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1 | INTRODUCTION

Local wellposedness for a nonlinear parabolic-hyperbolic coupled system
modeling Micro-Electro-Mechanical System (MEMS) is studied. The particular
device considered is a simple capacitor with two closely separated plates,
one of which has motion modeled by a semilinear hyperbolic equation. The
gap between the plates contains a gas and the gas pressure is taken to obey
a quasilinear parabolic Reynolds’ equation. Local-in-time existence of strict
solutions of the system is shown, using well-known local-in-time existence
results for the hyperbolic equation, then Holder continuous dependence of its
solution on that of the parabolic equation, and finally getting local-in-time
existence for a combined abstract parabolic problem. Semigroup approaches are
vital for the local-in-time existence results.
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In the present paper, we study the short-time existence, uniqueness and smoothness of solutions for the coupled

parabolic-hyperbolic problem:

0
ww) _ 9 <w3ua—u) ,XEQ, t>0; (1.1a)
ot 0x 0x

*w  *w  Pr
F =gz g THhU-D xeQ 20, (1.1b)
UG, 0) = o), WEx, 0) = o), 2 (x,0) = vy(x), % € (1.1c)
u@x,t) =01, wix,t) =60,, xe o, t >0, (1.1d)

which models gas pressure and membrane position in an idealized MEMS capacitor, accounting for tension, but not
elasticity, in the moving part of the capacitor—so that it is modeled as a membrane rather than a plate.
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Here, the variables u(x, t) and w(x, t) represent gas pressure and gap width respectively, Q@ C R is an open, bounded
interval, fr, By, 61, 6, > 0 are given constants; uy = uy(x), vo = vo(x) and wy = wy(x) are given functions. We prove the
following result giving wellposedness for short time:

Theorem 1.1. Leto € (0, %), Uy € H**°(Q), vo € Hy(Q) and wy € H*(Q), compatible with the boundary conditions

and such that ug, wg > 0. Then there exists a time interval [0, T) such that the initial-boundary value problem (1.1) admits
a unique strict solution (u,w) on [0, T) and

u € C° ([0, T); L*(Q)) n C° ([0, T); H*(Q)) ,
w e C? ([0, T); L* () n C'([0, T); H'(Q)) n C ([0, T); H*(Q)) .

Remark 1.2.

(A) Note that global-in-time solutions are not necessarily expected, as quenching singularities with in}“2 w(x, t) — 0
xe

may develop as t — T. Their precise description is the subject of Gimperlein et al. [1].
(B) The Sobolev regularity of a solution w is also limited because the inhomogeneous term in (1.1b) does not vanish
at boundary 0Q of space Q. In fact, the linear wave equation,

— - — =1, (x,t) € (0,1) X (0, 00), (1.2)

o*w  *w
or? ox2

with homogeneous initial conditions w(x,0) = Z—"t"(x, 0) = 0 and homogeneous boundary condition w(0,t) =

w(l,t) = 0, t € [0,0), has a solution w(t) € H2"(0,1) for every ¢ > 0 and ¢ € [0, c0), but w(t) ¢ H>(0,1).
We thus do not expect higher integer-order Sobolev regularity for w in Theorem 1.1.

MEMS, micro-electro-mechanical systems, are small devices which combine mechanical and electrical parts and
effects, with particular examples including microphones, temperature sensors, resonators, accelerometers, data-storage
devices etc. (see, for example, previous works [2-4]). The particularly simple device considered here is an electrostati-
cally actuated MEMS capacitor (see Figure 1), having two parallel plates maintained at different, but constant, potentials.
One plate is fixed and flat, while the other, although flat at equilibrium and in the absence of an applied potential, is free
to move, but held fixed at its edges. It is also maintained at a sufficiently high constant tension for it to be regarded as a
membrane.

The two plates are close, and separated by a narrow gap, of varying width w, filled by a rarefied gas, with local pressure
u. The gas is taken to move according to Reynolds' equation, which is valid for a thin layer of viscous fluid, and behave as
an isothermal ideal gas, thus giving PDE (1.1a), under appropriate scaling. Taking the gas to move freely between the gap
and the rest of the MEMS device gives the first boundary condition (1.1d). With the flexible plate subject to sufficiently
high tension, it behaves as a membrane and we have the first two terms of (1.1b), again on scaling appropriately. Having
the membrane subject to pressure u from the gap and a constant pressure from the other side gives the last terms on the
right-hand side of (1.1b), after scaling u with that constant pressure. The remaining term of the second PDE comes from
electrostatic attraction: because the gap is narrow, the electric field is (approximately) « 1/w, giving a charge density
on the membrane « 1/w, and hence an attractive force « 1/w? (also proportional to the square of the applied voltage
difference between the membrane and the rigid plate). Holding the membrane at its edges gives the second boundary
condition of (1.1d).

Gas at constant ambient pressure

Flexible membrane

.
Gas of pressure u @as velocity g width w ®
T
Fixed ground plate B —

FIGURE1 Schematic of a simple electrostatically actuated MEMS capacitor. [Colour figure can be viewed at wileyonlinelibrary.com]
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Here, we consider the case of one spatial dimension, corresponding to an idealized prismatic device, translation-
invariant and of infinite extent in one direction. In this case, the energy space H'(Q) for the wave equation is an algebra,
simplifying the analysis of the nonlinearity.

In a companion paper [5], we consider the two-dimensional case when the tension in the flexible electrode is not
assumed to be so large. Elastic effects are then taken into account and a bi-harmonic term is additionally included in the
PDE (1.1b) for gap width w.

In another recent paper [6], we study the wellposedness of a different MEMS model, which is simpler regarding its
fluid flow: the Equation (1.1a) is replaced by a linear elliptic PDE for the gas pressure u but, like Gimperlein et al. [5],
includes a bi-harmonic term in the Equation (1.1b) for gap width w. Physically, such a simpler fluid model represents the
operation of MEMS devices having effectively incompressible fluid flow and an elastic plate. Here, the dynamics of the
gas pressure is replaced by a quasi-static approximation—applicable when the gas flow can be regarded as slow, so that,
to leading order, the pressure and density can be regarded as constant. The resulting model can be reduced to a perturbed
semilinear dispersive equation for w via standard analysis of linear elliptic equations.

In many industrial applications, the movement of the upper plate is dominated by its tension, so that elastic effects are
negligible. This approximation in the limiting case leads to a wave Equation (1.1b) for the gap width w.

The mathematical analysis of the coupled system (1.1a)-(1.1d) is studied by a delicate combination of the analytical
techniques available for the constituent equations. We here adapt the techniques from the companion paper [5]: refining
the analysis of (1.1b), reducing the coupled system to an abstract quasilinear, degenerately parabolic equation for the gas
pressure u and showing the wellposedness by analytic semigroup techniques.

In contrast to the model in the companion paper [5], the short-time existence of the coupled system (1.1a)-(1.1d) leads
to the quenching singularity of the semilinear wave equation in Gimperlein et al. [1], which motivates us to study the
local behavior of the quenching solution of the wave equation in Gimperlein et al. [1] formally.

MEMS-related models have been studied for a number of years. Most attention has been directed to models given by
a single equation but there has been some work on systems. We now review some literature which studies such models,
numerically and/or analytically, to obtain qualitative behavior.

A key steady-state model, describing the shape of the deflected elastic membrane of a canonical MEMS system,
including the steady state of the model looked at in the present paper, can be written in the dimensionless form

Aw = &,
w2

wgo = 1. (1.3)

Here, w is again the gap between the membrane and the rigid plate. This model has been extensively studied. For
example, Guo et al. [7] have shown that thereisa 0 < f; < 42i7°, where yy is the principle eigenvalue for the associated
eigenvalue problem

Ap+pudp =0, ¢loa =0,

such that (1.3) has no solutions provided fr > f;, while if fr < ;. (1.3) has a solution. Flores et al. [8] prove that (1.3)
has a maximal solution for fr < f. in dimensions N < 2.

A generalization of this problem has a membrane with a spatially varying permittivity profile, with the stationary
equation for the membrane then given by

Prf(X)

w2

Aw = , W |ag =1. (1.4)
Ghoussoub and Guo [9] show how the change of the permittivity profile f(x) affects the critical value ;.. Analytical and
numerical techniques give upper and lower bounds on ;. which depend on the permittivity profile, the nature of domain
including shape, size and dimension N of the domain. Taking fr = f, a corresponding extremal solution of (1.4) exists
if 1 < N < 7, but does not exist if N > 8.
The dynamical problem for an elastic membrane has been of much recent interest and an elastic membrane in a MEMS
capacitor has been modeled by a semilinear wave equation

2
€2M+6_W_AWI_‘BF

PR, w2 VW log = 1, (1.5)

with the first-derivative term ow/dt representing damping.
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Flores [10] obtains the “pull-in” voltage separating the regime for which the membrane can approach a steady state,
from the “touchdown” regime for which the membrane always collapses onto the rigid plate. More specifically, it is shown
that touchdown—gap width w falls to zero somewhere—must take place in finite time if fr > ;. Also, for small enough
B, depending upon the initial data (voltage is less than the “dynamic pull-in voltage”), touchdown, that is, quenching,
does not occur. A related non-local model is studied in Guo and Huang [11].

When the contribution of the inertial terms dominate, that is, €? > 1, from (1.5), we may neglect the damping term,
and rescale, to obtain the simpler hyperbolic model

o*w Br
— - Aw=——,w =1, 1.6
Y " loa 1.6)
which has been extensively studied in the literature [10, 12-15]. In particular, Kavallaris et al. [14] obtain local and
global existence results for this MEMS model. They also study the dynamical behavior of solutions and dependence
on the parameter fr. The work of Chang and Levine [12] shows that, for suitable initial data, the similar second-order
semilinear PDE
o*w Pr
— —Aw=—-——, W =1,
Y o W loe
has a weak solution w in time interval [0, T] for some T > 0, and that w can be extended to a time interval of the form
[0, T + 7] for small 7, by using an iterative scheme. Other hyperbolic MEMS equations can be seen in Miyasita [16], and
more general semilinear wave equations are looked at in Sogge's book [17].
When the damping term dominates, that is, €2 < 1, then the semilinear damped wave equation reduces to the parabolic
equation studied in Flores et al. [8]:
ow Br
— —AW=——, W =1. 1.7
m 0 loe 1.7)
In the case of two space dimensions, Flores et al. [8] prove that, for fr < f;, the solutions w of (1.7), with initial value
w = = 1, converge to the maximal steady solution w of (1.3) as ¢ — oo, while for fr > f;,, touchdown occurs. Related
non-local problems can be also found in Kavallaris et al. [18]. Guo et al. [19] took spatially varying permittivity so that (1.7)
is replaced by
ow Br f (x)
2

& Aw=-

, W =1, wl =1, 1.8
o " loc =0 (1.8)

with f(x) denoting the permittivity proflle; similar conclusions to Flores et al. [8] are obtained.

The touchdown of a highly damped membrane corresponds to the quenching of a solution to the parabolic equation,
and the quenching profile for a semilinear parabolic equation has been studied extensively in Guo [20]. Other quenching
solutions for parabolic equations can be found in previous works [21, 22], and the literature [23-25] of Kavallaris et al.
To be specific, Kavallaris [25] studies a similar case to (1.8), in which the right-hand side —fr f (x)/w? of (1.8) is replaced
by —fr|x|? /wP with specific # and p, the resulting equation has a global-in-time solution for initial data close to 1, while
quenching occurs for large fr or small initial values. Similar conclusions also hold for a non-local version of (1.8). Here,
anon-local term f(t) =1/ (1 +a fQ(l /w)dx)2 replaces the f(x) above, with « a positive constant, and models the effect of
connecting the MEMS device to a fixed capacitor as well as a constant voltage source. More details can be found in Guo
and Kavallaris [24], and Guo et al. [26]. The recent publication of Kavallaris et al. [23] generalizes the quenching solution
to a stochastic parabolic equation modeling MEMS devices with random fluctuations of the potential difference.

Recent publications on coupled systems modeling gap flow and membrane motion are less extensive, only studying the
compressible version (1.1b) of the standard nonlinear Reynolds' equation numerically, for example, in previous works
[27-31]. In particular, Bao et al. [32] study squeeze-film damping with small amplitude deflections and linearize the
nonlinear Reynolds’ Equation (1.1b) around the equilibrium position. The resulting equation is a heat equation, so that
analytical solutions are then available.

Our proof of Theorem 1.1 is outlined in Subsection 2.2. It relies on techniques for quasilinear parabolic equations
developed, for example, by Amann, Lunardi and Sinestrari [33-35]. Semigroup methods of this kind have become a
powerful tool for MEMS-related models defined by a single equation or by an elliptic-parabolic coupled system,
see previous works [36, 37] and the recent survey [38]. We here combine such parabolic techniques for the quasilinear
Reynolds' Equation (1.1a) with semigroup techniques for the semilinear hyperbolic Equation (1.1b).
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The plan of the paper is as follows: In Section 2, we introduce the relevant Sobolev spaces and some of their basic proper-
ties, we also introduce the mild solution and strict solution for the general evolution equation and their existence results,
then we discuss the steps in the proof of Theorem 1.1. In Section 3, we use a solving strategy for the system (1.1a), (1.1b)
based on decoupling the equations for the gap width w and the pressure u. We first consider the semilinear hyperbolic
Equation (1.1b) for the gap width w with an arbitrarily given pressure u and use semigroup techniques for (1.1b) to show
the local wellposedness of (1.1b). While the regularity theory of semilinear hyperbolic equations has been of much recent
interest, we here require detailed properties of the solution operator u — w(u) in order to analyze the nonlinear Reynolds'
Equation (1.1a) with abstract coefficients involving w(u). For example, we prove appropriate Holder continuity of the
solution operator u — w(u) in Section 4. In Section 5, we investigate the local wellposedness of (1.1a) for u with abstract
coefficients involving w(u) by using techniques for quasilinear parabolic equations.

1.1 | Notation

Recall that Q C R is an open and bounded subset. Denote by C = C(2) a positive constant that may vary from line to line
below but depends only on Q.

Definition 1.3. Denote by X a Banach space equipped with norm || - ||x, and setk € Nand T € (0, o). B(X) is a space
of bounded linear operators on X. In the following, we shall be particularly interested in X = L(Q), L*(Q), H k(Q), etc.
B([0, T]; X) denotes a space which consists of all measurable, almost everywhere bounded functions u : [0, T] - X,
¢t = u(t) with norm ||ul| so.r1.x) = Sup,epollu(®|lx. If X is a function space as above, we write u(f) : Q — R with
x = [u()](x) = u(x, t). The closed subspace of continuous functions is denoted by C([0, T]; X), and

X

4 ko
] _diu . d’u(t)
CH([0.T1:X) = {u 110,71 X : T e o, 71X, € 10, k]} Mllerqorio = sup D |5

1el0.T] 559

The definition extends to non-integer order k + a, @ € (0, 1), by setting

u(t+h) — u(t
C"([O, T],X) = {Ll . [0, T] - X : [u]ca([o’T];)() = sup ” ( ) " ( )”X < 00} ,
0<t<t+h<T |h’|

[l cero, 1) = Ul cqo, ) + [Wlceqo,m1x)s
k
k[0, T1; X) = {u e ([0, TI; X) : % e c*([o, T];X)} :

dku

llull cereqro. ) = el o,z + ik .

& leqo.m1x)
Note that C ([0, T]; B2 (V.,r)) = {ve C([0,T];L*(Q)) : sup,eporlv(®) = Vil < r} and C*([0,T]; B2 (V1) =
{ve ([0, TI;L*(Q)) : sup,ep.nllv®) = Ve < r} with V € L*(Q), analogously, C ([0, T];Bx (U,r)) = {ueC
ue C(0,T):X) : ulog = Ulaq, Supcjonllu®) — Ully <r} and C*([0,T];Bx (U,r)) = {u€C*([0,TL5X) : ulag
= Ulaq, Sup,eo.llu®) = Ullx < r} with U € X, where X = H(Q), H*(Q).

Let P : D(P) C X — X be an unbounded linear operator which generates an analytic semigroup e”, and define
intermediate space Dp(a, oo) as follows:

Dp(a, ) = {v € X : ||Vl = sup [P V||x < oo} )

t>0

It is a Banach space with respect to the norm [[Vlp,@e) = IIVllx + [IVlle. Its closed subspace Dp(a) =
{veX : lim_o'=*Pe”v = 0} inherits the norm of Dp(a, o).

Our main results on the wellposedness of the semilinear wave equation will be shown by constructing a Picard iteration
in the complete metric space Z(T), given by (1.9), with ¥y = vy, Wy = wy — 65,

(t) — Do
W(t) — o

=) (7 . (VO ) _ (P
Z(T) := {<W> € C ([0, TI; L*(Q) x Hy(®Y)) : <W(0)> = <W°O>  Sup. s < r}. (1.9
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2 | PRELIMINARIES AND OUTLINE

The approach in this article is functional analytic. In this section, we recall standard notions and results for abstract
evolution equations and discuss the steps in the proof of Theorem 1.1.
2.1 | Abstract evolution equations

Definition 2.1. Let & be a Banach space, A : D(A) ¢ & — X a linear, unbounded operator which generates a
strongly continuous semigroup (Co-semigroup) {T(¢) : ¢t > 0}. Further, let T € (0, 00), G € C([0, T]; ) and ®y € X .
A function @ is called a mild solution of the inhomogeneous evolution equation

D' (t) = AD) + G(1), t €[0,T], P0) = Dy, 2.1

if ® € C([0, T]; X') is given by the integral formulation
t
() = T()Dy + / T(t —s)G(s)ds, t € [0, T]. (2.2)
0

A function ® is said to be a strict solution of (2.1), if ® € C([0, T]; D(A)) n C}([0, T]; ) is given by the integral
formulation (2.2) and satisfies (2.1).

Lemma 2.2. Consider a linear operator A on a Banach space X which generates a Co-semigroup {T(¢) : t > 0},
T € (0, 00). Further, let ®y € D(A)and G € C([0, T]; X). If @ is a solution of the inhomogeneous evolution Equation (2.1)
on [0, T], then @ is given by the integral formulation (2.2).

Assume that, in addition, either G € C([0, T]; D(A)) or G € CL([0, T]; X). Then the mild solution ® on [0, T] defined
by (2.2) uniquely solves the inhomogeneous evolution Equation (2.1), and

® e C(0,TI;DANNC (0, T; ).

We refer to theorem 6.9 in Hundertmark et al. [39] for the proof of Lemma 2.2.

Lemma 2.3. Let 2 be a Banach space and ® € C([0, T]; ') be differentiable from the right with right derivative ¥ €
C(0,T);X). Then® € C1 ([0, T]; &) and @' = ¥.

We refer to lemma 8.9 in Hundertmark et al. [39] for the proof of Lemma 2.3.

2.2 | Outline of the proof of Theorem 1.1

We now outline the key steps of the main result in this article, Theorem 1.1. Instead of considering (1.1), we look for a
unique strict short-time solution (u, v, w) of the following, equivalent coupled system (2.3):

u_109 (w3ua—u> - Ku, xeQ, t>0; (2.3a)
ot  wox ox w
o o*w fr
—=— -4 pu-1),x€Q,t>0; 2.3b
ot oxz  w? Ao ) (2:30)
ow
E:v,xeg,tzo. (2.3¢)

The initial values are given by u(x, 0) = uy(x), v(x, 0) = vo(x), w(x, 0) = wy(x), x € Q, and boundary values by u(x, t) = 6;,
w(x,t) = 60,,x € 0Q,t > 0.

Section 3 shows that there exists a unique solution (v, w) of the hyperbolic sub-system (2.3b), (2.3c) for given, appro-
priately regular u, initial values v(x, 0) = vy(x), w(x,0) = wy(x), x € Q and boundary values w(x,t) = 6,,x € 0Q,t > 0.
Section 4 then establishes relevant properties of solution operators u — (v, w) = (v(u), w(u)) for short time intervals [0, T,
such as Theorem 2.4, which is a restatement of Theorem 4.1 in Section 4.

8518017 SUOWWIOD AIIa.D 8|qeo1[dde 8y A peusenob ae spiie YO ‘8sn Jo sajn. 1oy AeIq18UlUO 8|1 UO (SUORIPUOD-PUR-SLLIBY/LID™AB | 1M A1 1U1|UO//STIY) SUORIPUOD pue SWe 1 8y} 885 *[Z0z/0T/#T] Uo Alqiaulluo A8|IM ‘SEISeAIIN ByInT ule W-Yed Aq 2266'8WW/Z00T 0T/I0p/AW0D A8 | Afe.q 1 jpulUo//:SAnY Wouy pepeojumod ‘L ‘720z ‘9.yT660T



6316 GIMPERLEIN ET AL.
WILEY

Theorem 2.4. The solution operator

W o C([0, T]; By (uo, 1)) = C([0, T1; Br2(vo, 1) X Bri (W, 1))

ur W) = @w,w) =), w))

is Lipschitz continuous with respect to u, that is,
W (uy) — W(uz)||c([o,TJ;L2(Q)xH1(Q)) < Lwllu; - uz”c([o,TJ;Hz(g)),
where r > 0 is sufficiently small, Ly, > 0 is a Lipschitz constant,

Bp(V,r)={f €L : |If = Vg <r}, with Ve LX(Q),
Bx(U,r) = {f €X : floa = Uloa, IIf = Ullx <1}, where X = H'(Q), H'(Q) and U €X.
The arguments further give information about the Fréchet derivative of the solution operator W, as stated in the follow-

ing two corollaries, Corollary 2.5 and Corollary 2.6, which are the same as Corollary 4.2 and Corollary 4.3, respectively,
in Section 4, but stated differently.

Corollary 2.5. Given u € C ([0, T1; Br2(uo, r)) and small r > 0, the Fréchet derivative W' (u) of W (w),

W'(w) : C ([0, TI; H*(Q) N Hy(R)) — C ([0, T]; L*(Q) X Hy(Q)) ,
g W'wgq = (Vg wwq)

is Lipschitz continuous with respect to u, that is, for ||q||c([0’ﬂ; ma) <L

[ W' (u1)g - W,(u2)q”C([O,T];LZ(Q)le(Q)) < Lrllur = w2l (o @)-
Here, L is a Lipschitz constant.

Corollary 2.6. If r > 0 is small and given u € C* ([0, T]; By2(uo, 1)), then there exists a Lipschitz constant Ly; > 0,
such that

0<tSltlJBz<T ”[W/(M)Q](t +h) - [W’(u)q](t)”LZ(Q)XHI(Q) < haLM”quc([o,T];m(Q)) + haTLM”q||ca([o,T];H2(g))
<t<t+h<

holds for all ¢ € C*([0, T1; By (ilg, 7)), where ily = ug — 6;.

Based on these results for the solution operator u — (v,w) = (v(u), w(u)) to the hyperbolic problem, we obtain an exis-
tence result for the coupled system (1.1) in Section 5. To do so, we reformulate the system (1.1) as an abstract quasilinear
parabolic equation involving v(u) and w(u):

ou__1 9 3, U _ v
Frimiwonte (twanPu ()x> el D EQXO.T) (2.42)
u(x7 0) = uo(x)7 X € Q’ u(x, t) = 01, (x, t) € 0QQ X [0, T] (24b)

Using a contraction mapping argument, we show that the solution of (2.4) exists as long as (v(u),w(u)) €
C ([0, T1; Br2(vg, ) X Byi(wg, 1)) for small » > 0 and T > 0.
More precisely, we set it = u — 6; and consider the operator

-1 9
w(il + 61) ox

([w(a + 0P + 91)‘;—a) SLICR VP
29

F@) w(it + 61)

8518017 SUOWWIOD AIIa.D 8|qeo1[dde 8y A peusenob ae spiie YO ‘8sn Jo sajn. 1oy AeIq18UlUO 8|1 UO (SUORIPUOD-PUR-SLLIBY/LID™AB | 1M A1 1U1|UO//STIY) SUORIPUOD pue SWe 1 8y} 885 *[Z0z/0T/#T] Uo Alqiaulluo A8|IM ‘SEISeAIIN ByInT ule W-Yed Aq 2266'8WW/Z00T 0T/I0p/AW0D A8 | Afe.q 1 jpulUo//:SAnY Wouy pepeojumod ‘L ‘720z ‘9.yT660T



GIMPERLEIN ET AL. Wl L EY 6317

Theorem 2.4, Corollary 2.5 and Corollary 2.6 imply Holder estimates for the nonlinear operator F, that is, Theorem 2.7,

which slightly simplifies the statement of Lemma 5.4 in Section 5:

Theorem 2.7. Fix T > 0. If i1, ¢ € C* ([0, T]; Byz(ilg, 1)), with uy = iy + 64, then there exist constants Ly, Lg > 0, such

thatforO0<t<t+h<T,

IF@] ¢+ h) = [F@] Ol < { 8+ 01les(o ey + Lu | Lk,

|[F/@a) @+ )~ [F'@a] 6= P* (gt + 1) = q0)]

@
< h*T*Lalqll ceo 1120y + B T*LallT + 01| oo, 111200y 19| coqro. 71:22 ()
+h*Lallqllcqo.rymr@) + M Lalli + 01l cago, @) 19l cqo.rrre @)

Lemma 5.4 further specifies the dependence of L, and Lg on the given data of the problem.

The linearization P* of F around the initial condition iiyis shown to generate an analytic semigroup {e”” :

To prove the short-time existence result for the nonlinear problem (2.7), we now rewrite (2.4) in the form
w'(t) = P*u(t) + [F(@)]1(t) — P*a(t), t € (0,T), #(0) = o,

and use a fixed point argument for the nonlinear mapping I" on a suitable space, defined by

t
@) = e iy + / eI ([F(@)](s) — P*ii(s)} ds, t € [0, T).
0

(2.5)

(2.6)

(2.8)

Combining the existence and regularity results from Section 3 with the existence of a unique strict solution of (2.7), we

conclude the proof of Theorem 1.1.

3 | WELLPOSEDNESS RESULTS FOR THE HYPERBOLIC EQUATION

Let uy € H**°(Q), vy € Hé(Q) and wy € H*(Q) be given functions which are compatible with boundary conditions

Uploo = 61 and wy|sq = 6,, where o € (O, %) Setr € (O, %) with a constant C = C(2) > 0 and k = inf,cowy(x). We

introduce the state space
Z =L*(Q) X Hy(Q),

where & is endowed with the norm ||-||g- = |||l 2(q)xz (@) and the scalar product
(a,b>§r = /(11 'El + Va, - ngdx, a=(a,) e, b= (bl,bz) ex.
Q
We define an operator Ap by

D(Ap) := {(p € H\Q) : 3f € LA(Q), Vy € HX(Q), such that /V(p - Vgdx = /
Q Q

f'WdX},

Apg 1= —f, where f isgivenby D(Ap), l|@llpa,) = @@ + 1Ap@ll2q)-

(3.1)

(3.2)

(3.3)
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From elliptic regularity theory, it follows that
D(Ap) = {@ € H*(Q) : @log =0} = H*(Q) NHy(Q). ll@lpa,) = lollmq-

We also define the linear operator .4 with its domain D(A) and the graph norm of A by

A= < 9 & ) . D(A) = H\(Q) x D(Ap), (3.42)
llallpeay := llallx + [l Aallx =~ lla1llm@ + llazllr@), a = (a1,a2) € D(A). (3.4b)

Let T € (0, ) to be specified below. We now study the initial-boundary value problem for the semilinear hyperbolic
Equation (1.1b) for w for a given, fixed function u € C ([0, T1; Byz (uo, 1)), subject to initial values

w(x, 0) = wy(x), aa—‘/;)(x, 0) =v(x), x € Q, (3.5)

and Dirichlet boundary conditions
wx, t) = 03, (x,t) € 0Q %[0, T]. (3.6)

We define W(x, t) = w(x, t) — 6, with W(t) : Q - R, x — [W()](x) = W(x, t). Note that the Dirichlet boundary conditions
W, ) = 0, (x,t) € 0Q X [0, T] are incorporated in the domain of the Dirichlet realization Ap of the Laplace operator
in (3.2) and (3.3).

We now rewrite (1.1b) with (3.5) and (3.6) as the Equation (3.7) on the unknown function w:

Pr

W= AW — o

+ Bp((t) + 61 — 1), t € [0, T], W(0) = Wp, W'(0) = T, (3.7

where W' and W’ denote, respectively, the first and second derivatives of the unknown function w with respect to t € (0, T);
it = u — 0, is given in C ([0, T]; By (fip, )). Observe that

aO =Ug — 91 S H2+6(Q) N Hé(g)’ o€ (0, 1/2) , f)o =V € Hé(g), ﬂ)() =Wy — 92 (S Hz(g) N Hé(g)
For a time-dependent state ®(t) = (¢1(t), @,(t)), we write
@y = (g, Wo) € D(A) (3.8)

and consider the nonlinear operator

b -
[G(@2)](t) = —m + Bp(61 — 1), G=[C(D)] (1) = ([G (@] (1) + Bpii(1),0) . (3.9)

The existence of a unique strict solution of the Equation (3.7) is shown in Theorem 3.6, which is proved using Lemma 3.1
to Corollary 3.5. The proofs of these results, from Lemma 3.1 to Theorem 3.6, follow from adapting well-known arguments
to Equation (3.7) and are presented in Appendix B. These auxiliary results lead to the wellposedness of the semilinear
hyperbolic Equation (1.1b) subject to initial values (3.5) and boundary conditions (3.6), for a given function u.

The first Lemma gives an equivalent, abstract formulation of the problem:

Lemma 3.1. Let i € C([0, T]; Bz (@1, 1)) N C' ([0, T; L*(Q)) be given, and define A and G by (3.4) and (3.9),
respectively. The semilinear hyperbolic Equation (3.7) has a unique solution

W € C*([0, T]; LX) N C([0, T1; Hy(€)) N C([0, T1; HA(L) N Hy(Q))
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if and only if the semilinear evolution equation
' (t) = AD®) + [G(P)] (1), t €[0,T], ®(0) = Dy, (3.10)

has a unique solution

® e C([0, T]; D(A)) n CL([0, T]; X).

In this case, ® = (W, W).

We next recall that the operator A is the generator of a strongly continuous semigroup.

Lemma 3.2. Let Q be an open and bounded subset of R and X as in (3.1). Then the linear operator A defined by (3.4)
generates a Cy-semigroup {T(t) € B(Z') : t € [0,0)}.

Standard arguments imply the existence of a unique mild solution to the abstract problem from Lemma 3.1.

Theorem 3.3. Forr € <0, %) with k = infycq {Wo(x) + 0, } and a constant C = C(Q) > 0, there exists Ty > 0, such
that forall T € (0, Ty) and given it € C ([0, T1; Bz (iig, 1)), the semilinear evolution equation

v () () [GAD)I(0) + Bpi(1), 7(0) 7
<w,(t)>:A<1/~U(t)>+< 0 P ),tE[O,T], (W(0)>:<W(z)>’ (3.11)

has a unique mild solution (v, W) € C ([O, T); L2(Q) x Hé(Q)) defined by the integral formulation

~ ~ t ~ ~
(1) -mo(8)+ [ (oMo

A refined analysis establishes Holder and Lipschitz estimates in time, as stated in the following corollaries.

Corollary 3.4. Let T € (0,Ty), r € <O, %) and given it € C ([0, T1; By (fip, 1)) N CY([0, T1; L?(Q)). Then the mild solu-
tion of (3.11), ¥, W) : [0, T] —» L*(Q) x H(l)(Q), defined by the integral formulation (3.12), is locally Lipschitz continuous
with respect to t € [0, T], thatis, Vh € (0, T],

< Lyh. (3.13)
L2(Q)xH'(Q)

sup

o<tetin<t || \ W+ h) — (D)

( Bt + h) — (b >

Here, Ly is a Lipschitz constant depending on the data fr, By, To, k, &, ||Tollg2y 1Wollmi @) |(Vo, Wo)llpay Mo =

SUD; 10,00 | TO sr2 e (@y) and 18 e go,1,y.22(02))-

Corollary 3.5. If T € (0,Ty), r € (o, %) and given &t € C* ([0, T); By (fio, 1)) with @ € (0, 1), then the mild solution
of (3.11), (3,W) : [0, T] —» L3(Q) x Hg(Q), defined by the integral formulation (3.12), is locally Holder continuous with
exponent a with respect to t € [0, T, that is, for all h € (0, T},

< Lyh“. (3.14)
L2(Q)xH'(Q)

sup
0<t<t+h<T

Bt + h) — ¥(t)
< Wt + h) — W(t) >

Here, Ly is a Lipschitz constant depending on a, To, Q, By, fr, K, o2y [Wollmqy (Vo Wo)llpay and My =
SUP;ef0,00) | TON p(z2@)xi @)

We finally conclude that the mild solution from Theorem 3.3 is a strict solution:
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Theorem 3.6. For T € (0, Ty) and given it € C ([0, T]; By (i, r)) N C'([0, T1; L*(Q)), the mild solution (v, W) of (3.11),
defined by (3.12), is the strict solution of (3.11) with

(#,w) € C' ([0, T]; L*(Q) x Hy(Q)) N C ([0, T]; Hy(Q) x {H*(Q) N Hy(Q)}) .

4 | PROPERTIES OF THE SOLUTION OPERATOR TO THE HYPERBOLIC
EQUATION

Theorem 4.1. Let T, be given by Theorem 3.3 and T € (0, Ty). Then a solution operator W1,
W1 C([0, T]; By (g, 1)) — Z(T), &~ Wi(@) = (,w) = (0(@), w(it)) ,

where
~ t ~ ~
wwi@ie =10 (5 )+ [ {re-9 (1PN ) bas e o,
0

satisfies Lipschitz continuity, that is,

sup ||[[W1(@)(6) = [W1(@)IO 2@xan@) < Lw sup [t (t) — d2(0)]| ). (4.1)
t€[0.T) t€[0.T]

Here, r € (O, % ); Z(T) and G(W) are defined by (1.9) and (A9), respectively; Ly is a Lipschitz constant depending on Ty,

Mo = SUpcjo.00) I TOll 2 @xir @) &> IWolla @), & By and fr.
Furthermore, define

v
ﬂ)+92.

W, 1 C([0, T); Bypz (ito, 1)) — C ([0, T; LX(Q)) , &t

Then W, (i) also depends Lipschitz-continuously on it € C ([0, T1; By (fig, 1)), that is,

sup [[([Wa@)](®) — [W2@)I(Ol 2y < Lw, sup i1 (t) — G2 m2)- (4.2)
t€[0.T] 1€[0.T]

Here, Ly, is a Lipschitz constant depending on the above Ly, and ||Vol|12(q)-

PVOOf Let T € (0, Ty), iiy, 0, € C([O, T]; By (ao, 7’)) be such that Wh(i) = (171,1;1‘)1) e Z(T) and Wh(itp) = (172,171)2) S
Z(T), then [GaR)I(E) — [GOW)I(E) + B, [ () — Tia(£)] € H(Q) for all £ € [0, T1, and it follows that

t ~ ~ ~ ~
W1 (@@0)1(8) — [Wr@EDIO | 2 @) = / T(t - 5) ( [G(ity, W1)](s) 6 [G(iiy, W3)](s) > ds
0

L2(Q)xHY(Q)

t
<M, / [LG@DIS) = [GaWI(S) + By [1i1(5) — Ba($)]]| 2 4.3)
0

t
SMo/ [[G@DIS) = [GW)I(S) + By [#1(S) = B2 (]| 1 IS
0

where Mo = SUP;c(g o) | Tl 512 ()xm1 (@) - Since the estimate (A11) of G from Lemma A.4 and

W1 (8) = W2 (D) < <£igg B %22(3) > = [[W1@D)]1() — [Wi(@2)1(0) |l 2@)xmr )

L2(Q)xH(Q)
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where t € [0, T], we find

[[G@wDI(s) — [GOW2)I(S) + By [ (s) — az(s)]”Hl(Q)
< Lo|[IWh(@)](s) = [W1(@)1(9) | 2 @xm @) + Bpllitn (8) — 2| pz(q) VO < s <t < T.

Thus,
[[[W1(@)]() — [Wr (@) 1Dl 2 @xmn @)

t
< ToMofp S[UPT] 1221(8) — t2(O) |l 2 +M0LG/ IIWA(@)]1(s) = [W1(@2)1(5) |l r2(@)xm (@) dS.
telo, 0
According to Gronwall's inequality, we obtain

sup || [W1 (@)1 (8) — [W1(@2)] Ol zxin@ < ToMofpe™te™o sup |11 (t) — i2(t) || r2()-
t€[0,T] t€[0,T]

As a result we conclude (4.1) with Ly = ToMoﬁpeMOLGTO. Because Lg, as a Lipschitz constant, depends on «,
[[wollf1 (@), © and the coefficient fr, Ly depends on Ty, Mo, k., |[wollm1 (o), Q and the coefficients f, and fr, that is,

Lw = Ly (To. Mo, &, [wollm ) Q. By, Br) -

From the conclusion (A5) from Lemma A.3, we get that there exists a constant C = C(€) > 0, such that for all

K
re <O’E')’

for all t € [0, T]. Then for the above constant C = C(2) and all ¢t € [0, T, it follows that
I2(Q) B [-/Q

PO
W)+ 6, W)+ 6,

LS
2

’

mm+@z§wmw%z

1
2

OR0) 2

w1(t) + 6,

V1(8) — D (8)
w1 (t) + 6,

2. ~
< P 191(8) = V2Ol L2)»

and thus,

1 1 2

2
= [ [L0)P|= - =
L2(Q) ./Q ? W)+ 0, Wy(t)+ 6,

_ _ 2
= [imop IO B0l
Q [W1(8) + 02| [Wa(1) + 62|

4
s%/ﬁﬂﬁ%ﬁ%wﬂwﬂ
K" Ja

28 . .
<3 W1 (£) - Wz(t)||ioo(g)/|vz(t)|2dx
o

24C? . 2 ~ 2
< — 1W01(8) = W2 (Ol ) [ 1V2(D] dx.
Q
‘We conclude that

1210 Z103)

V1(1) — V(1) 3
W) + 60,  Wa(t) + 6,

wi(t) + 6,

ITW2@DIO) — W@ 1Ol <

L2(Q) ‘ LX(Q)

\V]

- - aCc, . N -
< =101 = V2Dl 2 + = [W1(8) = W2 Ol (@) ID2(D ] 120

o

(4.4)

\V]

- - 4C | . N -
Sﬂmm—wmh®+;ﬂMM%MMWm@W%M@+ﬂ

N A

- ~ 4C | _ - K
< 215100 = 20l + g 1910 = 2Ol (ollzey + 55 )

o

Setting Ly, = Ly - max {2x ™1, 4Cx 2 (||Vll 2 + ¥(2C)™!) }, where Ly, depends on the above Ly and ||Tol| 2
and using the estimates (4.1) and (4.4), (4.2) is obtained. O
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4.1 | Analysis of Fréchet derivative

Recall thatu = i+ 61,v =9, w = W+ 6,. For T € (0, Ty), a solution operator to the integral formulation (3.12) is given by

W o C([0, T]; Byz(uo, 1)) = C([0, T1; Br2(vo, 1) X Byr (W, 1)),

(4.5a)
u- W = @,w) = ©wu),wu)),
where
t
(W] (t) = < 6?2 > + T(t) <Wovf " > + / {T(t —5) ( [G(w - 92)](3)(;’ Pp(u(s) = 01) > } ds. (4.5b)
0

We recall that W satisfies the Lipschitz estimate

sup [[[W(u)1(®) — WOl @xen@) < Lw sup |[ui(t) — u2()ll 2 ) (4.6)
te[0,T] te[0.T]

where Ly is a Lipschitz constant depending on Ty, My, &, ||[wollm2@), Q. fp, r-
Let h € R be small such that u+hq € C ([0, T); By=(uo, 1)) for all g € C([0, To); H*(Q) N H}(R)), then from the definition
of the Fréchet derivative W’ (u) of W(u) on u,

W'(wq = }lii% % [W(u+hg) — W), 4.7
W’ (u) is an operator defined by
W'(w) : C ([0, TI; H*(Q) N Hy()) — C ([0, T]; L*(Q) X Hy(Q)) , (4.82)
with
g Wwaq = (Vg wwyq). (4.8b)

Inequality (4.6) implies the Fréchet derivative W’ (i) of W(u) on u uniformly exists and

Sup ”[W/(U)Q](t)”Lz(g)le(Q) S LW Sup ”q(t)”H2(§2)7 (493.)
te(0,T] te[0,T]

S[l(l)pT] (W @)l O|| 2 @pen ) < Lws Yq € C ([0, T1; B2(0, 1)) (4.9b)
telo,

Corollary 4.2. Fix T € (0, Ty). Forany q € C ([0, T]; By2(0, 1)) and uy, u, € C ([0, T]; Bg2(uo, 1)), the Fréchet derivative
W'(u) of W(u) satisfies

sup ”[W,(ul)q](t) - [W,(MZ)Q](t)“Lz(g)le(Q) <Lp sup ”ul(t) - u2(t)“H2(Q)7 (410)
te[0,T] t€[0,T]

where L is a Lipschitz constant depending on Ty, Q, f, fr, Mo, &, ||[wollm @) and |[vollz2)-
Proof. According to Lemma 3.2, the linear operator .4 generates a Cp-semigroup
_ [ Tu(®) T2(0) 2 1 .
{T(t) = < To(t) Tt ) € B (L*(Q) x Hy(Q)) : t€[0,00) p.

As [G(w = 0)](5) + Bp(u(s) — 61) = —Pr[w(s)] % + Pp(u(s) — 1), the integral formulation (4.5b) implies the second
component w of vector function W(u) = (v, w) = (v(u), w(u)) can be given by
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t
w(t) = [ww)] () = 02 + T (H)vo + Toa(t) (Wo — 62) + / Tt =) (ﬂp(M(S) -D- ﬁ—F2> ds.
0 W)I*(s)

Using this equality and the definitions (4.7)-(4.8) of the Fréchet derivative W/(u) = (v’ w),w (u)), the Fréchet
derivative w'(u) of w(u) on u, the second component of the Fréchet derivative W’ (u), satisfies

w'(w) : C ([0, T]; H*(€) N Hy(Q)) — C ([0, T]; H*(Q) N Hy(X)), (4.11a)
with

(4.11b)

, ¢ W (w)q](s)
R R

We shall show that there exists a positive Lipschitz constant Lg,, which depends on Ty, Mo, «, [[wo ||z @), 2, fp, and
Pr, such that

sup ||[w'(u1)ql(t) — W u2)q1(Ollm@) < Lr, sup [[ur(t) — uz(0)ll pze)- (4.12)
t€10,T] t€10,T]

We let uy, u, € C ([0, T]; By2(ug, 1)) be such that the functions (vi, w;) = (W(uq), w(up)) and (vo, wy) = (W(uy), w(u,))
belong to C ([0, T1; Bz2(vo, ) X B (W, r)). From the definitions (4.7) and (4.8) of Fréchet derivative W’ (u),

W' (u)g = (V(u1)g.w'(uy)q) € C ([0, T]: LA(Q) x Hy(Q)) ,
W' (uz)q = (V' (u2)q, W' (u2)q) € C ([0, T]; L*(Q) X Hy(Q)) .

Hence, by using

wi(t) = [W(u1)ql(t) € Hy(Q), wy(t) = [w'(ux)ql(t) € Hy(Q), Yt € [0, T],
one obtains

Wu)gl®) W)l - wi® _ wi® HI(Q). Vi € [0.T]
[} ,T1.

Wwu)P@®  wu)B@)  w@OBR (w0

Due to the inequality (4.9),

sup [[wiOllm@ = sup_ ||[w' @)ql®||pq) < Lw-
t€[0,T] t€[0,T]

From the Lipschitz continuity estimate (4.6), one can have

[lw1(®) = wa)l ) = lw)1(@) — WW)IO |l ) < Lw llur () — u2(D|| 2 (- (4.13)

Using the algebraic property of H'(Q), that is, Lemma A.1, the estimates (A6), (A7) from Lemma A.3, and (4.13), it
follows that

s - ] <Ol |t~
[Wl(t)]S [Wz(t)]3 HY(Q) [Vvl(t)]3 [WZ(t)]3 HY(Q)
1
+ [wi@® = wyOll g ) - H_[Wz(t)P . (4.14)

< Ly Csllwi(t) = wa®)ll e + CrlIlwi(®) = wy (Ol gy
<Ly, Cllur (8) — u2(D)ll ) + Cillwi(®) = wy ()]l )
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Equation (4.14) and the formulation (4.11) of the Fréchet derivative w'(u)q of w(u) on u imply

¢ wi(s) o) >

26 | Tu(t- - ’

Br /0 2(—5) <[W1(s)]3 oo ) @ HY(Q)
WI(S) WJ(S)

i) [wa(s)P3

[lwi(®) = wiOll @) =

t
< 2ﬂF/ sup || T21(f - S)”B(LZ(Q),Hé(Q))
0

0<s<t

t
<2prMy /
0

t
<2prM, <L%;VC3T0||U1(t) — (Ol + C; / lwi(s) — WJ(S)”Hl(Q)dS) .
0

L2(Q)
wy(s) wj(s)

W) [wa(s)P3

ds
HY(Q)

Gronwall's inequality then gives
[lwr(®) = wr(Olm@) < 2ﬁFMoL%VC3T092ﬂFM°C%T° lur(®) — U2 (Dl (-
Thus, we obtain the estimate (4.12) by setting
Lg, = 2peMoL2, C3 Toe?PMCiTo,

Similarly, there exists a positive Lipschitz constant Ly, = L, (LFz’ [lvoll LZ(Q)) such that the Frechét derivative v'(u) of
the first component v(u) of W(u) on u, defined via

V' (wql(t) = /0 l Ti(t-s) {ﬂpq(S) + 2ﬂF% } ds, (4.15)
isamap ¢ — [vV'w)](¢) from [0, T] to C ([0, T; B (H} (), L*(©))) and satisfies
[ :[l(l)pT ] V' (w)ql(®) = I (u2)ql(Ollr2@) < Lr, t :[l(l)pT ] llu1(8) — (Ol 2 (4.16)
for all g € C ([0, T]; Hy(Q)). Letting Lr = max {L,, Ly, }, (4.12) and (4.16) imply the assertion (4.10). O

Corollary 4.3. Fix T € (0,Ty), r € (0, %) with k = infyeowo(x) and positive constant C = C(Q). If u €
C*([0, T1; Byz(ug, 1)), then there exists a positive Lipschitz constant Ly depending on a, My, To, Q, ||vo|lr2@) [[Wollmr @)

K, Pr, Pp, such that

sup ”[W/(U)Q](t + h) - [W,(U)Q](t)”Lz(g)le(g) S haLM S[%I:;“] ||Q(t)||H2(Q) + haTLM”q”C"([O,T];HZ(Q)) (417)
telo,

0<t<t+h<T

holds for all ¢ € C*([0, T1; By2(ilo, 1)), where fig = ug — 6, € H***(Q) N H}(Q) and uy € H***(Q) with ulsq = 6, and
cE <0, %)

Proof. ForT € (0, Ty) u € C%([0, T]; Byz(uyg, 7)), Theorem 3.3 and Corollary 3.5 imply that w(u) € C*([0, T]; Bg2(wy, 7))
is a unique mild solution of the semilinear hyperbolic Equation (1.1b) and w(u) satisfies

t
w@)] () = 02 + T (Dvo + Taa(t) (W — 02) + /0 To1(t —5) <ﬂp(u -1- ﬁ) ds.

The definitions (4.7) and (4.8) of the Fréchet derivative W’ (u) imply the Fréchet derivative w’ (i) of w(u) on u satisfies

(4.18)

! ’
[W,(M)Q](t) = / Ty (t —5) {ﬂpq(s) + 2ﬂFM } ds
0

(W) (s)
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We aim to show that there is a constant Ly;, > 0, such that

[| W' g1t + h) = W @QIO|| 1) < L, h* (IS[I(J)PT] lgOll ) + T||CI||C"([0,T];H2(Q))> (4.19)
elo,

holdsforall0 <t<t+h < T, h € (0, T]. Notice that

h ’
/@l + )~ 0 wal) = [ Tut+h=s) {ﬂpq(s) + 2p IO } ds
0 OIS
t
+ / To1(t = 8)Pplq(s + h) — q(s)]ds (4.20)
0

! W wqls+h)  [wwql(s) }
T —9)2 — d
- /0 ult =~ )26 { WP +h - wwre J &

Having q(t) € H*(Q) N Hy(Q), the definition (4.5) of W(u) and the definition (4.7) of W’ (u) imply

[w' (w)ql(®)

1
WP © Ho®:

Bpq(t) + 2pF

Combining (A6) of Lemma A.3 with (4.9) gives

o | iy L pseu
o Ww)P(0) o) < teSE.(I),I;‘] W) Hl(Q)”[W (u)q](t)”Hl(g) > G Lbw [es[%%] ”q(t)”HZ(Q).
Therefore,
h ’ ’
[(w'(1)q](s) [(w'(u)q](t)
T h— 2pp——————= +d hM, 2 _—
/0 1 (t+ s) {ﬁp‘J(S) +2fF W) } S e < 0 {ﬁp zes[l(l)PT] gl ez + tes[l(l),T] w3 (D) HHI(Q)} 421)

<hM, (ﬂp + CfLW) sup ()|l p2q)-
te(0,T]

Now g € C%([0, T]; By:(ity, r)) implies

t
/ Tor(t - Bplq(s + b — qs)]ds
0

<TMof, sup |llg(t+h)—q®Ollmg
Q@ 0<t<t+h<T (4.22)

< h*TMoBplqll o= (o, T1:82() -

The triangle inequality and the algebraic property of H'(Q) (i.e., Lemma A.1) imply

’ W @qlt+h) [W'(u)q](t)H <’ [W@ql(t+h)  [wqlt+h) ‘ W' @qlt+h) [W’(u)q](t)H

wwPE+h  wwP® llmg ~— I w3+ h) w@BP®  lmg) [w(w)]3(t) w@) P ®) @)
1 1

wwPE+h)  [wwl@)

+ || gl + h) = W @WqIO)]| 1 g,

<||w' @qlE + h)|| g

HY(Q)

1
[w(w)3(2) HHI@
(4.23)

Since w(u) € C“ ([0, T]; By:(wy, 1)) is a mild solution of the semilinear hyperbolic Equation (1.1b), then from
estimate (A7) of Lemma A.3 and the estimate (3.14) of Corollary 3.5, it follows that

1 1 a
H L e O Hm) < C3llMGIE + ) — IOl @ < CsLuh™ (4.24)
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Hence, estimates (A6), (4.9), (4.23), and (4.24) imply

‘ W wqlt+h)  [wwgql®)
WP +h)  [wwl®)

<Lw sup |Iq(®)lznq)CsLuh® + ||[w' (wql(t + h) — W' (w)ql®)]| H1®Ci.
HY(Q) te[0,T]

Therefore,

! Wwgls+h)  [wwql(s)
/0 Tanlt = 52 { WP R ) l6) } s

t HI© (4.25)
<2ppMj <T0Lw Sf(l)pT J Ig(O)]l g2y C3Luh® + C; / [|[W' wql(s + h) — W' (w)ql(s)]| H](Q)d3> .
telo, 0

Consequently, (4.20), (4.21), (4.22), and (4.25) imply

[w @)ql(t + h) = W' @)qIO) || 10y < h*Ty ™Mo [By + CiLw] Sup 190l

+ h*TMop, ||Q||c«([0,T];H2(Q))
+ h*2prMoToLwCsLy sup |1q(D ||z
te[0,T]

t
+ 2B Mo C> / 10/ @)ql(s + B) = W @GI(S)| 11y 8-
0

Set Ry = MoT2™ By + CiLw], Rz = 2BpMoToLwCsLy, Ry = Mo, and Ry = 2fpM,C;. Gronwall's inequality implies
VOL<t<t+h<T,

”[W,(U)Q](t +h) - [W/(U)Q](t)”m(g) <h®e®To(Ry + Ry) S[l(l)PT] lgO o) + haT€R4T°R3“qnca([o,T];HZ(Q))-
telo,

Equation (4.19) holds by setting Ly, = (Ry + R, + R3)e®sTo, where Ly, depends on a, My, Ty, @, [[Wollm ), &, B, Bp-
Similarly, there exists a Lipschitz constant Ly;, > 0 depending on Ly, and [|vol|;2q), such that the Frechét derivative
V'(u) of the first component v(u) of W(u), defined via

VWl = /0 -9 {ﬂpq(s) " 2/@% } ds,
satisfies
IV w)ql(t + h) — V' Wl Ol 2@) < L, h” <t Es[lépT ] gDl 20 + TIIQIIca([o,T];Hz@))) : (4.26)
Setting Ly, = max {Ly,, Ly, }, the assertion (4.17) follows from (4.19) and (4.26). O

5 | WELLPOSEDNESS OF THE COUPLED SYSTEM

In this section, we prove the main result of this article, Theorem 1.1. First, recall the formulation (2.3) of the coupled
system (1.1) in the open bounded subset Q C R:

a_u=li(w3ua—u>—1u, xXeQ, t>0; (5.1a)
ot  wox ox w
o o*w fr .
E=E—M7+ﬁp(u—l),xeﬂ,t20, (Slb)
ow
§=V,XEQ,L‘ZO. (5.1¢)
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Here, the initial values are denoted by u(x, 0) = uy(x) € H**°(Q) (a S (O, %) >, v(x,0) = vp(x) € Hé(Q), w(x, 0) = wy(x) €
H?(Q). We assume that uy > e; and wy > «, for given constants e;, k > 0. The boundary values are given by u|sq = 61 > 0,
W |sq = 62 > 0. Note that iip = up — 6, € H***(Q) N Hy(Q).

5.1 | Abstract formulation

We study the existence and uniqueness of a strict solution for the initial-boundary value problem for this
parabolic-hyperbolic coupled system by writing it in the following, equivalent abstract quasilinear parabolic equation
with coefficients involving v(u) and w(u):

u__1 90 3, 0u\ v
m_WWWx@Wmuw> w0 €@xQ.T), (5.22)
ulx,0) = up(x), x € Q, uCc,t) =61, (x,t) € 0Q x [0, T]. (5.2b)

Here, u = u(x, t) is an unknown function, v(u) = [v(u)](x, t) and w(u) = [w(u)](x, t) are given as functions depending on u
by the integral formulation

t _ _2 _
<$%>=<&>+HDQ%?%>+A{TWﬂ% PrOW T4 By (u(s) D)}m

where {T(¢t) : t > 0} is the strongly continuous semigroup from Lemma 3.2.

Let it = u— 0, be restricted in C ([0, T; H*(Q) N Hé(Q)) temporarily, then from the existence of the mild solution of the
semilinear evolution Equation (3.11), that is, Theorem 3.3, the functions v and w satisfy the definition (4.5) of solution
operator W of u and the mapping property:

v: C([0, T H* Q) NHy(Q)) » C ([0, T LX(Q), @i (i + 6y);
w : C ([0, T]; H*(Q) N Hy(Q)) — C ([0, TI; H(Q)) , i — w(ii + 0;).

Hence,
e F@) : C([0,T]; H*(Q)nHy(Q)) — C ([0, T]; L)), (5.32)
where
o 1 a - 3, ai _V(a+91) -
F@ = s <[w(u + 0@ + 6y) ax) s (CR ) (5.3b)

The linearization of F(ii) is defined by
g F'(iig)g : C ([0, T]; H*(Q) N Hy(Q)) — C ([0, T); L*(Q)) . (5.4)
Here, F’(ily)q is the Fréchet derivative of F(it) on ii at iiy, F'(fip)q at t is given as

oq(?)
ox

_ 1 9 .
WWM@%{M%Hmw

;i 2 ’ %
+ I ox {3[w(uo)] O (ue)gl(Ouo p» }
dug [v(uo)I(®)

W (o)) @ o ou
mwmmw(M%”m%M> w1
_ IO wo)q)(®) — uo) IO o)gI(®)

[w(uo)I2(t) 0

[F'(@o)q] () = + [w(u@]%t)q(t)% }

(5.5)

b}
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where the functions v(ug) and w(ug) satisfy the definition (4.5) of solution operator W with u = uy. Equivalently,
@, W) = (W(ug), w(ug) — ) is a unique mild solution of the semilinear evolution Equation (3.11) with & = uy — 61, and
([(u0)1(0), [w(u0)1(0)) = (vo, Wo).

5.2 | Wellposedness of linearized formulation

Essentially, we aim to define an operator P* by the expression

oq(t
PO = {WSMO e W) %} "o {3W3[W,(MO)Q](O)MO%}

Wy 0X ox Wo 0X (56)
[w'(u0)ql(0) 9 3. Ol Vo wo [V (10)q1(0) — vo[w' (0)q](0) '
- | Woo—— ) — —q(t) — > Up.
w ox o0x Wy wy

0

Note that the definition of the Fréchet derivative w'(u) of w(u) on u at u = ug and ¢ = 0 is by
.1
W' (u)ql(0) = }gr(l) A {w(uo + hq)1(0) — [w(ue)](0)} .

Here, h € R is small such that ug + hq € C ([0, T]; Bg2(ug, 1)) for all g € C ([0, T; H*(Q) n HS(Q)). Since (U, Wy) =
W(up+hq), w(ug+hq)—6,) is a unique mild solution of the semilinear evolution Equation (3.11) with &i = uy+hqg—06;, then
it follows that ([v(uo + hq)1(0), [W(uo + hq)](0)) = (vo, Wo). As ([V(1p)](0), [W(up)](0)) = (vo, Wp), we have [w'(u0)q](0) = O,
analogously [V (19)q](0) = 0, and then (5.6) is simplified to

. 1 0 aq(t) dug Vo
Prq(t)y = —— 3w 2q()— ¢ — —q(b).
q(® o 9% {Wouo e +W°q()ax WO61()

We therefore define P* as the linear operator

. P
P* 1 D(P") C HAQ) N HY(Q) - L2@), Py = ~ 2 Lwau, 2+ wido ), LYo (5.7)
Wg 0X ox

defined for smooth functions satsifying homogeneous Dirichlet boundary conditions. It is a Dirichlet realization of the
differential expression in (5.2a). Using P*, we rewrite (5.2) as an equation for the unknown function ii:

i'(t) = P*u(t) + [F@)](t) — P*u(t), t € [0, T], @(0) = . (5.8)
The next lemma gives an elliptic estimate for the quadratic form associated to P*, with a standard proof.

Lemma 5.1. There exist positive constants K and K, depending on ug, wy, such that for all t € [0, T], the following
elliptic estimate is satisfied:
> K /
Q

t aq(t
/@ [Wguo q( )] dx

o Wo 0x
Proof. Fort € [0,T] and q(t) € D (P*), the highest-order derivative term of P*q(t) is

P;;q(l’) = 1 i {Wguo aq(t)}

w_o ox o0x

aq(?)

2
dx—K, / lqPdx.  Vq(t) € D(P*) (5.9)
Q

Integrating by parts, we obtain

100 L300 Y = Luungo 0~ [ [0 (H0)] 5,200
/QWQ o {Wouo o }dX—{WQMOQ(t) ox }ag Q{0x<w0>}{wou0 o }dx (5.10)
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As q(t) € D(P*) C H*(Q)n Hé(Q), [g(®O](x) = q(x,t) = 0 for all (x, t) € 0Q X [0, T] and hence Wguoq(t)% =0on
0Q. Using that ug(x) > e; > 0 for a given constant ¢; and that « = inf,cowy(x) from (5.10), we find

qwo [ 5 0qw\ .| _|[fo (a0 ; aq(t)
e e o= LG () ) o

owy a‘J(f)
> -0 4
> /QL‘OWO I /Quowo I { 03] dx‘
2
Zel,cz/@ dx— /uowoa {m% dx‘
ol Ox Q ox

Aswy € H*(Q) and uy € H**°(Q) with ¢ € <0, %), writing C = C(Q) a positive constant, we have

/uowo?{ (t)w}dx /(t)M |
Q
/ (t)aq(t) dx‘
/ (t)aq(t) dx’
HY(Q)

aq(t
/(r)ﬂl

6w0
oWo——

<|lu

L=(Q)

ow,
<C UOWO—

HY(Q)

() Iwg
< Clluoll g woll g

2
< C”“’O”HI(Q) ”WO”HZ(Q)

With K = Clluoll g gy lIwoll i{z @ and Young's inequality, it follows that

0
222 (2]
Q "o

The assertion (5.9) follows for ¢ sufficiently small. O

> (k2 — ¢

_K 2
e /Q lq(t)|2dx. (5.11)

Corollary 5.2. P* defined by (5.7), is a sectorial operator which generates an analytic semigroup {e”’* > O}
on HX(Q).
0

Proof. Using the corollary 12.19 and corollary 12.21 from Grubb [40], we conclude that the operator P* defined in
Lemma 5.1 satisfies the elliptic estimate (5.9) and the estimate (5.12) in the resolvent set

p(P*) > Se = {/16((3 LA # o, |arg(l—w)| <O,0 ER,O € <§7I>} (5.12)

The estimate for the resolvent operator (4 — P*)~! follows (see, e.g., proposition 1.22, proposition 1.51, and theorem
1.52 in Ouhabaz [41]):
M
sy—1

(A =P%) ||/3(L2(9),H5(Q)) < m (5.13)
forw € R, M > 0and 4 € Se,. We conclude that P* is a sectorial operator which generates an analytic semigroup
{e”" 1 t>0} on H)(Q). |
If the domain D(P*) of P* is endowed with the graph norm of P*, |Ig|Ip»+ = lIgllr2 + IP*gllr2«), then there exists a

constant yy > 1, such that

vo ! (lgllze + 1P*glle) < gl < 7o (I8l + 1P*gll2e) - (5.14)
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In fact, as {H2 Q) NHXQ)} = LX(Q), P* € B(HX Q) NHL(Q),L*(Q), B(H*(Q) nHLX(Q),L*(Q)) is a set of linear
operators from H*(Q) N H}(Q) to L3(Q), there exists a constant ¢, > 0 such that

gz + IP*gllz@) < collgllme), V& € H*(Q) N Hy(Q), thatis, {HZ(Q) ﬂHé(Q)} < D(P*).

The properties (5.12) and (5.13) imply that P* extends to a closed operator, which we again denote by P*, and then D(P*)
is a complete Banach space. We conclude D (P*) = H*(Q) N Hé(Q), which is assertion (5.14).

Since H*(Q) N H}(Q) is dense in L*(), hence P* is densely defined in L*(Q) and D(P*) = LA(Q).Ift > 0 and ¢ € L2(Q)
then e ¢ € D ((P*)") for each k € N. Moreover, there exist constants Mo, M1, M, > 0 (depending on © in (5.12) and M
in (5.13)), such that

k p#nk 1P* EV;
P “ < M, , k=0,1,2, , 1o). 1
“t( )e @) k $>0, k=0 t €0, Ty (5.15)

Theorem 5.3. Let P* : D(P*) — L*(Q) be a sectorial operator and generate an analytic semigroup e, D (P*) =
H?*(Q) N Hy(Q) and D (P*) = LX(Q). Given a € (0,1), T € (0, T),

iy € D(P¥), F(0) + P*iip € D(P*), F € C* ([0, TI; L*(Q)) ,

the function

t
o) = e iy + / eI F(s)ds (5.16)
0

is the unique solution in C* ([0, T]; L)) n C ([0, T1; D(P*)) of the problem
@' () =P o) + F(), t €0, T], ¢(0) = ilo. (5.17)
Moreover, the following maximal regularity property holds:

F € C%([0, T]; L*(Q)), P*iip + F(0) € Dp.(at, 00) =>
@ € C**([0, T]; L*(Q)) N C* ([0, T]; H*(Q) N Hy(Q)) , ¢'(t) € Dp-(ar, 0), YVt € [0, T,

and there exists a continuous and increasing function I : R, — R, (depending on My, M1, M, and «) such that

lllceqo.rrpmey < I(T) [IF lceqorizz@y + 1P*ito + F(O)llp,. (a0 + IlToll2)] - (5.18)

Theorem 5.3 is a maximal regularity result for linear autonomous evolution equations of parabolic type and its proof is
identical to the proof of theorem 4.5 in Sinestrari [35].

5.3 | Estimates of linearization error

We are going to use Theorem 5.3 to prove the existence of a strict solution to the coupled system, which is Theorem 5.5.
Before proving Theorem 5.5, we require certain estimates for the error of the linearization F, which are given in
Lemma 5.4.
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Lemma 5.4. Let F(it) and P* be defined by (5.3) and (5.7) respectively and fix T € (0, Ty). If ii, ¢ € C*([0, T]; By=(iig, 1)),
with ug = fig+ 61, then there exist constants Ly = Ly (Ug, Vo, Wo, Q) > 0 and Ly = Lg (U, Vo, Wo, Q, a, To, Ly, Ly, Lpy) > 0,
suchthatforO<t<t+h<T,

ILF@)] (& + h) = [F@)] Ol 12q) < { (& + O1]ce(jo.1120)) + LU } Lah®, (5.19)

and

|[F'@q) ¢+ )~ [F'@a] )= P* (gt + b = q(0)]

L2(Q)
< h*T*Lalqll ceo.ry:m2@)) + B T*Lilli + 61| coqo, 11200 19| ceqro. 11:12(2)) (5.20)

+ h*Lg sup ”q(t)”HZ(Q) + h*Lgl|@i + 6, ”Ca([O,T];HZ(Q)) sup ”q(t)”HZ(Q)'
1€[0,T] t€[0,T]
Here, Ly, Lw and Ly, are given by Corollary 3.5, Theorem 4.1 and Corollary 4.3, respectively.

Proof. Let T € (0, Ty). According to Theorem 3.3 and Corollary 3.5, the semilinear evolution Equation (3.11) exists a
unique mild solution (¥, W) € Z(T)NnC* ([O, T];L*(Q) x Hé(Q)) provided it € C* ([0, T]; By2({ip, r)) for all r € (O, %)
Here, k = infyeoWy + 6, and C = C(L2) is a constant depending on Q. Recall that uy = iy + 61, vo = Vo, Wy =
Wo + 0, u =i+ 601,v =9, w =W+ 0,. It follows that the solution operators u — v and u — w have the following
properties:

u v C*([0, T]; Bpz(uo, 1)) = C* ([0, T]; Br2(vo, 1))

urw: C*(0, T]; By=(ug, r)) = C* ([0, T1; B (wy, 1)), (5.21)
vt + k) = v(Oll o) < Luh®, lw(t + h) = w5 ) < Luh®.
Hence,
Fay=19 <w3(a + 91)6—”> ~ Y@+ 0y) € C* ([0, TILA(Q) .
w dx 0x w
We next prove assertion (5.19) of Lemma 5.4.
Let h € (0, T] be such that 0 < t < t+h < T. As [[u(®)llzr@) < Cis, IVS)l2) < Ca and [[w(s)llgq) < C for all

s € [0,T], where C = [[wo|lgiq) + k/(2C), C1 = lluollpq) + k/(2C), Ca = |[voll 2 + k/(2C). Because HY(Q) is an
algebra, estimate (A6) of Lemma A.3, estimate (3.14) from Corollary 3.5 and estimate in (5.21), we obtain

[wt + 1™ = WO |y < C2Luh®, |[w(t +h)P - [w(t)]3“H1(Q) < 3C2Lyh". (5.22)
Similarly, for u € C* ([0, T1; Byz(uyg, 1)), we get
“[u(t +h)? - [u(t)]ZHHZ(Q) < 2C1[ulceqo.rm@) R (5.23)

The arguments of the proof of Lemma A.5 give that (5.19) of Lemma 5.4 holds by
||[F(fl)] (t+h) - [F@)] ([)”LZ(Q) < LALUha + LA[u]ca([o,T];HZ(Q))ha- (5-24)

Here, L, is a constant depending on C, Cy, C, Cy, and C,.

We next prove the assertion (5.20) of Lemma 5.4. For ¢ € C%([0, T]; By:(fip, r)) and t € [0, T], we note w(t) =
[w(w)](t), v(t) = [v(u)](t). From the definition (5.5) of the Frechét derivative of F(ii) on it at t and the definition (5.7)
of P*q(t), we have, for h € (0, T] such that t + h € (0, T,
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[F'()q] (¢ + h) — [F'(@)q] (t) = P* (q(t + h) — q(1))

1 aq(t +h) Lou(t +h)
Wit + h) ox {[ e+ )P ”(“fh)—x + [w(t + h)] Tq(t+h)}

10 q() 3au(t>
o {[w(t)] u(H) = + [w(t)] q(t)}

3 { olu(t + h)?

20
2w(t + ) ox o w(t + W] w (wql(t + h)}

3 { olu(?

"~ 2w(t) ox [w()]*[w (u)q](t)}

_ Wwqlt+h o solut+ WP\ vt +h)
2[w(t +h)]*> ox <[W(t+h)] ox ) w(t+h)q( +h (5.25)

W wql®) o < 30[u(t)]2> v(t)
—— | [w(®)]
w(t)

2[w(H)]Z ox win1®

w(t + W[V (Ww)ql(t + h) — vt + h)[W (w)ql(t + h)

[w(t + h)]? ut+h)

+ w(O[V (w)ql(t) — vO[w' (w)ql(t)
[w(t)]?

oq(t+h
10 wiitg q( ) 30uo
wo ox ox

u(t)

q(t+h)}

1 4 aq(1) oug Vo
— —qt+h +—— 3uy—— + WS —q(t —q(b).
q( ) o ox {wouo e +w, axq()}+W0q()

Observe that

|wie + WP ute + by - w1

v S0+ P =P e+ Bl

+ [|oweor? i 11+ 1) = Ul (5.26)

<h*3LyC*Cy + h* CPllull co om0

with this, the algebraic properties of H'(Q), that is, Lemma A.1, inequalities (A2), (A3) of Lemma A.2 and the
assertion (A6) of Lemma A.3 imply that

’( 1 1 ) 9 {[w(t+h)]3u(t+h) q(t+h)}
ox

w(t + h) w(t)
<C ) -1 h)? h h (5.27)
< ClJwte + W1 = DO1 s g | wCt + 1Y, o 1+ D)l 196+ D) e

LX(Q)

<h*CC:LyC*C sup lgO 2y
te[0,T]

1 0
w(t) 0x

{ ([w(t + W)Pu(t + h) — (w®Pu()) dq(;;- m }

LX(Q)

< W O1 [ | 0+ WPt + 1 = o) (5.28)

t+ )l

1(Q)”C]( M)

Sha3CC1LUC2C1 Sup ”q([)”HZ(Q)+haCClC3”u“C“([O,TJ;HZ(,Q)) Sup ”q(t)”Hz(Q)
t€[0,T] t€[0,T]
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Hence, we deduce the estimates

0 h () h

w(t + h) ax ox W(t) 6x L2(Q)
1 1\ o aq(t + h) }
< t+ hPut + h———
_”<W(t+h) W(t)> {[W( M r@ (5.29)
1 a 3 3 aq(t + h)
WD) o {([W(t + W Pult + h) — [wH)Pu)) v } o
<h*C [C%LUCGC‘l +3C,LyC?Cy + Clé3”u”C“([O,T];HZ(Q))] ts[l(l)PT] la®l 2)»
and
, 10
|5 2 (bwcoPu 2 fate + - q)] ) = -2 (wio 3% [ace + a0 o
< | g ({0wF 0~} 5 o —qao])|
L1\ (3,90 _
(W(t) WO) g <w0uo Py [att+ h) q(t)]> o (5.30)

< OO g | O ue) = wino |
+ Cl[w(®)]™" = [wo] ! [P ||W0||Zl(g) luo ll g2 llg(t + B) — @Ol )

2%, 3
<h*T*CCy (3LUC2C1 +C ”u”C'I([O,T];HZ(Q))) gl ceo. 1101202
+ h TaClLUCSCI ”qucn([o,T];Hz(Q))-

(Q)HQ(t +h) — gDl

Therefore, the triangle inequality, (5.29) and (5.30) imply, with a constant V; which depends on C, Ci, C, C,
and Ly

L9 : dgi+m\ 1 9 oL
w(t+h)ax{[w(t+h)] uit + h)——— } O {[W(t)] u(t)—— }

1 0 [ 5 oqit+h) 10 [ 5 0q@
Wy 0x {wouo ox +w0 ax | 00 o

@ (5.31)
<h"Vy sup ”q(t)”HZ(Q) +haVl”““c«([o,T];HZ(Q)) sup ||q(t)”H2(Q)
te[0.T] te[0,T]
+ h* TV ||lull oo, 120 19l coo.rr:m2@)) + B T*Villqll cao.ry:m202))-
Similarly,
1 ou(t + h) 1 3 u(t)
t+h t+h)————= t
w(t+h)ax{[ w( Pg( ) o w(t)ax w®I"q(t) ——
1 0 auo 1 0 0u0
- t+h +—— H—
Wy dx {qu( ) } Wy 0x { 90 ox } 0 (5.32)

<h"Vy sup ||Q(t)”H2(Q)+haVl””“cn([o,T];HZ(Q)) sup “q(t)”H2(Q)
te[0,T] t€[0,T]

+ R T*Villqll ceqo, iy + B T*Villull cego.riee ) 19l ceomime)-
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Set C3 = C[CiLy + C2C2Ly], Cs = CCy [LU + 1ol 2 || w3 | Hz(g)] The triangle inequality, algebraic properties

of Sobolev spaces, that is, (A1) of Lemma A.2, (A6) of Lemma A.3, and the assertion (3.14) of Corollary 3.5
imply the estimate

qt+h)+ —Q(t) - —Q(t+ h) + —Q(t)

Wi + h) w) < haC3 SuP ”‘I(t)”HZ(g) + haTaC4||‘]||c([o T];H2(Q))-

LX(Q) telo,

H_ v(t+h) v(t)

We now combine (4.9), (4.17) in Corollary 4.3, (3.14) in Corollary 3.5 with the above arguments for estimate (5.31).
With a constant V; which depends on C, C; C3, C, C1, Ca, Ly, Lw, Ly and T}, we deduce

3 1 ofu(t + h)J? 1 0 olu(®)]?
— t+h t+h)——— — t t
> w(t+h)ax{[ w(t + )P wql(t + h) I } w(t)ax{[ wO) P [w wgl() —— Em } o
<h*T*Vallqll ceqo.ry:m20)) + V2 (1 + ”u”C“([O,T];HZ(Q))) ts[l(l)PT] gDl 22y
€10,
W Wwqlt+h) 9 olu(t + h)J? W (wql®) o sou(n))?
- q ad [w(t+h)]3[( 7\ ql®) o ()2 24O ou®l*
[w(t+ h)]?2 ox 0x 2[w(t)]?> ox 0x @
<hV, <1 + ”u”C"([O,T];HZ(Q))) sup. a2 + h* T*Vallgll coqo. 1120
” w(t + h)[V' (w)ql(t + h) — v(f + h)[W wql(t +h) w(t+h) + w(OY' (w)ql(t) — v [w' (wql(t) u(o)
[w(t + h)]? (w()]? Q)
<h*Vy (1 + ullcegorrrry) tS[l(l)PT] gDl 2y + 2T V2l coqo, 110202 -
€0,
Consequently, by setting Lg = V; + V5 + C3 + C4, We obtain
|[F'@a] t+h)~ [F'@a] 0 = P* [qt+ =g,
<h®Lp sup |[qO)llg2q) + haLB”””cw([o,T];HZ(Q)) sup [[q(D) |2
te[0,T] t€10,T]
+ R T Lallqll ceo, 20y + A T* Lillull ceqo, e 19l ceo, 202 -
Hereby, (5.20) is proved and this concludes the proof of Lemma 5.4. O

5.4 | Proof of Theorem 1.1

Theorem 5.5. Assume that the initial value uy € {z,u EH*(Q): y(x)=6;,x€ dQ} is given for o € <0, %) such
that the compatibility condition

190 wgu()% € H°(Q) C Dp-(a, 0)
Wy 0X ox
holds for a € (0, %) and iy = up — 61 € H**°(Q) N Hy(Q).

Then there exists Ty > 0, such that the nonlinear problem (5.8) has a unique strict solution @i €
C* ([0, Th); H*(Q) N H(Q)) N C*+L ([0, T1); LA(Q)) and i’ (t) € Dp+(a, o) forall t € [0, Ty).

Proof. Leto € <0 ) ae ( ) We divide the proof into three parts.

Holder continuity. Let us first state Holder continuity results for the solution operators &t — v(it + 6;) and &t —
w(il + 0) in the Section 4 which will be used below. Take T € (0, Ty) to be specified later. The estimate (3.14) in
Corollary 3.5 implies that the solution operators @i — v(ii + 6;) and &i - w(ii + 6,) satisfy the mapping properties

it v+ 61) 1 C*([0, T]; Bya(iig, r)) — C* ([0, T1; Br2(vo, 1)),
w4+ 0y) : C*([0, T]; By:(fig, r)) = C* ([0, T1; Byr (g, 7).
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Thus, from inequality (5.19) in Lemma 5.4, the nonlinearity F(it) from (5.3) satisfies
F(@) € C* ([0, T); L*(Q)) .
Due to Theorem 4.1 and its following discussion of the Fréchet derivative, together with the estimate (4.10) of
Corollary 4.2, we obtain that the Fréchet derivative (v’ @+ 01)g, W' (it + 01)q) of the function (v(@t + 61), w(it + 6,))
on it € C([0,T];H*(Q) N H(Q)) exists in C ([0, T]; L*(Q) x HA(©)) and depends Lipschitz continuously on & €
C ([0, T1; HX(Q) N HY(©) for g € C ([0, T); HA(Q) N HX(Q)).
If it € C* ([0, T]; By:(ilo, 1)), then inequality (4.17) in Corollary 4.3 implies that
(V(@ + 00)g, W' (it + 61)q) € C* ([0, TT; L*(©) X Hy(X))

forallg € C* ([O, T; HX(Q)n Hé (Q)). Thus, following (5.20) in Lemma 5.4, the Fréchet derivative F'(it)q of F(it) and
P*q (defined by (5.5) and (5.7), respectively) satisfy

F'(iyg — P*q € C* ([0, T, L*(Q)) , Vg € C* ([0, T; H(Q) N H}(Q)) .

Now vy € Hé(Q), wy € H?(Q) with wy|sq = 6, and the compatibility assumption of Theorem 5.5 imply

[F(@)](0) = M%Oi [w3u

o
ox | 0% ox

— g € H'(Q) € Dp-(a, ). fig € D(P").
0

From the definition (5.7) of P* and Equation (5.14), we conclude
D(P*) = HX(Q) n Hy(Q), D(P*) = LA(Q), C* ([0, T); H*(Q) N Hy()) = C* ([0, T]; D(P*)).
Equivalence. We now study the nonlinear problem
i'(t) = P*a(t) + [F(@)](t) — P*u(t), t € [0, T), @i(0) = ito. (5.33)

in its integral formulation

t
at) = e iy + / eI [F(i)](s) — P*i(s)} ds, t € [0, T). (5.34)
0

We will prove that if ii € C* ([0, T]; HX(Q) n H}(Q)) satisfies (5.34), i(t) € By (fig. r) for all ¢ € [0, T], r € (o, %) for

K = infreqwo(x) and C = C(Q) > 0 is a constant, then &t € C**! ([0, T]; LX(Q)), ' (t) € Dp+(a, o) for all t € [0, T], and
it satisfies the Equation (5.33).
To prove this assertion, set

[F@)1(t) = [F(@)](t) — P*u(t), Vt € [0,T], (5.35)
for it € C* ([0, T]; By:(ilg, r)). We will show that
F(i) € C* ([0, TT; L*(€Y) . (5.36)
In fact,let0 <t < t+ h < T. Using (5.19) in Lemma 5.4, we observe

IF@IE + h) = [F@IOll2@ < NF@IE+ h) = [F@IOl 2@ + IPat + h) = PHa®)|l2q)

< (La + 1P sy ) 18+ ) = 80,

because &t € C* ([0, T]; HX(Q) n H}(Q)), we get (5.36).
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In addition, as @(0) = @iy € {H*(Q) N HY(Q)} = D(P*) and [F(i1)](0) € Dp:(a, ), we get
Py + [F(#)](0) = [F(@)](0) € Dp+(a, o).

Therefore, using Theorem 5.3 and theorem 1.2 of Lunardi and Sinestrari [34], we obtain that if & €
C* ([0, T1; B2 (it, 1)) is a solution of (5.34), then there exist i’ € C* ([0, T]; LX(Q)), &'(t) € Dp-(a, o) for all t € [0, T],
and it satisfies (5.33).

Conversely, let &t € C* ([0, T1; By (ilo, ) N C**1 ([0, T]; LA(€)) satisfy (5.33), that is,

i'(t) = Pa(t) + [F(@)](®), t € [0, T], @(0) = do.

As we have proved that F(it) € C* ([O, TI; LZ(Q)), we can apply Theorem 5.3 again and obtain that & is a solution of
the integral Equation (5.34).

In conclusion, it is sufficient to solve (5.34) in the space C* ([0, T]; B (ilg, r)). To do so, we let T € (0, Ty) to be
specified later and find a fixed point for the mapping

t
:Y-Y, [[alt) =" uy+ / eIP {[F(i)](s) — P*ii(s)} ds, t € [0, T, (5.37)
0

on the space

i1 a . o ~ ~ ~ K
Y = {ii e C* ([0, T); H*(Q) N Hy()) : &(0) = iy, [|&(-) — follcoqo.rprr2y < 7} - VT € (o, %) .

Contraction mapping. The space Y is a metric space in the metric defined from the norm of C* ([0, T);H 2(Q)). We
will show that I" is a contractive mapping of Y into itself provided T is sufficiently small.

Following the preceding results and proceeding as in the proof of theorem 4.3.1 in Lunardi's work [42], we obtain
thatT'u € C* ([0, T]; HX(Q) N H}(Q)) if i € Y, as Y C C* ([0, T; By2(ilo, r)). We will show that when T is sufficiently
small we have

- - 1, O
||Fu1 - Fuzllca([o’T];HZ(g)) < Ellul - uzllca([O,T];Hz(Q)), Vi, i, €Y. (538)

From (5.35) and (5.37), we get

Wmm—wwm=AQWWWWWM®—W@mm$JemJL
hence, by using (5.14) and applying (5.18) from Theorem 5.3, we obtain
ITE, — Fﬁz”ca([o,T];Hz(g)) <rIl(DIIF (1) — F(aZ)”Ca([O,T];LZ(Q)) < vl(To)|lF @) - F(aZ)“CW([O,T];LZ(Q))' (5.39)
Here, I(-) is a continuous and increasing function given by Theorem 5.3 when applied to P* which is defined
by (5.7) and satisfies Lemma 5.1 and Corollary 5.2. As ii;(t) and ii,(t) belong to By:(ily, r) for t € [0, T], we can use

inequality (A17) in Lemma A.5 to estimate the right hand side, obtaining for ¢ € [0, T1,

IF @I = [F@))Oll 2 < NF@DIE — [F@)10ll 2@ + 1P () = P a0l 2@

< (Lo + 1P sy ) 110 = B2l
As 111(0) = 12(0) = @iy € {H*(Q) N HY(Q)} = D(P*), then we have

S{‘(J)PTJ 82 () = U (Ol o) < TNt = Gzl ca(ro.1:02(0) (5.40)
te[0,
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and so
||F(ﬁ1) - F(aZ)”C([O,T];LZ(Q)) < |Let ||7)*||B(H2(Q),L2(Q)) Ta”al - ﬁ2||ca([o,T];H2(g))- (5-41)

On the other hand, for 0 < t < t + h < T, by using(5.20) in Lemma 5.4 and (5.40), we get
I[F @)1 + h) — [F@)It + h) — [F@)](©) + [F @10l 2

1
/ [F' (vt + (1 = 9)ip) (@ — 62))(t + h) = [F' (vl + (1 = y)lia)(@ — f)](t)
0

— P* [ty (t + h) — ia(t + h) — i1 (0) + B2(0)] dy

(5.42)
L2(Q)
< 2haTaLB”ﬁ1 - az”C”([O,T];HZ(Q))
+ 20T Lpllytn + (1 = Ptz + 61|l cx (o 110200 181 = Bzl oo 1:02()
<2h"T°Lg (1 + lluollr@ + kO iy — Uz |l cx(ro.11.12())
and
- - 1 - - - .
[F@) = F@)leoriee) = sup 5= {IF@IE+R) = [F@IE+h) = [F@EIO + [F@IONee |
O<t<t+h<T (5.43)
<2T%Lg (1 + [luollm2@) + K(ZC)_I) &y — az”ca([o,T];HZ(Q))-
Thus, we can deduce from (5.39), (5.41), and (5.43):
T, — Fazucn([o,TJ;Hz(g)) < vol(To)|IF (@) — F(ﬁZ)”Ca([O,TJ;LZ(Q))
< yol(To) (”T’(al) - P(aZ)”C([(),T];LZ(Q)) + [F (i) — 7D(flz)]ca([o,T];LZ(Q))) (5.44)
<10I(To) [Le + 1P* Il sz r2@yy + 2L (1 + lluollrr() + €(20)7")| T
Ny = B2l cago, 11:1200)) -
Set
Ty 1= [200I(To) (Le + 1 P* |l s@.i2@ + 2L (1 + lluoll 2@ + ©(2C)71))] . (5.45)
If 0 < T < min{T,, T;}, then I' satisfies the contraction property (5.38) by using (5.44).
To prove that ['(Y) C Y, it remains to check that
||F17£ - ﬁO”C“([O,T];HZ(Q)) S r, Vﬁ S Y (546)

Let us observe that if 0 < T < min{Ty, T}, then from (5.38), we get

I8 = ol cago,r1:m202)) < T8 = Lol cago, 11202 + T80 — Toll cago,11:1202))

1,. . - -
< 5”” — tio |l cxpo, 1.2 + T — ol ceo.1:1202))
r S
< > ITEto — ol cero. 171202y -
Now ['iig — iig € C* ([O, T]; H*(Q) N Hé(Q)) and it vanishes at t = 0, so there exists a 6* = §*(r) > 0 such that, if
0 < T < 6% then

s

NS

”Fﬁo - ao“C”([O,T];HZ(Q)) <

and consequently (5.46) is true by choosing 0 < T < min{Ty, T, 6*}. Because r is controlled by C = C(Q) and «, we
also note 6* = 6*(x, Q).
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Summing up, set
Ty :=min {To, T;, 5"}, (5.47)
I', defined by (5.37), is a contractive mapping of Y into itself provided

0<T<T;.

Hence, I" has a unique fixed point t in Y, i € C* ([0, T); H3(Q) nHé(Q)) is a unique solution of the integral
Equation (5.34), and &t € C* ([0, T1); HA(Q) n H}(Q)) N C**! ([0, T1); L*(Q)) is a unique strict solution of the differen-
tial Equation (5.33), due to the preceding results in Equivalence, Theorem 5.3, theorem 1.2 of Lunardi and Sinestrari
[34] and theorem 4.5 of Sinestrari [35].

Recall that [F(@)](0) € Dp-(a, o), fiy € {HX(Q) N HA(Q)} = D(P*), F(@) € C* ([0, Ty); LA()) with LX) = D(P*),
as P*iiy + [F(i1)](0) = [F(i1)](0) = @'(0), theorem 1.2 of Lunardi and Sinestrari [34] as well as Theorem 5.3 state in
particular if &’ (t) € Dp+(a, 00) for t = 0, then the same is true for ¢t > 0, that is, @t'(t) € Dp«(a, o) for all ¢t € [0, T}),
provided

F(@) = F() — P*ii € C* ([0, T1); L*(Q) .

Meanwhile, [F(i1)](t) € Dp«(a, 00) because &t/ (t) = [F(@)](t) and &t (t) € Dp«(a, o0) for all t € [0, T).
Because of Theorem 3.6 and u = ii + 6, the initial-boundary value problem (1.1) has a unique strict solution (u, w)
with the regularity
u € C* ([0, T1); H*(Q)) n C*** ([0, T1); L(Q)) ,
w e C ([0, T1); H(Q)) n C* ([0, T1); H(Q)) n C* ([0, T1); LX) -

This concludes the proof of Theorem 5.5. O

The wellposedness of the coupled system, Theorem 1.1, is a direct consequence of Theorem 5.5.
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APPENDIX A: AUXILIARY ESTIMATES

In this appendix, we formulate and prove some estimates which are repeatedly used in the proof of the main results.
They follow from well-known properties of the Sobolev spaces H*(Q) with k > 0. In particular, we recall the following
well-known algebra property, see Tao [43] for a proof:

Lemma A.1. HY(Q) is an algebra when k > g In particular, HY(Q) is an algebra if @ C R and H*(Q) is an algebra if
QcRYn=1,2

We formulate a direct consequence of Lemma A.1, which is used throughout this article.

Lemma A.2. Let Q C R be an open and bounded subset and C = C(Q) be a positive constant. If f; € H (Q) and
fo € L3(Q), then

1 f1/2ll2) < Cll f1llny l 2]l 2 ) - (A1)
Ifg1, &2 € HY(Q), g3 € H*(Q), then

0 g
gl()_ <82—3> < C”gl||H1(Q)||g2||H1(Q)||g3||H2(Q)- (A2)
X ox
L2(Q)
Ifg1, & € H'(Q), g3, g4 € H*(Q), then
0 0g4
81— | 8283—— < Cligill g g2l (@) 1831l 20 1184 202y (A3)
0x 0x L@

Proof.
If1/2ll2@) < I 1llze@ll 2]l < Cll Al @l f2llz2)-

d 583)
81 <g2_ <Cligilln
ox 0x L@

0g3

< Cligill o 1821l @) o

3
22|
ox HY(Q)

<Cllgill e llgllm o183l )

HY(Q)

0 084
81— | 88— < Clgll o 18283l 184l 2
0x 0x L@

< Cligill o g2l o) 183 1l 2 184 ll 2 ) -
U
We now formulate and prove three technical estimates used in the main body of this article, which repeatedly use these
algebra properties.

Lemma A.3. Let T € (0, 00), k¥ = infyeqwo(x) > 0 and wy € H?(Q). Then there exists a constant C = C(Q) > 0, such
that for all

re (0,%), (A4)
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the function w € C ([0, T]; Byt (Wo, 1)) has the lower bound:

w(t) > % Vi e [o,TI. (A5)

Moreover, for all wy, w, € C ([0, T; Bgnn(wy, 7)), there exist positive constants Ci, k = 1, 2, 3, which depend on Q, k and
IWo ll 11 (), Such that

sup —H < Ck, k=1,2,3, (A6)
o | wi@®F gy =
su 1 1 < Cr sup [wi(®) = WOl k=2, 3 (A7)
= Lk 1 ) 1(Q)» =z, 3.
o O ™ O F ey = ectom @

Proof. We first prove assertion (A5).
Since w € C ([0, T]; B2 (wy, 1)), then ||w(f) — wo||g1q) < r holds for all ¢ € [0, T'].
The triangle inequality and the Sobolev embedding theorem imply there exists a positive constant C = C(Q), such

that forall r € <0, % > it follows that

K
w(t) = wo +w(t) —wo = k — |[w(t) = wol =) = kK — Clw(t) = Wollpq) =k — Cr > >’ (A8a)
WOl i) < C, (A8Db)
for all t € [0, T]. Here, C = % + |[wo |l ;1 )- Hence, we have proved assertion (A5).
Since (A8)and r € (0, % ) we find
2 2 2
4C 1 |ow(®)
sup (|——= = sup — +—[—] <—=+ sup/
0,11 [|WO) [l telon Jol W) ox [w(t) k2 repon Jow)|*l 0x
L4c ow()|*, _ 4C 4C 16~
—+—su —+—su w()||tn +—C
< 15 =t S0 WOl <
We set C2 =¥, 1 C2 such that C is a positive constant depending on Q, «, and ||wo||:(q). Using the algebra

property of H 1(Q), see Lemma A.1, the assertion (A6) holds for ¢ € [0, T]. We can now proceed to show (A7). For wy,
wy € C([0, T1; B2 (W, 1)), (A6), the algebraic property of H'(Q) from Lemma A.1 and triangle inequality imply

2 2
w1 (8) + wy(1)] <205, su [(wi ()]~ + [wa ()] + wi () wa(1) <3¢,
tefo,11 Il (W1 ()12 [w2(D)1? || 111 te[0.7] (w1 ()P [wa(D)]? H(@©Q)
Hence, setting C, = 2Cf and C; = 3Cy implies (A7).
This concludes the proof of Lemma A.3. O

Lemma A.4. Let Wy =wy — 6, € H(Q)NHy(Q) andr € <0, % > Then the nonlinear operator G,

G : C([0, T]; By (W, 1)) — C([O, T];Hl(Q)), W G(W) (A9a)
_ e — Br B
[GOW](®) = Gw(t)) = W0 + 652 + pp(61 — 1), (A9Db)
satisfies
sup  IIGOMI(E + ) — [GOMIDl i) < Lc  sup  [[W(t + h) — WOl ) (A10)
0<t<t+h<T 0<t<t+h<T
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forallh € (0,T], w € C([0, T]; By (W, r)). Here, Lg = Lg (Q, K, |[wollm @), ﬁF) is a constant. Moreover, G is locally
Lipschitz continuous with respect tow € C ([0, T]; Bg: (Wo, 1)), that is,

SUP IIGOWD)I(E) — [GOW)ID () < Le SUP [[W1() = W2 (Ol g2 () (A11)

telo,
for allww,, W, € C ([0, T]; Byr (Wo, 1)). In particular,

tS;%] IHGOW1)I(E) — G(Wo)ll 1) < Lot (A12)

Furthermore, the Fréchet derivative G'(W) of G(W) on w € C ([0, T]; Bin (Wy, 1)), defined b
y

G (W) : C([0,TI; Hy(Q)) — C ([0, T]; Hy(®)), g~ G (W)q (Al13a)
/ / 2fF
[G" (W) ql(t) = [G'(W()]q(t) = —Sq() (A13b)
(W(t) + 62)
satisfies
Sup, || |G’ o Ske Sup. 1Ol ) (A14)
and G'(W(1)) : HY(Q) — H(Q) satisfies
le sup |G’ (W) + [t + h) —W(D)]) — G'(W(D)|| @) = O (A15)
0<t<t+h<T 0
0<7<1

Proof. We recall that r € (O, %) kK = infyeqwo > 0, wy = Wy + 6, W € C ([0, T]; By (W, 7)), w = W + ;. For small
h € (0,T) such that t + h € (0, T], [[W(t + h) — W(D)|[znq < 7, Thus, (A10) and (A11) of Lemma A.4 are valid by
using (A6), (A7), respectively, in Lemma A.3 and setting Lg = frC>.

In particular, for w; € C ([0, T]; By (Wo, 1)), set W, (t) = Wy, t € [0, T], then [G(W,)](t) = G(Wp). Hence, (A12) of
Lemma A.4 is valid because of (A11) in Lemma A 4.

We consider w, =W € C ([0, T]; By (W, r)) and choose small 4 € R such that i, = W+ Agisin C ([0, T]; By (Wo, 1))
forallg e C ([O, TY; Hé(Q)). Then the Fréchet derivative G’ (W) q of G with respect to w € C ([0, T]; B (Wo, r)) exists
as a linear operator given by

G’(Vv) : C ([0, T1; Hy()) — C ([0, T]; Hy(Q)) .

G (W)yq= hm [G(w+/1q) GW)| = qu,
(W + 6,)
/ / 20
[G" (W) qI(t) = [G" (W(1)]q(t) = —————=q(b).
1 T 0+ 0,

According to (A11) of Lemma A.4, the inequality (A14) of Lemma A.4 holds by the following computation:

[G (W + AQI(®) — [G (WD) H
A HY(Q)

= hn(l)z sup I[G WD)I(®) — [G WDl 111(e)

te[0,T

1i

sup | [ (@) q] )]

t€(0,T]

sup
HI(Q) tefo, T]

< lim /ILG SUP 11 () = W2 (Dl ) = Lo sup lgOl 1)
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For all t € [0, T], we choose small h € (0, T) and = € [0, 1] such thatt + h € (0, T], then we obtain

“W(t) + 7 [W(t + h) — ()] — i

>

Jina <
HY(Q)

then for y € Hy(Q) with ||y |l < 1, we find G'(i()) : Hy(Q) — Hy() with w +— [G(t))ly. By the algebraic
properties of H'(Q), together with (A6) and (A7) in Lemma A.3, we have

G’ ((0) + 7 [W(t + ) — ()] ) - G (o)

B(Hy ()
=|i6" (w0 + = [ + Wy = b)) 1w ~ 16 WD,
1 1 (Al6)
<2 - 1
< ﬁFO < <S;113_ h< T | GO + 7 [+ h)— ()] + 62 (90 + 6,7 HI(Q)HI//”H @
0<7<1

<2fpCsz sup [[W(t+ h) —W®)||g -
0<t<t+h<T

Since w € C([0, T];Hé(Q)), W is uniformly continuous with respect to t € [0, T], hence the assertion (A15) of
Lemma A .4 is proved by

lim sup ”ﬂ)(f + Th) - W(t)”Hl(Q) =0.
h=0% o<t<t+h<T

This concludes the proof of Lemma A.4. O
Lemma A.5. Let uy € H*°(Q) with o € (0,1/2) and assume the operators u + v(u), u — w(u) given by, respectively,

urv) : C([0, T]; B2 (o, 1)) = C([0, T]; B2 (o, 1)),
ur=ww) : C([0,T]; By (uo, 1)) = C ([0, T]; Byr (Wo, 1)),

satisfy, for all uy, u, € C ([0, T1; By (Uo, 1)),

SUP] [[[v(u)1(®) = W)l r2@) SLWtSE(l)PT] [lu1(t) — ua(Dll @)

te[0,T
sup |[[w(u)](®) = (W)@ <Lw sup |[ui(®) — u2(0)|l 2
t€[0,T] 1€[0,T]
Then f(u), defined by
wis @) €0, TEHAQ) — C0, THIAQ@), f@) = —— 2 (jwaPull ) - X,
w(u) 0x 0x w(u)
is Lipschitz continuous in u,
sup [|[f (u)]®) = [f @2)1Dllr2@) < Le sup [[u1(t) — ua(®)|| @) (A17)
te[0,T] te[0,T]

Here, Ly and L, are Lipschitz constants, and L, depends on Ly, &, &, ||uo |2 Vol 12y and [[woll g q)-

Proof. Letuy, u, € C ([0, T]; Bg2(uo, 1)), the definitions of the operators u — v(u) and u — w(u) imply that (v;,w;) =
W(u1), W), (V2,w2) = W(u2), wu2)) € C ([0, T1; Bra(vo, ) X B (o, 1)- Set C = [[wollg ) + 555 C1 = ol + 56
C2 = |Ivoll 2y + % Thus, forall ¢ € [0, T], we get [|u1 (D)l g2y < C1» 2Dl 2) < Crs V1D l2@) < Cos V2Dl 120 <

Ca, Wil < C, wa@®llng) < C.
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Because of estimate |[wy(£) — wa() || q) < Lwllui(®) — ua(®)llp2q) for all ¢ € [0, T] and H(Q) is an algebra for Q C
R, (A6)and (A7) in Lemma A.3, we obtain similar bounds for the functions [w; (£)] 7} = [w, ()]~} and [w1 (1) ]? = [w2(D)]3:

[| (w017 — [W2([)]_1”H1(Q) < CiLw llus () — u2 (Dl gy (A18)

o @F — o |, < 3 Lwllis ()~ waOll s (A19)
Similarly, the algebraic property of H2(Q), that is, Lemma A.1, implies

| = 1P, < 260000 - LOlin, (A20)

The algebraic properties of H'(Q), that is, Lemma A.1, (A2) of Lemma A.2 imply

1 [ 1 1 ] 9 {[ OF [ul(t)]z}
2wy~ wa® Wi 0x o
-1 -1 3 2
< w17 = w21 [ | 1O g 111 OP

< CCIC3CiLw llur () — ua (D)l -

Similarly, setting C; = 3CC1(CC1)2Ly and C, = 2CC; C3Cy, it follows that

1)1 a[ur(H)]? N

2 || wa o) ox {([Wl(t)]3 [w(0)]) é_x} o < Cillur(®) — uz2(O)l ()
L9 {[ (t)]3 ([u O - [u (t)]z)} <C lur () = uz (0|l 2

2|l watyox U2 1 2 g =2l 2D )

Because of (A18), [[vi(£) = va(D)ll () < Lwllua(®) — ua(®ll ) H 1(Q) being an algebra and (A1) in Lemma A.2, setting
63 = Cézcl + CC'1C1LW + CéléQC%Lw, we obtain
vi(t) v(t)

U, (t

w0 00

< i@l | wr (O] |l 118 = w2l ()
L2(Q)

+ ()l g || [wr (D17 | V1D = 2Ol 2@
+ 2Ol V2 Oll e[| (DT = W2 (DT 11y

< Gsllur(®) — w2l g2y

Consequently, (A17) holds by setting L, = CC>C3C?Ly + C; + C, + C5 and computing

1 1 0 36[ul(1-‘)]
[Wl(t) Wz(t)] {[ 0] 0x }

1L )I®) = [f @)Dz <

L2(Q)
+%£6%{mwmﬁmmﬂﬂgm}mm
This concludes the proof of Lemma A.5. -
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APPENDIX B: PROOFS OF RESULTS IN SECTION 3

B.1 | ProofofLemma 3.1

Proof. The proof follows closely the proof of lemma 6.10 in Hundertmark et al. [39]. We here describe the necessary
adaptations.

Letw € C*([0, T]; L*(Q)NC ([0, T]; Hy()NC([0, T]; HA(Q)NH}(Q)) solve the semilinear hyperbolic Equation (3.7).
Then @ := (W, W) € C'([0, T Z), ®(t) = (W (1), W(t)) € D(A) for all t € [0, T], ® € C([0, T]; D(A)) and

~ N Br ~ —
/(1) = (ﬁ&?) - (ADW(” oy IO+ 01 D) = AD(D) + [G(®)](1)

w'(t)

for all t € [0, T]. Moreover, ®(0) = (W' (0), W(0)) = (¥, Wo) = Po.

Therefore, ® € C([0, T]; D(A)) n C'([0, T]; &) solves the Equation (3.10).

Conversely, let ® = (@1, @) € C}([0, T]; ) n C([0, T]; D(A)) solve the semilinear evolution Equation (3.10). We
set W := ¢, obtaining w € C*([0, T];HS(Q)), w(t) € HX(Q) N Hé(Q), Vit e [0,T],and W € C([0, T]; H*(Q) N HS(Q)). It
further follows,

20\ _ , [ er® _ (Aoi(®) - e 4 (D) + 01 — 1)
<Vv}(t)> =A ( W() > + [G(D)](¥) = ( ( <z>+02()p1(t) P ) , Vte[0,T].

As aresult, W = ¢; € CY([0, T;L*(Q)) and ® = (W, W), so that w € C*([0, T]; L)) as well as (W' (0),W(0)) =
(T, Wo). So w € C*([0, T]; L*(Q)) n C'([0, T]; Hy()) n C([0, T]; H*(Q) N Hy (X)) solves the semilinear hyperbolic
Equation (3.7).

This equivalence also yields that solutions to the semilinear evolution Equation (3.10) are unique if and only if
solutions to the semilinear Equation (3.7) are unique. O

B.2 | Proofof Lemma 3.2

Proof. We aim to show that A, defined by (3.4), is skew adjoint on the Hilbert space 2" defined by (3.1), and thus
generates a strongly continuous semigroup (Cyp-semigroup) on & by using Stone's lemma (see theorem 3.24, section
3, chapter II, [44]).

The following proof is analogous to the discussion from section 5 (example 5.13) of Hundertmark et al. [39].

From the definition (3.4) of A, A is densely defined in 2, that is, D(A) = 2, then A is skew symmetric (i.e., i.4 is
symmetric) for any two (¢, ¢2) € D(A) and (y1, y2) € D(A) by the following computations:

) v _ Apd W _ . _
<A<¢;>’<l//;>>$—<< 5)12>’<y/;>>5[—/Q(AD¢2)'II/1+V¢1‘V1//2dx

/—V¢2‘Vﬁ+v¢1-V@dx=—</V¢2~VE—V¢1.V%dx>
Q o

(v Gae) < () (%50)),
((5)4(%)).

Furthermore, Re<.A < v > , < v >> = 0 for all (v, ) € D(A), so A is dissipative. By using the Lax-Milgram
x

¢ ¢

theorem (theorem 1, section 6.2, [45]), we have the inverse ABl of Ap exists; thus, we define an operator

0 1
R=( o).
<AD10>
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Then

RY cD(A),AR:I,RA(‘éj) = <‘(’;>,V(W,¢)GD(A).

Therefore, iA is invertible and the resolvent set p(iA) of i4 satisfies p(iAd) N R # @, so the spectrum ¢(iA4) C R,
consequently, iA is selfadjoint, as a result, .4 is skew adjoint. According to Stone's Lemma, we have the linear operator
A generates a Cy-semigroup {T(f) € B(Z') : t € [0,0)}. O

B.3 | Proof of Theorem 3.3

Proof. Welet T € (0, o0) be taken to be specified below and define a complete metric space Z(T') for the metric induced
by the norm sup,o ;| (0(2), W(0) || 2@xm @) as follows:
< } |
L2xH(Q)

= {(3) semmamcrsen: (55) - (2). | (25°3)

Because A generates a strongly continuous semigroup {T(t) €B (LZ(Q) xH(l)(Q)) :te|o, oo)} and [GW)](t) =
—Pr[W(t) + 6,172 + pp(61 — 1), we introduce a nonlinear operator ® on Z(T) by

~ t ~ ~
(D, )] () := T() <“4’;; ) + / {T(t —s) ( [G(W)](‘%* Ppti(s) ) } ds. Vi € [0.T].
0

We observe that

@10 =10 (% )= (%) epeo

According to lemma 1.3 of chapter II in Engel and Nagel [44],
Vo
T(1) <w0> € D(A), YVt e [0, T].
Since (9, W) € Z(T), &t € C ([0, T1; By (flo, r)) such that G(W) + Bt € C([0, T]; H' (L)), hence

~ ~ t ~ ~
0

Therefore, ® is a nonlinear operator which maps Z(T) into C ([0, T]; L*(Q) X Hé (Q)):
@ : Z(T) —» C ([0, T]; L*(Q) X Hy(Q)) .

We next show that there exists a unique mild solution (¥, W) € Z(T) of the semilinear evolution Equation (3.11) which
is a fixed point of ® on Z(T).

We write My = Sup;¢(o o0 [ Tl B(L2(@xH) (@) 4N operator norm of {T(£) }p<t<oo ON the space L?(Q) x H} (). For given
it € C ([0, T]; By2(Tig, 1)), if (1, W1), (P2, Wy) € Z(T), then

[GOwDI®) - [G)I() € H'(Q), Yt € [0, T].
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By using the estimate (A11) of Lemma A.3, we obtain

SE~(1)P (I[P, W) — [PBa, WDl 2
te

= sup
te[0,T] L2(Q)xHL(Q)
<TM, sup [[[GW)I(®) — [GOW)I(D)l12) < TMo sup [[[GWDIE) — [GOWw)I(O) |2
te[0,T] t€[0,T]

V1(0) — V2()
Wy (t) — Wy (8)

Because {T(t) € B (LZ(Q) X H(l)(Q)) : t > 0} is a strongly continuous semigroup, according to the definition of

/ T(t - 5) < [GW](S) + Bpii(s) 6 [G(W2)](s) — Bpil(s) > d

(B1)

<TMpLg sup [1W1() = W2 (D)l ) £ TMoLg sup
t€[0.T]

L2(Q)xH(Q)

strong continuity, for (¥p, ;) € D(A) and given constant r € (O, %) there exists 6, = 6,(r) > 0, such that if

0 <t <6, then
()~ (%)

Sincer € (O, %) and C = C(Q) is a constant, §, depends on k and Q, that is, 6, = ,(k, L2).

ii € C ([0, T1; By- (fig, 1)) and (b1, W,) € Z(T) imply that 9, () € L*(Q), w1 (t) € Hé(Q) and ii(t) € H*(Q) nHé(Q) with
16(t) — Toll g2y < 15 thus, [GW1)I(E) + fpi(t) € HY(Q)forallt € [0, T].

Because Gy = G(Wy) + Byilp € H'(Q), the inequality (A12) of Lemma A.3 implies

<
L2(Q)xHY(Q)

(B2)

l\)l‘:

- - v
sup @Mwﬂ@—(%)
te€[0,T] L2(Q)XHY(Q)
~ ~ t ~ ~
~an [ro ()= () + [ {ra-o (1900 + 850},
t€[0,T] 0 0 L2(Q)XHN(Q)
Do Do
< sup ||T(®) < - ) - <Wo> + TMo|Goll 120
te[0,T] L2(Q)XH(Q)
+ TM, S[UPT] I[GW1)](®) — GWo)ll 12y + TM SUP l2(t) — Tioll 2 (B3)
te[o.
D P
< sup ||T(t) (ﬂ)?) > - <w(()) > + TMol|Goll g1
t€[0,T] L2(Q)XHL(Q)
+ TM S[l(l)%] LGOI — G(Wo)ll 1) + TMo SUP 122(8) — ol g2 )
te
Do P
< sup ||T(®) ( - ) - (W‘;> + TMo (1Gollingy + Lo+ 1) 7).
te[0,T] L2(Q)xHL(Q)
For fixed small r given in (0, « /(2C)), there exists a number T; > 0,
. 1 -1
To = min < 6,, Lo+ 1)k + 2C||Go|| i s B4
0 { ZMOLG 2M0 [( G ) K 1Gollg (Q)] } (B4)

such that for every T € (0, Ty), it follows that

<r
LA(Q)XHL(Q)

D1() — V2(0)
Wi (8) — Wy (8)

sup
t€[0,T]

)

[@wwmm—<%>

1
sup [[[®®1, w)I(E) = [P@2, W) || 2 @)xmr) < = Sup
t€10.T] 2 teqo,1)

L2(Q)xHY(Q)
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Thus, ®(V;,W;) € z(T) for (V;,W,) € Z(T), ®[@, W) is Lipschitz continuous on the bounded set Z(T) with Lipschitz
constant smaller than or equal to 1/2, and ®(¥, W) is a contraction map which maps Z(T) into itself.

According to the Banach fixed point theorem, for each T € (0, Ty), there exists a unique fixed point (¥r, Wr) € Z(T),
such that (b7, Wr) = ®(@r, Wwr) for given it € C ([0, T]; By: (fig, 1)).

Hence, (V7, Wr) € Z(T) is the unique mild solution of the semilinear evolution Equation (3.11) on [0, T1, and (¥, Wr)
satisfies the integral formulation (3.12). Due to the uniqueness of the fixed point, we set (¥, W) = (¥, Wr) and note
that (¥, Wr) is the restriction (V|0 17, Wljo.17) € Z(T) of (¥, W). As a result, Theorem 3.3 is proved. O

B.4 | Proof of Corollary 3.4

Proof. Take 0 <t < t+h < T. Equation (3.12) leads to

~ ~ ~ ~ h - ~
() = o (2) ()] f s (092580

. /L s < [G)](s + h) — [G(W)](()s) + Bylii(s + h) — (s)] > ds
0

h ~ h . ~ (B5)
= / T(t +5)A <,‘;§ ) ds + / T(t+h—s) ( [CIIE) + £il(s) ) ds
0 0 0
N /L Tims) < [GW))(s + h) — [G(Vv)]és) + Bplii(s + h) — ii(s)] > s,
0
Recall that & = L*(Q) x H(Q) and observe that
Mo = sup IT(Oll ) HA (g)(:] > < 1o, Wo)ll pea)- (B6)
1€[0.00) L2(QxHY(Q)

Fixing T € (0, Tp) and @i € C ([0, T]; By: (fig, 1)), the semilinear evolution Equation (3.11) has a unique mild solution
(¥, W) € Z(T), and by using (A12) in Lemma A.4, we have

sup < [G(W)](tz)+ Ppli(t) > < sup ||[G(ﬁ))](t) + ﬂpa(t)”Hl(Q)
te[0,T] p@xH@  (E0T]
< sup [[[GWI(E) — G(Wo)ll g
te[0,T]

+ By sup 1&(0) = Golliney + I Gollina) (B7)
te[0,T]
S Lo+ Dr+ 1Gollg g
k(Lg+1)
< 0 + 1Goll i -
Here, L¢ is given by Lemma A.4 and Gy = G(Wo) + fpiip € H Q).
Moreover, fi(s + h), @i(s) € H*(Q) N Hy(Q), W(s + h), W(s) € H}(Q), Y0 < s < s+h < t < T; therefore, [G(W)](s + h) +
Bpii(s + h) — [G(W)](s) — Byii(s) € H'(Q).
Since @i € CY([0, Tp); L*(Q)), then, for all T € (0, Ty), we find

¢ 1
sup / ||I§£(S + h) - ﬁ(s)lle(Q)dS < T() sup I’l/ ||it/(s + O'I’l)”LZ(Q)dU < Toh”allcl([O,To);LZ(Q))'
te[0.T1 Jo 0<s<T, 0

0<s+ch<T
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According to inequality (A10) of Lemma A.4, we have

/ s ( [GEB(s-+ h) = [GEI) + flts + ) = 5] > is
0

LAQ)XH(Q)

t
=M, / [[G@)I(s + h) = [GW)I() + pli(s + h) — U($)]|| 1205
0

(B8)
t
<My / Bpllia(s + h) — ()|l 2y + IGOD)I(s + h) — [GOW)I(S) || g2 () ds
0
t ~ ~
- (s + h) — V(s
SM%%RW%MWMMM+M@9/‘(w&+5—$&> ds
0 LA(QXH(Q)
Combining (B5), (B6), (B7) and (B8) gives
Bt + h) — (¢ - k(L +1)
H ( vat " h; _ 1715(2) > < hM|| (Do, Wo)llpc 4y + hMo <2G—C + ||G0||H1(Q)>
L2AQXHL(Q)
+ hMOﬂpTOHﬁllcl([O,TO);U(Q))
t ~ ~
(s + h) — D(s)
+M@9£ @m+m—m@> ds.
LAQXH Q)
~ o~ k(Lg+1 -
Set Vo, = ||(Vo, Wo)ll pay + ( (2c+ ) 4 ||Go||H1(g)) + BpTollallcro.1,)r20)-
Gronwall's inequality then implies that
v(t + h) — (1) LT,
‘(Vv(t+h)—v~v(t)> SMoVo(eM c )h.
LAQXH(Q)
Therefore, (3.13) holds for all h € (0, T] by setting Ly = MoV, (eMokeTo) . O
B.5 | Proofof Corollary 3.5
Proof. Observe that
t
sup / lie(s + h) — @)l 2 pds < To  sup  ||&(s + h) — (sl 12
te[0,T]1 J o 0<s<s+h<T
<To sup (s +h) - @)l (B9)

0<s<s+h<T

< Toh® [ ca(ro,1,:12() -

According to (B5), (B6), (B7), (B8) and (B9), for 0 <t < t+ h < T, with h € (0, T], it follows that

Dt + h) — ¥(2)
Wt + h) — W(t)

< hMol| (Do, Wo)llpay + h* Moy Tolt)ce(j0.1,):120))
L2 QXH'(Q)

k(Lg+1)
2C

(s + h) — U(s)
W(s + h) —W(s)

v

t
oo
0

+ ”G(WO) + ﬁPaOHHl(Q)>

ds.
L2(Q)xH(Q)
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Set Py = (LG“)

(¢ + h) — ¥(t)
‘ <W(t+h)—ﬂ)(t)>

Notice that

+ [|G(Wo) + fpio|| 1 q)- Gronwall's inequality then implies that

< (eMeTo) Mo { (B0, Wo)llpay + Po } b + (eMoFe™o) MoBp Tol @] ce(jo.1,):a2(2) -
LAQXH(Q)

(eMofaTo) Mo {1(@o, Wo)llpcay + Po} h <
(eMoLoTo) Mofp Tol @ ca(ro,1,)12(0)) <

eMoLeTo) My { o, Wo)llpa) + Po} To~*h,
eMotoTo) Mo, Tolloll ca(ro.1, k()
eMoLGTo) MoBpTo (r+ llitoll o))

eMoloTo) Mo B, Ty ( 2 + ”u0“H2(Q)>

AA,—\,—\

Setting Ly = (eMLeTo) My {||(Do, Wo)llpc sy + Po} Ta~™ + (eMoleTo) My, To ( + ||u0||H2(Q)) and Ly is a Lipschitz
constant depending on

a, To, x, &, Pp, fr, My = sup ||T(t)||13(g"), ||(V0,W0)||D(A)» ”uO”HZ(Q)s “WOHHl(Q)
te[0,00)

Therefore, (3.14) holds for all & € (0, T] and this concludes the proof of Corollary 3.5. O

B.6 | Proof of Theorem 3.6

Proof. Let T € (0, Ty), Gy = G (W) + ppiip and (9, W) be the mild solution of the semilinear evolution Equation (3.11)
defined via (3.12). Take &t € C ([0, T]; By (fio, r)) N CL([0, T]; L*(Q)) to be given such that &i'(f) € L*(Q) is uniformly
continuous for all ¢t € [0, T].

We first prove the linear non-autonomous problem

p® G v ' [H(Q)](S)+ﬁ u'(s)
(38) 70 () a(R)s [ oo ("5 o

can be solved for t € [0, T]. Here,

24
[H(@)(s) = % = [G'(W)q](s), s € [0,1]. (B11)
[W(s) + 0,]

We define a nonlinear operator ¥ by

¥ : C ([0, T]; L*(Q) x Hy(Q)) — C ([0, T]; LX(Q) X Hy(X))

% t
[¥ B, q)](t)_T(t)<< >+A< >>+/ T(t_s)<[H(q)](s)+ﬂp (s))
0

For any (b1, 1), (P2, 32) € C ([0, TT; L*() x Hy(€)) and W € C ([0, T]; HL(Q)), it follows that

. - 2 . oo
H(q1) - H(@2) = ﬁ [@1 — 2] = G'(W)(q1 — q2) € C ([0, T]; Hy(Q)) -

Hence, according to the estimate (A14) of Fréchet derivative G’ (W) q from Lemma A.4, ¥ is a contraction map on
C ([0, T]; L*(Q) x H)(Q)) for all T € (0, Ty) since
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[ @ra] © = [¥ @28 O] g e

L ~ ~
/ T(t_s)<[H<ql>](S>5 H(Qz)](s)> s
0 L2(Q)xHL(Q)

<T sup |ITt=9)lls) sup ITH@GDIE) — [H@G@)IO 20
0<s<I<T (€[0.T]

D1(t) — pa(0)

q1(8) — q2(0)

According to the Banach fixed point theorem, for given & € C ([0, T1; By (fip, ) N C! ([0, TI; LZ(Q)) , there exists a
unique fixed point (p,g) € C ([0, T]; L*(Q) x Hé (Q)), such that (p, §) = ¥(p, §).- Hence, the R-linear non-autonomous
problem (B10) can be solved for ¢ € [0, T1.

We next prove that (p, §) is the time derivative of the mild solution (¥, W).

Let0 <t < t+h < T for some h € (0, T], Egs. (3.12) and (B10) imply that

1 B+ h) -9 p)

B0 =5 (W(t+h>—wa)> B (qm)
o (T ) 7
= T(t)h (Tth) -1 <17v0 ) T(t)A <W0 >

h ~ ~
+1 / {T(t +h-s) < (GEDIE)+ pHts) > } ds — T(t) < P )
h Jo

. /rT(t_S)<%{[G(W)](S+h)—[g(ﬂ1)](s)}—[H(Q)](s)> s
0

+ / T(t-s)(ﬁp [% {Ti(s + h) — (s)} - a'(s)] >ds_
0

- - 1
<TMyLg sup |[q:1(t) — q2(t)”H1(Q) < - sup
te[0,T] 2 tef0,1]

L2(Q)xH(Q)

0

Let

EW(h,t) := T(t)% (Tth) =1 <“;’j(’) > - T(HA <]‘A’)‘(’) ) ,

h - ~
B0 = / {T(t +h-s) ( [GADIS) + o (s) > } ds — T(t) ( Go ) ,
0

EO(1) = / e ( L{IGW)I(s + h) — CwI) - @K > s
0

N / Te—s) ( o | tats + i) - )| ) s
0

We initially observe that

im0

< lim MO

< :=limA;(h) =0,
L2(Q)xH Q) ~ h—0 -0

Loray—p( P -4 Y
h (Tt 1) <VV0 ) <Wo )
LAQXH Q)

1 [ G G
i [ {o(5)}o-(5)

Because G() € C([0, T]; H'(€)) and &t € C ([0, T]; HX(Q) N H}(Q)),

}lim sup ||[[GO)I(s) — [GW)](0) + Bplii(s) — @ (0)]|| me =0
=0 5e[0,h]
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hence
lim ||E<2>(h, )
h—0

LA(Q)xH!(Q)

h ~ ~
= 1im || / {T(t +h—s) < (GO + i) > } ds — T(t) < o >
ol Jo LAQXHL(Q)
h 1t ~ ~ ~
= lim T(t)l / {T(h _s) < [GO)]I(s) — G(w%) + Bp(ii(s) — ilo) > } ds
e . LAQXH(Q)
h 7 ~ ~ ~
< lim M, l/ {T(h —5) < [GW)](s) — G(WOO) + Bp(ia(s) — fio) > } ds
h—0 h J, LA(QxH(Q)

< lim M2 sup [[[GEYI) = Glig) + Fp(@s) = i),
- s€[0,h]

= lim Mg sup [[[G@)I(S) ~ [GENI(O0) + fp(@ls) = AO)| 5 = lim Aa(h) = 0.
-0 se[0,h] h—0

Define Gp(t, h) := [GW)] (t + h) — [GW)] (1) — [G'W)] (1) - [W(t + k) — W(D)],

t 1
E§3)(h, t) = / T(l’ _ S) < ZGDéS, h,) > ds,
0

Eh 1) 1= / T < (G @) { £ s £ =) - as) } > s
0

ED(h,1) 1= /t T(t - 5) ( o { 3l + h)o_ 1) -7 | > ds.
0

We then write

E®(h,t) = BV (h,0) + EY (b, 1) + ES(h, 0).

As @t € C([0,T]; B (itg, 7)) n C* ([0, T]; L*(&)) is given such that the time derivative &'(f) € L*(Q) is uniformly
continuous for all ¢t € [0, T], we obtain

t 1~ - -
[ES w0 - [ a-9 < po { i+~ ) - ) | > ds
L2(Q)xH(Q) 0 O
L2(Q)xH(Q)
< TOMOﬂp sup w — a’(t)
0<t<t+h<T h 2@

1
= ToMoB, sup 1 / 4 [ (t + oh)] do — &' (1)
O<t<t+oh<T||"/o do 12(Q)
0<0<1
= ToMoBp sup &'t + oh) - a’(t)”Lz(m 1= As(h) = 0, ash — 0.
0<t<Lt+och<T
0<o<1

The bound (A14) of Fréchet derivative G’ (W) from Lemma A.4 implies

|

t
< ML E(h,s ds.
saxme > Mo G/O IEh, )l 2@)xr @)

Notice that Gp(t,h) € H'(Q). By the estimate (3.13) of Corollary 3.4 and the inequality (A15) of Lemma A.4, the
function W is Lipschitz continuous with respect to t € [0, T] and G'(W) is uniformly continuous with respect to t €
[0, T]. Employing these facts gives
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T()M() sup l
0<t<t+th<Th
0<7<1

1
||E§3)(h, f) / [G'@)] (¢ + th) — [G'W)] (D)dr - [w(t + h) — (D)
0

LAQXH'(Q)

HY(Q)

< ToMy LLh sup

0<t<Lt+7th<T
0<7<1

1
/ [G'W)] (t+ h) — [G'W)] (dr
0

A1y @)

~ folol o G| ¢ +7h) - [GW] O = Aalh) = 0,ash = 0.
o VOStSt+rh§T||[ ] [ ] ||B(HO(Q)) 4
0<7<1

Summing up, we have shown

t
IECh, Dl 2@ < A1) + Ax(h) + As(h) + Agq(h) + MoLg / IE(h, $)|| 2(@)xn @) dS-
0

Gronwall's inequality thus implies the inequality

IE(h, Dl 2 @xmz@) < (A1(h) + Az(h) + Az(h) + Aq(h)) eMols
for t € [0,T]. Letting h — 0%, we then deduce that the (¥, W) is differentiable from the right and the right
derivative of (¥, W) coincides with (p, §). Because (p, ) is continuous on [0, T], by using Lemma 2.3, we conclude
W) € C' ([0, T];L*(Q) x HY (). Since the function & is given in C ([0, T]; By (i, 1)) N C'([0, T]; L*(Q)), then
(G(W) + Bpi1,0) € C' ([0, T]; L*(Q) x H (). By Lemma 2.2, the mild solution (¥,W), defined by (3.12), uniquely
solves the semilinear evolution Equation (3.11) on [0, T]; (¥, W) is a unique strict solution of (3.11) with

(W) € C ([0, T]; Hy(Q) X {H*(Q) N Hy()}) n C" ([0, T]; L*(Q) x Hy(Q))

forall T e (0, Tp). O
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