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1 Introduction

Spectral invariance is an important phenomenon for applications in the field of partial differential equations
and in the theory of pseudodifferential operators. The first result due to Beals [6] asserts that the inverse of
apseudodifferential operator T that s (i) invertible on L(R?), and (ii) with a symbol in the Hormander class 88’0,
is again a pseudodifferential operator with a symbol in the same class. In other words, this class of pseudodif-
ferential operators is inverse-closed (closed under inversion) in the algebra A of pseudodifferential operators
with Sg,o-symbols. As a consequence, the spectrum of T is independent of the weighted LP (R%) space or of the
choice of Bls,’,‘fl(le); see [32, 34]. This phenomenon is often referred to as spectral invariance, and the resem-
blance to Wiener’s lemma for absolutely convergent Fourier series has also motivated the terminology of A
being a Wiener algebra.

The next important step in the theory of spectral invariance of pseudodifferential operators was made by
Sjostrand [36] who introduced a class of non-smooth symbols for which the associated algebra of pseudodif-
ferential operators is spectrally invariant in B(LARY)). This class, nowadays called the Sjostrand class, turned
out to be an already known function space that is paramount in time-frequency analysis, namely the modu-
lation space M°>'(IR%¢). This connection spawned an intensive investigation of pseudodifferential operators
with time-frequency methods [16, 20, 22, 24, 26, 36, 38—42]. The state-of-the-art is presented in the monographs
of Benyi and Okoudjou [7] and Cordero and Rodino [10].

Among the new results obtained by time-frequency methods was, firstly, a characterization of both the
Hoérmander class and the Sjostrand class by means of the matrix associated to a pseudodifferential opera-
tor with respect to a Gabor frame. Secondly, time-frequency analysis established a firm connection between
the off-diagonal decay of these matrices and the corresponding properties (boundedness, algebra, inverse-

*Corresponding author: Karlheinz Grochenig, Faculty of Mathematics, University of Vienna, Oskar-Morgenstern-Platz 1, 1090 Vienna,
Austria, e-mail: karlheinz.groechenig@univie.ac.at

Christine Pfeuffer, Faculty of Mathematics, Martin-Luther-Universitat Halle-Wittenberg, 06099 Halle (Saale), Germany,

e-mail: christine.pfeuffer@mathematik.uni-halle.de

Joachim Toft, Faculty of Mathematics, Lineaus University, Universitetsplatsen 1, 35195 Véxjo, Sweden, e-mail: joachim.toft@Inu.se.
https://orcid.org/0000-0003-1921-8168

3 Open Access. © 2023 the author(s), published by De Gruyter. This work is licensed under the Creative Commons Attribution 4.0 Inter-
national License.



1202 — K. Gréchenig et al., Spectral invariance of quasi-Banach algebras of matrices and PDOs DE GRUYTER

closedness) of pseudodifferential operators. In this way, every (solid) inverse-closed subalgebra of B(£2(z2%))
can be mapped to an algebra of pseudodifferential operators that is inverse-closed in B(L%(R%)) (see [24]). In
contrast to the classical hard analysis methods, the time-frequency approach is so flexible that the theory can
even be formulated for pseudodifferential operators on locally compact abelian groups [26].

The goal of this paper is the extension of the theory of spectrally invariant algebras of pseudodifferential
operators to the realm of quasi-Banach algebras. Quasi-Banach algebras are interesting in their own right, but
quasi-Banach spaces and associated operators occur naturally in approximation theory and data compression
problems; see, e.g., [13, 25]. Additionally, in time-frequency analysis they occur in the formulation of uncertainty
principles [17].

To formulate our main results, we briefly recall the definition of modulation spaces and the Weyl form of
pseudodifferential operators. For a fixed non-zero Schwartz function g € $(R?) and a tempered distribution f,
the short-time Fourier transform V,f is the function on R?? defined by the formula

Vf(x, &) = J AOgE—xe 2 dt, A1)

R4

with suitable interpretation of the integral. For 0 < p, q < oo, the (unweighted) modulation space MP-4(R?) is
defined by the quasi-norm

e = ([ ([ Were o ax)" ag) ", 12

R? R4

with usual modifications in case p = co or q = co, and consists of all tempered distributions f with finite
quasi-norm. Modulation spaces on R?“ serve as symbol classes for pseudodifferential operators. Our focus will
be on the symbol class M*Po(R?4) for py < 1. This is only a quasi-Banach space.

Given a symbol a on R?%, the corresponding pseudodifferential operator in the Weyl calculus is defined
formally by

X+ I
@100 = [ [ a(*52, e)mer oIy az,
RA RY
again with a suitable interpretation of the integral and for f € S(R?).
With these definitions, our main results can be stated as follows.

Theorem 1.1 (Spectral invariance). Let pg € (0,1] and a € M®P°(R??) be such that a" is invertible on MP (RY) for
some p € [pg, 00). Then (a")~! = b¥ for some b € M®Po(R?4),

As a consequence, we obtain that the spectrum of a pseudodifferential operator with a symbol in M°Po(IR%4)
is independent of the space on which it acts.

Theorem 1.2 (Spectral invariance on modulation spaces). Assume that a € M°°’P°(IR2d)for some pg € (0,1]. Then
the following assertions are equivalent:

@) a" is invertible on L%(RY).

(i) a" is invertible on MP(R?) for some p € [po, co).

(i) a" is invertible on M4(R?) for all q € [po, co].

More generally, we show in Theorem 4.12 the invertibility of a” on the more broad class of modulation spaces
M™4(RY) with r, q € [pg, co) under the assumptions of the previous theorem.

Both theorems have already a long history in time-frequency analysis. The Banach algebra case of Theo-
rem 1.1 with a € M1 (R?*?) and o” invertible on L?(R?) was already proved by Sjéstrand [36]. For symbols
in a weighted symbol class Mf;’vl, the spectral invariance was established with a new time-frequency method
in [24]. Recently, the invertibility results on L? were further extended to the case of symbols in the weighted
quasi-Banach spaces Mf;’,"f’ ? for po < 1 by Cordero and Giacchi [8].

The implication “(i) = (iii)” in Theorem 1.2 then follows from these results. We note that, in addition to

treating weights, [8] also treats the class of generalized metaplectic operators.
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Our main contribution is the full characterization of invertibility in Theorem 1.2. To the best of our knowl-
edge, the implication “(ii) = (i)” is new even for the case of Banach spaces'. This implication, where we start
with invertibility on MP(R?), p # 2, is much more involved, as there are no Hilbert space techniques avail-
able. For self-adjoint pseudodifferential operators (a*)* = a", one could argue with duality and interpolation
to reduce to the case of invertibility on L%(R?), but there is no cheap trick for non-self-adjoint pseudodifferential
operators. When we start with invertibility on a quasi-Banach space MP(R%), p < 1, even duality is no longer
useful. For this reason, we returned to Sjostrand’s original proof of Wiener’s lemma in [36] and added several
new elements to his proof.

Methods. We follow the outline of proof of [24]. The first step is to study the matrix representation of a pseudo-
differential operator with respect to a Gabor frame and then derive a characterization of the symbol class in
terms of the off-diagonal decay of the associated matrix.

In the second step, this leads to the study of spectrally invariant matrix algebras. The appropriate class in
our context is the class of convolution-dominated matrices, i.e., matrices A = (a;,)apea With an off-diagonal
decay of the form

|aspl < HA - p)

for a (smooth) function H in LP(R?). It turns out that such matrix classes are spectrally invariant in B(£7 (A)).
To offer a glimpse of this aspect, we formulate a very special case of our main result on matrices which does not
require technical details.

Theorem 1.3. Let A = (aj)k1eze be a matrix over the index set 7. Suppose that there exists a sequence
h € ePo (%) for 0 < pg < 1 such that

law| < h(k=1) forallk,1e Z%

(i) Spectral invariance: If A is invertible on some €P(Z9) for p € [pg, co), then A is invertible on all £1(Z%) for

q € [po, o0].
(i) Spectral stability: If, for some €P(Z%) with p € [po, co), A satisfies the stability condition

lAcl, > Clicll, forallc € €P(z%),

then A satisfies |Acllq = Cqlicllq for all ¢ € 24(24) with q € [po, o).

In our approach, we follow Sjdstrand ingenious proof of Wiener’s lemma for absolutely convergent Fourier
series [36] and built on the presentation in [23]. Our ultimate results on spectral invariance and stability (Theo-
rems 3.5 and 3.15) are a significant extension of the above preliminary statement and provide several new facts
of spectral invariance of infinite matrices:

(i) They yield both spectral stability and spectral invariance.

(ii) They are formulated with respect to arbitrary operator algebras B(¢P) (not just B(£?) as is usually done).
(iii) They cover the general case of quasi-Banach algebras.

(iv) In addition, we treat arbitrary index sets and not just Z< or a discrete abelian group as in most references.

Technically, the study of quasi-Banach algebras of convolution-dominated matrices is the main part of our
paper; its application to pseudodifferential operators is then based on the analysis in [24]. Our proof contains
some new features and avoids the functional calculus associated with the pseudo-inverse. These arguments may
be useful in other contexts as well.

Related results. There are numerous results on the spectral invariance of matrices; we mention here [1, 3, 4, 29,
35-39] for a small sample, and [21] for a survey. As long as the index set is a discrete abelian group, one can use
methods from harmonic analysis to establish spectral invariance. This line of thought goes back to Bochner and
Philipps and is used in [3, 4, 8, 11] and many others. All these proofs break down, however, when unstructured
index sets are considered.

1 To focus on this new feature, we treat only unweighted modulation spaces and leave the weighted version to the reader.
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The extension of spectral invariance to quasi-Banach algebras of matrices and operators over Z< is the
subject of the recent papers [8, 11]. While there is some thematic overlap, not all results are directly comparable.
On the one hand, we restrict our attention to unweighted £7-spaces, whereas [8, 11] include weights. On the other
hand, these papers prove that invertibility of convolution-dominated matrices on the Hilbert space £* implies
invertibility on all #7 for p > po. Our results also provide the converse, namely that invertibility on some ¢£”
implies invertibility on £2.

The paper is organized as follows: In Section 2, we collect the relevant definitions about sequence spaces and
amalgam spaces. In Section 3, we treat the spectral invariance of convolution-dominated matrices. We treat both
the stability of such matrices on the quasi-Banach spaces ¢, p < 1, and the spectral invariance of the algebra of
convolution-dominated matrices. The main results are Theorems 3.5 and 3.15. In Section 4, we first recapitulate
the definitions of modulation spaces and Gabor frames and various calculi of pseudodifferential operators, and
then prove our main theorems that are already stated in the introduction. For completeness, we have postponed
some easy and known proofs to the appendix.

2 Preliminaries

For the convenience of the reader, we now list the definitions of some function spaces and their properties
needed throughout this paper. We start with the sequence spaces.

2.1 Sequence space ¢

Foreach 0 < p < co and each discrete set J, we recall that the set £7(]) consists of all complex-valued sequences a

such that
1/p
lalp = ( Yla?) " a= @)y,
jel
is finite (with usual modifications for p = co). Then €P(J]) is a quasi-Banach space with quasi-norm || - ||, which
isevenanormifp > 1.
We recall the following properties for £7(J).

Lemma 2.1. Suppose that 0 < p <1, that ] is a discrete set and that A is countable. Let a = (aj)je; € €P(]) and
b, b, € €P(]), A € A. Then the following assertions hold:

@ lalf <lall or
p
Z ajl < Z|a]'|p.
jeJ jeJ
(i) IfY zeallba ||§ < 00, then Y, .5 by is uniquely defined as an element in €7 (J), and

Y bl < Tubalt.

AeA P JeA

(iid) If] = 74 then also ||a * blip < llaliplbllp.

2.2 Wiener amalgam space

LetX = L°(RY) or X = Cp(RY) := L®(R%) n C(RY),and let K < R? be convex and compact with positive volume.
The Wiener amalgam space W(X, LP?) for 0 < py < co consists of all f € X such that

1/po
Wiewaram = ( [ dx) <o

R4
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This is always a quasi-norm, and a norm, if pg > 1 (see, e.g., [27]). For py = co, we have W(X, L*°) = X. By
compactness, it follows that W(X, LP°) is independent of the choice of K, and different K yield equivalent quasi-
norms. For convenience, we set

I Nlwex,zeoy = 1l - By 0), wix, LPo) -
Remark 2.2. We observe that every continuous function with compact support is contained in W(Cy, LP) for
all p > 0 and that W(Cyp, LP) is translation invariant (see, e.g., [9] and the references therein).

The Wiener amalgam space W(Cyp, LP?),0 < py < 00, arises naturally in the formulation of sampling inequalities.
We first recall that a set A ¢ R is relatively separated if

rel(A) := sup{#(A N B1(x)) : x € ]Rd} < 00. (VD)
Lemma 2.3. Let0 < pg < oo, let A < R? be relatively separated and let H € W(Cy, LP*). Then (H(A))en € €P°(A).

Lemma 2.3 follows by straight-forward estimates. In order to be self-contained, a proof of the result is given in
Section A.

3 Spectral invariance of convolution-dominated matrices

In this section, we prove a spectral invariance result for infinite dimensional convolution-dominated matrices.
For this we first list some needed auxiliary tools.
We always denote the conjugate exponent of p € [1, 00] by p’ = 1%’ so that p’ € [1, co] and
1 1
— + _’ =
p p
We identify a matrix A = (a;,p)aea, pent indexed by A and IT with a linear operator

1.

pell
Then A is always well-defined on finite sequences and A maps finite sequences on II to arbitrary sequences
on A. Some boundedness properties of matrices on £P-spaces are given by Schur’s test.

Proposition 3.1 (Schur test for p > 1). Let1 < p < oo, let A and II be countable sets and let
A= (aA,p)AeA,pEH e cMI

be a matrix satisfying
sup Z lar,l < K1 and sup Z la,l < Ka. (3.1
PEIl jep AEN pell

Then A is a bounded operator from € (II) to €P(A), and

1/p' 1
All5erqmy,erny) < Kl/p Kz/p-
For a proof of Proposition 3.1, see, e.g., [19, Lemma 6.1.2].
Because of (3.1), we let

lAlschur = sup )" lazpl +sup Y |a;l (3.2)
PEll jep A€M pell

for every A ¢ CM1,
The following quasi-Banach space version of the Schur test just follows by using the triangle inequality;
see [10, Lemma 6.1.7].

Proposition 3.2 (Schurtestforp < 1). Fix0 < p < 1. Let A = (aj,p)aea,penl € CM™U pe a matrix satisfying

IAlls—p := sup Y lazplP < co. 3.3)
PEIl jep
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Then A defines a bounded operator from €P (II) to €P (A). The operator norm is bounded by || A IIy_ [;,. Ifo<g<p<],
then

qlp
JAIEE = (sup Y larolP ) <sup ¥ laapl? = JAls. (34)
P
PEIl jep PEll jep

Our treatment of the spectral invariance of pseudodifferential operators relies on spectral invariance properties
of associated convolution-dominated matrices. Roughly speaking, a matrix A € B(¢%(A)) is called convolution-
dominated if there exists a function H such that

larpl < HA-p) foralld e A, p eIl (3.5)

The function H is then called an envelope of A. By specifying a norm on envelopes, we define a particular class
of convolution-dominated matrices as follows.

Definition 3.3. Let A, IT ¢ RY be relatively separated and let 0 < pg < 1. The set @0 = @Po(A, II) consists of all
convolution-dominated matrices A such that (3.5) holds for an envelope H € W(Cp, LP°). For A = (aj,p)aen,perl,
we set

lAllero = inf{l|Hllw(c,,Lroy : larpl < HQA - p) forall A € A, p € II}.

We set CPo(A) = CPo(A, A). We observe that if A = IT ¢ R? is a lattice, then the restriction of H € W(Cyp, LP?) to
A belongs to #Po(A) due to Lemma 2.3. In this case, A € CP°(A) if and only if there is a sequence H € £P°(A) such
that |4yl < HA-p)forallA, p € A.

We note that [|A|ero is a quasi-norm for py < 1, and CP° is a quasi-Banach =-algebra (sometimes called
a p-algebra) with respect to addition and multiplication of matrices. For po = 1, €' is a Banach =-algebra with
norm | - ||et.

For convolution-dominated operators in Definition 3.3, we state the following boundedness result. Here we
set q' = cowhen q < 1.

Proposition 3.4. Let0 < pg < 1, let A and 11 be as in Definition 3.3 and let A € CP*(A, IT). Then A is bounded from
£49(10) to £1(A) for every q € [po, o], and

Al eaqm,encay) < Crel(A)/4rel(M4 | Alleroa,m, (36)
where the constant C > 0 only depends on d.

The result follows by suitable combinations of Holder’s and Young’s inequalities. In order to be self-contained,
we present a proof in Section A.

3.1 Invariance of the lower bound property on €° of convolution-dominated
matrices

Our main technical contribution is the so-called stability of convolution-dominated matrices. By this we mean
the invariance of the lower bound property of such matrices on £P.

Theorem 3.5. Letpg < 1,let q € [po, 0o], let A, 11 < R4 be relatively separated, and let A € CPo(A, IT). Assume that
there exist p € [po, 0o] and Cy > 0 such that

lAclp = Collcllp, ¢ € €P(T0). 3.7
Then there exists a constant C > 0, which is independent of q, such that
lAcllg = Cliclly for all ¢ € €9(II). (3.8

In other words, if A in Theorem 3.5 is bounded from below on some ¢? with p > py, then A is bounded from
below on ¢4 for all q € [pg, co]. Note that (3.7) is equivalent to saying that A is one-to-one on ¢?(A) with closed
range in ¢P(II). Thus if A is one-to-one with closed range for some p € [po, 0o}, then it is one-to-one with closed
range for all p € [po, co].
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Note that, by (3.6), A in Theorem 3.5 is bounded from ¢ (II) to ¢P(A) for all p > po, and hence estimates (3.7)
and (3.8) really make sense.

The proof of Theorem 3.5 is modelled on Sjostrand’s treatment of Wiener’s lemma for convolution-
dominated matrices. It exploits the flexibility of Sjostrand’s methods to transfer lower bounds for a matrix
from one value of p to all others.

Remark 3.6. The proof of the previous proposition for py = 1 can be found in [23, Proposition 8.1]. Hence we
can restrict ourselves to the case py < 1. The following cases have to be considered:

(i) Fromp=>1toq=>1.

(i) Fromp<1toq<p.

(iii) Fromp > 1toq < 1.

(iv) Fromp <1top < q.

Case (iii) is a consequence of cases (i) and (ii). If p > 1, we can assume p = 1 on account of case (i). For p = 1, the
statement of case (iii) is included in case (ii).

We need some preparations for the proof. First, let ¢ € C*®°(R%) with 0 < ¢ < 1, and let supp(¢) < B(0) be such
that {¢(- — k)}keza is a partition of unity. Set (pf{(x) =0(ex-k),x,y € R?. Then

Y 0k =1 lpp0 - el selx-yl, 0<of<1,

kezd
(3.9)
= ) (9f)* =1
kezd
By combining these properties, we obtain
l05(x) - 95| < min{l, elx - yl}, x,y € R%. (3.10)

For k € Z% and & > 0 let

(piC = (Di o ¢, €=(Cp)pem,
denote the multiplication operator . This multiplication operator enables us to get equivalent norms for
sequence spaces.

Lemma 3.7. Let ¢ > 0 and let A ¢ R?? be relatively separated. Then, for 0 < q < oo, we get

1/q
( X ogall) " =taly, acetqm, 311)
kezd

with the usual modifications in case q = oo.

For 1 < q < 0o, Lemma 3.7 was already proved in [23], and the other cases are obtained by similar arguments.
For completeness, we present a proof for g < 1 in Section A.

Lemma3.8. Let0 < pg <1, let p, q € [po, o0], let € > 0, and let A < R*? be relatively separated. Then

Y logally = lall§, aeei(D), (312)
kezd

with the usual modifications in case p = co or q = co. The constants in (3.12) are independent of p, q, but depend
one.

In the case p, g > 1, the claim was already shown in [23].

Proof. Let p, q € [po, co] be arbitrary. For fixed € > 0, we get

N := sup #supp((pi

n) = sup #{p € Il : 93(p) # 0} < co.
kezd kezd

Since q > po, we have

lptalq < llotally, < NYPllgtale < NYPlgtal,, a e (),
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and similarly
lptall, < NYPollptaly, a e e®(I).

As a consequence, we obtain, for q # oo,
1/q 1/q
(X ogart) " =( X togald) . acetm. (313)
kezd kezd

with constants depending only on the minimal index po and &, but not on p and q.
An application of Lemma 3.7 on (3.13) yields the claim. The corresponding statement for q = co follows
similarly. O

The technical part of the proof consists of precise estimates for the Schur-type norms
Vi = A, 05105 ls-p, 0<p<1,jkezd, (3.14)
and
Vf,k = |I[4, (pi](p;”Schur) j; ke Zd; (3.15)

of the commutator [4, 3] = Ag; — @z A, when A € CP°(A, IT) and ¢y, is considered as a multiplication operator.

Lemma 3.9. Let £ > 0, let pg € (0,1], let p, q € (po, 00] be such that q < p, let A, II c R? be relatively separated,
and suppose that
A = (app)aep,pen € CPo(A, D).

Also, let Vflf and Vf « be the Schur norms given by (3.14) and (3.15), respectively, and let K := maxy ®¢(x)" min(1,p),
Assume that
lcllp < lAcllp, ¢ € €P(T0).

Then the following assertions hold:
@) Ifp <1, then

logely < loAcly + K9P Y (Vi)Y Pllgcly, ¢ € e (D). (316)
jezd
(i) Ifp > 1, then
loiclp < lpfAcly + K Y Vilotely, e (). (3.17)
jezd

Proof. (i) We apply the triangle inequality for p < 1 (Lemma 2.1 (ii)) and obtain

logely < lAogcly
< lpgAcly + A, pf]clly
< llpfAcly + Y A, 5195 (@) gfclly
jezd
< llpgAcly + K Y V¥ llgscly.
jez
Claim (i) now follows by raising this inequality to the power q/p < 1 and applying Lemma 2.1 ().
Assertion (ii) was proved in [23, (36)] with the same argument. O

Next, we consider the matrix V¢ with entries (V]‘.g’,f)q/P, j,k € Z4,in case p < 1 and estimate its q/p-Schur norm
as € — 0+. First, we prove the convergence of the entries of V%,
Lemma 3.10. Suppose that the hypothesis of Lemma 3.9 hold true. Then, for € — 0%,

sup. Vf,f -0 ifp<1, and sup. Vi =0 ifp>1. (3.18)
j,kEZ j,kGZ

Proof. The case p > 1 of (3.18) was proved in [23, (38)]. The necessary adaptions for the proof of the case p < 1
are as follows. We first note that the matrix entries of [A, (pi](pf, for j, k € 24, are

([4, 019)ap = —arp0; (P)(P}(A) - 03 (p)),  p €I, A €A
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Using an envelope H € W(Cy, LP°) of A and estimate (3.10) for ¢}, we bound the entries of the commutator by
|([4, 0510))2,0]” < HQA - p)? min{1, e]A - pl}P.

Hence, if we define
H%P(x) := H(x)? min{1, ¢|x|}?,

then, by the choice of H,
Vi = 14 08105 s, < relAPPUHP yyic, pooin)-

Since H € W(Cp, LP°) and py < p < 1, it follows with dominated convergence that
|HEP| w(c,,Lroiry — 0 ase — 0*.

This proves (3.18) for the case p < 1. O

Next, we shall estimate veP f1 in terms of

A*(s) = Y sup |H(2)|1, sez% (3.19)
teZd:|et-s]o<5 2€[0,1] 4+t

First, we have the following lemma.

Lemma3.11. Let 0 < py < q <1, let H e W(Cp, LP°) and let A*(s) be given by (3.19). Then

Y A%(s) >0 ase— 0" (3.20)
sezd |s|>6Vd

Proof. Since H € W(L®, LP*), we obtain

Z A®1(s) < Z A®(s) < Z sup |H(z)1| — 0
sez4,|s|>6vVd S€Z4,I5l00>6 teZ4,|tloo>1/¢ 2€[0. 11+

ase — 0%, O

Lemma 3.12. Suppose that the hypotheses of Lemma 3.9 hold true with q < 1 and € < 1, and let A%9(s) be given
by (3.19). Then, for |k — j| > 4, we have

(Vi) UP <sup Y114, 9R10)apl < A%k -)) ifp<1, 321
PEIl jen
(Vi < 8%k - ) ifp>1. (3.22)

Proof. Suppose that |k — j| > 4. Since ¢ is supported in B;(0), it follows that (pje (P)oL(p) =
As a consequence, the matrix entries of [A, (pi](pf simplify into

(14, 0310)ap = —a1p9; (P)PR(A), p eIl A €A

This gives
(A, iloPnpl? < 1H@A = p)lT9i (p) 9 (D).
Consequently, using (3.4) for |k — j| > 4 and q/p < 1, we have

(ViDP = (4, 0510t < sup 1A, oR10)np|* < sup Y IH@ - p)l%9f (p)Tpr N1
I jen I jen

If go]?(p)goi(/l) # 0, then |ep - j| < 2 and |eA - k| < 2, whence

le(A-p)+ (- k)| <4 (3.23)
Hence,
sup Y 1A, 0RloH,|! < sup Y Hp-l (3.24)
PEIl jep YN

le(A-p)+(-k)|<4
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For fixed € < 1, we bound the sum in (3.24) by
Y Hp-2l7< ) D |H(p - )l

Aen:le(A-p)+(j—k)|<4 teZ® AeN:le(A-p)+(j-k)|<4
(A-p)el0,1]%+¢
<rel(p — A) z sup |H(2)|
teZ|et+(j-K)|oo<5 2€[0,1]4+t
< A%k - ),

since rel(A) is translation-invariant. By substituting this bound in (3.24), we obtain (3.21). Analogously, we
obtain (3.22). O

Lemma 3.13. Suppose that the hypotheses of Lemma 3.9 hold for p < 1. Then

sup ) (V]‘.p:’,f)q/p +sup Y (V]f’,f’)q/p -0 ase— 0. (3.25)
kezd jeza jez4 kegad

Proof. Let ¢ < 1and A%9 be defined as in (3.19). Fix j € Z¢ and use Lemma 3.12 to estimate

Y owihirs Y Atk ).
k:|k—j|>6Vd k:|k—j|>6Vd

For the sum over {k € Z? : |j - k| < 6/d}, we use the bound

Y ViU <#{k:|j - ki < 6Vd}sup(VyF)UP < sup(ViF)UP.
’ st ’ st ’

k:|j-k|<6Vd
Hence,
Y (VDY <sup(VoH)UP + Y a%(s),
kezd st Is|>6vd
which tends to 0 uniformly in j as € — 0* by Lemmas 3.10 and 3.11. The convergence of the first term in (3.25)
follows in exactly the same way by interchanging the roles of j and k. O

With the auxiliary results at hand, we now prove Theorem 3.5.
Proof of Theorem 3.5. As already mentioned, we restrict ourselves to the case pg < 1; cf. Remark 3.6. Since
W(C%LP)(RY) € WLY; LR,
an application of [23, Proposition 8.1] provides the claim in the Banach space case p, q > 1.
Casep < 1and g < p. We have q/p < 1. After multiplying A with a constant, we may assume that
el < IAclp, ¢ € €P(I),
since A is bounded from below on ¢ (II) by assumption (3.7). By (3.16), we obtain

Y lggely < Y lloRAcly + K2 Y N (Vi) PPlgicly, ¢ e eP(m), (3.26)
kezd kezd kezd jez4
for some K > 0. According to Lemma 3.13, we may choose € > 0 such that
1
q/p &Pya/p o
K sup z (V)P < >
JEZ® keza
Using this bound in (3.26) and Proposition 3.2, we obtain that
1
Y logcly < 3 logAcly +5 Y logclp.
kezd kezd kezd

Hence,

1/q 1/q
( Xuogets) <29 ¥ tofactf) 527

kezd kezd
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Using the equivalent norm of Lemma 3.8 in (3.27), we deduce that, for all py < q < p,
lcllq < IAcllg,
with a constant independent of g (since 21/9 < 21/P0). This completes the proof of the case py < q < p.
Casep < 1andp < q. Again we may assume that
lclp < 1Acllp, ¢ € €P(T0).

According to Lemma 3.13, in case g = p we may choose ¢ > 0 such that

1 1

&,p £,p

steuzg Y Vik< 5 and K sup .Z Vik <5 (3.28)
kezd €LY jezd

Due to Lemma 3.9, we have, for ¢ € £P(II),
logely < lggAcly + K Y ViZlo5clp.
jezd
We set aj, = ||g0ic||5, by = ||(piAc||§ and let V¢ be the operator associated to the matrix Vf,f . Then the previous
inequality can be written as
ay < by + K(Vea®)y.
We take the q/p—norm of the previous estimate, first applying the triangle inequality. Next, we apply Proposi-
tion 3.1, use (3.28) and get

1
||a£"q/p < ||b£||q/p + K||V£a£||q/p < "bEHq/p + E”agnq/p'

In other words, we have [|a®|lq/p < 2[|b®|l4/p- Reversing the abbreviations, this means that

/g . . 1/g
( X oget)  =1a,” < 2eme” = 27( Y lggact)
kezd kezd

An application of the norm equivalence of Lemma 3.8 provides the claim
lcllq < lAclg.
This concludes the proof. O

As observed in [23, Remark A.2], the lower bound guaranteed by Theorem 3.5 is uniform for all p.
Now, as an immediate consequence of Theorem 3.5, we get a first spectral invariance result of a matrix
A € CPo(A, IT) by means of standard functional analytical arguments.

Corollary 3.14. Let py € (0, 1], let A, T ¢ R? be relatively separated and suppose that A € CP*(A, T0) is invertible
from €P(11) to €P(A) for some p € [po, 0o]. Then the following assertions hold:

() A isinjective from £1(I) to ¢4(A) for all q € [po, co).

(i) A isinvertible from £4(II) to €4(A) for all q € [p, c0).

Proof. As already observed, A : €(IT) — €P(A) satisfies the stability condition [ic|, < |Acll, if and only if A is
one-to-one on £P(II) and has closed range in #7(A). Thus, if A is invertible on some ¢?(II), then, by Theorem 3.5
A satisfies the stability condition (3.7) for all ¢ > po. Consequently, A is one-to-one on all £9(II) for g > po, which
is (3).

If g > p, then ¢P(A) is dense in ¢9(A). Since A is onto £P(A), we obtain £P(A) = A¢P(IT) c ¢9(A), and A has
also dense range in £9(A). Consequently, A is onto £9(A), and thus invertible on £9(A). O

In the case, when A is invertible on the Hilbert space ¢2, the above results are already contained in [33, Theo-
rem 4.6 and Theorem 8.5], in [8, Theorem 3.9] and in [11].

Note that Corollary 3.14 asserts only that the invertibility of A on ¢ implies the invertibility on the larger
space ¢4, q > p. To obtain the same conclusion for the smaller spaces ¢4, ¢ < p, we need to refine our arguments.
We will show that the inverse of A has an envelope belonging to the same Wiener amalgam space as the envelope
of A. The main idea of the proof of the following theorem is taken from [36].
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Theorem 3.15. Let 0 < pg < 1 and let A, TI ¢ RY be relatively separated. Suppose that A € CP°(A, TI) is invertible
from €P(1I) to €P(A) for some p € [pg, co]. Then A~! € GPo(II, A).

Proof. By assumption, the matrix A = (a; p)iea pen has an envelope Hy € W(Cp, LP?) so that |a; p| < H1(A - p).
We need to prove that the matrix A~1alsohasan envelope Hy € W(Cyp, LP?). For this we recall the notation used
in the previous lemmas: K = max, ®¢(x)~™"1P) from Lemma 3.9, and

e _ (KVOPIP) eza, D <1,
(KVE)P)jkeza, P >1,

where V]E,f and V]E « are defined as in (3.14) and (3.15), respectively.
Given c € £P(II), the sequences a and ay4 are defined by

ak = lgicly’ and  aak = lofAcly’,  kez?
With this notation, Lemma 3.9 (and additionally Lemma 2.1 if p > 1) says that
a<ay+Vea. (3.29)

Furthermore, Lemma 3.12 can be reformulated as saying that V¢ is convolution-dominated. In fact, recall
from (3.19) that
ABPo(s) := Y sup |Hi(2)|P°,
teZd:|et-s|oo<5 2€10,1]9+¢
and define W¢ by Wé(s) := ASPo(s) for all s € Z¢ with |s| > 6Vd, and for all s € Z4 with |s| < 6Vd, by
We(s) = ( sup |V]‘.¢:’£|)p°/p
Jj,kezd

if p <1, and by

We(s) := ( sup |V]fk|)p°

j,kezd

if p > 1. In view of the normalization K, ¢ possesses the envelope KPo/ ™n(1.P)@e This means that

(Vi < Wik -j), p<1,jkez’, (3.30)
and
VE S WEk—)), p>1jkezl (331)

Our next goal is to represent (I — V¢)~! as a Neumann series. For this we choose € > 0 such that
— . 1
IV¥hs-1 < KPP ey < o (332)

This is possible due to Lemma 3.11 and Lemma 3.10, since #{s € Z? : |s| < 6+/d} is finite and depends only
on the dimension d.

As a consequence, the geometric series W= zg;l(Vf )k converges in the || - ||s-1-norm and we obtain
P ) —_— —_—
-V =YV =1+W.
k=0

Since all entries of V¢ are non-negative by definition, W also has only non-negative entries and preserves (point-
wise) inequalities. Moreover, since V¢ is convolution-dominated, so is W, and by (3.32) there exists an envelope
W e £1(z%) such that
Wik < W(k-j), jkez"
Now, (3.29) yields
a=0+W)(I-V%a< (+W)aa, (3.33)

or entrywise
loselh < lpgAcly + Y Wik - j)lgtAclh. (3.34)
jez
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Since A is assumed to be invertible as a map from ¢P(II) to £P(A), there exist by € ¢P(II) such that Ab; = 6;,
whence the matrix B with entries b,y = (by), is the inverse of A. Using b, in (3.34), we obtain

logbally’ < l@z8ally” + Y Wik = DligsSally- (3.35)

jezd
Note that
. Do po/p
logsaly = (X olep-1P6:p) = pled- k.
peA

Let A € Aand p € II. For the off-diagonal decay, it suffices to consider only indices satisfying €|A — p| > 4. Choose
k, € 74 such that
lep—kpl <2 and @(ep —kp)P >c

for some constant c (in fact, by (A.2) in the proof of Lemma 3.7, we have ¢ = n71). Then
leA —kp| = €|A - p| - |ep — kp| > 2,
and consequently ¢(eA - k,) = 01in (3.35) since supp(¢) < B»(0). Now, (3.35) simplifies to
clbpl? < llgf bally’ < Y Wky - Po(eA-pPr < Y Wik - ). (3.36)
jezd Jilj-eAl<2
This inequality suggests the following envelope for B = A~". Let

Hx)= Y  wQO. (3.37)

leZ4:|l-ex|<4
To obtain a continuous envelope, we use a cut-off function ¥ € C°(RR?) satisfying 0 < ¢ < 1 and ¢(x) = 1 for
|x] <4 and set

Hx) = ) W(Dplex-1).

lezd
Since ¥ has compact support and W(Cp, £1) is translation invariant, we have

IHllwc, ety < z [WD)| supllyp(e - =Dllw(c,,ery < Wi,
lGZd lEZd

and therefore H € W(Cp, £1).
Furthermore, since
lkp —j— €A =p)l < lkp —epl+ed -]l <4,
equation (3.37) says that
|bpalP* <H(p-A) < H(p-21) (3.38)

or
bpal = (b2l < H(p - 1)/,
and HY/Po ¢ W(Cp, LP0), as claimed. O

This theorem enables us to extend the spectral invariance result of Corollary 3.14 to the case pp < q¢ < p as
follows.

Theorem 3.16. Let py € (0, 1], let A, IT < R? be relatively separated and let A € CP*(A, IT) be invertible from P (IT)
to €P(A) for some p € [py, o). Then A is invertible from ¢4(I1) to £9(A) for all q € [po, 00).

Proof. According to Corollary 3.14 (ii), A is invertible on #7 for g > p and A is one-to-one on all £4. So, it remains
to prove that A is surjective for py < q < p. We assume that A is invertible on ¢? with inverse A~!. Hence for
u € £4(A) < €P(A), there is some ¢ € £€P(I1) with ¢ = A~'u. By Theorem 3.15, A~! is bounded on £4. Consequently,
since u € ¢4, we have ¢ = A~lu € ¢4. Thus A is onto £9(A). O

The following consequence explains why the statement of Theorem 3.16 is referred to as the spectral invariance
property.
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Corollary 3.17. Let 0 < pg < 1 be arbitrary. If A € CP°(A) and A is invertible on ¢€P () for some p € [py, co], then
A1 e @Po(A) and
SpB(ea)(A) = Spen(A)  forall q € [po, 00),

where Sp 4 (A) denotes the spectrum of A in the algebra A.

In the literature, many variations of this spectral invariance result exist. For an overview of those variations we
refer to [21]. Here we just want to mention the following ones: In case pg = 1 and p = q = 2 the previous theorem
also holds in the weighted case. It was proved by Baskakov, e.g., in [3, 4] and by Sjostrand [36] in the unweighted
case.

4 Spectral invariance of pseudodifferential operators

The aim of this section is to transfer the results on the spectral invariance of matrices to pseudodifferential
operators on unweighted modulation spaces. In the proofs, we mainly follow [20, 24] and replace an arbitrary
spectrally invariant Banach algebra of matrices by the quasi-Banach algebra CPo.

First, we list all needed definitions and properties to reach that aim. We start with recalling the modulation
spaces.

4.1 Modulation spaces M9

For the definition of the modulation spaces, we need the short-time Fourier transform, which we recall now.

Letg € S(R?) \ {0} be fixed. For every f € 8'(IRY), the short-time Fourier transform V,f is the function on R
defined by the formula

Vef(x, &) = (f,8(- - x)e*™"). 4.1)

Here (-, -) is the unique extension of the L? scalar product on $(R%) x $(R?) into 8'(R%) x §(R?). We observe
that if f € LP(R?) for some p € [1, oo], then V,f is given by (1.1). If g and f are both defined on R2%, then V,f is
a function on R*4.

We recall that, for 0 < p, q < co and fixed g € S(RY) \ {0}, the modulation space MP-1(R?) consists of all
f € 8'(R%) such that (1.2) is finite. If 1 < p, q < oo, then MP:4(R?) is a Banach space with norm | - [|y.¢ (see [14]).
Otherwise, MP-4(IRY) is a quasi-Banach space with quasi-norm || - || 3. We write MP = MP-P,

It is well known that the definition of MP-4(R?) is independent of the choice of the window function
g € S(RY) (see [19]). For p < 1 or g < 1, the proof of this fact can be found in [18]. Additionally, the Schwartz
space S(RY) is dense in MP-4(R?) in the case p, q < oco; cf. [18, Remark 14].

Due to [31, Theorem 3.6] and [18, Theorem 3.4], the following continuous embeddings of modulation spaces
hold.

Proposition 4.1. Let 0 < p; < pz <ocoand0 < q; < qz < co. Then

S(RY) — MPr@(RY) — MP2%(RY) — §'(RY).

4.2 Gabor frames

For the definition of Gabor frames, it is convenient to use time-frequency shifts 77(z)f of f € 8'(R%) given by
A(2))(t) = 2"t -x), z=(x,& eR¥, teRL

The Gabor system with respect to the (Gabor) atom g € M'(R?) \ {0} and lattice A < R*? is given by

S(g,A) = {m(Q)g : A € A}.
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Then the analysis operator and synthesis operator
Cg: M®(RY) — £°(A) and Dg: £°(A) —» M®(RY),
respectively, with respect to g and A, are given by

Cof = ({(im(1)g));cp and Dgc= z (g,
AeA
when f € M®(R%) and ¢ = (c3)en € €°(A). Here the series converges in 8’ (R9).
The (Gabor) frame operator

S=Sgn i MP(RY) — M®(RY), g1,8, € M'(RY),

is defined by
Sevgnf = ). (f, TGN TAE:- 4.2)
A€l

If g1 = g2 = g, we write Sg 5 instead of Sg, ¢, o. It follows that Cg, Dy and Sg 4 are well-defined and continu-
ous (see, e.g., [19, Chapters 11-14]). Let g € SR\ {0}. If Sg,a is bounded and invertible on L%(RY), then we
call §(g, A) Gabor frame. For rectangular lattices A = aZ x pZ4, the existence of Gabor frames is well under-
stood; see [12, 19, 30, 44].

For every Gabor frame (g, A) over a lattice, there exists a dual window y = S~'g € L2(R%) so that every f
can be expanded into a Gabor expansion

f=DgCyf = Y (f,nNy) (g, 43)
I

f=DyCef = Y (f,mA))M(A)y. 44)
A€EA

For g € 8(R%), a fundamental result of Janssen [30] asserts that also y € S(R%). Then the expansion formulas
(4.3) and (4.4) hold for every f € &' (RY) with weak-x-convergence.
A Gabor frame G(g, A) is called tight if S, = CId for some C > 0. In this case, y = S;Ag = C'g, and the
Gabor expansion
f=ct Yy Sfa@ynidg
AeA
looks like an orthonormal expansion.

Tight Gabor frames with the constant C = 1 can be constructed as follows. Let §(g, A) be a Gabor frame with
frame operator Sg 4. Due to [20, Lemma 5.16], S;},(ZQ(g, A) is a tight Gabor frame with constant C = 1. By applying
this procedure to a Gaussian window, one sees that there exist tight Gabor frames S(g, A) with g € S(RY).

For future references, we remark that if p € (0, co] and f € §' (RY), then

feMP(RY) & Cof € P(A) = C)f € £P(M), (4.5)

with norm equivalence [fllar = [ICgfller = IC)fllev; see, e.g., [15].

4.3 Pseudodifferential operators

For a real-valued d x d-matrix A € R%*¢ and a symbol a € 8'(R?), the pseudodifferential operator Op4(a) is
defined by

Opa@u() = [[ atx - A0c-y), OOy dz, we S@Y,
where the integrals should be interpreted in distribution sense, if necessary. If A = 0, then Op,(a) agrees with

the Kohn-Nirenberg or normal representation a(x, D). If instead A = %I, where I is the d x d identity matrix,
then Opa(a) is the Weyl quantization a” of a.
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By [28, 43], for each symbol a; € 8'(R?*?) and each Aj, A, € R™, there is a unique a, € 8'(R??) such that
Opa, (a1) = Opa,(az) and such that

Opa,(a1) = Opa,(az) ifandonlyif ay(x,§) = e A1=42P)Deg, (x, ). 4.6)
We refer to [43] for the proof of the following result.

Proposition 4.2. Let A, A1, A; ¢ R™? and p, q € (0, 0o). Then the following assertions hold:
(i) e¥itAPDx js an isomorphism on MP-4(R3%).
(i) Opa, (MPIU(R*)) = Opa,(MPU(R?)).

We can write a Weyl operator by means of the Wigner distribution W of f, g € L2(R%), which is defined by

W(, 8)(x, &) = jf(x + é)g(x - %)ezm‘(‘t dt, x,&eR% (%))
Rd

Denote the inversion § of g € 8'(IRY) by §(x) := g(-x) for all x € R%. Then

W(f, 9)(x, §) = 2% vyf(2x, 28),

and the Wigner distribution is just a slight modification of the short-time Fourier transform. Since the short-
time Fourier transform satisfies V. : S$(R?) x $(R?) — S$(R*?), we immediately get W(f, g) € S(IR2?) for all
f,8 € S(RY).

By means of the Wigner distribution the Weyl operator of a symbol a € 8'(R??) is given by the formula

(a"f, g) = (a, W(g,f)) forallf,g e S(RY).

Pseudodifferential operators of Weyl form are continuous maps from S(RY) to 8'(RY); see [28, 41]. Moreover,
they are continuous as maps between certain modulation spaces; cf. [19, 22].

Proposition 4.3. Let0 < pg < 1, p, q € [po, c0] and a € M°Po(R*?), Then a" is bounded on MP-4(R?).
As proved in [42, Theorem 3.1], this theorem also holds for more general weighted modulation spaces.

Remark 4.4. Due to [41], it follows that MP-4(IR?¢) is invariant under actions with chirps e!4P9-Dx with A € R
forall p, q € (0, co]. Hence all results concerning Weyl operators of this paper also hold for operators of the form
Opa(a).

Next, we show that Gabor frame operators with windows in MP° are pseudodifferential operators with symbols
in Meo-Po,

Proposition 4.5. Let pg € (0, 1], let g1, g2 € MP*(RY), let A € M(d x d; R) be a d x d-matrix, let A < R*? be a lat-
tice, and let a € ' (R?) be such that Sg, g, » = Opa(a). Then a € M*Po(R??),

Proof. Inview of Remark 4.4, we may assume that A = 0. The Weyl symbol of S, ¢, » with g1 = g was calculated
in [2, p.12], and by similar arguments it follows that the Kohn—Nirenberg symbol is

ax, &= Y g1(x-Dgy(E - NemhCD, 4.8)
(LA)eA

In order to estimate the M°Po-norm of a, we choose the window ¥ e $(R*?) \ {0} as

W(x, §) = POOP(E)e 2T,

By straightforward applications of the Fourier inversion formula, it follows that (see, e.g., [26])

(Vga)(z,w) = Y e MOV e)(x—1L,E+n-2)- (Vyg)(x +y - LE- ), (4.9)
LAeA

withz = (x,8) e RIx R%and w = (,y) € R? x R%
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Now, let A2 = A x A, and A* = A? x A% and choose & = 1 with integer N > 1 large enough such that

{p(x - mye2retty and {P(z - wy)e? M2}

m,ueeh w1,Wwy€eN?

are Gabor frames of L2(RY) and L2(IR%¢), respectively. Then

lgillaro = IVyg&illeroenzy and  |allpreoro = [[Vigallgeoro(eas),

in view of a result in [18].
Let Fj = |Vygjl. f wy = (m, u) € eA> and w; = (v, n) € eA?, then (4.9) yields

|(Vga)(wi, wo)P° < 3" Fi(m =1 g+ v =P Fy(m+n—1u- )P
l,AeA
= (F1[P # |[F2lP°)(Twz),  Twz = (n,-v).

The right-hand side does not depend on w1, and therefore

lallageoro = | Vigallgeoro (a2

pbo Poy1/po
S |Fyp = F) "81(£A2)

1
< (IF g eary I FS et enzy) VP
= [[F1llero en2y I F2llero en2)

= g1 llmpo llg2ll aavo -

Thus a € M®Po, O

4.4 Almost diagonalization of pseudodifferential operators

In this section, we list several characterizations of symbols in Mo:Po(R24), Po € (0, co]. The following character-
ization of a symbol class by means of the almost diagonalization of the associated pseudodifferential operator
was found in [20, Theorem 3.2] for py = 1, and subsequently generalized to the full range of po in [5, Theorem 3.2]
(with almost the same proof). This characterization helps to deduce spectral properties of pseudodifferential
operators from spectral properties of infinite matrices. We only formulate the unweighted case of [5, Theo-
rem 3.2], which is sufficient for this paper.

Theorem 4.6 (AImost diagonalization). We fix a non-zero g € S(R?) \ {0} and a lattice A < R*? such that 9(g, A)
is a Gabor frame for L*(RY). Then, for any p < (0, co), the following properties are equivalent:

(i) ae MPo(R?),

(i) a € 8'(R%?) and there exists a function H € LPo(R%?), in fact H € W(Cy, L), such that

Ka"n(z)g, n(w)g)| < Hw - z) forallw,z e R*. (4.10)
(iii) a € 8'(R2?) and there exists a sequence h € £P°(A) such that
Ka"m(p)g, m()g)| < h(A - p) forallA,p € A. (411

As an immediate application, we obtain the following result.

Corollary 4.7. Under the hypotheses of Theorem 4.6, we assume that T : S(R?) — 8'(R?) is continuous and sat-
isfies
(Tr(p)g, m(A)g)| < h(A—p) forall A, p € Z*%,

for some h € €Po(Z*%). Then T = a" for some a € M®Po(R*?),

Proof. Because of the continuity of T : S(RY) — 8'(R%), the Schwartz kernel theorem asserts the existence of
asymbol a € 8'(R*?) with T = a". An application of Theorem 4.6 yields the claim. O
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4.5 Matrix formulation

We fix a lattice A and a window g € S(RY) \ {0} such that 9(g, A) is a frame with dual window y and associated
Gabor expansion (4.3) and (4.4).

For the manipulations to be meaningful, we assume of a symbol a € 8'(RY) that the Weyl operator a¥ is
bounded on MP(RY) for some p € (0, co]. Just keep in mind that, due to Proposition 4.1, MP(R%) ¢ M (R%).
On account of the Gabor expansion (4.3), we have D,Cyf = f for all f € MP(R?) ¢ M®(R?). Together with the
continuity of a” on MP(RR%), we obtain, for all f € MP(RY),

Cg(a"NA) = (a"f, m(A)g) = z (f, m(w)y)a"m(u)g, 1(A)g) forallA € A. (4.12)
UeA

We define the matrix M(a) of a* with respect to the frame §(g, A) by its entries
M(a)yy = (a"nm(u)g, m(A)g) forallA, u e A.

We can then recast (4.12) as
Cg(a™f) = M(a)C,f. (4.13)

Likewise, Theorem 4.6 now reads as follows.
Corollary 4.8. Let a € 8'(R®?). Then a € M®Po(R%?) if and only if M(a) € CPo.

The matrix P associated to the identity operator has the entries
Py = (n(wg, n(A)g) forallA,ueA. (4.14)

To simplify the analysis of P, we assume from now on that §(g, A) is a tight frame with Sg 5 = I. As mentioned
already, tight frames with a window in $(IR?) always exist. The matrix P has the following properties.

Lemma 4.9. Assume that §(g, A) is a tight frame with g € S(RY). Let 0 < po<p<ooandletac 8! (R%) be such

that the associated pseudodifferential operator a" is bounded on MP.

(i) P is a projection from €P(A) to the range C4(MP), i.e, Pc = ¢ € €P(A), if and only if there exists f € MP such
that ¢; = (f, m(A)g) = (Cg)a for A € A

(i) PM(a) = M(a) and M(a)P = M(a).

(iii) P € CP(A).

(iv) For a € MPo(R2%), we have M(a) + I — P € CPo(A).

Proof. (i) For all A, v € A, the assumption that Sg 4 = Id and (4.2) imply that

(P = ( Y (), 7). TNg )

peh
= (Sgan(v)g, m(A)8)
= (n(v)g, (1))
=Pyy.

Consequently, P?> = P and P is a projection. Next, let ¢ € £7(A) with Pc = ¢. With f = ¥ uen CuTl(11)g, we have, for
AeA,
ci=(Po)y = ) (m(u)g, m(A)ghey = (f, m(A)g) = (Cei,

ueA

whence ¢ = C.f. Then the norm-equivalence (4.5) yields f € M? (RY).
Conversely, assume that ¢ = Cgf for some f € M? (RY). Then, due to (4.3), we get

(Pon = ( Y. (.1, g ) = (Seaf, i) = g = ca A€,

ueh

and (i) holds.
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(ii) This is proved similarly by straightforward calculations using (4.2).
(iii) If g € S(RY), then also Veg € S(R%9), e.g., by [19, Theorem 11.2.5]. In particular, this implies that, for
every N > 0,
IVeg(2)l < (1+1z)7",

and thus
IPaul = Km(u)g, mA)g)] = |VegA — )l < (1 + 12— u)™N.

By choosing N large enough, we see that H(z) = (1 + |z])~N is in W(Cp, LP0), and consequently P € CPo(A).
(iv) Since all matrices P, I and M(a) are in CP?, their sum M(a) + Id +P is also in GPo, O

4.6 Spectral invariance

We have already seen before that it is possible to relate a pseudodifferential operator a to an infinite
matrix M(a). It turns out that there is a connection between the invertibility of a” and M(a).

Lemma 4.10. Assume that G(g, A) is a tight frame with g € S(R?). Let 0 < p < coand a € 8' (R®?) be such that the
associated Weyl operator a" is bounded on MP. Then a* is invertible on MP if and only if the following assertions
hold:

(@) [IM(a)Pcllp 2 IIPcllp for all ¢ € €P(A).

(i) Forevery cy € P€P(A), thereis a c € PeP(A) such that M(a)Pc = Pcy.

Here the projection P is defined as in (4.14).

Proof. Let a” be invertible on MP(R?). Using (4.13), we obtain

IM(a)Cefllp = 1Cg(@” Nllp = Na”flaee 2 Wflr = 1Cefllp,

which is (i).
To prove (ii), let ¢y € P€P(A) be arbitrary. Then there exists h € MP(R?) with Cgh = ¢o = Pco by Lemma 4.9.
Since a" is bijective on MP(RY), there is a f € MP(R?) such that

a”f = h.
Then we obtain for ¢ = Cgf, due to Lemma 4.9, that Pc = ¢ and that
M(a)Pc = M(a)c = M(a)Cgf = Cg(a™f) = Cgh = co = Pcy.

This implies (ii).
Conversely assume that (i) and (ii) hold. Using (4.13) (with y = g) and (i), we obtain, for all f € MP(RY),

la®Alme = 1Ce(a*Hllp = I1M(a)Cefllp 2 1CeAlp = Iflare

Hence a¥ is one-to-one on MP(R?). To prove that a” is surjective, we choose an arbitrary h € MP(R?) and let
¢ := Cgh € €P(A). Then co = Pco € PEP(A).
By assumption (ii), there is a ¢ € P¢P(A) such that

M(a)Pc = Pco = ¢g = Cgh. (4.15)
Since the image of P is C4(MP), there is a f € MP(R?) with
Pc = Cgf.
A combination of (4.3), (4.13) and (4.15) yields
a"f = DgCq(a"f) = DgM(a)Pc = DgCgh = h.

This implies that a* maps onto MP(R?), and is hence invertible on M (RY). O
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In the previous lemma, we proved the equivalence of the invertibility of a” on MP(RR?) and of M(a) on P£P(A).
Since ker P # {0} and M(a) = M(a)P, M(a) cannot be invertible on the whole space ¢7(A). In the literature, this
problem is usually overcome by using the pseudo-inverse of M(a) and holomorphic functional calculus. Here we
use a new trick, which may be of independent interest. Consider the matrix A = M(a) + Id —P. We can then use
the spectral invariance result for infinite convolution-dominated matrices of Theorem 3.16 to derive a spectral
invariance result for pseudodifferential operators on modulation spaces.

Theorem 4.11 (Spectral invariance on modulation spaces). If a € Mo:Po(R2d) for py € (0,1] and a" is invertible
on MP (RY) for some p € [po, 0o, then a¥ is also invertible on M(R?) for all q € [po, c0).

Proof. Let p € [po, 0o] be the index for which a" is invertible on MP (R%) and let A = M(a) + Id —P, where P is
the projection defined in (4.14). First, we check the assumptions of Theorem 3.16 and prove that

A =M(a)+I-P isinvertibleon ¢€P(A). (4.16)
Assume that Ac = 0 for some ¢ € ¢P(A). Then by Lemma 4.9 (i) and (ii),
0=Ac=(M(a)+I-P)Pc+(I-P)c)=M(a)Pc+(I-P)c.
If we apply P (resp. I — P) to the previous equality and use Lemma 4.9 again, we obtain
M(a)Pc=0 and (I-P)c=0.
Since a" is invertible on M?, we obtain, by Lemma 4.10 and the previous estimate,
I1Pcllp < IM(a)Pclp =0,

and consequently Pc = 0. Hence ¢ = Pc + (I — P)c = 0, which shows that A is one-to-one.
To show the surjectivity of A, we let ¢y € €7 (A) be arbitrary. Since a" is invertible on M?, Lemma 4.10 yields
the existence of ¢ € P¢P(A) with
M(a)Pc = Pcy. 4.17)

Then € = Pc + (I - P)cy € €P(A) and, by Lemma 4.9 and (4.17),
AT = M(a)c+ (I - P)C=M(a)Pc+ (I-P)cy=Pcy+(I-P)cy = cp.

Thus A is onto on ¢P(A), and therefore invertible on €7 (A). Due to Lemma 4.9, we have A € CPo(A). Since (4.16)
also holds, we can apply Theorem 3.16 and get the invertibility of A on £9(A) for all g € [po, 00).
Next, we show that
M(a) isinvertibleon Pe¢9(A) forall q € [po, 00). (4.18)

Let q € [po, 00) be arbitrary. Since I — P =0 on P¢4(A), the injectivity of A implies that M(a) is one-to-one
on P¢9(A). For an arbitrary ¢y € P9(A) c €9(A), there is some ¢ € £9(A) with Ac = ¢y, since A is onto on £9(A).
Since (I - P)M(a) = 0 by Lemma 4.9, we obtain, after applying I — P to Ac = ¢y, that

0=(I-P)cy=(I-P)Ac=(I-P)c.
Then ¢ € P£4(A) and
M(a)c = M(a)c + (I - P)c =Ac = ¢p.
Hence M(a) is onto P£9(A) and (4.18) holds. By Lemma 4.10, a is invertible on M4. O

Theorem 4.11 implies Theorem 1.2 of Section 1.
We now prove Theorem 1.1 and obtain more refined information about the inverse (a*)~1.

Proof of Theorem 1.1. By Theorem 4.11, we get the invertibility of a on M 2(RY) = L2(RY). By [20, Theorem 4.6]
and the embedding M°Po(R%4) ¢ M1 (R*?), there is a symbol b € M°>!(R*?) with b" = (a")~!. We consider
the associated matrices M(a) and M(b) with respect to a tight Gabor frame G(g, A) with g € S(RY) and again
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denote by P the projection with entries Py , = (7(u)g, 7(4)g). On account of Lemma 4.9, we get for all ¢ € ran Cg
the existence of an f € M2(R%) with ¢ = Cgf = Pc.Then, for all ¢ = C¢f = Pc € ran Cg, using (4.13), we obtain

M(b)M(a)c = M(b)M(a)Cof = M(b)Co(a™f) = Co(6"a"f) = Cof = c.
If Pc = 0, then M(a)c = M(a)Pc = 0, and consequently on £%(A) we have
M(b)M(a) =

It follows that
(M(b) +Id —P)(M(a) + Id —P) = (M(b) + Id-P)A = Id.

This means that B = M(b) + Id —P is the inverse of the invertible matrix A (since the inverse is unique). Since
A € CPo hy Lemma 4.9, Theorem 3.15 implies that also B € CPo.

Consequently, we have M(b) € CP°. Now, the characterization of Corollary 4.8 implies that b € MPo(R2?),
as claimed. O

By using Theorem 1.1, we can now deduce the invertibility of " on more general modulation spaces, which
generalizes Theorem 1.2.

Theorem 4.12 (Spectral invariance on modulation spaces). Ifa € MPo (IRZd)for po € (0, 1] and a" is invertible on
MP(RY) for some p € [po, 0o, then a¥ is also invertible on M™4(R?) for all r, q € [po, c0).

Proof. On account of Theorem 1.1, there is a b € M°Po(R??) with 6¥ = (a¥)~! on MP(RRY). By Proposition 4.3,
b" is bounded on MP4(RY). Since b%a" = a*b" = I on $(R?) c MP(RY), we obtain the invertibility of a” on
MP-4(R?) by the density of S(RY) in MP-4(R?). O

This theorem is an extension of [20, Corollary 4.7] from the case pg = 1to pg < 1. By using the arguments of [24],
one can formulate the corollary for an even more general class of modulation spaces.

Remark 4.13. Let A € R¥¢, Proposition 4.2 implies that the conclusions in Theorems 1.1, 1.2 and 4.12 remain
true with Op,(a) and Op4(b) in place of a* and b", respectively, at each occurrence.

As an application of Theorem 4.12, we show the following property of the canonical dual window of an Gabor
frame.

Theorem 4.14. LetO<p <1, let A C R pe q lattice and let ge MP(RY) be such that S(g, A) is a Gabor frame
for L*(R®). Then the canonical dual window y satisfies

= S,h& € MP(RY). (4.19)
Proof. We denote the Kohn-Nirenberg symbol of the frame operator Sg s by a. By Proposition 4.5, we have
a e M®P(R™).

Since Theorem 4.12 also holds for pseudodifferential operators in the Kohn-Nirenberg quantization, Sg 4 is
invertible on MP(R%). Therefore, (4.19) holds. O

A Proofs of some preparatory results

In this appendix, we prove some preparatory results from Sections 2 and 3.

Proof of Lemma 2.3. Let a > 0 be chosen such that [0, a]? € By/5(0) and (B12(ak))yeze covers RY. Then

Hlgy < Y. ) HAOP < ) rel(n) sup [H(A)P dy.
kezd ANByz(ak) kezd 0.2 A€Ba(ak)

Since By2(ak) € Bi(ak +y) for each y € [0, ald, the integral just becomes larger if we take the supremum over
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all A € Bi(ak +y) instead of A € By;2(ak). A substitution then provides

IIHIIZ&(A) < ) rel(A) I ASLJP [H(A)[Po dx=re1(A)||H||’,'j{}(Cb’Lp0).
kez? (0,ajtsak "B

This concludes the proof. O
Proof of Proposition 3.4. For py € Il and A € A fixed, let

Sapo(PO)? = Y H(A=po)? and  smp,(A0)? := Y H(Ao - p)P.
AeA pell

Then it follows by straightforward estimates that

Sape(P) < CallHllwicy,zroy,  Sm,p,(A) < CullHllwicy,zroys Ael, pell,

where C, = Corel(A)!/Po for some constant Co > 0 which only depends on d.
Suppose q > 1. Then Holder’s inequality together with the fact that s, ;, and sy p, decrease with pg gives

N4
4By < Y (3 (HG - 9B DHA - )17

Aeh " pell
/ !
<y ( Y HQ —p)lbp|q>( Y HQ —p))q '
AeA " pell pell
= 3 (X HO- )bl )sma
Aeh  pell
< CulHlwic, )" Y. (Y HO - p) )bl

pell " AeA

= (CulHlwic,10)Y? Y. sn1(p)Ibpl
pell

/ !
< C T NH Yy ¢, 100, Calbl oy

giving the assertion when q > 1.
If instead po < g < 1, then

q
1481,y < Y (Y HA=piby)

Ael " pell

<Y (X HA-p))ibp1?
pell " AeA

< Z Saq(P)Ubpl?
pell

< CAlH Yy c, 100y . 1Dpl1

pell
= (CallHllwc,,Lro)Iblleamy)?,
giving the result for q < 1. O
Proof of Lemma 3.7 for q < 1. Since supp(¢) < B2(0), we get

n = sup sup #{k € 24 : @(x) # 0} = sup sup #{k € 7% 1 By(ex)} < c0. A1)

>0 xeRd £>0 xeR4
So, we obtain the following bound for all x € R4
1< ) op0%= ) 9f07<nsup i) <.
kezd keZ:95(x)#0 kez?
Therefore, for all x € RY,

1 < sup pi(x)1 < Z e < n. (A2)
n kEZd kGZd
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If a € £9(I1), then
1
. Ylaplt< Y Y obp)apl?<n Y laylf,

pell pell kezd pell
which implies the claim with constants independent of € and q. O
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