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1. Introduction

Let R denote a commutative ring with z = z1,..., 2, a system of elements. For an
R-module M we study generalizations of a M-regular sequence called M-pro-regular
sequence and M-weakly pro-regular sequence. To this end we denote by CV’E the Cech
complex with respect to z (see e.g. [17, 6.1]). It is a bounded complex of flat R-modules.
For an R-module M we write Cp(M) = Cp @ g M. We call H.(M) = H'(C,(M)),i € Z,
the Cech cohomology of M. Dually we look at the complgx RHomR(Cv‘g,M) in the
derived category. There is a free resolution of Cv’i by a bounded complex £, and
Hompg(L,, M) is a representative of R Homp(C,, M) (see [17] and [16]). We define
HE(M) = H;(Homg(L,, M)) = Hy(RHompg(Cy, M)),i € Z, as the Cech homology of
M. For the case of R a Noetherian ring let a = 2R then it follows that H (M) = Hi(M),
the i-th local cohomology of M with support in a. At first this was established by
Crothendieck (see [6] and [7]). Dually, for Noetherian rings R we have HZ(M) 2 A%(M),
where A%(-) denotes the left derived functors of the completion A%(-). Contributions were
done by Matlis (see [9]), Simon (see [18]), Greenlees and May (see [5]) and others.

Starting with Greenlees and May (see [5]) and Lipman et al. (see [1]) there were
extensions to non-Noetherian rings with sequences z that are called pro-regular resp.
weakly pro-regular (see below for the definitions). In particular, when z is weakly pro-
regular the isomorphisms H(M) = H:(M) and HE(M) =2 A%(M) hold for any i € Z
and any R-module M and more generally for any complex X € D(R) (see [11], [12], [14]
and [17] for more details).

In the situation of x an R-regular sequence there is a corresponding property of z
being an M-regular sequence (see e.g. [10]). This is a challenge for the study of the
relative version that x is weakly M-regular for modules instead of M = R. Namely, x is
called an M-weakly pro-regular sequence (see also [17, 7.3.1]) provided the inverse system
{Hi(g(”);M)}nzl is pro-zero for ¢ = 1,...,r, i.e. for each n there is an integer m > n
such that the natural map H;(z(™; M) — H;(z™; M) is zero. Here z(™) = 2%, ..., a"
and Hi(g(”);M ) denotes the Koszul homology. An R-weakly pro-regular sequence is
called weakly pro-regular. For a first description of M-weakly pro-regular sequences see
[15, Theorem 4.2]. Let Mz = AZ(M) denote the z-adic completion of M.

Theorem 1.1. For an R-module M and a sequence x = x1,...,x, the following is equiv-
alent:

(i) z is M-weakly pro-regular.
(ii) Cp(Hompg(M,I)) is a right resolution of Hompg(AZ(M),I) for any injective R-
module 1.
(iii) Hompg(Ly, M ®@g F) is a left resolution of A2(M ®g F) for any free R-module F.
(iv) Hompg (L, X) is a left resolution of A2(X) for X = M, M[T).
(v) Hompg(L,, M[T)) is a left resolution of AZ(MITY).
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Note that the equivalence of (i), (iii) and (iv) in the particular case of M = R was
shown by Positselski (see [12, Theorem 3.6]), that is in the case when z is R-weakly
pro-regular (or weakly pro-regular for short). Then the complexes Homp(L,, X) and
LAZ(X) are isomorphic in the derived category for all X € D(R) (see [11] generalizing
the case of bounded complexes shown in [16]). For the proof of 1.1 and the notion of
left /right resolution see the comments after 3.6.

The notion of a weakly pro-regular sequence x = z1,...,z, is defined in terms of
the Koszul homology of the whole sequence x. An M-regular sequence is defined by
the vanishing of &, M :pr a;/2, M for i =1,...,r, where z, | = x1,...,2;,-1. As a
generalization of that Greenlees and May (see [5]) resp. Lipman et al. (see [1]) invented
the notion of an M-pro-regular sequence. Note that both of the definitions are equivalent
(see [15, Proposition 2.2]). A sequence z is called M-pro-regular if the inverse system
{ggf)lM M z?/ggﬁ)lM)}nzl with multiplication by z}" is pro-zero for ¢ = 1,...,r. Note
that if x is M-regular it is also M-weakly pro-regular since ggf)lM M xl/ ggf)lM =0
(see [10, 16.1]). A characterization of pro-regular sequences in terms of Cech cohomology
is known (see [15, Theorem 3.2] and 4.4). Here there is a description in the terms of Cech
homology. See 4.5 for the following:

Theorem 1.2. Let x = x1,...,x, denote a sequence of elements of R. For an R-module
M the following conditions are equivalent:

(i) The sequence x is M -pro-regular.
(i) HY (A% (M®pF)) = A% (M®pF) and HY (A% (M &g F)) =0 fori=1,...,r
and any free R-module F.
(iii) H3' (X) = A%(X) and HY (X) =0 fori=1,...,r and X = M, M[T).
(iv) AZi-1(M][T)) is of bounded x;-torsion fori=1,...,r.

In the final section we apply the previous results to a global situation. To this end
we consider a pair (Z, z) consisting of an effective Cartier divisor Z C R and an element
z € R (see 5.1 for the definitions). We call it pro-regular whenever the inverse system
{Hi(z™; R/Z™)}n>1 is pro-zero. Then our investigations (see 5.5) yield the following:

Corollary 1.3. With the previous notation the following conditions are equivalent:

As shown in [15] this has applications to prisms in the sense of Bhatt and Scholze
(see [3]). The equivalent conditions in 1.3 are improvements of the results shown in [15,
Corollary 5.7].
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In the paper we start with recollections about inverse limits. In particular we include
a different proof of one of Emmanouil’s results (see [4]) about inverse systems needed in
the paper. In the third section we prove additional statements about weakly pro-regular
sequences, extending those known before. In section 4 we study pro-regular sequences,
continuing the results shown in [15]. Moreover, we prove a necessary and sufficient con-
dition for the isomorphism A*(AZ(M)) = A®T) (M) for an ideal Z C R and an element
x € R generalizing a result by Greenlees and May (see [5, Lemma 1.6]). Finally in sec-
tion 5 we study when a pair (Z,z) consisting of an effective Cartier divisor Z and an
element x € R is pro-regular. Finally we apply these results to prisms in the sense of [3]
generalizing partial results of [15].

In the terminology we follow that of [17]. In our approach we prefer to work in the
category of modules instead of the derived category. For that reason we use a bounded
free resolution of the Cech complex (see 3.1).

2. Recollections about inverse limits

Notation 2.1. (A) Let R denote a commutative ring. Let {M,, },>0 be an inverse system
of R-modules with ¢y, »,, : My, — M, for all m > n. Then there is an exact sequence

0 — lim M, — [] M, = ] Mo — lim*M,, — 0,
n>0 n>0

where ® denotes the transition map and ngl LM, is the first left derived functor of the
inverse limit (see e.g. [20, 3.5] or [17, 1.2.2]).

(B) Let M denote an R-module. Let T be a variable over R. In the following we use
M]|T|], the formal power series R-module over M. That is, the R-module M[|T|] consists
of all formal series >, 2;T" with z; € M for all i > 0. Correspondingly, the R-module
MIT] consists of all polynomials over M. Therefore, 3 .., 2;T* € M[T] if only finitely
many ; are non-zero. Whence there is an injection 0 — M[T] — M[|T|] of R-modules.
(C) The inverse system {M,, },>0 is called pro-zero if for each n there is an integer m > n
such that the homomorphism ¢, », : My, — M, is zero. If {M,, },,>0 is pro-zero, then it
is well known that lim M,, = liLnl M,, = 0 since ® is an isomorphism (see e.g. [17, 1.2.4]).
(D) Let {M,,}n>0 be an inverse system. Then clearly Im ¢y, »,,y € Im ¢y, , C M, for all
m’ > m > n. We say that {M, },>o satisfies the Mittag-Leffler condition if for each n
the sequence of submodules {Im ¢, ,,,|m > n} stabilizes. For instance, this holds if the
maps ¢, m, are surjective or {M, },>o is an inverse system of Artinian R-modules. It is
well-known that @1 M, = 0if {M,},>0 satisfies the Mittag-Leffler condition (see e.g.
(17, 1.2.3)).

For more details about inverse systems we refer to Jensen’s exposition in [8] and to [4].
It is remarkable that the vanishing in 2.1 (C) does not imply that {M, },>¢ is pro-zero.
To this end see the example [17, 1.2.5] or the following generalization:
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Example 2.2. Let (R, m) denote a complete local Noetherian ring with 2 € R a non-unit.
We consider the direct system {R,},>0 with R, = R and ¥y ny1 : Ry — Ry41 the
multiplication by x. Then hjg R, & R, and there is a short exact sequence

0— @nEORn — @nZORn — Ry — 0.

Now we apply Hompg(-, R) and obtain the inverse system {M,}n,>o with M, =
Hompg(R,, R) and with the multiplication M, +; — M,. By applying Homg(-, R) to
the previous short exact sequence it yields the exact sequence

0 — Hompg(Ry, R) = [[ Ma — [ Mn = Extp(Ra, R) — 0.
n>0 n>0

Since R is also 2 R-complete lim M,, = Hompg(R;, R) = 0 and liill M, = Extp(R,, R) =
0 (see [17, 3.1.10]) while the inverse system {M,, },>¢ is neither pro-zero nor satisfies the
Mittag-Leffler condition.

In the following we shall discuss necessary and sufficient conditions for an inverse
system to be pro-zero. This extends known results. We need a technical construction.

Remark 2.3. An R-module M induces a short exact sequence
0— M[T] -5 M[T] — M — 0,

where T" denote the shift operator defined by Z’;zo I — Zﬁzo 2,771, The inverse
system {M, }n>0 induces a short exact sequence of inverse systems

0 = {Mu[T]}nz0 — {Ma[T]}nz0 = {Mn}nzo — 0,

induced by the shift operator. Then we have the six-term long exact sequence associated
to the inverse limit

0 — lim M, [T] — lim M,,[T] — lim M,, — lim ' M,,[T] — lim * M,,[T] — lim *M,, — 0
— — — — — —

(see e.g. [17, 1.2.2]).

By the Example 2.2 it follows that the vanishing of lgLnl M, is necessary but not suffi-
cient for the Mittag-Leffler condition of the inverse system {M,, },>0. A characterization
of the Mittag-Leffler condition was shown by Emmanouil (see [4]). For our purposes we
recall part of Emmanouil’s result (see [4, Corollary 6]). In our argument we use a cer-
tain exact sequence (see the proof of 2.4) and modify an idea of [19, tag 0CQA] as new
ingredients.
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Lemma 2.4. Let {M,,},>0 denote an inverse system of R-modules. Then the following
conditions are equivalent:

M, }n>0 satisfies the Mittag-Leffler condition.
[ ]}n>0 satzsﬁes the Mittag-Leffler condition.
= 0 and hm M,[T] = 0.

/—"—\/—*—\

Proof. (i) = (ii): This follows since the inverse system {M,, [T },,>0 satisfies the Mittag-
Leffler condition too.

(ii) = (iv): This holds trivially.

(iii) <= (iv): This is a consequence of the six-term exact sequence in 2.3.

(ili) = (i): The injections 0 — M, [T] — M,[|T|] induce a short exact sequence of
inverse systems

0= {Mp[T]}nz0 = {Mu[|T[]}nz0 = {Mn[|T]/My[T]}n>0 — 0.
By passing to the inverse limit it provides an exact sequence
0 — lim M, [T] — lim M,,[|T|] — lim M, [|T|]/M,[T] — lim 1Mn[T].
P e e —

Now suppose that {M,},>0 does not satisfy the Mittag-Leffler condition. Then there
is an integer m such that the sequence of submodules {Im ¢, x|k > m} of M,, does
not stabilize. Whence there is an infinite sequence m = mog < my < ... < m; < ...
and elements x; € M, such that ¢, m,(zi) € My, \ Gm,m,+1(Mim,+1). Now we define
F = (fa)nz0 € [Iys0 MallTl] with fr = 37,5, 207" where we put

Zn,i =

0 else.

As easily seen fn, — ¢nnt1(fnt1) € My[T] and F defines an element
F' e l&nMnHTH/Mn[T] Suppose [ has a preimage G = (¢n)n>0 € lim M,[|T'[] with
gn = ZiZO Yn I and y,; € M, for all i > 0. We have that y,; = én.ntk(Yntk,:) for
all k,¢ > 0 and therefore y,; € ¢nntk(Mpsk). That is, Ymi € dmm,+1(Mm,+1) and
Ym,i Z Pmom, (X3) since @y m, (i) € Moy \ ¢mymi+1 (M, +1). Therefore

Jm — 9m = Z((bm,mi (zi) — ym,i)Ti & M [T]

i>0
and G can not be a preimage of I, a contradiction to the vanishing of lim M, [T). O

As a consequence of 2.4 a characterization of pro-zero inverse systems follows. The
vanishing LlEan = ELnan = 0 is not sufficient for {M,,},>1 being pro-zero (see 2.2).
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As shown next it follows by the vanishing lim M,,[T] = lim LM, [T] = 0 (see 2.5). For the
proof we modify Weibel’s argument (see the proof [20, 3.5.7]). For an R-module M and
a set S we define M%) = ©,cgM, with M, = M. Then it is clear that conditions (iii)
and (iv) hold also for the inverse system {( M) )}n>0 when they hold for {M,,},>0.

Corollary 2.5. Let {My,},>0 denote an inverse system of R-modules. Then the following
conditions are equivalent:

My }n>o is pro-zero.

[ 1}rn>0 is pro-zero.

lim =lim* M,, = 0 and lim M,, [T] = lim' M, [T] = 0.
<— — — —

(iv) lim Mn[ | =lim" M,[T] =0.
— —

Proof. (i) = (ii): Because {M, },,>0 is pro-zero this holds also for the induced inverse
system {M,[T]},>0 as easily seen.

(ii) = (iv): This is obviously true because {M,[T]},>0 is pro-zero.

(iii) <= (iv): This is a consequence of the six-term exact sequence in 2.3.

(iii) = (i): By view of 2.4 the inverse system {M,},>1 satisfies the Mittag-Leffler
condition. We define N,, = Im ¢,, ,,, where m = m(n) is choosen such that {Im ¢y, x }x>n
becomes stable. Then { N, },,>1 becomes an inverse system with surjective maps. Because
the inverse system {M,,/Ny}n>1 is pro-zero the exact sequence 0 — N,, — M, —
M,,/N,, — 0 implies lim IV,, = lim M, = 0 and therefore N, =0. O

3. Weakly pro-regular sequences

We start with a few recalls of results and definitions of [17] and [16]. As above R
denotes a commutative ring.

Notation 3.1. (A) For a system of elements z = z1,...,z, of R let CV’l denote the Cech

complex

v v v

Cp =0y, @r - @R Cy,,

where Cy, : 0 = R — R,, — 0 (see e.g. [7] or [17, 6.1]). In the following we look at
the complex R Hompg(Cy, M) for an R-module M in the derived category. By virtue
of [5] there is a finite free resolution of C,. We follow here the one £, as given in [16].
Whence Homp (L, M) is a representative of R Homg (Cy, M). Define the Cech homology
H%(M) = H™(Homp(L,, M)) and the Cech cohomology ﬁi(M) = H (L, ®r M) for
all i € Z (see [17] and [16] for more details).

(B) Let U = Uy,...,U, denote a sequence of r variables over R. For an R-module
M we denote, as above, by M[|U]|] the module of formal power series in the variables
U. Clearly M[|U|] = lim M[U]/U™ M[U], where U™ = U7, ..., U and M[U] is the
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polynomial module over M. For the sequence z = x1,...,x, we define the sequence
z—U=ux-Uy,...,z, — U,. As one of the main results of the paper [17, Section 8| the
following isomorphisms are shown

Hom p(Ly, M) = K(z — U; M[|U[]) = lim K, (z — U; M{U}/U™ M[U]),

where Ko(z — U;-) denotes the Koszul complex with respect to the sequence z — U.
Moreover there are isomorphisms

L, ©p M= K*(z - U; M[UY)) = lim K*(z — U; M[U) /U™ M[U)),

where M[U '] denotes the module of inverse polynomials and K*(z —U; ) is the Koszul
co-complex (see [16, 4.1] for all of the details).

In the following there is technical result for the computation of ﬁf(M ) and f[;_ (M)
resp.

Lemma 3.2. We fiz the notation of 3.1. Furthermore let ™ = z7, ... 2" and let

H;(z™; M) denote the Koszul homology and H*(z\™); M) the Koszul cohomology.
(a) There are isomorphisms ﬁi(M) = @Hi(g(”); M) and short exact sequences
0= lim " H 1 (2™ M) — HF (M) — lim H;(z™); M) - 0,
forallieZ.
(b) Fori > 0 we have HX(M) = 0 if and only if lim VH, 1 (2 M) = lim Hy(2™); M) =

o —
0 and Hg (M) = A2(M) if and only if lim " Hy (z™); M) = 0.

Proof. For the proof of (a) we refer to [17, 6.1.4, 8.1.7] or [16, 5.6]. Then (b) is a conse-
quence of the exact sequences in (a). O

Next we shall give a further characterization for an element x € R such that an
R-module M is of bounded z-torsion.

Definition 3.3. (A) Let M denote an R-module and = € R an element. Then M is called
of bounded z-torsion if the family of increasing submodules {0 :ps 2" },,>0 stabilizes,
that is

0: 2" =0:37 2" for all n > 0.

Note that this is equivalent to the fact that the inverse system {0 :ps 2™},>0 with the

multiplication map 0 :p; ™ 50 ‘M ™, m > n, being pro-zero.
(B) It is obvious that M is of bounded z-torsion if and only if the inverse system of Koszul
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m—n

homology modules {H;(z"; M)},>0 with the multiplication map H;(z™;M) “—
H, (z™; M) is pro-zero. With this in mind Lipman (see [2]) introduced the generalization
of a weakly pro-regular sequence for a ring R. For a generalization to an R-module M see
[17,7.3.1]. That is, a sequence z = 1, ..., z, is called M-weakly pro-regular, if for i > 0
the inverse system { H;(z(™); M)},,> is pro-zero, where H;(z™; M) — H;(z"; M), m > n,
denotes the natural map induced by the Koszul complexes. A first systematic study of
R-weakly pro-regular sequences has been done in [14].

For a characterization of M-weakly pro-regular sequences see [16]. In fact, this is an
extension of R-weakly pro-regular sequences shown in [11] which extended the results
of [14] to unbounded complexes. Here we shall prove another characterization of M-
weakly pro-regular sequences. It is a slight extension of Potsitselski’s result see [12,
Section 3]) to the case of an R-module M. As above, for an R-module M and a set
S we deﬁne M) @SESM( with My = M. Note that M[T]| = MM Moreover,
AE(M) = Mz = lim M /2™ M denotes the xR-adic completion of an R-module M.

Theorem 3.4. Let x = x1,...,x, denote a sequence of elements of R. For an R-module
M the following conditions are equivalent:

(i) z is M-weakly pro-regular.
(ii) For any set S it holds HE (M) =0 for all i > 0 and HE¥ (M) = A=(M (),
(iii) HE(M[T)) = HE(M) = 0 for all i > 0 and HE(M[T]) = A2(M[T)) and HE(M) =
AZ(M).
(iv) HEMIT]) =0 for all i > 0 and HY(M[T]) = AZ(MIT)).

Proof. (i) == (ii): It is clear that for i > 0 the inverse system {H;(z(™; M)}, is

pro-zero too. Then lim H;(z(™; M) = lim ' H;(2(™; M(9)) = 0 for i > 0 and (ii) is a
— p—

consequence of 3.2.

(ii) = (iii) = (iv): These hold obviously.

(iv) = (i): By view of 3.2 the assumptions imply that

lim H;(z™); M[T]) = lim ' H;(z"; M[T]) = 0 for i > 0.
By 2.5 this completes the proof because of H;(z(™; M[T]) = H;(z™; M)[T]. O

In the following example we show that it is not sufficient to assume S to be finite in
3.4 for the characterization of weakly pro-regular sequences (see also [15, Example 3.3]).

Example 3.5. Let R = Kk[|z|] denote the formal power series ring in the variable x over
the field k. Then define A = [], -, R/z™R. By the component wise operations A be-
comes a commutative ring. The natural map R — A,r — (r + 2"R),>1, is a ring
homomorphism with z — x := (z + 2"R),>1. As a direct product of zR-complete
modules A is an zR-complete R-module (see [17, 2.2.7]). Since R is a Noetherian
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ring x is R-weakly pro-regular and HZ(A) = H;(Hompg(L,,A)) = 0 for i > 0 and
HE(A) = Ho(Homp(L,, A)) = A. Moreover, by the change of rings there is an isomor-
phism Homp(L,, A) = Hom4(Ly, A). That is, H*(A) = 0 for i > 0 and HZ(A) = A.
Now note that A is not of bounded x-torsion as easily seen. It follows that the
equivalent conditions in 3.4 do not hold for A and A[T]. To be more precise, recall
Hy(z"A) =[];5,(z"""R/2'R) with 2°""R = R for i < n, that is

Hy(z";A) = (R/2R,...,R/a"R,xR/z" ™', ... 2" "R/z'R,...).

i<n >n

Therefore Hy(z™; A) does not stabilize under the multiplication by ™™ in Hy(z"; A).
Note that the i-component of the image of Hy(x™; A) under the multiplication by =™~ "
in Hy(z"; A) is zero for i < m —n < m and non-zero for § = m — n + 1. Whence
{H1(z™; A)}n,>1 does not satisfy the Mittag-Leffler condition. By view of 2.4 we have
lil_anl(x”;A[T}) # 0 and AZ(A[T]) = HZ(A[T]) - A®(A[T]) is not an isomorphism
(see 3.2 (a)).

As an application we have another characterization that an R-module M is of bounded
x-torsion for an element = € R. Note that (iii) in 3.6 is the analogue to 3.4 (iv).

Corollary 3.6. For an element x € R and an R-module M the following conditions are
equivalent:

(i) M is of bounded x-torsion.
(i) HE(M[T]) = H¥(M) =0 and HE(M[T)) = A*(M[T)) and HE(M) = A*(M).
(iii) liLnO MT) 2" = liLnl 0 2™ = 0.

Proof. The equivalence of the first two conditions is a particular case of 3.4. The equiv-
alence of the first and third condition is a particular case of 2.5. O

Moreover, the proof of Theorem 1.1 follows by 3.4 and [16, Proposition 5.3]. To this
end note that H*(M) = H;(Hompg(L,, M)). For an R-module X we call a complex
X :...—= X1 = Xo — 0 a left resolution whenever X. — M. A co-complex Y : 0 —
Y9 - Y1 — ... is called a right resolution of X provided X — Y.

With the previous results we have the following slight generalization of Potsitselski’s
result (see [12, Theorem 3.6]). Note that z is R-weakly pro-regular if it is R[T]-weakly
pro-regular as easily seen.

Corollary 3.7. For a sequence x = x1,...,x, of a ring R the following conditions are
equivalent:

(i) z is R-weakly pro-regular.
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(ii) Hompg(Ly, M) is a left resolution of A2(M) for any free R-module M.
(iil) Hompg(Ly, R[T)) is a left resolution of AZ(R[T]).

Remark 3.8. While the property of R-regular and M-regular sequences are quite “sym-
metric” this is not the case for the notion of weakly pro-regularity. Let z denote a
sequence of elements of R. If it is R-weakly pro-regular it follows that ]?0&(]\/! ) = AG(M)
for any R-module M (see e.g. [17, Chapter 7]). Let  be M-weakly pro-regular, then
HE(M) = AZ(M) as shown in 3.4. Note that the homomorphism AZ(M) — AZ(M) is
onto (see [17, 2.5.1]) but in general not an isomorphism (see e.g. Example 3.5).

4. Pro-regular sequences

Before we shall investigate pro-regular sequences we need technical results about
pro-zero inverse systems. To this end let M denote an R-module with {M,},>1 a
decreasing sequence of submodules of M, ie. M,y C M, for n > 1. Then M =
{M /M, }n>1 forms an inverse system with surjective maps M /M, 1 — M/M,. More-

over, let A(M) = mM/Mn For a sequence of elements x = x1,...,2, € R we
consider the induced filtration {(z(™ M, M,)},>1, where (™ = 27, ... 27 We write

AM/zM) = LiglM/(g(")M, M,,) for the inverse limit of the induced filtration. Then
there is a natural homomorphism AZ(A(M)) — A(M/zM). In the following we will
discuss when it is an isomorphism.

Lemma 4.1. With the previous notation there is a short exact sequence
0 = lim ,, lim }, Hy (2™ M/M,,) = AZ(A(M)) = A(M/zM) = 0.
Therefore A*(A(M)) = A(M/zM) if and only if lim lim J, H; (™) M/M,,) = 0.

Proof. Let m,n denote positive integers. We investigate the inverse system of Koszul
complexes {Kq(z(™; M/M,,)}m>1. For its inverse limit there are isomorphisms

limn Ko (&™), M/Myn) 2 Homp(K* ("), AM)) = Ko(2™; A(M)).

The inverse system {Kq(z(™); M/M,,)}m>1 is degree-wise surjective. Whence for its 0-th
homology there is a short exact sequence

0— liLn}nHl(g(”); M/M,,) = Hy(z™; A(M)) — @mHo(§(7l); M/M,,) —0

(see [17, 1.2.8]). Tt forms an exact sequence of inverse systems on n. By passing
to the inverse limit it provides the short exact sequence of the statement since
lim ;. lim ;. Hy (z(™); M/M,,) = 0 because of the underlying bi-countable indexed system
(see the spectral sequence in [13]). Whence the statement follows. O
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The previous result is an extension of [5, Lemma 1.6] to the case of a sequence of
elements and a more general filtration. Namely, it was shown by Greenlees and May that
the vanishing of linnlgn}nHl (x™; M/ZT™M) implies the isomorphism A®(AT(M)) =
A(I’I)(M ). By 4.1 the vanishing is also necessary for the isomorphism.

For any set S we define also A(M®)) = @M(S)/M,(LS) o @((M/Mn)(s)) For an
element = € R we put - as before -

A((M/2M)) =l M/ (@M, M) = L (M (M, M) ).

2
Moreover, we study when the inverse system {M,, :p; 2"/M, },>1 with the multiplica-
tion by z is pro-zero. That is, when for each n > 1 there is an m > n such that the
multiplication map

m—n

M, i 2™ /My, “— M, a2 /M,

is zero. This is equivalent to the inverse system {H:(z"; M/M,)},>1 being pro-zero,
where Hy(z™; M/M,,) denotes the Koszul homology of M /M,, with respect to the element
z". In other words, for each integer n > 1 there is an m > n such that M,, :py 2™ C
M,, :pr ™™, Note that, if M,, =: N for all n > 1, then {H;(2"; M/N)},>1 is pro-zero
if and only if M/N is of bounded z-torsion. With this in mind we shall continue with an
extension of 3.6.

Theorem 4.2. With the previous notation the following conditions are equivalent:

(i) The inverse system {Hl(x s M/M,)}u>1 is pro-zero.

(it) HF¥(AMD)) =0 and HF (AMS)) = A(M/zM)S) for any set S.

(iii) Condition (i) holds for S a set of a single element and S = N.

(iv) lim Hy(2";Y,) = hm Hy(z™;Y,) =0 for both Y,, = M/M,, and Y,, = M/M,[T)].
(v) hmHl(:p ;s M/M,, [ 1) = lim" Hy(z™; M/M,[T]) = 0.

Proof. (i) = (ii): We put X = M®) and X,, = (M,)®). Then it follows that
{H1(z™; X/Xp)}n>1 is pro-zero too since the Koszul homology commutes with direct
sums, therefore

lim Hy (" X/X,,) = lim "y (27 X/ X,,) = 0.
Furthermore there are isomorphisms

yLnHl(x";X/Xm)%lm Homp(R/2"R, X/ X,,) = Hy(z™; A(X))

it
m

for all n > 1. We have the bi-indexed system {H7(z™; X/X,) }n>1,m>1 and the diagonal
system {Hq(z™; X/X,,)}n>1 cofinal in it. There are the isomorphisms and the vanishing
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1

im Hy (2™ A(X)) = lmy, lim p, Hy (275 X/ X ) & lim Hy (275 X/ X,) = 0.

3

)

By virtue of Roos’ spectral sequence (see [13] or [20, 5.8.7]) there is a short exact sequence
0 > fim L Jm o H (275 X/ X,n) = lim . F (275 X/ X o)

= lim , lim 3, 7y (27 X/ X,) = 0 (#)

and a similar one with m, n reversed. This implies the vanishing lim YHy (2™ A(X)) =0

and also lim,, lim L Hy(2"; X/X,,) = 0. By view of 3.2 and 4.1 this proves the claim.
=N

(ii) = (iii): This holds trivially.

(iii) = (iv): By 3.2 the assumption implies that lim H; (z™ A(X)) = lilnl Hy(x™;

A(X)) = 0 for X = M and M[T]. Put X/X,,, = M,,. Because A(X) = lim  X/X,, and

since the inverse limit commutes (as above) with the first Koszul homology it follows

that

lim lim 7, (2" X/X,) = lim * lim 7, (2" X/ X..,) = 0. (*)

The first vanishing implies that lim H, (x™; M/M,,) = 0. In order to continue note that

the isomorphism of the assumption HF(A(X)) =2 A(X/xX) factors through

HE(A(X)) 25 AT(A(X)) 25 A(X/2X)

surjections S (see 3.2) and v (see 4.1). Whence A*(A(X)) — A(X/zX) is an isomorphism
and lim_lim} H,(z(™; M/M,,) = 0 (see 4.1). Therefore
—n

lim g, lim , Hy (275 X/ Xn) = lim , lim g, B (27 X/ X) = 0.

By Roos’ exact sequence above (see (#)) lgLnl Hiy(z™; M/M,) = 0, as required.

(iv) = (v): This is obvious.

(v) = (i): The Koszul homology commutes with direct sums. Therefore the implication
follows by virtue of 2.5. O

The implication (i) = (ii) in 4.2 is a generalization of [5, Proposition 1.7]. Further-
more, a certain generalization of bounded torsion to the study of sequences was invented
by Greenlees and May (see [5]) and Lipman et al. (see [1]), namely:

Definition 4.3. (A) Let £ = x1,...,x, denote a sequence of elements of R. For an R-
module M it is called M-pro-regular if the inverse systems with the multiplication map
by z}

{(zf, ..., xl )M g 2/ (2], xl ) MY>1, i=1,...,7,
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bl

are pro-zero. This is equivalent to saying that the inverse systems {Hl(acgn)'

M/QEZ)IM)}HE are pro-zero for i = 1,...,r. For a sequence of elements x = x1,..., 2,
we specify the subsystems z; = z1,...,z; for i =0,...,r — 1.
(B) The notion of pro-zero is equivalent to say that for ¢ = 1,...,r and any positive

integer n there is an integer m > n such that
(@, .., x )M oy 2 C (2t .zl )M oy 2"
Note that an element x € R is M-pro-regular if and only if M is of bounded z-torsion.

For a discussion of the notions of pro-regularity of Greenlees and May (see [5]) resp.
Lipman (see [1]) we refer to [15]. Moreover, it follows that an M-pro-regular sequence
is also M-weakly pro-regular (see e.g. [15, Theorem 2.4]), while the converse does not
hold (see [2]). For a homological characterization of M-pro-regular sequences in terms
of injective modules we refer to [15, Theorem 2.1]. Here we add a slight extension of [15,
Theorem 2.1].

Theorem 4.4. Let x = x1,...,x, denote an ordered sequence of elements of R. Let M
denote an R-module. Then the following conditions are equivalent.

(i) The sequence x is M-pro-regular.

ii) The sequence x is (M ®p F)-pro-regular for any flat R-module F'.

iii) ; (Pg, ,(Homp(M,I)) =0 fori=1,...,k and any injective R-module I.

iv) é (HomR(M 1)) =0 fori=1,...,k and any injective R-module I.

Proof. For the equivalence of the first three conditions we refer to [15, Theorem 2.1].
For the proof of (iii) <= (iv) we put X = Hompg(M,I) and recall the following short
exact sequence

7l r70 1
0— HL(HS (X)) —H

fori=1,...,r, (see [17, 6.1.11] or [16, 8.1 (b)]). Then note that I'y,  (X)= Hg L(X).
If (iv) holds the claim in (iii) follows easily. For the converse we have H£11 (X) =
Iﬂ(ﬁgil(X)) = 0 for i = ,7 and inductively the vanishing of ﬁl_(X) for

1,.
i=1,...,r, recall that ﬁé_il( ) 0 by the inductive step. This proves (iii). O

Recall that 4.4 provides a characterization of M-pro-regular sequences in terms of
Cech cohomology. In the following we shall prove a characterization in terms of Cech
homology. This depends upon the results of pro-zero inverse systems as shown above.

Theorem 4.5. Let x = x1,...,x, denote a sequence of elements of R. For an R-module
M the following conditions are equivalent:
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(i) The sequence z is M-pro-regular.
(i) Hy (AZi-1(M®)) =2 Azi(MS)) and HY (A%i-1(M3))) =0 fori = 1,...,7 and
any set S.
(i) HY'(A%-1(X)) = AZ(X) and HY (A%-1(X)) = 0 fori = 1,...,r and X =
M, MI[T].
(iv) HY'(X) = AZ(X) and HY (X) =0 fori=1,...,r and X = M, M[T).
(v) A%Z-1(X) is of bounded xz;-torsion for i =1,...,r and X = M, M[T)].

Proof. First note that z is M(%)-pro-regular for any set S. It turns out since R/ ggn)R
is finitely generated and HomR(R/gz(-")R, -) commutes with direct sums. Because of

zz('ﬁ)lM(S) TM(S) x?/ﬁgi)lM(S) = Hl($?§HO(L('i)1§M(S)))

forall m > 0 and i = 1,...,r, it follows that the corresponding inverse systems are
isomorphic and pro-zero. Note that Ho(ggﬁ)l;M(S)) = M(S)/ggf)lM(S). Moreover the
condition and Theorem 4.2 proves the equivalence of the first three statements.

(iii) «<=(iv): By view of [16, 8.1] there are short exact sequences

0 — Hi'(H;' (X)) = H*(X) = HY (H2' (X)) = 0 (t)
fori=1,...,7 and j = 0,1. Then the equivalence is easily seen by the exact sequences.

More precisely, (iii) = (iv) follows by increasing induction on ¢ starting at ¢ = 1. The
converse follows similarly.
(v) = (iii): The assumption in (v) implies the vanishing

lim Hy (a7 A% (X)) = lim U (a7 A% (X)) = 0.

By virtue of 3.2 it follows that Hy'(AZi-1(X)) = 0 and Hj*(AZ-1(X)) lim Ho(7;
A%i-1(X)). Now we have lim Ho(z}'; A%-1(X)) = lim  lim X/(zn, 2m X = Az(X),
which proves the claim in (iii).

(ili) ==(v): The statement yields lim H; («}'; A%-1 (X)) = lim " H; (275 A%-1(X)) = 0.
For a fixed n and j = 0,1 we have the short exact sequences

0 — lim b, Hy o (o X /2" X) — Hy(afs A% (X)) — lim o Hj (2 X /2" X) — 0.

This follows since the inverse system for 1immK.(z?;X/£l(.T1)X) = Ko(al; A%-1(X))
“—
has degree wise surjective maps. For j =1 it yields that

0 = lim ,, Hy (25 A% (X)) 2 lim , lim , Hy (273 X /2™ X) 22 lim , H (275 X /2™, X).

— i —

It remains to show the vanishing of @;Hl (', X/ gl(-r_L)lX ). First note that the above

short exact sequence for j = 1 provides that lim' lim ,,, H; (z7; X /QETI)X ) = 0. The same
—n
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sequence for j = 0 yields that lim lim L Hy(x? X/gng)X) = 0. Then the above sequence
(#) (see proof of 4.2) with m,n reversed proves the vanishing lln}LHl(xf, X/ggf)lX) =
0. O

5. A global variation

As before, let R denote a commutative ring. For an element f € R we write D(f) =
Spec R\ V(f). Note that D(f) is an open set in the Zariski topology of Spec R. For
f € R there is a natural map Spec Ry — Spec R that induces a homeomorphism between
Spec Ry and D(f). Since Spec R = UscrD(f) and since Spec R is quasi-compact there
are finitely many f1,...,f, € R such that Spec R = U]_;D(f;). Then we recall the
following definitions (see [15]).

Definition 5.1. (A) A sequence f = fi,..., f, of elements of R is called a covering
sequence if Spec R = Uj_, D(f;). This is equivalent to saying that R = fR. Moreover,
if f is a covering sequence then the natural map M — ©]_; My, is injective for any
R-module M as easily seen.

(B) An ideal Z C R is called an effective Cartier divisor if there is a covering sequence
f=/fi,..., frsuch that TRy, = x;Ry,,i = 1,...,r, for non-zerodivisors z;/1 of Ry, with
z; € R. It follows that Z C (z1,...,z,)R.

(C) Let Z denote an effective Cartier divisor and = € R. The pair (Z,x) is called pro-
regular if for any integer n there is an integer m > n such that Z™ : ™ C ZI" : g™~ ",
This is consistent with the definition in [5] (see 4.3) and is equivalent to the fact that for

m—n
x

each n there is an integer m > n such that the multiplication map Z™ :p 2™ /Z™ —
I" :g 2™ /I™ is the zero map. Moreover, the pair (Z,z) is pro-regular if and only if the
inverse system {H;(2"; R/Z™)}n>1 is pro-zero.

For the following we need a technical result about Cartier divisors and their relation
to pro-regularity.

Lemma 5.2. Let T C R be an effective Cartier divisor with the covering sequence f =
fi,..., fr such that IRy, = x;Ry,,i = 1,...,r, for non-zerodivisors x;/1 of Ry,. For an
element x € R the following conditions are equivalent:

(i) R/Z is of bounded x-torsion.

(i) Ry,/xziRy, is of bounded x/1-torsion for i =1,...,r.
) zi/1,2/1 is pro-reqular in Ry, fori=1,...,r in the sense of 4.5.
)

(Z,x) is pro-reqular in the sense of 5.1.

(ii
(iv

Proof. (i) <= (ii): For each pair of integers m > n > 1 we have the following commu-
tative diagram where the horizontal maps are injections
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T:pa™/T — @) (xRy, :r,, 2™/1)/2iRy,

1 18"/
7 ‘R $n/I — @;:1(szf7 :Rfi xn/]‘)/x’LR.ﬂ

which proves the equivalence.

(ii) <= (iii): Note that x;/1,2/1 is pro-regular if and only if Ry, /xFRy, is of bounded
x/1-torsion for all k& > 1. The equivalence follows easily: First note that z;/1 is Ry,-
regular. Then use induction on the short exact sequence

0— xi'chi/xf-i_lRfi — Rfi/xi’ﬁ_lRfi - be/fofl —0

and recall that ¥Ry, /e¥ 'Ry, = Ry, /iRy,
(iii) <= (iv): The equivalence comes out by the following modification of the above

commutative diagram

Im:ga™/I™ — @ (2" Ry, tr,, 2™ /1) /2" Ry,
L 8™/

It iga™/I" = ®j (e Ry cry, 2" /1)/2} Ry,
Recall that the horizontal maps are injective (see also [15]). O

Next we apply the previous investigations to the case when the pair (Z,z) is pro-
regular in the sense of 5.1.

Lemma 5.3. Let Z C R be an effective Cartier divisor with the covering sequence f =
fi,..., fr such that IRy, = x;Ry,,i = 1,...,r, for non-zerodivisors x;/1 of Ry,. For an
element © € R the following conditions are equivalent:

(i) R/I is of bounded x-torsion.

(i) f((R/I)[ ) = 0 and Hg ((R/T)[T]) = A*((R/T)[TY).

(i) H¥(AZ(X)) = 0 and HE(AZ(X)) = A@D(X) for X = R, R[T).
(iv) AZ(R) and AZ(R[T)) are of bounded z-torsion.

Proof. First note that by 5.2 {Hj(2™; R/Z)}n>1 is pro-zero if and only if {H;(z*;
R/T*)}1>1 is pro-zero. Then the equivalence of (i) and (ii) follows by 3.4. Moreover,
by 4.2 the pro-zero property of the second inverse system above implies the equivalence
to (iii). Finally the equivalence of (iii) and (iv) is a consequence of 4.5 and 4.1 since
liLnnliLn}nHl(:r";R/Im) =0. O

In the following we shall give a comment of the previous investigations to the recent
work of Bhatt and Scholze (see [3]) completing the results of [15]. To this end let p € N
denote a prime number and let Z, := Z, the localization at the prime ideal (p) =p €
Spec Z. In the following let R be a Z,-algebra.
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Definition 5.4. (see [3, Definition 1.1]) A prism is a pair (R,Z) consisting of a d-ring R
(see [3, Remark 1.2]) and a Cartier divisor Z on R satisfying the following two conditions.

(a) The ring R is (p,Z)-adic complete.
(b) p € T4+¢r(Z)R, where ¢ is the lift of the Frobenius on R induced by its d-structure
(see [3, Remark 1.2]).

With the previous definition there is the following application of our results.
Corollary 5.5. Let (R,Z) denote a prism. Then the following conditions are equivalent:

(i) Z is of bounded p-torsion.
The pair (Z,p) is pro-regular in the sense of 5.1.
(HomR(R/I I)) =0 for any injective R-module I.
(AZ(R®)) = APRD)(RS))) and HPF(AT(RS)) =0 for any set S.
I(R(S)) and AT(R®)) are of bounded p-torsion for any set S.
Z(R) and AT(R[T)) are of bounded p-torsion.

)
) 1
iii) H}
(iv) fvl
) A
i) A
Proof. This is a consequence of 5.2, 5.3 and 4.4. O

Note that 5.5 is an essential improvement of [15, Corollary 4.5], where it was shown
that (i) implies the equivalent conditions (ii) and (iii).
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