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Abstract

Local minimizers of integral functionals of the calculus of variations are analyzed under growth con-
ditions dictated by different lower and upper bounds for the integrand. Growths of non-necessarily power
type are allowed. The local boundedness of the relevant minimizers is established under a suitable balance
between the lower and the upper bounds. Classical minimizers, as well as quasi-minimizers are included in
our discussion. Functionals subject to so-called p, g-growth conditions are embraced as special cases and
the corresponding sharp results available in the literature are recovered.
© 2024 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

We are concerned with the local boundedness of local minimizers, or quasi-minimizers, of
integral functionals of the form
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Fu, Q):/f(x,u,Vu)dx, (1.1)
Q

where Q2 is an open set in R”, withn > 2, and f: Q2 x R x R” — R is a Carathéodory function
subject to proper structure and growth conditions. Besides its own interest, local boundedness
is needed to ensure certain higher regularity properties of minimizers. Interestingly, some reg-
ularity results for minimizers admit variants that require weaker hypotheses under the a priori
assumption of their local boundedness.

Local boundedness of local minimizers of the functional F is classically guaranteed if
f(x,t,&) is subject to lower and upper bounds in terms of positive multiples of |£|”, for some
p > 1. This result can be traced back to the paper [36], which, in turn, hinges upon methods intro-
duced by De Giorgi in his regularity theory for linear elliptic equations with merely measurable
coefficients.

The study of functionals built on integrands f(x, ¢, &) bounded from below and above by
different powers |£|” and |£|7, called with p, g-growth in the literature, was initiated some fifty
years ago. A regularity theory for minimizers under assumptions of this kind calls for additional
structure conditions on f, including convexity in the gradient variable. These conditions are
needed in the derivation of a Caccioppoli-type inequality. In its proof, the different lower and
upper bounds on f force an absorption argument for the gradient terms to be performed via
direct use of the functional F(u, 2), and this is only possible if f enjoys extra properties.

As shown in various papers starting from the nineties of the last century, local minimizers of
functional with p, g-growth are locally bounded under diverse structure conditions, provided that
the difference between ¢ and p is not too large, depending on the dimension n. This issue was
addressed in [49,51] and, more recently, in [25,26]. Related questions are considered in [8,34,
53] in connection with anisotropic growth conditions. By contrast, counterexamples show that
unbounded minimizers may exist if the exponents p and g are too far apart [35,43,45,46]. The
gap between the assumptions on p and ¢ in these examples and in the regularity results available
until recently has been filled in the paper [40], where the local boundedness of minimizers is
established for the full range of exponents p and g excluded from the relevant counterexamples.
A generalization of the techniques from [40] has been applied in [31] to extend the boundedness
result to obstacle problems.

In the present paper, the conventional realm of polynomial growths is abandoned and the
question of local boundedness of local minimizers, and quasi-minimizers, is addressed under
bounds on f of Orlicz type. More specifically, the growth of f is assumed to be governed by
Young functions, namely nonnegative convex functions vanishing at 0. The local boundedness
of minimizers in the case when lower and upper bounds on f are imposed in terms of the same
Young function follows via a result from [20], which also deals with anisotropic Orlicz growths.
The same problem for solutions to elliptic equations is treated in [42]. The local Holder regularity
of bounded local solutions to elliptic equations subject to Orlicz growth conditions is treated in
[44].

Our focus here is instead on the situation when different Young functions A(|¢€]) and B(|£])
bound f(x,t, &) from below and above. Functionals with p, g-growth are included as a special
instance. A sharp balance condition between the Young functions A and B is exhibited for any
local minimizer of the functional F to be locally bounded. Bounds on f(x, ¢, £) depending on
a function E(|t]) are also included in our discussion. Let us mention that results in the same
spirit can be found in the paper [27], where, however, more restrictive non-sharp assumptions are
imposed.
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The global boundedness of global minimizers of functionals and of solutions to boundary
value problems for elliptic equations subject to Orlicz growth conditions has also been examined
in the literature and is the subject e.g. of [1,2,19,54,55]. Note that, unlike those concerning the
local boundedness of local minimizers and local solutions to elliptic equations, global bounded-
ness results in the presence of prescribed boundary conditions just require lower bounds in the
gradient variable for integrands of functionals or equation coefficients. Therefore, the question
of imposing different lower and upper bounds does not arise with this regard.

Beyond boundedness, several further aspects of the regularity theory of solutions to variational
problems and associated Euler equations, under unbalanced lower and upper bounds, have been
investigated. The early influential papers [46,47] have been followed by various contributions
on this topic, a very partial list of which includes [3,4,6,7,9-12,16,17,24,28,30,32,33,38,48].
A survey of investigations around this area can be found in [50]. In particular, results from
[3,9,16,29,39] demonstrate the critical role of local boundedness for higher regularity of local
minimizers, which we alluded to above.

2. Main result

We begin by enucleating a basic case of our result for integrands in (1.1) which do not depend
on u. Namely, we consider functionals of the form

.F(u,Q):/f(x,Vu)dx, @2.1)
Q

where
f:2xR"—>R.
A standard structure assumption to be fulfilled by f is that

the function R" 3 &+ f(x,§) isconvex fora.e. x € Q. 2.2)

Next, an A, B-growth condition on f is imposed, in the sense that

A(ED)—L < f(x,&) <B(€])+ L forae.x € andevery & € R", 2.3)

where L is a positive constant, A is a Young function and B is a Young function satisfying the
Aj-condition near infinity. By contrast, the latter condition is not required on the lower bound A.

The function A dictates the natural functional framework for the trial functions u in the mini-
mization problem for F. It is provided by the Orlicz-Sobolev class VILCK A(Q) of those weakly
differentiable functions on €2 such that

/A(|Vu|)dx <00

Q/
for every open set Q' € .
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Besides standard local minimizers, we can as well deal with so-called quasi-minimizers, via
the very same approach. A function u € VIJ)CK A(R) is said to be a local quasi-minimizer of F if

Fu, Q) < oo

for every open set ' € €2, and there exists a constant Q > 1 such that

F(u,supp @) < QF (u+ ¢, supp¢) 2.4

for every ¢ € V! K4(S) such that suppy € Q. Plainly, u is a standard local minimizer of F

loc

provided that the inequality (2.4) holds with Q = 1.
Throughout the paper, we shall assume that

00 . L

Indeed, if A grows so fast near infinity that
1

t n—=1

then every function u € Vl(])CK A(Q) is automatically locally bounded, irrespective of whether it
minimizes F or not. This is due to the inclusion

Viee KA () C Lig (), @7

which holds as a consequence of a Sobolev-Poincaré inequality in Orlicz spaces.
Heuristically speaking, our result ensures that any local quasi-minimizer of F as in (2.1) is
locally bounded, provided that the function B does not grow too quickly near infinity compared

to A. The maximal admissible growth of B is described through the sharp Sobolev conjugate
A,_1 of A indimension n — 1, whose definition is recalled in the next section. More precisely, if

n>3 and /(Lyjdz:oo, 2.8)
A(t)

then B has to be dominated by A, 1 near infinity, in the sense that
B(t) < Ap—1(Lt) for ¢ > 1o, 2.9
for some positive constants L and fy.
On the other hand, in the regime complementary to (2.8), namely in either of the following

cases

n=2
o0

;O\ (2.10)
n>3 and / —_— dt < oo,
A1)
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no additional hypothesis besides the A-condition near infinity is needed on B. Notice that, by an
Orlicz-Poincaré-Sobolev inequality on S”~!, both options in (2.10) entail that Vkl)cK Ashc
L2 (S" 1, and VIKA(S"!) c Loo(S" .

Altogether, our boundedness result for functionals of the form (2.1) reads as follows.

Theorem 2.1. Let f : Q x R" — R be a Carathéodory function satisfying the structure assump-
tion (2.2). Suppose that the growth condition (2.3) holds for some Young functions A and B,
such that B € A, near infinity. Assume that either the condition (2.10) is in force, or the con-
dition (2.8) is in force and B fulfills the estimate (2.9). Then any local quasi-minimizer of the
functional F in (2.1) is locally bounded in Q.

Assume now that F has the general form (1.1), and hence

f:2xRxR"—R.

Plain convexity in the gradient variable is no longer sufficient, as a structure assumption, for a
local boundedness result to hold. One admissible strengthening consists of coupling it with a
kind of almost monotonicity condition in the u variable. Precisely, one can suppose that

the function R"3&+ f(x,f,&) isconvex fora.e. x € Q and every t € R,
fx,t,E) <Lf(x,s,&)+ E(s|)+ L if|t] <|s]|, fora.e. x € Q and every £ € R",

2.11)
where L is a positive constant and E : [0, o0) — [0, 00) is a non-decreasing function fulfilling
the As-condition near infinity.

An alternate condition which still works is the joint convexity of f in the couple (¢, &), in the
sense that

the function R xR" > (¢,&) > f(x,t,&) is convex fora.e. x € Q. (2.12)

The growth of f is governed by the following bounds:

A(END —E(tD—L < f(x,t,§) <B(ED+ E(t)+ L
fora.e. x € Q and every r € R and £ € R”, (2.13)

where A is a Young function, B is a Young function satisfying the Aj-condition near infinity,
and E is the same function as in (2.11), if this assumption is in force.

The appropriate function space for trial functions in the definition of quasi-minimizer of the
functional F is still Vl(l)CK 4(R), and the definition given in the special case (2.1) carries over to
the present general framework.

The bound to be imposed on the function B is the same as in the u-free case described above.
On the other hand, the admissible growth of the function E is dictated by the Sobolev conjugate
A, of A in dimension n. Specifically, we require that

E(t) <A,(Lt) for t > 1y, (2.14)
for some positive constants L and #.
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Our comprehensive result then takes the following form.

Theorem 2.2. Let f: Q x R x R" — R be a Carathéodory function satisfying either the struc-
ture assumption (2.11) or (2.12). Suppose that the growth condition (2.13) holds for some Young
functions A and B and a non-decreasing function E, such that B, E € Ay near infinity. Assume
that either the condition (2.10) is in force, or the condition (2.8) is in force and B fulfills estimate
(2.9). Moreover, assume that E fulfills the estimate (2.14). Then any local quasi-minimizer of the
functional F in (1.1) is locally bounded in 2.

Our approach to Theorems 2.1 and 2.2 follows along the lines of De Giorgi’s regularity re-
sult for linear equations with merely measurable coefficients, on which, together with Moser’s
iteration technique, all available proofs of the local boundedness of local solutions to variational
problems or elliptic equations are virtually patterned. The main novelties in the present frame-
work amount to the use of sharp Poincaré and Sobolev inequalities in Orlicz spaces and to an
optimized form of the Caccioppoli-type inequality. The lack of homogeneity of non-power type
Young functions results in Orlicz-Sobolev inequalities whose integral form necessarily involves
a gradient term on both sides. This creates new difficulties, that also appear, again because of the
non-homogeneity of Young functions, in deriving the optimized Caccioppoli inequality. The lat-
ter requires an ad hoc process in the choice of trial functions in the definition of quasi-minimizers.
The advantage of the use of the relevant Caccioppoli inequality is that its proof only calls into
play Sobolev-type inequalities on (n — 1)-dimensional spheres, instead of n-dimensional balls.
This allows for growths of the function B dictated by the (n — 1)-dimensional Sobolev conjugate
of A. By contrast, a more standard choice of trial functions would only permit slower growths
of B, not exceeding the n-dimensional Sobolev conjugate of A. Orlicz-Sobolev and Poincaré in-
equalities in dimension n just come into play in the proof of Theorem 2.2, when estimating terms
depending on the variable u. The trial function optimization strategy refines that used in diverse
settings in recent years. The version exploited in [40] — a variant of [5] — to deal with functionals
subject to p, g-growth conditions is sensitive to the particular growth of the integrand. The con-
ditions imposed in the situation under consideration here are so general to force us to resort to a
more robust optimization argument, implemented in Lemma 5.1, Section 5. The latter is inspired
to constructions employed in [13] in the context of div-curl lemmas, and in [41] in the proof of
absence of Lavrientiev-phenomena in vector-valued convex minimization problems.

We conclude this section by illustrating Theorems 2.1 and 2.2 with applications to a couple of
special instances. The former corresponds to functionals with p, g-growth. It not only recovers
the available results but also augments and extends them in some respects. The latter concerns
functionals with “power-times-logarithmic” growths, and provides us with an example associated
with genuinely non-homogenous Young functions.

Example 2.1. In the standard case when
A(t) =1?,

with 1 < p <n, Theorem 2.1 recovers a result of [40]. Indeed, if n >3 and 1 < p <n — 1, we

(n—l)p . . X
have that A,,_1(¢) &t ®=D-r and the assumption (2.9) is equivalent to

B(t) gtoﬁl)flp near infinity. (2.15)
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Here, the relations < and ~ mean domination and equivalence, respectively, in the sense of
Young functions.

n—1

If p=n—1,then A,—1(t) = e'"™* near infinity, whereas if p > n — 1, then the second
alternative condition (2.10) is satisfied. Hence, if either n =2 or n > 3 and p > n — 1, then any
Young function B € Aj near infinity is admissible.

The condition (2.15) is sharp, since the functionals with p, g-growth exhibited in [35,43,45,
46] admit unbounded local minimizers if the assumption (2.15) is dropped.

Let us point out that the result deduced from Theorem 2.1 also enhances that of [40], where
the function & — f(x, &) is assumed to fulfill a variant of the A,-condition, which is not imposed
here.

On the other hand, Theorem 2.2 extends the result of [40], where integrands only depending
on x and Vu are considered. The conclusion of Theorem 2.2 hold under the same bound (2.15)

p_ Tt . ..
on the function B. Moreover, A, (1) ~t"—7 if l < p <nand A,(t) ~e'" ' near infinity if p = n.
Hence, if 1 < p < n, then the assumption (2.14) reads:

E(t) <t"-7  near infinity.

If p = n, then any non-decreasing function E satisfying the A,-condition near infinity satisfies
the assumption (2.14), and it is therefore admissible.

Example 2.2. Assume that
A(t) ~ tP(logt)® near infinity,

where l < p<nanda € R,or p=1and @ >0, or p=n and @ <n — 1. Observe that these
restrictions on the exponents p and « are required for A to be a Young function fulfilling the
condition (2.5). From an application of Theorem 2.2 one can deduce that any local minimizer of
F is locally bounded under the following assumptions.

If n >3 and p <n — 1, then we have to require that

(n—Da

(n—Dp
B(t) <t@=D-r (logt)@=D-r near infinity.

If either n =2, 0or n >3 and n — 1 < p < n, then any Young function B € A; near infinity is
admissible.
Moreover, if p < n, then our assumption on E takes the form:

_np_ _nar_
E@) <t (logt)"=» near infinity.
If p =n, then any non-decreasing function E € A near infinity is admissible.
3. Orlicz-Sobolev spaces
This section is devoted to some basic definitions and properties from the theory of Young
functions and Orlicz spaces. We refer the reader to the monograph [52] for a comprehensive
presentation of this theory. The Sobolev and Poincaré inequalities in Orlicz-Sobolev spaces that

play a role in our proofs are also recalled.
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Orlicz spaces are defined in terms of Young functions. A function A : [0, co) — [0, o0] is
called a Young function if it is convex (non trivial), left-continuous and A(0) =0.
The convexity of A and its vanishing at O imply that

M) < A(At) forA>1andt >0, 3.D
and that the function
At) . o
- is non-decreasing in (0, 00). (3.2)

The Young conjugate A of A is defined by
Z(t):sup{rt—A(t): T >0} for t>0.
The following inequalities hold:
s<ANs)A N(s)<2s  fors>0, (3.3)
where A~! and A~! denote the generalized right-continuous inverses of A and A, respectively.

A Young function A is said to satisfy the Aj-condition globally — briefly A € A, globally —
if there exists a constant ¢ such that

AQ2t) <cA(t) fort>0. (3.4)

If the inequality (3.4) just holds for # > fy for some #y > 0, then we say that A satisfies the
Aj-condition near infinity, and write A € Aj near infinity. One has that

A € Ay globally [near infinity] if and only if there exists g > 1

tA'(t)
such that
A1)

<gforae.t>0[r>1)]. 3.5)

A Young function A is said to dominate another Young function B globally if there exists a
positive constant ¢ such that

B(1) < A(ct) (3.6)

for t > 0. The function A is said to dominate B near infinity if there exists #9 > 0 such that (3.6)
holds for ¢t > 9. If A and B dominate each other globally [near infinity], then they are called
equivalent globally [near infinity]. We use the notation B < A to denote that A dominates B, and
B =~ A to denote that A and B are equivalent. This terminology and notation will also be adopted
for merely nonnegative functions, which are not necessarily Young functions.

Let Q be a measurable set in R”. The Orlicz class K4 (2) built upon a Young function A is
defined as

KA(Q) = {u : u is measurable in 2 and /A(|u|)dx < oo}. 3.7
Q
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The set K4 () is convex for every Young function A.
The Orlicz space LA(S2) is the linear hull of K4 (). It is a Banach function space, equipped
with the Luxemburg norm defined as

Q

for a measurable function u. These notions are modified as usual to define the local Orlicz class
K{.(R) and the local Orlicz space L{} ().

loc

If either A € A, globally, or || < oo and A € A, near infinity, then K4 () is, in fact, a
linear space, and K4 (Q) = LA(2). Here, |2| denotes the Lebesgue measure of Q.

Notice that, in particular, L4(Q) = L? () if A(¢) =t? for some p € [1, 00), and LA(Q) =
L>®(Q)if A(t) =0forz €[0,1] and A(t) = oo fort € (1, 00).

The identity

1

A-T(1/|E]) 69

IxellLa) =

holds for every Young function A and any measurable set £ C 2. Here, x stands for the char-
acteristic function of E.
The Holder inequality in Orlicz spaces tells us that

/|L£U|d.x§2||M||LA(Q)||U||L;(Q) (310)
Q

for u € LA(Q) and v € LA(Q).

Assume now that € is an open set. The homogeneous Orlicz-Sobolev class V!K4(Q) is
defined as the convex set

VIKAQ) = {ue Wil (Q): [Vul e KA(Q)} (3.11)
and the inhomogeneous Orlicz-Sobolev class W' K4 (L) is the convex set
WIKAQ) =KA(Q) NVIKAQ). (3.12)

The homogenous Orlicz-Space VILA(Q) and its inhomogenous counterpart WILA(Q) are ac-
cordingly given by

VILAQ) = {u e WL (Q) 1 [Vul e LA(Q)} (3.13)
and
WILAQ) = LAQ) NV LAQ). (3.14)
The latter is a Banach space endowed with the norm

66



A. Cianchi and M. Schiiffner Journal of Differential Equations 401 (2024) 58-92

lullwiay = lullpa) + 1IVullpag)- (3.15)

Here, and in what follows, we use the notation ||Vu lLaq) asa shorthand for || |Vu| lLa)-
The local versions V,! K4(Q), W K4(Q), V|| LA(Q), and W,. _L4(Q) of these sets/spaces

loc loc
is obtained by modifying the above definitions as usual. In the case when L4(Q) = L? () for
some p € [1, oo], the standard Sobolev space WP (Q) and its homogeneous version vLr(Q)
are recovered.

Orlicz and Orlicz-Sobolev classes of weakly differentiable functions u defined on the (n — 1)-
dimensional unit sphere S"~! in R” also enter our approach. These spaces are defined as in
(3.7), (3.8), (3.11), (3.13), and (3.14), with the Lebesgue measure replaced with the (n — 1)-
dimensional Hausdorff measure H" 1, and Vu replaced with Vsu, the vector field on sn—1
whose components are the covariant derivatives of u.

As highlighted in the previous section, sharp embedding theorems and corresponding inequal-
ities in Orlicz-Sobolev spaces play a critical role in the formulation of our result and in its proof.
As shown in [19] (see also [18] for an equivalent version), the optimal n-dimensional Sobolev
conjugate of a Young function A fulfilling

1

t n—1
/(m) dt <00 (3.16)
0

is the Young function A, defined as

An(t)=A(H (1))  forr>0, (3.17)
where the function H, : [0, oo) — [0, c0) is given by

H,(s) = </($>T] dt)T for s > 0. (3.18)
0

The function A,_; is defined analogously, by replacing n with n — 1 in the equations (3.17) and
(3.18).

In the statements of Theorems 2.1 and 2.2, the functions A, and A, _; are defined after modi-
fying A near 0, if necessary, in such a way that the condition (3.16) be satisfied. The assumptions
(2.3) and (2.13) are not affected by the choice of the modified function A, thanks to the presence
of the additive constant L. Membership of a function in an Orlicz-Sobolev local class or space
associated with A is also not influenced by this choice, inasmuch as the behavior of A near 0 is
irrelevant (up to additive and/or multiplicative constants) whenever integrals or norms over sets
with finite measure are concerned.

An optimal Sobolev-Poincaré inequality on balls B, C R”, centered at 0 and with radius r
reads as follows. In its statement, we adopt the notation

ug, = fu(x)dx,
B,

where f stands for integral average.
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Theorem A. Let n > 2, let r > 0, and let A be a Young function fulfilling the condition (3.16).
Then, there exists a constant k = x (n) such that

/A ( ju — up,| )d /
n T |dx < [ A(Vul)dx (3.19)
k( f5, A(Vul)dy)”

B, B,
for every u € VIKAB,).

As a consequence of the inequality (3.19) (which continues to hold for balls centered at any
point in R") and of Lemma 4.1, Section 4, one has that

VL KAQ) CKEL.(Q) (3.20)
for any open set 2 C R” and any Young function A. Thereby,
Viee K (@) = Wio K4(Q).
Hence, in what follows, the spaces VléCK A(Q) and Wﬂ)CK A () will be equally employed.
Besides the Sobolev-Poincaré inequality of Theorem A, a Sobolev type inequality is of use in
our applications and is the subject of the following theorem. Only Part (i) of the statement will
be needed. Part (ii) substantiates the inclusion (2.7).

Theorem B. Let n > 2, let r > 0, and let A be a Young function fulfilling the condition (3.16).

(i) Assume that the condition (2.5) holds. Then, there exists a constant k = k (n, r) such that

/An( Jul l>arx5/A(|u|)+A(|W|)dx (3.21)
«( g AQul) + A(Vul)dy)"

B, B,

for every u € WIKA(B,).
(ii) Assume that the condition (2.6) holds. Then, there exists a constant k = k (n, r, A) such that

1

n

lullzoo,) SK(/A(IMI)+A(IVMI)dX) (3.22)

for every u € W KA(B,).

In particular, if r € [ry, r] for some r, > r; > 0, then the constant « in the inequalities (3.21)
and (3.22) depends on r only via ry and r;.

A counterpart of Theorem B for Orlicz-Sobolev functions on the sphere S"~! takes the fol-
lowing form.
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Theorem C. Let n > 2 and let A be a Young function such that

1

t n=2
/ — dt < oo ifn > 3.
A(t)
0

(i) Assume that n > 3 and

1

/(L)mdtzoo.
A1)

Then, there exists a constant x = k (n) such that

Sn—1

|u
/ An—1 (
i fgn-1 A(lul) + A(IVsul)dH =1 (y))"T

)d’H"l(x)

< / A(ul) + A(Vsul) dH"™ (x)

Sn—1

foru e WHKA(S" ).
(ii)) Assume that one of the following situations occurs:

n=2 and lim_o+ 2% >0

00 1
t n—=2
n>3 and / — dt < oo.
A(t)

Then, there exists a constant x = « (1, A) such that

1
AT
IWHLmsnl)SK(‘/‘AUMD4-AUVSMDd?¢1@0)

Sn—1

foru e WlkAS .

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

Theorems A and B are special cases of [22, Theorems 4.4 and 3.1], respectively, which hold
in any Lipschitz domain in R” (and for Orlicz-Sobolev spaces of arbitrary order). The assertions
about the dependence of the constants can be verified via a standard scaling argument. Theo-
rem C can be derived via arguments analogous to those in the proof of [22, Theorem 3.1]. For

completeness, we offer the main steps of its proof.
Proof of Theorem C. Part (i). Let us set

Ugn-1 = ][ u(x)dH" " (x).
Snfl
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A key step is a Sobolev-Poincaré type inequality, a norm version of (3.19) on S"~!, which tells
us that

||M — MSnfl ”LA”*I (S"_l) < C”VSH ”LA(Sn—l) (328)
for some constant ¢ = ¢(n) and foru € VILA(S" 1. A proof of inequality (3.28) rests upon the
following symmetrization argument combined with a one-dimensional Hardy-type inequality in

Orlicz spaces.
Set

cn =H"HShH (3.29)
and denote by u° : [0, ¢,] = [—00, 00] the signed decreasing rearrangement of u, defined by
u’(s)=inf{r e R: H"'({u>1}) <s} forsel0,cul.
Moreover, define the signed symmetral u* : S"~! — [—00, o] of u as
ut(x) =u°(V(x)) forxeS" !,
where V (x) denotes the H"~!-measure of the spherical cap on S"~!, centered at the north pole
on S"~1, whose boundary contains x. Thus, u? is a function, which is equimeasurable with u,

and whose level sets are spherical caps centered at the north pole.
The equimeasurability of the functions u, u° and u* ensures that

lu = g1l Aoy g1y = lu¥ — g1l 4y sty =l = ugnill 4 g - (3.30)

Moreover, since u°(c,/2) is a median of u° on (0, ¢,) and ug.—1 agrees with the mean value of
u® over (0, ¢;;), one has that

1 1
”uo - uo(cn/z)”LAn—l 0,cpn) = b ”uo — Ugn-1 ”LAnq O,cn) — 2 flu — Usn-1 ||LA,,,1 (Sn=1y» (3.31)

see e.g. [23, Lemma 2.2].
On the other hand, a version of the Pélya-Szegé principle on S”~! tells us that x° is locally
absolutely continuous, u* € VI LA(S*~1), and

o ()

) = [ Vsu® | a1y < | Vsull pagn-1y. (3.32)
LA(0,c,)

where Igu—1 : [0, ¢,] — [0, 00) denotes the isoperimetric function of S™1 (see [14]). It is well-
known that there exists a positive constant ¢ = c¢(n) such that

Ign-1(s) > cminfs, ¢, —s}i=1  for s € (0, cy). (3.33)
Hence,
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n— d °
c| mings, ¢, — s}t (— “ ) < I Vsull pagiy. (3.34)
ds LA(O,Cn)
The absolute continuity of #° ensures that
cn/2
o o du®
u®(s) —u’(cy) = - dr for s € (0, ¢c,). (3.35)
r

N
Thanks to the equations (3.30), (3.31), (3.34), (3.35), and to the symmetry of the function

min{s, ¢, — s} =i about ¢, /2, the inequality (3.28) is reduced to the inequality

cn/2
” / P G (r) dr

for a suitable constant ¢ = c¢(n) and for ¢ € L4(0, ¢n/2). The inequality (3.36) is in turn a con-
sequence of [19, Inequality (2.7)].
Next, by Lemma 4.2, Section 4, applied with n replaced with n — 1,

=clollLa©.c,/2) (3.36)
LAn=1(0,¢,/2)

1 1 1

#T < =) fort > 0.
AT A @)

Hence, by the inequality (3.10), with € replaced with S"~!, one has that

2
st s gty = o Iy gty = il I gy I o1 oo

(3.37)

SR S <
= — = u A€n—1y =
an AN(1/en) AL (1ey) O

||M||LA(Sn—1).

1

-
Cn

Coupling the inequality (3.28) with (3.37) and making use of the triangle inequality entail that

el A g1y < (I Vsull paggn1y + lluell paggn-1y) (3.38)

for some constant ¢ = ¢(n) and for u € W!LA(S"1).
Now set

M= [ A(Vsul)+A(u))dH" " (x),
Sn—1

and apply the inequality (3.38) with the function A replaced with the Young function A given
by

A(t
Ap(t) = _]\(/1) for ¢t > 0.
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Hence,

el L apnr gn-1y < €(IVsUll s gn-1y + llull s i) (3.39)
where (Ayr),—1 denotes the function obtained on replacing A with Ay in the definition of A,,_.

The fact that the constant ¢ in (3.38) is independent of A is of course crucial in deriving the
inequality (3.39). Observe that

At () = - A 1(;) fort >0 (3.40)
n— M n— Man| = U. .

On the other hand, by the definition of Luxemburg norm and the choice of M,
”“”LAM(Sn—l) <1 and ”VSu”LAM(S"—]) <1 (3.41)
Therefore, by the definition of Luxemburg norm again, the inequality (3.39) tells us that

1 |u(x)] n—1
— An—q — JdH " (x) < 1.
MS’H 2cM =1

Hence, the inequality (3.25) follows.

Part (ii). First, assume that n > 3 and the integral condition in (3.26) holds. Let A be the Young
function defined as

_ o [ OAr)
At)= |12 /ﬁdr fort >0, (3.42)

1
n=2
¢ r

where (- -) stands for the Young conjugate of the function in parentheses. Notice that the con-
vergence of the integral on the right-hand side of equation (3.42) is equivalent to the convergence
of the integral in (3.26), see [21, Lemma 2.3]. Since we are assuming that A fulfills the condition
(3.23), the same lemma also ensures that

A(r)
— dr < 0. (3.43)
rlti=
0
From [15, Theorem 4.1] one has that
Z(C”M — Uugn-1 ”LOO(Sn—l)) < f A(|VSM|)dHn_1 (344)
Snfl

for some positive constant ¢ = ¢(n) and for u € VIKA(S*1).
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Furthermore, by Jensen’s inequality,

A(llugn ||LOO(S,,_1))5A< ][ |u|dH"—1) < ][ A(udH" " (3.45)
Sn—1 Sn—1

Thanks to [15, Inequality (4.6)],

A@) < A®) fort > 0. (3.46)

Moreover, the inequality (3.43) ensures that

o0 o
n—1 A(r) n=1
tn—2 — dr <ctn2 fort >0, (3.47)
rl+m
t
where we have set
X0
. / A(r)
- 1+2=1
o " ’

Taking the Young conjugates of both sides of the inequality (3.47) results in

A(t) > ct" ! forz >0, (3.48)

for some constant ¢ = c(n, A). The inequality (3.27) follows, via the triangle inequality, from the
inequalities (3.44), (3.45), (3.46) and (3.48).

Assume next that n = 2 and the condition on the limit in (3.26) holds. If we denote by a this
limit, then

A(t) > at fort > 0. (3.49)

A simple one-dimensional argument, coupled with Jensen’s inequality and the increasing mono-
tonicity of the function tA~1(1/1) shows that

A(%”” —ugi |l posty) < ][A(Wsul)d?'ll (3.50)
Sl

for u € VIKA(SY) (see [15, Inequality (4.8) and below]). The inequality (3.27) now follows
from (3.45) (which holds also when n =2), (3.49) and (3.50). O
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4. Analytic lemmas

Here, we collect a few technical lemmas about one-variable functions. We begin with two
inequalities involving a Young function and its Sobolev conjugate.

Lemma 4.1. Let n > 2 and let A be a Young function fulfilling the condition (3.16). Then, for
every k > O there exists a positive constant ¢ = c(k, A, n) such that

A(t) < Ay(kt)+c fort>0. “4.1)

-1
Proof. Fix k > 0. Since A, (t) = A(Hn_l (1)) and lim;_, oo H”t © _ 00, there exists ¢t > #y such
that A(¢) < A, (kt) for ¢t > t9. The inequality (4.1) hence follows, with c = A(ty). O

Lemma 4.2. Let n > 2 and let A be a Young function fulfilling the condition (3.16). Then,

1 1 1
1

FEmyeT < 3 fort > 0. 4.2)

Proof. Holder’s inequality and the property (3.2) imply that

’:0/[<A£r)>%(A:r>)%d’5(O/A(r) ) <O/<A<r>>% ) @

AD\" 1 i

3=

Hence,
A7) < t%Hn (A=) fort>0. 4.4
The first inequality in (3.3) and the inequality (4.4) imply that
t< ATV WA () <t Hy (AT (0)A () for £ > 0. 4.5)
Hence, the inequality (4.2) follows. O
The next result ensures that the functions A, B and E appearing in the assumption (2.13)
can be modified near 0 in such a way that such an assumption is still fulfilled, possibly with a
different constant L, and the conditions imposed on A, B and E in Theorem 2.2 are satisfied
globally, instead of just near infinity. Of course, the same applies to the simpler conditions of
Theorem 2.1, where the function E is missing.
Lemma 4.3. Assume that the functions f, A, B and E are as in Theorem 2.2. Then, there exist
two Young functions A B: [0, 00) — [0, 00), an increasing function E: [0, 00) — [0, 00), and

constants L > 1 and q > n such that:

74



A. Cianchi and M. Schiiffner Journal of Differential Equations 401 (2024) 58-92

A(END —E(t) —L < f(x,1,6) <B(E) + E(lt) + L

fora.e. x € Q, foreveryt € R, and every & € R", 4.6)
tiT <L A,(t) fort>0, 4.7)
EQt)<LE@®) fort>0, (4.9)
E@t) < A,(Lt) fort>0, (4.10)

BOut)<AiB(t) fort>O0and > 1. 4.11)

Moreover, if the assumption (2.8) is in force, then the function B satisfies the assumption (2.9)
and

B(t) <A,_1(Lt)  fort>0; (4.12)
if the assumption (2.10) is in force, then
B(t) <Lt? fort>0. (4.13)
Here, Zn_l and X,, denote the functions defined as A,,—1 and A, with A replaced with A
Proof. Step 1. Construction of A. Denote by #; the maximum among 1, the constant ¢y appearing

in the inequalities (2.14) and (2.9), and the lower bound for ¢ in the definition of the A;- condmon

near infinity for the functions B and E. Let us set a = E”) and define the Young function A as

at if0<t<n

A= AG) i1z 0. @19
Clearly, A satisfies the property (4.8) and
A(t)<A@t)  fort>0. (4.15)
Also, the convexity of A ensures that
A(t)>at fort>0. (4.16)

Since

n—1

H(v)_</(;‘\—>_1 )T fors >0,
0

we deduce that
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~ n—1

1 —
H,(s)<a nsn fors>0,
whence
1 n ~_1
am=Ttn=T <H ' (¢t) fort>0.

Inasmuch as Zn =Ao ﬁn_ 1 the latter inequality and the inequality (4.16) yield:

A, (1) > A(@i=Tti-1) > (at)i-T fort > 0.

This shows that the inequality (4.7) holds for sufficiently large L.
For later reference, also note that

A, (1) = (at)™T  fort e0,4]. 4.17)
Next, we have that
An(t) < A,(t)  fort>0. (4.18)
Indeed, the inequality (4.15) implies that
ﬁ,, (s) < H, (s) for s > 0.
Thus, Hn_1 (1) < ﬁn_l (t) for t > 0, whence the inequality (4.18) follows, on making use of (4.15)

again.
Moreover, there exists f, > t1, depending on n and A, such that

A1) < A,2t) fort > 1. (4.19)
Actually, if s > 71 and is sufficiently large, then

1 s n—1

mo=([(z) ") =(/Ga) )"
J\7o)

4l

3
=

s 1 n
r O\ \ o 1
~((G5) ) =
131

Observe that the last inequality holds, for large s, thanks to the assumption (2.5). Hence,
H; L) < H{l (2t) for sufficiently large ¢ and thereby

An(t)=AH, ' () = A(H, (1) < AH, ' (20)) = A, (21) fort > 1y,
provided that 7, is sufficiently large. The inequality (4.19) is thus established.
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Step 2. Construction of B. First, consider the case when (2.8) and (2.9) hold. Since B is a Young
function, there exists t3 > fy, where 1 is the number from Step 2, such that B(t3) > A,_1(f1).
Define the Young function B as

Ap_1() ifo<t<mn
B() = { £t A 1(t) + 2 B(3) if <t <3
B(1) ift > t3.

We claim that the inequality (4.12) holds with this choice of §, E\rovided that L is large enough.
If ¢ € [0, 1), the inequality in question is trivially satisfied with L = 1. If ¢ € [#2, 13), then

B(t) < B(t3) = B(13) < Ay—1(L13) < Ap—1(L13) < Ay 1 ((L13/12)1),
where the third inequality holds thanks to (4.18). Finally, if ¢ > #3, then
B(t) = B(1) < Ap_1(Lt) < A, (L1).

Altogether, the inequality (4.12) is fulfilled with L = max {1 Loy }

9 t2 .
In order to establish the inequality (4.11), it suffices to show that B satisfies the A-condition
globally. Since B is a Young function, this condition is in turn equivalent to the fact that there
exists a constant ¢ such that

E/
B _ . forae.r>0. (4.20)
B0

Since B is a Young function satisfying the A,-condition near infinity, and B (t) = B(¢) for large
t, the condition (4.20) certainly holds for large . On the other hand, since

tB'(t) ~ tm w1 n—1
0+ B(t) 1—0+ A,, Wt n=2

the condition (4.20) also holds for 7 close to 0. Hence, it holds for every ¢ > 0.

Next, consider the case when (2.10) holds. The A,-condition near infinity for B implies that
there exist constants ¢ > 1, 4 > 1 and ¢ > 0 such that B(t) < ct? for all ¢ > #4. Since t4 > 1,
we may suppose, without loss of generality, that q>n. Inasmuch as B(t) < L(tq +1) fort >0,
provided that Lis sufficiently large, the choice B(t) = L7 makes the inequalities (4.11) and
(4.13) true.

Step 3. Construction of E. We define E analogously to B, by replacing B with E and Ap_
with A,. The same argument as i in Step 2 tells us that the inequalities (4.9) and (4.10) hold for a

suitable choice of the constant L.

Step 4. Conclusion. Since
f,1,6) < BUEN+ E(1]) + L < BUgD) + E(I&]) + B(13) + E(13) + L
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and

fOxet.8) = A(ED) — Elt]) — L = A(&)) — E(€]) — A(t) — E(t3) — L,

for a.e. x € 2, and for every r € R and & € R”, equation (4.6) follows, provided that L is chosen
sufficiently large. O

We conclude this section by recalling the following classical lemma — see e.g. [37, Lemma
6.1]:

Lemma 4.4. Let Z : [p, 0] — [0, 00) be a bounded function. Assume that there exist constants
a,b>0,a>0and0 €0, 1) such that

Zr)<O0Z(s)+(s—r) %a+b ifp<r<s=<o.

Then,

Z(r)gc((s—r)7“a+b) ifp<r<s<o,
for some constant ¢ = c(«, 0) > 1.
5. Proof of Theorem 2.2

We shall limit ourselves to proving Theorem 2.2, since the content of Theorem 2.1 is just a
special case of the former. A key ingredient is provided by Lemma 5.1 below. In the statement,
@, : [0, 00) — [0, 00) denotes the function defined for ¢ > 1 as

t f0<t<l1
®q() = 9 iftr>1. -1

One can verify that
O, (A) < A1Dy(1) forA>1andt>0. (5.2)
Moreover, given a function u € WLKAB)), we set
Fu,p,0)= / A(lul) + A(|Vu|)dx 5.3)
B, \B,
forO<p<o <.

Lemma 5.1. Let A and B be Young functions and 0 < p <o < 1.
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(1) Suppose that the condition (2.8) is in force. Assume that there exist constants L > 1 and
q > 1 such that

B(t) <A,_1(Lt) and B(t)<A1B(t) fort>0and > 1. 64

Then, for every u € W' KA(By) there exists a function n € Wé’oo(IBﬁl) satisfying

2
0<n=<1inBy, n=1inB,, n=0inB\Bs [Vnlr~m, = , (5.5)
o—p

and such that

1
kF(u,p,o)n-T

/B(|uV17|)dx §cCI>q< )F(u,p,o) 5.6)

o — p)ieT
B, (0 —p)Tp

for some constant c = c(n, q, L) > 1. Here, k denotes the constant appearing in the inequal-
ity (3.25).

(i1) Suppose that the condition (3.26) is in force. Assume that there exist constants L > 1 and
q > n such that

B(t) <Lt fort>0. 5.7

Then, for every u € WLIKA@B)) there exists a function n € WOI‘OO(HB]) satisfying (5.5), such
that

ck1F (u, p, O')%

/B(Ianl)dx <

B,

5.8
(0 — p)I 71+ pa=(n=1) o

for some constant c = c¢(n, q, L) > 1. Here, k denotes the constant appearing in the inequal-
ity (3.27).

Proof. Let u € W!KA(B,). Define, for r € [0, 1], the function u, : S"' — R as u,(z) = u(rz)
for z € S"~!. By classical properties of restrictions of Sobolev functions to (n — 1)-dimensional
concentric spheres, one has that u, is a weakly differentiable function for a.e. r € [0, 1]. Hence,
by Fubini’s theorem, there exists a set N C [0, 1] such that [N| =0, and u, € W' K4(S"~!) for
every r € [0, 1]\ N. Set

4
Ur={relp,o]\N: / A(Vsu, @D dH" () £ ———— / A(IVul)dx .
(o —p)r"
sn-1 B, \B,
5.9
From Fubini’s Theorem, the inequality |Vsu,(z)| < |Vu(rz)| for " '-ae. z € S*~!, and the
very definition of the set U; we infer that
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/ A(|W|)dx=/r"—1 / A(Vu(r))dH" " () dr

B, \B, o sn-1

> / r"*‘/ A(Vsur @D dH"™ @) dr

(p,0)\U1 Sn-1

Z4((0—,0)—|U1|) / A(Val) dx.
(0 —p)

B, \B,

Hence, |U;| > %(o — p). An analogous computation ensures that the set

Uy = {r elp,01\ N : / Allur @D dH"™ ' (@) £ ————
(o —p)r"
Sn—l

B, \B,
has the property that |Uz| > %(o — p). Thereby, if we define the set
U=U;NU,,

then

1
|U|Z|(pa0)|_|(P»U)\U1|_|(:0’(7)\U2|Z§(U_,0)~

Next, define the function n : By — [0, 1] as
1 ifO<|x|<p

o
1 .
n(x)= E/XU(S)dS ifp<|x|<o
|x]

0 ifo<|x|=<1.
One has that 0 <y <1,n=1inB,, n=0inB; \ By, n € Wy (By) and

0 forae.r ¢ U
Vol =1,

07 forae.r e U,

and for z € S"~!. Hence, the function 7 satisfies the properties claimed in (5.5).

Next, set, for r € [0, I\ N,

Fr(u) = / Alur () + A(Vsu () dH" " (2).
Sn—1

By the definition of the set U,
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4
FFuy<—Fu,p,0) forae.rel. (5.14)
(0 = o)~

We have now to make use of different inequalities, depending on whether we deal with case (i)
or (ii).

Case (i). Owing to the inequality (3.1) and to the second inequality in (5.4),
B(At) < ®,(M)B(1) for A >0andr > 0. (5.15)

The following chain holds:

/B(Ianl)dx S/r"‘l / B( ur(z) >dH"‘1(z)dr (5.16)
(6 —p)
B, U Sn—1
1
- / et / B( Zeur @) Fr ()7 ) dH ) dr
i St k(0 — p)Fr(u)n=T1
< / r”lcbq( 2L’(‘OF (”))"7 ') < 7”’(ZL D dH"\(2) dr
i —f i Fy (u)n=T
2Lk F, (u)
S/r < ‘)F,(u)dr
g —p)r

2L/c4ﬁ F(u,p, a)ﬁ
<P, T 4F(u, p, o),
(c—p) T p

where the second inequality is a consequence of the inequality (5.15) and the first inequality in
(5.4), the third inequality follows from the Sobolev inequality (3.25), and the last inequality relies
upon the inequality (5.14) and the fact that |U| < (¢ — p). Clearly, the inequality (5.6) follows
from (5.16).

Case (ii). The following chain holds:

q
/B(luVr;l)dx SL/V”_1 /' 2 ur(z)
(o0 —p)
B, U sn-1

q q
L2en? /r"—lF,(u)% dr
(o —p)1 J

dH" ' (2)dr (5.17)

q9
Y AT
<L2 cnk /r”_l 4F(u, p,0) dr
(o0 —p) (0 —p)r=!
U
L244anlcan

q
= F(u,p,o)rT,
(0 — p)I~ 17T pa—(n=D)
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where ¢, is given by (3.29), the first inequality holds by the inequality (5.7), the second one by
the inequality (3.27), the third one by the inequality (5.14), and the last one since |U| < (o — p).
The inequality (5.8) follows via (5.17). O

We are now in a position to accomplish the proof of our main result.

Proof of Theorem 2.2. Owing to Lemma 4.3, without loss of generality we can assume that
the functions A, B and E also satisfy the properties stated for the functions A, B and E in the
lemma. When we refer to properties in the statement of this lemma, we shall mean that they are
applied directly to A, B and E. In particular, ¢ denotes the exponent appearing in the statement
of the lemma. Moreover, Q is the constant from the definition of quasi-minimizer.

We also assume that B; € Q2 and prove that « is bounded in B 1. The general case follows
via a standard scaling and translation argument. For ease of presentation, we split the proof into
steps.

Step 1. Basic energy estimate.
Set, forr >0and !/ > 0,

A, =B, N{xeQ:ulx)>1} (5.18)
and
J(l,r)=/A((u—l)+)+A(|V(u—l)+|)dx. (5.19)
B,

Here, the subscript “+” stands for the positive part.
If the assumption (2.8) holds, then we claim that there exists a constant ¢ =c(n,q, L, Q) > 1
such that

<d>q(/<J(k,o)nll)
/A(|V(u—k)+|)dx <o =2 ko) + /(E(|u|)+1)dx> (5.20)

— n—1
B, (6 —p) A

for k > 0 and % < p <o < 1, where k denotes the constant from the inequality (3.25).
If the assumption (2.10) holds, then we claim that there exists a constant ¢ = c¢(n, ¢, L, Q) > 1
such that

/A(|V(u—k)+|)dx §C<an](k,0)ﬁ + /(E(|u|)+ l)dx) (5.21)
A

o — n—1
B, (0 —p) .

for k > 0 and % < p <o < 1, where k denotes the constant from the inequality (3.27).

We shall first establish the inequalities (5.20) and (5.21) under the assumption (2.11).

Given k > 0 and % <p<o<lletne Wé’oo(Bl) be as in the statement of Lemma 5.1,
applied with u replaced with (u — k). Choose the function ¢ = —n?(u — k)4 in the definition
of quasi-minimizer for . From this definition and the first property in (2.11) one infers that
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/f(x,u,Vu)dng/f(x,u—i—go,V(u—i—(p))dx

.Ak_g Ak,a

_o / Fout g (1= ")V — gt~ Vi — k) dx
Ak,a

<Q /(1—n")f(x,u—i—ga,Vu)—i—r}qf(x,u—i—(p,—?(u—k))dx
Ak,a

Hence, since 0 < u + ¢ < u on A, the second property in (2.11), the upper bound in (2.13),
and the monotonicity of the function E ensure that

/f(x,u,Vu)deQ /(1—nq)(Lf(x,u,Vu)+E(u)+L)

»Ak,g Ak.a

+ 7 (B(%( —k)>+E(u)+L>dx. (5.22)

Inasmuch as 0 <5 <1 and n =1 in B, the use of the inequality (4.11) on the right-hand side of
(5.22) yields:

/ f(x,u,Vu)dx <QL / fx,u,Vu)dx + Q / qB |Vn|(u—k))
k,rr Ako\B k.rr
+ E(|lul) + Ldx. (5.23)

Now, suppose that the assumption (2.8) holds. Combining the inequality (5.23) with the estimate
(5.6) (applied to (u — k)4 ) tells us that

/ f(x,u,Vu)dx <QL / fx,u, Vu)ydx +cQ®, (M)J(k o)
k-,O A, O'\B/) (U B IO)”
+0 [ Bw+ s (5.24)
Ak,ci

for some constant ¢ = c(n, g, L) > 1. Observe that in deriving the inequality (5.24), we have
exploited the inequalities % <pand F(u — k)4, p,0) <J(k, o).

Adding the expression QL [ A, f(x,u, Vu)dx to both sides of the inequality (5.24) and
using the inequality (5.2) enable one to deduce that

/ f(x,u, Vu)dx <

Ak,p Ak,J
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c( (Kj(k 0)_1)

ko) + /<E<u>+1>dx)
(0 — )it

k,o
for some constant ¢ = c¢(n, g, L, Q) > 1. The estimate (5.20) follows via Lemma 4.4 and the
lower bound in (2.13).
Assume next that the assumption (2.10) holds. Hence, the full assumption (3.26) holds, thanks

to equation (4.8). One can start again from (5.23), make use of the inequality (5.8), and argue as
above to obtain the inequality (5.21). The fact that

1 1
_ q qV’
(0 — p)?~ Tt (a — p)i-T

]

since 0 — p < 1, is relevant in this argument.

It remains to prove the inequalities (5.20) and (5.21) under the alternative structure condition
(2.12).

Let ¢ be as above, and observe that u + ¢ = n?k + (1 — n?)u on A . Hence, by the property
(2.12),

/f(x,u,Vu)dfo/f(x,u+<p,V(u+<p))dx

‘Ak‘rr

—0 / £ (= D+ 07k, (1 — 1)V — qn~"Vn(u — k) dx

=0 /(1 =) flx,u, VM)+'7qf<x k, ——( —k))dx

Ak,rr

Thanks to the assumption (2.13) and the monotonicity of E, which guarantees that E (k) < E(u)
in Ak o, we obtain that

/f(x,u,Vu)dfo/(1—nq)f(x,u,Vu)—l—nq<L+E(u)+B< q1v |( )))dx.

.Ak,g Ak.D’

(5.25)

A replacement of the inequality (5.22) with (5.25) and an analogous argument as above yields
the same conclusions.

Step 2. One-step improvement.
Let us set

cp = max{k, 1},

where « denotes a constant, depending only on rn, such that the inequality (3.21) holds for every
r €[5, 1]. We claim that, if & > 0 is such that
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cgLJ(h, o)t <1, (5.26)
then

1
o T n_
(0 —p)1  (k—h)m

Ik, p) §c( +L1°g2<ﬁ>)1(h,a)1+% ifk>h, (527)

for a suitable constant c =c(n,q, L, Q, A) > 1.
To this purpose, fix 7 > 0 such that the inequality (5.26) holds. We begin by showing that
there exists a constant ¢ = c¢(n, L) such that

n+l1
J(h,o) " .
| Ao | < cﬁ if k> h. (5.28)

The inequality (5.28) is a consequence of the following chain:

|Ak.o|Antk —h) = / Aptk —h)dx < / An(u—h)dx (5.29)
Ak,a Ah.a

< / An(cB(u—h)J(h,lo)H)dx
cgJ(h,o)n

h,o

—h
<cpJ(h, o) / An<”71) dx.
A cgJ(h,o)n

h,o

Notice that the last inequality holds thanks to the inequality (3.1), applied with A replaced with
A, and to the assumption (5.26). Coupling the inequality (5.29) with (3.21) enables us to deduce
that

n+l

cgJ(h,o) n

|~Ak,a| < An(k—/’l)

Hence the inequality (5.28) follows, via (4.7).
Next, by the monotonicity of E and the assumption (4.9),

/E(u)dx: / E((u—k)+k)dx < / EQu —k)+ EQ2k)dx (5.30)

k,o -Ak,a Ak,a

§L/E(u—k)+E(k)dx for k > 0.
-Ak.(r

From the inequality (3.1) applied to A,, and the assumption (5.26) one infers that
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/E(u—k)dx§ / E(u—h)dx < / An(L(u — h))dx (5.31)

k.o -Ah,a -Ah,a

1 u—nh 4L
<cgLJ(h,o)n | Ay ———— Jdx <cpLJ(h,0)'Tn ifk>h.
cgJ(h,o)n

h,o

Owing to the assumption (4.9) and the chain (5.31),

k
/"Em>=E<;—Zw—hQL%J|sE(ﬂ“&fﬂ+%k—hOL%J| (5.32)
k,o

sﬁ%ﬂﬁﬂ“E@—MNAhﬁsLmﬂﬁw“l/lﬂu—de
Ah,a

<12 D LT (h, o) 7 itk > h,

where | - | stands for integer part. Combining the inequalities (5.30)—(5.32) yields:

/ E@)dx < L2 J(h, 0)" 5 ifk > h, (5.33)
-Ak,v

for some constant ¢ = c¢(n, L).

From this point, the argument slightly differs depending on whether the condition (2.8) or
(3.26) holds.

Assume first that (2.8) is in force. The assumption (5.26) implies that there exists a constant
c=c(n,q, L) such that

O, (] (k, o)) < cJ (ko)™ ifk > h, (5.34)

where « is the constant from the inequality (3.25). Making use of the inequalities (5.28), (5.33)

and (5.34) to estimate the right-hand side of (5.20) results in the following bound for its left-hand
side:

n n+1
Jh,o)i1  J(h,o) " k. el
t/MWW—@HMxSC o)t TR0 T penttn g, 0) (5.35)
(0 —p)i1  (k—h)iT

B,

| | \
<c —+ LoD ) J(h o) itk >k,
@—pP k—h)eT

for suitable constants ¢ = c(n,q,L, Q) > 1 and ¢’ = c'(n,q, L, Q) > 1. From the inequality
(4.1) we infer that
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/A((u —k)p)dx < /An((u —k)+)dx + c| Ak pl
B, B,

< /An((u —hydx+clArg| ifk>h, (5.36)
B,

for some constant ¢ = c¢(n, A). A combination of the latter inequality with (5.28) and (5.29) tells
us that

J h, 1+%

/A((u —kdx <oyt 4 el e (5.37)
J (k— )i

p

for some constant ¢ = c¢(n, L, A). Coupling the inequality (5.35) with (5.37) yields (5.27).
Assume now that the condition (3.26) holds. The assumption (5.26) and the inequality ¢ > n
guarantee that there exists a constant ¢ = c¢(n, ¢, L) such that

Tk, o)1 < cJ(k, o) itk > h. (5.38)

From the inequalities (5.28), (5.33) and (5.38) one obtains (5.35) also in this case. The inequality
(5.27) again follows via (5.35) and (5.37).

Step 3. Iteration.
Given K > 1 and £ € N U {0}, set

1

k=K1 =2y 4,= ERETEE and  Jo = J (ke, 0¢). (5.39)
Thanks to the inequality (5.27), if £ € N is such that
1
cgLJ} <1, (5.40)

then

141

Jet1 5c<2‘3% + Kbt 4 L‘f) J, (5.41)

for a suitable constant c = c(n, g, L, Q, A) > 1. Clearly, the inequality (5.41) implies that

1
Je+1 fczWJe”" ) (5.42)

where y = max{qn"j,logz L} and ¢; = c2(n,q, L, O, A) > 1 is a suitable constant. Let t =
t(n,q,L, Q,A) € (0, 1) be such that

1
2Vt =1. (5.43)
Set

87



A. Cianchi and M. Schiiffner Journal of Differential Equations 401 (2024) 58-92

go =min{(cgL)™", t"}.
We claim that, if
Jo = €0, (5.44)
then
Jo<t'Jy  forevery £ € N U{0}. (5.45)

We prove this claim by induction. The case £ = 0 is trivial. Suppose that the inequality (5.45)
holds for some ¢ € N. The assumption (5.44) entails that

1 1 1
cpLJ) <cpL(z'Jo)n <cpLej < 1.

Therefore, thanks to the equations (5.42), (5.45), and (5.43),

1 1 1
Jopn e’ )T <@V en) g (o) < e te Tl < T . (5.46)

Notice that the last inequality holds thanks to the inequalities ¢; > 1, £ > 1, and g9 < t”. The
inequality (5.45), with £ replaced with £ + 1, follows from (5.46).

Step 4. The assumption (5.44) holds for large K.
Since

Jo=J(K/2,B3),
the inequality (5.44) will follow, for sufficiently large K, if we show that

lim J(k,B3)=0. (5.47)
k—o00 4

Inasmuch as u € Vkl)CKA(SZ), from the inclusion (3.20) we infer that limy . |4, 3| = 0. Hence,
s
the dominated convergence theorem guarantees that

lim / A(lV(u —k)4])dx = lim / A(lV(u—k);])dx =0. (5.48)
k—00 k—00
B3 ‘Ak 3
7 'z
It thus suffices to show that
lim / A(|(u —k)+|)dx =0. (5.49)
k—o00
B

FNI

To this purpose, note that, by the inequality (4.1) and the monotonicity of A,,
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/A(I(u —k+Ddx <clA |+ /An(l(u — k) Ddx (5.50)
]B§ ]B§

w—m+—fw—m#wbw

B;

SC|~Ak,%| +/An<2
B =

3
s 1
+/An<2 ][(u—k)+ddex
B3 B
I

E)

for some constant ¢ = c¢(n, A). Moreover,

lim .Ak§=0,
k—oco ™4
and
20 = K41l g5
. _ . 7 —
i [ (ol =] = g g () o
B3 B3 4

Z z

It remains to prove that the second addend on the rightmost side of the chain (5.50) vanishes
when k — oo. Thanks to the limit in (5.48), for every § > O there exists ks € N such that

/A(|V(u—k)+|)dx§6 if k > k. (5.51)
B3
P

Choose § in (5.51) such that 26‘38% < 1. The property (3.1) applied to A,, and the Sobolev-
Poincaré inequality in Orlicz spaces (3.19) applied to the function (# — k) ensure that, if k > kg,
then

B{ An<2

I 7 I

gch(s%/A(|V(u—k)+|)dx.
B

1 |(u—k)+—fB§(u—k)+dy|
)dx <2cpén /An< = - )dx

(u—k)+—][(u—k)+ T
B ca(fg, AUV —k)1)dy)"

FN

3
I

Since the last integral tends to 0 as k — oo, equation (5.49) is established.
Step 5. Conclusion.
The inequality (5.45) tells us that inf,cn J¢ = 0. Hence, from the definitions of J, and J (&, o)

we deduce that
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/A((u—K).,.)de](K,BL)S inf J, =0.
2 LeN

B
2

Therefore, u < K ae.inB;.
2
In order to prove a parallel lower bound for u, observe that the function —u is a quasimin-
imizer of the functional defined as in (1.1), with the integrand f replaced with the integral f
given by

~

f(x,t,8)= f(x,—t,—&) for (x,1,§) e 2 x R x R".

The structure conditions (2.11) and (2.12) and the growth condition (2.13) on the function f are
inherited by the function f. An application of the above argument to the function —u then tells
us that there exists a constant K’ > 0 such that —u < K’ a.e. in B 1 The proof is complete. O

Compliance with ethical standards
Funding. This research was partly funded by:

(1) GNAMPA of the Italian INdAM - National Institute of High Mathematics (grant number not
available) (A. Cianchi);

(ii)) Research Project of the Italian Ministry of Education, University and Research (MIUR) Prin
2017 “Direct and inverse problems for partial differential equations: theoretical aspects and
applications”, grant number 201758MTR?2 (A. Cianchi).

Data availability
No data was used for the research described in the article.
Acknowledgment

We wish to thank Francesco Leonetti for pointing out to us the reference [36] in connection
with the local boundedness result for functionals with p-growth.
We also thank the referee for his/her valuable comments.

References

[1] A. Alberico, Boundedness of solutions to anisotropic variational problems, Commun. Partial Differ. Equ. 36 (2011)
470-486.

[2] G. Barletta, A. Cianchi, G. Marino, Boundedness of solutions to Dirichlet, Neumann and Robin problems for elliptic
equations in Orlicz spaces, Calc. Var. Partial Differ. Equ. 62 (2) (2023) 65.

[3] P. Baroni, M. Colombo, G. Mingione, Regularity for general functionals with double phase, Calc. Var. Partial Differ.
Equ. 57 (2) (2018) 62.

[4] L. Beck, G. Mingione, Lipschitz bounds and non-uniform ellipticity, Commun. Pure Appl. Math. 73 (2020)
944-1034.

[5] P. Bella, M. Schiffner, Local boundedness and Harnack inequality for solutions of linear nonuniformly elliptic
equations, Commun. Pure Appl. Math. 74 (2021) 453-477.

[6] P. Bella, M. Schiffner, On the regularity of minimizers for scalar integral functionals with (p, ¢)-growth, Anal.
PDE 13 (2020) 2241-2257.

90


http://refhub.elsevier.com/S0022-0396(24)00229-8/bib197CDCC53F062530D6256EDDC6FC18E6s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib197CDCC53F062530D6256EDDC6FC18E6s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibE2CC0CDACCB483CF829036EC7F5EC031s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibE2CC0CDACCB483CF829036EC7F5EC031s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib3ED14F5226C68ACB066505E76BEAC97Fs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib3ED14F5226C68ACB066505E76BEAC97Fs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib255711E8D69846292061BAC7DA5B1DEEs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib255711E8D69846292061BAC7DA5B1DEEs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibFF7424DDB95783CA4F814A21C70B15F9s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibFF7424DDB95783CA4F814A21C70B15F9s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibFCCE83D9C8C7820DCD75DAFBA7834A47s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibFCCE83D9C8C7820DCD75DAFBA7834A47s1

A. Cianchi and M. Schiiffner Journal of Differential Equations 401 (2024) 58-92

[7] P. Bella, M. Schiffner, Lipschitz bounds for integral functionals with (p, ¢)-growth conditions, Adv. Calc. Var. 17
(2024) 373-390.
[8] L. Boccardo, P. Marcellini, C. Sbordone, L°°-regularity for variational problems with non standard growth condi-
tions, Boll. Unione Mat. Ital. 4 (1990) 219-225.
[9]1 P. Bousquet, L. Brasco, Lipschitz regularity for orthotropic functionals with nonstandard growth conditions, Rev.
Mat. Iberoam. 36 (2020) 1989-2032.
[10] M. Bulicek, G. Cupini, B. Stroffolini, A. Verde, Existence and regularity results for weak solutions to (p,q)-elliptic
systems in divergence form, Adv. Calc. Var. 11 (2018) 273-288.
[11] M. Bulicek, P. Gwiazda, J. Skrzeczkowski, On a range of exponents for absence of Lavrentiev phenomenon for
double phase functionals, Arch. Ration. Mech. Anal. 246 (2022) 209-240.
[12] S.-S. Byun, J. Oh, Regularity results for generalized double phase functionals, Anal. PDE 13 (2020) 1269-1300.
[13] M. Briane, J. Casado Diaz, A new div-curl result. Applications to the homogenization of elliptic systems and to the
weak continuity of the Jacobian, J. Differ. Equ. 260 (2016) 5678-5725.
[14] J.E. Brothers, W.P. Ziemer, Minimal rearrangements of Sobolev functions, J. Reine Angew. Math. 384 (1988)
153-179.
[15] M. Carozza, A. Cianchi, Smooth approximation of Orlicz-Sobolev maps between manifolds, Potential Anal. 45
(2016) 557-578.
[16] M. Carozza, J. Kristensen, A. Passarelli di Napoli, Higher differentiability of minimizers of convex variational
integrals, Ann. Inst. Henri Poincaré, Anal. Non Linéaire 28 (2011) 395-411.
[17] M. Carozza, J. Kristensen, A. Passarelli di Napoli, Regularity of minimizers of autonomous convex variational
integrals, Ann. Sc. Norm. Super. Pisa, CI. Sci. (5) 13 (2014) 1065-1089.
[18] A. Cianchi, A sharp embedding theorem for Orlicz-Sobolev spaces, Indiana Univ. Math. J. 45 (1996) 39-65.
[19] A. Cianchi, Boundedness of solutions to variational problems under general growth conditions, Commun. Partial
Differ. Equ. 22 (1997) 1629-1646.
[20] A. Cianchi, Local boundedness of minimizers of anisotropic functionals, Ann. Inst. Henri Poincaré, Anal. Non
Linéaire 17 (2000) 147-168.
[21] A. Cianchi, Optimal Orlicz-Sobolev embeddings, Rev. Mat. Iberoam. 20 (2004) 427-474.
[22] A. Cianchi, Higher-order Sobolev and Poincaré inequalities in Orlicz spaces, Forum Math. 18 (2006) 745-767.
[23] A. Cianchi, V. Musil, L. Pick, Optimal Sobolev embeddings for the Ornstein-Uhlenbeck operator, J. Differ. Equ.
359 (2023) 414-475.
[24] M. Colombo, G. Mingione, Regularity for double phase variational problems, Arch. Ration. Mech. Anal. 215 (2015)
443-496.
[25] G. Cupini, P. Marcellini, E. Mascolo, Local boundedness of minimizers with limit growth conditions, J. Optim.
Theory Appl. 166 (2015) 1-22.
[26] G. Cupini, P. Marcellini, E. Mascolo, Local boundedness of weak solutions to elliptic equations with p,q-growth,
Math. Eng. 5 (3) (2023) 065.
[27] A. Dall’ Aglio, E. Mascolo, G. Papi, Local boundedness for minima of functionals with nonstandard growth condi-
tions, Rend. Mat. Appl. 18 (1998) 305-326.
[28] C. De Filippis, G. Mingione, Lipschitz bounds and nonautonomous integrals, Arch. Ration. Mech. Anal. 242 (2021)
973-1057.
[29] C. De Filippis, G. Mingione, Interpolative gap bounds for nonautonomous integrals, Anal. Math. Phys. 11 (3) (2021)
117.
[30] C. De Filippis, G. Mingione, Nonuniformly elliptic Schauder theory, Invent. Math. 234 (2023) 1109-1196.
[31] M. De Rosa, A.G. Grimaldi, A local boundedness result for a class of obstacle problems with non-standard growth
conditions, J. Optim. Theory Appl. 195 (2022) 282-296.
[32] A. Esposito, F. Leonetti, V. Petricca, Absence of Lavrentiev gap for non-autonomous functionals with (p,q)-growth,
Adv. Nonlinear Anal. 8 (2019) 73-78.
[33] L. Esposito, F. Leonetti, G. Mingione, Sharp regularity for functionals with (p, ¢) growth, J. Differ. Equ. 204 (2004)
5-55.
[34] N. Fusco, C. Sbordone, Some remarks on the regularity of minima of anisotropic integrals, Commun. Partial Differ.
Equ. 18 (1993) 153-167.
[35] M. Giaquinta, Growth conditions and regularity, a counterexample, Manuscr. Math. 59 (1987) 245-248.
[36] M. Giaquinta, E. Giusti, On the regularity of the minima of variational integrals, Acta Math. 148 (1982) 31-46.
[37] E. Giusti, Direct Methods in the Calculus of Variations, World Scientific Publishing Co., Inc., River Edge, NJ, 2003,
viii+403 pp.
[38] P. Histo, J. Ok, Maximal regularity for local minimizers of non-autonomous functionals, J. Eur. Math. Soc. 24
(2022) 1285-1334.

91


http://refhub.elsevier.com/S0022-0396(24)00229-8/bib1F31AEBF2D3D4F1C58C13CCB42B4E5BEs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib1F31AEBF2D3D4F1C58C13CCB42B4E5BEs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibD425BA186958A1D7072CB07A2E45FDD4s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibD425BA186958A1D7072CB07A2E45FDD4s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib5B1A581E2D91E73D951E1F46C01A434Fs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib5B1A581E2D91E73D951E1F46C01A434Fs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib5C40C012A84FBDAEBBD7B7B5094A917Bs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib5C40C012A84FBDAEBBD7B7B5094A917Bs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib3B7F57D0BEB30D8EB58CE2E1A24CB7D4s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib3B7F57D0BEB30D8EB58CE2E1A24CB7D4s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib571E267680D9172C6A58FBA86E01D219s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib00C98758A0786ABCE19B6559F9623251s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib00C98758A0786ABCE19B6559F9623251s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibEF6BFF16D8A537A6793EB16B68F09225s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibEF6BFF16D8A537A6793EB16B68F09225s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibEB19ED265B5A9E0CA1EA46B0C1294DFDs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibEB19ED265B5A9E0CA1EA46B0C1294DFDs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib9188C39232963D9239AE30C67AE499CCs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib9188C39232963D9239AE30C67AE499CCs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib9FB9867CCD2E919322A7662C3AE9149As1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib9FB9867CCD2E919322A7662C3AE9149As1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib073F16F1B440444F9B7AC94E7677F72Fs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib07E6411BCA969BB63C016EB646741301s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib07E6411BCA969BB63C016EB646741301s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibF60FB064D552D2D2F2264E5662E86C42s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibF60FB064D552D2D2F2264E5662E86C42s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibE44EBB75C089AEE93A923D6BF3B1A80Bs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibAD6FA75EB8F6E78E8DF271435D4B2E90s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib95AC63D08C13ABA4F97F18C1A3B46882s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib95AC63D08C13ABA4F97F18C1A3B46882s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib3A61E282B1A142B2FE91303A3A421F7Ds1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib3A61E282B1A142B2FE91303A3A421F7Ds1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib1E8688D1943B000D46CBC42D9E024125s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib1E8688D1943B000D46CBC42D9E024125s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib79E309942A8F5A1937864495E2E19599s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib79E309942A8F5A1937864495E2E19599s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibEC50A5C262C0B9CDFB9856C31D028EF8s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibEC50A5C262C0B9CDFB9856C31D028EF8s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib1D99A65D13A461EC8FE99D18E372BE55s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib1D99A65D13A461EC8FE99D18E372BE55s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibD0E3105D70B13477686011E8B8EA3F9As1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibD0E3105D70B13477686011E8B8EA3F9As1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib399D471A4ECE36EDC04905C2995459C8s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib6F1055744A988B7B416DE75566A51E74s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib6F1055744A988B7B416DE75566A51E74s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibE311FE35247E18FDA7FF06AB022242DBs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibE311FE35247E18FDA7FF06AB022242DBs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibC08619A0B1241ECAEFBC2BA284554428s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibC08619A0B1241ECAEFBC2BA284554428s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibAF02DAC4BBB30CA5350BEE23FAC5865Bs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibAF02DAC4BBB30CA5350BEE23FAC5865Bs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib5771CD9A548B6036929C8CC8E68DE452s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibD9E7F2F4BBD89F5DDF2A70AF687FA54As1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib79CA770E86545BCA312260AD487D2FF2s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib79CA770E86545BCA312260AD487D2FF2s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib2DF8F6B4F5ECC06B29912589D3C7CF66s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib2DF8F6B4F5ECC06B29912589D3C7CF66s1

A. Cianchi and M. Schiiffner Journal of Differential Equations 401 (2024) 58-92

[39] P. Hiisto, J. Ok, Regularity theory for non-autonomous problems with a priori assumptions, Calc. Var. Partial Differ.
Equ. 62 (9) (2023) 251, 28 pp.

[40] J. Hirsch, M. Schiffner, Growth conditions and regularity, an optimal local boundedness result, Commun. Contemp.
Math. 23 (3) (2021) 2050029.

[41] L. Koch, M. Ruf, M. Schiffner, On the Lavrentiev gap for convex, vectorial integral functionals, arXiv:2305.19934
[math.AP].

[42] A.G. Korolev, On boundedness of generalized solutions of elliptic differential equations with nonpower nonlineari-
ties, Math. USSR Sb. 66 (1990) 83-106.

[43] M.C. Hong, Some remarks on the minimizers of variational integrals with nonstandard growth conditions, Boll.
Unione Mat. Ital. 6 (1992) 91-101.

[44] G.M. Lieberman, The natural generalization of the natural conditions of Ladyzhenskaya and Uraltseva for elliptic
equations, Commun. Partial Differ. Equ. 16 (1991) 311-361.

[45] P. Marcellini, Un exemple de solution discontinue d’un probléme variationnel dans le cas scalaire, preprint, 1987.

[46] P. Marcellini, Regularity and existence of solutions of elliptic equations with p, g-growth conditions, J. Differ. Equ.
90 (1991) 1-30.

[47] P. Marcellini, Regularity for elliptic equations with general growth conditions, J. Differ. Equ. 105 (1993) 296-333.

[48] P. Marcellini, Growth conditions and regularity for weak solutions to nonlinear elliptic pdes, J. Math. Anal. Appl.
501 (1) (2021) 124408.

[49] E. Mascolo, G. Papi, Local boundedness of minimizers of integrals of the calculus of variations, Ann. Mat. Pura
Appl. 167 (1994) 323-339.

[50] G. Mingione, V. Radulescu, Recent developments in problems with nonstandard growth and nonuniform ellipticity,
J. Math. Anal. Appl. 501 (1) (2021) 125197.

[51] G. Moscariello, L. Nania, Holder continuity of minimizers of functionals with non standard growth conditions, Ric.
Mat. 15 (1991) 259-273.

[52] M.M. Rao, Z.D. Ren, Theory of Orlicz Spaces, Marcel Dekker Inc., New York, 1991.

[53] B. Stroffolini, Global boundedness of solutions of anisotropic variational problems, Boll. Unione Mat. Ital. 5 (1991)
345-352.

[54] G. Talenti, Nonlinear elliptic equations, rearrangements of functions and Orlicz spaces, Ann. Mat. Pura Appl. 120
(1979) 160-184.

[55] G. Talenti, Boundedness of minimizers, Hokkaido Math. J. 19 (1990) 259-279.

92


http://refhub.elsevier.com/S0022-0396(24)00229-8/bib1AC249A51B86687DF77A5908B8E6756Cs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib1AC249A51B86687DF77A5908B8E6756Cs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib4B0BD509D2FEC6AFA16BA1B8666A0EFDs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib4B0BD509D2FEC6AFA16BA1B8666A0EFDs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib130D7FE9649623D9978D8719512DA830s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib130D7FE9649623D9978D8719512DA830s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibAF8376015E082AA7BD3260F275EC280Es1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibAF8376015E082AA7BD3260F275EC280Es1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibDBF7793FC64A9851F96213910BDA127Bs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibDBF7793FC64A9851F96213910BDA127Bs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib6B33697DF6B5A697B44B113777449C7Ds1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib6B33697DF6B5A697B44B113777449C7Ds1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibFA3A9296D0EF42E23475D513DE6B439As1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibFA3A9296D0EF42E23475D513DE6B439As1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibEDB7FBB600648B055946114649095BBAs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib36EE92445D004DE4A2BFBBE2B035282As1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib36EE92445D004DE4A2BFBBE2B035282As1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibA50A45EF17E4F6E010B7599BD3BBF14Ds1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibA50A45EF17E4F6E010B7599BD3BBF14Ds1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib4992E10C779BF10BD6F54B6976059634s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib4992E10C779BF10BD6F54B6976059634s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibCA51BFC7BF3ED518426E05380AA487DAs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibCA51BFC7BF3ED518426E05380AA487DAs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bibCB95449A94688AF33F6E9BB090CF2936s1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib17EF7B415F67BA07A49DB33F7D63563Fs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib17EF7B415F67BA07A49DB33F7D63563Fs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib70BBB70E5515E9EA6526F14CC29C2BFBs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib70BBB70E5515E9EA6526F14CC29C2BFBs1
http://refhub.elsevier.com/S0022-0396(24)00229-8/bib21E2035EEE873F87DFE52D994E0590A5s1

	Local boundedness of minimizers under unbalanced Orlicz growth conditions
	1 Introduction
	2 Main result
	3 Orlicz-Sobolev spaces
	4 Analytic lemmas
	5 Proof of Theorem 2.2
	Compliance with ethical standards
	Data availability
	Acknowledgment
	References


