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Zusammenfassung

Das dynamische Verhalten und die Festigkeit von Glasstrukturen stellen aufgrund der sprö-
den Natur des Glases sowie seiner Empfindlichkeit gegenüber Mikrorissen und Verarbei-
tungsdefekten eine modellierungstechnische Herausforderung dar. Diese Herausforderun-
gen sind in verschiedenen Anwendungsbereichen von praktischer Relevanz – darunter Ar-
chitektur, Bau- und Fahrzeugtechnik, sicherheitskritische Infrastrukturen, Luft- und Raum-
fahrt sowie Photovoltaikmodule –, bei denen Zuverlässigkeit unter dynamischer und stati-
scher Belastung essenziell ist. Dies motiviert das Ziel der vorliegenden Dissertation, das
darin besteht, das Verständnis und die Prognosefähigkeit des Verformungs- und Schädi-
gungsverhaltens von laminierten und monolithischen Glasstrukturen zu verbessern. Ziel ist
es, die strukturelle Integrität durch eine vertiefte Analyse des Einflusses geometrischer Pa-
rameter, Materialeigenschaften und Fertigungsfehler zu erhöhen. Besonderes Augenmerk
liegt auf der Untersuchung der Initiierung und Ausbreitung von Schädigungen, dem Einfluss
von Defekten sowie den Rissmustern, die in Glaskomponenten auftreten.
Zur Untersuchung dieser Phänomene wird eine Kombination aus klassischer Kontinuums-
mechanik und nichtlokaler Peridynamiktheorie eingesetzt. Während das elastische Verhalten
von Glas mit der traditionellen Finite-Elemente-Methode analysiert werden kann, erfordert
die Modellierung der Schädigungsinitiierung und -ausbreitung die Anwendung der Peridyna-
mik.
Für die numerische Untersuchungen des Glaslaminats bei einer Stoßbeanspruchung wer-
den dreidimensionale Finite-Elemente-Modelle eingesetzt. Dabei dient die Modalanalyse zur
Bestimmung der Eigenfrequenzen und Eigenschwingungsformen, während explizite dynami-
sche Simulationen das zeitabhängige Verhalten bei unterschiedlichen Aufprallgeschwindig-
keiten erfassen. Netzkonvergenzanalysen und parametrische Studien werden durchgeführt,
um die Genauigkeit der Ergebnisse zu gewährleisten. In einer systematischen Parameterstu-
die wird der Einfluss geometrischer und materialbezogener Eigenschaften – einschließlich
der Plattenkrümmung und der Dicke der Zwischenschicht – auf die Verformung und Span-
nungsverteilung untersucht.
Die Studie konzentriert sich zudem auf die Initiierung und Entwicklung von Schädigungen in
monolithischen Glasplatten unter quasi-statischer Belastung. Hierzu werden Peridynamik-
Modelle entwickelt und mit Finite-Elemente-Simulationen verglichen, um die Auswirkungen
der Modelldiskretisierung und der Gitterkonfiguration im Rahmen elastischer quasi-statischer
Verformungen zu untersuchen.
Der Einfluss der kritischen Dehnungswerts der Bindungen wird auf das Bruchverhalten von
Glas unter koaxialer Doppelring-Biegung untersucht. Dabei werden sowohl homogenisierte
Modelle mit einheitlichen kritischen Dehnungswerten als auch Modelle berücksichtigt, die
Oberflächenschwächungseffekte einbeziehen. Bei einer Abminderung des kritischen Deh-
nungswerts an der Oberfläche zeigt sich eine Veränderung des Schädigungsmusters: von
ausgeprägten radialen Rissen hin zu einer verteilten Zone von Oberflächenmikrorissen.
Das dynamische Bruchverhalten von Glasstrukturen wird mittels peridynamikbasierter Simu-
lationen von Stahlkugel-Falltests untersucht. Die Empfindlichkeit des Schadensverhaltens
gegenüber Eigenschaften geschwächter Schichten wird bewertet.
Der Einfluss technologischer Defekte (Oberflächenfehler) auf Bruchkraft, Schadensmuster
und Rissausbreitung in Glasplatten wird untersucht. Die Auswirkungen von Defektgröße,
-position und -dichte werden analysiert und mit experimentellen Daten aus der Literatur ver-
glichen. Zufällig verteilte Defekte werden im peridynamischen Modell eingeführt und unter-
sucht, um realistische Fertigungsschwankungen abzubilden.
Die rechnerischen Fortschritte dieser Arbeit liefern Richtlinien für die Modellierung von Ver-
bundglas und erhöhen die Zuverlässigkeit der Bewertung unter quasi-statischen und dyna-
mischen Belastungen.
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Abstract

The dynamic behavior and fracture performance of glass structures represent modeling chal-
lenges due to the brittle nature of glass and its sensitivity to micro-cracks and technologi-
cal imperfections. These challenges are of practical relevance across various applications,
including architecture, structural and automotive engineering, safety-critical infrastructure,
aerospace, and photovoltaic panels, where reliability under dynamic and static loads is es-
sential. The mentioned motivates the current thesis aim, which focuses on improving the
understanding and predictive capabilities of how laminated and monolithic glass structures
deform and damage. The scope is to enhance structural integrity through a deeper analy-
sis of the influence of geometric parameters, material properties, and manufacturing flaws.
Special focus is given to studying the initiation and propagation of damage, the influence of
flaws, and the cracking patterns occurring in glass components.
A combination of classical continuum mechanics and nonlocal peridynamic theory is em-
ployed to address these phenomena. While the elastic behaviour of glass can be analyzed
using the traditional finite element method, modeling the initiation and propagation of dam-
age requires the application of peridynamic theory.
An analysis of laminates subjected to impact loading, employing the finite element method
in a three-dimensional framework, is carried out. Modal analysis is conducted to extract nat-
ural frequencies and eigenmodes, while explicit dynamic simulations capture the transient
response under varying impact velocities. Mesh convergence studies and parametric anal-
yses are performed to ensure the accuracy of the results. A systematic parametric study
evaluates the influence of geometric and material properties, including plate curvature and
interlayer thickness, on deformation and stress distribution.
The study also focuses on the initiation and evolution of damage in monolithic glass plates
subjected to quasi-static loading. Peridynamic models are developed and compared with
finite element simulations to examine the effects of model discretization and lattice configu-
ration within the framework of elastic quasi-static deformation.
The influence of critical bond stretch value on glass fracture behavior under coaxial double-
ring bending is studied. Homogenized models with uniform critical bond stretches and mod-
els accounting for surface weakening effects are considered. With the reduction of the critical
bond stretch on the surface, a change in the damage pattern from distinct radial cracks to
distributed region of surface micro-cracking with an almost smooth damaged zone is ob-
served.
The dynamic fracture behavior of glass structures is analyzed using peridynamic-based sim-
ulations of steel ball drop tests. The sensitivity of weakened layer properties on damage
behavior is evaluated.
The influence of technological flaws (surface defects) on fracture force, damage patterns,
and crack propagation of glass plates is examined. The effect of flaw size, location, and
density is analyzed and compared with experimental data from the literature. Randomly
distributed imperfections are introduced and studied in the peridynamic framework to reflect
realistic manufacturing variability.
The computational advancements of this work provide guidelines for modeling laminated
glass, enhancing impact resistance, improves the reliability assessment under quasi-static
and impact loads.
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1 Introduction

1.1 General information

The application of glass has experienced a significant rise in recent times and found widespread
use across various industries, including architecture [16, 25, 41], structural engineering [14, 58,
99], automotive manufacturing (especially for windshields) [1, 3, 13, 49, 53], safety and security
measures in vulnerable buildings [77, 100], defense applications [72], railway transportation [50],
aerospace [62, 86], and even as encapsulant materials for solar cell modules [51, 60, 69], among
other uses. Their versatility stems from their ability to be customized and tailored to meet specific
requirements [31, 66, 86]. Glass structures encompass elements that not only support a portion
of the loads but also serve a functional role [40, 50].

Figure 1.1 illustrates examples of glass plates used in the automotive industry as automobile
windshields with various types of damage.

Figure 1.1: Examples of damaged glass components

Structural glass refers to components that bear their weight and applied live loads, typically
over considerable spans [24, 31, 40, 89]. This material is amorphous, with a random atomic
structure [76]. It is characterized by its complexity, good electrical and thermal insulation, brittle-
ness, primary transparency, chemical inertness, lack of a precise melting point, high compressive
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strength, and isotropy. Amorphous solids include metallic alloys, ionic melts, aqueous solutions,
molecular liquids, and polymers like acrylic sheets, polycarbonate, and polyethylene terephtha-
late [92]. The most common type is soda-lime-silica glass, composed of sand (containing silica),
soda ash, limestone, and small quantities of additives [19, 85]. Annealed variants, the primary
product of the float process, are produced by heating the constituents until they fuse, followed by
controlled cooling to relieve internal stresses. However, annealed ones tend to fracture into large,
jagged shards, making them unsuitable for many applications. These base materials are often
processed further to create advanced products such as toughened, laminated, or coated vari-
eties [92]. For example, tempered or toughened glass is produced through controlled chemical
or thermal treatments, enhancing its strength and altering its fracture pattern; surface coatings
are added to improve transmission, absorption properties, and resistance to scratches or cor-
rosion. Heat treatments introduce surface compression, producing materials with intermediate
strength between tempered and annealed varieties [64].

In addition to the technological modifications of monolithic plates, a lamination process is widely
employed, resulting in laminated glass (LG) [4, 78]. These structures consist of two or more
layers of material separated by a thin polymer interlayer (Figure 1.2).

Figure 1.2: Laminated glass (LG)

LG demonstrates enhanced resistance to forces that lead to cracking. Moreover, the lamination
process reduces the risk of dangerous consequences after fracture, as the interlayer holds the
broken fragments together and prevents dangerous shard formation. The composite can support
its weight even in a fractured state, as only one of the layers fails. This ensures significant residual
strength after breakage [13, 58, 73].

An internal layer of LG influenced by various aspects, such as stiffness, impact strength, fracture
pattern, and load-bearing capacity, is well-established. Typically, polyvinyl butyral films (PVB) and
Cross-Linked Ethylene Vinyl Acetate (EVA) are the most commonly used interlayer materials.
However, in addition to PVB and EVA, Ionoplast Polymers, Cast in Place (CIP) liquid resin, and
Thermoplastic polyurethane (TPU) are also used as interlayers [91, 92].

LG is engineered to ensure the interlayer holds broken fragments together in the event of a
fracture. It absorbs impact energy and enhances the fracture behavior compared to monolithic
plates, making it a preferred choice in applications where injury risks from breakage are a con-
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cern. Given its diverse applications across industries, specific interlayers are chosen to meet the
unique requirements of each use case [92].

Studies reported in [78, 79] demonstrated that most LG has been composed of glass components
ranging from 2 mm to 25 mm thick, with polymer interlayers typically falling between 0.38 mm
and 2.5 mm thick. This results in a glass-to-polymer thickness ratio of around 3 to 10. Laminates
comprising thin glass and thick ionoplast interlayers exhibit strengths comparable to 3 mm to
5 mm monolithic glass. Since modern laminates are predominantly polymer-based, these thin
glass ionomer laminates offer substantial strength-to-weight ratio advantages over monolithic or
conventionally structured LG. Given the unconventional glass-to-polymer thickness ratio in these
high-performance laminates, it becomes necessary to investigate the structural behavior of such
laminates and develop a rational design approach to achieve optimal laminate structures.

Results presented in [58] have described PVB as the most commonly used interlayer material. It
is a highly flexible hyper-elastic material that can withstand significant strains before failure with-
out undergoing substantial permanent deformation. Additionally, PVB is nearly incompressible,
further contributing to its suitability for LG applications. One of the distinctive characteristics of
PVB is its nonlinear behavior, which varies depending on the loading rate and temperature. At
high strain rates, the stress-strain history displays an initial rapid increase in stress, followed by
an abrupt decrease. However, this initial rise in stress is not observed at low strain rates. These
properties make PVB a valuable choice for applications where impact resistance and safety are
critical factors.

PVB is an amorphous thermoplastic material that demonstrates linear-viscoelastic behavior [1,
12, 47, 71]. A critical characteristic of viscoelastic materials is their mechanical properties vary
with frequency (or time) and temperature. Since the tensile modulus of PVB is significantly
lower than glass’s, it results in substantial transverse shear within the viscoelastic layer. As a
consequence, LG does not behave elastically, and the sections of the material do not conform to
the assumptions of Euler-Bernoulli beam theory, where plane sections remain plane [1]. Due to
the effects of shear strain, this non-elastic behavior makes the structural analysis of LG elements
more complex [17].

Most of the studies in the literature have focused on flat glass panels. Nevertheless, there is
significance in studying initially curved ones due to their potential to demonstrate enhanced func-
tional and operational attributes such as improved aerodynamics and higher load capacity. It’s
important to maintain that curved LG exhibits distinct differences from straight LG, particularly
in its static and dynamic behavior [4]. Curved plates have not been widely utilized in practical
applications due to a lack of comprehensive knowledge about their structural behavior [22]. The
distinctive feature of a curved LG compared to a straight one lies in its initial curvature, which sig-
nificantly affects its behavior. The majority of the research has focused on the linear behavior of
curved plates, mainly due to the mathematical complexities associated with analyzing nonlinear
behavior. However, understanding nonlinear behavior is essential to assess real-world perfor-
mance accurately. LG used in curved plates is prone to experiencing large deflections in the
transverse direction when subjected to lateral loads. The glass layers’ thicknesses are relatively
small compared to other dimensions, making them more sensitive to deformation. Developing
a mathematical model based on large deflection theory is necessary to predict the strength and
behavior of curved LG plates. Such a model would be considered for the nonlinearity and com-
plexities involved, allowing for a more accurate understanding of the structural response of curved
plates under various loading conditions. This development could lead to broader applications of
curved LG in the future [4].

It has become increasingly popular in modern architecture, particularly for creating free-form
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roofs and facades that offer unique and visually striking design opportunities. Traditionally, the
fabrication of curved LG relies on hot-forming techniques. One common method is sag bending,
in which flat glass plates are placed on a negatively curved mold and heated until the material
becomes pliable. Gravity ensures uniform contact with the mold; as the material cools, it retains
the desired shape. Another approach is press bending, where stainless steel mold surfaces and
pressing heads shape the glass into the required curvature. Once cooled and solidified, the
resulting panels exhibit complementary curvatures. Polymeric interlayers are inserted between
the curved glass sheets to produce the final laminated assembly, and the entire stack undergoes
lamination in an autoclave. Press bending supports the creation of single- and double-curvature
panels, although this technique requires a dedicated mold for each shape. As a result, producing
larger quantities of identical panels is more cost-effective, while crafting molds for unique designs
can be both time-intensive and expensive. Despite these challenges, curved LG remains highly
valued in contemporary architecture for its versatility and ability to generate striking and distinct
architectural designs [25].

Computer-aided modeling and design advancements have significantly contributed to integrating
freely shaped geometries in architectural design processes. Curved glass has become a key
feature among these innovations, particularly in facades. A notable example of its application is
in the automotive industry, where it has been used for windshields with a curvature radius as small
as 1.5 m. Despite its growing use, a standardized method for assessing the strength of curved
glass is still lacking, presenting a critical challenge. Continued research and development efforts
are imperative. These efforts would enable the creation of reliable testing protocols for accurately
evaluating strength across various applications, including architectural and automotive uses [48,
49].

1.2 Mechanical behavior of glasses and glass structures

Glass is typically characterized as a linear-elastic material in mechanical modeling [21]. Its me-
chanical properties can exhibit high variability depending on chemical composition, technolog-
ical, manufacturing, and handling processes and intended applications. However, several key
data frames are commonly associated with most types of glass (Table 1.1) [13, 41, 50, 73, 76,
97, 98, 99, 100].

Table 1.1: Mechanical properties
Mohs Hardness 5.5− 7
Brittleness low tensile strength but high compressive strength
Young’s Modulus (GPa) 50− 90
Tensile Strength (MPa) 30− 300
Compressive Strength (MPa) 500− 1500
Density (kg/m3) 2400− 2800
Poisson’s ratio 0.17− 0.30

Due to the technological process, glass plates exhibit significant variations in fracture strength.
This variability is influenced mainly by differences in the glass surface created during production.
A prime example of such a process is the production of float glass. This leads to distinct char-
acteristics on the two surfaces of the glass: one side, known as the "tin side," comes into direct
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contact with the tin, while the other side, known as the "air side," is exposed to the air. Tin can
penetrate the glass through an ion-exchange process with silicon, and the depth of tin diffusion
on the tin side can range from 10 µm to 50 µm. As a result of these surface differences, the
two sides of the float glass exhibit distinct mechanical behaviors, particularly in terms of strength
characteristics [53].

The strength of materials such as glass is often analyzed using statistical models, one of which is
the Weibull distribution [93]. This model is beneficial for estimating the strength of glass because
it accounts for the probabilistic nature of material failure. In the context of the "weakest-link-in-the-
chain" concept, which assumes that failure initiates at the weakest point in the material, Weibull
statistics can be applied to estimate the strength of glass based on the critical force value [53].
The Weibull distribution allows us to model the variability in strength characteristics and predict
the probability of material failure under different loads. The two-parameter Weibull distribution is
formulated as follows [93]

Fp(σW ) = 1− exp

[
−
(

σW

σθW

)mw
]
, (1.1)

where Fp is the cumulative failure probability for the material subjected to stress σW , σθW is the
Weibull characteristic fracture strength and mw is the Weibull modulus, its value indicates the
degree of strength variation: the larger the value of mw, the smaller the scatter.

From [53], it is known that the air side generally shows higher strength values than the tin side.
The determined strength parameters are presented in Table 1.2. The contrast between the air
and tin sides highlights the importance of considering surface-specific characteristics when eval-
uating glass strength [6]. According to [53], for the tin side, the experimental data are in good
agreement with the Weibull distribution. The fracture strength of the tin side is relatively pre-
dictable and can be modeled reliably using Weibull statistics. In contrast, the air side exhibits
noticeably higher fracture stresses compared to the tin side, suggesting that it has the potential
to withstand greater loads before failure. However, the raw, unfiltered data from the air side show
significant scatter, which makes it challenging to apply the Weibull distribution directly. The air
side exhibits high fracture strength, as the increased characteristic strength shows. This char-
acteristic strength is a critical parameter, representing the stress level at which there is a 63.2%
probability of failure. Additionally, the 5% quantile, another critical metric, captures the lower
bound of the strength distribution, indicating the stress level at which 5% of the samples are
expected to fail. On the air side, the combination of high scatter and increased characteristic
strength results in these two values being relatively close to each other. This suggests that while
the air side can achieve high strength in some instances, its overall strength distribution is broad
and inconsistent. Particularly for the air side of the glass, the large scatter in the experimental
data is reflected in a low Weibull modulus. mw is a key parameter that quantifies the variability
in the material’s strength: a lower modulus indicates a broader distribution of strength values,
suggesting greater unpredictability and the presence of more significant flaws or microstructural
inconsistencies on the air side. This large scatter suggests that the fracture strength of the air
side can vary considerably, likely due to the presence of micro-defects or surface irregularities
that developed during the manufacturing process [57].

Studies reported in [58] describe that the mechanical properties of float glass are primarily char-
acterized by brittle fracture behavior, which exhibits probabilistic fracture strength. This strength
is influenced by various factors, including the geometry of the glass plate, the loading conditions
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Table 1.2: Strength parameters, after [53]

Characteristic fracture, (MPa) Weibull modulus [-] Strength, 5% quantile, (MPa)
Tin side 191.7(185.0 . . . 198.7) 8.27(6.57 . . . 10.4) 133.9
Air side 221.9(210.7 . . . 233.8) 8.41(5.97 . . . 11.8) 155.9

it experiences, and the boundary conditions applied to it. The presence of microscopic surface
flaws plays a significant role in determining the probabilistic fracture strength of glass. These
flaws are where fractures typically initiate when stress is applied to the glass. Glass plates tend
to fail primarily in tension. Consequently, the tensile strength of glass is typically much lower than
its compressive strength. It’s worth noting that if these microscopic surface flaws are removed
or reduced, such as through processes like chemical etching of the glass surface, the fracture
strength of the glass can be significantly increased. This reduction in flaws can make the glass
more resistant to fracture. Another important aspect to consider is the loading rate. The fracture
strength of glass is rate-dependent, meaning it can vary with the speed at which the load is ap-
plied. This rate dependency has been demonstrated in various studies and applies to loading in
both tension and compression. In essence, the fracture behavior of glass can be influenced by
its inherent flaws and characteristics and by the rate at which external forces are applied [75].

The strength of glass is primarily influenced by surface flaws that typically range in size from 10
µm to 300 µm (Figure 1.3), which arise during the manufacturing process. Tin can penetrate the
glass through an ion-exchange process with silicon, and the depth of tin diffusion on the tin side
can range from 10 µm to 50 µm [70, 94]. On the tin side, flaws generally form around tin-oxide
particles adhering to the surface. In addition, both the tin and air sides can develop flaws due
to thermal gradients during the float glass production process. On average, the flaws on the air
side are 1.5 to 2.0 times smaller than those on the tin side. These variations in flaw distribution
result in differing strength characteristics between the two sides. Flexural strength values of the
air side typically being up to twice that of the tin side [53].

Micro-cracks in brittle materials due to high-stress concentrations can significantly influence crack
propagation. These micro-cracks, located around the tip of a macro-crack, can shield or amplify
the main crack, leading to variations in stress intensity factors. Recent studies [10, 70] have
shown that these micro-cracks and the associated shielding effect can enhance material tough-
ness, a phenomenon known as "micro-crack toughening". These micro-cracks’ specific location,
orientation, and density are important in altering toughening mechanisms and main crack prop-
agation. While analytical solutions for uniformly distributed micro-cracks have been presented,
studying the impact of non-uniformly arranged micro-cracks analytically is challenging due to the
materials’ complex mechanical behavior. Some researchers have explored the effect of micro-
cracks on main crack propagation, deriving solutions through analytical approximations under
certain restrictive assumptions [7, 63].

While understanding the mechanical behavior of monolithic glass is essential, real-world applica-
tions often rely on more complex glass systems, such as LG, which introduces additional layers
of complexity and performance considerations. The brittle nature of single-layer glass presents
unique challenges, particularly in fracture behavior; however, when it is laminated with interlay-
ers, its structural performance under impact and load can be significantly enhanced.

The structural behavior of an LG plate lies between two extreme cases in terms of stiffness:

6



1.2 Mechanical behavior of glasses and glass structures

Figure 1.3: Surface flaw distribution, after [70]

the layered limit (lower bound) and the monolithic limit (upper bound) [24, 66]. The degree of
composite action the interlayer provides influences the actual behavior, which can deviate from
the layered limit and approach the monolithic limit. The significant difference between these limits
necessitates considering the exact behavior when designing and assessing LG plates rather than
relying solely on the limiting behaviors. The layered limit might be overly conservative, while the
monolithic limit could pose significant safety risks. Therefore, an appropriate model that accounts
for the genuine composite action is required for LG plate design and assessment [1, 13, 24, 51,
58, 73].

Damage probability models have been developed, utilizing the Weibull distribution to represent
failures as well as for monolithic glasses. These models have been refined by comparing predic-
tions and actual measurements [11].

The prediction of the elastic constants of homogenized multiphase materials has been a subject
of active research for several decades. Researchers seek to establish upper and lower bounds
for the overall stiffness of these materials. Variational theorems for strain and complementary
energy are often used in this context. An approach based on Hashin’s method for cross-ply lam-
inates with interlaminar cracks is applied for cracked LG. This method involves assessing stress
perturbations in the interlayer due to the presence of cracks. A set of equilibrated stress fields
is constructed, and the principle of minimum complementary energy is employed to determine
an optimal approximation within this set. This approximation provides a reasonable estimate of
the effective stiffness of the composite material. In the context of LG, where Young’s modulus
of glass is significantly higher than that of the polymer interlayer, the cracked laminate is viewed
as a combination of a polymeric layer and rigid glass fragments that act as stiffening elements.
These glass fragments are assumed to be detached from the interlayer at their ends for a specific
length [26].

Based on the existing discussion, there are some important approaches to modeling the strength
of LG. However, many questions remain unanswered, highlighting the need for further investiga-
tion. A comprehensive understanding of the cracking processes and the formation characteristics
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of the laminate structure is fundamentally tied to the behavior of the monolithic glass compo-
nents [4]. This underscores the importance of in-depth studies into the processes of fracture and
cracking in monolithic glass, as they play a pivotal role in determining the overall strength and
processes of damage and cracking of monolithic glasses.

1.3 Modeling approaches

Various methods are used to predict and analyze the mechanical behavior of glass structures
under different loading conditions [54]. The studies are carried out through analytical, numeri-
cal, and experimental analyses. Conducting direct experiments can be prohibitively expensive;
experimental tests might cause random results influenced by unpredictable factors. As a cost-
effective alternative, various innovative computational methods have been developed to address
the complexities of fracture and fragmentation in LG [3]. Next, some fundamental approaches
and considerations are described.

First-order shear deformation theory (FSDT) is commonly used to analyze sandwich and lami-
nate structures [2]. It assumes that the normals to the mid-surface of a plate behave like rigid
bodies during deformation, and forces and moments characterize mechanical interactions be-
tween cross-sections. FSDT allows for solving governing differential equations analytically, mak-
ing it suitable for plates of various shapes. However, it may not accurately predict deformation
properties for laminates with extreme differences in stiffness properties [51].

Zig-zag and layer-wise theories are alternative approaches to analyzing laminated structures [51,
74]. Zig-zag theory approximates displacements using piecewise functions through the thickness
coordinate to ensure layer compatibility [23]. This reduces the three-dimensional elasticity equa-
tions to two-dimensional plate equations. Layer-wise theory, on the other hand, derives balance
and constitutive equations for individual layers. It assumes that skin layers deform according
to the Bernoulli–Euler beam theory, neglecting transverse shear deformations, while the soft
core layer handles transverse shear stresses. Layer-wise theory can provide equations that are
easier to solve in closed analytical forms than zig-zag theories and can explicitly analyze load
transfer between layers. The layer-wise theory has been applied to LG plates, where the Kirch-
hoff plate theory describes layers’ deformation while the core is modeled as the shear layer.
This approach simplifies the analysis, focusing on membrane and bending states while ignoring
transverse shear deformations [51].

The choice of analysis method depends on the laminated structure’s specific characteristics and
the accuracy level required. FSDT is suitable for more straightforward cases. Zig-zag and
layer-wise theories offer alternatives that can balance accuracy and computational efficiency,
and layer-wise theory, in particular, is found to be efficient for analyzing LG plates [53].

Due to the substantial computational demands of full-scale numerical analyses, simpler ana-
lytical methods are often employed to approximate the response of impacted plates and im-
pactors. These methods, such as the energy-balance approach assuming quasi-static behavior
or spring-mass models incorporating simplified dynamics, play a primary role in preliminary de-
sign stages. They enable swift assessments of contact force, contact duration, or the impactor
and target’s overall response. Spring-mass models featuring single- or multi-degree-of-freedom
systems have been applied in various contexts, including composite laminates and sandwich
structures. These models provide estimates of maximum force and impact duration and approxi-
mate the contact force by solving simplified equations of motion. Typically, the model comprises

8



1.3 Modeling approaches

several springs representing structural stiffness, nonlinear membrane stiffness, nonlinear contact
stiffness, and two masses representing the structure’s effective and the projectile’s mass. The
stiffness values for the springs are derived based on the plate’s shape and boundary conditions,
while the contact stiffness is determined using a contact law. For soft impacts, energy dissipation
and damping must be considered in the energy balance of the models [31].

The core aspect of simulation lies in creating an appropriate contact interaction and deformation
model between the target and the impactor. In simplified approaches, the Hertz contact law is
commonly used to describe the contact problem. This classical law can be applied in finite el-
ement impact analyses where the impactor is indirectly approximated by a mass connected to
the impacted plate. In commercial finite element software, the prevention of interpenetration be-
tween two bodies is primarily addressed using the penalty approach or the method of Lagrange
multipliers. In the penalty-based contact method, penetration is countered by a force proportional
to the penetration depth. While easy to implement, this method allows some interpenetration and
can suffer from ill-conditioning, especially at high contact stiffness. Alternatively, the Lagrange
multipliers approach treats contact forces as primary unknowns, enforcing the condition of im-
penetrability. Although this method increases computational cost due to additional unknowns, it
prevents numerical errors related to ill-conditioning. Several improved methods have been pro-
posed, such as the perturbed Lagrangian or augmented Lagrangian methods, based on these
two techniques. When comparing contact pressures between a glass surface and a spherical
impactor, classical Hertz theory’s penetration depth and the contact area’s radius, as calculated
by the finite element method incorporating contact constraints for impenetrability, are the main
parameters to consider [31].

Contact-impact problems are important in various engineering fields, particularly in glass struc-
tures, where much attention has been given to windshield glazings in the automobile industry
[12]. When simulating the response of these structures, detailed numerical modeling of fracture
patterns and LG elements has been a key focus. Several techniques have been employed, in-
cluding continuum damage models, element deletion methods incorporating local or non-local
failure criteria, the extended finite element method, and intrinsic cohesive zone models. In the
case of monolithic glass, comparative studies have explored detailed models based on different
numerical techniques such as the finite element method (FEM), extended finite element method
(XFEM), discrete element method (DEM), and combined finite-discrete element method (FEM-
DEM) [31].

FEM is used to analyze LG and photovoltaic panels accurately, a three-dimensional theory of
elasticity can be applied, and numerical solutions can be obtained [74]. Commercial software
provides various continuum shell finite elements and three-dimensional solid finite elements.
Due to significant differences in material properties and the relatively low thickness of the core
layer, careful meshing of the core layer is essential to accurately computing transverse shear
strains and related stresses [23, 51]. FEM is widely employed for analyzing the impact fracture
and fragmentation of LG. The explicit FEM has become a standard tool in crash simulations for
addressing complex, non-linear, time-dependent issues such as head impacts on windscreens
[3].

Challenges persist, including mesh distortion during large deformations and simulating crack
propagation. These issues stem from FEM’s dependency on mesh grid quality. To address
these challenges, re-meshing schemes are proposed, albeit at a significant computational cost.
In response, the meshfree particle method is introduced. This method’s interpolation relies on
a set of particles within a specific domain, offering flexibility in handling large deformations and
fracture problems without the limitations of mesh grids. Its advantages have garnered attention
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and found applications in various fields.

While the FEM can predict crack initiation and propagation in LG with reasonable accuracy,
it struggles to simulate fragmentation and interactions between fragments due to its inherent
continuity requirements [13]. Enhanced shape functions like XFEM don’t fully address this issue.
XFEM is a robust numerical technique for simulating crack propagation. It improves the traditional
FEM by incorporating additional enrichment functions within the cracking region. This approach
offers a notable advantage: cracks can be represented without requiring adjustments to the finite
element meshes, eliminating the necessity for remeshing during crack growth modeling [12].

For analyzing the impact fracture and fragmentation of LG, the DEM is better suited to handle
the inherent discontinuities. In this approach, an extrinsic cohesive fracture model is used to
represent the brittle fracture of glass, while the interlayer is assumed to remain intact during the
impact. However, when using spherical discrete elements to simulate post-damage behavior, the
resulting crack patterns often lack precision, and some cracks are non-recognizable. DEM was
initially developed to address non-continuum problems involving interactions between particles
or blocks. The core concept of this method consists of dividing the computational domain into
discrete elements (DEs) and characterizing the movements of these DEs using Newton’s sec-
ond law. Interactions between DEs are typically managed using contact algorithms. As cracking
behaviors involve transitioning from a continuum to a discontinuum, similar to non-continuum
problems, DEM has been extended to simulate cracking behaviors [12]. To capture these behav-
iors, apart from the contact model, a connection model is necessary to link discrete elements
into a continuum before cracking occurs [13]. Generally, DEM performs well in simulating the
fragments and fragmentation of LG under impact, but its accuracy in predicting crack initiation
and fracture patterns is usually unsatisfactory [3].

Indeed, considering the occurrence of numerous cracks in LG during impact and utilizing inter-
element separation in the FEM-DEM approach, it becomes a suitable method for modeling impact
fracture and fragmentation in LG. FEM-DEM is supposed to tackle large-scale transient dynamics
scenarios incorporating contact and fracture phenomena [13]. However, it is essential to highlight
that the potential failures of the interlayer and interface are predefined. Still, whether these failure
criteria are utilized in FEM-DEM simulations depends on the example’s specifics.

The reality is that both material properties and failure mechanisms in composites are notably intri-
cate and exhibit significant variations contingent upon manufacturing, processing, geometry, and
testing conditions. These variations present various challenges when monitoring or simulating
their failure. In a broad sense, applying mechanical and/or thermal loads induces the forma-
tion of microcracks within the matrix and gives rise to small-scale delaminations at the layered
interfaces. As these loads are further intensified, these microcracks progress into mesoscale
cracks, leading to fiber breakages and fostering delamination. Ultimately, this culminates in the
development of macroscale cracks and fiber pullouts at the point of failure. This progression un-
derscores that damage initiation and evolution in composite materials inherently occur at multiple
scales and in a progressive manner. After initiation, there are several distinct degradation stages
before final failure occurs [5].

In this context, various approaches have been developed to test, monitor, characterize, and
simulate the failure process in composites. However, these approaches differ in several aspects,
including the length scale they target, their precision and reliability in establishing a connection
between local damage and global behavior, and their feasibility for use in real-world structures
versus limited applicability to laboratory conditions [5].

The explicit FEM has become a well-established tool for highly nonlinear, time-dependent prob-
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lems, such as simulating head impacts on windscreens in crash scenarios. In modeling compo-
nent failure and crack propagation, the most commonly used approach is the element erosion
technique. However, this method comes with certain disadvantages, including mass and energy
conservation issues. One notable drawback of the element erosion technique is its inability to de-
scribe the fracture of glass resulting from crack propagation accurately. This limitation primarily
arises from the high stress intensity at the crack tip, which is a characteristic of brittle materials
and is predicted by linear elastic fracture mechanics (LEFM). Importantly, this stress intensity is
not precisely represented by classical FEM and heavily relies on the size of the finite elements
used. A substantial number of very small elements would be required to capture this stress in-
tensity accurately. Conversely, a massive number of small elements could lead to the prediction
of a singularity in the stress field near the crack tip. Nevertheless, element erosion remains an
easy-to-implement technique and can be readily combined with conventional failure criteria like
the maximum principal strain or stress criterion. Several alternative approaches, such as the
DEM and the Cohesive Zone Modeling, demonstrate that accurately modeling the failure behav-
ior of materials remains a significant challenge. Additionally, the XFEM poses complexities in its
application. However, these alternative methods are not widely adopted in engineering practice
due to intricate theories, lack of essential input parameters, or excessively high computational
demands. Many of these modeling techniques are currently far from being practically applicable
in industrial contexts [3].

When modeling failure in composites, there are primarily two approaches: fracture mechanics
and damage mechanics [44]. The fracture mechanics approach aims to explicitly represent in-
ternal discontinuities like cracks while cracking equivalent effects such as stiffness and strength
reduction are typically turned to using damage mechanics methods. Fracture mechanics ap-
proaches for composites have been applied through diverse numerical techniques. On the other
hand, damage mechanics approaches commonly employ continuum-based failure criteria, which
establish relationships between stresses and experimental data on material strength to predict
failure initiation [5].

Traditional failure criteria alone are insufficient to capture the quasi-brittle failure of compos-
ite laminates comprehensively. This failure, arising from multiple mechanisms, necessitates a
more nuanced approach. Continuum damage mechanics (CDM) methods have been developed
to study the nonlinear response due to accumulating damage [20, 77, 86]. In CDM methods,
damage accumulation is simulated by reducing specific material properties, leading to a loss of
load capacity in particular directions. The macroscopic stress-strain behavior gradually changes
due to a distributed network of microcracks. Initially applied in metals through a single scalar
damage parameter representing microcrack density within a continuum medium, this concept
suggests the existence of intermediate phases between intact material and final fracture. This
approach has evolved to incorporate multiple damage variables associated with various failure
mechanisms to model damage initiation and evolution in composites. A constitutive model for
anisotropic damage was developed to describe the relationship between material damage and
effective elastic properties for structure stress analysis. Internal variables were introduced to
depict the evolution of the damage state under loading and subsequent material stiffness degra-
dation. CDM treats damaged materials in this framework as continuous despite inherent hetero-
geneities, micro-cavities, and defects. The nonlinear response to loading conditions is predicted
based on constitutive relations between macroscopic variables (such as stress and strain) and
internal variables, representing irreversible changes occurring at the microscopic level [5].

Results presented in [13] showed a cohesive crack model utilized for glass. According to this
model, a crack initiates when the bonding stress reaches the material’s tensile strength, indicating
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the onset of damage. Past this point, the bonding stress is assumed to decrease gradually as the
crack width increases. When the crack width reaches a critical value, the bonding stress drops
to zero, indicating that the crack is fully open [15].

The element deletion method (EDM) is called the erosion contact method [27, 28]. The fun-
damental concept behind this method involves removing elements from the global mass matrix
or setting the stress of elements to zero to represent their failure. This approach has been in-
corporated into various commercial finite element solvers. In EDM, shell elements are typically
employed to model glass, aiming to reduce the element count and consequently save computa-
tional resources. Glass is commonly assumed to be an elasto-plastic material in conjunction with
a plastic strain fracture criterion within the EDM framework [12].

CDM postulates that the damage incurred by a material is reflected in its stress-strain response.
This approach considers the material’s degradation in mechanical properties due to damage,
allowing for the modeling of progressive failure and structural integrity more comprehensively [5].

The existing literature lacks comprehensive solutions regarding the interaction of intricate micro-
crack patterns [61]. An article [90] delves into the influence of small cracks on macro-crack
propagation, establishing relationships between crack locations, density, numbers, and macro-
crack speed. The study explores various models, including a single crack collinear with the main
crack, two symmetrical cracks, and horizontal and transverse arrays of cracks. In a separate
study, [7] explored diverse micro-crack patterns using bond-based models. It was discovered that
the distribution of micro-cracks near the macro-crack tip resulted in significant shielding effects,
substantially enhancing material toughness. Both studies involved two-dimensional plates with
macro-cracks along their mid-axis, subjected to displacement-controlled tensile loads [36].

Silling and Askari [82] introduced the peridynamics (PD) method, a revolutionary approach to
crack modeling, nucleation, and progression within a continuum, addressing the limitations of
classical numerical methods. PD, established by Silling [80], represents a non-local form of con-
tinuum mechanics, differing significantly from the local differential form of classical continuum
mechanics (CCM) [81]. In PD, a continuum body is defined by material points (particles) pos-
sessing a volume in space. These material points can interact with other points within a specified
distance, known as the horizon. The interaction forces between a material point and others
within the horizon dictate its behavior. PD, rooted in integro-differential equations rather than
spatial derivatives, handles problems involving discontinuities such as cracks [18, 32, 42, 46,
59].

Unlike other methods, PD’s governing equations are in integral form rather than spatial partial
derivatives. Interactions between particles are determined by pairwise forces, known as PD
forces. This model enables straightforward simulation of fractures by severing connection forces
between particles. Due to its simplicity in fracture simulation, PD has been extensively studied
and implemented in fracture mechanics [29, 30].

Silling presented a PD solution as part of the validation process, determining the crack propa-
gation angle from the vertical axis using bond-based PD [45]. The article [68] introduced the
dual horizon PD formulation to reduce calculation costs and explored this problem from this per-
spective. Investigating the effects of plate dimensions and model parameters, such as impact
velocity and plate thickness, on crack propagation speed and crack angles, the study utilized the
state-based PD model. However, the influence of micro-cracks on crack propagation in materials
subjected to impact loads remains a gap in the literature that necessitates further investigation.
The research [10] applied bond-based PD to explore the effect of micro-cracks on dynamic crack
propagation, introducing a novel approach by defining two-dimensional micro-cracks and exam-
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ining the impact of stochastically pre-located micro-cracks on a three-dimensional body using PD
theory.

PD offers a distinct advantage over other computational methods like FEM and the boundary ele-
ment method when it comes to simulating crack nucleation and extension. In FEM and boundary
element methods, managing cracks typically involves complex and cumbersome remeshing pro-
cedures. However, in PD, the initiation and propagation of cracks result from the movement of
material points, eliminating the need for remeshing. This characteristic makes PD an attrac-
tive choice for simulating failure and, more specifically, for modeling the interaction between a
relatively large number of cracks [18, 55].

The diagram of generalized modeling approaches is given in Figure 1.4.

Figure 1.4: Modeling approaches

1.4 Problem statement and outline of the thesis

Considering what was described before, one could conclude that, despite extensive research
on laminated and monolithic glass structures, several gaps limit a comprehensive understanding
of their mechanical behavior and structural integrity in practical applications. Most studies have
focused on straight LG panels, while curved LG panels exhibit distinct structural behavior and
remain insufficiently studied. There is a significant gap in understanding the dynamic behavior of
curved LG structures, particularly under impact loading.
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Fracture behavior is the primary focus of studies on monolithic glasses nowadays. Many experi-
mental and numerical works for modeling crack initiation have been conducted. Experimentally,
it has been established that glass strength characteristics show significant value spread, which
is explained as caused by technological factors, particularly imperfections such as defects. How-
ever, the initiation of crack patterns, flaw size, distribution, and depth influence the fracture force
and crack propagation, which has been insufficiently studied. While statistical data on strength
parameters and the possible distribution of defects across the surface exist, studies that connect
these statistics are not much, and the existing ones do not consider the physical basis of the
crack formation process.

Among the methods for studying glass strength, FEM and peridynamic theory are emphasized.
Peridynamics has various justified advantages for studying damage and fracture, but few studies
explore how the damage model parameter in peridynamic simulations influences the crack for-
mation and strength determination. The impact of technological defects and the general variation
in critical strength values observed experimentally has not been examined within the peridynamic
framework. Statistical evaluations within the context of peridynamics have not been addressed
in any works known to the author.

In conclusion, the gap in laminated and monolithic glass structure behavior investigation lies in
the insufficient understanding of the dynamic behavior of curved LG panels, fracture behavior
of glass structures, influence of micro-cracks, and technological flaws on fracture propagation.
Advanced peridynamic modeling is needed to simulate these behaviors under dynamic impact
conditions. This presents an opportunity to address these challenges through the project’s gen-
eral aim, which seeks to explore these phenomena comprehensively.

This work aims to investigate the behavior of laminated and monolithic glass structures com-
prehensively. It focuses on how material properties, geometric parameters, and technological
imperfections (such as flaws) influence their performance to improve structural integrity in glass-
based materials for practical applications. By employing both FEM and peridynamic modeling
approaches, the research strives to develop and validate accurate models for simulating dy-
namic and quasi-static responses while exploring elastic response, initiation, and progression of
damage, crack patterns, and the effects of flaws on fracture behavior.

The way to achieve this aim, there are specific goals that will be done within this research:

1. Study the elastic behavior of LG under impact loading.

This goal focuses on understanding how material properties and geometric parameters
influence LG performance using FEM.

In particular, the following points must be addressed:

• Develop, test, and validate FEM models for LG structures to simulate dynamic be-
havior under impact.

• Investigate the influence of LG curvature parameters on the modal characteristics of
LG.

• Analyze the influence of interlayer material properties and geometrical peculiarities
on the dynamic behavior of LG under impact loading.

2. Study initial cracking and damage in monolithic glass plates under quasi-static loading.

This goal focuses on understanding damage formation and initial crack propagation in
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monolithic glass plates, exploring how key damage parameter influences fracture behavior.

Tasks:

• Develop, test, and validate peridynamic models for the deformation of monolithic
glass plates, ensuring accuracy through comparison with FEM.

• Analyze the influence of node lattice type and density in peridynamic models on the
accuracy of damage behavior.

• Investigate the influence of the critical stretch parameter on the initiation and progres-
sion of damage and fractures in glass plates.

3. Study the dynamic cracking of glass structures under impact loading.

This goal focuses on understanding the fracture response of glass plates under dynamic
impact loading using peridynamic modeling and includes the following points:

• Perform dynamic impact simulations (e.g., ball drop tests) on glass plates to assess
damage initiation, crack propagation, and fracture behavior.

• Investigate the influence of the key damage parameter on the initiation and progres-
sion of fractures.

4. Study the influence of technological flaws (defects) on the behavior of glass plates under
quasi-static loading.

This goal focuses on understanding how the flaws (defects) characteristics influence the
response of glass structures using peridynamic modeling.

Here the following tasks are addressed:

• Investigate the effect of size, density, and location of flaws on damage progression
and crack patterns in glass plates during quasi-static simulations, comparing with
experimental results from the literature.

• Analyze the influence of random distributions of flaws on the fracture force, damage,
and crack patterns in glass plates under quasi-static loading.
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2 Theoretical Background

2.1 Methodology of modeling

According to the problem statement, this research will investigate the static and dynamic behavior
under impact loading of monolithic glass and LG panels and glass fracture. The solution strategy
for modeling elastic and dynamic responses uses the FEM formulation [56, 67, 101, 102]. The
challenges of cracking and fracture will be addressed through PD theory [45, 84].

FEM is utilized for its widespread applicability and efficiency in classical structural analysis. In
contrast, PD is employed to overcome FEM’s limitations in accurately simulating damage initiation
and progression, providing a comprehensive approach to understanding glass behavior.

In this study, the materials are assumed to be linearly elastic, with viscosity effects neglected due
to the nature of the scenarios analyzed. For static and impact loading, the low viscosity of glass
justifies this simplification. In the case of LG, the interlayer is also considered non-viscous, as the
focus is on the short initial reaction time of the plate under impact. This approach ensures that
the modeling remains accurate while simplifying the analysis of dynamic and static responses.

2.2 Modeling in framework of finite element method

2.2.1 Structural analysis

A structural analysis evaluates the displacements, stresses, strains, and forces within structures
or components under the influence of loads [56, 67, 101, 102]. Within the current research
problem statement, an explicit dynamic analysis should be performed. The general statement for
dynamic analysis formulation within the FE framework is based on the Hamilton-Ostrogradsky
principle that is given through the Lagrange equation of the second kind in an assumption of
conservativeness as follows

d
dt

(
∂L

∂q̇

)
+

∂L

∂q
= 0, (2.1)

where q are the generalized coordinates that describe the configuration of the system, q̇ are
the generalized velocities, L is the Lagrange function of action that presents the sum of kinetic
energy T and potential energy P

L = T + P (2.2)
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Let’s look through the theoretical formulation of the FE description of energies and how that
provides the theoretical background for the FE modeling strategy [101] used in a current study.

Let u be used for denoting the vector of displacement that has three components (ux(x, y, z, t),
uy(x, y, z, t), uz(x, y, z, t)) as a function of geometrical coordinates (x, y, z) and time (t)

u = {ux uy uz}T , (2.3)

where upper index T here and later means operation of matrix vector transpose.

When the kinetic energy of a structurally deformed and moved body could be presented as

T =
1

2

∫
V

u̇Tρu̇ dV, (2.4)

where ρ = ρ(x, y, z) is material mass density, V is volume of the body(ies) which is dynamically
deformed. In the formula 2.4 and later the dot, upper the function, means the derivative by time,
i,e ( ˙...) = d

dt
(...).

The structural elastic deformation leads to the formation of potential energy, which could be
considered as a work of strains (relative deformations) on stresses

P =
1

2

∫
V

σTε dV, (2.5)

where σ is a vector of stresses that describes Voigt notations of the Cauchy stress tensor repre-
senting 6 independent terms (3 normal stresses σx(x, y, z, t), σy(x, y, z, t), σz(x, y, z, t) and 3
shear stresses τxy(x, y, z, t), τyz(x, y, z, t), τxz(x, y, z, t)) and similar in Voigt notations the strain
tensor ε is presented as 6 component vector (3 uniaxial strains εx(x, y, z, t), εy(x, y, z, t), εz(x, y, z, t)
and 3 shear strains γxy(x, y, z, t), γyz(x, y, z, t), γxz(x, y, z, t))

σ = {σx σy σz τxy τyz τxz}T , (2.6)

ε = {εx εy εz γxy γyz γxz}T (2.7)

The strain tensor represents the relative dimensionless deformation that stays within the concept
of small displacements and small strains described by the Cauchy formulas

εx =
∂ux

∂x
, εy =

∂uy

∂y
, εz =

∂uz

∂z
,

γxy =
∂ux

∂y
+

∂uy

∂x
, γyz =

∂uz

∂y
+

∂uy

∂z
, γzx =

∂ux

∂z
+

∂uz

∂x

(2.8)
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2.2 Modeling in framework of finite element method

One can represent the last in a matrix form

ε = Du, (2.9)

where D is matrix of derivatives

D =



∂
∂x

0 0
0 ∂

∂y
0

0 0 ∂
∂z

∂
∂y

∂
∂x

0

0 ∂
∂z

∂
∂y

∂
∂z

0 ∂
∂x


(2.10)

Then potential energy takes the form

P =
1

2

∫
V

σTDu dV (2.11)

The stresses and strains have physical relations between them. In this work, the dynamic de-
formation of glasses is considered elastic up to the fracture and, with enough good accuracy, is
subjected to Hooke’s law in the isotropic statement

σ = Eε, (2.12)

where E is the matrix of elastic characteristics of the material

E =
E

(1 + ν)(1− 2ν)


1− ν ν ν 0 0 0
ν 1− ν ν 0 0 0
ν ν 1− ν 0 0 0
0 0 0 1−2ν

2
0 0

0 0 0 0 1−2ν
2

0
0 0 0 0 0 1−2ν

2

 , (2.13)

where E is Young’s modulus, ν is Poisson’s ratio.

So far, the potential and kinetic energy have been described as functions of the displacement
vector

P =
1

2

∫
V

uTDTETDu dV (2.14)

The substitution of Equations (2.4) and (2.14) into the Lagrange equation of the second kind (2.1)
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provides a weak formulation of dynamic structural analysis that is used in the current research.

Within the FE framework, the unknown solution for the displacement vector is supposed to be
approximated by the shape functions. These are assumed to be simple linear (tri-linear) or
quadratic in this study.

Such simple approximations are suitable for small gradients of displacements changing and sim-
ple linear geometry of the body. To extend the usability of such simple approximations, the FE
concept proposes virtually dividing the total body into small elements, called FE, with a regu-
lar geometric shape. That virtual dividing provides a partial discretization of the body, and for
relatively small sizes of FE, all the approximative assumptions ought to be satisfied.

The weak formulations of explicit structural dynamics are the same as for the whole body and for
each part, i.e., FE, as well, so the kinetic energy can be formulated for the element as follows

Te =
1

2

∫
Ve

u̇Tρu̇ dVe (2.15)

The potential energy is determined as follows

Pe =
1

2

∫
Ve

uTDTETDu dVe, (2.16)

where Ve is a volume of eth FE.

Within a region of some eth FE, the approximation of the displacement vector could be given by
shape functions

ue(x.y.z.t) = Ne(x, y, z)qe(t), (2.17)

where qe is a nodal displacement vector, which presents the values of displacements in the nodes
of eth FE. So, for some FE with volume, Ve, one can obtain

Te =
1

2

∫
Ve

q̇T
e NT

e ρNeq̇e dVe (2.18)

Equation (2.18) can be rewritten as follows

Te =
1

2
q̇T
e

(∫
Ve

NT
e ρNe dVe

)
q̇e (2.19)

As a result it follows that
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Te =
1

2
q̇T
e Me, q̇e, (2.20)

where Me is a mass matrix of eth FE.

For the potential energy we obtain

Pe =
1

2

∫
Ve

qT
e NT

e DTETDqe dVe, Pe =
1

2
qT
e

(∫
Ve

NT
e DTETDNe dVe

)
qe, (2.21)

Pe =
1

2
qT
e Keqe, (2.22)

where Ke is a FE stiffness matrix

Ke =

∫
Ve

BT
e ETBe dVe, (2.23)

with Be being the matrix of derivatives over shape functions

Be = DNe (2.24)

All mentioned formulations are satisfied for all FE for the discretization of the whole body and are
required to provide an assembling procedure [56].

Such a procedure is organized algorithmically considering the node numbering and neighboring.
Mathematically, we have a simple matrix relation between the global vector of all nodes in the FE
model and the local one representing one particular eth element

qe = Aeq, (2.25)

where Ae is the matrix of indexes which has "1" and "0", so just filtered some qe from a global
vector.

For the kinetic energy we obtain

Te =
1

2
q̇TAT

e MeAeq̇ (2.26)

So, the kinetic energy of the eth FE is described through the global vector of nodal velocities.
The total kinetic energy T is the sum of the kinetic energies of each FE
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T =
∑
e

Te =
∑
e

1

2
q̇TAT

e MeAeq̇ =
1

2
q̇T

(∑
e

AT
e MeAe

)
q̇, (2.27)

T =
1

2
qTMq, (2.28)

where M is expressed as

M =
∑
e

AT
e MeAe (2.29)

Similarly, for total potential energy P , we obtain

P =
∑
e

Pe =
∑
e

1

2
qTAT

e KeAeq =
1

2
qT

(∑
e

AT
e KeAe

)
q, (2.30)

where

Pe =
1

2
qTAT

e KeAeq (2.31)

In the compact form, we can write

Pe =
1

2
qTKq, (2.32)

where

K =
∑
e

AT
e KeAe, (2.33)

with M and K being the global mass and stiffness matrix, respectively [101].

Substituting the last to the Lagrange equation of the second kind, one can obtain a general
structural dynamic matrix formulation within the FE framework

Mq̈ + Kq = 0 (2.34)

Equation (2.34) represents the dynamic statement of the conservative system (without damping
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phenomena) and it doesn’t consider any external forces. The first assumption can be justified in
the present work as all the studies are supposed to be done in static or impact.

The external forces could be considered additionally. Such a case will be described below.

However Equation (2.34) has its own practical importance, as its solution provides us the spec-
trum of natural frequencies and eigen modes.

2.2.2 Determination of natural frequencies and eigenmodes

Modal analysis is an analysis of the dynamic characteristics of a mechanical system that allows
us to estimate possible frequency responses under real dynamic influences, to search for linear
approximations by series decomposition, etc. [67, 101, 102]. In this study, the modal analysis
was performed in order to test the computational models and verify them with analytical solutions
based on simplified partial expansions. In addition, estimation of the natural frequencies spec-
trum helps determine the integration parameters over time in explicit dynamics and, of course, in
the peridynamic setting. The identified frequencies allow us to quantitatively divide the load rates
into those that can be considered quasi-static and those that are dynamic.

Formally, mathematical modal analysis is obtaining non-trivial solutions of a conservative homo-
geneous dynamic system given in Equation (2.34). The physical non-trivial solution of Equation
(2.34) is a hypothetical motion in which all material points of the system will perform harmonic
vibrations with the same frequency [101, 102]

q = s sin(ωt+ ϕ), (2.35)

where s is normal mode vector, ω is eigen frequency (in radians), ϕ is constant phase.

Substitution Equations (2.35) into (2.34) gives us

(−ω2Ms + Ks) sin(ωt+ ϕ) = 0, (K − ω2M)s = 0 (2.36)

This is a homogeneous system of linear algebraic equations with constant coefficients for which
non-trivial solutions exist if the determinant of the matrix is zero. This requirement provides an
equation for finding the frequency at which modal motions are possible

ω : det(K − ω2M) = 0 (2.37)

Considering the problem’s dimensionality, this equation has as many solutions as the degrees of
freedom in the system, that is, the dimensions of the mass and stiffness matrices. Since K and
M are symmetric and positive definite, then ω are all real.
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2.2.3 Forced and contact loading

In the case of forced dynamics, i.e., external forces, one could modify the Lagrange functions,
including the work of external forces [67]

L = T + P −W, (2.38)

where W is the work of external forces

W =

∫
S

uTp dS, (2.39)

with S being the surface on which the distributed forces p are applied respectively

p = {p1(x, y, z, t) p2(x, y, z, t) p3(x, y, z, t)}T (2.40)

Considering Equations (2.39) and (2.38), we can modify an equation for the general structural
dynamic matrix formulation with external forces

Mq̈ + Kq = f (t), (2.41)

where f is the vector of external loads reduced to nodes.

Vector of external loads reduced to nodes has the form

f e(t) =
∫
S

NT
e (x, y, z)p(x, y, z, t) dS, f (t) =

∑
e

AT
e f e(t) (2.42)

Additional problems arise when one body impacts another, so the current work should solve the
contact problem. Two bodies interact with each other through contact forces. These forces are
unknown until the deformation itself and depend on how the bodies come into contact and how
their surfaces are deformed. Mathematically and formally, the whole problem will ultimately come
down to the fact that contact forces will be added to the system [34].

Let’s define pairs of nodes of the finite element partition q̄c =
{
qcontacti , qtargeti

}Nc

i=1
, that can

potentially come into contact during the process of structure deformation. We compile a set of
penetration conditions (restrictions) for each pair of contact nodes ai(q̄c) ≥ 0, ∀i, 1, N .

A pair of contact nodes is chosen, for which the following condition is satisfied

a(qc) ≥ 0 (2.43)
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2.2 Modeling in framework of finite element method

Thus, the minimization of the functional, which is formally presented in the Lagrange equations
of the second kind, cannot be performed as before since it involves a constraint in the form of
an inequality. The problem of constrained minimization can be reduced to an unconstrained
minimization based on the Kuhn-Tucker theorem by introducing additional Lagrange multipliers
and penalty terms. Without delving into the details of this mathematical procedure, since it is
classical and was used in this work in its simplest form, it should be noted that this formally leads
to a modification of the expression for potential energy, Equation (2.5), by adding terms that,
for each pair of contact nodes, connect the non-penetration equations a(qc) and the Lagrange
multipliers

P̄ = P (q) +
Nc∑
j=1

ζj
2

(
aj(q̄c) +

λ2
j

ζj

)2

−
Nc∑
i=1

λ2
i

2ζi
, (2.44)

where λi are the Lagrange multipliers, which have a mechanical meaning as contact reactions.
ζj are penalties that have a mechanical meaning as stiffness.

After substituting the new function P̄ into the Lagrange equation, we obtain an additional term
f c(q)

Mq̈ + Kq + f c(q) = f (t), (2.45)

where f c is contact force vector, which depends on q

f c(q) =
Nc∑
j=1

ζj

(
aj(q̄c) +

λj

ζj

)
∇aj(q̄c) (2.46)

In this case, Equation (2.45) becomes non-linear. Typically it could be solved iteratively. A simple
iterative approach is applied to static problems as well as to dynamic ones when using an explicit
time integration scheme at each step.

In the static formulation Equation (2.45) takes the form

Kq + f c(q) = f (t), (2.47)

and the solution algorithm can be formulated as follows

1. The contact node pairs are determined, and the geometric non-penetration condition is
established for each pair. These expressions may vary depending on the type of contact
elements, which consider conditions such as node-to-node, node-to-surface, and surface-
to-surface interactions. In this work, the surface-to-surface approach was used.

2. The initial values of the Lagrange multipliers and penalty terms are set and determined
based on the contact stiffness.

3. The contact forces are calculated for these initial values of the Lagrange multipliers, penalty
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2 Theoretical Background

terms, and non-penetration conditions.

4. The static equation is solved to determine the nodal displacement vector of the system
under the external load and the current value of the contact force vector

Kqk+1 = f (t)− f c(qk) (2.48)

5. The Lagrange multipliers are iteratively updated

λk+1
j = λk

j + ζjaj(q̄k) (2.49)

In this process, the non-penetration condition is evaluated using the displacements of the
contact nodes determined in the previous step.

6. Steps 3–5 are repeated until convergence

|qk| − |qk−1| < η, (2.50)

where η is the error considered to be acceptable.

The presented formulations and algorithm are provided for frictionless contact in a general schematic
formulation. In dynamic problems, the same scheme is applied but embedded within the gen-
eral explicit time integration algorithm, which will be considered in the next section. The penalty
parameters serve as control parameters of the algorithm (essentially defined by the user) and
physically represent contact stiffness. This work used a standard approach to be calculated
based on material properties and geometry under Hertzian theory to estimate this value

Kc =
4

3
E∗

√
R∗, (2.51)

where E∗ is the effective elastic modulus, and R∗ is the effective curvature radius.

2.2.4 Explicit dynamic analysis

The current work used transient analysis to solve dynamic impact problems with the linear elastic
material model. In transient analysis, the objective is to study the response of a system over time
when subjected to time-varying loads, capturing how displacements, velocities, stresses, and
strains evolve with time [8]. Damping was not considered in the research, so we will not take it
into account in further equations.

The equation of motion is

Mq̈ + Kq + f c(q) = f (t) (2.52)
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2.2 Modeling in framework of finite element method

To obtain q itself, we need to solve the system of linear differential equations. These can be
solved by integration concerning time. This time, integration can be accomplished numerically
using a finite difference scheme. The corresponding procedure is referred to as the explicit finite
element procedure.

The whole time interval of the dynamic problem in consideration is subdivided into small time
increments ∆t. We consider this time increment around the current time moment t and assume
that the vector of degrees of freedom q is known at t and t − ∆t. Developing then q in Taylor
series around the time point t+∆t/2 we get

q(t) = q|t+∆t
2
+ q̇|t+∆t

2

[
t−
(
t+

∆t

2

)]
+ · · · (2.53)

q(t) = q
(
t+

∆t

2

)
− q̇

(
t+

∆t

2

)
∆t

2
+ · · · (2.54)

q(t+∆t) = q|t+∆t
2
+ q̇|t+∆t

2

[
t+∆t−

(
t+

∆t

2

)]
+ · · · (2.55)

q(t+∆t) = q
(
t+

∆t

2

)
+ q̇

(
t+

∆t

2

)
∆t

2
+ · · · (2.56)

The Equations (2.54) and (2.56) can be used to obtain algebraic equations for the velocity in the
middle time point of the time step.

Subtracting the second equation from the first one and neglecting second and higher order terms,
we get

q̇
(
t+

∆t

2

)
=

q(t+∆t)− q(t)
∆t

(2.57)

The numerical procedure evaluating a function’s derivative in the interval’s middle point from the
values in its ends is referred to as the central difference scheme. Similarly, we can also write

q̇
(
t− ∆t

2

)
=

q(t)− q(t−∆t)

∆t
(2.58)

Applying the same procedure for the second time derivative of q(t) we get

q̈(t) =
q̇
(
t+ ∆t

2

)
− q̇

(
t− ∆t

2

)
∆t

(2.59)
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Inserting now the values obtained for q̇
(
t+ ∆t

2

)
and q̇

(
t− ∆t

2

)
yields

q̈(t) =
q(t+∆t)− 2q(t) + q(t−∆t)

∆t2
(2.60)

and consequently

q(t+∆t) = q̈(t)∆t2 + 2q(t)− q(t−∆t), (2.61)

q̈(t) = M−1(f (t)− Kq(t)− f c(q)) (2.62)

Thus, the workflow of an explicit finite element procedure can be represented as follows

• Calculate the mass matrix

• Update surface load vector f (which can depend on displacements)

• Update deformations

q(t+∆t) = M−1(f (t)− Kq(t)− f c(q))∆t2 + 2q(t)− q(t−∆t) (2.63)

• Set t := t+∆t and return to second step

The following numerical features of the explicit finite element method should be taken into ac-
count.

• Stability condition and time step size. The explicit finite element procedure is generally
stable for somewhat small time step sizes which should satisfy the condition

∆t <
4π

ω
, (2.64)

where ω denotes the highest natural frequency (eigenfrequency) of the (whole) structure
in consideration. However, the calculation of the latter one is in general difficult since it
requires the eigenfrequency analysis which is numerical expensive. For this reason, the
generally higher eigenfrequency of particular elements is used for the stability criterion

• Diagonal mass matrix is crucial for the efficiency and practicability of the explicit finite
element procedure. For this reason, the generally non-diagonal mass matrix M is diago-
nalized. The most simple procedure of the diagonalization is to sum up the elements of
the mass matrix column or row wise as follows

Mkl = δkl

n∑
i=1

Mik, (2.65)
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2.3 Modeling using peridynamic theory

where δkl is the Kronecker symbol.

• Mass scaling can additionally be applied in order to improve efficiency of the explicit finite
element procedure. In this case, the values of the lumped mass matrix Mkl are proportion-
ally increased. The additional error introduced by this scaling is shown to be acceptable
as far as the kinetic energy of the system does not exceed 10% of its whole energy.

2.3 Modeling using peridynamic theory

2.3.1 Basic formulation of linear peridynamic solid model

Peridynamic theory is a generalized continuum mechanics to account for long-range force inter-
actions between material points [9, 84]. In contrast to the CCM, the balance equations do not
contain partial derivatives concerning spatial coordinates [52].

In contrast to the CCM, differential line elements are not introduced. The vector between x and
any point in its family is called a bond, defined as ξ with the finite size and presented in Figure
2.1. It connects material points x and x′, in the reference configuration is considered as

ξ = x′ − x (2.66)

Figure 2.1: Material points interaction

Peridynamic models are frequently written using states (⟨text in angle brackets⟩), which are op-
erators that act on vectors in Hx, that is a finite size spherical integral region with x as the center
and δ, which is called the horizon, as the radius. A vector state is an operator whose image is a
vector and may be viewed as a generalization of a second-rank tensor. The peridynamic defor-
mation state is Y⟨ξ⟩ (Figure 2.2), where the notation is understood to mean that the vector state
Y maps a bond vector ξ which belongs to Hx to a vector in three-dimensional (3D) state. In a
real configuration Y[x, t]⟨ξ⟩ we can now express as the difference between new configuration
in this position y(x + ξ, t) and the previous one y(x, t) for current time. Square brackets of the
deformation state Y are introduced to represent that the state currently depends on a coordinate
x and time t
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2 Theoretical Background

Y[x, t]⟨ξ⟩ = y(x + ξ, t)− y(x, t), y = x + u (2.67)

Figure 2.2: Peridynamic deformation state

For actual configuration, the balance of linear momentum states that the rate of change of mo-
mentum for any part of the solid is equal to the resultant force acting on that part. So that linear
momentum balance is the volume integral over all forces around all bonds [84] described in the
formula below

ρü(x, t) =
∫
Hx

(T[x, t]⟨x′ − x⟩ −T[x′, t]⟨x − x′⟩)dVx′ + b(x, t), (2.68)

where ρ is the mass density, u is the displacement vector. T[x, t]⟨x′−x⟩ is the peridynamic force
density state for the bond ξ, dVx′ is the infinitesimal small volume associated with x′, b represents
the external body force density of x. The Equation of motion (2.68) can also be formulated as
follows

ρü =

∫
H

(T[x, t]⟨ξ⟩ −T[x′, t]⟨−ξ⟩)dVξ + b (2.69)

The peridynamic force density state is related to the deformation state for each particular bond by
the defining equation. In the current study, the linear peridynamic solid material model is applied
[83]

T⟨ξ⟩ = t⟨ξ⟩M⟨ξ⟩, M =
Y

|Y| (2.70)

with
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2.3 Modeling using peridynamic theory

t⟨ξ⟩ = 3K

m
θω⟨ξ⟩|ξ|+ 15G

m
ω⟨ξ⟩ed⟨ξ⟩, (2.71)

where ω⟨ξ⟩ is the influence function, G is the shear modulus, the bulk modulus K is defined by

K =
E

3(1− 2ν)
(2.72)

The nonlocal dilatation θ, the weighted volume m and the deviatoric part of extension ed⟨ξ⟩ are
defined as follows

θ =
3

m

∫
H

(|Y⟨ξ⟩| − |ξ|)ω⟨ξ⟩|ξ|dVξ, (2.73)

m =

∫
H

ω⟨ξ⟩|ξ|2dVξ, (2.74)

ed⟨ξ⟩ = |Y⟨ξ⟩| − |ξ| − 1

3
θ|ξ| (2.75)

2.3.2 Damage and fracture modeling

The previously described formulations allow us to introduce the subsequent damage model since
the broken bonds are the deformed state parameter of getting to some level. Damage to brittle
materials is introduced at the bond level [53]. For such permission, a new stretch parameter of
the bond should be introduced, which can be calculated as the relative difference between the
bond state of deformed and previous positions. The stretch of the bond s is calculated as follows

s⟨ξ⟩ = |Y⟨ξ⟩| − |ξ|
|ξ| (2.76)

In a 3D state, each point has a certain number of neighbors and many different bonds. To
introduce the general damage variable, we can introduce an interpretive representation, which
will be the general integral over the volume of the investigated point x along the horizon divided
by its volume. The damage variable φ is

φ =

∫
H

(1− µ)dVξ∫
H

dVξ

, (2.77)
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where µ is a piecewise function for condition of stretch for one bond ξ. If the tensile bond stretch
reaches the critical value sc, the bond is considered broken [9, 33, 82]. The damaged state at
point x is the result of a collection of broken bonds

µ(ξ, t) =

{
1 sT (ξ, t

′) < sc 0 ≤ t′ ≤ t ,
0 otherwise

(2.78)

where the tensile bond stretch is

sT =
s+ |s|

2
(2.79)

With the damage function µ the Equations (2.71) and (2.73) take the form

t⟨ξ⟩ = µω⟨ξ⟩
m

(3Kθ|ξ|+ 15Ged⟨ξ⟩), (2.80)

θ =
3

m

∫
H

(|Y⟨ξ⟩| − |ξ|)µω⟨ξ⟩|ξ|dVξ (2.81)

Equations (2.70 – 2.81) are substituted into (2.68) and integrated for each points to get the
governing dynamic differential equation for x coordinate point [82].
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3 Finite element modeling of laminated
glasses under dynamic loading

3.1 Finite element model development and verification within
linear modal and impact benchmarks

3.1.1 Monolithic glass plate benchmarks

Studying glass plates’ behavior subjected to impact loading is valuable for investigating thin-
walled structural elements. Practical applications encounter numerous challenges: the presence
of complex boundary conditions, difficulties with convergence in computations, the influence of
multilayered structures, and variations in curvilinear geometries. Such challenges demand ad-
vanced numerical methodologies for accurate problem-solving. However, to gain acceptance and
reliability, it is essential to validate these computational models rigorously, especially in controlled
scenarios where empirical data or analytical solutions can be obtained to serve as benchmarks.
A fundamental aspect of this validation process is to assess the fidelity of numerical models
by comparing their solutions for impact-induced dynamic responses with those derived from lin-
earized vibration analysis of plates under impact loads.

This part provides an investigation of the linear transient dynamics of glass plates, focusing on
frequency analysis and displacement characteristics under impact conditions.

The following steps will be performed to solve the glass plate benchmark:

• To set up an analytical solution that characterizes the behavior of a glass plate under
impact loading conditions, establishing a reference for further comparisons.

• To perform a modal analysis of a glass plate to compare with analytical values.

• To develop a computational mathematical model that enables investigation of the impact
force on a glass plate and to conduct numerical analyses.

• To compare the results of numerical and analytical studies, evaluate the accuracy level,
and provide recommendations regarding the parameters of the computation model.

A glass plate with length a = 500 mm, width b = 750 mm and thickness h = 6.38 mm is
modeled and studied (Figure 3.1). The material properties of glass model with density ρ = 2500
kg/m3, Young’s modulus E = 70 GPa, and Poisson ratio ν = 0.23 were used. A hit on a plate
with a solid body of mass mb = 1 kg that moves with a velocity of vb = 8 m/s was considered.
The current data correspond to the majority of experimental data in the literature. The boundary
conditions of the plate were set as simply supported all sides.

This part of the work will focus on the elastic body hit theory. The function uz(t) describes the
lateral displacement of the plate caused by the concentrated contact force F (t) at the contact
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3 Finite element modeling of laminated glasses under dynamic loading

Figure 3.1: Simulation model

point in the center of the plate with the coordinates (xc, yc). This displacement can be determined
through the differential equation governing the constrained vibrations of the plate, influenced by
a surface load fs(x, y, t) that depends on time and coordinates

D∇4uz + ρh
∂2uz

∂t2
= fs, (3.1)

where D is the bending stiffness defined as follows

D =
Eh3

12 (1− ν2)
(3.2)

Equation (3.1) includes fs(x, y, t), which in this specific case is used as a concentrated contact
force F (t) to simulate the impact. The solution to Equation (3.1) can be obtained analytically in
a linear statement. For this purpose, the series expansion in the plate’s natural modes was used.
Natural frequencies and normal modes could be figured out from modal analysis, and then we
set a zero right-hand side in Equation (3.1)

D∇4uz + ρh
∂2uz

∂t2
= 0 (3.3)

Here, we will find harmonic motions as follows

uz(x, y, t) = H(x, y) sin(ωt), (3.4)

where H(x, y) is function that describe the normal mode of plate in CCM, ω is natural frequency.

Since the Equation (3.3) is ordinary, there will be an infinite number of solutions like Equation
(3.4). Substituting Equation (3.4) to (3.3) considering free support boundary conditions, one will
find the following formulas for the natural frequencies of the plate

ωnk = hp2nk

√
E

3ρ (1− ν2)
, (3.5)
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3.1 Finite element model development and verification within linear modal and impact benchmarks

p2nk =
(nπ

a

)2
+

(
kπ

b

)2

, n, k = 1..∞ (3.6)

We will use these analytical values of natural frequencies to test the models (see Table 3.1).

The solution to Equation (3.5) is obtained in the form of decomposition by normal modes Hnk at
the point of contact (xc, yc)

Hnk = sin
(nπx

a

)
sin

(
kπy

b

)
(3.7)

The natural frequency and normal modes spectrum were determined using numerical methods
within a 3D computer modeling framework and the FEM. A preliminary assessment of the numer-
ical model’s accuracy was conducted by comparing numerical results with analytical solutions for
a given case, giving recommendations for key modeling parameters, including the optimal FE
mesh density.

Modal analysis was performed using a hexagonal FE with 20 nodes, each with 3 degrees of
freedom. The plate was modeled under a linear-elastic physical assumption. FE meshes of
varying element sizes were created for the analysis. The FE mesh model is illustrated in Figure
3.2.

a) b) c)

Figure 3.2: Mesh size of the model.
a) 95.7 mm, b) 12.76 mm, c) 3.19 mm

Three differrent meshes of the glass plate with 95.7 mm (6 elements in length, 1 element in
thickness), 12.76 mm (39 elements in length, 2 elements in thickness) and 3.19 mm (157 ele-
ments in length, 3 elements in thickness) were concidered. Natural frequencies were calculated
to assess computational accuracy for each mesh size. A comparison between analytical and nu-
merical results demonstrates a strong correlation, indicating that the FEM approach can reliably
approximate natural frequencies. The relative error between frequency values for mesh sizes of
FEs 95.7 mm and 12.76 mm is over 2%, while the error between mesh sizes of 12.76 mm and
3.19 mm is minimal. Thus, for this study, a mesh size of 12.76 mm was selected as a balance
between computational efficiency and accuracy.

Table 3.1 presents a detailed comparison between analytical and numerical frequencies using
the mentioned mesh. The table shows a minor relative error for each frequency value, with most
errors under 1%, underscoring the accuracy of the FEM model. Additionally, Figure 3.3 illustrates
various natural modes corresponding to the calculated frequencies. This visual representation
provides insight into the vibrational behavior of the plate, reinforcing the validity of both the nu-
merical and analytical approaches in capturing the plate’s characteristics.
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3 Finite element modeling of laminated glasses under dynamic loading

Table 3.1: The results of frequencies calculations
Frequency Wave number Analytical frequency Numerical frequency Relative error
number (FN) n k (Hz) (Hz) (%)
1 1 1 90.88 90.46 0.46
2 1 2 174.78 173.84 0.54
3 1 3 314.60 313.16 0.46
4 1 4 510.35 508.14 0.43
5 2 1 279.65 278.81 0.30
6 2 2 363.54 361.41 0.59
7 2 3 503.36 499.74 0.72
8 2 4 699.11 693.78 0.76
9 3 1 594.25 592.22 0.34
10 3 2 678.14 674.31 0.56

a) b) c)

d) e) f)

Figure 3.3: Natural plate modes according to frequencies.
a) first frequency number (FN), b) third FN, c) fourth FN, d) fifth FN, e) sixth FN, f)
seventh FN

An equally important aspect of verifying the accuracy of numerical modeling is comparing the
numerical results of the impact interaction between a plate and another solid body and an ap-
proximate analytical calculation for the plate under impact loading. This comparison becomes
particularly relevant if the time dependence of the force transmitting the impact load aligns with
the contact interaction force.

In the following sections of this work, the problem of the impact loading of a ball on a plate will
be solved. At this stage, we aim to replace the actual surface load of the ball with an approx-
imate force function. The comparison of the results for both models aids in refining the model
parameters to enhance its predictive accuracy for impact scenarios.

To obtain an analytical distribution, it is necessary to define how the contact force (or pressure)
is applied over time in the equations. This ensures that the analytical solution gives accurate
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3.1 Finite element model development and verification within linear modal and impact benchmarks

results. Various sources in the literature suggest approximating this force using simplified shapes
such as half-sine waves, half-ellipses, and triangular or rectangular impulses, each of which
significantly influences the analytical solution. It is essential to account for the contact interaction
time and impact value. Typically, analytical studies rely on contact time estimates derived from
experimental data.

Two half-sine waves ensure a smooth loading process while making the impact asymmetric (rapid
at the beginning and slower afterward) since this better represents the actual impact process.
The duration and peak force were selected to match the values used in computational simula-
tions. Then, we compare how well the resulting displacements and stresses across the entire
plate, excluding the contact problem, are accurately reflected in the analytical model. The two-
sine-wave approximation is validated by comparing it with the actual simulation results, as shown
in Figure 3.4, where blue line shows the results for ball impact problem calculation data, and the
dashed gray line is a suggested approximation in the form of half-wave sines.

Upon impact, the load function is determined at the contact force’s application point F (τ). The
force of the interaction at the point of contact (xc, yc) is set

F =


Fmax sin

(
πτ
2tm

)
, τ < tm

Fmax sin
(

π(τ−(2tm−tmax))
2(tmax−tm)

)
, tm < τ < tmax ,

0, τ > tmax

(3.8)

where τ is impact time, tm is the time at maximum force value, tmax is the end loading time, Fmax

is the maximum value of contact force.
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Figure 3.4: Dependence of the contact force on time

This problem setup was selected based on the approximate analytical solution to the boundary
value problem available for such plates. The applied theory accounts for displacement at the
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3 Finite element modeling of laminated glasses under dynamic loading

impact point and its influence on the deformation of the plate

uz(x, y, t) =
1

2hρ

∞∑
n=1

∞∑
k=1

Hnk(x, y)Hnk (xc, yc)

qnk
∫∫

H2
nkdxdy

∫ t

0

F (τ) sin (qnk(t− τ)) dτ (3.9)

σxx = −12Dz

h3

(
∂2uz

∂x2
+ v

∂2uz

∂y2

)
(3.10)

a) b)

c)

Figure 3.5: Dependence of the plate displacement uz on time.
a) at point (a/2, b/2), b) at point (a/2, b/4), c) at point (a/4, b/4)

A numerical solution was obtained using the expansion method in a series of natural modes
within the FE framework. The behavior of glass samples was modeled through transient analysis
using 3D modeling and the FEM. For glass plate, displacements at various points were calcu-
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lated, as shown in Figure 3.5, where the black line shows the analytical solution and the green
line is the numerical solution.

The comparison between the analytical and numerical solutions for displacements at different
points of the plate shows strong agreement, according to the graphs.

Based on the assumed parameters of the glass plate and the applied impact force, the tensor σxx

was calculated at a point offset from the plate’s center (Figure 3.6). This location was intentionally
selected to avoid the singularity at the plate’s center, where stresses are expected to reach
theoretically infinite values due to the concentrated impact.
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Figure 3.6: Dependence of the stress tensor component σxx of the plate on time at point (a/4,b/4)

The tensor σxx results are in good agreement with an error of less than 2%.

This level of accuracy confirms the model’s reliability, making it suitable for further calculations.
As a result, we can confidently apply this model and its parameters in future analyses of more
complex models and scenarios. The validated accuracy in displacement and stress calculations
provides a solid basis for extending the model’s application to predict behavior under a broader
range of conditions, supporting more advanced engineering and material studies.

For modal analysis, it is recommended to use 2 elements in the thickness of the glass plate with
such dimensions to ensure a relatively high calculation speed and result accuracy.

3.1.2 Laminated glass finite element model accuracy estimation

Following the benchmark analysis of a monolithic glass plate described above, this chapter ex-
tends the study to model the dynamic response of LG composite subjected to the impact of a
rigid ball.

The LG model verification will be achieved through the following steps:

1) to develop a computer-based mathematical model for investigation of the impact interaction
between a spherical rigid body and a three-layer glass composite in the FEM framework;

2) to perform simulations with a fixed ball velocity and interlayer thickness, evaluating the effect
of varying FE mesh sizes on result accuracy.
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3) to conduct simulations with varying ball velocities for different FE meshes, comparing results
to estimate the numerical error of simulation results.

A three-layer LG composite subjected to the impact of a smooth solid steel ball, 83 mm in di-
ameter (2.3 kg), was analyzed. The composite consists of two outer glass layers, each 5 mm
thick, separated by a PVB interlayer with varying thicknesses of 0.38 mm, 0.76 mm, and 1.52
mm (effective interlayer thicknesses). The plate dimensions of LG are 305 mm wide and 305
mm long.

The behavior of LG with PVB interlayer was modeled as transient analysis in the 3D statement
of explicit dynamic formulation of FEM. Hexagonal FE with eight nodes with three degrees of
freedom was used.

As boundary conditions, the ball drop was simulated at the center of the plate, and LG was fixed
on two opposite sides (Figure 3.7). The ball was modeled as a rigid body, and the composite
was modeled in a three-dimensional (3D) framework within a physically linear-elastic setting. The
interaction of the ball and LG was carried out using a one-way contact approach based on the
"surface-to-surface" algorithm. Air resistance during the impact was neglected.

Figure 3.7: LG boundary conditions

Material properties for the glass layers, the PVB interlayer, and the ball are summarized in Table
3.2.

Table 3.2: Material properties
Material ρ (kg/m3) E( GPa) ν
Steel 7850 200 0.3
Glass 2500 70 0.23
PVB 1100 0.22 0.495

FE meshes with varying FE sizes were generated to analyze the LG model and evaluate compu-
tational accuracy. FE mesh for the laminated glass plate was modeled using a regular Cartesian
grid to ensure uniformity and simplicity. Different mesh sizes were employed to systematically
evaluate which configuration provides the best balance of accuracy for the model.

The method for finer mesh refinement near the contact region with the plate was implemented to
the steel ball, ensuring higher accuracy where maximum displacements occur. The refinement
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3.1 Finite element model development and verification within linear modal and impact benchmarks

near the contact zone is critical for capturing the localized effects of the impact, thereby improving
result convergence.

This approach allows for a detailed analysis of how mesh resolution affects the precision of
displacement results across the plate.

The three FE mesh sizes are considered (Figure 3.8). For 10 mm mesh, the model has 30
elements in length and 3 elements in thickness. For 5 mm mesh, the model has 61 elements in
length and 3 elements in thickness. For 2 mm mesh, the model has 152 elements in length and
5 elements in thickness.

a)

b)

c)

Figure 3.8: Mesh sizes of the model.
a) 10 mm, b) 5 mm, c) 2 mm

The maximum total displacements (umax) were calculated for each mesh size. The simulation
was performed on the LG with a 1.52 mm PVB interlayer, subjected to the impact of a ball with
varying free-fall velocities (vb). The calculated displacement values for different mesh sizes and
velocities are presented in Table 3.3, providing a detailed comparison of model performance
across different configurations. The number of nodes used in the FE model corresponds to FE
mesh size. For each model, four cases with different free ball fall velocities, such as 3 m/s, 4.85
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3 Finite element modeling of laminated glasses under dynamic loading

Table 3.3: Dependence of the results on model mesh size and ball velocity
FE mesh size (mm) Number of nodes vb (m/s) umax (mm)

3 2.87
10 4825 4.85 4.61

5.3 5.79
6 6.52
3 3.13

5 17322 4.85 4.67
5.3 5.01
6 5.21
3 1.86

2 206294 4.85 2.96
5.3 3.22
6 3.64

m/s, 5.3 m/s and 6 m/s are considered. The value of maximum total displacements for each
case is obtained.

The coarsest mesh size (10 mm) provides a rough approximation of the maximum deformation,
particularly for lower ball velocities (e.g., 3 m/s and 4.85 m/s). However, at higher velocities
(e.g., 5.3 m/s and 6 m/s), the 10 mm mesh exhibits significant discrepancies compared to finer
meshes, with percent differences exceeding 15% when compared to the 5 mm mesh. This high-
lights the limitations of coarser meshes in capturing the sharp deformation gradients induced
by higher impact energies. The 5 mm mesh significantly improves accuracy compared to the
10 mm mesh, with percent differences for lower velocities (e.g., 4.85 m/s) dropping to approx-
imately 1.29%. This indicates that the 5 mm mesh is sufficient for capturing the deformation
response under moderate impact velocities with minimal numerical error. However, at higher
velocities, discrepancies of 25% or more between the 5 mm and 10 mm meshes suggest that
additional refinement may still be required. The 2 mm mesh provides the most accurate results,
showing the convergence of the deformation values for all tested velocities. Percent differences
between the 5 mm and 2 mm meshes remain significant (ranging from 30% to 40%, depending
on velocity), emphasizing that the 5 mm mesh, while reasonable, still overestimates deformation
compared to the highly refined 2 mm mesh.

As the ball velocity increases, the differences between the coarse (10 mm) and refined (5 mm
and 2 mm) meshes become more pronounced. This highlights the increasing importance of
mesh refinement at higher impact velocities to capture the localized deformation and stress dis-
tributions accurately.

Additional calculations with different mesh sizes were performed for the particular velocity 6 m/s,
and the results for deformations were received, shown in Table 3.4.

The table demonstrates that refining the mesh size improves the accuracy of the deformation re-
sults, with notable improvements observed when transitioning from coarse (5 mm) to moderately
fine (2 mm) meshes. Smaller mesh sizes provide finer discretization, leading to more precise
results. The 2 mm mesh provides a good compromise between accuracy and computational effi-
ciency, as it captures most of the deformation obtained with the finest 1 mm mesh while requiring
significantly fewer computational resources.
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3.1 Finite element model development and verification within linear modal and impact benchmarks

Table 3.4: Dependence of the results at a speed of 6 m/s on the model mesh size
FE mesh size (mm) Number of nodes umax (mm)
5 17322 5.21
4 39793 3.95
3 69080 3.83
2.5 98814 3.78
2 206294 3.64
1.5 493677 3.58
1 1310812 3.54
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Figure 3.9: Dependence of the total displacements on mesh size

Similar estimation studies for the composite with the same size and conditions have been made
in [91]. A comparison of the results shows good consistency with the results. The dependence of
deformations on the mesh size (specified in the nodes) is shown in Figure 3.9, where the dashed
line indicates the value in [91].

It can be seen that at first the accuracy between the bend values of the meshes, which have FE
with dimensions of 5 mm and 4 mm, is quite large and constitutes 24%, but later it noticeably de-
creases to 3% between meshes of 4 mm and 3 mm, and between 2 mm and 1 mm it measures
2.8%.

In impact calculations for a flat plate, it is reasonable to use an element size of 2 elements per
glass layer thickness (5 elements per LG thickness). This resolution is sufficient to accurately
capture displacements and stresses while maintaining a relatively high computation speed with-
out excessive runtime. In further tasks, we will consider models with a mesh size of 2 mm and
adhere to this element size or use a slightly finer mesh if needed.
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3 Finite element modeling of laminated glasses under dynamic loading

3.2 Analysis of the influence of geometric parameters on
laminated glass dynamics

This section focuses on the LG plate, with its dimensions and material properties outlined in
the previous section. The plate consists of two outer glass layers and a PVB interlayer, with
the interlayer thickness (hint) being a variable parameter in the analysis. The study examines
the response of the LG plate to the impact of a steel ball under varying conditions, including
different PVB interlayer thicknesses and ball drop velocities. This part of the work also considers
the dynamic response of multilayer composites with different LG curvatures (c). By varying the
curvature from flat to highly curved configurations, this part examines how the structural geometry
of LG influences its ability to absorb and distribute impact forces. The analysis includes the
maximum total displacements available. The FE mesh size was 2 mm. The chosen mesh size
balances accuracy and computational efficiency, allowing for analyzing the LG plate’s dynamic
response.

The dynamic impact of a steel ball on LG with varying PVB interlayer thicknesses (hint) and ball
drop velocities (vb) has been comprehensively analyzed to assess the mechanical response of
the composite material. The study focused on maximum total displacements (umax), first principal
stresses (σ1), and strains (ε1) of the LG. Results were evaluated at two specific moments during
the impact. t1 corresponds to the time of maximum value of LG displacement, and t2 to the
time of maximum stress/strain experienced over the entire impact. The values of σ1 and ε1 are
evaluated in the middle bottom center point, where the most extensive deformation occurs, and
significant stress localization is observed. This point avoids the singularity of stress that naturally
occurs where the laminate interacts directly with the perfectly rigid steel ball. By focusing on this
location, the results represent accurate stress distribution without the influence of artificial stress
concentrations. The values obtained from the calculation are shown in Table 3.5.

Figure 3.10: The magnitude of the dis-
placement vector of LG with
0.38 mm PVB interlayer with
the ball free-fall velocity 3 m/s
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Figure 3.11: Dependence of umax on vb and
hint

Figure 3.10 presents the displacement distribution in LG with a 0.38 mm PVB interlayer sub-
jected to the impact of a steel ball dropped at a velocity of 3 (m/s). As expected, the maximum
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3.2 Analysis of the influence of geometric parameters on laminated glass dynamics

Table 3.5: Dependence of the results on interlayer size and ball velocity
hint (mm) vb (m/s) umax (mm) σ1 (MPa) σ1 (MPa) ε1 · 10−3 ε1 · 10−3

in t1 in t2 in t1 in t2
3 1.7 182.36 274.16 2.15 3.18

0.38 4.85 2.7 334.7 451.87 3.95 5.26
5.3 2.93 365.12 496.44 4.31 5.78
6 3.31 412.77 565.94 4.88 6.6
3 1.78 205.13 255.94 2.4 2.92

0.76 4.85 2.83 355.43 425.19 4.18 4.85
5.3 3.09 388.58 466.49 4.57 5.32
6 3.48 440.74 530.24 5.19 6.09
3 1.88 205.4 231.12 2.4 2.68

1.52 4.85 2.98 345.29 382.43 4.06 4.45
5.3 3.24 378.45 420.5 4.45 4.89
6 3.64 430.22 479.83 5.06 5.59

displacement occurs in the impact zone, while the minimum displacement is observed along the
fixed edges of the model. Similar displacement patterns are observed at higher velocities and
interlayer thicknesses.

Figure 3.11 summarises the results of maximum displacements and shows the values within
ball velocity and interlayer thickness. As the hint increases, the umax increases slightly (by ap-
proximately 5%) for the same vb. This trend is consistent across all tested velocities. Thicker
interlayers allow for somewhat higher flexibility in the LG system, resulting in more significant
deformations than thinner interlayers. The differences in umax between consecutive interlayer
thicknesses 0.38 mm with 0.76 mm and 0.76 mm with 1.52 mm are consistent across all ve-
locities, ranging between 4.5% and 5.1%. This indicates that the differences are relatively small,
while interlayer thickness affects displacement. Maximum displacement increases with the ball
velocity for all interlayer thicknesses. Higher velocities correspond to more impact energy, leading
to more significant displacements. The thinner interlayers (0.38 mm) exhibit lower displacement
values at all velocities than thicker interlayers, providing less flexibility in the composite structure.
At higher velocities (6 (m/s), the increase in displacement is more pronounced, but the overall
percent differences between interlayer thicknesses remain consistent.

Figure 3.12 shows the first principal stress distribution in the bottom side of LG with a 0.38
mm PVB interlayer subjected to the impact of a steel ball dropped at a velocity of 3 (m/s). The
maximum stress occurs on the center of the LG bottom side. Similar stress patterns are observed
at higher velocities and interlayer thicknesses.

Figure 3.13 illustrates the relationship between the first principal stresses and the impact velocity
of the steel ball for LG with varying PVB interlayer thicknesses. Across all interlayer thicknesses,
the maximum principal stresses increase linearly with the steel ball’s impact velocity. Increasing
the PVB interlayer thickness significantly reduces the maximum principal stresses and strains for
a given impact velocity. The thinnest interlayer (0.38 mm) results in the highest values, while
the thickest interlayer (1.52 mm) shows the lowest values, highlighting the energy-absorbing
capability of the thicker interlayers.

Considering the first principal elastic strains, the observed tendency aligns closely with the first
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3 Finite element modeling of laminated glasses under dynamic loading

Figure 3.12: First principal stress of LG with
0.38 mm PVB interlayer with
the ball free-fall velocity 3 m/s
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Figure 3.13: Dependence of σ1 in tmax on vb
and hint

principal stresses. The behavior within the PVB offers unique insights into the deformation mech-
anisms during the impact. Figure 3.14 highlights the strain distribution within the interlayer during
the impact.

At the initial stages of impact, the strain is highly localized under the point of contact, reflecting
the direct transfer of kinetic energy from the steel ball to the PVB layer. As the energy disperses,
the strain propagates outward, forming concentric patterns that highlight the viscoelastic nature
of the PVB interlayer. Unlike the glass layers, which exhibit a more brittle response, the PVB in-
terlayer displays a viscous deformation behavior. This allows the strain to spread more uniformly
across the interlayer, reducing the likelihood of catastrophic failure in the laminated structure.
The localized strains suggest areas where energy absorption is most pronounced, contributing
to the LG’s overall impact resistance.

The observed strain distribution underscores the critical role of the PVB interlayer in absorbing
and dissipating the energy from the impact. The viscoelastic behavior of the interlayer allows it
to deform significantly, protecting the brittle glass layers from excessive stress concentrations.

These results demonstrate the combined effects of impact velocity and PVB interlayer thickness
on LG’s deformation behavior. Higher ball velocities lead to more significant deformation due to
the increased impact energy, while thicker PVB interlayers provide additional flexibility, slightly
expanding the deformation under the same loading conditions. Thicker interlayers are more
effective at dissipating impact energy, leading to reduced stress on the glass surface and delaying
potential failure. The linear trend in stress and strain for impact velocity suggests a predictable
response of the glass under varying loading conditions, which is valuable for design optimization.
Laminated glass with a thicker PVB interlayer is better suited for applications with expected high-
impact velocities, offering improved structural integrity and safety.

Building on the analysis of the influence of ball velocity and PVB interlayer thickness on the
behavior of LG, the study now transitions to investigating how the curvature of LG affects its
dynamic response under impact loading.

The curvature parameter ranges from 0 mm (flat LG) to 152.5 mm (a curved cylindrical shell with
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3.2 Analysis of the influence of geometric parameters on laminated glass dynamics

a) b) c)

d) e) f)

g) h) i)

Figure 3.14: First principal strain of interlayer with 0.38 mm thickness with the ball free-fall veloc-
ity 3 m/s.
a) t = 0.025 ms, b) t = 0.2 ms, c) t = 1.0 ms, d) t = 1.5 ms, e) t = 1.7 ms, f)
t = 1.8 ms, g) t = 2.0 ms, h) t = 2.4 ms, i) t = 2.5 ms

a radius equal to half the side length). The geometric models for the curved LG configurations are
illustrated in Figure 3.15. The geometrical parameters of the LG and the ball, material properties
(Table 3.2), boundary conditions, and task settings remain consistent with those described in
the previous section. The laminate’s two bottom sides were clamped to refine the curved LG’s
boundary conditions. The PVB interlayer thickness was chosen 1.52 mm, while the velocity of
the impacting ball was varied to examine its influence on the laminate’s dynamic response. As
discussed previously, the FE mesh size was chosen as 2 mm.

Table 3.6 shows how the curvature parameter and the ball velocity influence the dynamic re-
sponse. The results of the maximum magnitude of the displacement vector (|umax|), first princi-
pal stress (σ1), and first principal strain (ε1) in the middle bottom center point at critical points in
time were derived. These points correspond to the time of maximum value of LG displacement
(t1) and the time of maximum stress/strain experienced over the entire impact (t2).

The increase in curvature leads to lower displacements under impact. From the flat LG to curved
c = 76.25 mm, it is visible that the umax reduces by approximately 45% for different velocities.
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3 Finite element modeling of laminated glasses under dynamic loading

a) b)

Figure 3.15: LG with different curvatures.
a) straight LG, a) curved LG

Then, the displacements are increasing by approximately 5%. The sharp reduction in umax from
flat LG to moderate curvature (c = 76.25 mm) highlights the benefits of curvature in improving
structural stiffness and reducing deformation. However, at higher curvatures (c = 152.5 mm),
localized deformation effects begin to counteract the benefits of curvature, leading to a modest
increase in displacements. The reduction in displacement from flat to moderately curved LG is
strongly connected to energy distribution across the structure. The slight increase at higher cur-
vatures is due to localized energy concentration near the impact zone. Optimizing the curvature
ensures effective energy absorption and redistribution, balancing structural rigidity with impact
resistance. At all curvatures, the displacement increases with higher ball velocities. Curved con-
figurations reduce the effects of high velocities. This demonstrates the effectiveness of curvature
in reducing deformation under high-energy impacts.

The distribution of σ1 reveals that the maximum stress values are concentrated at the center of
the plate. As the elastic wave propagates, stress magnitudes spread outward from the impact
area. For curvature parameters from 0 till 40 mm, the stresses increase by approximately 30%.
After this point, the curvature significantly affects the propagation of elastic waves, altering the
stress distribution patterns. The stresses decrease till c = 152.5 mm by approximately 30%.
The interaction of the propagating elastic wave with the curved geometry leads to a redistribution
of stresses. This reduction can be attributed to the dispersion of wave energy over the larger
curved surface, which mitigates the concentration of stresses in any single region. The stress
increases with higher ball velocities at all curvatures. As the ball velocity increases, the dynamic
forces acting on the LG intensify, leading to higher stress concentrations at the point of impact
and in the surrounding areas. Curved configurations reduce the effects of high velocities. As
curvature increases, the stress concentration at the impact zone is distributed more effectively
over the surface. This dispersion reduces the intensity of localized stress peaks, making the LG
less susceptible to damage under high-velocity impacts.

Additional calculations were done with different mesh sizes (1.5 mm, 2 mm, 2.5 mm) for a
velocity of 3 m/s of the ball fall. A fitting analysis of the data was performed to analyze the
dependence of the displacements and first principal stresses on the curvature parameter.

The maximum displacement is approximated by an exponential function

umax = y0 + S0 exp(R0c), (3.11)

where y0 is the offset, S0 is the initial value and R0 is the rate.
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3.2 Analysis of the influence of geometric parameters on laminated glass dynamics

Table 3.6: Dependence of the results on interlayer size and ball velocity
c (mm) vb (m/s) umax (mm) σ1 (MPa) σ1 (MPa) ε1 · 10−3 ε1 · 10−3

in t1 in t2 in t1 in t2
3 1.88 214.28 240.17 3.77 4.22

0 4.85 2.98 360.96 398.85 6.34 7.01
(straight) 5.3 3.24 395.51 438.48 6.95 7.71

6 3.64 449.52 500.01 7.9 8.79
3 1.29 299.98 305.72 5.27 5.37

19.06 4.85 2.08 494.5 502.58 8.69 8.83
(a/16) 5.3 2.28 539.55 550.38 9.48 9.67

6 2.59 608.72 623.92 10.7 10.96
3 1.22 301.43 312.5 5.3 5.49

23.8 4.85 1.96 496.13 510.01 8.72 8.96
(a/13) 5.3 2.16 541.49 557.25 9.52 9.79

6 2.45 615.9 635.95 10.82 11.18
3 1.18 309.31 317.98 5.44 5.59

28.6 4.85 1.9 498.78 520.05 8.76 9.14
(3a/32) 5.3 2.08 559.38 570.12 9.83 10.02

6 2.36 626.09 650.24 11.01 11.43
3 1.1 290.82 294.53 5.11 5.18

38.13 4.85 1.77 480.99 481.33 8.45 8.46
(a/8) 5.3 1.93 528.41 528.41 9.29 9.29

6 2.2 601.07 601.07 10.56 10.56
3 1.03 280.5 294.28 4.93 5.17

57.2 4.85 1.65 451.96 485.63 7.94 8.53
(3a/16) 5.3 1.83 496.73 532.87 8.73 9.36

6 2.08 559.7 601.42 9.84 10.57
3 0.99 286.54 303.66 5.04 5.34

76.25 4.85 1.63 451.57 494.92 7.94 8.7
(a/4) 5.3 1.78 494.41 542.8 8.69 9.54

6 2.03 561.57 616.37 9.87 10.83
3 1.02 210.43 262.25 3.7 4.61

114.4 4.85 1.65 352.15 420.84 6.19 7.4
(3a/8) 5.3 1.81 366.22 461.93 6.44 8.12

6 2.06 418.07 525.45 7.35 9.23
3 1.06 150.04 212.59 2.64 3.74

152.5 4.85 1.71 239.75 349.89 4.21 6.15
(a/2) 5.3 1.87 258.59 383.46 4.54 6.74

6 2.12 294.76 434.61 5.18 7.64

The first principal stress data were approximated by a cubic polynomial function

σ1 = A0 + A1c+ A2c
2 + A3c

3, (3.12)
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3 Finite element modeling of laminated glasses under dynamic loading

where A0 is the offset, and A1, A2, A3 are coefficients.

The values of the regression parameters are shown in Table 3.7.

Table 3.7: Regression parameters
y0 S R0 A0 A1 A2 A3

(mm) (mm) (1/ mm) (MPa) (MPa/mm) (MPa/mm 2) (MPa/mm 3)
1.049 0.922 −0.095 245.47 3.223 −0.045 1.435 · 10−4

The maximum displacements decrease with increasing the curvature parameter, but it can in-
crease slightly with a high curvature parameter (Figure 3.16). The maximum stresses increase
with increasing the curvature parameter till 30 mm, and then it decreases (Figure 3.17).

Figure 3.16: Dependence of maximum displacement on the curvature parameter with the ball
velocity 3 m/s

The distribution of equivalent strain (εeq is defined as the largest of the absolute values of |ε1
– ε2|, |ε2 – ε3|, |ε3 – ε1|), particularly within the PVB interlayer, provides insights into LG de-
formation behavior under impact loading. The strain localization and propagation are heavily
influenced by both the impact force and the curvature parameter of the LG. Figure 3.18 visually
demonstrates strain distribution patterns, emphasizing how curvature modifies strain propagation
in LG systems under impact loading.

The maximum equivalent strain values are observed in the impact zone, where the applied force
from the ball results in significant deformation. The edges of the LG model, where constraints
or supports are applied, exhibit the lowest strain values. The presence of the PVB interlayer
ensures strain localization in the impact zone while increasing curvature promotes strain redistri-
bution. These findings suggest that curved laminated glass configurations can enhance impact
resistance by reducing strain localization and promoting better energy absorption.

The analysis of impact loading on LG with varying curvatures reveals significant dependencies
on geometry. The displacement, stress and strain distributions emphasize the role of curvature
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3.2 Analysis of the influence of geometric parameters on laminated glass dynamics

Figure 3.17: Dependence of first principal stress on the curvature parameter with the ball velocity
3 m/s

a) b)

c) d)

Figure 3.18: Equivalent strain in PVB interlayer with the ball velocity 3 m/s.
a) c = 0 mm, b) c = 38 mm, c) c = 76 mm, d) c = 152.5 mm

in modifying the structural response. The results provide valuable insights for designing curved
laminated glass structures in applications with critical impact resistance. This analysis highlights
the importance of selecting the correct curvature for specific design applications, balancing en-
ergy absorption, deformation control, and structural rigidity.
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3 Finite element modeling of laminated glasses under dynamic loading

3.3 Linear dynamic properties in curved laminated glasses

Building on the previous analysis of the dynamic response of LG with varying curvatures under
impact loading, this section shifts focus to the linear dynamics of LG composites. The goal is
to evaluate the linear characteristics of LG by investigating its natural frequencies and normal
modes. These characteristics are critical for understanding how elastic waves propagate through
the structure in a linear state, providing insights into its dynamic stability and vibrational behavior.

The task is to conduct a series of theoretical studies examining curvature’s effect on LG’s nat-
ural frequencies and vibration modes. This includes identifying how changes in the curvature
parameter influence the vibrational behavior and elastic wave distribution across the composite
structure.

The laminate stays as a combination of two skin glass layers and one interlayer. However, the
model parameters are changed. We take a glass of thickness 3 mm each with a PVB interlayer
of 0.38 mm thicknesses. The width and length of the plate are 500 mm each. The curvature
parameter has been varying from 0 mm to 250 mm (from flat LG up to the curved as a cylindrical
shell with a radius equal to half the side length).

The material properties of the glass and interlayers are taken from Table 3.2. The behavior of
laminated glass samples with PVB interlayer was modeled by modal analysis in 3D modeling
and a FEM. Hexagonal FE with 8 nodes with 3 degrees of freedom in each was used [101]. As
boundary conditions, laminate was fixed on two opposite sides. The geometric models with FE
mesh are shown in Figure 3.19.

a) b)

Figure 3.19: LG with different curvatures.
a) straight LG, b) curved LG

To further investigate the linear dynamics of laminated glass with varying curvatures, the FE
model developed earlier is now used for mode-frequency analysis. This step involves examining
the natural vibration characteristics of the LG composite with different curvatures, including its
natural frequencies and corresponding mode shapes. These dynamic properties are important
for understanding how the structure responds to vibrational excitations in its linear state and how
curvature influences its vibrational behavior.

To achieve this, the analysis requires solving the eigenvalue and eigenvector problem, which
determines the natural frequencies (eigenvalues) and the associated vibration modes (eigenvec-
tors) of the system. This problem is fundamental in structural dynamics as it reveals the inherent
vibrational characteristics of the laminated composite.

For the analyzed flat LG, FE meshes with varying element sizes were generated to evaluate the
computational accuracy. Frequency calculations were performed for each mesh size to deter-
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3.3 Linear dynamic properties in curved laminated glasses

mine the associated computational error. Ultimately, a mesh size of 2 mm was selected for the
analysis. The error between frequency values obtained with 2 mm and 1 mm meshes was found
to be less than 2%, indicating that the 2 mm mesh provides sufficient accuracy while maintaining
computational efficiency.

Table 3.8: Dependence of laminated glass mode frequency on curvature

c p1 p2 p3 p4 p5 p6 p7 p8 p9 p10
(mm) (Hz)
0 139.6 165.6 279.3 369.3 404.4 523.5 527.8 691.7 727.9 750.4
31.25 387.8 506.2 577.1 599.7 727.5 738.5 886.9 904.5 917.9 979.6
39.06 372.7 530.8 600.9 629.9 791.5 823.8 994.9 1005.6 1048.8 1059.8
46.88 361 560.4 602.3 633.7 857.12 869.9 1085 1117 1125.2 1145.7
62.5 338.3 584.5 616.4 621.4 928.8 967.1 1029.1 1135.2 1286 1291.4
93.75 295.9 534.3 562.6 698.2 934.3 1039.2 1065.6 1153 1288.9 1312.1
125 249.9 467.5 490.9 680.6 818.3 1084.6 1113.6 1155.6 1176.3 1191
187.5 165.8 334.1 347.4 535.1 593.5 863.6 879.1 1100.8 1108.2 1112.9
250 109.7 235.6 240.7 397.8 426.5 635.6 647.3 861.2 892.1 1079.6

Figure 3.20: Laminated glass mode frequency

Modal analysis was carried out for laminated glasses with different curvatures. The eigenfre-
quencies (p1 – p10) (Table 3.8) and vibration modes of the composites were obtained.

53



3 Finite element modeling of laminated glasses under dynamic loading

Figure 3.20 illustrates the natural vibration modes that may occur during dynamic analysis.

As the curvature of the LG increases to a value of 46.88 mm, the first eigen frequency rises
significantly from 139.6 Hz to 602.3 Hz. However, beyond this point, the first eigen frequency de-
creases to 235.6Hz as curvature increases (as highlighted in black). This behavior demonstrates
how the structural stiffness of the laminated glass initially increases with curvature, enhancing
its vibrational properties, but eventually declines as the curvature reaches higher values. The
distribution of the corresponding wave across the plate can be observed in Figure 3.20, where
the deformation patterns illustrate the interaction of the elastic wave with the composite structure.

Similarly, the second eigen frequency of the flat LG begins at 279.3 Hz and increases steadily
to 1113.6 Hz as the curvature reaches 125 mm (highlighted in red). This trend reflects the
continued stiffening effect of curvature on the higher-order vibrational modes. The elastic wave
associated with this frequency is distributed across the laminated glass, and its distinct mode
shape is also visualized in Figure 3.20.

These results highlight the complex influence of curvature on the vibrational characteristics of
laminated glass, where the natural frequencies and corresponding elastic wave distributions are
strongly affected by the structural geometry. The findings provide valuable insights into optimizing
curvature for specific vibrational and dynamic performance requirements.

3.4 Deformation of laminated composite panels with different
glass curvatures under impact loading

The dynamic response of laminated multilayer glass composites with varying levels of curvature
arising from the impact of a steel ball is performed with different boundary conditions to examine
the dependence of dynamic deformation levels in the composite on the impact conditions.

The composite consists of two glass plates, each 3 mm thick, with a PVB interlayer of 0.38 mm
thickness in between. The plate has length and width a = 500 mm, with curvature parameter
c = 0...250 mm. A curved composite was analyzed and subjected to impact loading through
contact with a smooth steel ball with a diameter of 63.5 mm (1 kg) at a velocity of 8 m/s. The
geometric models of composites with varying levels of curvature are presented in Figure 3.21.
The flat laminate is a special curved glass case with a zero curvature parameter (c = 0 mm),
as shown in Figure 3.21 a). An example of a curved laminate (c = 125 mm) is shown in Figure
3.21 b).

The material properties of the glass, interlayers, and ball stays and shown in Table 3.2. The
impact behavior of LG with a PVB interlayer was modeled using transient analysis within the
framework of 3D modeling and an explicit dynamic approach based on the FEM. A hexahedral
finite element with 8 nodes and 3 degrees of freedom per node was used.

As boundary conditions, the laminate was fixed on two opposite sides along the curvature, and
the ball impact was modeled at the center of the plate, as shown in Figure 3.22. The composite
was modeled using a physically linear elastic formulation in a three-dimensional framework. The
interaction between the ball and the composite was handled within the framework of a one-sided
contact problem using the "surface-to-surface" algorithm. The resistance provided by air during
the impact was neglected.

For the analyzed flat model, FE meshes with elements of varying sizes were created. For each
mesh size, maximum displacements were calculated to determine the computational error. The
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3.4 Deformation of laminated composite panels with different glass curvatures under impact loading

a) b)

Figure 3.21: LG with different curvatures.
a) straight LG, b) curved LG

Figure 3.22: LG boundary conditions

optimal mesh size of 2 mm was determined.

This analysis focused on understanding how curvature and boundary conditions influence the
mechanical response of laminated glass, particularly in terms of its deformation under dynamic
loading conditions. Key results included the evaluation of maximum displacements (umax), pro-
viding insights into the relationship between curvature and the structural flexibility or stiffness
of the composite. The computed values of maximum displacements were obtained for different
curvature parameters and summarized in Table 3.9. Figure 3.23 shows the displacement that
arises in LG with different curvatures under the impact loading.

Increasing the curvature of laminated glass significantly reduces maximum displacement. This
suggests that adding curvature improves the stiffness and impact resistance of the laminate.
The lowest displacement value is observed at c = 250 mm; this represents a 48.9% reduction
compared to the flat laminated glass, demonstrating the stiffening effect of higher curvature. The
graph of Table 3.9 is shown in Figure 3.24. In comparison with previous results, where the plates
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3 Finite element modeling of laminated glasses under dynamic loading

Table 3.9: Calculation results
c (mm) umax (mm)
0 6.53
31.25 4.94
39.06 4.73
46.88 4.42
62.5 4.06
93.75 3.65
125 3.55
187.5 3.37
250 3.34

a) b)

c) d)

Figure 3.23: Magnitude of the displacement vector in LG with the ball velocity 8 m/s.
a) c = 0 mm, b) c = 31 mm, c) c = 94 mm, d) c = 250 mm

were fixed differently and smaller, displacement was observed after a certain angle. Still, in this
case, no increase in displacement was observed.

The maximum magnitude of the displacement vector is observed in the center of the impact zone,
and the minimum displacement is at the edges of the model. A distribution of the elastic wave
has been considered. With a curvature parameter increasing, the distribution of the maximum
magnitude of the displacement vector is traced along the LG.
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Figure 3.24: Dependence of maximum displacements in LG on the curvature parameter

3.5 Influence of interlayer elasticity on laminated glass
dynamics

This section investigates the influence of PVB interlayer on LG dynamic behavior. A hit on a
composite plate with a solid steel ball of mass 1 kg with an initial velocity of 8m/s is considered.
The square plate of size 500 mm consisted of two layers of glass with a thickness of 3 mm and
one interlayer with a thickness of 0.36 mm. The impact of the ball was simulated in the center of
the plate. As boundary conditions, the glass is supported on all sides.

The steel and glass material properties are pointed out in Table 3.2. The interlayer material
properties with density ρ = 960 kg/m3, and Poisson ratio ν = 0.45 were used. The elasticity
modulus varies between 7 MPa and 70000 MPa.

The impact of the ball on the glass plate is analyzed using the explicit approach in the frame-
work of three-dimensional modeling by FEM. Linear FE with 8 nodes and 3 degrees of freedom
are used. The surface-to-surface algorithm considers the ball and plate interaction a one-way
contact. The resistance caused by air during impact is neglected. The time step size is 3 · 10−5

s. The FE mesh with a 2 mm element size is selected for the simulation model. The mesh is
presented in Fig. 3.25.

To realistically simulate free support in the model, a frame with a dimension of 10 mm was
created along the perimeter edges of the plate’s bottom surface. The nodes on the frame were
selected and constrained in their displacements within the y-plane.

Transient analysis was performed to study the impact of a steel ball on the composite plate. A
nonlinear formulation was applied to capture the behavior of the system accurately. The analysis
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3 Finite element modeling of laminated glasses under dynamic loading

Figure 3.25: FE mesh of the model

provided results for the maximum displacement (umax) of the ball, the plate, and the first principal
stress (σ1) in the plate.

Figures 3.26 and 3.27 illustrate umax of the ball’s bottom node and the plate’s top center node, as
well as the time-dependent variation of the plate’s σ1 at the bottom center node, for an interlayer
E = 7 MPa. During the first interaction between the ball and the plate, from the initial moment to
approximately t = 0.002 s, the first stress peak occurs, reaching around 300MPa. Following this,
the ball temporarily separates from the plate. During the second interaction, between t = 0.003
s and t = 0.0045 s, the second stress peak is observed, reaching a value of approximately 475
MPa.

Figure 3.28 illustrates the relation between the maximum displacement at the bottom center
node of the plate and Young’s modulus of the interlayer. The results show that as the modulus
increases, the maximum displacement decreases, indicating greater stiffness in the interlayer.
Figure 3.29 shows the dependence of the first and second peaks of the plate’s maximum first
principal stresses at the bottom center node on the interlayer Young’s modulus. The results
indicate that as the modulus increases, the stress peaks also increase but eventually stabilize,
reflecting the interplay between material stiffness and stress distribution in the plate.

Table 3.10 provides a detailed summary of the displacements, first principal stresses, and strains
at various time points during the interaction between the steel ball and the laminated composite
plate. The data highlights the dynamic behavior of the composite as elastic waves propagate
through its structure.

The maximum displacements occur at the center of the plate, where the ball impacts the com-
posite. This is expected as the central area directly absorbs the impact energy, causing localized
deformation. As time progresses, the displacement values decrease as the elastic waves spread
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outward from the impact zone, redistributing the power across the plate.

The first principal stresses are evaluated at the bottom layer of the plate. The stress patterns
form cruciform shapes, radiating outward from the impact point. These stress patterns reflect the
directional distribution of forces across the plate. The bottom layer experiences significant stress
concentrations due to its proximity to the impact zone and the rigid boundary conditions.

The strains are evaluated within the interlayer (PVB), which plays a critical role in the overall
dynamic behavior of the laminate. The interlayer is energy-absorbing, accommodating the shear
and tensile forces generated during the impact. The maximum strains are observed along the
edges of the plate when the ball is in contact with the laminate. This occurs because the edges
experience higher deformation due to the boundary conditions, causing the interlayer to stretch
and deform to redistribute the impact forces.
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3 Finite element modeling of laminated glasses under dynamic loading

Table 3.10: Displacement, first principal stress, and first principal strain at different time points

t (ms) umax (mm) σ1 (MPa) ε1
0.75

2

2.7

3.3
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t (ms) umax (mm) σ1 (MPa) ε1
3.7

4

The interlayer’s properties enable it to mitigate the effects of the impact, ensuring that the defor-
mation remains controlled and localized.
The results also demonstrate how elastic waves travel through the composite structure. The
waves originate at the center and spread through the plate upon impact. The combination of
displacements, stresses, and strains creates a complex interaction within the laminate, high-
lighting the importance of each layer’s mechanical properties in determining the overall dynamic
response.
Figures 3.30 and 3.31 show the dependences of displacements and 1st principal stresses of the
bottom center plate node on time with different Young’s modulus of the interlayer.
The results show that as Young’s modulus of the interlayer increases, the maximum displace-
ment at the bottom center node systematically decreases. With each incremental increase in
the modulus, the displacement peaks reduce by approximately 10%. This reduction in displace-
ment indicates that a stiffer interlayer enhances the structural rigidity of the composite, thereby
restricting deformation. At the same time, the duration of contact between the ball and the plate
is reduced as the interlayer becomes stiffer. This behavior reflects the ability of the interlayer to
resist deformation more effectively, absorbing and redistributing impact energy more efficiently,
which causes the ball to rebound more quickly.
In contrast, the first principal stresses at the bottom center node exhibit the opposite trend, in-
creasing with each step increase in the interlayer’s Young’s modulus. The stress peaks rise
by approximately 10% with each increment in stiffness, indicating that stiffer interlayers transfer
more stress to the outer layers of the laminate as they resist deformation. Additionally, the con-
tact duration for stress peaks decreases as the modulus increases, highlighting the reduced time
over which the plate experiences significant stress as it recovers more rapidly after impact.
These results reveal a clear trade-off between displacements and stresses in the laminate. Softer
interlayers with lower Young’s modulus redistribute more impact energy, resulting in higher dis-
placements but lower stress levels as the power is dissipated through more significant defor-
mation within the interlayer. Conversely, stiffer interlayers with higher Young’s modulus reduce
deformation but transfer greater stress concentrations to the laminate’s outer layers.
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Figure 3.30: Maximum displacement at the
bottom central point of the
plate vs time for different val-
ues of Young’s modulus of the
interlayer
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Figure 3.31: First principal stress at the bottom
central point of the plate vs time for
different values of Young’s modulus
of the interlayer
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Figure 3.32: Maximum displacement at the
bottom central point of the
plate vs time for different inter-
layer thickness values
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Figure 3.33: First principal stress at the bottom
central point of the plate vs time for
different interlayer thickness values

The next step was to set E = 15 MPa. To investigate the influence of interlayer thickness on the
dynamic behavior of the laminated glass composite, interlayers with varying thicknesses of 0.36
mm, 0.72 mm, 1.08 mm and 1.44 mm were used.
Figures 3.32 and 3.33 illustrate the time-dependent behavior of u and σ1 at the bottom center
node of the plate for interlayers with varying thicknesses. The analysis reveals that as the thick-
ness of the interlayer increases, the maximum displacements at the bottom center node also
increase slightly. A longer contact duration between the ball and the plate accompanies this.
Thicker interlayers absorb and dissipate more impact energy due to their greater flexibility, al-
lowing for more pronounced deformation and prolonging the interaction time between the ball
and the plate. In contrast, the first principal stress peaks decrease as the interlayer thickness
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3.5 Influence of interlayer elasticity on laminated glass dynamics

increases. The results show that with each step increase in thickness, the stress peaks are
reduced by approximately 15%. Thicker interlayers distribute the impact forces more effectively
across the composite, reducing the plate’s stress concentrations. This ability to lower stress
peaks highlights the role of thicker interlayers in mitigating localized damage and protecting the
structural integrity of the laminated composite.
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Figure 3.34 demonstrates the relation between the maximum displacements at the bottom middle
node of the plate and the thickness of the interlayer. Figure 3.35 shows the dependence of the
first and second peaks of the maximum first principal stresses at the bottom middle node of the
plate on the interlayer thickness.
The displacement data reveals that as the interlayer thickness increases, the displacement peaks
rise incrementally by approximately 5% with each step. This trend can be attributed to the in-
creased flexibility provided by thicker interlayers, which allow for greater deformation under im-
pact loading. Thicker interlayers accommodate the kinetic energy of the impact by enabling larger
displacements, effectively acting that absorbs and dissipates the force.
The maximum first principal stress results clearly show that as the interlayer thickness increases,
the stress peaks decrease consistently. This reduction in stress is due to the ability of thicker
interlayers to better distribute the impact forces across the plate, mitigating stress concentrations
and protecting the structural integrity of the laminate. By providing enhanced energy absorption,
thicker interlayers reduce the transfer of concentrated stresses to the outer layers of the laminated
glass.
Figures 3.36 and 3.37 illustrate the maximum displacement umax of the bottom node of the ball,
the top center node of the plate, and the contact pressure F at the top center node of the plate
over time. These plots provide insights into the interaction dynamics between the ball and the
plate during impact.
The displacement of the ball and plate show the dynamic response of the system. As the ball
impacts the plate, its displacement corresponds to the deformation of the plate’s surface, par-
ticularly at the bottom middle node. The contact pressure is present only during the moments
when the ball and the plate are in contact. During these intervals, the impact force generates sig-
nificant contact pressure at the interface, which correlates with the deformation behavior of both
the ball and the plate. The contact pressure peaks during the initial impact as the ball transfers
its kinetic energy to the plate, causing localized stress and deformation. Conversely, during the
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Figure 3.37: Dependence of F of plate top cen-
ter node on time

periods when the ball and the plate are not in contact, the contact pressure drops to zero. These
non-contact intervals occur as the ball rebounds away from the plate, illustrating the transient
nature of the interaction. The alternating presence and absence of contact pressure reflect the
oscillatory interaction, governed by the elastic properties of both the ball and the laminated glass
plate.
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4 Peridynamic modeling of glass plates

4.1 Discretization and boundary conditions

This chapter describes the use of PD theory to simulate and analyze the behavior of soda-lime
glass plates under mechanical loading. Here, the focus is to describe PD model peculiarities
and present a verification study compared to CCM solutions. The double ring-bending test was
modeled and analyzed in this part of the work. It is a standard experimental setup for studying
glass plate deformation and fracture characteristics. It involves applying loading and support
rings to a squared plate’s centered top and bottom. This configuration allows for observing dis-
placement distribution, elastic deformation, and the subsequent fracture patterns that develop
under increasing loads. Accurate modeling of such a test requires precise discretization, bound-
ary conditions, and a force-interaction model to represent the contact mechanics between the
load and support rings and the glass plate.
The primary objective of this section is to develop a computational framework using peridynamic
theory to simulate the behavior of glass plates during the ring-bending test. A detailed methodol-
ogy for discretizing the glass plate and the associated loading and support structures, ensuring
high accuracy in modeling the physical behavior of the system, is introduced. The peridynamic
discretization is shown in Figure 4.1.

Figure 4.1: Peridynamic model

The primary subject of analysis is a square glass plate with dimensions of 100 mm in length
and 2.9 mm in thickness. The plate was discretized using a regular lattice of nodes. The plate
includes a total number of 254616 nodes with a nodal volume of 0.14 mm3 and nodal size 0.483
mm, distributed as 206 nodes along the length and width and 6 nodes along the thickness. The
plate volume is 2.9 · 104 mm3. The model presented in Figure 4.1 corresponds to the coaxial
ring test, used in many studies to determine the flexural strength of glass. In this work, the
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4 Peridynamic modeling of glass plates

geometrical parameters and loading are used according to [53].
The load ring, defined by a radius of 9 mm, with a total number of 116 nodes and a total volume
of 12.86mm3, was represented. To ensure accurate modeling of force application, the model of 4
points along the thickness and 1.11mm3 nodal volume was chosen for the model for applying the
force. Three layers, the size of the horizon, and one extra layer were used in alignment with the
peculiarities of peridynamic theory, ensuring the proper incorporation of non-local interactions
between material points. The top nodes of the load ring were subjected to a time-dependent
body force applied at a constant rate of 8.5 · 108 N/m3 s. An additional layer was strategically
added to facilitate the smooth transition of forces from the load ring to the plate. This extra layer
accounts for the peridynamic behavior near the interface, enabling a more realistic and stable
simulation of force transfer.
Similarly, the support ring, with a radius of 45 mm, is represented by 584 nodes and 65.7 mm3

volume, including 6 nodes along the thickness and 1.125 mm3 nodal volume. The modeling
of support is primarily to constrain the plate’s displacements in the direction perpendicular to
its surface. To achieve this, boundary conditions are applied to limit the motion of the three
bottommost layers of nodes, which align with the horizon size in the peridynamic framework.
These constrained layers form the foundation of the support ring’s interaction with the plate.
Additionally, three auxiliary layers are included above the constrained layers to facilitate a smooth
transition of forces between the support ring and the plate.

4.2 The influence of node lattice type and density

The ring bending of a plate can be described analytically through the CCM approach with the
Kirchhoff plate theory. These results are a proper benchmark solution for PD model verification
and testing. Closed-form solutions for displacement, bending moments, strain and stress states
can be derived from a simply supported circular plate subjected to the ring force [88]. For the
circular plate model shown in Figure 4.2, the solution for the displacement function uz(r) can be
presented as follows [53]

8πD

Fres

uz(r) =


f1(r, rlr)− f1(r, rsr)− α, for 0 ≤ r ≤ rlr,

f2(r, rlr)− f1(r, rsr)− α, for rlr < r ≤ rsr,

f2(r, rlr)− f2(r, rsr)− α, for rsr < r ≤ R

(4.1)

where
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+
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,

α = f2(rsr, rlr)− f1(rsr, rsr)

(4.2)

In Equation (4.1), Fres = 2πrlrf is the resultant force, f is the line force, rsr is the radius of
the support ring, rlr is the radius of the load ring, and R = 55 mm is the radius of the plate.
Analytical expressions for the bending moments as functions of the radial coordinate can also be
derived based on this formulation [53]. The maximum displacement, umax = u(0), calculated
using Equation (4.1), was compared to the PD simulation data for the elastic bending regime of
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Figure 4.2: Geometry of circular plate and loading for the ring bending test

the plate, specifically before the initiation of any damage.
Figure 4.3 compares displacement values, uz, as a function of the radial coordinate, r, obtained
from the CCM and PD solutions. The close alignment of the curves indicates a strong agree-
ment between the two methods. The results demonstrate that the Peridynamic model accurately
captures the elastic deformation behavior predicted by the CCM.
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Figure 4.3: Comparison of solutions of displacements via radial coordinate

The difference in the maximum displacement at the midpoint of the plate is minimal, less than
2%, validating the precision of the PD approach in modeling the elastic bending regime before the
damage initiation. This close agreement confirms the reliability of the PD model in reproducing
results consistent with established analytical solutions, under such loading conditions.
Additionally, the consistency across the entire radial domain reinforces the robustness of the Peri-
dynamic method for capturing displacement patterns, offering a solid foundation for its application
in more advanced scenarios involving non-linear behavior or damage evolution.
A key aspect of the accuracy and reliability of PD simulations lies in the discretization of the
material domain into a lattice of nodes. The node lattice type (e.g., regular, irregular, or random)
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4 Peridynamic modeling of glass plates

and the density of nodes directly influence the quality of the results, computational cost, and
numerical stability and convergence behavior of the analysis.
Irregular lattices can lead to instability or inaccuracies in capturing non-local interactions, par-
ticularly in regions with high-stress gradients, such as around crack tips or boundaries. A reg-
ular square lattice is straightforward to construct and implement in numerical simulations. This
simplicity reduces the risk of errors during the discretization process and ensures consistency
in modeling. Regular grids allow for systematic and predictable connectivity between nodes,
making it easier to compute non-local interactions. This reduces the computational overhead
of searching for interacting nodes (neighbors). In this study, the regular Cartesian lattice was
chosen.
Higher node densities increase computational demands, including memory usage and simulation
time. Conversely, lower node densities can compromise the resolution of critical features, such
as crack propagation paths or localized deformation zones. Investigating the impact of node
density makes it possible to develop strategies for adaptive meshing or hybrid approaches that
optimize computational resources while maintaining accuracy.
Comparative studies on the effects of lattice type and density will provide benchmarks for vali-
dating PD models against experimental data and analytical solutions. Understanding these influ-
ences will help establish best practices for peridynamic modeling, ensuring that simulations are
reliable and reproducible across various applications.
The choice of lattice density plays an important role in ensuring the accuracy and stability of
peridynamic simulations, as it determines the spatial resolution of the model and directly affects
the ability to capture fine details of deformation and stress distribution. However, more than the
lattice density is required to define the peridynamic model’s behavior fully. Equally important is
the horizon size, which governs the range of non-local interactions between material points.
While lattice density controls the discretization of the domain, the horizon size defines the extent
of influence each node has over its neighbors, linking the discretized model to the physical scale
of material interactions. The relationship between these two parameters, particularly the ratio of
horizon size to node spacing (δ/∆x), is critical for balancing numerical stability, computational
efficiency, and physical accuracy. Understanding this interplay is essential for optimizing peridy-
namic simulations, especially when modeling complex phenomena such as crack initiation and
propagation in brittle materials.
An adequately chosen horizon size ensures that the material’s mechanical response reflects the
underlying physics. It defines the scale at which interactions occur and influences the material’s
stiffness, fracture toughness, and deformation behavior. For brittle materials like glass, which
exhibit complex crack patterns, the horizon size determines how well the PD model can replicate
stress fields and capture crack initiation and propagation.
The horizon size significantly impacts the accuracy and convergence of PD simulations. A hori-
zon size that is too small may need to be more significant to capture the non-local effects ade-
quately, leading to inaccurate stress and displacement distributions. Conversely, a big horizon
size can smooth out localized phenomena, such as sharp crack tips, reducing the fidelity of the
simulation. Horizon size must be carefully chosen to balance these effects, ensuring accurate
results converging to the proper solution as the node density increases.
This section focuses primarily on the displacement analysis of the glass plate model described
earlier. The goal is to investigate how variations in lattice density and horizon size influence the
accuracy and behavior of the PD solution, particularly in comparison with the analytical solution.
Specifically, lattices with 6, 7, and 8 nodes through the plate thickness were considered. Addi-
tionally, the horizon size was varied. The horizon sizes considered were 1.81 mm, 1.55 mm,
1.36 mm. Figures 4.4, 4.5, and 4.6 show the displacement of the glass plate bottom middle
node as a function of time for various lattice configurations and horizon sizes in the PD model,
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compared to the reference solution.
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Figure 4.4: Dependence of bottom middle node displacement on time with δ = 1.36 mm and
different number of nodes
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Figure 4.5: Dependence of bottom middle node displacement on time with δ = 1.55 mm and
different number of nodes
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Figure 4.6: Dependence of bottom middle node displacement on time with δ = 1.81 mm and
different number of nodes

All curves display a linear decrease in displacement over time, consistent with the quasi-static
loading applied to the glass plate. This indicates that the elastic behavior of the material is
being accurately captured across all configurations. The analytical solution shows a continuous,
smooth trend, with the PD solutions following it closely but exhibiting slight variations depending
on the number of nodes through the thickness and horizon sizes.
Considering the results for a horizon size of 1.36 mm, the configuration with 7 nodes through the
plate thickness demonstrates the closest match to the analytical solution. In contrast, the config-
uration with 6 nodes deviates slightly, and the 8 node configuration exhibits the most significant
error. For the horizon size of 1.55 mm, the results align more closely with the analytical solution
across all lattice densities, particularly for the configuration with 6 nodes, which achieves notable
accuracy. Regarding the largest horizon size 1.81 mm, the displacement curves for the 6 node
and 8 node configurations diverge more significantly from the analytical solution. In contrast, the
7 node configuration provides comparatively better alignment but is less accurate than the results
obtained with smaller horizon sizes.
When examining the influence of lattice density across different horizon sizes, for 6 nodes, the
results are closest to the analytical solution when the horizon size is 1.55 mm, for 7 nodes, the
results align best with the analytical solution for a horizon size of 1.36 mm, for 8 nodes, the
closest match to the analytical solution is achieved with a horizon size of 1.55 mm.
Higher lattice densities generally improve accuracy and stability, providing better resolution of
the displacement field and reducing the likelihood of numerical errors. However, this comes at
the cost of increased computational demands. Smaller horizon sizes enhance accuracy and
stability for coarser lattices by reducing the range of non-local interactions, making simulations
less computationally intensive and more numerically stable.
While higher lattice densities (e.g., more than 8 nodes) would likely yield more accurate results,
computational limitations prevented their evaluation in this study. These limitations highlight the
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importance of balancing lattice density, horizon size, and available computational resources.
The horizon size and lattice density significantly influence simulation results. Deviations from
the analytical solution could arise due to numerical errors, inadequate lattice refinement, or an
unsuitable horizon-to-lattice spacing ratio. The observed variations underscore the necessity of
carefully tuning the lattice density and horizon size according to the specific model geometry and
loading conditions to achieve optimal accuracy and stability.
It is important to acknowledge that the density of the glass was artificially increased in this study,
which could introduce numerical errors into the simulation results. These errors have an impact
on the computed displacements, highlighting the need for further refinement of the model. In
future work, we plan to address this issue by reducing the glass density and implementing an
alternative approach to mitigate the numerical inaccuracies. This improved methodology will be
detailed in the next chapter, providing a more robust framework for peridynamic simulations and
enhancing the accuracy of the results.

4.3 Comparative study based on peridynamic and finite
element analysis

This section focuses on analyzing the elastic behavior of the previously described model using
two computational approaches: the PD and FEM. The aim is to compare these methods in
modeling the same scenario: a soda-lime glass plate subjected to quasi-static ring loading and
a ring supported. The glass plate is modeled with the same geometric and loading parameters
across both methods to ensure consistency and comparability.
The quasi-static ring loading configuration provides an ideal scenario for evaluating the elastic
deformation. This analysis restricts the scope to the elastic regime, where the material remains
undamaged and the stress-strain response is linear. By eliminating considerations of fracture or
damage evolution, the focus is placed on evaluating the accuracy, computational efficiency, and
fundamental differences in how PD and FEM capture the elastic deformation of the glass plate
under the given loading conditions. In FEM, the glass plate is modeled as a continuum, with
discretization into finite elements providing local stress-strain relationships. In contrast, PD mod-
els the plate using a non-local framework, where each material point interacts with its neighbors
within a defined horizon.
Building on the detailed description of the peridynamic modeling framework, we now focus on
its application in analyzing the elastic response of the glass plate under the quasi-static ring
loading setup. To highlight the capabilities of the peridynamic method, we begin by discussing its
implementation and results, emphasizing how it handles the elastic deformation of the plate and
the interactions at the contact surfaces.
The horizon size, a key parameter in PD modeling, was set to 1.81 mm corresponding to inter-
action through three nodes of family nodes. The plate and the rings were modeled using a linear
peridynamic solid (LPS) model, which accurately represents elastic behavior. The interactions
at the contact surfaces between the rings and the plate were governed by a short-range force
model with a spring constant of 5 ·1022 and a search and contact radius of 0.387 mm, as outlined
in [43].
The material properties of the glass model with Young’s modulus E = 70 GPa, Poisson ratio
ν = 0.22 were used. To reduce computational costs during the quasi-static analysis, the material
density was artificially increased to ρ = 2500 · 108 kg/m3 to allow for a larger critical time step
in the explicit time-stepping method. The quasi-static step analyzes the plate’s primary stage of
elastic deformation. The implicit time integration (details are presented in [43]) with the absolute

71



4 Peridynamic modeling of glass plates

tolerance of 1.0 and 10 maximum solver iterations is applied for the solution. The analysis is
performed with Peridigm, an open-source computational peridynamics code.
FEM was performed using ANSYS to provide a comparative benchmark. The plate was meshed
with 20-node SOLID186 elements, known for their high precision in modeling three-dimensional
elastic deformation. The free mesh was modeled. The plate includes a total number of 875120
nodes, with 6 nodes through the plate thickness, that utilized a peridynamic lattice. All the compo-
nents of the model are deformable. The plate was modeled in a 3D staging as part of a physical
linear-elastic setting. The interaction of the load, support rings, and the plate was carried out
within the framework of achieving the objective of one-way contact according to the «surface to
surface» algorithm. The air resistance during the impact was ignored. The material properties
were set the same as in PD model. The nodal force 2 kN was applied to the load ring nodes.
The 10 timesteps were used.
The PD lattice was created from FEM mesh taking the coorinates of the element centers. The
PD and FEM meshes are shown in Figure 4.7.

a) b)

Figure 4.7: Discretisation of the simulation model.
a) FEM mesh, b) PD lattice

The comparison of displacements obtained using different methods is presented in Figure 4.8.

a) b)

Figure 4.8: Distribution of displacement over the bottom side.
a) FEM solution, b) PD solution
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The results demonstrate good agreement between the FEM and PD approaches, highlighting
the consistency of these models in capturing the elastic response of the plate under quasi-static
ring loading.
The maximum displacement values predicted by the two methods differ by less than 7%. This
close correspondence indicates that the peridynamic model, despite its inherently non-local na-
ture, is capable of producing results comparable to those obtained using FEM. The displacement
distributions across the plate also exhibit similar patterns for both methods, confirming that the
loading and boundary conditions are correctly implemented in both simulations. The PD model’s
slightly lower maximum displacement could be attributed to the discretization choices, including
the horizon size, nodal arrangement, or the specific non-local interactions considered in peridy-
namic theory.
This comparison underscores the reliability of PD in replicating FEM results for elastic analy-
sis while also showcasing the potential of peridynamics to extend into scenarios where FEM
might face limitations, such as modeling fracture or discontinuities. The agreement between the
methods builds confidence in the peridynamic model’s accuracy and highlights its applicability
for complex material and structural simulations.
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5 Analysis of damage and crack patterns

5.1 Influence of critical bond stretch parameter under
quasi-static loading

This section focuses on the detailed analysis of the ring-bending model introduced earlier, par-
ticularly emphasizing the initiation and evolution of damage patterns. Using peridynamic theory,
which is well-suited for modeling fracture and failure processes in brittle materials, we investigate
damage type, location, and propagation under the applied quasi-static loading conditions.
The critical bond stretch, sc, is a fundamental material parameter in the PD damage model
that governs the initiation and evolution of bond failure [96]. Accurate determination of sc is
essential for reliable PD simulations, as it directly affects the predicted damage initiation and
fracture propagation patterns. The value of sc is typically determined based on experimental
data, particularly by correlating it with the critical force required to induce fracture.
Two primary approaches are commonly used to define the critical bond stretch sc, depending on
the assumptions made about the material’s surface condition [53].
The first approach assumes a perfect, defect-free material with an idealized surface condition.
The critical bond stretch sc is derived assuming that the material’s strength is governed solely by
its intrinsic properties, without the influence of surface imperfections or micro-cracks.
In the second approach, the material is assumed to have pre-existing flaws, micro-cracks, or
imperfections inherent in real-world materials. The critical bond stretch sc is determined based
on these flaws, accounting for their influence on the material’s strength and fracture behavior.
In this section, we will consider the first approach. This approach for determining the critical bond
stretch, sc, assumes a flawless material model, focusing on damage initiation based on results
from the co-axial ring-bending test. In this methodology, sc is derived directly from the strain state
within the plate before damage initiation, during the elastic loading stage.
Before damage initiation, the strain state within the plate, particularly inside the radius of the load
ring, remains homogeneous. In this elastic regime, the bond stretch s for any bond ξ in the plane
of the plate is directly related to the linear strain tensor ε through the following expression

s =
ξ · ε · ξ
|ξ|2 , ε = ε0(I− n⊗ n) (5.1)

where I is the second-rank unit tensor, n is the unit normal to the plate face, and ε0 represents
the strain state at the tensile surface of the plate.
The strain ε0 is computed from the tensile strain state, characterized by the radial strain compo-
nent εr and the circumferential strain component εφ. These components are given by [53]

ε0 = εr = εφ =
3F

4πh2E

[
(1− ν)2

r2sr − r2lr
R2

+ 2
(
1− ν2

)
ln

rsr
rlr

]
(5.2)

This equation provides the strain state as a function of the applied force F , material properties,
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5 Analysis of damage and crack patterns

and geometric parameters of the ring-bending test. The critical bond stretch sc is directly es-
timated from the critical force value Fc, corresponding to the force at which damage initiation
occurs. Substituting Fc into the strain expression

sc ≈ ε0c =
3Fc

4πh2E

[
(1− ν)2

r2sr − r2lr
R2

+ 2
(
1− ν2

)
ln

rsr
rlr

]
(5.3)

For the mean critical force value, Equation (5.3) gives sc = 2.0 · 10−3.
In this section, the ring-bending model that was described previously is taken into consideration.
The model with 6 nodes along the plate thickness is used. Damage patterns for the type and
the location of the damage initiation are analyzed. The critical stretch damage model with sc =
2.0 · 10−3 was calculated. The horizon size was set to 1.81 mm. The plate and the rings were
modeled using a LPS model. The interactions at the contact surfaces between the rings and
the plate were governed by a short-range force model with a spring constant of 5 · 1022 and a
search and contact radius of 0.387 mm. The material properties of the glass model with Young’s
modulus E = 70 GPa, Poisson ratio ν = 0.22 were used. The material density was set to
ρ = 2500 · 103 kg/m3 to allow for a larger critical time step in the explicit time-stepping method.
The analysis was divided into two load steps to reduce computational costs. The first step fo-
cused on a quasi-static analysis to examine the plate’s initial stage of elastic deformation. This
phase utilized implicit time integration, as detailed in [43], with an absolute tolerance of 1.0 and
a maximum of five solver iterations to ensure accurate convergence.
The second step addressed the transient dynamic phase, aimed at analyzing damage evolution
and the dynamic phenomena associated with the formation and progression of damage patterns.
In this phase, time integration was performed using an explicit time-stepping method based on
the central difference scheme, which effectively approximates the second time derivative of the
displacement vector. The methodology and critical time step estimation for this approach are
thoroughly explained in [82], [43]. This two-step strategy balances computational efficiency and
the accurate modeling of elastic deformation and complex damage dynamics.
The analysis is performed with Peridigm, an open-source computational peridynamics code.
Figure 5.1 presents the damage distribution on the bottom surface of the plate for a constant
critical bond stretch value of sc = 2.0 · 10−3.

a) b) c)

Figure 5.1: Damage distribution on the bottom side of a plate.
a) t = 51.7253 s, b) t = 51.7253 s +0.5 ms, c) t = 51.7253 s +4.4 ms

The damage pattern is visualized at multiple time points during the simulation, illustrating the
progression of damage initiation and propagation.
In this scenario, the plate is initially assumed to be homogeneous. As the simulation progresses,

76



5.1 Influence of critical bond stretch parameter under quasi-static loading

a ring-shaped damage zone can be observed inside the radius of the applied load. Figure 5.1
a) shows 33% damage that occurred. This ring damage zone is the first to form due to the
stress concentration induced by the loading configuration. Subsequently, a series of radial cracks
emanates from the ring-shaped damage zone, radiating outward towards the edges of the plate
with 83% damage (Figure 5.1 b)) and 100% damage (Figure 5.1 c)). These radial cracks are a
characteristic failure mode for brittle materials under such loading conditions, driven by the tensile
stresses exceeding the material’s critical bond stretch. According to the resulrs, the damage
initiation occures on 51.7253 s and propagets fast during 4.4 ms.
This figure underscores the capability of the peridynamic model to accurately capture the com-
plex damage behavior in brittle materials, including the interaction between ring-shaped damage
zones and the initiation of radial cracks. Such patterns are consistent with experimental obser-
vations of fracture in similar setups, validating the peridynamic approach for predicting fracture
dynamics in glass plates.
Building on the previous analysis of damage progression in the plate with a fixed critical bond
stretch, we now investigate how variations in the critical bond stretch parameter influence dam-
age behavior. By exploring different values of sc, we can examine its impact on the rate of
damage progression, the patterns of crack propagation, and the overall failure mechanisms of
the plate.
Figure 5.2 illustrates the influence of different critical bond stretch values on the damage evolution
in a glass plate. The damage evolution and patterns are visualized for three different values
sc = 1.0 · 10−3, sc = 0.75 · 10−3 and sc = 0.5 · 10−3.

a) b) c)

Figure 5.2: Damage distribution on the bottom side of a plate with different critical stretch value.
a) sc = 1.0 · 10−3 at t = 25.5 s, b) sc = 0.75 · 10−3 at t = 19.1 s, c) sc = 0.5 · 10−3

at t = 12.7 s

When comparing the results for sc = 2.0 · 10−3 and sc = 1.0 · 10−3, the damage time decreases
significantly, approximately by half. For sc = 1.0 · 10−3, the plate becomes fully damaged at
t = 25.5 s. The damage pattern begins with forming a well-defined ring-shaped damage zone
inside the load ring radius. This is followed by the development of radial cracks that extend
outward from the ring. These radial cracks exhibit a symmetrical and evenly distributed pattern,
directly resulting from the uniform material properties and loading conditions. The reduction in
sc leads to a lower tolerance for deformation before bond failure occurs, meaning the material is
more susceptible to damage under the same loading conditions.
When sc is reduced to 0.75 · 10−3, the plate becomes fully damaged at t = 19.1 s, a noticeable
decrease in destruction time compared to higher sc values. Similar to the previous case, a central
ring-shaped damage zone forms within the load ring radius, followed by the development of radial
cracks, and radial cracks maintain a symmetrical and evenly distributed pattern. The reduction
in sc lowers the material’s tolerance for deformation, causing bonds to fail at more minor strains.
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5 Analysis of damage and crack patterns

This results in faster damage progression and a shorter overall time to destruction. The crack
formation and propagation acceleration illustrate the material’s increased fragility under reduced
sc values.
When setting sc = 0.5 · 10−3, damage develops rapidly, with the plate reaching full damage at
t = 12.7 s. This represents the shortest destruction time observed in the series of simulations,
highlighting the profound impact of a lower sc on the damage evolution process. As in the pre-
vious cases, radial cracks initiate within the load ring radius and propagate outward. However,
unlike the earlier scenarios, the radial cracks do not maintain a symmetrical or evenly distributed
pattern. This deviation from symmetry suggests the emergence of numerical instability within the
model, likely worsened by the significantly reduced sc. The lower sc value causes bonds to fail
under minimal deformation, amplifying the sensitivity of the simulation to local variations in de-
formation. The reduced sc drastically decreases the material’s resistance to bond failure, leading
to a rapid and less predictable damage progression. The asymmetrical damage pattern could
also indicate that the system is more susceptible to localized instabilities, which may dominate
the failure process when sc is small.
Lower sc values result in faster damage propagation and more pronounced crack formation,
highlighting the sensitivity of the peridynamic damage model to this parameter. These results
highlight the critical role of sc in influencing the rate of damage progression and the stability and
predictability of fracture patterns in the peridynamic model. This analysis demonstrates the vital
role of sc in determining the rate and pattern of damage evolution in brittle materials. By adjusting
sc, the peridynamic model can accurately replicate different fracture dynamics.
In the following example, the influence of a layer-dependent critical bond stretch (sc) on the
damage progression in the plate under the same loading conditions. The simulation employs a
lattice with 6 nodes through the plate thickness and a horizon size of 1.81 mm. The critical bond
stretch is set to 1.5 ·10−3 for the surface nodes of the bottom layer, while it is 2.0 ·10−3 elsewhere
within the plate. The simulation results are shown in Figure 5.3.

a) b) c)

Figure 5.3: Damage distribution on the bottom side of a plate with sc = 1.5 · 10−3 at the surface
nodes of bottom layer.
a) t = 38.601 s, b) t = 38.601 s +1.6 ms, c) t = 38.601 s +10 ms

The damage initiation accrues around t = 38.6 s. At this early stage, damage is localized and
confined to the area inside the load ring radius, as it happened before. The damage distribution
forms a circular pattern due to the stress concentration induced by the loading configuration. As
the simulation progresses, the damage zone expands, and a well-defined ring-shaped damage
area becomes prominent. Radial cracks emerge from the ring damage zone, extending symmet-
rically toward the plate edges. Within 10 ms, the plate is fully damaged. The damage pattern
includes a complete central ring damage zone surrounded by fully developed radial cracks. As
in previous cases, the cracks exhibit a symmetrical and evenly distributed pattern on the bottom
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5.1 Influence of critical bond stretch parameter under quasi-static loading

surface layer. Compared to the plate with sc = 2.0 · 10−3, the damage initiation time decreases
on 25%. The damage propagation takes more time till the damage reaches 100%. This high-
lights the sensitivity of surface layers to lower sc, leading to the rapid progression of damage
outward from the bottom layer.
In the next calculation, the critical bond stretch is set to 1.0 · 10−3 for the surface nodes of the
bottom layer, while it is 2.0 · 10−3 elsewhere within the plate. The simulation results are shown in
Figure 5.4.

a) b) c)

Figure 5.4: Damage distribution on the bottom side of a plate with sc = 1.0 · 10−3 at the surface
nodes of bottom layer.
a) t = 35.12 s, b) t = 35.12 s +7.9 ms, c) t = 35.12 s +9.6 ms

At the initial stage, damage localizes within the bottom surface nodes. The damage distribution
forms a circular zone around the load ring radius, corresponding to the area of maximum stress
concentration caused by the applied loading conditions. The contrast between the surface nodes
with lower sc and the material with higher sc is evident, as damage predominantly initiates and
grows within the surface layer. Over the next 7.9 ms, the damage zone expands significantly,
with the circular zone widening and intensifying. The ring-shaped damage zone becomes more
prominent on the bottom surface. This stage highlights the accelerated damage progression
driven by the weaker surface nodes, which act as initiation points for further damage propagation.
The plate is fully damaged in 9.6 ms. At this stage, the damage pattern transforms into a well-
defined system of radial cracks, extending symmetrically outward from the load ring to the edges
of the plate. Unlike the previous case with sc = 1.5 · 10−3 for the bottom surface nodes, this
final stage has no clearly defined central ring-shaped damage zone. Compared to that case, the
time is 9% less when the damage reaches 100%. The lower sc in the surface nodes results in
faster damage initiation and propagation, demonstrating how even small changes in critical bond
stretch can significantly influence the overall failure dynamics.
In the subsequent simulation, the critical bond stretch is assigned a value of 0.75 · 10−3 for the
surface nodes of the bottom layer, while it remains 2.0 ·10−3 throughout the rest of the plate. The
corresponding simulation results are presented in Figure 5.5.
The damage initiation occurs approximately t = 27.2 s within the bottom surface nodes. Similar
to previous cases, the damage distribution initially forms a circular zone around the load ring ra-
dius. However, the propagation time for damage progression is noticeably different in this case.
To reach 100% damage, the simulation shows a total time of approximately 6.81 s following ini-
tiation. This represents a much longer propagation phase than earlier cases where the damage
progression to completion occurred in milliseconds. A well-defined ring-shaped damaged area
becomes prominent, with radial cracks emerging from the ring damage zone, extending symmet-
rically toward the plate edges at the last stage of damage development. At the final stage of
damage development, the radial cracks dominate the pattern, reflecting the stress redistribution
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a) b) c)

Figure 5.5: Damage distribution on the bottom side of a plate with sc = 0.75 · 10−3 at the surface
nodes of bottom layer.
a) t = 27.2 s, b) t = 34.0074 s, c) t = 34.0109 s

across the plate. Notable differences are observed compared to the previous case, where the
bottom surface nodes had sc = 0.75 · 10−3. The damage initiation time is reduced by approx-
imately 22.5%. The time required for the plate to reach 100% damage is roughly 3% shorter
than in the previous case. This reduction demonstrates that the lower sc expedites the overall
failure process, though the delay caused by the higher sc in the material limits the extent of this
acceleration.
The last in this series of calculations is shown in Figure 5.6. The critical bond stretch is set to
0.5 · 10−3 for the surface nodes of the bottom layer, while it remains 2.0 · 10−3 throughout the
rest of the plate.

a) b) c)

Figure 5.6: Damage distribution on the bottom side of a plate with sc = 0.5 · 10−3 at the surface
nodes of bottom layer.
a) t = 19.8 s, b) t = 33.001 s, c) t = 33.0082 s

It can be seen that the damage initiation occurs approximately t = 19.8 s within the bottom
surface nodes. The damage distribution initially forms a circular zone around the load ring ra-
dius. Then, the damage pattern transforms into a well-defined system of radial cracks, extending
symmetrically outward from the load ring to the edges of the plate. A key observation in this
case is the significantly longer propagation time for damage progression. The propagation time
for damage progression takes around 13.2 s, which is even double longer than in the case with
sc = 0.75 · 10−3. The damage initiation time is reduced by approximately 27.2%. The time
required for the plate to reach 100% damage is around 3% shorter than in the previous case.
Table 5.1 summarizes the results of damage simulations for various configurations of sc in a
plate subjected to quasi-static loading. The table evaluates the effects of different sc values on
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damage initiation time, percentage of damage at critical times, and the time to achieve 100%
damage (critical time). The results are presented for plates with 6 or 7 nodes along the plate
thickness and varying sc values for the entire plate or specifically for the bottom layer.

Table 5.1: The results of sc and model lattice influence on the damage.
Nodes along sc of the sc of the Initiation Damage Critical Damage
the plate thickness whole plate bottom layer Time, s % Time, s %
6 0.002 0.002 51.7253 33 51.726 100
7 0.002 0.002 55.8005 50 55.8016 100
6 0.002 0.0015 38.601 37 38.611 100
7 0.002 0.0015 41.5005 52 41.503 100
6 0.001 0.001 25.5104 56 25.511 100
6 0.002 0.001 28.096 0.68 35.1296 100
6 0.00075 0.00075 19.10057 57 19.101 100
6 0.002 0.00075 20.4 0.68 34.0088 100
7 0.002 0.00075 24.0 0.24 40.0074 100
6 0.0005 0.0005 12.7379 54 12.74 100
6 0.002 0.0005 19.8 39 33.0082 100
6 0.002 0.004 85.0 35 85.0018 100
6 0.004 0.002 57.6 0.68 72.009 100

Assigning a lower sc to the bottom surface layer accelerates damage initiation, as weaker bonds
fail earlier under stress concentration. Uniform higher sc values throughout the plate delay initia-
tion and progression, reflecting the material’s resistance to bond failure. Increasing the number
of nodes along the thickness improves resolution and delays initiation and propagation, providing
greater accuracy but requiring more computational time. Extremely low sc values in the bottom
layer drastically shorten the initiation and critical damage times, demonstrating the importance of
sc calibration for realistic fracture modeling.
The simulations underscore the complex interplay between surface and bulk properties in deter-
mining the fracture behavior of brittle plates. The lower sc in the surface nodes leads to earlier
damage initiation, while the higher sc delays the final failure. The significantly longer propagation
time for damage progression highlights the importance of material properties in controlling the
overall fracture dynamics, even when the surface layer is the primary site of damage initiation.
The results also emphasize the importance of carefully choosing sc values for surface and main
layers in peridynamic models. These findings provide valuable insights into layered brittle mate-
rials’ mechanics and critical bond stretch’s role in controlling failure mechanisms under complex
loading conditions.

5.2 Influence of critical bond stretch parameter under impact
loading

This section presents an analysis of the glass plate under impact loading, focusing on the initia-
tion and progression of damage patterns. The subject of the analysis is the same square glass
plate with dimensions of 100 mm in length and 2.9 mm, including 6 nodes along the thickness.
The same support ring, with a radius of 45 mm with 6 nodes along the thickness, is represented
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to constrain the plate’s displacements in the direction perpendicular to its surface. The mate-
rial properties of the glass model with Young’s modulus E = 70 GPa, Poisson ratio ν = 0.22
and ρ = 2500 kg/m3 were used. To perform the impact on the model, the steel ball with a
radius of 6.5 mm (9 g) is introduced. Only a representative segment of the ball in direct con-
tact with the plate is modeled to reduce the computational expense. The methodology involves
meshing a hemispherical segment of a ball using a structured grid and computing its volume dis-
tribution. Using a spherical coordinate system, the modeling process generates discrete points
within a hemispherical volume. The material properties of the ball are defined as E = 200 GPa,
ν = 0.3. The density parameter was increased to ρ = 90534 kg/m3 according to the whole ball
value.
Figure 5.7 illustrates the computational model used to evaluate the flexural strength of the glass
plate.

Figure 5.7: Peridynamic impact model

The critical stretch damage model was calculated with sc = 2.0 · 10−3. The horizon size was set
to 1.81 mm. A linear peridynamic solid (LPS) model was used to model the plate, support ring,
and ball. The interactions at the contact surfaces between the ball, support ring, and the plate
were governed by a short-range force model with a spring constant of 5 · 1022 and a search and
contact radius of 0.387 mm.
The time step addressed the transient dynamic phase, aimed at analyzing damage evolution and
the dynamic phenomena associated with the formation and progression of damage patterns.
Time integration was performed using an explicit time-stepping method based on the central
difference scheme, which effectively approximates the second time derivative of the displacement
vector.
Different initial velocities of the ball were applied (6, 9, 12, 15, 30 m/s). Figure 5.8 presents the
damage distribution that reaches 100% on the bottom surface of the plate for a constant critical
bond stretch value of sc = 2.0 · 10−3.
Analyzing the obtained results, it can be seen that the critical time decreases as the initial velocity
of the ball increases. Specifically, for an increase from v = 6 m/s to v = 9 m/s, the damage
time is reduced by approximately 30%. A further increase from v = 9 m/s to v = 12 m/s, results
in a significant reduction of approximately 85%. When the velocity increases from v = 12 m/s
to v = 15 m/s, the time decreases by around 55%. The transition from v = 15 m/s and v = 30
m/sleads to an even more pronounced reduction of approximately 90%. These results indicate
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a) b) c)

d) e)

Figure 5.8: Damage distribution on the bottom side of a plate with different initial velocities of the
ball.
a) v = 6 m/s at t = 0.668 ms, b) v = 9 m/s at t = 0.476 ms, c) v = 12 m/s at
t = 0.073 ms, d) v = 15 m/s at t = 0.034 ms, e) v = 30 m/s at t = 0.004 ms

a nonlinear relationship between impact velocity and damage duration, suggesting that higher
impact velocities lead to more abrupt structural failure.
Furthermore, examining the damage patterns reveals distinct fracture characteristics depending
on the impact velocity. At the velocity 6 m/s, the damage circle occurs on the upper side of the
plate at the area of impact of the ball with the plate, and a slightly visible circle pattern is formed in
the lower part of the plate. As the velocity increases to 9 m/s and 12 m/s, the damage becomes
more pronounced on the bottom side of the plate, forming a well-defined circular fracture from
which symmetrical radial cracks propagate outward. At the velocity 15 m/s, the damage is local-
ized in the center of the plate, forming a circle from which symmetrical radial cracks spread. The
most extreme case, corresponding to 30 m/s, demonstrates that the damage is predominantly
concentrated at the center of the bottom surface of the plate.
These observations indicate that as the impact velocity increases, the failure mode transitions
from surface indentation and minor cracking to extensive radial fracture and, eventually, localized
damage.
Expanding on the previous analysis of damage progression in the plate under impact loading
with a fixed critical bond stretch, we now explore how varying the critical bond stretch parameter
affects damage behavior for different velocities. By considering different values of sc, we can
assess its influence on the rate of damage evolution, the characteristics of crack propagation,
and the overall failure mechanisms of the plate. The simulation employs a discretization with 6
nodes through the plate thickness and a horizon size of 1.81 mm.
In the following example, we examine the influence of a layer-dependent critical bond stretch (sc)
on the damage evolution in the plate under the initial ball velocity 6 m/s. The critical bond stretch
is set to 1.0 · 10−3 for the surface nodes of the bottom layer, while it is 2.0 · 10−3 elsewhere within
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the plate. The simulation results are shown in Figure 5.9.

a) b) c)

Figure 5.9: Damage distribution on the bottom side of a plate with v = 6 m/s and sc = 1.0 ·10−3

at the surface nodes of bottom layer.
a) t = 0.009 ms, b) t = 0.156 ms, c) t = 1.153 ms

The simulation results reveal that damage initiation occurs around t = 0.009 ms. At this initial
stage, the damage remains confined to the immediate vicinity of the impact site, forming a circular
pattern that reflects the distribution of stress concentrations induced by the collision. As the
damage propagates over time, till the damage reaches 100% at t = 1.153 ms, radial cracks
begin to emerge from the initially formed damage ring, extending outward in a symmetric manner.
Concurrently, additional damage accumulates within the region enclosed by the support ring,
suggesting the influence of boundary constraints on the fracture dynamics.
Compared to the model with sc = 2.0 · 10−3 for the whole plate, the model with a lower sc value
at the bottom surface facilitates early damage initiation and forming of damage pattern over the
bottom area. However, despite the earlier damage initiation, the critical time increases in this
case. This effect can be attributed to the relatively moderate impact loading conditions, which do
not induce an immediate catastrophic failure but allow for a more gradual damage progression.
The spatial variation in sc thus introduces competition between early-stage fracture initiation and
the overall rate of damage propagation, ultimately influencing the plate’s structural response and
failure characteristics.
In the following calculation, the initial ball velocity is set to 9 m/s with the critical bond stretch
1.0 · 10−3 for the surface nodes of the bottom layer, while it is 2.0 · 10−3 elsewhere within the
plate. The simulation results are shown in Figure 5.10.
In this case, the damage initiation occurs around t = 0.005 ms. At this initial stage, the damage
is a bit more localized in the center of the plate, as in the previous case, forming a circular
pattern. As the damage propagates over time, the damage reaches 100% at t = 0.389 ms, much
faster than under 6 m/s. More radial cracks are observed that emerge from the initially formed
damage ring, extending outward in a symmetric manner. Additionally, more pronounced damage
accumulates within the region enclosed by the support ring, suggesting that faster velocity and
boundary constraints influence fracture dynamics.
Compared to the model with sc = 2.0 · 10−3 for the whole plate, the model with a lower sc value
at the bottom surface has early damage initiation and propagation of damage pattern over the
bottom area. Under the current velocity conditions, this modification reduces the critical time by
approximately 20%. This suggests that initial velocity and localized variations in the bond stretch
parameter significantly influence the rate of damage progression, potentially altering the overall
failure dynamics of the plate.
In the following examples, the effects of the initial ball velocities 12 m/s, 15 m/s and 30 m/s on
the damage progression within the plate are examined (Figure 5.11). The critical bond stretch
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a) b) c)

Figure 5.10: Damage distribution on the bottom side of a plate with v = 9m/s and sc = 1.0·10−3

at the surface nodes of bottom layer.
a) t = 0.005 ms, b) t = 0.142 ms, c) t = 0.389 ms

stays 1.0 · 10−3 for the surface nodes of the bottom layer, while it is 2.0 · 10−3 elsewhere within
the plate.

a) b) c)

Figure 5.11: Damage distribution on the bottom side of a plate with different initial velocities of
the ball.
a) v = 12 m/s at t = 0.004 ms, b) v = 15 m/s at t = 0.004 ms, c) v = 30 m/s at
t = 0.002 ms

The simulation results indicate that with this reduced critical bond stretch parameter at the bot-
tom surface, damage accumulation progresses rapidly under high-velocity impact conditions.
Notably, for the investigated high-velocity cases, the damage occurs localized at the bottom un-
der the impact area and reaches 100% within a very short time frame, suggesting that the critical
time remains approximately constant across these conditions. This observation implies that,
beyond a certain velocity threshold, the structural integrity of the plate is compromised almost
instantaneously, leading to a similar failure response regardless of further increases in impact
velocity.
Further, we will consider the cases with the effects of varying initial ball velocities with lowered
critical bond stretch 0.5 · 10−3 for the surface nodes of the bottom layer, while it is 2.0 · 10−3

elsewhere within the plate.
The first initial velocity is set to 6 m/s, and the results are shown in Figure 5.12.
The simulation results show that damage initiation occurs around t = 0.009 ms, as in the previ-
ous case with lowered critical stretch. The damage is more localized in the impact area at this
initial stage. As the damage propagates over time, till the damage reaches 100% at t = 2.3 ms,
the damage pattern spreads through the whole bottom layer area. In the model with the lowest
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a) b) c)

Figure 5.12: Damage distribution on the bottom side of a plate with v = 6m/s and sc = 0.5·10−3

at the surface nodes of bottom layer.
a) t = 0.009 ms, b) t = 0.1 ms, c) t = 2.3 ms

sc value, the critical time increases even more in this specific case than in previous cases.
The second initial velocity is set to 9 m/s, and the results are shown in Figure 5.13.

a) b)

Figure 5.13: Damage distribution on the bottom side of a plate with v = 9m/s and sc = 0.5·10−3

at the surface nodes of bottom layer.
a) t = 0.005 ms, b) t = 0.009 ms

In this case, the damage initiation is localized in the center of the plate bottom area and occurs
around t = 0.005 ms, as well as in the previous case with lowered critical stretch. The damage
reaches 100% very fast, and the damage pattern is concentrated primarily close to the impact
zone.
In the following cases, the influence of varying initial ball velocities 12 m/s, 15 m/s and 30
m/son the damage evolution within the plate is systematically examined. As anticipated, the
simulation results demonstrate that under high-velocity impact conditions, damage accumulation
progresses rapidly when a reduced critical bond stretch parameter is applied to the bottom sur-
face. This behavior is consistent with previous findings involving a lowered critical bond stretch,
reinforcing that localized reductions in material fracture resistance significantly accelerate failure
initiation and propagation.
Furthermore, a comparative analysis reveals that the critical time for complete failure exhibits a
slight reduction relative to the scenario in which the critical bond stretch was uniformly lowered
to 1.0 · 10−3 for the surface nodes of the bottom layer. This decrease in critical time suggests
that while the primary fracture characteristics remain consistent, subtle variations in the spatial
distribution of the critical bond stretch parameter can influence the temporal dynamics of damage
progression. These findings highlight the sensitivity of structural failure to variations in material
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properties and emphasize the importance of considering spatially dependent fracture criteria
when modeling impact-induced damage in brittle materials.
The summarized data is shown in Figure 5.14.
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Figure 5.14: Dependence of critical time on the initial velocity if the ball with different sc values

The results indicate that materials with lower critical bond stretch values fail more rapidly un-
der impact loading, with the difference being most pronounced at lower velocities. However, at
higher impact velocities, failure occurs almost instantaneously for all cases, suggesting a velocity
threshold beyond which material properties play a diminished role in determining failure time.
Additionally, we test the influence of the low initial ball velocity 3 m/s on the damage progression
within the plate. The analysis uses a layer-dependent critical bond stretch, considering different
values of sc to evaluate its influence on fracture initiation and propagation. The corresponding
simulation results are presented in Figure 5.15.
The results indicate that the structural response depends on the critical bond stretch distribution
at such a low impact velocity. For 2.0 · 10−3, uniformly applied to the entire plate, no damage
is observed, indicating that an initial velocity of 3 m/s is insufficient to initiate fracture. For
sc = 1.0 · 10−3, applied to the surface nodes of the bottom layer, crack initiation is detected
at the lower surface of the plate within the impact zone. However, damage evolution is limited,
reaching a maximum of 33% by 1.0 ms. The absence of further propagation suggests that the
energy dissipation mechanisms at this velocity prevent the formation of a fully developed fracture
network. For sc = 0.5·10−3, applied to the surface nodes of the bottom layer, a more pronounced
damage evolution is observed. Initial damage appears in the impact zone and subsequently
spreads along the lower surface of the plate. The damage reaches 70% by 3.4 ms, at which point
it ceases to progress further. This suggests that while material weakening facilitates increased
crack propagation, impact velocity remains a governing factor in determining whether a complete
structural failure occurs.
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a) b) c)

Figure 5.15: Damage distribution on the bottom side of a plate with v = 3 m/s and different
critical stretch values.
a) sc = 2.0 · 10−3 at t = 3.5 ms, b) sc = 1.0 · 10−3 for the surface nodes of the
bottom layer at t = 1.0 ms, c) sc = 0.5 · 10−3 for the surface nodes of the bottom
layer at t = 3.4 ms

In all cases where damage initiation occurred, fracture progression halted at a certain per-
centage, indicating that energy dissipation mechanisms dominate under low-velocity impacts,
preventing complete failure. This contrasts with high-velocity scenarios where damage rapidly
reaches 100% due to overwhelming impact forces.
These results highlight the importance of considering both material properties and loading con-
ditions when assessing the fracture behavior of brittle structures. These findings highlight the
importance of considering impact velocity and critical bond stretch when considering structures’
fracture resistance subjected to dynamic loading conditions.

5.3 Influence of initial defects (flaws) on fracture force,
damage and crack patterns

At the beginning of this chapter, the two approaches for defining critical bond stretch were in-
troduced. In the current section, the second approach will be described, returning to the model
with quasi-static loading. This approach considers sc for the initially micro-cracked model (flaws,
etc.). In numerous studies on PD fracture analysis, such as [35, 45], the following formula for sc
is commonly recommended

sc =

√
Gc

{3G+ (3/4)4[K − (5G/3)]} δ , (5.4)

where Gc is the Griffith critical energy release rate, K is fracture toughness.
To derive Equation 5.4, the work required to create a new unit surface by eliminating bond interac-
tions is calculated and equated to Gc. This approach provides a direct relationship between the
energy release rate and the critical bond stretch, enabling the determination of the critical value
of work on a bond [84] and, subsequently, the critical bond stretch. In fracture mechanics, Gc is
typically computed from the fracture toughness value KIc, which is experimentally obtained from
laboratory crack-tip opening tests conducted on homogeneous specimens containing relatively
long macroscopic cracks. For float glass, the mean fracture toughness is reported as KIc = 0.76
MPam1/2 [38]. Using this value and applying the plane stress assumption, the critical energy re-
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lease rate for float glass is estimated as Gc = 8.25 Jm2. To calculate the critical bond stretch sc,
additional material properties are incorporated, including Young’s modulus E = 70 GPa, Poisson
ratio ν = 0.22. Substituting these values into Equation 5.4, sc is expressed as a function of the
horizon size δ, reflecting the non-local interaction range in peridynamic theory. For δ = 1 mm,
the critical bond stretch is calculated as sc = 3.12 · 10−4. For a smaller horizon size of δ = 0.1
mm, sc increases to sc = 9.8 · 10−4 [53]. This demonstrates that sc is inversely proportional to
the horizon size, as a smaller δ results in fewer bonds contributing to the critical energy release,
necessitating a higher sc to match the fracture energy. These calculations illustrate the sensitivity
of the critical bond stretch to the chosen horizon size and highlight the importance of accurately
choosing sc within the peridynamic framework to ensure consistency with experimental obser-
vations and material behavior. By linking sc to fundamental material properties such as Gc and
KIc, this derivation provides a basis for determining the critical bond stretch, enabling the peri-
dynamic model to effectively capture fracture initiation and propagation in brittle materials like a
float glass.
Based on the previous discussions on the influence of critical bond stretch and its effect on
damage initiation and propagation, we would like to focus on modeling initial defects (flaws) in
the glass plate using peridynamic theory. In real-world scenarios, float glass and similar brittle
materials often contain microscopic imperfections introduced during manufacturing. These im-
perfections, referred to as defects, weaken the material’s localized regions and influence damage
initiation and evolution. To effectively capture these phenomena in the peridynamic framework,
initial defects are modeled by reducing the critical bond stretch value at specific peridynamic
nodes. The primary objective of this section is to analyze how initial flaws influence the fracture
behavior of a float glass plate under quasi-static loading conditions. By introducing defects via
reduced sc, we aim to study the impact of defect size and distribution on crack initiation and
propagation, understand how localized weakening affects the overall damage patterns and fail-
ure times, compare the behavior of flawed materials to that of defect-free models to highlight the
critical role of imperfections.
Figure 5.16 illustrates the concept of incorporating initial flaws into the peridynamic model by
reducing sc of individual or groups of nodes.

a) b)

Figure 5.16: Modeling of initial defects with Peridynamics.
a) 1 node, b) 2 nodes

In peridynamics, each node interacts with its neighbors within a defined horizon radius. This
allows for seamless modeling of discontinuities, such as cracks or defects, without additional
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criteria. By reducing sc in specific nodes, we introduce localized weakening, consistent with the
effects of imperfections in authentic materials. The number of nodes with reduced sc determines
the size and extent of the defect, allowing for the simulation of minor flaws or more extensive
regions of weakness. Weakening bonds within a defect’s horizon reflect the stress amplification
and failure mechanisms that arise from imperfections under loading.
Figure 5.16 a) shows a single peridynamic node is assigned a reduced sc value to simulate the
presence of an initial defect. The red circle denotes the horizon radius of the weakened node,
which defines the family of neighboring nodes that interact with the central defect node through
peridynamic bonds. The weakening of sc at this node results in all bonds within its horizon being
weakened proportionally, as the reduced sc applies to all the associated bonds. This simulates a
localized flaw, where the bonds are more prone to failure under applied stress. In Figure 5.16 b),
multiple nodes are designated with reduced sc values, representing a cluster of initial defects or a
more significant flaw. Each node, represented in red or blue, has its horizon radius, illustrated by
overlapping circles. When the critical bond stretch is reduced at multiple nodes, all bonds within
their respective horizons are weakened. This creates a broader weakened region, modeling the
material’s more significant imperfection or defect cluster.
We now examine the influence of a single imperfection node on the fracture behavior of a glass
plate. Figure 5.17 illustrates the simulation results for a plate with a single defect node positioned
in the bottom layer under the load ring. The critical bond stretch for this node is set to sc =
1.0 · 10−4, while the remaining nodes in the plate have a uniform sc = 2.0 · 10−3.

a) b) c)

Figure 5.17: Damage distribution on the bottom side of a plate with 1 defect node under the load
ring.
a) t = 51.9504 s, b) t = 51.9504 s +0.1 ms, c) t = 51.9504 s +0.7 ms

The damage initiates at the imperfection node with reduced sc, which is the focus point for failure.
The localized reduction in sc at the imperfection node leads to early damage initiation. The defect
acts as a stress concentrator, amplifying the local stress and causing bonds in its horizon to fail
before any other region of the plate at the initial stage of loading. The damage, starts from
51.9504 s point, quickly spreads from this node to the surrounding area, forming a localized
damage zone under the load ring. The weakening of bonds in the defect’s horizon accelerates
this initial phase of damage propagation. The damage expands significantly, reaching the region
directly under the load ring. Radial cracks spread symmetrically through the plate, emanating
from the load ring radius area and extending toward the edges of the plate, reflecting the stress
redistribution as more bonds fail within the defect’s influence radius. The damage progresses
to full failure within 0.7 ms reaching 100% damage. This underscores the importance of even a
single defect in influencing the overall failure time and pattern.
In the next case simulation (Figure 5.18), two neighboring imperfection nodes are introduced in
the bottom layer under the load ring. The sc for these nodes is set to 1.0 · 10−4, while the rest
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of the plate retains sc = 2.0 · 10−3. This adjustment creates a slightly larger defective region,
allowing us to observe the impact of multiple initial flaws on damage progression and failure
dynamics.

a) b) c)

Figure 5.18: Damage distribution on the bottom side of a plate with 2 defect nodes under the load
ring.
a) t = 51.0916 s, b) t = 51.0916 s +0.3 ms, c) t = 51.0916 s +1.5 ms

Like the single-node case, the damage starts in the imperfection nodes, forming a localized zone
under the load ring. The damage then grows outward, eventually spreading to the load ring
radius and generating radial cracks that extend through the plate. In this case, the total time to
reach 100% damage takes 1.5 ms. The critical time for this case is 2.65% shorter than in the
single-node scenario, reflecting the faster damage initiation due to the larger defective region.
The two imperfection nodes act as dual stress concentrators, amplifying local damage initiation
and propagation.
The next case describes four imperfection nodes introduced in the bottom layer under the load
ring (Figure 5.19). These nodes are arranged in a square configuration (two side-by-side and
two directly under them). As in previous cases, the critical bond stretch for these defect nodes is
set to 1.0 · 10−4, while the remaining plate maintains sc = 2.0 · 10−3.

a) b) c)

Figure 5.19: Damage distribution on the bottom side of a plate with 4 defect nodes under the load
ring.
a) t = 48.0097 s, b) t = 48.0097 s +0.3 ms, c) t = 48.0097 s +1.2 ms

Similar to the previous cases, the damage starts in the defect nodes. However, the initial damage
zone is larger and more concentrated with four imperfection nodes, leading to faster stress re-
distribution. Damage initiates within the defect nodes, forming a localized circle-shaped damage
zone under the load ring, and propagates outward, forming radial cracks that extend through the
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plate in a symmetrical pattern. The symmetry of the cracks reflects the uniform material proper-
ties outside the defect region. The time required for the plate to reach 100% damage is 1.5 ms.
The critical time is reduced by 6% compared to the two-node case. This reduction highlights the
influence of a larger defective region on accelerating damage initiation.
Now, we investigate the effects of defect location and size on the fracture behavior of the plate.
The calculations consider defects placed in three distinct locations in the bottom layer of the
plate:

• Center of the plate;

• Under the load ring;

• Out of the load ring region.

The analysis includes configurations with one, two, and four damaged nodes (nodes with reduced
sc). The results are shown for 100% damage and focus on the critical time and the corresponding
critical force needed for failure.
Figure 5.20 presents a summarised dependence of critical time and critical force on the number
of nodes (n∗) with reduced critical bond stretch (sc = 1.0 · 10−4) placed at different locations
in the bottom layer of the plate. The rest of the nodes in the plate retain a uniform critical bond
stretch of 2.0 · 10−3.

Figure 5.20: Dependence of critical time/force on the number of nodes with attached low critical
stretch bonds

The red curve corresponds to defects located at the center bottom layer of the plate. As the
number of defect nodes increases from 1 to 4, the critical time/force decreases significantly. From
a single damaged node to two nodes, the critical time is approximately 3.5% less, and from two to
four damaged nodes is around 4.3%. The resulting damage patterns are influenced by the initial
imperfections, with varying degrees of symmetry and crack propagation behavior. In the case of
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a single node located precisely at the center of the plate, damage initiation occurs at this node
and radiates symmetrically outward. The stress concentration at the central defect node triggers
bond failures within its horizon radius, forming a cross-like damage pattern. The symmetry of
the crack development is preserved due to the perfect central placement of the defect, which
ensures equal stress distribution in all directions. Radial cracks extend evenly outward from the
center, creating a balanced and predictable damage progression. For the two-node case, one
node is positioned precisely at the center of the plate, while the second node is slightly displaced.
Damage initiation still starts at the center due to the higher stress concentration at this location.
However, as the failure propagates, the symmetry of the pattern is disrupted. The displacement
of the second node introduces an asymmetry in the stress field, causing the damage to spread
unevenly. Instead of the perfectly crosswise pattern observed in the single-node case, cracks
propagate preferentially toward the direction of the displaced node. This creates a skewed or
unbalanced crack distribution that highlights the sensitivity of the damage pattern to the defect
arrangement. In the four-node case, the defective nodes are arranged around the center, forming
a square-like configuration. Damage initiation co-occurs at the defective nodes due to their equal
stress concentration. From these points, the damage propagates crosswise and symmetrically
outward. The resulting crack pattern is characterized by well-defined radial cracks that spread
evenly in all directions. The presence of multiple nodes accelerates damage initiation and stress
redistribution, leading to a broader and more uniform failure zone. The symmetrical placement
of the four nodes reinforces the balance in the crack propagation paths, preserving the overall
symmetry of the damage pattern.
The green curve shows the results for defects positioned under the load ring. The detailed de-
scription was already done above. Summarising the data, increasing the number of defective
nodes reduces the critical time/force. Compared to the center location, the reduction is less
pronounced as the stress concentration under the load ring accelerates damage initiation, mini-
mizing the additional impact of multiple defects.
The purple curve represents defects outside the load ring (the place is 5/4 radius of the load ring
from the middle of the plate). In this case, the results show no change in the critical time/force with
an increasing number of defect nodes. The location of these nodes in a lower stress region pre-
vents them from influencing the damage progression significantly, regardless of defect size. The
damage evolution for nodes placed out of the load ring exhibits distinct behaviors depending on
the number of defective nodes. While these nodes are located in low-stress regions of the plate,
their influence on the crack pattern changes as the defect size (number of nodes) increases. In
the case of a single defective node, the damage initiation is unaffected by the weakened node.
Damage initiation starts inside the load ring radius, where the stress concentration is naturally
the highest. This leads to the formation of a ring-shaped damage zone inside the load ring. From
this ring-shaped zone, radial cracks propagate symmetrically outward toward the edges of the
plate. The weak node outside the load ring does not influence the crack propagation. It remains
isolated from the primary damage zone, as the stress distribution in the out-of-load ring region
is too low to trigger further failures. For the two-node case, nodes are positioned outside the
load ring in relative nearness. Damage initiation still begins inside the load ring, where the stress
concentration is highest, leading to the formation of the ring-shaped damage zone. As the radial
cracks grow outward, one of the radial cracks intersects the position of the weakened nodes.
Unlike the single-node case, the presence of two nodes influences the crack propagation path.
One of the radial cracks passes directly through the defective nodes, integrating them into the
overall damage progression. This interaction between the radial crack and the weakened nodes
demonstrates the influence of defect size on crack path development, even in low-stress regions.
When four defective nodes are placed outside the load ring, the damage initiation and propa-
gation behavior change significantly. Unlike the previous cases, damage initiation does not start
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exclusively inside the load ring. Instead, it begins at the positions of the four defective nodes. The
stress redistribution caused by the weakened bonds at these nodes triggers early failure in the
out-of-load ring region. From the defective nodes, damage propagates inward, creating a circular
damage zone that intersects with the load ring radius. Radial cracks then extend symmetrically
outward from this circular damage zone, following the stress redistribution pattern. Multiple de-
fective nodes outside the load ring alter the standard damage progression observed in previous
cases, highlighting their influence on crack initiation and the formation of the damage zone.
The value pointed as a non-defected value in Figure 5.20 represents the critical time/force value
for the model without any defective nodes, corresponding to a pure glass configuration. For the
non-defected value, compared to defects placed at the center of the plate, under the load ring,
and out of the load ring, the results for one defective node closely aligned with the non-defected
value. This similarity indicates that defects in this region do not influence the fracture behavior.
The results slightly deviate from the non-defected value, and this discrepancy can be attributed to
numerical error, as the location of the small defect remains largely irrelevant to damage initiation
and propagation.
This analysis highlights the importance of defect size and location in determining the fracture
response of float glass. Central and load ring defects pose the most significant risk, while defects
in less stressed regions have a negligible effect. These findings further validate the peridynamic
approach for modeling realistic flaws and provide insight into the critical role of defect placement
in glass structures.
We now extend this analysis by introducing lowered critical bond stretch values for the surface
nodes of the bottom layer combined with a single defective node under the load ring. This
scenario evaluates the combined effects of surface weakening and localized defects on damage
initiation and crack propagation.
Figure 5.21 presents the simulation results for a plate with a one-node defect located under the
load ring, with sc = 1.0 · 10−4 and lowered critical bond stretch for the surface nodes of the
bottom layer, set to sc = 0.75 · 10−3, and elsewhere in the plate uniform critical bond stretch is
sc = 2.0 · 10−3.

a) b) c)

Figure 5.21: Damage distribution on the bottom side of a plate with 1 defect node under the load
ring with sc = 0.75 · 10−3 at the surface nodes of bottom layer.
a) t = 34.0 s, b) t = 34.0 s +7.7 ms, c) t = 34.0 s +8.1 ms

At the early stage, damage emerges in the damaged node. Then, the manifestation of damage
appears within the region under the load ring with the highest stress concentration. A circular
damage zone begins to form around the load ring radius, with no influence observed from the
isolated defective node itself. The circular damage zone intensifies and expands outward sym-
metrically. The influence of the reduced surface nodes becomes more apparent as the weakened
bonds facilitate faster crack progression. The single defective node under the load ring, while sig-
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nificant for initiating damage, does not alter the propagation paths of the cracks. In contrast to the
previous cases with a single defect under the load ring and no lowered surface nodes, the dam-
age patterns here exhibit radial cracks propagating through the center of the plate to its edges
when the plate reaches full damage. The defective node itself does not directly influence the
crack paths or final damage pattern, as the reduced surface nodes dominate the overall behavior
of the plate. In comparison to the model without lowered surface nodes, the damage initiation
time is significantly reduced by 34.6%. This reduction is due to the weakened bonds in the sur-
face nodes, which accelerate bond failure and damage initiation under the applied load. The time
required for the plate to reach 100% damage has increased from 0.7 ms (in the previous single-
defect node case) to 8.1 ms. This extended damage propagation time results from the reduced
surface node strength, which allows cracks to develop more gradually and uniformly across the
plate.
In the following case, we examine the influence of a four-node defect outside the load ring. The
critical bond stretch in these nodes is set to sc = 1.0 ·10−4, while the surface nodes of the bottom
layer have a lowered bond stretch of sc = 0.75 · 10−3, with sc = 2.0 · 10−3 elsewhere in the plate
(Figure 5.22).

a) b) c)

Figure 5.22: Damage distribution on the bottom side of a plate with 4 defect nodes under the load
ring with sc = 0.75 · 10−3 at the surface nodes of bottom layer.
a) t = 27.2 s, b) t = 34.0 s +7.6 ms, c) t = 34.0 s +8.5 ms

Damage initiates at the weakened nodes outside the load ring due to their significantly reduced
critical bond stretch. The location of the defect serves as a stress concentrator, triggering early
bond failures at the defective nodes despite their positioning in a relatively low-stress region. At
this stage, damage remains localized around the defective nodes, with a small circular damage
zone visible near the defect location. As the damage evolves, it propagates inward toward the
load ring radius with higher stress concentration. A ring-shaped damage zone begins to form un-
der the load ring, consistent with the typical fracture behavior observed in previous cases. Radial
cracks started to form, extending from the plate center, a circular damage zone, toward the plate
edges. The plate reaches full damage with a well-defined system of radial cracks. The presence
of the four defective nodes influences the crack path, with one of the radial cracks passing directly
through the damaged nodes, connecting the defect location to the primary crack pattern. While
the defects accelerated the damage initiation process, the propagation of radial cracks largely
follows the stress redistribution caused by the applied load. Compared to the model without re-
duced surface nodes, the damage initiation time decreases significantly by 29.2%. The reduced
surface bond stretch accelerates bond failure and triggers earlier damage initiation. The time
required for the plate to reach 100% damage increases from 1.2 ms (in the case without reduced
surface nodes) to 8.5 ms. The extended propagation time is attributed to the interaction between
the weakened surface nodes and the defect nodes, which results in a more gradual and uniform
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crack development.
This analysis highlights the combined influence of localized defects and surface weakening on the
damage behavior of the glass plate. The weakened surface layer accelerates damage initiation,
reducing the critical time. These findings emphasize the importance of considering the placement
and size of the defect and surface layer strength when evaluating the fracture behavior of brittle
materials under loading conditions.

5.4 Comparison with experimental data

The aim of this section is to compare the results of numerical analysis with experimental data
on ring bending tests published in [53]. A procedure to identify the critical bond stretch from
experimental data will be discussed. Then, different cases of damage patterns will be analyzed,
including the quasi-homogeneous plate (case 1), the plate with initial imperfection inside the load
ring radius (case 2), and the plate with initial imperfection outside the load ring radius.

5.4.1 Damage initiation modeling

The key step in PD fracture analysis is to define and calibrate the damage initiation criterion.
For the damage model applied in this work, the critical bond stretch sc must be identified from
experimental data. To estimate the value of sc, let us apply the strength distribution data from
ring bending tests.
Figures 5.23 a) and b) show the top and bottom sides of the plate subjected to double-ring
bending. The thickness distribution of the radial displacement ur in the region inside the load
ring radius is illustrated in Fig. 5.23 c). Any element of the plate face layer on the bottom side is
subjected to an equibiaxial stress state, as shown in Figure 5.23 d).
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Fig. 9. Loading configuration, strain and stress states in a plate under ring bending. (a) Top view, (b) bottom view, (c)
region inside load ring radius, (d) semi-circular surface flaw in under equibiaxial stress

The critical energy release rate Gc is computed from the fracture toughness value KIc, which
is obtained from laboratory crack-tip opening tests on homogeneous specimen with pre-cracks,
such as single-edged pre-cracked beam [42]. For float glass, with a mean value for the fracture
toughness KIc = 0.76MPa m1/2 [4] the critical energy release rate is estimated as Gc = 8.25 J/m2.

12

Figure 5.23: Loading configuration, strain and stress states in a plate under ring bending.
a) Top view, b) bottom view, c) region inside load ring radius, d) semi-circular sur-
face flaw in under equibiaxial stress

To derive Equation (5.4), the work required to create a new unit surface by removing the bond
interactions is computed using the linear peridynamic solid model. By equating this work to the
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critical energy release rate Gc, Equation (5.4) is obtained. The critical energy release rate Gc

is computed from the fracture toughness value KIc, which is obtained from laboratory crack-tip
opening tests on homogeneous specimens with pre-cracks, such as single-edged pre-cracked
beam [65]. Thus, Equation (5.4) can be applied to PD analysis of crack propagation.
As discussed in numerous studies, fracture in glass initiates from surface flaws with a length in
the micrometer range. To roughly estimate this range, assume that a semi-circular crack with the
radius acrack (shown as a in Figure 5.23 d)) is located in the tensile layer of the plate inside the
load ring radius. According to [94], the number of flaws detected on a glass plate surface usually
ranges from 1 to 8 in the area of 1 cm 2. Thus, it can be assumed that the flaws do not influence
each other. Following [87] the stress intensity factor KI for the configuration shown in Figure 5.23
d) is determined as follows

KI = 1.14
2√
π

√
aσI,

where σI = σr = σφ = σ0 is the first principal stress.
According to Kirchhoff plate theory, the part of the plate inside the load ring radius is subjected
to uniform bending with the radial Mr and circumferential Mφ bending moments given by

Mr = Mφ =
Fres

8π

[
(1− ν)

r2sr − r2lr
R2

+ 2(1 + ν) ln
rsr
rlr

]
(5.5)

The corresponding stress state at the bottom plate face, opposed to the load ring, is equibiaxial
and uniform. The maximum radial σr and circumferential σφ components of the stress tensor are

σrmax = σφmax = σmax =
3Fres

4πh2

[
(1− ν)

r2sr − r2lr
R2

+ 2(1 + ν) ln
rsr
rlr

]
(5.6)

With KIc = 0.76 MPa m 1/2 [38] and the lower and upper bounds of fracture stress from co-axial
ring bending tests σIl = 99.7 MPa and σIu = 228 MPa, see [53], the mode I fracture criterion

KI ≤ KIc

yields the flaw sizes of amin = 6.7 µm and amax = 35 µm.
For the PD analysis of crack initiation in a plate, resolving such small cracks in the numerical
model is not feasible, if not impossible. Furthermore, the length of surface flaws in float glass
is not deterministic but follows a statistical distribution due to the stochastic nature of glass pro-
duction, handling, and environmental exposure. Given the assumed distribution of flaw length,
orientation, and density, fracture mechanics criteria can be applied to individual flaws, and a
Monte Carlo simulation can be used to obtain strength distribution functions [37, 95]. Since nu-
merical PD analysis is time-consuming, Monte Carlo-type simulations of damage patterns are
currently not feasible.
An alternative approach is to estimate the mean critical bond stretch value from experimental
data.
In the elastic loading regime, the displacement vector for the configuration shown in Fig. 5.23 c)
can be expressed as a function of the radial r and the transverse z coordinates as follows
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5 Analysis of damage and crack patterns

u(r, z) = ur(r, z)er + uz(r, z)ez, (5.7)

where the unit vectors er and ez designate the radial and the lateral directions, respectively.
Following the Kirchhoff plate theory, the radial and the axial displacements are assumed as
follows

ur(r, z) = −∂uz

∂r
z, uz(r, z) ≈ uz(r), (5.8)

where uz(r) is defined by Equation (4.1).
For the elastic deformation regime, the results of PD analysis closely agree with those of the plate
theory. Therefore, the analytical solution for the displacement vector (5.7) can be used to evaluate
the maximum bond stretch. To this end, consider a bond inside the load ring radius defined by
the position vectors x = rer + zez and x′ = r′er + zez for 0 ≤ r ≤ rlr, 0 ≤ r′ ≤ rlr and for any
−h/2 ≤ z ≤ h/2. The bond vector in the reference state is in-plane, i.e., ξ = (r′ − r)er. The
corresponding bond vector in the actual configuration is

Y = u′ − u+ ξ (5.9)

The bond stretch is defined as

s =
|Y|
|ξ| − 1 (5.10)

With Equations (5.7) – (5.10) and (4.1), the maximum bond stretch value can be computed.
To derive the explicit relation for the maximum bond stretch, assume that s2 ≪ s < 1. From
Equation (5.9) it follows that

(s+ 1)2 ≈ 2s+ 1 =
|Y|2
|ξ|2 (5.11)

The bond stretch reaches its maximum value for bonds at the bottom surface of the plate, i.e., for
z = h/2. Using Equations (5.7)–(5.9) and (4.1), we obtain

Y = (r′ − r)(α− 1)er + [uz(r
′)− uz(r)]ez,

α =
3Fres

4πh2E

[
(1− ν)2

r2sr − r2lr
R2

+ 2(1− ν2) ln
rsr
rlr

]
(5.12)

From Equation (5.11), it follows that

2smax = α2 + 2α + αβ + β2, β =
uz(r

′)− uz(r)

r′ − r

Since α2 ≪ α < 1 and β2 ≪ β < 1, we obtain
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smax =
3Fres(1− ν)

4πh2E

[
(1− ν)

r2sr − r2lr
R2

+ 2(1 + ν) ln
rsr
rlr

]
(5.13)

With Equation (5.6) we obtain

smax =
1− ν

E
σmax (5.14)

We observe that for the homogeneous strain (stress) state at the bottom surface of the plate,
inside the load ring radius, the maximum bond stretch can be related either to the applied force
via Equation (5.13) or to the maximum tensile stress via Equation (5.14).
As a result, the cumulative probability of bond breakage inside the area πr2lr can be computed
as follows

P = 1− exp

[
−
(
smax

sθ

)m]
, sθ =

1− ν

E
σθ (5.15)

The mean value of the critical bond stretch is given by

s̄c = sθΓ

(
1 +

1

m

)
With E = 70 GPa, ν = 0.22, σθ = 191.7 MPa and m = 8.27 [53] we obtain s̄c = 2.015 · 10−3.
Let us compare the mean value of the critical bond stretch obtained from experimental data on
fracture strength distribution with the values predicted by Equation (5.4). According to Equation
(5.4), the critical bond stretch depends on the horizon size δ.
For example

• for δ = 2 mm, sc = 2.2 · 10−4,

• for δ = 0.1 mm, sc = 9.8 · 10−4,

• For δ = 20 µm, sc = 2.2 · 10−3

We observe that, in order to use Equation (5.4), the horizon size must be set to approximately
twice the mean length of surface flaws in the micrometer range. For the horizon size of 1.8 mm
used in the computation of the plate specimen, Equation (5.4) underestimates the critical bond
stretch by one order of magnitude. According to Equation (5.13), this would also lead to an
underestimation of the critical force by one order of magnitude.

5.4.2 Analysis of damage patterns

After validating the PD solution in the elastic regime and identifying the mean value of the critical
bond stretch, the results for damage patterns can be analyzed. In [53], numerical simulations
with different numbers of nodes and horizon sizes were performed. It was observed that as
the number of nodes increases and the horizon size decreases, damage zones become more
localized. Additionally, the time to damage initiation slightly decreases with an increase in the
number of nodes.
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5 Analysis of damage and crack patterns

The damage patterns remain qualitatively similar across all discretization cases. However, the
results presented in [53] are limited to an initially homogeneous plate and correspond only to the
case 1 damage pattern. In this study, all three cases of damage patterns are analyzed.

5.4.2.1 Quasi-homogeneous plate with mean value of critical bond stretch

Figure 5.24 illustrates the damage distribution on the bottom side of the plate, assuming a con-
stant critical bond stretch value of 2.0 · 10−3. The results are plotted for different time points.
In this case of an initially homogeneous plate, the formation of a ring-shaped damage zone, fol-
lowed by the initiation of a series of radial cracks, can be observed. This result closely matches
the findings presented in [53] for various types of node lattices and horizon sizes. Clearly, this
type of damage corresponds to case 1 damage patterns observed in experiments, as shown in
Figure 5.24 f).
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Fig. 10. Damage distribution on the bottom side of a plate without initial imperfections (case 1). (a) t =51.9806s,
(b) t =51.9809s, (c) t =51.982s, (d) t =51.9826s, (e) t =51.9832s, (f) t =51.9856s, comparison with experimental
damage pattern

the critical bond stretch at that node is set to the very low value of 10−4, and damage is initiated
after loading. Figure 12 shows the sequence of damage states at different time points. Similar to
the previous example, a non-symmetric damage pattern originating from the initial imperfection
is observed. The damage state inside and near the load ring radius corresponds to the Case 3
experimental data, as shown in Fig. 12(f).
Figure 13 provides a summary of the results for the three considered cases. The time to reach ap-
proximately the same damage state is shown in Fig. 13(a), while the corresponding force required
to reach this damage state is presented in Fig. 13(b). The highest force value is obtained for the
initially homogeneous plate (Case 1), followed by the plate with an imperfection outside the load
ring radius (Case 3). The lowest force value is observed for Case 2, where the imperfection is
located at the load ring radius. However, the difference in force values is less than 1%.
Consequently, despite the significant effect of large initial flaws on the damage pattern, they do not
lead to a notable variation in mechanical strength. This result aligns with the experimental data
shown in Fig. 2. Indeed, the scatter in the experimentally obtained critical force or critical stress
values cannot be attributed to different positions of damage initiation or types of damage patterns.
For the three cases considered, nearly the same scatter in fracture strength was observed.

7.3. Influence of the critical bond stretch value on damage pattern
The previous examples show that initial imperfections do not significantly affect the critical force
but lead to different damage patterns. In the next example, the influence of the critical bond stretch
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Figure 5.24: Damage distribution on the bottom side of a plate without initial imperfections (case
1).
a) t = 51.9806 s, b) t = 51.9809 s, c) t = 51.982 s, d) t = 51.9826 s, e)
t = 51.9832 s, f) t = 51.9856 s, comparison with experimental damage pattern
presented in [53]

5.4.2.2 Plate with initial imperfections at various locations

In the second example, a plate with an initial imperfection is considered. To model the imperfec-
tion, the bond stretch value is reduced to 10−4 at a node on the bottom side, located 9 mm (the
load ring radius) from the midpoint of the plate. Due to this very low critical bond stretch value,
damage is initiated early, and the bond family connected to that point is partially broken during
the early stage of loading.
Figure 5.25 a) shows the initial damage state, featuring a narrow damage zone near the node
with the reduced critical bond stretch. From that point, a non-symmetric damage pattern rapidly
propagates over the bottom side of the plate within the time interval 51.9606 < t < 51.9653 s,
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Fig. 11. Damage distribution on the bottom side of a plate with an initial imperfection on the load ring radius at
the bottom side (case 2). (a) t =51.9606s, (b) t =51.9609s, (c) t =51.9612s, (d) t =51.9615s, (e) t =51.9618s, (f)
t =51.9653s, comparison with experimental damage pattern

is analyzed. This key material parameter in the PD damage constitutive model can be related to the
initial distribution of microscopic flaws in glass. As shown in [7], the critical bond stretch affects
the critical force and, consequently, the strength of the glass. Indeed, a nearly linear relationship
between sc and Fc follows from Eq. (??).
To investigate the influence of the critical bond stretch on the damage pattern, simulations were
performed using the lower and upper values of sc (see Table ??). As an example, consider the
case of a plate with an initial imperfection outside the load ring radius. Figure 14 illustrates two
damage patterns corresponding to the two different values of the critical bond stretch. We observe
that the variation of the critical bond stretch value within the scatter band has a minor influence on
the damage pattern.

7.4. Plate with lower strength skin layer
For float glass plates, the strength properties of the skin layers may differ from those in the bulk.
Indeed, differences in the distribution of flaws are observed between the tin and air sides [4–7].
To numerically analyze the effect of the skin layer, we assume that a row of nodes on the bottom
surface of the plate has a critical stretch value of 7.5 ·10−5, while the remaining nodes have a value
of 2 ·10−3.
Figure 15 illustrates the damage distribution on the bottom side of a plate with a softer skin layer
at different time points. In contrast to the case of a quasi-uniform plate, a circular damage zone
forms, followed by finely distributed radial cracks. Once damage initiates at the bottom surface,
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Figure 5.25: Damage distribution on the bottom side of a plate with an initial imperfection on the
load ring radius at the bottom side (case 2).
a) t = 51.9606 s, b) t = 51.9609 s, c) t = 51.9612 s, d) t = 51.9615 s, e)
t = 51.9618 s, f) t = 51.9653 s, comparison with experimental damage pattern
presented in [53]

as shown in Fig. 5.25 b) – f). Note that, due to limitations in the applied PD damage model,
crack propagation up to the final fracture state cannot be captured accurately. As a result, the
simulation was terminated at t = 51.9653 s. Nevertheless, the final damage state, shown in
Figure 5.25 f), closely resembles the case 2 damage pattern observed in experiments.
In the following case, a plate with an initial imperfection at a node on the bottom side, located
11.25 mm (5/4 of the load ring radius) from the central point, is analyzed. As in the previous
case, the critical bond stretch at that node is set to the very low value of 10−4, and damage is
initiated after loading.
Figure 5.26 shows the sequence of damage states at different time points. Similar to the previous
example, a non-symmetric damage pattern originating from the initial imperfection is observed.
The damage state inside and near the load ring radius corresponds to the cse 3 experimental
data, as shown in Fig. 5.26 f).
Figure 5.27 provides a summary of the results for the three considered cases. The time to reach
approximately the same damage state is shown in Fig. 5.27 a), while the corresponding force
required to reach this damage state is presented in Fig. 5.27 b). The highest force value is
obtained for the initially homogeneous plate (case 1), followed by the plate with an imperfection
outside the load ring radius (case 3). The lowest force value is observed for Case 2, where the
imperfection is located at the load ring radius. However, the difference in force values is less than
1%.
Consequently, despite the significant effect of large initial flaws on the damage pattern, they do
not lead to a notable variation in mechanical strength. This result aligns with the experimental
data presented in [53]. Indeed, the scatter in the experimentally obtained critical force or critical
stress values cannot be attributed to different positions of damage initiation or types of dam-
age patterns. For the three cases considered, nearly the same scatter in fracture strength was
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Fig. 12. Damage distribution on the bottom side of a plate with an initial imperfection outside the load ring radius
at the bottom side (case 3). (a) t =51.9505s, (b) t =51.9507s, (c) t =51.9509s, (d) t =51.9513s, (e) t =51.9523s, (f)
t =51.9653s, comparison with experimental damage pattern

cracks cannot propagate into the higher-strength core. Instead, as the load increases, the damage
localizes in the skin layer, leading to a fine distribution of radial cracks.

8. Conclusions and Outlook

The aim of this study was to analyze experimental data on co-axial ring bending, to classify exper-
imentally observed damage patterns with respect to the type of the damage origin and to predict
different cases of damage initiation based on the peridynamic theory. With the experimental data
on the critical force, the critical bond stretch in the peridynamic damage model is identified. Var-
ious settings in the peridynamic model of the ring bending including the support, loading and
contact conditions as well as the discretization parameters and the horizon size were examined.
The results are verified by comparing the deflections of the plate with the corresponding classical
continuum mechanics solutions. Damage patterns in the early stages of fracture are analyzed nu-
merically and the results are compared with final fracture states from the ring bending tests. Based
on the results we may conclude as follows

• For different cases of float glass with and without initial imperfections the computed damage
patterns qualitatively agree with experimental data for most plate specimens with the tin side
subjected to tension.

• The position of the initial imperfection strongly affects the damage pattern but has a minor
influence on the critical force value.
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Figure 5.26: Damage distribution on the bottom side of a plate with an initial imperfection outside
the load ring radius at the bottom side (case 3).
a) t = 51.9505 s, b) t = 51.9507 s, c) t = 51.9509 s, d) t = 51.9513 s, e)
t = 51.9523 s, f) t = 51.9653 s, comparison with experimental damage pattern
presented in [53]

observed.
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Fig. 13. Comparison of time and force to reach final damage states for a plate without initial imperfections (case 1),
with initial imperfection on the load ring radius (case 2), and with initial imperfection outside the load ring radius
(case 3). (a) Time to final damage state, (b) Force required to reach final the damage state
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Fig. 14. Distribution of damage on the bottom side of a plate with an initial imperfection outside the load ring radius
at the bottom side for two values of critical bond stretch

• The plate skin layer with decreased strength leads to finer radial cracks distribution

• Variation of the critical bond stretch within the scatter band has a minor influence on the
damage pattern. The scatter of the critical bond stretch is related to the scatter of the critical
force data from ring bending tests.

Results of damage initiation in the float glass discussed in this study are helpful for peridynamic
analysis of glass structures. To this end the following issues should be addressed Future studies
should be related to the formulation of extended damage models as well as approaches to identify
material parameters from both damage initiation and crack propagation stages. Furthermore, layer-
wise type peridynamic plate theory should be developed to analyze glass laminates efficiently.
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Figure 5.27: Comparison of time and force to reach final damage states for a plate without initial
imperfections (case 1), with initial imperfection on the load ring radius (case 2), and
with initial imperfection outside the load ring radius (case 3).
a) time to final damage state, b) force required to reach final the damage state

5.4.2.3 Plate with lower strength skin layer

For float glass plates, the strength properties of the skin layers may differ from those in the bulk.
Indeed, differences in the distribution of flaws are observed between the tin and air sides [38, 39,
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5.5 Influence of the random distribution of defects (flaws) on fracture force, damage and crack patterns

53, 94]. To numerically analyze the effect of the skin layer, we assume that a row of nodes on the
bottom surface of the plate has a critical stretch value of 7.5 · 10−5, while the remaining nodes
have a value of 2 · 10−3.
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Fig. 15. Damage distribution on the bottom side of a plate with a softer skin layer (sc = 7.5 ·10−4) at the bottom side.
(a) t =27.2s, (b) t =34.0006s, (c) t =34.0076s, (d) t =34.0103s, (e) t =34.0104s, (f) t =34.0109s, comparison with
experimental damage pattern
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Figure 5.28: Damage distribution on the bottom side of a plate with a softer skin layer (sc =
7.5 · 10−4) at the bottom side.
a) t = 27.2 s, b) t = 34.0006 s, c) t = 34.0076 s, d) t = 34.0103 s, e) t = 34.0104
s, f) t = 34.0109 s, comparison with experimental damage pattern presented in [53]

Figure 5.28 illustrates the damage distribution on the bottom side of a plate with a softer skin
layer at different time points. In contrast to the case of a quasi-uniform plate, a circular damage
zone forms, followed by finely distributed radial cracks. Once damage initiates at the bottom
surface, cracks cannot propagate into the higher-strength core. Instead, as the load increases,
the damage localizes in the skin layer, leading to a fine distribution of radial cracks. For this
example, it can be seen that in comparison to the experiment, nearly the same fracture pattern
is observed.

5.5 Influence of the random distribution of defects (flaws) on
fracture force, damage and crack patterns

Previously, we investigated the influence of localized defects, single and multiple nodes, on dam-
age initiation, propagation, and fracture patterns under quasi-static loading conditions. We also
analyzed the role of surface weakening, defect position relative to the load ring, and their com-
bined effects. To further expand the analysis, we now examine a random distribution of defects
across the bottom layer of the float glass plate. This approach reflects a more realistic represen-
tation of manufacturing imperfections and their variability in size and position.
The primary goal of this section is to understand how the location, size, and distribution of defects
affect the damage initiation time, crack propagation, and final fracture patterns of the glass plate.
We want to consider how the presence of large and small defects inside the load ring influences
damage initiation compared to defect-free regions, how the distribution of smaller flaws affects
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5 Analysis of damage and crack patterns

the crack density and progression relative to larger flaws, and how the absence of defects inside
the load ring affect the overall damage patterns and propagation paths.
Figure 5.29 illustrates the plate lattice with random defect placement using an exponential distri-
bution of flaw sizes across the bottom layer of the float glass plate. The defects’ normal uniform
distribution through the plate’s bottom side is performed. The critical stretch is set as 1.0 · 10−4

for randomly distributed defect nodes, the surface nodes of the bottom layer are reduced by
sc = 1.5 · 10−3, and for all other nodes throughout the plate is sc = 2.0 · 10−3. The plate lattice
includes 6 nodes through the plate thickness with a horizon size of 1.81 mm.

a) b) c)

Figure 5.29: The lattice of random distribution of defects with sc = 1.0 · 10−4 on the bottom side
of a plate with sc = 1.5 · 10−3 at the surface nodes of bottom layer.
a) first case, b) second case, c) third case

The random defects vary in size and location, which allows us to explore their influence on the
damage initiation time and resulting fracture patterns.
In the first case (Figure 5.29 A), a high concentration of defects, including large and small flaws,
is observed inside the load ring radius. This distribution creates a localized region of stress
amplification where damage initiation is accelerated. The interaction between closely spaced
defects can result in early damage initiation and more rapid crack propagation, leading to a higher
density of damage patterns in the load ring area. The influence of these defects is expected to
dominate the damage behavior, as they coincide with the area of maximum stress concentration
under the applied load.
In the second case (Figure 5.29 B), the defects inside the load ring are predominantly small-
sized flaws, with larger flaws positioned outside the load ring. While the stress concentration
under the load ring still causes early damage initiation, the smaller flaws require higher localized
stress to trigger bond failure. This case offers an interesting comparison to the first case, as the
reduced flaw sizes may delay crack propagation compared to regions with larger defects. The
damage progression and crack patterns will reflect a balance between the flaw size and stress
concentration effects.
In the third case (Figure 5.29 C), no defects are present inside the load ring, and the flaws are
distributed outside the load ring radius. Damage initiation is expected to follow the standard
behavior observed in a plate with uniform material properties, with initiation occurring due to
stress concentration under the load ring. The randomly distributed flaws outside the load ring
may influence the crack propagation paths as the damage develops, but they do not alter the
initiation location. This case serves as a baseline for understanding how defect-free regions
within the load ring contrast with flawed regions in the earlier cases.
By comparing the three cases, we can determine the relative sensitivity of the fracture behavior
to defect distribution, offering a more comprehensive understanding of real-world imperfections
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in brittle materials like float glass.
Figure 5.30 illustrates the results of calculations for these three cases with damage that reached
100%.

a) b) c)

Figure 5.30: Damage distribution of random defects with sc = 1.0 · 10−4 on the bottom side of a
plate with sc = 1.5 · 10−3 at the surface nodes of bottom layer.
a) first case t = 34.51 s, b) second case t = 36.01 s, c) third case t = 37.01 s

In the first case, damage begins under the load ring area and is triggered by a large defect in
this area. The radial crack originates from the large flaw, passes through the defective nodes
under the load ring, and propagates symmetrically outward from the load ring area. The size
of the flaws plays a critical role in amplifying stress concentration. The plate reaches 100%
damage at t = 34.51 s. Compared to the flawless model with reduced bottom surface nodes, the
reduction is approximately 10.6%. The presence of a large defect near the stress concentration
zone significantly accelerates damage initiation and propagation.
In the second case, damage initiates under the load ring, but the crack originates from a medium-
sized defect located slightly next to the load ring radius. The crack propagates through the
defective nodes under the load ring and spreads outward in a radial pattern. The proximity of
the flaw to the stress concentration area influences the crack growth. The plate reaches 100%
damage at t = 36.01 s. Compared to the flawless model with reduced bottom surface nodes, the
reduction is approximately 6.7%. While the damage initiation time is shorter than in the flawless
case, the reduction is less pronounced than in the first case. This highlights that smaller flaws
are less effective in initiating rapid crack propagation.
In the third case, no flaws are present inside the load ring. Damage initiates under the load
ring due to the stress concentration caused by the applied load. The radial cracks originate
from the center of the load ring and propagate outward. The plate reaches 100% damage at
t = 37.01 s. Compared to the flawless model with reduced bottom surface nodes, the reduction
is approximately 4.1%. Unlike previous cases, the absence of flaws in the stress concentration
zone delays damage initiation and propagation. This case confirms that defect size and proximity
to stress-concentrated regions influence fracture behavior.
This analysis demonstrates that the fracture behavior of the glass plate is highly sensitive to the
size, location, and distribution of defects. Large defects in stress-concentrated areas accelerate
failure, while smaller or more distant defects have a limited influence. By considering random
defect distributions, the peridynamic model provides valuable insights into the real-world frac-
ture mechanisms of brittle materials, helping to bridge the gap between idealized and practical
scenarios.
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The mechanical behavior of laminated and monolithic glass structures under quasi-static and
dynamic loading conditions is investigated in the thesis. The influence of geometric properties,
material characteristics, and manufacturing imperfections on structural behavior was explored
using FEM and PD modeling techniques. The approach adopted in this work allowed the simu-
lation of elastic behavior and critical phenomena, such as crack initiation, propagation, and the
role of flaws in failure mechanisms under various loading conditions. This methodology estab-
lished a foundation for more accurate, physically informed models of glass structures, which are
important for ensuring reliability in engineering applications. The general information about glass
structures, their mechanical behavior, modeling approaches, the actuality, and the goals of the
thesis are given in Chapter 1.
Based on existing studies in the field of modeling such materials, it was concluded that a com-
bination of FEM and PD is necessary. In this work, FEM and PD were employed as the primary
modeling approaches. Chapter 2 presents the theoretical background for both methods, includ-
ing a description of all types of analyses.
Chapter 3 focuses on investigating the elastic behavior of monolithic glass and LG under dynamic
impact loading. The modeling process requires the reliability of computational models, so the
first part of the chapter is associated with conducting a modal pre-analysis for a glass plate to
construct an adequate FE-mesh and determine the frequency characteristics that are needed for
subsequent dynamic analysis.
The glass plate benchmark was solved in the linear transient dynamic statement. A comparison
between analytical and numerical results demonstrated a strong correlation. The visual repre-
sentation of the plate modes was provided, reinforcing the validity of both the numerical and
analytical approaches in capturing the plate’s characteristics. For modal analysis, it is recom-
mended to use 2 elements in the glass plate thickness to ensure a relatively high calculation
speed and result accuracy.
In the next benchmark, the plate under dynamic impact is under consideration. This problem
setup was selected based on the approximate analytical solution to the boundary value problem
available for such plates. The comparison between the analytical and numerical solutions for
displacements and stresses at different points of the glass plate showed strong agreement. As
a result, this model and its parameters were applied in future analyses of more complex models
and scenarios.
At the next stage, a series of calculations of the FEM model of a three-layer LG composite
with variations in the impact load rate was carried out. A significant correlation was identified
between mesh resolution and the accuracy of displacement prediction in the laminate (compared
to literature data) at higher impact velocities. Mesh refinement near the impact zone was critical
for accurately modeling displacement and stress distributions. For practical applications, using
an element size of approximately 2 elements per glass layer (5 elements per LG thickness) and
FE mesh size of 2 mm is recommended, balancing simulation accuracy and computational cost.
In the course of further research, a series of calculations of a ball impact on a laminate with vari-
ations in the loading velocities and the thickness of the PVB interlayer were carried out. Thicker
interlayers provide greater flexibility in the LG, which leads to more significant deformations than
thinner interlayers. The differences in umax between consecutive interlayer thicknesses 0.38 mm
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with 0.76 mm and 0.76 mm with 1.52 mm are consistent across all velocities, ranging between
4.5% and 5.1%. At the same time, higher stress values are observed for thinner interlayers. The
general character of the dependence of displacement on velocity for all interlayer thicknesses
corresponds to a linear law. A similar picture is observed for stresses. Based on these results,
the thickness of the PVB layer was chosen 1.52 mm.
Calculations with variation of plate curvature were also performed for the above-mentioned load-
ing velocities. During the calculations, the dependence of the displacement value on the plate
curvature parameter was obtained. With an increase in the curvature parameter, the displace-
ment values decrease. The obtained results were approximated by an exponential law. For
curvature parameter values less than 40 mm (1/8 of the plate length), the nature of the stress
distribution is close to the case of a straight plate, while large values of the curvature parameter
correspond to large stress values. With an increase in the curvature parameter to levels greater
than 40 mm, a tendency to decrease stresses and their redistribution over the plate surface
is observed. This dependence of stresses on the curvature parameter was approximated by a
third-degree polynomial law.
A modal analysis was conducted for LG plates with varying curvature. The results emphasize
the complex impact of curvature on their vibrational behavior, showing that natural frequencies
and elastic wave distributions are highly sensitive to geometric configuration. These results offer
important insights for optimizing curvature to meet specific dynamic performance criteria.
The calculations of the dependence of displacements on curvature parameter were verified with
other boundary conditions, while the nature of this dependence was preserved.
The dynamic impact response of LG plates by varying the interlayer’s elastic modulus and thick-
ness was investigated. An increased interlayer Young’s modulus significantly affects both dis-
placements and stresses within the LG. As the modulus increases, the displacement values de-
crease, indicating a stiffer response. Conversely, the first principal stress values increase with a
higher modulus, stabilizing after a certain point. Varying the interlayer thickness also influences
the impact response: thicker interlayers result in increased displacements and longer contact
times between the ball and plate. This indicates better stress distribution and energy absorption
with thicker interlayers.
In Chapter 4 the peridynamic modeling of double-ring bending for the glass plate under quasi-
static loading was described. The adequacy of the model was verified through a comparative
analysis of the results obtained from peridynamic modeling and the analytical solution of the
given problem in terms of displacements. The results showed good agreement, which made it
possible to use the model for further investigations. A similar comparison was also conducted
for various discretizations by varying the number of nodes through the plate thickness and the
horizon parameter. Based on this stage, it was concluded that imperfections in the numerical pro-
cedure may cause deviation from the analytical solution. It was also established that the results
are sensitive to the model parameters (horizon, lattice) and the density of glass. Additionally, a
comparison was made between the results obtained using PD and FEM. The outcomes of this
comparison confirm that the proposed peridynamic model can be used for further studies on
glass damage.
Chapter 5 deals with the peridynamic damage modeling in a glass plate. In the first stage,
the plate was subjected to quasi-static loading. A study was conducted on the influence of the
critical bond stretch parameter on the crack initiation time and the crack propagation pattern.
Approaches for determining this parameter were described. Based on these approaches, a
range of critical stretch values was selected for parametric studies.
In the first group of simulations, a single value of the critical stretch parameter was assigned
uniformly across the entire plate. This study showed that as the parameter value decreases,
the initiation time also decreases, with the crack initiating on the bottom surface of the glass
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plate. Overall, the crack propagation pattern initially forms a circular shape within the loading
ring, followed by radial crack growth.
The second group of simulations focused on the effect of layer-dependent critical stretch on the
initiation and critical time. The general trend of the initiation time depending on the critical stretch
value was consistent with the previous group. However, the critical time for the lowest parameter
values increased by approximately 2 times. The number of nodes through the plate thickness
was also varied in this group. An increase in the number of through-thickness nodes led to a
slight increase in the critical time.
The next stage of the work was an analysis of the glass plate under impact loading by a steel ball,
focusing on the initiation and progression of damage patterns. In this calculation, the ball’s initial
velocity and the critical stretch parameter were varied. With a 5 times increase in velocity and
a fixed critical stretch value, the critical time decreased by approximately 3 orders. The depen-
dence of the critical time on the loading velocity has a decreasing character, while the maximum
value of the critical bond stretch is close to linear, with a further decrease in the parameter of the
critical bond stretch on the lower layer of the plate, the character becomes significantly nonlinear.
Also, when the critical bond stretch parameter is reduced at the bottom surface, damage accu-
mulates quickly under high-velocity impact. Specifically, in the high-velocity scenarios studied,
the damage is highly localized beneath the impact zone and reaches 100% quickly. This indi-
cates that the critical time remains nearly constant under such conditions. The findings suggest
that once a certain impact velocity threshold is exceeded, the structural integrity of the plate fails
almost immediately, resulting in a consistent failure pattern regardless of any further increase in
velocity.
Further, the impact of defect location and size on the fracture behavior of glass plates under
quasi-static loading was under study. The simulation showed that both the location and number
of defective nodes significantly influence the critical time and fracture behavior. As defect nodes
increase, the critical time drops by 7.8%. A single central defected node caused symmetric,
cross-like crack propagation due to uniform stress distribution. Multiple central nodes accelerate
failure but preserve symmetry if placed evenly. In the case of defects location under the load
ring, Increasing defects still reduces critical time, but the effect is less pronounced than in the
center due to naturally high stress. Multiple defects add little influence beyond that the stress
concentration already induces. On the other side, when defects are located outside the load ring,
there is no change in critical time for 1− 2 nodes; these regions are under low stress. Only with
4 nodes, early damage initiates at defect locations and propagates inward, changing the typical
failure pattern. The non-defected model shows fracture behavior similar to the single-node cases
in low-stress regions, confirming their minimal impact.
Also, the combined effect of lowered critical bond stretch and local defects on fracture behavior
in a glass plate was investigated. Damage initiation starts at the defective node but quickly
shifts to the high-stress zone under the load ring. The weakened bottom surface layer plays the
dominant role in accelerating crack growth. Radial cracks emerge from the center and expand
outward symmetrically. The single defect under the load ring does not influence crack paths; the
weakened surface layer dictates the damage evolution. Compared to the model without surface
weakening, damage initiation time is reduced by 34.6%. Total damage time increases, reflecting
slower, more uniform crack growth. In the case of four defects outside the load ring, damage
initiates at defect nodes due to weakened bonds and then spreads inward. A ring-shaped zone
forms under the load ring, followed by radial crack growth. One crack intersects the defect group,
showing some influence on the crack path. Damage initiation time drops by 29.2%, while critical
time increases.
For the cases without imperfections, with defects under and outside the load ring, and with a
softer skin layer at the bottom side (7.5 · 10−4) were taking out the comparison of the results of
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numerical modeling with experimental data (taken from literature). The result of the comparative
analysis showed good agreement with the experiment.
The last step includes an investigation of the effect of randomly distributed defects on fracture
behavior. To simulate realistic manufacturing imperfections, random defects with varying sizes
were introduced across the bottom layer of a glass plate. Three scenarios were analyzed to
assess how defect size, location, and distribution affect damage initiation, crack propagation, and
fracture patterns. For defect sizes, an exponential distribution was used. The defects’ normal
uniform distribution through the plate’s bottom side is performed. Three different cases were
considered. For the case with large and small defects inside the load ring, early damage starts
at a large flaw inside the high-stress region. Also, the rapid crack propagation outward and radial
cracks form were observed. Here the critical time was t = 34.51 ms (10.6% faster than flawless
case). Another case with small flaws inside, and larger ones outside the load ring demonstrates
that damage starts near load ring at a medium-sized flaw. Furthermore, cracks propagate radially
but more slowly. The damage occurred by 6.7% faster. The last case considered no defects
inside the load ring. Damage initiated under load ring due to stress concentration. Besides radial
cracks forming from the center and external flaws slightly affect the crack path. For this case, the
critical time is t = 37.01 ms (4.1% faster). Thus, the absence of flaws in stressed zones delays
damage, large central defects significantly accelerate failure, and smaller flaws delay propagation
compared to large ones.
Based on the results of this thesis, one may conclude that the deformation and strength be-
havior of laminated and monolithic glass structures under dynamic and quasi-static loading by
employing both FEM and PD modeling approaches was investigated. The research developed
and validated accurate models for simulating elastic behavior, damage initiation, and progres-
sion. The focus was on the influence of material properties and geometric parameters on the
elastic performance of laminated glass, as well as the effect of discretization, horizon size, key
damage parameters, and flaws on damage formation, initial crack propagation, crack patterns,
and overall fracture behavior.
The following principal conclusions can be drawn from the work:

1. The ability of PD theory to take into account long-range force interactions has shown a
clear advantage over FEM in problems of modeling fracture processes, in particular, the
initiation and propagation of cracks.

2. FEM-based modeling of LG under impact loading successfully replicated elastic behavior
and was validated with analytical solutions. The models showed that mesh resolution,
ball velocity, and interlayer properties (thickness and elastic modulus) significantly affect
displacement and stress distribution. The curvature parameter also influences both modal
and dynamic responses.

3. PD models captured fracture behavior in monolithic glass, including crack initiation, propa-
gation, and the effect of geometric discretization (node density, horizon parameter). Com-
parisons with analytical and FEM results in elastic statement confirmed the robustness
of the PD approach. However, the numerical procedure (accuracy) is highly sensitive to
horizon parameter and lattice density selection.

4. The critical bond stretch parameter in PD simulations was shown to be a dominant factor
in determining both crack initiation time and critical time, observing damage patterns. Vari-
ation by layer and a whole plate of this parameter improved the failure modeling process
of glass behavior under complex loading conditions.

5. Technological imperfections (defects) significantly influence on fracture behavior, partic-
ularly, their size, number, and location relative to high-stress regions. Central or under
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ring-located defects reduced critical time and altered crack propagation, while flaws out-
side the stress zones had minimal effect unless present in large numbers or combined
with surface weakening. These findings align well with available in literature experimental
results.

6. Randomly distributed defects changed crack paths, influenced critical time, and damage
patterns. Large flaws in high-stress zones reduced failure time, while smaller flaws con-
tributed to more distributed, less aggressive damage. The statistical distribution of flaws
brought the modeling of fracture behavior closer to a more realistic scenario.

The insights and methodologies developed in this thesis provide a strong foundation for future
research and engineering application. Several promising directions emerge:

1. Fracture analysis of laminated glass structures: While this work focused on fracture be-
havior in monolithic glass panels, a crucial next step is to extend damage and fracture
modeling to laminated glass systems, where interactions between glass layers and inter-
layers during cracking play a major role.

2. Integration with probabilistic modeling tools: Based on the idea of random distribution, it is
necessary to carry out a significant number of calculations, sufficient for further statistical
analysis for enable more reliable monolithic and laminated glass structures that account
for manufacturing imperfections.
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