f(5(X1 Ypin) ¥n)
F(sCepn x1), Xn) f(s(Ypn Y1), yn)  F(S(xpurX1), Xn) f(S(Yp\ns Y1), Xn)
(s(xt, ypn), yn) f(s(Ypus Y1), Xn)
(sGr ypa)s Xn) f(s(Ypn Y1), yn) -

(3.21)

i
f
Due to (3.18) holds

f(s(xr, ypu), xn) = f(min(x1,y1), ..., min(x,-1,yu—1), max(xy, ya)) # 0,
fsWpm ), xn) = f(y1,-- ., yn—1, max(xu, yn)) # 0

forall x,y € A. The last expression in (3.21) is a product of two terms which either
exceed or are equal to one by the induction hypothesis. To confirm (3.21), hold in
the first term x, fixed and apply the induction hypothesis to the remaining (n — 1)
variables, by analogy in the second term hold y, fixed.

Next consider the case max(x,, y,) = x, and J\n = (), then max(x,_1,y,—1)
= y,—1. By analogy to (3.21) we can write

FYnn—1,Yn-1,%n) f(XP\n—1, Xn—1, Yn)
Fenun—1, %1, 2n) fF(Yr\n-1, Yn-1, Yn)
W Yn-1, %) fF(Xp a1, Yn-1, Yn)
— fOna—1 Y1, %) F(Ynn—1s Yn-1,Yn)
1, Yn-1, %) f(Xp 1, Xn-1, Yn)
f(s(xl\n,l, Yn—1,Yn) f(xl\nflz Xn—1,Xn)

and the result follows by induction.
It remains to prove that the statement holds in the case max(x,, y») = y,. In-
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deed, if I\n # () then the representation exists

(3.22)

Then (3.22) is shown by induction similarly to the one above. Note that in this case
yn and xp,, are held fix in the corresponding terms .

Finally, the proof for the case max(x,, y,) = y» and I\n = () is obtained by
complete analogy to max(xy,, y,) = x,, J\n = 0. O

For random variables possessing the Markov property a more specific conclu-
sion can be found in Karlin & Rinott (1980a):

Theorem 3.22. Let Y = (Y1,...,Y,) describe the evolution of a Markov chain with TP,
transition probability densities. Then Y has a MTP, joint density.

In the following we provide several examples of MTP, functions.
Example 3.23.
(i) It is shown in Karlin & Rinott (1980a) that an indicator function 1, defined by

1, xe A
IA(X)Z{O xé A

is MTP, foraset A = {t = (t1,...,tn) | t € R", 11 < ... < t,}.

(ii) Consider absolutely continuous exchangeable random variables Y1, ...,Y,. Assume
that Y1,...,Y,are MTP,. Then, it can be seen by Theorem 3.15 together with the
fact that indicator functions are MTP, that order statistics Y., ..., Ynn are also
MTP;. More concretely, according to (1.1) they possess a joint density

le:”""’Y”:”(tl, ey tn) = n!fyl """ Y”(i'l, ey tn)HR’; (tl, ey tn) ,
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where both fY1~+ and Tgs are MTP. Theorem 3.37 and Example 3.38 (i) below
illustrate that the reversed implication does not hold. Namely that MTP, of order
statistics does not ensure the MTP, of the underlying variables.

(iii) Let f(x1,..., Hfl x;), where fi :R — R, i=1,...,n. Then by The-
orem 3.15 f is MTP, for an arbitrary choice of f;, i =1,.

In particular, consider the density of sequential order statistics based on conditionally
independent random variables

_ n—i
OO - L fi(ti)
P X k) = nl fi () F H =h

i=2
)

B ORI
= fultn) H (Fm(tl)) filk)

for0 <ty <... <ty

(1) ) .
Then f XX (t1,...,tn) is represented by the product of functions

(;f(fi))”‘iﬁui)

and f,(t,), each of which depends only on one variable. Therefore, sequential order
statistics based on conditionally independent random variables, as well as ordinary
order statistics based on iid random variables, are MTP . For the overview concern-
ing dependence properties of order statistics we refer to Belzunce et al. (2003b) and
Cramer (2006).

The following fact is taken from Karlin & Rinott (1980a).

Lemma3.24. If f(x),x € X = HX isMTPy and 1y, ...,1,, : X; — X; areall increas-
=1
ing (decreasing) functions , then the function

f(l1(x1), . ,ln(xn))
is also MTP, on X .
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Example 3.25. Consider absolutely continuous random variables Y1, ...,Y, with values
in Ry and the joint density function equal to

n a—1
ot =e($) Tl
i=1 i=1

1

where ¢ > 0 is a normalization constant and a,b,a; > 0 for i = 1,...,n. According to
Gupta & Richards (1987) this distribution belongs to the family of Liouville distributions.
Let us verify the conditions under which Y1,...,Y, are MTP,. Note that MTP, of

by, ... b)) = <ii ti>a1 :

According to Lemma 3.12 we need to find the values of a such that

aZ
—_— >0.

Calculating the derivative we obtain

0? a—1
Watjlnf(tl,...,tn) = ——F

()

which is non-negative for 0 < a < 1.
Thus, we can conclude that Y1,...,Y, are MTP, iff 0 < a < 1. In Gupta & Richards
(1987) a generalization of this result for arbitrary Liouville distribution is derived.

3.2.2 Negative dependence properties

As mentioned before negative dependence reflects the behavior whereby two sub-
sets of random variables are “repelling” each other. As the following definition
shows, most of the negative dependence concepts represent a negative analogy
of the positive dependence notions (see Karlin & Rinott (1980b), Miiller & Stoyan
(2002)).
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Def 3.26. For n € N let X = (Xy,...,Xy) be a R" valued random vector. Then X is
said to be

(i) negatively associated if for every set I C {1,...,n}and ] = {1,...,n}\I,

cov[f(X;i€l),g(X,i€])] <0,

that is,

E[F(X,i € Dg(Xi € )] < E[f(Xyi € DE[g(Xii € )],

for all non-decreasing functions f : RIl = R and g : R" 1l — R such that the
covariance exists.

(ii) conditionally decreasing in sequence (denoted CDS) if, for i = 2,3, ...,n, it satisfies

P(Xl' > t|X1'_1 = x;_l,...,X] = x'l)
SP(Xi >t Xion = xi21,..., X1 = x1),

whenever t € R, x; < x;-, j=12,...,i—1.

(iii) multivariate reverse rule of order two (denoted MRR ) if X is absolutely continuous
and its density f is a MRR, function, i.e.,

f)f(y) = flxvy)flxAy)

forall x,y € R". It is called reversed rule of order two (denoted RR,) if n = 2 and
X is MRR;.

Remark 3.27. In Pemantle (2000) the authors analyze the development of negative de-
pendence theory. In particular, it is pointed out that negative dependence does not receive
sufficient attention in comparison to the theory of positive dependence. One of the reas-
ons for this difference in development lies in the fact that negative dependence does not
necessarily imply negative correlation.

Example 3.28. Consider continuous random variables Y1, ...,Y, following a Dirichlet
distribution. Then, according to Gupta & Richards (1987), their joint density is described
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by
Y. Y, n a—1 n 1
fl ~~~~~ n(tll___,tn)zc<1_zti) Ht?z ,
= i=1

where ¢ > 0 is a normalization constant and t; > 0, Y 1 t; < 1 and a,a; > 0 for i =
1,...,n. It belongs to the family of Liouville distributions of the second kind.
The MRR, property of Y1,...,Yy is equivalent to MRR, of

flem) = (1-%0)"

which can be reformulated as MTP, of 1/ f. Applying Lemma 3.12 it is left to consider the
sign of the partial derivative

9?2 1 1
In =a-1)———-.
atzat] f(tll ey tn) 3 2
1—-) 4t
(- %)

It is non-negative for a > 1.
Thus, we can conclude that Y1,...,Y, are MRRy iff a > 1.

Remark 3.29. Since many of negative dependence properties are defined with reversed
inequalities of positive dependence, part of the observations that hold for positive dependence
have their analogies for negative dependence. Thus, the results described by Theorem 3.14
except for association, Lemma 3.15, Remark 3.19, Lemma 3.20, Lemma 3.21 hold also for
the corresponding negative dependence properties. However, Theorem 3.17 and Theorem
3.18 are not valid. In this respect, in Karlin & Rinott (1980b) strongly MRR, (S-MRR3)
random variables are defined. The key property of S-MRR, random variables is that there
densities remain MRR, under marginalization.

The concepts of MTP, and MRR; can be generalized further according to the-
ory of total positivity described in Karlin (1968). In particular, the book provides
the following connection between TP, and RR, random variables:

Lemma 3.30. Consider function f,g,h : R> — R, such that
f(a,b) = /g(a,c)h(c,b)dc ,
C
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wherea € A,b € B, A,B,C C R.

(i) If g(a,c) is TP, (RRy) and h(c,b) is TPy (RRy), then f(a,b) is TP, for a €
A,b € B.

(ii) If g(a,c) is TPy and h(c,b) is RRy, then f(a,b) is RR, fora € A,b € B.

The last theorem also illustrates that integration of a MRR, function can lead to
a MTP; result. This observation represents one of the differences between MTP,
and MRR>.

3.3 Special cases of dependence

In this section we will survey the conditions securing different dependence prop-
erties for the types of random vectors that were already considered in Chapter 2.
Statements derived below will provide the basis for the analysis concerning de-
pendence properties of sequential order statistics in Chapter 4.

3.3.1 HIF and SL

Remark 3.31. Consider absolutely continuous ordered random variables Z1, ..., Z, . Fol-
lowing the reasoning of Remark 3.6 we can simplify the definitions of such dependence
properties as SL and HIF. Namely, Z,, ..., Z, are

(i) HIF, if holds

)\(t\xl,...,xi_l) S A(t‘ylx---/]/i—l) (323)

(ii) SL, if holds

t t
/ Alu)xy, ..., xj_1)du < / Aulys, ..., yi1)du, (3.24)
Xi-1 Y

i— i—-1

foryp <xp<t, k=1,...,i—1landi=1,...,n. Here i = 1 corresponds to the haz-
ard rate with no failure history, i.e. A(t).

Let us look at the connection between the HIF property of exchangeable random
variables and their order statistics.

Lemma 3.32. Consider absolutely continuous exchangeable random variables Y1,...,Y,
and their order statistics Y1.n, ..., Yun. If Y1,..., Yy possess the HIF property, then so do
Yl:l’l/ sy Yn:n .
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Proof. On one hand, according to the Remark 3.13 for Yi,...,Y, to be HIF their
hazard rates should satisfy the inequalities

}\(t|x1,...,xi,1) S A(t|y1,...,y]‘,1) , (325)

where i,j € {1,...,n}, i <jand yy < x <t, ys <tfork=1,...,i—1, s =1,
..,]j — 1. Asbefore i = 1 corresponds to A;(t). On the other hand, due to Remark
3.31 for order statistics to be HIF should hold

)\*(t]xl,...,xi,l) S }\*(t|y1,...,yi,1) (326)
fori =1,...,n, where by analogy to Lemma 2.8

.1
As(tx1, ..o, xim1) = 613&51’(1@;;1 St4+8 Y =x1,00, Yictn = %o, Yin > )

= (I’l —i+ 1)7\i(t|x1,. . .,xi,l) .
Then (3.26) turns into
(n—i+4+ DA(tx1,...,x-1) < (n—i+ DAy, ..., yi-1) -

Note that (3.25) implies (3.26). Thus from the HIF property of Yi,...,Y, follows
the HIF property of order statistics Y1.,, ..., Yyun. ]

In Example 3.23 we saw that sequential order statistics based on Fy, ..., F, are
MTP;, and consequently HIF. The following lemma provides the condition for HIF
of exchangeable random variables which order statistics coincide with sequential
order statistics as in Lemma 2.16. It also demonstrates that in general HIF of order
statistics is weaker then the HIF property of the underlying exchangeable random
variables.

Lemma 3.33. For the vector X* as in Lemma 2.16, X* is HIF iff

Jj(t) < fz’+1(t)
Fi(t) = Fiya(t)

fort>0,i=1,...,n—1.
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Proof. Taking into account Remark 2.18 conditional hazard rates of X* have the
form

A(tlt, ... ty) = m

where fj,,1(t) is the density corresponding to the survival function Fj 1(t), h =
1,...,n—=1and 0 < t; < ... <t < t. Taking into account observations from Re-
mark 3.13 we obtain the proof. O

Lemma 3.34. Absolutely continuous, increasingly ordered random variables Z1,...,Z,
have supportive lifetimes iff their conditional survival functions

P(Zl’ > t‘Zl =1t,...,2i 1= ti—l)

are increasing in ty,...,ti_1 € Rie.

P(Zi > t’Zl =X1,...,2i1 = xi_1) < P(Zl’ > t’Zl = ylr---/Zi—l = ]/i—l)
(3.27)

forall xj,y; € R such that xi < X1, Y < Yiy1, Vi1 <t xj < yjfor j=1,...,
i—-1,k=1,...,i—-2,i=2,...,n.
Moreover, for such Z1,...,Z, SL is equivalent to CIS.

Proof. According to Remark 3.31 (ii) the definition of the SL property for ordered
random variables takes form

t

t
/ A(u)xy, ..., xj_1)du 2/ Aulys, ..., yie1)du . (3.28)
Xi—1 Yi—1

By Lemma 2.7 conditional hazard rates of Z, ..., Z, can be expressed as

)
/\(t‘tl,...,t,‘_l) = —glnP(Zi > t’Zl =1t,...,2i1 = ti—l)

almost surely. Then (3.28) turns into

—lnP(Zi > t|Zl =X1,...,2i1 = xi_l)
+ lnP(ZZ- > xi_1|Z1 =X1,...,2i1 = xi—l)

79



3.3 Special cases of dependence

> —11’1P<Zl' > t’Zl = ylf---/Zi—l = ]/i—l)
+InP(Z; > yi1|Zi = y1,---, Zic1 = Yi1) -

Note that for ordered random variables

P(Zl‘ > a]Zl =H4,...,Li0=tis,Zi 1= (1) =1,

where 0 < t; < ... < t;_» < a. Then we obtain

lnP(Zi > t‘Zl =Xx1,...,2i 1
=x;-1) <InP(Z; > t|Z = Yi,-.., Li1 = yifl) .

Finally we can state that

P(Zi > i’|Zl = xl,...,Zi,l = xi,1) < P(Zi > t|Z1 = yl,...,Zi,l = yifl) ,

where x;,y; € Ry, x; <y;,j=1,...,i—1,i=2,...,n.

Comparing the inequality (3.27) with (3.13), the conclusion can be made that for
ordered random variables the SL property is equivalent to CIS. ]
3.3.2 MTP,

3.3.2.1 Distributions with Markov order statistics

First consider random variables Y7y, ...,Y, with conditional hazard rates of the
form

A(ttr, ... ty) = m(t) ,

where h =0,...,n =1, t; < ... <t, <t, n € N. According to Remark 2.12 for
t1,...,tn € Ry thejoint density of Yi,...,Y, can be described by

n ki)
Frenty, ) = [T ria(t) exp(—(n — i+ 1)/ rH(”W”) ,
i=1

ti-1)
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where (t(l),...,t(n)) is the permutation of (#,...,t,) such that t) <o <ty
To emphasize the specific form of the density we will use the notation

le """ Y”(tl,. . .,tn) = Hgl(t(l)) ’ (329)

where

8i(ta) = ricaty) exp(Rioi(tg))
Riq(t) = —(n—i+ 1)/0 ria(u)du + (n — i)/ ri(u)du

0

The following lemma provides a necessary and sufficient condition for the MTP,
property of random vectors with joint density as in (3.29).

Lemma 3.35. Consider random variables Y1, ...,Y, with joint density function
Y1, s
f 1reer Y (tlz o, tn) — ng(t(z))
i=1

defined on R", where for i = 1,2,...,n gi(-) are some univariate continuous functions.
Moreover ¢;(t) # 0 for t € R.
Then Yi,...,Yy, possess the MTP, property iff

(3.30)

fort,FeR, E<t, i=2,...,n.

Proof. First we are going to prove the sufficient condition. For the sake of readabil-
ity we will use the notation

ft) = flt, o tn)
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3.3 Special cases of dependence

where t = (t1,...,t,). Note that under the assumptions of the lemma
f)f(y) = [18i(xw)si(v) # 0
i=1

for all x,y € R". Consequently, f satisfies the requirements of Lemma 3.20 and
it suffices to prove that f(t1,...,t,) is TP, in every pair of variables. Due to the
symmetry of f it is enough to show the TP, property with respect to t;,t,. To do
s0, let us consider inequality (3.14) for

X = ('xll X2, tl/ ey tn—z)

3.31
y: (yl;yZ,tl,...,tn72) , ( )

where x;,y;,tj € R, x; # yx #tj for i,k =1,2, j=1,...,n — 2. TP; is then ex-
tended by continuity of f toall x;,y;,t; € R, i =1,2, j=1,...,n — 2.

In the following we will assume that x; and x; do not belong simultaneously to
x A yorxVy.Otherwise (3.14) turnsinto 1 < 1. Due to the symmetry of f, it can
also be assumed without the loss of generality that x; < min(y1,y2) and x, > 5.

All the other cases are obtained by renaming the variables. Thus, there are three
possible arrangements to consider:

D x1 <y <y <2,
2) x1 <y2<y1<x,
3) x1 <y2 <x2<yq.

In the succeeding analysis it will be convenient to use a shorter notation. De-
note by x; the i-th element of a vector x (for example from (3.31) x3 = t1), by
(X(1), -+, X(n)) — the vector of ordered elements of x, 7, (i) — the position that x;
takes in (x(1),..., X)) (for example if x4y = x;, then 7, (I) = k).

Then, for f to be TP, in the first two variables, it should hold

ff(y) < fx Ay)f(xvy),

for x, y as in (3.31). Taking into account the form of the function f, this inequality
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3.3 Special cases of dependence

can be rewritten as

S (1)(X1) X oo X & () (Xn)
X &y (1) (Y1) X o X & () (Yn)
< QX1 A Y1) X X g ) (X0 A Yn)
X gﬂxvy(l)(xl VY1) X ... X gnxvy(n)(xn V yn) .

(3.32)

To prove (3.32) we are going to look at cases 1) to 3) separately.
1) Consider x; < y; < y2 < x2, in other words 7y (1) = my(1), mmpy(1) =
me(1) and 7y (2) = 7me(2), 7eny(2) = 7y(2). Then inequality (3.32) becomes

(1) —1 e (2)—1
[ IT siti)  smy) TT sitG-1) - 8m2) H 8; (i-2))
j=1 jZWX(1)+1 j=m(2
my(1)—1
X[ g(() gﬂj H g] ]1 grry H g] ]2
j=1 j= ﬂ(1)+1 j=my(2
me(1)—1
S[l—lg(() * 8 (1) H g] ]1 gﬂy H g] ]2
j=1 j=m(1 j=my(2
my(1)—1
X ! g]( () gny H g] (j— 1 * 8m(2) H g] (j— 2
j=1 j=my(1 j=m(2

Reducing both parts of the inequality by coinciding factors, we obtain

H 8j(t(j-1)) - H gj(ti-1))
j=m(1)+1 j=m,(1)4+1 (3.3
my(2)—1 m(2)—1 :
< II stti-n)- I1 sitti-1)
j=mx(1)+1 j=my(1)+1

), the analysis of the last inequality falls into two subcases.

Since 71,(2) < my(2
= my(2) and (3.33) is immediately satisfied.

1.1) 7,(2)
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3.3 Special cases of dependence

1.2) m,(2) < my(2) implies the further reduction of (3.33) to

me(2)—1 me(2)—1
IT sitto-1) < T gittg-1)
j=my(2) j=my(2)

which is equivalentto 1 < 1.
2) Consider x1 < y2 < y1 < x2, then 7y (1) = my(1) — 1, mepy(1) = me(1)
and 7y (2) = m(2), meny(2) = my(2) + 1. In this case inequality (3.32) becomes

me(1)—1 me(2)—1
[H gi(ti) - gmm(@) [T &ti1)  gne H 81 ]2]

j=1 j:m((l)Jrl j=m(2
my(2)—1
X[Hg(() “ 8my(2) ngjl " 8my(1) Hg]]2]
j=1 = 7Ty j=my(1
me(1)—1
IT sitty) - gmay Hg]]1 8241 (¥2) Hé’]]z]
j=1 j=me(1)+1 j=my(2)+2
my(1)—2
X [ g](()) gnj ]/1 H g] (j— 1 "8 (2) H g] (j—2) ]
j=1 j=my(1 j=mx(2
Reducing both parts of the inequality by coinciding factors, we obtain
e (2)—1 my(2)—1
[T st TT ¢itt6) - sm(v2)
j:”r(1)+1 j=1
my(1)—1
< JT sitti1) - gmm ) - H £(iG-2)
j=my(2)+1 j=my(1
3.34
my(2) n ( )
< $ilti-) - Smn2) - [ 8ilt-2)
j=me(1)+1 j=my(2)+2
my(1) -2 me(2)—1
X gi(t) - gmmaw) - [T &itti1)
=1 j=my(1)
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3.3 Special cases of dependence

Given that x; < y» < y1 < X2 we can conclude that 7,(2) < my(1) < m(2), in
other words

my(2) < my(1) -1,
my(2) < m(2) -1,
my(1) < me(2) .

2.1) First let us assume that

{ny(z) — (1) -1,

my(2) = m(2) — 1.
Then (3.34) takes form

8,2 (V2) * &, 1) (V1) < &my2)41(V2) * §my(1)-1(¥1)
8, (1) (Y1) <gny(z)+1(]/2)
8m)-1(V1) T &m2)(¥2)

Since 7,(2) + 1 = m,(1), we can reformulate the last inequality as

S (W) 8m)(v2)
8, 1)-1(V1) ~ &m)-1(¥2)

8my(1)(t)

which is fulfilled for all decreasing in t.
8my(1)-1 (t)

2.2) Let us consider

Then (3.34) turns into
me(2)—1

H 8i(ti-1)) - 8my2)(¥2) * &my(1)(¥1)
j=my(2)+1
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3.3 Special cases of dependence

me(2)—1
< 8my@+1(V2) * 8§y (1)-1(y1) - H gi(ti—1))
j:”y(l)

which is equivalent to

8,2 (V2) * &1y (V1) < &my(2)11(Y2) * &my(1)-1(¥1) -

Since 7,(2) = m,(1) — 1 we obtain

S (W) 8m)(v2)
8ry(1)-1(1) ~ &my)-1(y2)

which is true under the conditions of the lemma.
2.3) Finally, if we assume

then (3.34) is equivalent to

m(2)—1 (1)1
snow) [T siti-n) [T siti-1) - gmmy)
j=my(2)+1 j:ny(Z)—O—l
my (1) my(1)—2 m(2) -1
<gnon) [T siti2) T sto) - smw-1v) [T sitti-1)
j:ﬂy(2)+2 j:”y(z) j:”y(l)

which can be rewritten as

ﬂy(l)fl 7ry(1)71
8, (2)(12) H gj(t-1) H gi(t-1)) * &= 1) (Y1)
j=my(2)+1 j=my(2)+1
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3.3 Special cases of dependence

my(1) 7y (1) -2
<gmomm2) [ st TT 8itt)) - smm-—1w) -
j:”y(2)+2 j:”y(z)

Let us rearrange the factors in the following way

my(1)-2 my(1)—2

ginlty)) &= (W1) - 8m@)+1(2) yH
8ilth)  8m-1(1) T &x2)(¥2)

gj+2(t(y)
gir1(ty)

j=my(2) j=my(2)

Then we can regroup the factors and write

7, (1)—3
8m,2)+1(E(m,(2))) ag givaltvny)  &m) (Y1)

8, (2) (E(my(2))) j:”y(z)gm(f(m)) 8n,(1)-1(y1)

1)-3
7 gi2(te) | 8mm(tm)-2)

< gny(2)+1(y2)ny .
(2)8j+1(f(j)) 8y (1)1 (t(my(1)-2))

8n,(2)(V2)

j=my

Since i, 2)) > Y2, 1) > () for j=1,...,n—3 and y; > t(r,(1)—2), We can
conclude that the inequality is valid under the conditions of the lemma.

3) It is left to consider x1 < y» < x» < yi, in other words 7, (1) = (1),
Mevy(1) = (1) and mepy(2) = my(2) + 1, Meyy(2) = m(2) — 1. In this case we
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3.3 Special cases of dependence

need to verify the following inequality

me(1)—1 m(2)—1
[ IT siti) sy [T sitti-1) - S H g] (j-2)
j=1 j=me(1)+1 j=me(2

(2) (1)1
[H gny (]/2) H g]'(t(jfl))'gny H g] (j—2)

j:nj(z)—&-l j=my(1

j=1 j=m(1 j= ”y

e (2)—-2
X[Hg(())gﬂx 1(%2) ngjl " 8my (1) H8]]2

j=1 j=m(2 j= ”/( )+1

Since x1 < y2 < x2 < y1 one may observe that

my(2) < my(1) -1,
my(2) < m(2) -1,
m(2) < 71my(1)

Then (3.35) can be reduced to

8m(2)(X2) - &my2)(V2) < &my2)11(V2) * §me(2)-1(x2)
8m(2)(x2) <87ry(z)+1(1/2)
8m2)-1(%2) © &rm(y2)
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TI st - gner H g] G-1)) * 8my(2)1(¥2) H g] ]2]
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3.3 Special cases of dependence

Since 71,(2) + 1 = 71,(2), we obtain

gnx(Z)(xZ) < gm(Z)(]ﬁ)
Sm2)-1(¥2) = §r)-1(y2)

which is satisfied if all the
3.2) Assume now

8i(t) : .
70 are decreasing functions.

Then (3.35) reduces to (3.36), i.e.

8 (2)(X2) * 8m,2)(V2) < &my2)11(V2) * §me(2)-1(x2)
an(Z)(XZ) <87zy(2)+1(y2)

o
8m@-1(%2) = &ny2)(¥2)

3.3) It is left to consider
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3.3 Special cases of dependence

Reducing both parts of the inequality (3.35) by coinciding factors, we obtain

me(2)—1
H g](( ) " 8m(2) H g] (j— 2
j=m(1)+1 j=m(2
m,(2)—1 -1
X H 8j ( () gn,, H 8] (j— 1
j=1 j= ny +1
”y(z)
< gj(t( )) gny )+1 ]/2 H g] (j— 2
j=me(1)+1 j=m,(2
Tl 2)*2 Ny(l)fl
< T &itt) - gm1G2) TT it -
j=1 j=mx(2)

Since 7, (2) < m(2) — 1, (3.37) is equivalent to

m(2)—1 m(2)—1
H 8i(tj-1)) " 8m(2)(*2) * §my(2)(¥2) H gj(t-1))
j=my(2)+1 j=my(2)+1
7y (2) e (2)—2
<gmomm2) [ siti—) TT $it)) - sm)-1(x2)
j=my(2)+2 j=my(2)

and this is again equivalent to

H g]+1 82 (%2) * 8y (2) H g] (j-1))

]7Ty ]”y

m(2)—2

< Sm2)41(¥2) H gm (1)) Hg]  8m2)-1(x2) -

]”y ]”y
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Let us rearrange the factors in the following way

7y (2) e (2)—

gt - 8m(2)(x2) < 8my2)11(12) bgina(ti) .
2 SitG)  Sm@1(2) T gne(2) oo 8iltn)

Finally, regrouping the factors again we observe

S tme) TRy §lt)  gme (%)
8,0 (@) _a@n 8iltG)  Sm@-1(x2)

e (2)—

- 8m2)+1(¥2) 2 gini(tji) 8w (m(2)-2)
T o) _ogn SitGn)  Sme)-1(tm@)-2)

Since t(ny(Z)) > 1Yo, t(]) > t(]',l) for ] =2,...,n—2 and x, > t(ﬂx(z),z) , We can
conclude that the inequality holds under the conditions of the lemma.

Thus, the sufficient condition is verified and it is left to show that (3.30) repres-
ents a necessary condition.

Assume that the joint density f(t1,...,t,) is MTP, and consider the inequality
(3.34) with x, y as described in 2.1). In this case (3.34) turns into

8, 1) (Y1) - 8, 1) (V2)
8m,(1)-1(¥1) = &my1)-1(y2)

Considering one by one vectors y with 7,(1) =i, i = 2,...,n we obtain a set of
necessary conditions

gily1) _ 8i(y2)
gi-1(y1) ~ &i-1(y2) ’

fori =2,...,n, y1 > Y2, as was to be proved. O

Theorem 3.36. Consider a vector X* as in Lemma 2.16 with continuous densities f;, i =
1,...,n0n (0,00). X*is MTP, ifffor 0 < x <y, i = 2,...,n holds

)

X
, 3.38
) (3.38)

8iy) &
gi-1(y) ~ &i-1
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3.3 Special cases of dependence

. n—i .
where gi(t) = (f7(y)  fil) > 0,6>0,i=1,..,n.

Proof. Note that according to (2.19) the joint density of X* can be represented as

ftnt) = [ 1sitta)

1-F n—i )
where g;(t) = (1_Fi+5?t)> fi(t), i=1,...,n.
Then the result follows from Lemma 3.35. O

Theorem 3.37. Consider a vector X* as in Lemma 2.16 with continuous densities f;, i =
1,...,n0n (0,00). X*is MRR, ifffor 0 < x <y, i = 2,...,n holds

8ily) 5 8i(x) (339)
1 1

gi-1(y) — gi-1(x)

. n—i )
where g;(t) = (11_}i§2)> fi(t) >0,t>0,i=1,...,n.

Proof. The result is obtained analogously to the proof of Theorem 3.36. O

Example 3.38. Consider random variables Y1, ...,Y, distributed according to Freund’s
multivariate exponential distribution (FME) from Example 2.19. Recall that the joint dens-
ity function of FME distributed random variables can be written as

n—1 .
Y1, Y _ H 1 —(n =) (tir1) — te)
f 1 <t1;-..,tn) = 1_051 exp 61' ,

with 61' ZO,iZO,...,Tl—l, t(O) = 0.

(i) Let us look at the conditions (3.38). First we will rewrite the joint density as

n . .
Yy, t):H ! exp |t not_n-ivld
e 0;i 1 W\ e 01

i=1

7
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3.3 Special cases of dependence

where 8,, = 1. Then, in terms of Theorem 3.36 we observe that
1 n—i n-—1i+ 1)
i(t) = exp |t —
ilt) 0i1 p[ ( 0 0i—1

and (3.38) becomes

Jd gi(t) 629 n—i n—i+1 n—i+2
otgi_1(t) 6,0t t 2 *

which for i = 2,...,n is equivalent to

n—z_zn—1+1+n—z—|—2<0. (3.40)

0; 0i—1 0o

Thus, we have obtained a system of n — 1 inequalities of the form (3.40). Next we
will show by induction the equivalence of the system (3.40) to the set of conditions

91'391;1, i:1,...,n—1.

First, consider the inequality from (3.40) for i = n:

1 2
97171 n—2

1 1
9n—2 o Bn—l
< Gn—l < 971—2 .

-2

_|_
()

<0

A

=

In this case the hypothesis holds.
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3.3 Special cases of dependence

Assume that for i = j 4 1 the inequality

n—e‘j—l _an_,j+n_9,];+1 <0
j+1 j -1
can be replaced by
0;<0;1. (3.41)
It remains to prove for i = j the equivalence of
. i1 i
ne]-] -2° aj];r + = ej]j =0
to
0i1 <62
Rewrite (3.41) as
1 1
61 6"

and consider the system

Multiplying the first inequality by (n — j) and adding these inequalities together we

obtain
1 1 1 1
g5 5 =V o . 9 =0
n—j+2  n—j+2 < 11
9]‘_2 ej—l — O 9]'_2 9]‘_1 — 0
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3.3 Special cases of dependence

which is what we wanted to show.

Therefore, the system of inequalities (3.40) for i = 2,...,n can be replaced by

0, <04, i=1,...,n—1. (3.42)

Thus, for 8; < 0;_1 the resulting Y1,...,Y, will be MTP,.

For 0; > 0;_1 their order statistics Y1.n, ..., Yu:n are still MTP, according to The-
orem 3.15. However the corresponding Y7i,...,Y, are MRR, since conditions 0; >
01 fori=1,...,n — 1 correspond to (3.39).

(ii) Let us revert the inequality sign in (3.42)

0, >0, i=1,...,n—1, (3.43)

and without the loss of generality consider the covariance of Xy and Xp

1 n—1 0t n-2 n-1 .59
= 2 2(p — _ 2 2 Y
Cov(Xy1, Xp) = I — (i_oel (n o i> 21-_0 ]-_l-_H” — i) (3.44)

calculated in the Appendix.
The set of conditions (3.43) yields the following upper bound for the covariance

COU(Xl,Xz)
1 rm—1 nai n—2 n—1 ;
- 0?(n — -2 0,0,
ni(n=1) _i;) l<n ”_i> 1;) j—%l”_i Z ]]
<t _nile.z po ) 2ni2 L g nil 1
Ul P nei S\
rm—2 . .
1 n-+1 i .
N 0% (n — -2 —1-
n?(n —1) i;) ’(n n—i n—i(n l)>

+ (1 — n)@i_ll .
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3.3 Special cases of dependence

Simplifying the coefficient before 62 we obtain

COZ)(Xl,Xz)
m—2 . . . ) .

1 n2—ni—n—1i—2ni+ 2%+ 2i
<) 0 1-n)e,
= nz(n—l) 1;) i n—i +( n) n—1

rm—2 . . . .

1 (n—1i)?—i(n—1i)— (n—1i )

— 62 1—n)o
n2(n—1) z;) ! n—1i + n) O

1 m—2
_ 2 . 2
=T Zéei n—2i—1)+(1-— n)e,”] .

Thus, we come to the conclusion
1 n—2
2 : 2
Cov(X1, X3) < rm—— L;)Gi (n—2i—1)+ (1 — n)en_ll . (3.45)

Obviously, the sequence (n — 2i — 1) is decreasing in i, moreover

n—2i—1>0 fori <[]
n—2i—-1<0 fori> ][],

where -] denotes the integer part of a fraction. Note also that for i = n — 1 holds
n —2i —1 =1 — n. Taking these facts into account we can rewrite (3.45) as

[ﬂ] n—1
1 2 ) .
COU(Xl,XZ) S ;12(;1_1)[ Z 912(7’1_21—1)— Z 912(21+1_n)] .
i=0 i=["74]+1
Furthermore, since 0; is increasing in i,
COU(X1,X2)
1 [ﬂ] 5 ] n—1 ) '
S m l;) 6[712;1}(71 — 21 — 1) — i_[;]—i_l 9[%}(21 + 1— 7’1)
—LlT2



3.3 Special cases of dependence

1 n—1

— 2 — 92—
= 2 1) 6%}2(71 2i —1)

1=

holds.

Observe that
n—1 _
Yn-2i-1)=n 2" "Ly n=
i=0 2

Thus, we have verified that for FME distributed random variables under the condi-
tions of Theorem 3.37 holds

COU(XZ',X]') < 0 ’

where i,j =1,...,n,1 # j. In other words, although in general MRR, does not
imply negative covariances, we have proved that for FME random variables this im-
plication holds.

Let us carry on the consideration of special cases for the MTP, property. Con-
sider exchangeable random variables Yi,...,Y, with conditional hazard rates of
the form

/\(t|th,...,t1) = g(t,h,th) .

In this case we can specify conditions for the MTP, property of order statistics
based on such Yq,...,Y,.

By Lemma 2.21 Y7.y, ..., Yu.n posses the Markov property. Then applying The-
orem 3.22 we can make the following conclusion concerning MTP, of order statist-
ics:

Lemma 3.39. Let Y1, ..., Y, beexchangeable absolutely continuous random variables pos-
sessing the conditional hazard rates of the form

/\(t’th, . ,tl) = g(t, h, th).

If all the transition densities fo="|Yi*1¢" are TP, for i = 2,...,n, then Y1.,,..., Y. are
MTP,.

Example 3.40. Consider Y1.,, ..., Yu:n based on the random variables from Example 2.22
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3.3 Special cases of dependence

Yi:n ‘ Yi—

with parameter @ = 1. The density f tn s calculated as

in:n‘Yi—l:n(tz.“i_l) — exp(ti—]_ — tl) ,

where 0 < t;_y < t;. Observe that fYiYi-tn is MTP, as a product of univariate func-
tions. Then by Lemma 3.39 Y1i.n, ..., Yn:n are also MTP;.

3.3.2.2 Schur-constant random variables

The dependence properties of Schur-constant random variables are well studied
in the literature. For instance, the following facts can be found in Caramellino &
Spizzichino (1996):

Lemma 3.41. Consider absolutely continuous Schur-constant random variables Y1, ...,
Y,, with joint survival function

F(ti, ... ta) = @(l1 4+ -+ + tn), ...ty € Ry
and conditional hazard rates A(h, y). Moreover let © be n-times differentiable. Then the
following conditions are equivalent
(i) Yq,...,Y, are MTP,,
(i) | @™ (t)] is log-convex,
(iii) A(h,y) are non-decreasing in h and non-increasing in y € R,

Proof. In the following we will prove the equivalence for i1 = n. The result for
all the other values of h follows by analogy from the observation that the MTP,
property of Y1,...,Y, implies the MTP; of Y7,...,Y),.

Lemma 3.12 implies that Y3, ...,Y, are MTP;, if and only if

azln{(—l)"d)(”)(tl 4t )} >0.
atl’at]' "=

We can rewrite this fact as

92 ;
Al RO (3.46)
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3.3 Special cases of dependence

Thus we have shown the equivalence of (i) and (ii). To state the equivalence of (ii)
and (iii), let us consider (3.46) in more detail

az ; 9 (D (n+1) (t)
ﬁln‘d)( )(t ‘ 3% o0 )
(D(n+2)( )<D(”)(t) _ ((D("H)(t))z
- (@(t))>
>0

for all ¢ such that ® (") (t) # 0. The last inequality holds iff

o ()@ (1) — (@ (1)) > 0. (347)

Consider ®"*1)(t) = 0, then (3.47) holds automatically. For ®"+1)(¢) # 0 we can
transform (3.47) into

2
(n+2) n+1 n+1
002 o (otim
Ot () @M(¢) t -

In other words (3.47) is equivalent to

A(n+1,H)A(n,t) — (A(n,t))*> > 0.

For A(n,t) # 0 it can be simplified to

An+1,t) > Aln, t), t € Ry .

Thus we have shown that A(h, y) is non-decreasing in h. The fact that A(h, y) is
non-increasing in y can be verified by combining (3.46) with (2.28), which states

Aln,y) = ay ln‘d) ‘
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3.3 Special cases of dependence

Indeed it follows immediately that

i)\(n y) = —a—zln‘(D(")(t)‘ <0
ay o2 -

as was to be proved. O

Lemma 3.42. Consider a vector of Schur-constant lifetimes Y = (Y1,...,Y,) with mul-
tivariate conditional hazard rates A(h,y), h =0,...,n — 1, y € Ry. Y is HIF iff

Alh,y) < Ay,

whenever W' > h,y" < y.

Remark 3.43. Lemma 3.41 and Lemma 3.42 show, in particular, that for Schur-constant
random variables MTP; is equivalent to HIF.

The following example illustrates the application of Lemma 3.41.
Example 3.44.

(i) Let the random variables Y1, ...,Y, follow the distribution of correlated gamma vari-
ables (see Kotz et al. (2000)) of the form

with a parameter b > 0 and a normalization constant ¢ > 0 such that fYv-¥n isqa
joint density function. According to the Remark 2.24 Y1, ...,Y, are Schur-constant
and from the form of the joint density we observe that

|0 (1) = c" e,
where @ (t) is a univariate survival function from Definition 2.23. Consider

o2
ﬁln]q) t)] —1)Int — bt]

_Ca[
in
8

()
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3.3 Special cases of dependence

Therefore, by Lemma 3.41 (ii) Y1,...,Y, are not MTP,. Moreover, according to
Gupta & Richards (1987) they are MRR ;.

(ii) Consider absolutely continuous random variables Y1, ...,Y, with Pareto survival
function of the second kind described in Example 2.37. According to (2.32) condi-
tional hazard rates of Y1,...,Y, have the form

@ (h+1)
Ay, h) = _d)(h)(](/?)
1

= (e +h)B(1+ By)~",

where h =1,...,n —1, y > 0. Since it is increasing in h and decreasing in y
forall B and «, the condition (iii) of Lemma 3.41 is satisfied and we can state that
Yy,...,Y, are MTP, .

Remark 3.45. Consider Schur-constant random variables Y1,...,Y, with completely
monotone survival function © and the joint density function

(o.0] n
le ..... Yﬂ(tl/'--ztn) — /0 o" exp<_92tl>dﬂ'(9)
i=1

as in (2.29). Note that exp(—06t) is RRy, in 6,t. Then Theorem 3.30 (i) yields that
le """ Y”(tl, ey tn) is MTP,.

3.3.2.3 Archimedean copulas

An overview of dependence properties for random vectors with joint distribution
functions represented by Archimedean copulas can be found in Nelsen (2006) and
Miiller & Scarsini (2005). In particular, the following results concerning the MTP,
property can be found in Miiller & Scarsini (2005).

Theorem 3.46. Consider absolutely continuous random variables Y1, ...,Y, with a joint
distribution function represented by a strict Archimedean copula with generator ¢ and n-
times differentiable ¢p=1. Then Yi,...,Y, are MTP, if and only if (—1)"38;1(1)_1@) is
log-convex.

A similar results holds for Archimedean survival copulas:
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3.3 Special cases of dependence

Theorem 3.47. Consider absolutely continuous random variables Y1, ...,Y, with a joint
survival function represented by a strict Archimedean survival copula with generator ¢
and n-times differentiable ¢~'.

Then Y1, ..., Y, are MTP, if and only if (—1)”aa;n d~1(y) is log-convex.

Example 3.48.

(i) Consider absolutely continuous random variables Y1, Y. Let their distribution func-
tion be represented by the Ali-Mikhail-Haq copula with generator

(P(t):lnl_g(tl_t),
. 1-6
ROE—

where t € [0,1], u € [0,00], 8 € (—1,1] (see also Nelsen (2006), Table 4.1, cop-
ula 4.2.3). Then by Theorem 3.47 it suffices to check if aa—fzcifl(t) is a log-convex
function. The second derivative of ¢~ is given by

02 1—0)et(et + 0
@‘P*l(t) = (et)i(g)3+ 3

Consequently we can state that

0? 02
PR

0 30

>
CET RN

d(t) = e -

for all 6 € [0,1]. Thus, for 0 € [0,1] random variables Y1,Y, possess the TP,
property.

(ii) Consider random variables Y1,Y, with Gumbel-Barnett survival copula from Ex-
ample 2.49. By analogy to (i)

2 1—e)\ e [eé
e () =ep (9) 0 <9 - 1>

o In o —e—t

O 9 1y
o2 8t2¢ (t) = 0
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3.3 Special cases of dependence

forall © € [0,1), t € [0, 00, consequently Y1, Y, are not TP, for any 6.

(iii) Consider exchangeable random variables Y1, ..., Y, with joint survival function de-
scribed by an n-dimensional Clayton copula from Example 2.52. Let the correspond-
ing marginal survival function F(-) be absolutely continuous . Due to the integral
representation (2.40) the joint density of Y1,...,Y, is of the form

flty, .o ty) = /0 0" exp [—Géfl)_l(l:(ti))]

« ﬁ(w)’(F(ti)) F () m(0) do

where t1,...,t, € R.. Note that

az1 0¢p 1 (F(t
3097 11 &Xp |09 (F(t))

_ [6(1)1 (F(t))]
000t

= (¢! (F(1)F ()

>0.

is TP, with

Therefore, according to Lemma 3.12, the function exp [9(151 (F(1))

respect to 0,t. Then exp [—Bd)_l (E(t))| is RR, and so is

0 exp [—9 o (F(t) | (&) (F(t:) F (1) -

Applying Lemma 3.20 together with Lemma 3.30 we can conclude that f(t1,...,t,)
is MTP;.
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4 Dependence properties of sequential order statistics

In previous chapters we have looked at different models for ordered data such
as ordinary order statistics based on iid or exchangeable random variables, se-
quential order statistics based on conditionally iid and sequential order statistics
based on exchangeable random variables. As illustrated in Remark 1.16 sequen-
tial order statistics based on exchangeable random variables generalize other con-
sidered models. Regarding the dependence properties, Example 3.23 and Lemma
3.32 presented cases when ordered random variables inherit the dependence prop-
erties from the underlying distributions. The question arises if these results can be
extended to the case of sequential order statistics based on exchangeable random
variables.

In this respect the upcoming reasoning will be dedicated to the investigation of

the relationship between the properties of sequential order statistics xM, L x

and the underlying exchangeable random variables Yl(i), ees, Y,(li), i=1,...,n. As

1)1, s, Yl.(fg we will denote order statistics based on Y{i), e, Yr(li), =

usual by Yl(l
1,...,n.

41 CIS and SL

According to Example 3.23 order statistics based on exchangeable random vari-
ables are known to be MTP,. As the CIS property is weaker then MTP, we can
conclude that such order statistics are also CIS. In the following we provide a sim-
ilar statement for sequential order statistics based on exchangeable random vari-
ables.

Theorem 4.1. IfY(i) ...,Y.(i) are CIS fori = 1,...,n, then Xil), . ..,Xin) are CIS.

1:n/ n

Proof. According to Definition 3.9 (ii) we need to verify that for ¢; < t;. and j =
1,...,i — 1 holds

P(X,Ei) > t|X>|(<i71) = ti—1,--.,X£1) =t])

<P(xW > xUV=¢ . xV =+,

Note that according to Definition 1.11 conditional probabilities of Xil), .. .,Xﬁ")
have the representation

Px > x0T =, xW =)
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4.2 HIF

= P(YZ(Q > t|Yi(i)1:n = ti,l,...,Y@ = tl) .

Since Y ... , Y,Slzz are CIS, the result follows. O

lins

Remark 4.2. By analogy we can state that: If Yl(lzﬂ ceey Yi(:in) are CDS for i =1,...,n,
then Xil), e, X,En) are CDS.

Theorem 4.3. Ifoi), oYY gre MTP, fori=1,...,n,then X x™ e cIs.

Proof. Recall that MTP, of exchangeable Yfi), cee, Yr(,i) implies the MTP, of their
order statistics. Moreover, according to Theorem 3.14, MTP, is stronger then the
CIS property. Then, applying Theorem 4.1, we obtain the result . O

Theorem 4.4. Iffori =1,...,n Yl(i),...,Y,(li) are MTDP,, then X,El),...,X,E") are SL.

Proof. Since Xg) P Xin) are absolutely continuous ordered random variables, the
proof follows from Theorem 4.3 combined with Lemma 3.34. O

Note that Theorems 4.3 and 4.4 state that Xil), e, X£n) inherit at least to some
extent the dependence properties of underlying distributions.

4.2 HIF

As we have seen in Lemma 3.32 the HIF property of exchangeable random vari-
ables implies the HIF property of their order statistics. It turns out that the relation
also holds for sequential order statistics based on exchangeable random variables.

Theorem 4.5. If Yf), e, Y,Si) are HIF for i = 1,...,n, then Xﬁl), e, Xin) are HIF.

Proof. Taking into account (3.23) HIF of X£l), s, Xy(ﬁn) can be defined by

A(*,i)(ﬂ-xl/ R xi—l) S A(*,i)(t’yll sy ]/i—l) s (41)
A1) () < Ay (t)

where 0 < yi <xjp <t for j=1,...,i—1,i=2,...,n. By (2.13) inequalities in
(4.1) are equivalent to

Ay (tlxr, - xic1) < Ag(tly, -, yic1)
Aay(t) < Aqy(t)
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43 MTP,

respectively. They hold due to the HIF property of YW, ., Y,Si), i=1,...,n. O

Thus, due to the construction of sequential order statistics their behavior with
respect to the HIF property is fully determined by the corresponding properties of
distributions on the levels.

43 MTP,

4.3.1 Necessary conditions

Theorem 4.6. Iinl),...,X( ") areMTPz, then fyln (tl, oo, t;) is TPy in t;, ty for
t,..,tieERyandk=1,...,i—1,i=2,.

Proof. By Theorem 3.18 MTP, of Xil), cer, X,En) implies the MTP, of the marginal
densities

YY)
H ln :H(t].|t]-71,...,t1) 7

where i = 2,. n _
Note that fX """ X! depends on t; only through fyln 1:33(t1,.. ,ti—1,t;). Then
y® (i)
MTP, of fX* X implies that len YiZtn Yion (t1,...,ti—1,t;) is TPy in t;, t;, where
k=1,. — 1. ]

4.3.2 Sufficient conditions

We will start the analysis of sufficient conditions for the MTP; of sequential order
statistics by looking at the combination of Lemma 2.13 and 3.12.

Lemma 4.7. Consider sequential order statistics Xﬁl), een, Xﬁn) with a density which is
twice partially differentiable on

A=t ) | X (1) # 0}

in every pair ti,t;, i #j, i,j=1,...,n. Then Xil),...,X@ are MTP, on A iff one
of the following conditions is satisfied

)
(i) atat Zlnfk”w“” vn (tlte_q, ..., t1)| >0,
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43 MTP,

tr
(ii) atat Z 111A tk|i'1,...,tk,1) — (TZ —k+ 1)/ )\(k)(u|t1,...,tk,1)du >0

te-1
forl1<i<ij<mn, (t,...,ty) € A.

Proof. Condition (i) is obtained by applying Lemma 3.12 for the joint density of
Xil),...,Xﬁn). Namely, for 1 <i < j<mnand 0 <t; <... <t, should hold

92 IG) 92 ) 3 (1)
In fX X (b, ) = In [ A% 2 (ti,t
atiatj nf (1 ") atiatj n 1f (tiltia 1)

vy
1»1 1 1»1 1f;1(ti|ti—1/""t1)

at ot;

at ot [memn e (G, 1)

>0.

The second condition is obtained from Lemma 3.12 together with Lemma 2.13. [

The following example illustrates the application of Lemma 4.7.

Example 4.8. Consider continuous exchangeable random variables Y(i),YZ(i),Yg()i) , 1=
1,2,3 from Example 1.15. Moreover, let A; = A > 0 for i = 1,2,3. Then, from (1.10)

follows that the joint density of sequential order statistics based on Y, Yz(i), Yéi) can be
obtained as

(1) 3(2) +(3)
PRI (1,1, 1) = 31A% (g + 1) (s + 2)
(842 + A3t + A
(tl + tZ 4 t3 _|_A)OC3+3 ’

where 0 < tH < ty < t3.
In the following we will check the MTP, property of x ,Xiz) x® by verifying

7

. . (1) y(2) (3)
Lemma 4.7 (i). We start by calculating %ﬁm In fX*1 X2 X7 (t1,t,t3):

( 92

92 1) ) +0)
In XXX (b
ot,0ts f (2 t3) = T Otyots

(063 + 3) ll’l(tl +tr) + {3 + A)
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43 MTP,

_i a3 + 3
oy ty +tr +t3 + A
o3 + 3

— > 0.
(h+t+t3+A)2 —

It follows by analogy that % lanil)'X’(‘Z)'X£3)(tl,tz,tg,) > 0. Next, let us look at the

. 2 (1) (2) ()
sign ofﬁlnfx* XX (b, by, b3) 0

at?;tZ 1an£1),X£2),Xi3>(t1,t21t3) = afl;z {(0(3 — ) In(t; + 2t + A)
— (a3 +3)In(t + t + t3 + A)}
_3[2(0‘3—062)_ a3 + 3 ]
o[ +20h+A h+hb+t+A
2 (“2 - “3) o3 + 3

(tl + 2t, + )\)2 (t1 +t) + {3 + 7\)2 )

@) X0

. (1)
We can conclude that oy > s yields % In fX* X (t1,t2,t3) > 0. Therefore for

o > a3 X,El), Xiz), XS’) possess an MTP, density.
Let us look closer at the case oy < a and search for t1, ta, t3 that do not satisfy Lemma
4.7 (i). In this respect consider the inequality

2 (a3 — ) a3 +3
> .
(tl + 2ty + A)Z - (tl + tr 4+ t3 + /\)2

It can be rewritten in the form

(a3 + 3)(t; + 2tr + A)?

tH 4ty + 15+ A)2 >
(hthtis+ 4> 2 (a3 — az)

Further, since tq,t2,t3,a3,A > 0 and oz > o, we can state equivalently that

2
b > (a3 4+ 3)(t1 + 2t + A) b2
2(0(3—0(2)
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43 MTP,

Restricting oz > ap we can bound the expression on the right with

((X3 + 3)(t1 + 2ty + /\)2 ((X3 + 3)(t1 + 2ty + /\)2
—t —th) — AL
2 (0(3 — 0(2) 2 (0(3 — 0(2)

< 0.

Then for every choice of parameter A and every tq,t, > 0 there exists such t3 > t, that

(1) () +(3)
lan* XX (tl,tQ,tg) <0.

In other words for az > oty X,El), Xiz), X,EB) are not MTP,.

Remark 4.9.

(i) Consider the random variables Xﬁl), Xi2), X,@ from the previous example. Note that

according to Remark 3.45 Y(l),Yél),Yél) are MTP, for each i = 1,2,3. Thus, al-
though all the underlying distributions are MTP, for a specific choice of parameters
we obtain sequential order statistics, that are not MTP,. Thereby sequential order
statistics based on exchangeable random variables differ from other models of ordered
data that we considered in this thesis (recall Example 3.23).

(ii) For n =2 fX" X7 is MTP, iff fY13132 is MTP,.

Lemma 4.10. Assume Y{",B,,Y,Sn,z to be MTP,. Then X, . .. x™ possess the
Y({L,“.,Yi(_i?
MTP, propertysz is MTP; fori =2,...,n — 1.

i

Proof. Recall that the joint density of sequential order statistics is of the form

n
( (n) (1) (@) 1y (D) (i)
fX* """ X (tll vy tn) — fyl:n (tl) I Iin:n |Yi—1:n"“’Yl:n (ti‘ti—ll el t1>
i=2

7’1—]. Y(i) Y(i)
Y(H),...,Y n f T “in (tl e t)
— f 1n nn (tlr ey tn) H i+1) Y(z’+1) : —

( .
l:1 le:n s i (tll ey tz)

Then the result follows from Theorem 3.15. O
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4.4 Special cases

Remark 4.11. Applymg Lemma 3.12 to twice partially differentiable functions f Vi Vi
i (i P
and f Yo Y , the MTP, property of ,Hi is equivalent to

Y(1+]

(i)
az fY1n ’Yi;n(tll...,tj) >0
z+1 (i+1) —
atkatl fY .Y (tll e, tl)

wn

foro<t <...<tipand1 <k <l <i.

4.4 Special cases

4.4.1 Distributions with Markov order statistics

Theorem 4.12. Fori=1,...,n, k=1,...,n — 1 consider Yl(i),...,Y,Si) with condi-
tional hazard rates that can be represented as

A(i)(t|t1,...,tk) = gi(t,k) .

Then XV, ... X" are MTP, .

Proof. Denote

h) = /Otgi(u,h)du

Then according to Lemma 2.13 we can write

m xm
fX* ..... Xy (tlr-"’t”)

= (Hé’i(ti,i — 1)) exp <—” /Otl 81(“/0)d“>

n t
xexp( Y (n—h+1) /h gh(u,h—l)du>
th-1

h=2
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4.4 Special cases

or in terms of I;(t, h)
fX*) ,,,,, Xy’)(tl,...,tn)
— (ll;ll Qi(ti,i— 1)) exp (—n(ll(t1,0) — 11(0,0)>> (42)

X exp (- Y (n—ht 1) (It b= 1) = In(tya, b~ 1))) ,

h=2
where 0 < t; < ... < t,. In other words, fxil) """ Xin)(tl, ..., ty) can be represented
as a product of functions depending only on one of the ¢;’s each. Then the result
follows by Theorem 3.15. O

Recall that by Lemma 2.21 order statistics Y1(12u ceey Y,SZZZ of the random variables

Yl(i), cee Y,Si) from Theorem 4.12 possess the Markov property. Therefore we can
state the following generalization of Theorem 4.12.

Theorem 4.13. Consider Yfi), cee, Y,Si) such that Yl(lzl, e, Y,SZL possess the Markov prop-
erty for every i = 1,...,n. If order statistics Y(f,)i,...,Y,sl;?q are MTP; fori =1,...,n,
then Xil), ... ,X,En) are MTDP, .

Proof. Since Yl(li, ceey YV(IZL are Markov, representation (1.7) turns into

(k) | (k)
(teltie1, ..., 1) = me Y, (te|ti_1)

.....

fX* ..... * tl I_If kn‘ k 1Vl tk|tk 1) .

Note that according to Theorem 3.18 MTP, property of Yl(l,)ﬂ ceey Y,(f%, implies the

MTP, of conditional densities

(k) (k)
fkaltn’Yk:n (tkfll tk)

fYkn| 1»1(tk|tk 1) Y(k)
[t (tq)
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4.4 Special cases

By applying Lemma 3.21, we obtain the result. O

Example 4.14. Let Yfi), e, Y,Si) be the exchangeable mndom vatiables obtained from se-
quential order statistics in Example 2.19 with parameters 6;,...,0, _; >0, i =1,...,n.
Then the corresponding conditional hazard rates possess the representation

1
A(i)(ﬂtl,...,th) = 97 a.s.
h

By Lemma 4.12 we can conclude that X,El), e, Xffl) are MTP,. Note that although the
order statistics Yff,)i, Ly possess the MTP, property, the random variables Yl(l), ..,

Y are not necessarily MTP as illustrated in Example 3.38.

Thus, the MTP, property of xM, L x s guaranteed by the MTP, property
of underlying distributions of order statistics.
4.4.2 Schur-constant densities

First let us look at the representation for the density of sequential order statistics
based on Schur-constant random variables.

Lemma 4.15. Let Yl(i), .. ,Y,Si) be absolutely continuous Schur-constant with n-times
differentiable survival functions ®;, i = 1,...,n. Then the joint density of sequential
order statistics can be written as

whereyi:Z;lltj—k(n—i—i—l)tiandoSt1 < ...<t,.

Proof. Combining (2.13) with the representation for conditional hazard rates from
Lemma 2.31 (ii) we obtain

(h)
)
A(*,h)(t’tlw--,th_l) = —(n_h+1) (hhlgy)
i ¥) y=2?;11 ti+(n—h+1)t
J h—1
=—(n—h+1)®1ncp,g )(y) ,

y=Xi{ tiH(n—h+1)t
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4.4 Special cases

which allows the following representation

tn
exp (—/ /\(*,h)(ﬂtl,...,thl)dt)
th1

ty, p
= ex n—h—|—1/ —lnd)(h_l)
p(( V), ey W)

h—1

Yn
= exp (/ aaln @flh_l)(y)dy)
yn1°Y

o ()
0" V(1)

dt
y=Xi! tiH(n—h+1)t )

Then applying Lemma 2.13 we can write

1)

(m)
X, b) = (<1)"

£

With respect to the MTP, property of sequential order statistics based on Schur-
constant random variables we can state the following;:

Lemma 4.16. Let Y(;) = (Yl(i), . ..,Y,gi)) be a random vector of absolutely continuous
MTP;, Schur-constant lifetimes with an n-times differentiable survival function ©; and
hazard rates

(h+1)

(O}

/\(i)(hzy) = _(Il)(h)((?) ’
i Y

wherei=1,...,n, h=0,...,n — 1 and y > 0. Moreover let ®,_1, D, be (n 4+ 1)-
times differentiable.
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4.4 Special cases

Iffori=2,...,n—1and y > 0 holds

d , .
@(A(im(l, y) = Apliy) >0, (4.3)

then Xil), e ,X,En) are MTDP,.

Proof. Since Y(;) is MTP3, by Lemma 4.10 it suffices to ensure that

(i) (i)
0’ len-~Y- (h,-ti) o "
at at 1'1 Yz+1 1+1) — ’ ( : )
KO X (k)

for0<t <...<tiand 1 <1<k <i, i=2,...,n—1. Due to the representa-

. . iy (i) (i) . .
tion (2.26) for marginal densities fY1nYin , the expression on the left hand side of
(4.4) can be rewritten as

82 len ln( "Iti)

afkafz le“ J”(tl,,,,,ti)

where T = Zi‘;ll ti4(n—i+1)t.
vy
Im"in

@y turns into

Then, for k # i atkatl fyy.ﬂ) ,,,,, »

9 Pl (b, . 1)
atkatl fY'Jrl ..... Y(Hl)(tl . ti)

n

P
y=Yiiti+m—i+ 1)

=5 | A (@ y) = <>(W)]

= z;;ll ti+ (n—i+ 1)
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4.4 Special cases

By analogy, for k = i the derivative can be calculated as

0y
o N FYiweYin (b, ..., )
oot i (1, Lt

n

y=Yiiti+ (=i 1)
(4.6)

Substituting (4.6) and (4.5) into (4.4) we obtain the required statement. O

Lemma 4.17. For i = 1,...,n let Y;) = (Yl(l),...,Y,(ll)) be an absolutely continuous
MTP; vector of Schur-constant lifetimes with n-times differentiable joint survival func-
tion @;. Moreover let ®,_1, ®, be (n + 1)-times differentiable. If for i = 2,...,n — 1
and y > 0 holds

@) Yy <pr Y(iy1),

Airy (i + 1, y) - Aiy(i+1,y)
Mg (Ly) = Ap(y)
then the relationship (4.3) is satisfied, i.e.

(ii)

d . .
@(A(Hl)(l/ y) = Apiy)) 2 0.

Proof. First, consider the derivative -2 In Ay (h, y). Due to (2.25) it can be represen-

Iy
ted as

J _ 9 Bt g (1) 9 gy (1)

5 00 y) = 3ot (<)M )| — Soin| (-1 (y)]
= Aiy(hy) = Ap(h+1,y) .

Thenfori=1,...,n, h=1,...,n — 1 holds

0 J
@A(i) (hy) = Aip(hy) 3y In A (h,y)

= Moy y) Aoy (hy) = Ay (h+1,9)).
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4.4 Special cases

The last observation allows to represent the expression on the left hand side of (4.3)
as

d ) ) ) ) )
@(/\(iﬂ)(l, y) = Ao (i y) = Aurny (L y) (Airn (L y) — Ay (i + 1L y))

= An (L y)(An (b y) = An(E+1,y)) .
It suffices to show that under the conditions of the lemma holds

Ay (@ y) Aisn E+ 1 y) = Agen ()
< Ao y) (Ap i +1y) = Ay y) - 4.7)

Let us proceed with the verification of (4.7) in several steps.

Consider the case A(;(i,y) = 0, due to condition (i) of the lemma it implies
)\(H_l)(i, y) = 0 and (4.7) turns into 0 < 0.

Next assume that A(;,1)(i, ¥) = 0. Note that the MTP; property of Y(; yields

/\(z)(l +1, y) — 7\(1)(1, y) >0.

Thus the expression on the left hand side of (4.7) turns into 0 and the one on the
right hand side is non-negative. We can conclude that in this case (4.7) holds.

It is left to consider the case A (i, y)A(;1)(i,y) > 0. Dividing both parts of
(4.7) by )\%i)(i, y)A? )(i, y) > 0 we obtain

(i+1
1 Airn(i+Ly) 1
A%i) (i/ ]/) /\(i+1)(i/ ]/)

- 1 | (A(i)(i+ Ly) 1) _ 48)
(i,y)

A%i-s—l) Ay (i)

Note that from condition (i) follows that

Aty y) = Al (i y)

=

; < : . 4.9)
/\%1.)(1, Y) A%H_l)(l/ y)
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4.4 Special cases

In addition, condition (ii) ensures

Aeny (i + 1, Ao i+ 1,
ALy Apltly) (4.10)

Atis1y (6, y) - An(iy)

Finally, from (4.9) together with (4.10) we can conclude that (4.8) is satisfied. O

Lemma 4.18. For i = 1,...,n let Yo = (Yl(l),...,Y,sz)) be an absolutely continuous
MTP; vector of Schur-constant lifetimes with n-times differentiable joint survival func-
tions ®@;. Let ®,_1, @, be (n + 1)-times differentiable functions. If fori = 2,...,n — 1
and y > 0 holds

@) Yy <nr Y(i+1),

9 Aurn (@ y)

(ii) -
! dy Aw (i, y)

>0,

0 . .
@(A(Hl)(lr y) = Aw(iy)) = 0.

Proof. 1t suffices to show that, under the conditions of the lemma, function
Atiry (L y) — Auy (i y)
is increasing in y, i.e.

Aty (L y1) = Awy (i y1) < Ay (i y2) — Ay (i, y2)
< Ay (G y1) + Aa (L y2) < Ay (i y2) + A (i y1)

for 0 < y; < y. In the last inequality denote the summands from left to right as
a,b,c,d. Herewith we need to prove that a + b < c + d.
Since Y(;) <pr Y(i41) and Y(;) is MTP;, we can state

Ay (i, y1)
Ay (i, y1)

(i+1) (i, y1)

A
Aw (i y2)

>
>
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in other words d > a,b. Note that for 0 < y; < y, condition (ii) is equivalent to

A1) (i, 1) - A1) (i, y2)
Aiy(y1) = Aw (i y2)
< Air) (G y1)Aa (G y2) < Aw (G y) Ay (i y2)

in terms of the introduced notation ab < cd.
Then, we can conclude that

(c+d)—(a+b)==[(d—a)d—b)+ (cd —ab)] > 0.

£Ul -

Consequently, a + b < ¢ + d, which is the required result.
The development of the inequality a + b < ¢ + d as above can be found in the
proof of Theorem 2.1 in Karlin & Rinott (1980a). O

Theorem 4.19. For i = 1,...,n let Y(i) = (Yl(i), . ,Y,(li) ) be an absolutely continuous
MTP; vectors of Schur-constant lifetimes with n-times differentiable joint survival func-
tions ®@; and hazard rates

(h+1)
O, )

/\(z‘)(hr]/) = _(h)(y .
;7 (v)

Moreover let ®,,_1, ®, be (n + 1)-time differentiable functions.
Iffori=2,...,n —1, y > 0 one of the following conditions is satisfied

(i)

0 ) .
@(A(Hl)(lry) —Ap(i,y)) =0,

(i) Yy <nr Y(iy1) and

Air) (i + 1, y) - Awy(i+1,y)
Misny(@y) = Apy)

7
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4.4 Special cases

(le) Y(z) Shr Y(i+1) Ll?’ld

9 A (b y) >0

Ay Ay (i, y)

4

then Xil),...,X,E") are MTD,.
Moreover (ii) = (i) and (iii) = (i).

Proof. Direct consequence of Lemma 4.16, Lemma 4.17 and Lemma 4.18. O

Example 4.20. Consider random vectors Y ;) = (Yl(i), ey Y,(li)) described in Example 3.4,
i=1,...,n. Recall that Y ;y possess the joint survival function described by (3.7), i.e.

—X
— (t R 4
E(ty,...,ty) = (1+061(1+ + n)) )

[0

where o, ¢ > 0,1 =1,...,n. Next we are going to look at restrictions on «; and « that
ensure the condition (i) of Theorem 4.19.
Taking into account (3.8), (i) can be written as

i(;\(m)(i,y) = Aw (i)

dy
() () (5 0 )

The last inequality is equivalent to

= (a+1)

2 )
Xitq &

<
(a + aip1y)? ~ (& + aiy)?
2 2 2 2 2.2 2.2 2 2 2.2
< a8 + 200 a0y + ooyt < ogal + 200k Y+ o o0y

A “2(061'+1 — o) (A1 + o) < 20606i06i+1y(0¢i — Q1) ,

which holds for all y > 0 iff o > 1. Therefore, sequential order statistics based on
such Y(i) are MTP; if oy > a1, 1 = 1,...,n — 1. Moreover, from Example 3.4 follows
that Y(l) Shr Y(i+1)'
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Remark 4.21. Considering vectors with completely monotone survival functions Lemma
3.8 allows us to give conditions in Theorem 4.19 which may be easier to check. Assume that

the joint density of Y@, Y,Si) has a form

n

Y(I) Y(‘) > n
Pt = | 0tep(-0 L ) me)e, @D

=1

where 7t; is a univariate density function, i = 1,...,n. First, note that due to representa-
tion (4.11) by Remark 3.45 the vectors Y ;) are MTP3. Second, conditions Y (;y <p Y(it1)
can be replaced by ;1 <;, ;. Taking into account that hr-order is weaker than lr-order,
the observation follows from Theorem 4.19 and Lemma 3.8.

Assume that ®;(y) = @ (y,«},...,al). In other words ®@; belong to the same
distribution family and are distinguished only by values of the parameters «1, ...,
o . In particular, o, ..., « is a set of parameters that correspond to ®;.

Lemma 4.22. Let Yl(i), cee Y,Si) be absolutely continuous MTP, Schur-constant lifetimes
with n-times differentiable survival functions ®;(y) = ®(y,«f,..., ), i =1,...,n,
k € N, and hazard rates

O (y, o, ..., od)
oM (y,ad,... o)
= A(h,y,oci,...,oc,i) )

Awy(hy) = —

Moreover, let ®,_1, D, be (n + 1)-times differentiable in y. If for y > 0 and i =
2,...,n —1 holds

(i) %)\(h, y,a1,...,0) is increasing (decreasing) in o; if y is held fix, j = 1,...,k,
(ii) (xﬁ,océ, ... ,oc,i1 are increasing (decreasing) in i,
then XV, ..., X™ are MTP,.

Proof. In the following we consider an increasing sequence o, ab,...,af. The
proof for a decreasing sequence follows by analogy.
To begin with, rewrite the condition (i) of Theorem 4.19 as

p) o . b o .
@/\(h,y,cxll,oclz...,oc,’() < @/\(h,y,oﬁl“,rxlz“...,(x,’fl)
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4.4 Special cases

and denote by

0
ghy,o0,00...,00) = @/\(h,y,ocl,ocz...,(xk) .

Then, since g is increasing in g, ..., and &}, &, ..., &, is increasing in i we can
state

. »
sy, e,00..., ) T

<ghy,oq 0. .., 0)
L |
<ghy o™, 00", ..., x)

i+1 i+l i+l i+1
< gy o™, 00 a0

fori=1,...,n — 1. Thus we have shown that Theorem 4.19 (i) is satisfied and
consequently Xil), eee, X,En) are MTP;. O

Lemma 4.23. For i =1,...,n let Y; = (Yl(i),...,Y,Si)) be an absolutely continuous
vector of MTP, Schur-constant lifetimes with n-times differentiable survival function
O;(y) = ©(y, 01, ...,0) and hazard rates

d)(h*l)(y,oci,...,oc;;)
QM (y,od,... o)
= A(h,y,oci,...,oc,i) )

Aw(hy) = —

Moreover, let ®,,_1, ®,, be (n + 1)-times differentiable in y.
Iffori =2,...,n — 1and y > 0 holds

@ Yy <pr Yit1),

(ii) A(i+1,y,04,...,0)

Ny o) is decreasing (increasing) in o; when y is held fix, j = 1,... ,k,

(iii) oci, cxé, s, oc,i1 are increasing (decreasing) in i,
then X,(Fl), .. ,X£n) are MTDP,.

Proof. Similar to the proof of Lemma 4.22, Lemma 4.23 implies condition (ii) of
Theorem 4.19 . 0
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4.4 Special cases

Example 4.24. With the help of Lemma 4.23 we can generalize Example 4.20. Namely,

consider a vector of Schur-constant random variables Y ;) = (Yl(i), cey Yy(li)) with Pareto
survival function of the second kind

O;(t) = (1+ Bit) ™™,

where oy, 3; > 0, t > 0. In particular replacing (ey, 3;) with (e, 5t) we obtain the case
considered in Example 4.20. The h-th derivative of the survival function is represented by

a +h—1)!

oM (1) = (—1)h( @ 1) BI(1+ Bit) "

1

and with the help of (2.25) a hazard rate can be calculated as

(h+1)
(O}
Apy(hy) = ————= )
(AT 1) (g — 1) B
- (w =D +h=-1)  ph

= (o +h)Bi (1 + Biy) " .

(1 4 ﬁly) —a;—h—1+a;+h

Let us look at the requirements of Lemma 4.23. First, consider condition (i). In the following
we are going to claim a stronger relation namely that Y ;) <;, Y(;,1). Recall that Pareto
survival function of the second kind correspond to the joint density

i i © !
le( ),...,Y,(,>(t1’ ey tn) — /0 o" exp[_e Z ti]m(e)de
i=0

with

According to Lemma 3.8 to verify Y ;) <, Y(i11) it suffices to show 71 <, 7;. The last
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4.4 Special cases

%O >0 for 6 € Ry. Let us look at 2 mi(0)_.

is equivalent to 3; o I i1 (0)

o m(0) 0 [ﬁjﬁql Mo 1) 6% oxp ( 0 9)]

907 1(6) 00| ¥ T(a) 0%l Biv1  Bi
Bt T(%i41) o1 6 _ 9

= A I % - =

B T(a) p(ﬁiﬂ ﬁi>

X [(‘Xi — 1) + (ﬁil+1 - [31,)9]

Hence Y(i) Slr Y(i+1) ijfﬁi+1 < [51‘ and X1 < .
Next, consider the ratio of Ay (i + 1,y) and Ay (i, y)

)\(i)(i+1,y) o+ h+1
A(i)(i/ y) N o+ h
1

o +h

=1+

Then we can state

9 Apli+1y)

—=- =0 412
Bi Au(i,y) 12
and
dApli+Ly) 1
dog Ap(i,y) (o +h)? (4.13)

<0

Due to (4.12) and (4.13) conditions (ii) and (iii) are satisfied. Thus, it follows by Lemma
4.23 that sequential order statistics based on random variables with Pareto survival func-
tion of the second kind are MTP, if the corresponding joint densities are Ir-ordered, namely
fi <iy fiy1 orin terms of parameters 311 < B and oj1 < o, 1 =2,...,n — 1. Note
that Lemma 4.22 also leads to this result.
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4.4 Special cases

4.4.3 Archimedean copulas

Lemma 4.25. For i = 1,...,n consider absolutely continuous Yfi), ... ,Y,Si). Let their
survival function be an Archimedean survival copula with strict generator function ¢;, i.e.

Silta oo ta) = &7 (@i(Filt) + - + ¢u(Filt)) ) -

Then the joint density function of X,El), ., Xi”) can be calculated as

&1 (Fi(t)) fi(tr)

y=n¢q (fl(tl)

-1 HEE)) F(t
o P Wl gi 0, () +omie (50) ‘Pi(ﬂ(“))ﬁ(tl)
ERe
i=2 dy 1 (y)|y:Z;;11d)z‘(E(tk))"r("—i"!‘l)fbi(fi(ti—l))

4

for 0 <t; < ... < t,.

Proof. Recall that the joint density function of Y(i), e, Y,gi) can be calculated as

an
ﬁ(t],...,tn) == <—1)nmsl<t1,,tn)
" -
= 50 (y) i (Fi(t)) fi(t) -
dy y=x7_, o (E(t)) kI;Il (Rt il

In the following, we are going to prove by induction that

/ / Fi(t, oo b)) db b,
th1 fp—1

1 ah—l .
G nr ) ot W
h—1

X H i (Fi(te)) fi(t) -

k=1

=52 ¢ (F() +(n—hr2)gy (Bt ) (414)
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Since F;(0o) = 0 and ¢; is a strict generator, for 1 = n holds

/ Filtr .., tn)dty
n

= /t_1 m(p;l(zl + ...+ zp) H(pl( (tk))fl(tk)dtn

Applying the Leibniz integral rule we obtain

/ Filt .., tn)dty

aZn 1 Jzp1 azn

o1 © 9
= [—821/ & (z1 + o+ za)dzy

anfl
_ ¢ (z1 4o zpe1 + zn) ]
a azn Zazn Zpn=Zp-1 Zr=q; (fl(tk))
k=1,..n
X Hd)l (t)) fi(ke)

_ an_l 1y 1
= [821 B .82,1,1 <Cbl (kg,l Zr + 22,171) - d)i (OO))

anfl
_ ¢ (z1 4o zpe1 + zZn) ]
a azn Zazn Zn=2Zn-1 zp=0; (fl(tk))
k=1,..n
X H(pl tk fl tk

n—1 n—1
[ 25 ) - fymwy)]

y=x;2 i (E(t)) +201 (Fi (1))

X I_I(ﬁz tk .ﬂ tk
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anfl .
= ay?qbi (v)

Hd)l (t)) filtx)

y=x3=2 & (Fi(t)) +26 (Fi(tu 1)

According to the induction hypothesis should be satisfied

/t Y Aty )b b
h

Fn—1

1
= m qul_ (y)

y=xi1 ¢y (Bir)) +(n—hr 1) (Ei(t) (4.15)

X H¢1 (t) fitx) -

Then we can represent the integral on the left hand side of (4.14) as

/ ﬁ(t1/~~~,fn)dtn...dth
th—1

tp—1

_ [ 1 o -1
_/thl(ﬂ—h)!ahd)i (v)

X H(l)l tk fl tk dth

1 ot
TRV ES R AL

y=xi=1 &1 (F(t)) +(n—h+ 1) (Fi(ty) )

=422 1 (Bi(te) ) + (n—h+2); (Fi(t1) )
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and the induction is completed. Equality (4.14) yields

fY1(113 |Yi(i)1:n"”’Y¥1)’l (ti‘tifll ceey t])

/ / filt, oot Yigt, - Yn)AYn - - AYisodyiv
Yit1 Yn— 1

/ / filtt, - tict, Yir oo Yn)AYn - - dyip1dy;
tiq 1 y” 1
() fi(t
(m—i+1 qu " fz g
- (n— z)! iz
i(t)) fi(t
qu (t)) fi(t) (4.16)
2
S b () \y_z;-(;l 0 (Bi(t)) + (n—i+1)a (1))
o p-l
dyi1 (171 (]/) ‘yZZizl b (f(tk))+(n7i+2)¢[ (fi(ti—l))
= (n — i+ )¢} (F(t)) fit)
2
Y b; (y) ’y_zill ; (fi(tk))jt(nfﬂrl)d’i (fi(ti))
2 pl
a1 d)l (y)‘yiﬁ b; (fi(fk))“‘(" z+2)d>l( Fi(ti- 1))
Then the result follows from the observation that
(1) (n) v
fX* oo X (t1,..., tn fyln nyl" o 1:”(ti“}i—l""’tl)'
O

Lemma 4.26. Let Y{i), e ,Y,Si) possess a survival function represented by an Archime-
dean survival copula with a strict generator function ¢;, i =1,...,n,ie.

ik, 1) = 67 (63(F(R) + -+ di(E(t) )

Then, for h =2,...,n and 0 < t; < ... <ty <t multivariate conditional hazard
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rates of XXM e of the form

A(*,h)(t‘ﬁ, ey th—l)

= (n =+ 1) ¢ (Fu(t)) fiu(t)

o 41
. ayh¢h (y)’y_zg%d)h(lrh(tk))+(n—h+l)¢ll(1:h(f))
T ()]

y=21=1 ¢y (B (1)) + (n—ht 1)y, (B (1))

Proof. According to Lemma 1.13 and Lemma 2.5 together with equality (2.13) con-
ditional hazard rates of sequential order statistics can be calculated as

Aoy (tlEr, o ty)

/ / / fh(tlz---;thflzt/yh+1z---,yn)d]/n'"dyh+2d]/h+1
Ynt1

/ / fh tl/ . Ithfll yh/- . -;]/n)dyn t 'dyh+1d]/h
Yn Yn—

Then, applying (4.14) we obtain

Ay (Elt1, oo thot)

2, (v)| . -
(n—h+1)! h y=x 1 i (Fu(t)) + (= 1)y (Fi(8))

U I
3y ¢, (v) ’y):f% o (fh(fk)) +(n—h+1)¢y, (fh(t))

h—1
[T (Fu(t)) fu(te) by, (Fu (1)) fi(8)

k=1
x -1
Hd)L(Fh(fk))fh(tk)
k=
ah
F t
Cwnt ) gy ))y—z’;}m(a(tk)) +(n—h+ 1)y (it )d)h( W(D)fult)
a FIRRS! '
a1 b () =21 ¢u (Ba(t)) +(n—h 1)y (1))
which was to be proved. O
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Theorem 4.27. For i = 1,...,n consider absolutely continuous lifetimes Y(i), .. ,Y,Si)
with univariate marginal distribution functions F;. Let Yo Ly possess an Archime-
dean survival copula based on strict generator ¢;, i.e. the joint survival function of Yl(z),

. Y,Si) can be represented as

Si(t1, ... ta) = 7 ($i(Fi(t1)) + - + di(Fi(tn))) ,

where ¢ 1, (t) and ¢} (t) are (n + 1)-times differentiable. Moreover let Y@ v

1:n/
possess the MTP property for i = 2,...,n. Denote g;(t) = ¢}(Fi(t)) fi(t).
Ifforik,1 =2,...,n —1suchthat2 <l <k <iandty,..., t, € R holds

iv1(f i(t
/\(i+1)(ti!f1,---,ti_l)M - /\(i)(ti]tl,...,ti_l)g (t) >0,

0
ot Si+1(ti) gi(ti)

then Xil),...,Xﬁn) are MTDP,.

Proof. According to Lemma 4.10 it suffices to ensure

82 fyln 171( --/ti) > O (417)

atkatl fY l“ ,lnﬂ) (tl, ey ti) B

for0<tH <...<tiand 1<I<k<i,i=2,...,n—1. Fori,j=1,...,n de-
note

-1 _
=Y $i(F(t) + (n — j+ V)i(F(t))) -
k=1
Observe that the following equality holds

e fyln z( ,...,i’i)
atkatl fY NI G (t1,..., 1)
_ o ]n( %ld)fl )‘y:yz‘i i‘—l d)/(i( ))fl< ) )
oty 3871 b4 (W)ly= Yiii+1) HZ 1 Gy (Fin () fisn (1)
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Noticing that

[Te/EE)AE)
0? j=1
]n - p— = 0 7
otot; ( im1 D1 (i () fisa (8)) )

it is left to consider the sign of

82 1 ( %¢f1(y)|y:y(;,f) )

n -
e
otot; a—yi(PiJrll (W ly=yii1)

For k < i the derivative turns into

32 %¢fl(y)|y:y<i,i)
aton M\ T o
341 W¢j+1(y)‘y:y(i,i+l)
i _ i+1 _
0 ( aay% il(y)’y:yo,agi(tk) aay% i+11(y)’y—y<f,i+1>gi+1(tk)>

= ] o -1
ot ajﬁﬁg (y)’y=y<i,i) W¢i+1(y)|y:y(i/i+l)

(4.18)

By analogy, for k = i we obtain

9 -1
92 a7,¢; (]/)‘y:y(i,i)
FTE T e
i0t] Tyi¢i+1(y)|y:y(1‘,i+1)

i1 - i+1 _

9 aay% il(y)|y:y(i/i)gi(ti) f’ay% ijfl(y)’y:y“”“)giﬂ(ti)

=n—-1+1) (-5 o -1 '

W(bi (y)‘y:y(i,g W¢i+1(y)|y:y(i,i+1)

ot
(4.19)

Taking into account Lemma 4.26, the required statement is a combination of (4.17)
with (4.18) and (4.19). O

Remark 4.28. As follows from Remark 2.38 Archimedean survival copulas generalize the
concept of Schur-constant survival functions. In this context it can be seen that Theorem
4.27 yields a generalization of Lemma 4.16.
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Theorem 4.29. For i = 1,...,n let absolutely continuous lifetimes Y(i), e, Y,Si) possess

an Archimedean survival copula with strict generator ¢; and marginal survival functions
F;, i.e. the joint survival function of Yf) ey Y,(ll) can be represented as

Si(tl,...,tn> = d):l <‘;bi(fi(t1>) + ...+ d)i(fi(tn))) .

Moreover let the marginal distribution functions be recursively defined as

Fi(t) = F(t)
() = ok (ei(FD) ) (420)

il

for a marginal survival function Fand i = 1,...,n — 1.

S), e, Xi”) are MTP, if sequential order statistics

Zil), e, Z,(k") based on absolutely continuous Schur-constant lifetimes T(i), een, T,Si) with
survival functions

Then, sequential order statistics X

Gi(tl,...,i’n) = (;bl-_l(tl + ... —|—tn) ,

are MTP, fori =1,...,n.

Proof. For i = 1,...,n and the choice of marginal survival functions (4.20) we ob-
tain

$is1(Fip1(t)) = ¢i(Fi(t)) = 1 (F(t)) .

Denote R(t) = ¢1(F(t)), then by Lemma 4.25 the joint density of x o oxm
can be expressed as
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Then, the MTP, property of the function

J ,
g(tll”'/tﬂ) = nlid)l l(y)‘y:nR(tl)

dy
n
11
=2

ay’
1
1

-1
b; (v) |y:):;;1] R(tg)+(n—i+1)R(t;)

o -1
- (]51- (y) |y:):;;]1 R(te)+(n—i+1)R(ti—1)

ensures the same property of X", ..., x{").

In the following we will prove that under the conditions of the theorem the
function g(#1,...,t,) is MTP;,. Note that applying Lemma 4.25 with the choice
of marginal survival functions from (4.20) we obtain the following joint density of
sequential order statistics Zil), R4 i") :

o -1
A o 0 1 ?d)i (v =yil h4(n—i+1)
fZ* reerls (l‘lf...,tn) = n!*(f)l l(y)|y:nt1 az‘j ] o

dy i=2 0y 1%¥i (y)’yzz};lltkwt(nfﬁl)ti_l

This density is assumed to be MTP,. Since per definition ¢; is decreasing on
[0, 00), we can state
/

R'(t) = (¢1)'(F(t))F (t) = 0.

Then, applying Lemma 3.24 with [;(t) = R(t), i = 1,...,n we can conclude that
g(t1,...,tn) is MTP;, which was to be proved. O

Example 4.30. For i =1,...,n let Yfi),...,Y,gi) possess a survival copula from the
Clayton copula family with generator ¢;(t) = t~\% — 1 and univariate survival func-

tions F;(t) = exp (—A;‘lft), «; > 0. Note that in this case holds

$i(Fi(t)) = ¢pi_1(Fia(t)) = exp(——) 1.

Then, the conditions of Theorem 4.29 are satisfied and X,El), s, Xin) are MTP, if the

same property holds for zW 7" based on exchangeable random variables with Pareto
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survival functions

n

Si(t, .. tn) = (1 +Yy t])% ,

j=1

which can be represented as a Laplace transform of gamma distribution with the density

90(1—16—9

From Example 4.24 follows that ZS), e, Z&n) are MTP, if o > tyq.

Then, applying Lemma 4.23 we can conclude that Xil), s, Xi”) are MTP; if o >

a1 fori=2,...,n—1.

Lemma 4.31. Consider absolutely continuous exchangeable random variables Y1,...,Y,.
Forl=1,...,k =2, k =2,...,n the following conditions are equivalent

(i) %P(Yk:n >t ‘ Yk—l:n = tk—l/---/len = tl) =0
(ii) -A(tltia,.. 0) =0,

under the assumption that A(t|ty_q1,...,t1) and a%)\(tk|tk_1, ..., 1) are continuous in
ti,..., t where 0 < t1 < ... < t.

Proof. According to Lemma 2.6 conditional hazard rates allow the following rep-
resentation

1 aitkp(yk:n >ty | Yetm = tk—1,- o, Y1 = tl)
(n - k + 1) P(Yk”’l > tk ’ Yk—l:?’l - tk—l/ .. ‘IY12n — tl)

Atltir, .. ) = —

Then, for [ = 1,...,k — 2 we can write

d
— At lt_q,...,t
o (tkltk—1, ..., t1)

2
1 3 PYien > b | Y1 = b1, oo, Yo = 1)
1’l—k+1 P(Yk:n > tk|Yk—1:n :tk—lr---/YI:n :tl)

ait,P(Yk:n >ty ‘ Yt = tk—1,- o, Y1 = tl)
P(Yk:n >ty ’ Yiim = te—1,.. ., Y1 = t1)2
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0
X aTkP(Yk;n > b | Yicim = t—1, -0, Y1 = f1)> :

wherel =1,...,k—2and 0 < f; < ... < f;. Thus from (i) follows (ii).
To prove the reversed statement recall that according to Lemma 2.11 (i) holds

P(Yen > b | Yic1m = 1, oo, Y = 1)

= exp(—(n—k+1) /tk Alulti 1, )du)

fe-1

Since A(tg|ty_1,...,t1) and a%/\(tk]tk_l,...,h) are continuous in t1, ..., we can
state

ad

aTlP(Yk;n > b | Yie1m = 1,02, Y = 1)
t
=—(n—k+ 1)exp<—(n —k+1) /k /\(u|tk1,...,t1)du>
St
9 Al h)d
X tk_laitl (Ll| k—=1s+--7s 1) u,
and from (ii) follows (i). O

Theorem 4.32. For n > 3 consider exchangeable random lifetimes Y1, ..., Y, witha joint
density fV1--Y» € C? and a joint survival function S(t, ..., t,) represented by an Archi-
medean survival copula with a strict generator ¢, i.e.

S(t, .. ty) = qb—l(qb(f(tl)) o cp(F(tn))) )

where F(t) is a marginal survival functionof Y;, i = 1,...,n.
Then, fori,j =1,...,k — 1, k > 3, a conditional density

fYk:n |Yk—13”""’yljn (tk|tk7]/ ey tl)
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4.4 Special cases

is TP in every pair of variables t;,t;, i # jifffor | =1,...,k — 1 holds
d
“Atlteq,...,t1) =0,
S TCATSPY

where 0 < t; < ... < ty such that f\1Ye(ty,...,t) # 0.

Proof. Consider the conditional density

fYk:n |Yk—l:nl---rY1:n (tk‘tk—ll s, tl)

and assume thatitis TP in t;,t;,1 <i# j <k — 1.
By analogy to (4.16) we can represent the conditional density fYkn | Ye-1m-- Y1 ag

LO (X1 R(t) + (n — k + 1)R(k) ) R'(t
a1y = LS ROD + (0 K+ DROD)R )
LED (22 R() + (= k + 2)R(t1))

k p—
where L(k)(y) = (—1)"887,((1)*1(]/) and R(t) = ¢(F(t)).
For shortness sake we will use the notation

L® (s + R(beq) + (n — k + 1)R(tk))R’(tk)

L(k=1) (s +(n—k+ Z)R(tk—1)>

g(s, ti_1,ty) =

First we are going to show that for 1 <i < k — 1 holds

0
ngk:ﬂ [ Y-t Y1 (tk’tkfll e, tl) =0.
1

Since fYk:"‘kalrn"“'ylﬁn(tk|tk,1,...,tl) is TPy in t;,tj for 1 <i < j <k —1, we ob-
serve that

d

In £ Ykn | Yot Yiin telte—q, ...t
atiatj nf (k| ! 1)
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4.4 Special cases

3 L&) (Zé:% R(t)) + (n—k+ 1)R(tk)>R/(tk)
pu— n
otiot; (k-1 (Zé‘:‘lz R(t;) + (n —k+ 2)R(t_1))

o2 ! L(-1) (S +(n =k + 2)R(tx-1))

s=L/_1 R(t)
X Rl<tk)R,(ti)R,(t]‘) >0.

Since ¢ is a decreasing function we can state that
R(t) = =¢'(F(1))f(t) = 0.
Therefore, for 0 < s < (k — 2)R(tx_1) the following inequality holds

2 LO(s + R(ti) + (n — K+ DR(5))

“In >0 (4.21)
Js? Lo=1) (s + (n—k+ 2)R(t_1))

From (4.21) we can conclude that g(s, tx_1, t) is log-convex and hence also convex
inson (0,(k — 2)R(tx_1)) for fixed tx_q,tx. Then, for 6 € [0,1] and 0 < x < y <
(k — 2)R(t;_1) holds

g(0x + (1 0)y, b 1,t) < 0g(x b1, b) + (1— )2y b1 b) . (422)

Let us assume that there exist t, tx_1, x, y such that in (4.22) the inequality is strict.
Then, due to continuity of g(s, tx_1, ), the strict inequality holds in a neighbour-
hood of t; : U(ty) C [tx—1,00). Integrating both parts of inequality (4.22) in f; on
(tx_1, 00) we obtain

/t 8(0x + (1 — )y, ty—1, ty)dty
1 (4.23)

e¢]

<0 glx tiy, t)dt + (1 - 9)/ gy, t1, t)dt

tr—1 1
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4.4 Special cases

Moreover, we can represent (4.23) as

/ g(@x + (1 — Q)y, tk_l,tk>dtk + / g(@x +(1- 9)]/, o1, tr)di
U(te) (te—1,00)\U tx)

< 9/ g('x’ tk—l/tk)dtk + (1 - 9)/ g(]/, tk—]/tk)dtk
u(tk) u(tk)

+9/ X, b1, t dt+1_9/ .
(tk,l,oo)\uuk)g( k—1, ti)dte + ( ) (tk,l,oo)\uuk)g(y k1, by )dty

where for U(ty) = (a,b),tx—1 < a < b < oo we denote by

gttt = [ gl b tdh + [ gl tioa bt
k—1

/(tklloo)\u(tk)

Then, due to the assumption above the inequality in (4.23) is strict, i.e.

/ 2(6x + (1 — 0)y, tr_1, b))ty
e (4.24)

o0

<6 g(x, teq, t)dbe + (1 — 9)/ (Y, tk—1, te)dty

te—1 fe—1

Due to continuity of ¢ and F for every s € (0, (k — 2)R(tx_1)) there exist #/,...,
t o, 0<t) <...<t_, <t_qsuchthats = Z;‘;fR(t;). Recall that g(s, tx_1, fx)
represents a conditional density fYen |YeamXun (ty |t 1,4, ,,...,t}), therefore

/ g(sr tk,1,tk)dtk =1.

-1

Then (4.24) turns into 1 < 1 and we have reached a contradiction. We can conclude
that our assumption was incorrect and there is no such ty, ty_1, x, y thatin (4.22) the
inequality is strict, meaning

2
@g(sl tk*lltk) =0. (425)
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4.4 Special cases

Recall that we started with the assumption that g is log-convex, i.e.

2

@ lng(s, tk_l, tk) > 0.

Note that the above derivative can be calculated as

87211,1 (S ¢ ¢ ) _ g(S, tk—lltk)%;g(sl tk—l/ tk) - (%g(s, tk—l/ i’k))z
aSZ S\S, k-1, Lk g(s/ tkil,tk)z .

Taking into account (4.25) we obtain the equality

2
, )

B _ (580 hent)
32 Ing(s, ty_1, t) = < Q(s, tk—1,tx)

Then the inequality g—; Ing(s, ty_1,tx) > 0 holds iff %g(s, te_1,t) = 0.
Thus we have shown that if fYenYe-tw-Yun(t|t,_1,...,t;) is TP, in any pair
(tyt;), 1<i<j<k—1,thenforl=1,...,k—2

d

aitlfyk:n‘yk—lcnwwyl:n (tk‘tkfll e, tl) — O

and consequently

0
aTlP(Yk:n > HYy 1w =tk Yin = 1) =0, (4.26)

for0<t; <... <t < t.
Moreover, by Lemma 4.31 condition (4.26) is equivalent to

d
ZAMtlteeg, ... 1) =0,
o (telte—1 1)

wherel =1,...,k— 2.
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4.4 Special cases

It is left to prove that
J
—A(tltq,..., 1) =
T (telte—1,...,t1) =0

Note that Yi., ..., Yun possess Markov property due to (4.26). Therefore by ana-
logy to the proof in Section 5 of Lageras (2010) for t > t;_; should hold

P(Yin > HYeotm = tity o) Yim = H)
LED (T R(h) + (1 — k+ DR())
LED (T2 R(0) + (1 — k+ 2)R(t 1)) (4.27)
L=1) (R(tk,l) +(n—k+ 1)R(t))
L) ((n —k+ 2)R(tk,1))

Let us denote x; = Z;‘;lzR(tl),xz =(n—k+2)R(t_1),x3=(n—k+1)R(t) —
(n — k + 1)R(tx_1). Then (4.27) can be rewritten as

L(k’l)(xl —+ X7 + X3> _ L(kfl)()Q + X3)
L(k_l)(Jq + XQ) L(k—l)(xz)

Let f(x) = %W , then the above equation turns into
f(x1 + X3)
N —J\X3),

o) f(x3)

in other words f(x1 + x3) = f(x1)f(x3). Consequently for some constant ¢ holds

flx) = e

Therefore from (4.27) we can conclude that

—c(n—k+1) | R(#)—R(#_
p<Yk:n > t|Yk71:n = tkflrn-zYl:n = tl) =e€ o )< =k ])> .
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4.4 Special cases

Applying Lemma 2.6 a conditional hazard rate in this case can be calculated as

RI(t)  —c(n—k+ 1)ec(”"“><R“>R“kl>)

n—k+1 —c(n—k—i—l)(R(t)—R(tkfl))

Altltq, ..., t) = (4.28)

e
= cR'(t),

where k = 1,...,n — 1. Then, from representation (4.28) follows that

d

—A(tglts—q,...,t1) = 0.
3 (telte—1, 1) =0

It is left to show the reversed statement. Namely, assume that for 0 < t; <
.<trandl=1,...,k — 2 holds

d
g teltia, o 1) =0

Then, one may observe that for 1 <i < j < k — 1 holds

92
1 Yk:n|Yk71:n/~~~rYl;n - L
atlat] nf (tk|tk 1, /tl)

02 i

= 3ip 1" Alteltir, - 1) exp|—(n = K) /tkl Alulti-1, - t)du]

d

9 g)\(tk‘tk—lrnwtl) /fk 0

= — L —(n—k —Aulti_q,...,t1)du
8tj< Altelte1, - 1) ( ) b, Of (et )

=0,

which proves the theorem. O

Remark 4.33. Theorem 4.32 allows to conclude that considering Yfi), e, Y,Si) with sur-
vival functions represented by Archimedean copulas with a strict generator a necessary
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4.4 Special cases

1)

.. (1) x(i— m .
condition for MTP of fX= X X g

0
aftl/\i(tih‘i_l,...,h) =0

forl=1,...,i—1landi=4,...,n.

Taking into account Lemma 2.14 and representation (4.28) we can conclude that such
Yl(’), cee Y,S') are iid. In other words, for n > 3 the MTP, property of sequential order
statistics Xil), e, X,En) can be achieved without stating any interdependence between the
lifetimes YO YD on the different levels only if Yfl), YW are iidfori=1,...,n.
Since Schur-constant random variables represent a particular case of Archimedean copulas
a similar observation holds also for them.
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Appendix

Proof of Lemma 1.13

Proof. We need to prove that for a symmetric function f(y1,...,y,) holds

f(tlr---/tj—lryj/---/yn)dyn---dijrldyj
tJt t
=(n—j+ 1)!/t /y /y flty, oo tic Yise o Yu)dyn .. dyjady; .
j n—1
(4.29)

The proof will be conducted by induction.

We will start by proving that the equality holds for j =n — 1. Since f is a
symmetric function, the integral on the right hand side of the equality (4.29) can be
represented as

l ~/t f(tll' . '/ti’l—2/ yn—l, yn)dyndyn_l
= /t /t f(tlr ey tn—Zl Yn-1, yn)(ﬂ{ynﬁyn—l} —+ H{yn>yn71})dyndyn—l

= Z/t / f(tl,. e tuo, yn—llyn)dyndyn_1 ,
Yn-1

which we set out to show.
Now let us assume, that for j = k + 1 holds

/t// ftl,...,tk,yk+],.--;yn)dyn---dyk+2dyk+l

= Tl—k / / f f1,.. /tk/yk+1/~~~/y7l)dyn~"dyk+2dyk+1 .
Y1 Yn-1

It is left to prove that for j = k holds

/t / / f tlr---/tk—lzyk/~~~ryn)dyn---dyk+1dyk

=n—-k+1 / / ftl,...,tk_l,yk,...,yn)dyn...dyk+1dyk.
Yk Yn-1
(4.30)
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Note that for y;,...,y» € R the following representation exists

Tgop (Yjr1s-- - Yn)
n—1

s=j+1
+ IRg—m) Yjr1r Y Yj)

where IR(;,, i (Yj+1, -+, Ya) is an indicator function defined by

1, yj<...<yn

IR(E_"“)(W"”'W) - {0 otherwise .

Then we can the integral on the right hand side of (4.30) as

/ / f(tllltjf‘l/y],,yn)dyndy]+ldy]

t t t
= [(n — !
t
‘/t t f(tlr"'/tjfllyj/"'/yﬂ)HR(;*i)(ijrlr'"/yn)dyn'
]dy]‘

= IRgfjH)(yj,...,yn) + Z IRg—j+l)(y]'+],...,ys,y]',y5+1,..

~/yn)

.. dy]‘+1

= (1’1 — ])'/t /t /t [f(tlr---/tj1ryj/~~-/yn)HR(<”f+1)(yjr"'/yﬂ)
n—1

+ Z f(t1/~"/yj/"'/yn)HR(;*jJrl)(ijrl/'"/yS/yj/yS+1/~"/yl’l)

s=j+1
+ f(tll sy tj—l/ y]/ ey yl’l)HRgfjJrl) (yj-l—l; <o s Yny y])

]dyn cdyjady;

Applying the substitution y; = yj.+1,¥,_1 = ¥s, ¢ = y; and switching the integra-
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tion order according to Fubini’s theorem we obtain

/ / / f tlw~~/tj71/yj/~~~/yn)dyn~~~dyj+1dyj
= (n = ln—j+1)

/ /ftl,.. it YY) L - i) (Yoo Y)Yy - Ay

(1’1-]+ ) / / f(tlz---/tjflzyj/u-/yn)dyn---dijrldyj
t Yj Yn-1

as was to be proved. O

Complement to Example 1.15

In the following we present the intermediate steps in the calculation of the joint
density of sequential order statistics.

The joint survival functions of Yfi), Yz(i), Ys(i) can be computed as

) A
P(Yl >1,Yy > t), Y3 > t3) = / 6_9(t1+t2+t3)790‘_1€_)\9d9
0 Ma)

AOC
(it A

Then the density fY1¥2%3 is calculated as

83
(—1)3WP(Y1 > tl,YZ > tZ/Y3 > t3)

ala +1)(ax + 2)A%
(ot A

N (1,1, 1) =

On basis of this result we can calculate the following densities

fY1;3,Y2:3,Y3:3(t1, th, t3) = 3!fy1’Y2’Y3(t1, tr, t3)
oo+ 1) (a +2)A°
(b bt A

o0
fY1:3,Y2;3 (tl/ tZ) — 3' / fY1:3/Y2:3,Y3:3 (tll tZ/ t3)dt3
t
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3la(a + 1)A%
() + 2ty + A)at2
fY1:3(t1) — / fY1:3,Y2:3(t1,t2)dt2
t

3a A%
(3t1 + 7\)“+1 !

where 0 < t; < t, < t3.

Derivation of the covariance between X; and X; in Example 3.38

Without the loss of generality we restrict the consideration to Cov(X7,X3). Since
the distribution is symmetric all the other pairs X;, X;, i # j, have the same cov-
ariance. Recall that the covariance has the representation

COU(Xl,Xz) (X XZ) — E(Xl)E(Xz)

= X (4.31)
= E(X1Xz) — E(X;)?.

In the following we are going to calculate the expectations in (4.31) with the help
of moment-generating functions. Specifically, according to Kotz et al. (2000) the
moment- generating function for the Freund multivariate distribution of random
variables Xi, ..., X} is of the form

k

-1
—1 @i k
<1 T L tp(j)> , (4.32)
-0 —1

j=i+1

1

E|:€t1Xl+"'+t"Xk} _ ;;*

where @, ..., 01 > 0 and {fp(1),...,tp)} is one of the k! possible permuta-
tions of t1,...,t and Yp is a sum over all such permutations.
Taking into account (4.32) we can calculate E(X7) as

9
E(X;) = EE(exp(thl +...+ thk)>

ty=...=t=0

=0 j=i+1

d 1 v 0 < -1
= EHZ H(l—k_i,Z (i) ]
P t1=..=t;=0
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t1=...=t,=0

Next we are going to calculate the partial derivative with the help of the formula

0
250 = £6) 2 1m0

for such t that f(f) # 0. In more detail

*

th

] i+1

-1
1 k—1 G)i k k—1 d
:EZ (1_]{—1_2 tp(])> X <_Z§‘)8tlln1

p =0

) |

Without the loss of generality assume t; = tp(;), where [ is specified by the per-
mutation P. Then the last expression turns into

AT ) (Do)
tp(i x | — - :
I:—[ 1] i+1 0 12(’)1 - zZ] i+1tp(j)

For t = (0,...,0) we obtain

E(X:) = ,},;Z o

Note that for each [ there exist (k — 1)! permutations such that t; = tp(). Con-
sequently we obtain




1

1

k—1
Yo .
i=0

Then we have established the representation

E(X1)E(Xp) = (E(X1))?

1 (k=1 \? o [k ) k=2 k—1

i=0 j=i+1

It is left to calculate E(X7Xy). By analogy with the calculation of E(X;) we can
write

2

mE(exp(tlxl + ...+ thk))

E(X1X3) = [

t1:...:tk:O

First let us obtain an explicit representation for the derivative:
92
dt10ty

-1
o1 « k=1 0, k -1 _k(jii
:atzk!; H(l‘k_lzz fpm) % (—‘ o gk

— k=i Lj=it1 tr()

-1
o k=1 9; k ) ) (ll k®i' )
— 1-— - tp(i X =1
(atz i=0 ( k=i ]';Ll v z;) 1- 2 Zlf:iﬂ Ep(j)

k-1 0 K T A e
+II11-+— X ty | x5- > :
(-2 2 m) < (Benn)

j=i+1

E(exp(t1X1 + ... + X))

Without the loss of generality assume t; = tp(,), where n is specified by P and
n # 1, then we can represent the derivative as

32

mE(exp(thl + ...+ thk))
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k—1 ©; k ) <m1n(l,n)—1 (k@)i' )2 ) ]
+ 1-— - tp(; X — .
i0< k—1i j—zz‘+'1 v 5 0-2 Z] i+1tp(j)?

For t = (0,...,0) we obtain

» n—1 ; -1 ; min(l,n)—1 ;
E(iXz) = lj'zp" K;) k®—i> X (Z k@ii> " ( X (k@ii>2>] '

1

Note that for fixed / and n there exist (k — 2)! substitutions such that t; = tp(,
ta = tp(y). Moreover, the values of E(X7Xjy) for the substitutions with #; = tp(ry,
ta = tp(y) and t1 = tp(,), t2 = tp() are equal. Therefore without the loss of gener-
ality we can assume [ < n and calculate E(X;1Xy) as

<Z k_l) x (2151) +::Z;(k@iii)2

The first part of the double sum can be calculated as follows:

-1 ®i
Z Z (Zk—z> X (Zk—i)
=1 n=I+1 i=0
1r -1 ®i k n-1 ®i
a _(zg(’)k_i> : <n:zl;rl§(’)k_i>
[ /1-1 _ -1 , k=1
-2 (£:%) < (e-0E: 2+ L)
| \i=0 i=0 i=I
2 k=1/14
e, 0,
k—i> * (lgk—i

(2 ()

E(X1Xz) = Z Z

l 1 n=I+1

T

= —
(|
_ =

X —
(|
—_
—_

= (k—l)(li

i=0

—
I

—_

~
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k—1 -1 -2 1-1 k=11-1k-1g
O, \2 @@

- Lo-0E2) 2L £ arig| * L L L
1=1 i=0 i=0 j=i+1 I=1i=0 j=I
k—z( o > ( kf kZ1 i

= : k—l>+2
br i=0 1=i+2 j= z+1k_lk_])

k=2 k-1 k—1®i®j
* ki
i=0 I=i+1 j=I

_k‘z( e, 2(k—i—1 )k — i) ki "22@@ -1

A\ (k — i)
=0 i=0 j=i+1

k=2 k-1 0.0;(j — i)
* k—i
i=0 j=i+1

E(X;1X»)
2 |K22re \2k—i—-1)(k—i) &2 00ik-j-1)
T k(k—1) Lg(k—i) 2 ;3];1 k—z)
&I 00 —i) kP e \2(k—i—1)(k—i)
tLX = Z(k—i) > ]

) k2 0,0,k - j - 1)
:k(k—1)[§<k—z) (k=i=1)k—i)+ ;:Z (k— i)

Finally we can calculate the covariance as

COU(Xl, Xz)

[i(k_ ) k—t—l)(k—i)+lf_34k_'2 00k —j~ 1)
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RLIEL

i= O] i+1

Z@2+2 Z Z 0,0,

k2 i=0 j=i+1
k_1 Z@2<k1)—k+1>
Sl (k—j=1) k(=19
+2§)]§l@®< T T —(k—l))]
1 k+1i k=2 k=
TRk -1) ZGZ("_ )_2120121(9@( )]

Thus, we have obtained the formula for the covariance of two random variables
belonging to the n-dimensional random vector distributed according to Freund’s
multivariate exponential distribution:

Cov(X1, X2) Z @2(

T KRk—1) k—l

)—222@@( )]

i=0 j=i+1

150



REFERENCES

References

Arnold, B., Balakrishnan, N., & Nagaraja, H. (1992). A First Course in Order Statistics.
New York: Wiley.

Averousa, J., Genest, C., & Kochar, S. (2005). On the dependence structure of order
statistics. J. Mult. Anal., 94(1), 159-171.

Balakrishnan, N., Beutner, E., & Kamps., U. (2008). Order restricted inference for
sequential k-out-of-n systems. |. Multivar. Anal., 99(7), 1489 — 1502.

Barlow, R. & Proschan, E. (1981). Statistical Theory of Reliability and Life Testing. Silver
Spring: To Begin With.
Barnett, V. (1980). Some bivariate uniform distributions. Communications in Statist-

ics — Theory and Methods, 9(4), 453—461.

Belzunce, F., Mercader, J. A., & Ruiz, J. M. (2003a). Multivariate aging properties of
epoch times of nonhomogeneous processes. |. Multivar. Anal., 84(2), 413—424.

Belzunce, F, Ruiz, ]J. M., & Ruiz, M.-d.-C. (2003b). Multivariate properties of ran-
dom vectors of order statistics. J. Stat. Plan. Infer., 115, 335-350.

Bernardo, J. (1996). The concept of exchangeability and its applications. Far East ].
Math. Sci., 4, 111-122.

Block, H., Sampson, A. R., & Savits, T. (1990). Topics in Statistical Dependence,
volume 16 of Institute of Mathematical Statistics Lecture Notes—Monograph Series.
IMS.

Block, H. W. & Ting, M.-L. (1981). Some concepts of multivariate dependence.
Commun. Stat. Theor. M., 10(8), 749— 762.

Boland, P., Hollander, M., Joag-Dev, K., & Kochar, S. (1996). Bivariate dependence
properties of order statistics. J. Mult. Anal., 56, 75-89.

Burkschat, M. (2009). Systems with failure-dependent lifetimes of components. J.
Appl. Prob., 46, 1052-1072.

Caramellino, L. & Spizzichino, F. (1996). WBF property and stochastical monoton-
icity of the markov process associated to schur-constant survival functions. J.
Mult. Anal., 56, 153-163.

Castillo, E. (1988). Extreme Value Theory in Engineering. Boston: Academic Press.

151



REFERENCES

Cherubini, U., Luciano, E., & Vecchiato, W. (2004). Copula Methods in Finance.
Chichester: Wiley.

Clayton, D. G. (1978). A model for association in bivariate life tables and its applica-
tion in epidemiological studies of familial tendency in chronic disease incidence.
Biometrika, 65, 141-151.

Colangelo, A., Scarsini, M., & Shaked, M. (2005). Some notions of multivariate
positive dependence. Insur. Math. Econ., 37(1), 749 — 762.

Cramer, E. (2006). Dependence structure of generalized order statistics. Statistics,
40, 409-413.

Cramer, E. & Kamps, U. (2001). Sequential k-out-of-n systems. In N. Balakrishnan
& C. Rao (Eds.), Handbook of Statistics, Advances in Reliability, volume 20 (pp. 301-
372). Amsterdam: Elsevier.

Cramer, E. & Kamps, U. (2003). Marginal distributions of sequential and general-
ized order statistics. Metrika, 58, 293-310.

David, H. & Nagaraja, H. (2003). Order Statistics. Hoboken, New Jersey: John Wiley,
3rd edition.

Frank, M. (1979). On the simultaneous associativity of f(x,y) and x + y — f(x, y).
Aequationes Mathematicae, 19, 194-226.

Frank, M. (1991). Convolutions for dependent random variables. In G. DallAglio,
S. Kotz, & G. Salinetti (Eds.), Advances in Probability Distributions with Given Mar-
ginals, volume 67 chapter 3, (pp. 75-93). Netherlands: Springer.

Frees, E. W. & Valdez, E. A. (1997). Understanding relationships using copulas.
North American Actuarial, 2, 1-25.

Genest, C. & MacKay, J. (1986). Copules archimediennes et familles de lois bidi-
mensionnelles dont les marges sont donnes. Can. J. Stat., 14(2), 145-159.

Georges, P, Lamy, A.-G., Nicolas, E., Quibel, G., & Roncalli, T. (2001). Multivari-
ate Survival Modelling: A Unified Approach with Copulas. Available at SSRN:
http:/ /ssrn.com/abstract=1032559 or http://dx.doi.org/10.2139/ssrn.1032559.

Gupta, R. & Richards, D. (1987). Multivariate Liouville Distributions. |. Mult. Anal.,
23, 233-256.

Hutchinson, T. & Lai, C.-D. (1990). Continuous Bivariate Distributions — Emphasising
Applications. Adelaide: Rumsby Scientific Publishing.

152



REFERENCES

Jaworski, P, Durante, F., Hardle, W., & Rychlik, T. (2010). Copula Methods in Finance.
Berlin Heidelberg: Springer.

Kamps, U. (1995). A Concept of Generalized Order Statistics. Stuttgart: Teubner.
Karlin, S. (1968). Total Positivity. Stanford University Press.

Karlin, S. & Rinott, Y. (1980a). Classes of orderings of measures and related correl-
ation inequalities. I Multivariate totally positive distributions. J. Mult. Anal., 10,
467-498.

Karlin, S. & Rinott, Y. (1980b). Classes of orderings of measures and related cor-
relation inequalities. IT Multivariate reverse rule distributions. J. Mult. Anal., 10,
499-516.

Khaledi, B. & Kochar, S. (2000). Dependence among spacings. Probab. Eng. Inform.
Sc., 14, 461 - 472.

Khaledi, B. & Kochar, S. (2001). Dependence Properties of Multivariate Mixture
Distributions and Their Applications. Ann Inst Statist Math, 53(3), 620 — 630.

Kotz, S., Balakrishnan, N., & Johnson, N. L. (2000). Continuous multivariate distribu-
tions, Models and Applications. USA: John Wiley and Sons.

Lageras, A. (2010). Copulas for Markovian dependence. Bernoulli, 16(2), 331-342.

Lai, C.-D. & Xie, M. (2006). Stochastic Aging and Dependence for Reliability. New York:
Springer Science & Business Media.

McNeil, A. J. & Neslehovd, J. (2009). Multivariate Archimedean copulas, d-
monotone functions and [;-norm symmetric distributions. Amnn. Stat., 37(5B),
3059-3097.

Meeker, W. & Escobar, L. (1998). Statistical Methods for Reliability Data. New York:
Wiley.

Miiller, A. & Scarsini, M. (2005). Archimedean copulae and positive dependence. J.
Multivar. Anal., 93, 434-445.

Miiller, A. & Stoyan, D. (2002). Comparison Methods for Stochastic Models and Risks.
England: John Wiley & Sons.

Navarro, J. & Burkschat, M. (2011). Coherent systems based on sequential order
statistics. Naval Research Logistics, 58(2), 123-135.

153



REFERENCES

Nelsen, R. (2005). Some properties of Schur-constant survival models and their
copulas. Braz. |. Prob. Stat., 19, 179-190.

Nelsen, R. (2006). An Introduction to Copulas. New York: Springer Series in Statistics,
2nd edition.

Oakes, D. (1989). Bivariate survival models induced by frailties. JASA, 84, 487-493.

Pemantle, R. (2000). Towards a theory of negative dependence. Journal of Mathem-
atical Physics, 41(3), 1371-1390.

Pfeifer, D. (1989). Einfiihrung in die Extremwertstatistik. Stuttgart: Teubner.

Pitas, I. & Venetsanopoulos, A. N. (1992). Order statistics in digital image pro-
cessing. Proc. IEEE, 80(12), 1893 -1921.

Richards, D. (2010). Log-convexity properties of Schur functions and generalized
hypergeometric functions of matrix argument. Ramanujan |., 23, 397 — 407.

Shaked, M. & Shanthikumar, J. (1987). Multivariate hazard rates and stochastic
ordering. Braz. |. Prob. Stat., 19, 123-137.

Shaked, M. & Shanthikumar, J. (1990). Multivariate stochastic orderings and posit-
ive dependence in reliability theory. Math. Oper. Res., 15(3), 545-552.

Shaked, M. & Shanthikumar, J. (2007). Stochastic Orders. New York: Springer-
Verlag.

Sklar, A. (1959). Fonctions de repartition a n dimensions et leurs marges. Publ. Inst.
Statist. Univ. Paris, 8, 229-231.

Spizzichino, F. (2001). Subjective Probability Models for Lifetimes. Boca Raton: Chap-
man and Hall/CRC.

Szekli, R. (1995). Stochastic Ordering and Dependence in Applied Probability. New
York: Springer-Verlag.

Topkis, D. (1998). Supermodularity and Complementarity. Princeton: Princeton Uni-
versity Press.

Way, K. & Ming, J. Z. (2002). Optimal Reliability Modeling: Principles and Applications.
New Jersey: Wiley.

Widder, D. V. (1941). The Laplace Transform. Princeton: Princeton University Press.

154



	Introduction
	Conventions and notation

	Order statistics
	Order statistics based on iid random variables
	Order statistics based on exchangeable random variables
	Sequential order statistics based on conditionally iid random variables
	Sequential order statistics based on exchangeable random variables

	Multivariate survival distributions
	Conditional hazard rates
	Distributions with special forms of conditional hazard rates
	Distributions with Markov order statistics
	Schur-constant densities
	Archimedean copulas


	Stochastic orders and dependence notions
	Stochastic orders
	Dependence notions
	Positive dependence properties
	Negative dependence properties

	Special cases of dependence
	HIF and SL
	MTP2


	Dependence properties of sequential order statistics
	CIS and SL
	HIF
	MTP2
	Necessary conditions
	Sufficient conditions

	Special cases
	Distributions with Markov order statistics
	Schur-constant densities
	Archimedean copulas


	Appendix

