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ABSTRACT
Different electrical and thermoelectric properties of a Si-based thermoelectric generator (TEG) are described based on the Kubo–Greenwood
formalism. Temperature and doping dependence, phonon scattering (acoustic and optical phonons), and scattering on impurities are
included. Comparisons with experimentally verified data confirm the validity of the model. Experimental studies were carried out on a
micromechanically fabricated TEG. Devices were realized using a standard CMOS SOI technology in a lateral geometry. All thermopiles
are located on a thin membrane to reduce the heat flow. The thickness of the membrane was adjusted between 20 and 30 μm ensuring also
sufficient mechanical stability. Measurements on individual devices confirm the results of the theoretical model. The Seebeck coefficient was
calculated and experimentally measured as S = 0.5 mV/K at an acceptor level of 1019 cm−3 at room temperature. The power factor is S2 ⋅ σ =
0.0073 W/mK2.
© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0179769

I. INTRODUCTION

Thermoelectric generators (TEGs) are attractive as an environ-
mentally clean technology for converting waste heat into electric
power. Bulk TEGs are used to generate power from heat sources,
such as power plants or vehicle engines.1,2 Recently, microelec-
tronic thermoelectric devices gained importance for near-room-
temperature waste heat harvesting in numerous integrated circuit
and sensor applications.3–5 Such applications mainly require silicon
as a construction material. However, it is known that silicon is not
an ideal thermoelectric material. Caused by the high thermal con-
ductivity (about 140 W/mK at room temperature), the value of ZT
is about 10−3 to 10−2 near room temperature. The figure-of-merit is
ZT = (σS2/κ)T, where σ is the electrical conductivity, S is the Seebeck
coefficient, κ is the thermal conductivity, and T = 1/2(TH + TC) with
TH being the hot temperature and TC being the cold temperature (in
K) across the TEG. Attempts to increase Si thermoelectric efficiency
have been mostly pursued by decreasing its thermal conductivity.
Dimensional constraints were shown to be effective to reduce κ.6

The damping of thermal conductivity by incoherent phonon
scattering at silicon nanowire walls was found capable of reducing
Si thermal conductivity by almost two orders of magnitude at room
temperature.7,8 These findings have stimulated numerous efforts
to develop microelectronic TEGs with silicon nanowires or other
micro- or nanostructured Si thermopiles (for more recent reviews,
see Refs. 4, 5, 9 and 10) and to explanations by numerical simu-
lations and theory (for instance, Refs. 11 and 12). However, it was
demonstrated that the thermopile characteristics and efficiencies of
such nanostructured Si TEGs are considerably smaller than pri-
marily reported.9,13 Therefore, the power factor that is the product
σS2 in the numerator of ZT becomes more important. The elec-
trical conductivity and Seebeck coefficient increase significantly by
applying heavily doped Si and consequently result in an increase
of ZT. This was evidenced by several experimental and theoretical
studies.14–16

Another critical requirement for microelectronic thermoelec-
tric devices to achieve a high level of acceptance is reduced fabri-
cation cost and integrability into microelectronic or micromechanic
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process flows.13,17 Examples combining sufficiently high power fac-
tors with integrability have been already demonstrated.5,18,19 This
paper deals with a theoretical model regarding, especially, a high
boron doping and with experimental studies of a micromechanically
fabricated TEG to prove the results of the model.

II. THEORETICAL MODEL
Different approaches (Monte Carlo simulations, quantum non-

equilibrium Green’s function, ab initio methods, etc.) have been
used to describe thermoelectric parameters, such as the figure-
of-merit, Seebeck coefficient, and power factor.20–27 Here, the
Kubo–Greenwood formalism28,29 is used. The electrical conductivity
σ and Seebeck coefficient S within this formalism are

↔

σ = − e2

4π3 ∫ τ(E)↔σ (E)∂ fo

∂E
dE

with
↔

σ (E) = ∫ v⃗(k⃗)⊗ v⃗(k⃗) dA
h̵∣v⃗(k⃗)∣

, (1)

↔

S = 1
σo
∫ τ(E)↔σ (E)E(k⃗) + E0 − EF(r⃗)

T
(−∂ fo

∂E
)dE. (2)

Note that
↔

σ and
↔

S are the tensors of second order. In Eqs. (1)

and (2),
→

k indicates the wave vector and
→

ν(k⃗) is the vector of group
velocity resulting from band structure,

→

ν(
→

k) = 1
h̵
∇→

k
E(
→

k), (3)

where E is the energy, E0 is the zero-point energy, f0 is the Fermi
distribution, and τ is the relaxation time. Band structure calculations
were carried out either by empiric pseudopotential method (EPM)
using the method described in Refs. 30 and 31 or by a k ⋅ p(6 × 6)-
model.32 For boron-doped silicon, the carriers are holes, i.e., all three
valence bands (heavy hole band, light hole band, and split-off band)
are included.

For bulk materials, as in our case, the relaxation time is assumed
to be isotropic and, therefore, depends only on E. Contrary to a pre-
vious paper,33 we consider parts for scattering of acoustic phonons,
nonpolar optical phonons, and scattering on ionized impurities indi-
vidually for each valence band according to Matthiessen’s rule. In
the literature, different expressions are given for different scatter-
ing parts.33–35 Introducing the density of states as integral over an
isoenergy surface,

D(E) = 2
(2π)3 ∫

dAsurf

∣∇→
k

E(
→

k)∣
, (4)

it can be shown that different expressions for individual scattering
rates are equivalent.36 In Eq. (4), dAsurf means the surface element.

Scattering on acoustic phonons is then given as33

1
τaph
=

2πD2
aphkBT

h̵ρυ2
th

D(E), (5)

where Daph is the acoustic deformation potential, h is the reduced
Planck constant, ρ is the mass density, kB is the Boltzmann constant,
and υth is the velocity of sound (8433 m/s for longitudinal waves).

Since we are dealing with near-equilibrium hole transport, it
is sufficient to consider the asymptotic behavior of D(E) at small
energies, which is E1/2 for a three-dimensional system. Using this
approximation, Eq. (5) can be rewritten as35

1
τaph
= 1

τaph0

T
T0

√
E − E0

kBT0
, (6)

with

1
τaph0

=
D2

aph(2meff mekBT)3/2

4πh̵4cL
, (7)

where meff is the density-of-state effective mass of each valence band,
T0 = 300 K, and cL = ρ ⋅ υth

2.
Scattering on nonpolar optical phonons is described as34

1
τoph
= 1

τop0

⎛
⎝

Nq

√
E − Eo + h̵ωo

kBT0
+ (Nq + 1)

×
√

E − Eo − h̵ωo

kBT0
Θ(E − Eo − h̵ωo)

⎞
⎠

, (8)

with

1
τop0
=

D2
oph(meff me)

3/2√kBT0√
2πh̵3ρω0

(9)

and

Nq =
1

exp ( ̵hω0
kBT ) − 1

. (10)

Doph is the optical deformation potential and hω0 = 63 meV.
Assuming full ionization, the scattering on ionized impurities

is given as33

1
τion
= 1

τion0

k4
0

k4
NA

N0

√
E(k) − E0

kBT0
⋅ L(2λDk), (11)

with

τion0 =
⎛
⎝

1
2π

e4 ⋅N0 ⋅ (meff me)
3/2 ⋅
√

kBT0

h̵4 ⋅ k4
0(εSi ⋅ ε0)2

⎞
⎠

−1

. (12)

Here, the function L(x) is

L(x) = ln (1 + x2) − x2

1 + x2 , x = 2λDk,
. (13)
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with

E(k) = E0 +
h̵2k2

2meff me
, the wave vector,

k =
√

2meff me

h̵2 (E(k) − E0) and λD as the Debye length,

λ−2
D =

e2

εSiε0 kBT
∣ ∂p
∂EF
∣ ≈ e2NA

εSiε0 kBT
F−1/2(EF)
F1/2(EF)

, (14)

where p is the hole density, εSi is the silicon dielectric constant,
k0 = 0.1 nm, NA is the acceptor concentration, and N0 = 1017 cm3.
Contrary to previous papers (e.g., Ref. 33), incomplete ionization is
assumed and NA is replaced by N−A characterizing only the part of
ionized acceptors,37

N−A =
NA

1 + 1
g exp ( EA−EF

kT )
, (15)

where g is the ground state degeneracy factor that is 4 for acceptors.

The temperature- and doping-depended Fermi levels were
deduced based on charged neutrality,

NA

1 + 1
g exp ( EA−EF

kT )
= phh + plh + pso = ∑

xx=hh,lh,so

−∞

∫
Exx

0

dED(E) f0, (16)

where D(E) means the density of states for heavy holes (hh), light
holes (lh), and split-off holes (so), respectively. Equation (16) can be
solved iteratively, for instance, by the bisection method.

For further consideration of the Seebeck coefficient, we restrict
the discussion of scattering effects to parabolic band structures and
neglect the effect of mechanical stress.

The prefactors 1/τap0 [Eq. (7)], 1/τop0 [Eq. (9)], and 1/τion0
[Eq. (12)] contain only physical constants found in different refer-
ence books. Therefore, they can be easily calculated. Some of the
parameters applied for calculation differ, however, in different ref-
erences. For instance, data for deformation potentials vary over a
wide range. The acoustic deformation potential (Daph) is specified
as 2.2 eV,38 5.3 eV,35 or 11 eV39 resulting in values of τap0 = 7.4
× 10−12, 2.5 × 10−13, and 5.7 × 10−14 s, respectively. Furthermore,

FIG. 1. Calculated data (black squares) for resistivity (a) and (b) and mobility (c) of p-type material (boron-doped) in dependence on the acceptor concentration and
temperature. The data are compared to reference data given in the literature37 (red full circles) and results of own Hall measurements of the mobility (open inverted triangles).
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data of the optical deformation potential (Doph) vary between 5 × 108

eV/cm38 and 6.6 × 108 eV/cm34, yielding τop0 between 1.5 × 10−13

and 8.5 × 10−14 s. Therefore, it is common to use 1/τap0, 1/τop0, and
1/τion0 as fit parameters for calculations of the conductivity accord-
ing to Eq. (1).33,40 Variations provide indications on the effects of
the individual parameters. It is shown that contributions by optical
phonons and scattering on impurities are most important. The effect
of impurity scattering is, however, less important even if incomplete
ionization is assumed. For our calculations described below, we used
τap0 ≈ 4.3 × 10−15 s, τop0 = 1 × 10−13 s, and τin0 = 1 × 10−8 s if the EPM
method is applied to calculate the band structure. On the other hand,
slightly different values of τap0 ≈ 8 × 10−15 s, τop0 = 1 × 10−13 s, and
τin0 = 1 × 10−7 s were used by applying the k ⋅ p-method, which are
close to data published by other authors.33

Results of calculations of conductivity σ are represented in
Figs. 1(a) and 1(b), where data of the resistivity (i.e., 1/σ) are

plotted as a function of acceptor concentration and temperature.
The resistivity is used instead of the conductivity for comparison
with generally known reference data.37 There is a good agreement
with reference data over a whole range of impurity concentration
and temperature, respectively. The same applies to mobility and
their dependence on the acceptor concentration [Fig. 1(c)]. Further-
more, the Seebeck coefficient was calculated using Eq. (2) for a large
range of impurity (acceptor) concentrations [Fig. 2(a)]. At a high
acceptor level (1019 cm−3), S is about 0.5 mV/K at room temperature.
The temperature dependence of the Seebeck coefficient is shown in
Fig. 2(b) for different acceptor concentrations. The behavior of the
calculated S on the impurity concentration and temperature agrees
with experimental and theoretical data presented in the literature for
bulk material and nanostructures.14,27,41–43 In addition, the power
factor S2 ⋅ σ as an important factor for the efficiency of a TEG is
shown in Fig. 3.

FIG. 2. (a) Calculated Seebeck coefficient in dependence on the acceptor concentration for room temperature. For band structure calculation, the EPM and k ⋅ p(6 × 6)-model
were used. (b) Dependence of the calculated Seebeck coefficient on the temperature for acceptor concentrations of 1 × 1018 cm−3 (open squares) and 1 × 1019 cm−3 (full
squares). Results are compared with literature data given by Nakamura27 (full circles), Geballe and Hull (triangles, from Ref. 27), and Stranz et al.14 (stars).

FIG. 3. Electrical conductivity (a) and power factor S2σ as functions of acceptor concentration (b).
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III. DEVICE PREPARATION AND MEASUREMENT

Thermoelectric generators were realized by standard CMOS
technology in a lateral geometry.5,44 All thermopiles are located on a
thin membrane to reduce the heat flow. SOI wafers (device layers
25 μm thick (resistivity ρ = 3–5 Ω cm) and buried oxide thick-
ness 200 nm, diameter 100 mm) were applied for experiments. In
addition, bulk wafers with the same specification (resistivity, dia-
meter) were used for comparison. To avoid short circuits in the case
of n-type legs, p-type wells were prepared first by boron implanta-
tion (dose 3 × 1013 cm−2, energy 90 keV) followed by annealing at
1150 ○C for 90 min. This results in p-wells of 3.5 μm depth hav-
ing a boron concentration of about 1 × 1018 cm−3. Parallel n-type
and p-type legs (width and distance 10 μm, respectively, lengths of
500, 1000, and 1500 μm) were fabricated within the p-type wells. For
comparison, devices with both legs and only the n-type legs, respec-
tively, were placed within the wells. Individual legs were realized by
ion implantation of boron (90 keV) and phosphorous (140 keV)
at different doses followed by annealing at 1000 ○C for 30 min.
This causes legs with depths of about 1.5 μm and boron and phos-
phorous concentrations, respectively, ranging from 7.5 × 1019 to
1.5 × 1020 cm−3. One end of individual pairs was connected to each
other by a metal bridge (AlSi), while the other ends connect adja-
cent pairs. Finally, the handle wafer (SOI) or bulk material (bulk
wafer) was removed from the backside by wet chemical etching
resulting in devices with 30 or 46 pairs of thermopiles on thin
membranes having thicknesses of 25 μm (SOI) or 30 μm (bulk
wafer). The membrane sizes are 2.1 × 0.75 mm2. A plane view
image of an individual device and details of a structure are shown
in Fig. 4.

Both ends of the devices are mounted on Peltier elements to
realize a hot side and a cold side. Temperatures on both sides were
measured on-chip by calibrated diodes. A constant temperature
difference of 20 or 30 K was adjusted.

The thermal stability of the devices was demonstrated by lock-
in thermography. Figure 5 shows the amplitude image at a temper-
ature difference of ΔT = 30 K between the cold and hot sides. It
is clearly shown that a stable temperature gradient exists over the
thin membrane, where the red color characterizes the hot side. The
reason is the reduced thermal conductivity by the reduction in the
phonon contribution in consequence of a reduction in the mean free
path. The reduction in the mean free path is obtained by increasing
phonon scattering caused by decreasing dimensions of the material,
either by thin films, nanowires,19 or in our case, by applying thin
membranes. The effect of the thickness on the thermal conductiv-
ity across the membrane was studied by commercial Multiphysics
simulation tools using standard material parameters (COMSOL45).
A model of the structure and corresponding temperature profiles
across membranes with varying thickness are represented in Fig. 5
for ΔT = 30 K. Decreasing thickness from 200 μm down to 10
μm increases the temperature gradient at the membrane edges
[Fig. 5(c)]. The temperature profiles for membrane thicknesses of
20 and 30 μm, however, are comparable with profiles calculated for
10 μm thick membranes.

Seebeck coefficients were measured for different devices using
a previously described tool and procedure.46 The thermovoltages
by copper–constantan couples attached at both sides of the legs
are measured. The results are corrected for the thermopower of

FIG. 4. Scanning electron microscope (SEM) plane view image of a device (a).
The lengths of the legs are 500 μm. (b) An image at higher magnification shows
individual n- and p-legs [indicated by n and p in (b)] and metal bridges (AlSi).
SEM cross-section of a membrane (c). (d) The membrane thickness is 25 μm.
The p-well is not visible under the applied image conditions. Arrows characterize
the position of individual legs. Note that the image is slightly tilted resulting in the
visibility of the backside of the membrane (visible as a bright strip in the image).
(d) SEM cross-section at higher magnification shows a pair of n- and p-legs.
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FIG. 5. Lock-in thermography (amplitude image) (a) of a device. The tempera-
ture gradient is 30 K. Red to yellow color indicates the high-temperature area.
The blue color indicates the cold area. (b) The FEM model used for simulation
of the temperature profile across the membrane. The different colors indicate the
same temperature behavior. (c) Calculated temperature profiles are shown for dif-
ferent membrane thicknesses. The membrane width (1000 μm) is characterized
by vertical lines.

the copper–constantan leads. A temperature difference of 5 K
was adjusted. All measurements result in the Seebeck coeffi-
cient of individual legs (length 1000 μm, doping concentration
7.5 × 1019 cm-3) ranging from S = 0.46 mV/K to S = 0.5 mV/K at

room temperature. These data are in agreement with calculated ones
(Fig. 2) and reference data given in the literature.14,27

The open-circuit voltage (UOC) reaches the highest values for
devices with p- and n-legs within a p-well. Slightly reduced values of
UOC are obtained if only n-legs are in the p-well. For the first type
(p- and n-legs in a p-well), an open-circuit voltage of 0.91 V is mea-
sured at a temperature difference of 20 K, while UOC is only 0.88 V
for the second type (only n-legs in a p-well). The doping level in both
cases is the lowest one (7.5 × 1019 cm−3) for p- and n-legs, respec-
tively. The effect of different doping has been analyzed on devices
prepared on bulk materials. The structures are also located on mem-
branes (thickness 30 μm) and characterized by p- and n-legs within
p-wells. Both legs have lengths of 1500 μm, and 46 thermopile pairs
exist. Measurements proved a strong dependence of UOC on the dop-
ing level of both types of legs. Increasing the doping level of p- and
n-type legs decreases the open-circuit voltage. The highest values of
UOC are obtained for the lowest concentrations for p- and n-type legs
(7.5 × 1019 cm−3). Furthermore, UOC depends also on the lengths
of the legs. Devices having lengths of the legs of 1000 μm result in
the highest open-circuit voltages, while smaller 500 μm or larger
(1500 μm) are characterized by lower values of UOC.

Based on measurements of open-circuit voltage and short-
circuit current, a resistivity of about 2.98 × 10−3 Ω cm follows
for an individual thermopile pair corresponding to a conductivity
(σ = 1/R) of 0.345 × 105 A/V m. Furthermore, using the experi-
mentally determined Seebeck coefficient S = 0.46 mV/K, the power
factor is S2 ⋅ σ = 0.0073 W/mK2, which is in good agreement with the
computed value [cf. Fig. 3(b)].

For practical applications, a thermoelectric generator is
intended to operate between hot and cold thermal reservoirs, both
with a constant temperature. The heat flow through the TEG is small
enough to have a negligible effect on the temperature of the two
reservoirs. In such a case, the efficiency of the thermoelectric gen-
erator is much less important than how much electrical power per
unit cross-section area for heat flow a TEG can produce from the
temperature difference ΔT = TH − TC between the hot (TH) and
cold reservoir (TC). The maximum power

Pmax =
1
4
(UOCISC) (17)

a TEG produces is proportional to (ΔT)2 and to the cross-sectional
area A. Thus, the specific power generation capacity,9 or the
efficiency factor,47

ΓP =
Pmax

A ⋅ (ΔT)2 , (18)

is more important than the efficiency. ΓP is a circuit characteris-
tic parameter and can be increased, for instance, by using a large
number of thermopile pairs per unit area. Pmax was measured at
ΔT = 10 K to be 0.012–00 138 μW for devices with leg lengths of
500 μm. This corresponds to previously reported data measured on
silicon thermoelectric generators.9

Normalizing to the cross-sectional area A, then according to
Eq. (18), a specific power generation capacity ΓP between 6.67
and 2.26 μW cm−2 K−2 results for the different TEG variants at
ΔT = 10 K. This is equivalent to nanostructured silicon ther-
mopiles and competitive with typical (Bi,Sb)2(Se,Te)3-based TEGs.13
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Because ΓP is indirectly proportional to the cross-sectional area and
temperature difference, increasing A or ΔT results in a reduction of
the power generation capacity and should be as small as possible.

Furthermore, an indicator of the performance of micro ther-
moelectric generators is the relation between the specific power
generation capacity and the design parameter AV, which is the ratio
of cross-sectional areas of insulation (or chip, AI) to active material
(A0) in the plane perpendicular to the heat flow. A linear dependence
is obtained between ΓP and AV in a double logarithmic reference
frame for different materials.47 In our case, AI = 0.025 cm2 and
A0 = 3.6 × 10−4 cm2, resulting in

AV =
AI

A0
= 69.4. (19)

The linear dependence according to Ref. 47 refers to
ΓP ≈ 0.3 μW cm−2 K−2 for AV = 69.4 and is about a factor of ten below
the measured value. The difference may be caused by differences
between the test and harvest mode.13

IV. CONCLUSIONS
A theoretical model describing electric and thermoelectric

properties especially of highly doped p-type silicon is presented.
The model is based on the Kubo–Greenwood formalism. The model
includes band structure calculations using the empiric pseudopoten-
tial method (EPM) or by a k ⋅ p(6 × 6)-method. Contrary to previous
papers,33 we consider parts for scattering of acoustic phonons,
nonpolar optical phonons, and scattering on ionized impurities indi-
vidually for each valence band. The validity of the model was proved
by calculations of the resistivity and carrier mobility in dependence
on the acceptor concentration and temperature.

The model was used to calculate the Seebeck coefficient S, the
electrical conductivity σ, and the power factor S2σ in dependence
on the acceptor concentration. The temperature dependence of
the calculated Seebeck coefficient agrees with previously published
experimental and computed data given in the literature.14,27

Test devices of micro thermoelectric generators are prepared
using the standard CMOS technology in a lateral-type design.47

All thermopiles are located on a thin membrane (thickness of 25
or 30 μm) to reduce the heat flow. Thermography measurements
and calculations of the thermal conductivity proved stable temper-
ature gradients across the thin membranes. A Seebeck coefficient of
S = 0.46 mV/K to S = 0.5 mV/K was measured on devices and is in
good agreement with the computed one for an acceptor concentra-
tion of 7.5× 1019 cm−3. The same holds for the power factor S2σ. The
determined specific power generation capacity, or efficiency factor,
ΓP is between 6.68 and 2.26 μW cm−2 K−2 for TEGs considered. The
values are comparable to those measured on nanostructured Si TEGs
and thermoelectric generators realized on materials having the best
data for the figure-of-merit (ZT).9,13
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