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1. Introduction

Model order reduction (MOR) aims to find low-order approximations for high-/infinite-dimensional sys-
tems of differential equations reducing the complexity of the original problem. Many MOR schemes are
based on projections (Galerkin or Petrov-Galerkin type). In this context, the first goal is to identify solution
manifolds and approximate them by low-dimensional linear subspaces. A reduced state variable, taking
values in this subspace, is subsequently constructed in order to ensure an accurate estimation of the original
dynamics. There is a rich selection of different MOR strategies. Proper orthogonal decomposition (POD)
[20] is an approach, where solution spaces are learned from data. Methods like the iterative rational Krylov
algorithm (IRKA) [13] rely on interpolation or on the minimization of certain error measures between sys-
tems. Moreover, there are Gramian based techniques like balanced truncation (BT) [25], where dominant
subspaces of the original dynamics are associated to eigenspaces of these (algebraic) Gramians. Recently,
there has been an enormous interest in dimension reduction for large-scale nonlinear systems. Data-driven
[12,18,28] or interpolation/optimization based methods [3,6] were applied to such equations in a determin-
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istic framework. Generalizing BT to nonlinear systems was first addressed in [32]. Alternatives, where the
reduced order model can be computed easier, can be found in [5,19].

MOR in probabilistic settings is even more essential than in the deterministic context discussed above.
This is due to an enormous amount of system evaluations required, e.g., for conducting Monte-Carlo simu-
lations. On the other hand, it is also about the feasibility of certain algorithms. E.g., a stochastic differential
equation (SDE) in dimension n is in some sense equivalent to a partial differential equation (PDE) with
n spatial variables using the formula of Feynman-Kac. Knowing how hard it is to solve high-dimensional
PDEs in general, it becomes clear how vital MOR for SDEs is. A POD approach for SDEs is studied in
[34]. Balancing related or optimization based MOR techniques are, for instance, investigated in [2,4,7,31]
for the linear case. The advantage of the latter schemes is the possibility for a detailed error and stability
analysis. However, an extension to nonlinear stochastic systems seems very challenging. A first approach for
stochastic bilinear equations is presented in [29] but it might not work for more complex nonlinearities.

The goal of this paper is to extend BT to stochastic systems, e.g., with certain polynomial nonlinearities.
In the deterministic case, a wide focus is on quadratic systems, see for instance [5,19]. This is because many
nonlinear terms in a differential equation can be transformed to a quadratic expression using additional
dummy variables. This approach is called lifting in the literature. It has the advantage that a large set
of nonlinear systems can be covered if we know how to handle quadratic ones. However, this is also the
drawback of this ansatz, since differential equations involving quadratic terms range from globally stable to
finite time explosion systems, i.e., the existence of a global solution is not guaranteed. This large variety of
properties makes it seem infeasible to develop a general theory like for example an error analysis with sharp
bounds. For that reason, we do not intend to apply the technique of lifting the dynamics to a quadratic
system in this paper, because one might lose track of essential properties that are usually not visible anymore
in a transformed SDE. Instead we exploit the structure of our locally Lipschitz nonlinearity that we assume
to be of one-sided linear growth. This also involves interesting polynomials that play a role in reaction
diffusion equations. This type of growth will be reflected linearly in the associated Lyapunov operator that
defines the Gramians that we propose in our MOR procedure.

In order to give a first intuition on our approach, let us introduce the simplest stochastic system covered
by this paper

dx(t) = [Az(t) + Bu(t) + f (2(t))]dt + Niz(t)dw(t), x(0) =z, y(t) = Cx(t), (1)

where A, B, C, N1 are matrices of suitable dimension and f is a nonlinearity. The large-scale state variable is
denoted by z, y is the quantity of interest and w is a scalar standard Wiener process. Later, we will consider
vector-valued and square integrable Lévy processes instead. (Algebraic) Gramians are a pair of matrices P
and @ characterizing dominant directions in z(t) and y(t), ¢t € [0, T], respectively. We consider a notion of
Gramians that is associated to quadratic Lyapunov-type functions Vx|[z] := 2" Xz, where X is a positive
definite matrix. Later we set X = P~! or X = Q. Denoting the solution to (1) by z(t, ¢, B), a nonlinear
Lyapunov operator L corresponding to Vx occurs by applying It6’s Lemma to the uncontrolled state:

t

E Vx [z(t, 0,0)] = Vx [0] +]E/LVX [2(s,20,0)]ds,
0

where LVx[z] := 2" (ATX—FXA—&—N;XNl) x+2x " X f(z). This operator characterizes exponential stability
P-almost surely and in the mean square sense. This stability is given if LVx[z] < —AVx|[z] for some A > 0
and all x € R™, see [23]. L can now also be used to define the Gramians as solutions P and @ of

LVplr] < —a"P7'BBTP 'z, LVglz]<—2'C'Cx (2)
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for all z € R™. Setting f = 0 delivers the type of Gramians studied in [4]. Further, choosing Ny = 0 gives
the Gramians of the linear deterministic case [25]. The most challenging difficulty in our setting is the
nonlinear term f in L. The idea is to choose f, so that L can be linearized by an estimate of the form
v X f(x) < eaVx[z] for X € {P~1,Q}, all z € R™ and some real constant cy. Here, a type of one-sided
linear growth of f will be vital. This linearization leads to the first Gramians introduced in Definition 4.1
which are accessible from the computational point of view in contrast to solutions of (2). In order to enlarge
the set of suitable Gramians, the above linearization is weakened in the sense that we assume it to only
be valid on “essential” parts of R™ instead of the whole space. This is the motivation for a more general
Gramian pair in Definition 4.5 involving solely the subset of controls that we are interested in. One of our
main contributions is to show that such Gramians characterize dominant subspaces and are hence defined
in a meaningful way, see Theorem 4.7. Removing the less relevant information that we identified based on
P and @ leads to a reduced system by BT. A second important contribution of this paper is the error
analysis for the dimension reduction procedure. The Gramians of Definitions 4.1 and 4.5 will not deliver
the classical bound known from the linear deterministic case [10,11]. We will have additional error terms
related to f which, however, are expected to be small, see Theorem 6.1. Finally, we also introduce a third
type of Gramians, see Definition 4.12. This notion of Gramians relies on a one-sided Lipschitz property of
f instead of one-sided linear growth and is hence more restrictive. The advantage of the third Gramians is
that the classical bound in [10,11] can also be achieved in this nonlinear stochastic setting, see Corollary 6.2.
On the other hand, the Gramians of Definition 4.12 might be of lower practical relevance. In any case, all
error bounds provide an important a-priori error criterion for the approximation quality based on algebraic
values associated to P and Q).

The paper is now structured as follows. Section 2 deals with the setting and the first details concerning
the goals of this work. In Section 3, we recall facts about existence and uniqueness of solutions to the
considered nonlinear SDE. We further investigate global asymptotic stability as the basis of the Gramians
that we introduce in Section 4. There, it is explained and reasoned how Gramians need to be chosen in
order to find a good dominant subspace characterization and hence an accurate reduced system. We also
discuss on properties of Gramians that need to be fulfilled to ensure the classical error bound for BT known
for deterministic linear systems [10,11]. Having computed the desired Gramians based on the strategy that
we provide, we explain how to compute the reduced system in Section 5. Finally, Section 6 delivers an
error bound analysis for the balancing related MOR scheme, also involving a discussion on criteria for a
high approximation quality. Section 7 illustrates the performance of the MOR technique by applying it to
spatially discretized stochastic reaction diffusion equations.

2. Setting, notation and goal

Let (Q, T, (i}'t)te[o,;p],]P’)'I be a filtered probability space on which every stochastic process appearing in
this paper is defined. Given an R%valued and square integrable Lévy process M = [M; ... Md]T with
mean zero, we assume that it is (J)c[o,rj-adapted and its increments M (t +h) — M(t) are independent of
Fy for t,h > 0 and t + h < T. Exploiting the independent and stationary increments, there exists a positive
ij=1,. a4 SO that E[M(t)M(t)"] = Kt, see [27, Theorem 4.44] for a proof. We
call K covariance matrix of M. Now, we consider the following large-scale nonlinear stochastic dynamics
driven by M:

semidefinite matrix K = (k;;)

dx(t) = [Az(t) + Bu(t) + f (z(t))]dt + N (z(t—)) dM(t), x(0) = o, (3a)
y(t) = Cx(t), te][0,T], (3b)

! (Ft)tejo,m is right continuous and complete.
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where z(t—) := limgy 2(s), A € R"™", B € R™*™ (C € RPX" N : R" — R"*? is a linear mapping defined
by N(z) = [Niz ... Ngzx]for z € R™ with Ny,..., Ng € R™"*". The state vector z(t) € R" is assumed
to be high-dimensional, whereas the quantity of interest y(¢) € RP usually is a vector with a low number of
entries. The nonlinear function f : R™ — R™ shall satisfy the following local Lipschitz condition

(@) = F(2)lly < erlle = =5, (4)

for ||z|l,,[lz|l;, £ R, cg > 0 and any R > 0, where (-, )2 denotes the Euclidean inner product with

corresponding norm |-||,. Further, we assume the special type of monotonicity condition

(@, f(2))2 < e |3, (5)

for all € R™ and a constant cs. In the literature, (5) is called one-sided growth condition as well. In fact,
¢y can be negative. In this case, (5) is also known as dissipativity condition. Below, z(t, zo, B), t € [0,T],
represents the solution to (3a) with initial condition zy € R™ and matrix B determining the inhomogeneous
part of the state equation. The associated control process u is assumed to be an (F;).c[0,r-adapted process
with

T
Jull?s =& [ ude < .
0

Moreover, suppose that f(0) = 0 to ensure that the uncontrolled state equation (3a) (B = 0) has an
equilibrium at zero. If f(0) # 0, we can replace f by f— f(0) as well as B and u by [B  f(0)] and [u l]T,
respectively. The above setting covers interesting polynomial nonlinearities. This fact is illustrated in the
next example.

Example 2.1. The local Lipschitz condition (4) is fulfilled by all functions f with continuous partial deriva-
tives. This is particularly given for polynomials. If we assume f = f) i € {1,2,3}, to be special third
order polynomial, where

ro(l, —z)o(z—1,a) = (1+a)z*? —2°® —azx, acR,

r—2z° and f(3)(x):x—x||x\|§,

FO ()
()

the monotonicity condition (5) holds. The products/powers involving “o” have to be understood in the
Hadamard (component wise) sense and 1,, is the vector of ones having length n. Now, (5) can be verified
by the following calculations

(a—1)°

2
a3,

(@, fD(@)2 = —alz]; + D 2?[(1 + a)z; — 2f] <

=1

(@, fP(@))s = aly =Y ol < |ally, (@, fO@))2 = |l2ll — ll=ll3 < |z
=1

exploiting that (1 + a)z; — 22 < % for all z; € R.

Our setting is not restricted to the functions of Example 2.1. However, we will frequently refer to these
interesting cases. Let us point out that the component-wise functions f() and f® occur if the nonlinear
part of certain (stochastic) reaction diffusion equations are evaluated on a spatial grid. To be more precise,
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a finite difference discretization of Zeldovich-Frank-Kamenetsky (or FitzHugh-Nagano) and Chafee-Infante
equations would lead to such a setting. This paper does not intend to discuss finite difference schemes for
stochastic partial differential equations in detail. However, the interested reader may find more information
regarding these methods in [14-16,33]. We also refer to, e.g., [8,21,24,27] for a theoretical treatment of
stochastic reaction diffusion equations.

The goal of this paper is to drastically reduce the dimension of the high-dimensional system (3) in order to
lower the computational complexity when solving this system of stochastic differential equations. Therefore,
the solution manifold of (3a) shall be approximated by an r-dimensional subspace im[V] of R™ (V € R"*"
is a full-rank matrix), so that we find a process z,. yielding Vz,(t) &~ x(¢). Inserting this estimate into (3)
leads to

¢ ¢
Va.(t :mo—l—/AVxT )+ Bu(s) + f(Vz,.(s ds—l—/N (Va,(s=))dM(s) + e(t) (6)
0 0

with y(t) = y,(t) :== CVx,.(t) and where e(t) is the state equation error. Now, we enforce the residual e(t)
to be orthogonal to a second subspace im[W] (W € R™*" has full rank). We further assume that our choice
of W provides W TV = I. Multiplying (6) with W T, we obtain

dx,(t) = [Arz,(t) + Bru(t) + fr(x,(t))]dt + Np(z.(t—))dM(t), (7a)
yr(t) = Cyra, (t)a (&S [Ov T]a (7b)

with 2,.(0) = WTzy € R", r < n and y =~ y,. Generally, we have that z,(t) € R", A, € R"™*" B, € R™*™

C, € RP*" N, : R" — R4 defined by N,(z,) = [N,12, ... N,gx,.] for x, € R", where N, ; € R™"
(i=1,...,d) and f, : R" — R". In particular, the reduced coefficients are of the following form
A, =WTAV, B,=W'B, f()=WTfV:), N.=W'NV, C.=CV. (8)

The goal of this paper is to provide a reduced order method for which we can compute the projection
matrices V and W and for which we find an accurate approximation of (3). Here, the main focus will be
on the control dynamics and not on the initial state. Therefore, we study reduced order modelling when
xp = 0. Moreover, we aim to investigate Gramian based schemes which often heavily rely on stability of the
state equation. Therefore, we discuss global asymptotic stability in the next section. Before doing so, we
briefly point out that there is a unique solution to (3a) by referring to the existing literature.

3. Existence and uniqueness as well as global asymptotic stability
3.1. Existence and uniqueness for (3a)

Before focusing on the MOR procedure for (3), we briefly discuss that our setting is well-posed under
the assumptions made above. This is summarized in the following theorem.

Theorem 3.1. Suppose that the local Lipschitz condition (4) and the monotonicity condition (5) hold and
given that the control u is bounded. Then, equation (3a) has a unique global solution.

Proof. We define the drift function F(t,x) := Az + Bu(t) + f(x) of (3a). Using (5) and exploiting that
the remaining parts in the drift and diffusion are either linear in = or solely time dependent, we can find a
constant cp, , so that
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2, F(t,2))2 + [N (@) K2} < enn (14 [2]3) (9)

given that the control u is bounded by a constant independent of ¢ € [0,7] and w € Q. Here, | - | denotes
the Frobenius norm. Moreover, the drift F is locally Lipschitz continuous (uniformly in (¢,w)) in the sense of
(4), since the same is true for f. As N is linear, it is particularly globally Lipschitz with respect to || - K 2 |-
The monotonicity condition (9) and local Lipschitz continuity of drift and diffusion yield existence and
uniqueness of a solution to (3a) by [23, Theorem 3.5] if M is a Brownian motion. On the other hand, the
arguments of Mao [23] can immediately be transferred to our more general setting because the Ité-integral
w.r.t. M has essentially the same properties as the one in the Brownian case. The first property is the Ito-

2
isometry E HfoT \Il(s)dM(s)H =E fOT |W(s)K2|2ds =: ||¥||2 for predictable’ processes ¥ with ||¥] < oo
2
which relies on the linear covariance function of M, see [27]. Secondly, the equation for the expected value
of a quadratic form of the state variable has the same structure, see Lemma A.1. O

It is important to mention that existence and uniqueness result of Theorem 3.1 has been established
in a more general setting than in [23] also covering ours, see [1]. There, the result was proved assuming a
monotonicity condition, a local Lipschitz condition in the drift and the Brownian diffusion part as well as
global Lipschitz continuity in the jump diffusion.

3.2. A note on global asymptotic stability

Stability concepts are essential in order to define computationally accessible Gramians which are vital
for identifying less relevant information in a system like (3). We recall known facts for the linear part of (3)
based on the results in [17].

Proposition 3.2. Let f =0 and B =0 in (3a), then the following statements are equivalent:

(a) The state in (3a) is exponentially mean square stable, i.e., there are k, 5 > 0, so that

E ||9C(t’330,0)||§ < |lzolly ke =Pt
(b) It holds that

d
MIgA+A@I+ Y NieNiky) cC,

i,j=1

where \(+) denotes the spectrum of a matriz.
(¢) There exists a matriz X > 0 with

d
ATX + XA+ > NS XNjki; <0.

ij=1

Proof. A proof of these statements can be found in [9,30]. O

2 Predictable means that the process is measurable w.r.t. the o algebra that is generated by left-continuous and (?t)te[O,T]‘
adapted processes.
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Throughout the rest of the paper, we assume that

d
/\(I® (A+al)+(A+al)@l+ Y Ni@Niky) c C- (10)

i,5=1

for some constant ¢;. According to Proposition 3.2 this means that (3a) with the shifted linear drift coefficient
A+ ¢11 is mean square asymptotically stable for B = 0 and f = 0. The associated state variable is of the
form e“? z(t), so that the original state z(t) (B = 0 and f = 0) needs to have a decay rate 3 > c1, see
Proposition 3.2 (a), given that ¢; is positive. We desire, but do not assume, that we can choose ¢; > ¢y, i.e.,
the decay rate of the linear part shall outperform the one-sided linear growth constant in (5). This requires
a sufficiently stable linear part if ¢; > 0, e.g., for the nonlinearities in Example 2.1. Since ¢y can also be
negative, this means that the linear part of (3a) can even be exponentially increasing in some cases. Using
classical arguments of [17,23] based on quadratic Lyapunov-type functions, we provide the following criterion
for the global mean square stability of the uncontrolled state equation (3a). This criterion is required around
the discussion of the Gramians introduced later.

Theorem 3.3. Suppose that B =0 in (3a) and given constants c1,co € R and a matriz X > 0. If we have

d
(A+eD)'X + X(A+aD)+ > N XNjki; <0 and (11)
ij=1
1 2
(x, X f(x))2 §CQHX2:UH2 (12)

for all x € R™. Then, there exist constants k,3 > 0, so that
E |2 (t, 20, 0)|[5 < [lao|3 kelczmer) =1,
Proof. A proof is stated in Appendix B. O

Remark 3.4. If ¢; > ¢, in Theorem 3.3, we obtain global mean square asymptotic stability for our nonlinear
system. In particular, by assumption (5), (12) holds for X = I and ¢ = ¢;. If (11) is now true for X =T
and ¢; = ¢y, mean square asymptotic stability follows.

4. Gramians and dominant subspace characterization

In this section, algebraic objects, called Gramians, are introduced. We aim to construct them, so that their
eigenspaces corresponding to small eigenvalues coincide with the information in (3) that can be neglected.
It is not trivial to find the right notion for general nonlinearities f. However, the monotonicity condition
in (5) will become essential for our concept. In particular, positive (semi)definite Gramian candidates X
have to preserve (5) in a certain sense when (-, )5 is replaced by (-, X-)3 or (-, X ~1.)5. We begin with a
global Gramian concept to illustrate what we require. Subsequently, we immediately weaken it for practical
reasons.

4.1. Monotonicity Gramians

First, a pair of Gramians is defined that characterizes dominant subspaces of (3) for all u € L.

Definition 4.1. Let ¢; and ¢z be constants. Then, a pair of matrices (P, Q) with P,@ > 0 is called global
monotonicity Gramians if they satisfy
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d
(A+aD)"P '+ PY(A+ )+ Y NP 'Njky; < —P7'BBTP™!, (13)
i,j=1
d
(A+aD)TQ+QA+al)+ > NQNki; < —C'C, (14)
i,j=1
and if further holds that
(@, P71 f(2)2 < ol P22} and  (z,Qf(2))2 < c2]| Q213 (15)

for all z € R™.

Notice that assumption (10) ensures the existence of solutions to (13) and (14), see [4,30]. In the following,
we state a sufficient criterion for the existence of Gramians also satisfying (15).

Proposition 4.2. Suppose that (11) and (12) hold with some constants ¢ and co. Then, global monotonicity
Gramians P and Q exist with the same constants.

Proof. We denote the left hand side of (11) by —Y and multiply it with v > 0. Hence, we have

d
(A+cal)T(vX) + (WX)(A+el) + Y N (vX)Njki; = =Y. (16)

i,5=1

Since Y > 0, we can ensure that —vY < —(yX)BB" (yX) if 7 is sufficiently small. Therefore, P = (yX)~*
solves (13) for a potentially small «v. On the other hand, this P gives us (z, P! f(x))s = v{z, X f(2))2 <
veo|| X2zl = cof|P~2z||3. Now, we know that —Y < —CTC if v is sufficiently large. Consequently,
Q = X satisfies (14) for a potentially large . Moreover, we find that (x,Qf(x))2 = v{z, X f(x))2 <
vea|| X2z ||2 = || Q2 2|2 using (12). This concludes the proof. O

Remark 4.3. Certainly, the existence of global monotonicity Gramians is not sufficient for our considerations.
As we will see later, it is important to find candidates P and ) that have a large number of small eigenvalues.
Consequently, one might have to solve a problem of minimizing tr(P) and tr(Q) subject to (13), (14) and
(15). Moreover, we allow ¢; < ¢z in Definition 4.1 to have an additional degree of freedom. However, this
comes with a price. We will observe that co — ¢ is supposed to be small. In fact, we desire to choose ¢; = ¢
if such a ¢; ensures (10).

Example 4.4.

x € R™. Therefore, any solutions of (13) and (14) with ¢; = ¢

« Choosing f = f® from Example 2.1, we see that (z, X f®)(z))y < || X2z|2 for any X > 0 and all
= ¢y = 1 are global monotonicity
)

Gramians. In particular, we can choose the solution to the equality in (14) and the candidate with
minimal trace in (13).

o If f is globally Lipschitz in some norm, then there exist a Lipschitz constant ¢y, so that (z, X f(z))2 =
(Xzz, Xz f(x))2 < || X222 X2f(2)||]2 < cr||X22|2 given that X = P~!, Q > 0 meaning that every
positive solution to (13) and (14) can be picked. However, ¢y, depends on X which shows that ¢; and ¢y
influence each other. On the other hand, this ¢z, might not be the optimal candidate for the one-sided
Lipschitz constant ¢ which can even be negative, i.e., it is also challenging to identify optimal constants.
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We emphasize further that, generally, we cannot derive P and @) independent of (15). For instance, fixing
¢1 = ¢a > ¢, we can easily find a solution Q for (14) and a vector z € R™, so that (z, Q) (z))2 > ¢ Q2 x[|3.
Here, f = f() is the function defined in Example 2.1. Having in mind that we aim to fix ¢; and ¢, close to
each other with associated Gramians P and ) having a large number of small eigenvalues, the concept of
global Gramians might generally be too restrictive. Therefore, it is more reasonable to seek for solutions of
(13) and (14) that satisfy (15) on average instead of point-wise. This means, we aim to allow for positive
values of the monotonicity gaps

Gp-1(x) = <:L',P71(f(l') —cx))2 and Gg(x) = (z, Q(f(z) — c2w))2 (17)

as long as G p-1 and Gg are mainly non-positive on the essential parts of R™. We specify the above arguments
in the following definition. In this context, we introduce the set U of controls u € L2 for which we desire to
evaluate system (3). The following pair of Gramians (P, Q) identifies less important direction for controls
in U. Therefore, it is meaningful to pick Gramian candidates that ensure a large set U.

Definition 4.5. Let ¢, co be constants and U C L% be the set of controls we are interested in. Then, a pair of
matrices (P, Q) with P,Q > 0 is called average monotonicity Gramians for U if (13) and (14) are satisfied,
respectively, and if instead of (15) it holds that

]Eo/<x(s),P f(x(s))>2ds§62E0/||P2x(3)||2ds and (18)
E [ (2(6), Qf(a(s))ads < 2 [ @4l (19)
0 0

for all t € [0,7] and all state variables x(t) = (¢, 0, ) with u € U.

Certainly, a global is also an average monotonicity Gramian with U = L%. Suppose that there are areas,
where one of the functions in (17) is positive. Then, controls u concentrating the state variable x in such
areas for a long time will violate (18) or (19).

Remark 4.6. In Definitions 4.1 and 4.5, Gramians are constructed as solutions to (shifted) linear matrix
inequalities in order to allow a practical computation. This is possible due to the monotonicity condition
for f in (5) which shall be preserved in some sense under the inner products defined by the Gramians P
and ). A more general version of global monotonicity Gramians is obtained by adding twice the estimates
in (15) to (13) and (14) resulting in

d
#T(ATPT 4+ PTAE ST N P NGk o+ 20w, P f(e))e < —1BT P el e Pl (20)

ij=1

d
2T (ATQ+ QA+ Y N QNjky )w + 2w, Qf (x))2 < — a3 + Qw3 (21)

ij=1

for all x € R™, where ¢ > 0 is some “small” constant. The same way, average monotonicity Gramians can be
generalized setting = z(s) in (20) and (21), taking the expected value and integrating both sides of these
inequalities over each subinterval [0,¢] with 0 < ¢ < T. However, we will not discuss this generalization in
detail below.
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4.2. Relevance of monotonicity Gramians

In the following, we state in which sense the Gramians of Definition 4.5 help to identify the dominant
subspaces of (3). This then motivates a truncation procedure resulting in a special type of reduced system (7).
Below, let us assume that o = 0, i.e., z(t) = z(¢,0,u). By definition, Gramians are positive (semi)definite
matrices. Consequently, we can find an orthonormal basis (py) for R™ consisting of eigenvalues of P with
corresponding eigenvalues (Apy). The same is true for ), where the basis is denoted by (gx) with associated
eigenvalues (A\q ;). Hence, the state variable can be represented as

n n
= (@(t),pr)ape and  x(t) = (x(t),qr)2 G- (22)

k=1 k=1

Based on this representation, we aim to answer which directions pj are less relevant in (3a) and which
directions ¢ can be neglected in (3b).

Theorem 4.7. Let P and Q be average monotonicity Gramians for the set of controls U C L2 and constants
¢1, 2 according to Definition 4.5. Moreover, let (pr, Apk) and (qr, Aq,k) be associated bases of eigenvectors
giving us (22). Then, given a zero initial state, we have

sup E(x(t),pr)3 < Ap e [[ul7s (23)
te[0,7]

t

E/”y(s)ﬂgdé’ < 2E/<Qaz(s),Bu(s)>2 o(t=9) g
0

0

=2 20uE [ g a(s))slars Bu(s))a e ds (24)
k=1 A

for allt € [0,T] and u € U, where ¢ = max{0,2(cz — ¢1)}.

Proof. We find inequalities for E [x(t)TXx(t)], where X € {P~!,Q}. To do so, we apply Lemma A.1 to
X2x(t) and obtain

d
S [o(0)" Xa(0)] = 28 [¢(0) X[Aw() + Bult) + FO)] + 3 B [w0) N XN;()] iy

We integrate this equation over [0,¢] with ¢ < T yielding
d

E [2(t)" Xa(t) IE/t {x ATX+XA+ Z NI XN, k”) (s )}ds

+2/IE )T X [Bu(s) + f(x(s))]] ds

t d
IE/ { A+011)TX +XA+al)+ > NIXNjkij)m(s)]ds
0 i,j=1
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t t
+ 2/]E [z(s)" X Bu(s)] ds + c/IE [2(s) " X=(s)] ds (25)
0 0
exploiting (18), (19) and that xy = 0. Setting a(t) := 2f0 [#(s) " XBu(s)] ds and X = @Q, we obtain

E [z(t)"Qz(t)] < —/IE [z(s)"CTCx(s)] ds + 2/E [z(s) " QBu(s)] ds + C/IE [2(s) T Qx(s)] ds

t
=~ llll3; + o))+ ¢ [ B [a() Qa()] ds
0
using (14). Therefore, by (53), we have

E [2(t)" Qu(t)] < [ (éls) — E [ly(s)[3) e~ ds,

o\“

and hence fot E |y(s)|3 ds < fot @(s) e“t=*) ds. Inserting the representation for z(s) in (22) yields

t t

||y||i? < 2/]E [l'(S)TQBu(s)] ec(t=9) gs — 2/ [(QX": ), qi)2 Qk) Bu(s)
k=1

0 0

ec(tfs) ds

_ZZx\Qk/ (8), qr)2 " Bu(s )] e(t=9) gg

leading to (24). With X = P! in (25), it holds that

t

E[z(t)" P 'z(t)] < — /IE [z(s)"P'BBT P~ 'x(s)] ds + 2/IE [z(s)" P! Bu(s)] ds

+c/IE s)" P a(s)] ds
0

t

IE/| H2 ||BTP71$(S) —u(s)||§ds—|—c/IE [m(s)TPfla:(s)] ds
0 0

exploiting (13). Applying (52), we obtain

IE[ ()TP x(t /Hu ||2ds+//IE||u Hdece (t=—s)

gwE/M@@w
0

We further observe that
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2

(x(t), )3 < APk Z/\E,1¢<$(t)7pi>§ = )\P,kH ZAIZE (x(t),pi)2 pi z = >\P,kHP7%JC(t)H
=1 =1

2

= Apy 2(t) P~ a(t),
so that (23) follows. This concludes the proof. O

Estimate (23) tells us that the state variable is small in the direction of py if Apy is small and in case
¢T is not too large (c2 — ¢1 is supposed to be little). Consequently, these eigenspaces of P can be neglected
in our considerations. The eigenspaces spanned by vectors g, that are associated to small eigenvalues of Q
are also of minor relevance due to (24). This inequality shows that such gj barely contribute to the energy
of the output y on each subinterval [0, ].

Remark 4.8.

« Following basically the same steps, the result of Theorem 4.7 holds also true if the more general notion
of Gramians in Remark 4.6 is used.

o Theorem 4.7 is formulated for u € U since it is based on (18) and (19). This does not mean that a
reduced order model based on neglecting eigenspaces of P and @ associated to small eigenvalues leads
to a bad approximation for u € L2 \ U. This is because (18) and (19) might still almost hold in that
cases since suitable Gramians lead to Gg and Gp-1 in (17) being small when they are positive. Then,
the estimates in Theorem 4.7 will approximately hold.

4.8. Computation of monotonicity Gramians

4.8.1. General strategy on the choice of P and Q)

We aim to compute average monotonicity Gramians P and @ for a large set U of controls. In theory, U
can be uncountable but practically one might think of a given large finite set of control functions. We choose
P and @ as solutions to (13) and (14) as such inequalities can be solved in practice, but not all solutions
are suitable candidates for a MOR procedure. In more detail, we need them to ensure that Gp-1 and Gg
in (17) have a local maximum in the origin or a saddle point with very few increasing directions. Else, the
monotonicity condition might immediately be violated for the majority of controls. This would not allow
(18) and (19) to hold for a large U. On the other hand, it is essential that the area where the monotonicity
condition is fulfilled (Gp-1 and G¢ are non-positive) clearly dominates the one where it does not hold. A
possible and acceptable scenario in dimension n = 2 is illustrated in Fig. 1. Here, the monotonicity gap G
is depicted for f = f®), ¢y = cp=1land Q = [8:;2??8 8:22;23]7 a matrix with a large and a small eigenvalue.
The blue color stands for small absolute values and red for large ones. G¢ is non-positive except for the
black areas, where the monotonicity condition is slightly violated.

4.8.2. Computation for polynomial nonlinearity f and A being a discrete Laplacian

Based on the fundamental requirements on suitable Gramians stated in Section 4.3.1, we provide more
details on the actual computation of P and @ when (3) results, e.g., from a spatial discretization of a
stochastic heat equation with polynomial nonlinearities. This case will also be of interest in Section 7. In
the following proposition, a simple criterion for local optimality for Gp-1 and Gg is given if X = P71, Q is
positive definite.

Proposition 4.9. Define the function g(x) = (x, X (f(x) — c2x))2 with a constant ca, f being twice differen-
tiable and X > 0. We assume that
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2 .

o
—2

-1.5 -1 -0.,5 0 0.5 1 1.5 2

Fig. 1. G for a special choice of Q, n =2, f = f(z) and cz = ¢y = 1. The area in black marks the regions, where G is positive.
(For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

ij (J])|w:0 — (265 = —62€j (26)

forall j € {1,...,n} and &3 > 0, where e; is the j-th unit vector in R™. Then, g has a local mazimum in
z=0.

Proof. Tt is easy to check that 2 = 0 is an extreme value since g, (z) = (e;, X (f(z) — cox))o + (z, X (fr, (x) —
c2€;))2 is zero at the origin. Moreover, we derive g, (z) = (es, X (fa, () —c2ej))2+(e;, X (fo, () —c2e4))2+
(%, X f,0,())2. Therefore, we find (gq,s, (O))M:me = —2¢,X < 0 which concludes the proof. O

Condition (26) is, e.g., satisfied if polynomials like in Example 2.1 are considered. We can therefore
observe that Gp-1 and Gg have a local maximum for the choices of f given in this example in case c;
is sufficiently large. This is what we desire according to Section 4.3.1. The strategy for computing the
Gramians for functions f as in Example 2.1 and, e.g., a discrete Laplacian A (or another asymptotically
stable matrix) is now as follows:

e We fix cg > cy, since this means that Gp-1 and G are non-positive along the bases of eigenvectors
used in (22). This is a consequence of assumption (5).

e We set ¢; = ¢y providing ¢ = 0 if possible meaning that (10) has to hold. Else, we choose ¢1, so that
co — c1 is a small positive number motivated by Theorem 4.7. If ¢; > 0, the possibility of this choice
again depends on weather (10) is satisfied.

e We then compute @ as the solution to the equality in (14).

e Moreover, we derive P by solving the optimization problem

intr(P bject to (13 2
min tr(P)  subject to (13) (27)
motivated by Theorem 4.7 that indicates that a large number of small eigenvalues of P leads to a
low-dimensional dominant subspace.

This procedure provides that Gp-1 and G¢ are non-positive on large parts of R™ for the particular functions
introduced in Example 2.1 as well as stable matrices A (e.g. discrete Laplacian). Only small positive values
are taken by Gp-1 and G¢ on the other area. This leads to (18) and (19) for a large U. This is what
we observe from numerical experiments. In general, a good choice for P and @ guaranteeing (18) and
(19) for many different controls always depends on the particular nonlinearity f. Therefore, no universal
recommendation can be given here.
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Let us conclude this section by briefly sketching how (27) is solved in practice. We reformulate (13) by
multiplying it with P from the left and from the right leading to

d
(A+ )P+ P(A+al)" +BB" + Y PN P™'N;k;P <0. (28)

i,j=1

Since Zijzl PN, k;;P~IN;P = P[nN] .. NJ | (K@P~ ) [N] .. N ]T P, we obtain the following equivalent
representation

T T T T
(A+ )P+ P(A+cl)' + BB' PN/ .. N] ]} <0 (29)

[N .. NT]T P ~K'®P

for (28) based on Schur complement conditions for the definiteness of a matrix. Here, we need to further
assume that K is invertible. Now, we can use a linear matrix inequality solver to find a solution to the
minimization of tr(P) subject to (29) and P > 0. In this paper, we use YALMIP and MOSEK [22,26] for
an efficient computation of P.

4.4. Extension under one-sided Lipschitz continuity

Many functions f satisfying (5) are also one-sided Lipschitz continuous. However, we require an extended
version of this continuity concept in the context of the error analysis in Section 6. In detail the following
inequalities are supposed to hold:

(@2, (@) £ f(2)2 < cfllz £ 25, (30)

for all z,z € R™ and a constant c¢. Condition (30) will later inspire the extended definition of Gramians.
Notice that one-sided Lipschitz continuity is defined with a minus in (30) but we additionally ask for this
property when replacing each minus by a plus. In this context, let us look at the functions of Example 2.1
again. We begin with f® and f©® and show that (30) is satisfied.

Example 4.10. Inserting f®)(z) = 2 — ||x\|§ x below yields
(o 2, FO @) £ FO(=)s = o £ 213 — (@ % 2 230 & 211 2)a.
Now, we find that

2 2 4 4 2 2 4 4 2 2
(@£ 2 2l z £ 2ll5 2)2 = llzlls + ll2lls £ (2, 2)2(ll2ll; + 11215) 2 lzlls + 1215 = 0.5(l; + [12112)?
2 2
= 0.5(|l2ll; = [l2ll2)* > 0

and hence (30) holds with ¢; = 1 in case f = f(®). We obtain from f)(z) = x — 2°3 that
(@ =2, fP (@) = fP2))2 = ||lz = 2[5 — (2 — 2,2°0 = 2°%)s.

Since we have that

n n
(=220 = 2%y =Y (o} + 2} =zl —wizd) =) (w5 — 22)° (a7 + 27 + zas)
=1 i=1
n
> Z(% — 2)20.5(x2 + 22 4+ 2z;2;) > 0,

i=1
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we obtain (z — z, () — fP(2))s < ||z — z||§ and consequently the point symmetry of f(?) yields
(@+2, @) + fP2)2 = (@ = (=2), [P (@) = [P (=2)2 < [l& = (=2)]15 = l|l= + 2I5.
Therefore, ¢y = 1 in (30) for f = f(.
As we will see below, f(1) is also one-sided Lipschitz but (30) is not fulfilled if a plus is considered.
Example 4.11. Using f)(z) = (1 + a)x°? — 2°% — ax leads to
(@ =2, fV(2) = fD(2)2 = —alw = 2|5 + (& — 2, (1 + @) (z°2 — 2°%) — (&°° — 2°%))s.

‘We obtain that

(x— 2z, (1 +a)(x°% — 2°%) — (2% — 2°%))y = Z[(l +a)(a] — ziw} — iz} + 2)) — al + @iz} + 2wl - ]

i=1
= (@i —2)* (14 a)(mi+2) — 2] — 27 — miz] < ( J;a) [EEE]
=1
exploiting that (1 4+ a)(x; + 2;) — 22 — 22 — x;2; < (ta)? for all i € {1,...,n}. Therefore, we have
i % 3
2
— 1
(@ =2 fV(@) - fV () £ S o 21

We observe that the one-sided Lipschitz constant is different from the monotonicity constant in Example 2.1.
Moreover, we show that (30) does not hold with a plus. Let n = 1 and ¢y be an arbitrary constant. We fix
x=1and z =€ — 1 with € > 0. We obtain

(42, [ (2) + [D())2 = e[—ac + (1 + a)(1+ (e = 1)) = (1 + (e = 1)°)]
=e2(1+a)— €+ (4+a)e® — (5+3a) > cpe® =cp|lx + z||§ )

if € is sufficiently small and a > —1.

Motivated by the one-sided Lipschitz continuity (30), a Gramian based inner product shall preserve this
property leading to the following extension of Definition 4.1.

Definition 4.12. Let ¢; and c¢o be constants. Then, a pair of matrices (P, Q) with P,Q > 0 is called global
one-sided Lipschitz Gramians if they satisfy (13), (14) and

(@ + 2, P H(f(2) + f(2)2 < 2| P2 (2 + 2) 13, 1)
(&= 2,Q(f(z) = f(2))2 < 2] Q% (z — 2)II3
for all x,z € R™.

Example 4.13. Let P,Q > 0 be solutions to (13), (14) and f be globally Lipschitz with —f(x) = f(—=z).
Then, we can always construct global one-sided Lipschitz Gramians, since for X € {P~!, Q} satisfying (13)
and (14), we have that

(XZ(x+2), X2(f(2) £ £(2))2 < X2 (@ £ 2)[[IX 2 (f(2) £ f(2)]l2 < el X2 (2 £ 2) 13

for some suitable constant cs.
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If (31) is satisfied for z = 0, P and @ are global monotonicity Gramians. We will see later that a reduced
order model based on the Gramians introduced in Definition 4.12 will lead to error estimates for all controls
u € LZ. However, as in the global monotonicity Gramian case, it might be inefficient to choose a Gramian
allowing to derive estimates for all u. The error analysis will show that it is actually enough to have (31) for
large/essential sets of pairs (x,z) € R™ x R™ in order to find a reasonable error criterion for a large number
of different controls, i.e., the one-sided Lipschitz gaps

Ghoi(x,2) == (x+ 2, PH(f(x) + f(2))2 — 2 P73 (2 + 2) 3, .
G2, 2) = (2 — 2,Q(f () — £(2)))2 — 2| Q% (x — 2) |3

in (31) are mainly negative but also small positive values will be allowed. We postpone the discussion of a
weaker version of Definition 4.12 to Section 6.

Remark 4.14. One-sided Lipschitz Gramians are again special solutions of linear matrix inequalities for
reasons of accessibility. Analogue to Remark 4.6 this concept can be formulated more generally. Adding
twice (31) to the respective inequality in (13) and (14) leads to

d
(x+2)" (ATP—1 +PTTA+ Y NJP—lekij) (z+2)+2x+ 2, PN (f(x) + f(2)))2 (33)

i,j=1
< —|BTP Mz +2) |3+ c|[P75 (z + 2)|I3,
d
(x—2)7 (ATQ +QA+ Y NJQNij) (& —2) +2(z — 2, Q(f(z) — f(2)))2 (34)
i,j=1

< —|C(z - 2)||3 + C||Q%(95 - 2)Il3

for all z,z € R™ with ¢ > 0. We will see that this structure is what one requires to achieve a suitable global
error bound for all u € L. Notice that 2 = 0 leads to (20) and (21), respectively. We will not discuss a
definition of Gramians P and @ via (33) and (34) in further detail but will refer to them within the error
analysis.

Now, let us briefly discuss the existence of global one-sided Lipschitz Gramians.
Proposition 4.15. Given a matrix X > 0 satisfying (11) for some constant ¢; and
(@2, X(f(2) £ £(2)2 < 2] X2 (2 % 2)]13
for all x,z € R™ and a constant ca. Then, global one-sided Lipschitz Gramians exist with these constants.
Proof. The proof uses the same argument as in Proposition 4.2 and is therefore omitted. 0O

Example 4.11 indicates that the global one-sided Lipschitz Gramian P might not be well-defined in case
f=ro.

5. Particular reduced order model

We select a nonsingular S € R™*™ that we use to simultaneously diagonalize Gramians P and . This
means that the bases of eigenvectors (pg) and (gx) in (22) will be the canonical basis of R™. Consequently,
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by Theorem 4.7, unimportant directions can be identified with components in the transformed state variable
that are associated with small diagonal entries of the diagonalized Gramians. In particular, the transfor-
mation matrix defines the new state by x,, = Sz. Inserting this into (3) leads to an equivalent stochastic
system with coefficients

(A, By, fny Nty Cp) == (SAS™Y,SB,Sf(S™*),SN;S~1, 0™ (35)
instead of the original ones (A4, B, f, N;,C), i.e.,
d
dzy(t) = [Anzn(t) + Bau(t) + fu (zn(t))]dt + Z N (2n(t=))dM;(t), y(t) = Cozn(?), (36)
i=1

with ¢ € [0,T] and x,(0) = 0. The new system (36) has the same input w and output y. Moreover,
properties like asymptotic stability are not affected. However, the Gramians are different. These are given
in the following proposition, where the precise diagonalizing transformation is stated.

Proposition 5.1. Suppose that S is an invertible matriz. If P and Q are global/average monotonicity or
one-sided Lipschitz Gramians of (3) according to Definitions /.1, /.5 or /.12. Then, P, = SPST and
Qn = S~TQS™! are the respective Gramians in the transformed setting (36). Given that P,Q > 0, we find
that P, = Q, = X, = diag(o1,...,0,) using the balancing transformation

S=x:UTL3, (37)
where P = LpL}, and LLQLp = UX2U" is a spectral factorization with an orthogonal U.
Proof. We multiply (13) and (14) with S~T from the left and with S~! from the right hand side. Conse-

quently, we see that SPST and S~TQS ™! satisfy these inequalities under the coefficients in (35). Moreover,
(15) is preserved under this transformation, since

(@, P (@) = (2,57 TPTISTIS (S 2))e = (57w, PTUA(STMe))e < o PTES T |
= CQHPn_%l'H% and

(. Qu ()2 = (2,57 TQS T SF(S 1 a))2 = (5712, QF(S ™ 0))2 < 2| QES 2 ]3 = ea| Qi3

Analogue, we can prove that the one-sided Lipschitz conditions (31) hold under the transformation. With
Zn(8) = n(s,0,u) given u € U, we now find

(@n(s), Py fu(wn(5)))2 = (2(s), P f(2(s))2 and  (za(s), Qnfu(@n(s))2 = (x(s), QF (2(s)))2,
as well as
1P 2 mn()IE = 1P 2a()[ and [ Qn *an(s)]3 = 1Q%(s)]3,
so that the average monotonicity conditions (18) and (19) still hold for the same set U. We use (37) and

obtain P, = X2UT L' PLETUSE = %, as well as Qu = ¥ 2UTLEQLpUS, * = 5, which concludes the
proof. O
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We observe that the diagonal entries of the balanced Gramians are o; = /\;(PQ). We call them

Hankel singular values (HSVs) from now on. Now, we partition the balanced state z, = [i"l] and X, =

n,2
diag(X,, X2 ), where ¥, = diag(oy,...,0,) contains the large and X ,,—, = diag(o,41,...,0n), ¥ < n,
the small HSVs. The same is done for (35) yielding

A, x B, Noi
An:{* *], Bn:[*], Nn,i_[* *], C,=[Cr %] and

_ (38)
frlzy) = f,([mo]), where f, = {JZ} , z,€R", 0€R"".

Since z,, 2 is associated to small values in ¥3 ,,_,, we truncate the equation for these variables and remove
them from the dynamics of x,, 1 and y. This results in a reduced system (7) with coefficients given by (38).
Setting V =V, and W = W,., where

STt =[V, %] and ST =[W, «],
we see that our reduced system’s structure is of the form as in (8). Here, S is given by (37).

6. Error analysis of Gramian based reduced system

We cousider the reduced system (7) with state dimension r and coefficients like in (38). As an intermediate

step, let us introduce the same type of reduced model with dimension k = r,7 + 1,...,n which we write as
follows:
d
dzi(t) = [Aka:k(t) + Bku(t) + fk(:ck(t))]dt + Z Nk’ixk(t—)dMi@), yk(t) = Crxy(t). (39)
i=1

Setting v, := y, we then observe that

n
ly =yl < > llye = yeall, (40)
i=r+1
where ||| is some function space norm. This means that we have to investigate the error ||lyx — yx—1]| of

removing a single HSV. We can derive the reduced system of order k — 1 from (39) by setting the last entry
of xj, equal to zero. Doing so, we obtain

a[ =30 =[x [#5O] + B + £ ([50] ) = [l | 12t
d (41)

+ ) [Nii [:ckfb(t—)] - {W(g_)} JAM;(t),  yr_1(t) = Cy [zk,ol(t)} 7
i=1

where the first k£ — 1 rows in the state equation of (41) represent the reduced order model of dimension k — 1
and vy, .. .,vq are (non specified) scalar processes that are introduced to ensure the equality in the last line
which can be read as d0 = 0dt + Z?Zl 0dM;(t).

Theorem 6.1. Let y be the output of (3) with £(0) =0 and given the r-dimensional reduced system (7) with
output y,, coefficients as in (38) and x,.(0) = 0. If this reduced system is based on Gramians P and Q
satisfying (13) and (14) for a constant c1. Then, for all u € L3, we have
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/ny (5) |2 ecT=9) ds <

n T

Z ]E/ [QGC_2 (kak(s), Vk_lmk_1(8)> + 02 (2G;_1 (kak(s), Vk_lxk_l(s)) +4 ||u(s)||§ )] ec(T=s) ds,

k=r+1 0

where ¢ = max{0,2(co —c1)} is defined by another constant ca (e.g. the parameter of Definitions /.1, 4.5 or
4.12) and G}, G, are the associated one-sided Lipschitz gaps in (32). Moreover, xy is the reduced state
variable of order k = r,r + 1....,n and V}, is the associated projection matriz being the first k columns of
the inverse S=1 of the balancing transformation defined by (37).

Corollary 6.2. Given the assumptions of Theorem 0.1, let P and @ be global one-sided Lipschitz Gramians
according to Definition J.12. Then, the following bound holds:

/ Iy(s) — ()BT ds <2 3" oy / fu(s)]2 =) ds (12)

k=r+1
for all w € L2%. The same bound is established if the Gramians are defined by (33) and (34).

Proof. The functions G;,l and G, are non-positive by construction of the global one-sided Lipschitz
Gramians. Consequently, the result immediately follows from the one of Theorem 6.1. It is not an immediate
consequence of Theorem 6.1 that (33) and (34) lead to the same result. However, the proof uses exactly the
same ideas. Therefore, it is omitted. 0O

Remark 6.3.

¢ We found the classical bound for reduced order systems based on balanced truncation in Corollary 6.2
up to the exponential terms in (42), see [10,11] for the deterministic and [4] for the stochastic linear
case. As mentioned before, choices of Gramians are only acceptable if ¢ is sufficiently small, i.e., the
exponentials do not dominate. On the other hand, global one-sided Lipschitz Gramians might not be a
optimal in terms of their spectrum, so that a weaker concept is more reasonable.

+ As mentioned in Section 4.4, we can allow for small positive one-sided Lipschitz gaps G, and GJIQ,U
see (32), in certain (small) regions. If we pick P and @ accordingly, Theorem 6.1 then tells us that the
averages

T
]E/Gé(Vkl'k(S),Vkilmkil(s)) oT=5) g and
0

T

]E/G;_1 (kak(s), Vk_lxk_l(s)) e“(T=9) ds
0

will be non-positive for a large number of controls u € L2 and slightly positive in many of the other
scenarios. This means that (42) will (approximately) hold for many controls.

e In case we have a priori information concerning the solution space of the system, we can say even more.
This is given if P and @) are monotonicity Gramians according to Definitions 4.1 or 4.5, because of
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(23) in Theorem 4.7. This estimate provides that we obtain a small state approximation error, i.e.,
z(t) = Viag(t) for k € {r,...,n—1}, if the truncated HSVs o1, ..., 0, are of low order. In particular,
we have Vi 12541(¢) & Via(t) since this is the error of just removing 1. Therefore, we can conclude
that we need Gé and ng,l to be mainly negative solely on sets of pairs (z,z) € R™ x R™ with z ~ z.
In general, monotonicity Gramians do not ensure (42), but due to the continuity of f, we can say that

T T
E / Go (kak(S), Vk—lxk—l(s)) e“T=%) s ~ ]E/Gé (kak(s), kak(s)) AT=9) gg — 0,
0 0

T T

E / G;_l (Vk:pk(s), Vk_lxk_l(s)) e“(T=5) ds ~ E/G;_l (kak(s), kak(s)) e“(T=5) gs.

0 0

=4G 1 (Vimi(s))

Now, the monotonicity gap Gp-1 defined in (17) is non-positive on average for u € U by construction of
the average monotonicity Gramian P. This ensures that the bound of Corollary 6.2 might still deliver

a reasonable error criterion although it does not hold.

Proof of Theorem 6.1. We introduce z_(t) := zy(t) — [I’“—Ol(t)} and x4 (t) = z(t) + {‘”’“—Ol(t)}, for which
the dynamics are obtained by subtracting/adding (39) and (41), i.e

d
dr—(t) = [Axa— () + [ (o) | + Fel@n(®) = ([ O Dldt+ 3 Neaw— (=) + |0 | a0, (43)

i=1

d
oy (t) = (A (1) + 2Biu(t) = [t | + Feloa(®) + H([5ODlat+ Y- Wiaar (4-) = [y | 140400)
- (44)

Recalling that ¥ = diag(oq,...,0k) denotes the diagonal matrix of the k largest HSVs of the original
system, we know, by Proposition 5.1, that ¥,, satisfies (13) and (14) with the balanced realization (35).
Evaluating the left upper k x k block of the equations associated to X,,, we obtain

(Ap + ) TS+ 20 (A + ) + Z NS Ny ki < =S BBl X, (45)
i,j=1
d
(Ak+ D) "8 + Sh(Ax + eaD) + > N Se Ny jki; < —Cfl Cp. (46)
i,j=1

Taking (43) into account, Lemma A.1 is applied to X2z _(t) to obtain

Z;E [ -t )TEkx—(t)] =2E [m_(t)TZk[Akx_(t) + {vo(t ] + frlar(t)) — fk([xk 1(t)b]}
-3 [ 0 [ ) B0+ L)

Integrating this equation over [0, ¢] with ¢ < T yields
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{ d
E [CC,(t)TZkCL‘,(t)] =E /x,(S)T (A;Zk + XA + Z N,IiEka,jk’ij)’L‘, (s)ds
ij=1

+2]E/ Ek fk xk( )) —fk([xkfol(b‘)])}ds-‘er(t),
0

-

where R-(0) = B 12560 [ty ] + T o (2Mosao6) [ ) [ R Lot ana b

the last entry of zp and hence also of x_. Moreover, ny; shall denote the last line of Ny ;. There-
T

fore, we obtain that z_(s)' X {UO(S)} = opTk2(s)ve(s) and (2Nk7ia:_(s) + {“(()S)D P [Uj?s)} kij =

ok (2ng ;x_(8) + vi(s)) vj(s)ks;. By construction of v; in (41), we have —2ny ; [f’:k 1(5)} + 2v;(s) = 0, so

that oy, (2ng:x—(s) +vi(s)) vj(s)ki; = ok (2nkxk(s) — vi(s)) v;j(s)k;j. Therefore, it holds that

t

d
R_(t) < ak]E/kag(s)vo(s) + Z (2ngizk(s) +vi(s)) vi(s)ki;ds

A ig=1
exploiting that ZZ j=1vi(8)vj(s)kij > 0, because K = (k;;) is positive semidefinite. Hence,

l d
E [x,(t)Tka,(t)] S E /LL',(S)T ((Ak + le)TEk + Ek(Ak + 01[) + Z NgiZka’jkij){L‘, (s)ds
i,7=1

2R / VTS [filwn(s)) = i ([72]) = eaa_(s))ds
0

t d
+o\E / 2pa(s Z 2k ik (5) + v4(5)) v (5)kiyds

t

+ c/]E [m_(s)TEkx_(s)] ds.

0

We set Ty, (t) == 2E [} 20— (s) TSk [fr(zn(s)) = fi ([ P]) — cor—(s)]ds and ay(t) == E [ 2ax2(s)vo(s) +
Z?,j:l (an,,xk( )+ vi(s)) vj(s)k;jds. Based on (46) combined with the definitions of the outputs in (39)
and (41), we have

t

E[z-(t) Sex—(8)] < = llye — vn-1ll72 + Te,— (£) + oo (t) + C/E [z_(s)" Sz _(s)] ds.

0
We obtain by (53) that
t t
E [ on(s) = moa(o) e ds < [ (Tm(s) + oucin() e ds, (47)
0 0

_1
Now, exploiting Lemma A.1 for the process ¥, >z (t) together with (44) yields
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¢ d
E[z:(t) S 'y (t)] = IE/:I: (s)" (A,Iz—l + S A + Z NgiEllek,jkliJr(s)ds
ij=1
t
28 [ (o)TE0 fulanls)) + ([ lds

0
t
—|—]E/4x+ ) TS Byu(s)ds — Ry (1),
0

where Ry (t) = Efot 2z (s) "8t [UO(S } + Z” 1 (2Nk T4 (s) — [vi?s)])ngl {Uj(()s)] kijds. We observe

that = (s) ", [UO[ES)] = 0}, ' T 200(s) and (2N;C iy (s) — [vi?s)Dngl [Uj(()s)] kij = ot (2ngiv4(s) —
v;(s )) i(8)kij = o' (2ngiak(s) + vi(s))v;(s)ki; telling us that Ry (t) = o, 'ay(t). Defining Tj 4 (t) =
2 fo :E+(5)TE fe(zi(s)) + fi ([ 1) ]) — coxy(s)]ds results in

t

E [z4(t) TS 24 (1)] :E/x+(s)T((Ak D) TS+ S A+ ) + Z NS N m)m( )ds
0 7,7=1

t

+ Te 4 () + ]E/4:E+(5)T2,;13ku(s)ds — o tag(t) + C/E [x+(s)—r2,;1:v+(s)] ds.
0 0

We exploit the estimate
2
4lu(s)llz > l2u()l; = [|BY S5 e (s) — 2u(s)],
=—xy(s) ' BBl S ey (s) + 4x+(s)TEngku(s)
and insert (45) in order to find

t

E [z4(t) 'S e (1)] <4 ||“Hig + Th1 () — o Lo (t) + c/IE [24(s) TS wy (s)] ds.
0

We apply (53) providing

t

t
/dk(s) ec(t=5) g < Uk/ ‘J'k 1+ (8) +4E ||Ju(s )Hg) oc(t=5) g
0 0

Combining this with (47) leads to

t

t
E [ ons) ~ moa(6)[3e¢ 9 ds < [ [T () + 02 (Tus(5) + 4E (o)) - s,
0 0

The last step is to find different representations for T _ and T 4 inserting the definitions of x4 and z_.
We recall that fi(zy) := fk([ 0, k]), r, € RF and 0,,_x € R"* by (38). Since fi are the first k entries of
the balanced nonlinearity f,,, we have
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(zr(s) £ [ OD) T Drfrar(s) £ fu([™ D)) = calan(s) £ [ 9))]
— ([ = [T oalta [ D E [0 = 5] £ [0 ]
where Dy, € {Ek,Zgl}. By Proposition 5.1 and (35), we know that ¥, = S~TQS~ !, ¥ 1 = §-Tp-15-1
(

and f, = Sf(S~!.). Moreover, S~! [z‘(i)] = Vi (s), since Vj are the first k& columns of the inverse S~! of

the balancing transformation. Hence,

t

T (t) = 2E / &5 (kak(s),vk_la:k_l(s))ds, T (t) = 2E / G, (kak(s),vk_lxk_l(s))ds
0 0

according to the definition of the one-sided Lipschitz gaps in (32). This concludes the proof using (40) and
settingt=1. O

7. Numerical experiments

Below, let L > 0 defining a “step size” parameter h := ﬁ Based on this, we introduce a grid by
¢j =jhfor j=0,1,...,n+ 1. Now, we mainly focus on an example for (3) that is given by
d
'$2(t) — Ql‘l(t) U1 (t)
doy () = [P S (1) ]+ ; 8:(Cu)z1 (t-)dM; (b),
d
rxip1(t) —2xi(t) +z;—1(¢
day (1) = [ O 2O L, g )+ 0y (1)), (15)
) i=1
d
r—2x,(t) + xp_1(t us(t
(1) = 2ot a0 o) g )] a3 gu(Coa(t- )b 1)
) i=1

uy
U2

for j € {2,...,n—1}. We have that u = [
functions. Formally, (48) can be interpreted as a finite difference discretization of the stochastic reaction

| (m=2)and f(z) = [f() . f(za)] ", where f and g; are scalar
diffusion equation

2 d
40(€) = [550(O) + 1o O)] + X a0 (OdML(0), € (0L, te (0.1),

i=1

(49)
vo(¢) =0, v:(0) =uy(t) and wv(L) = ua(t),

with controlled boundaries and the intuition that x;(t) =~ v4((;). Let us specify the other parameter and the

noise profile. Below, M is a Wiener process in dimension d = 2 with covariance K = [_(1)_5 7(1)'5] and n = 100.

We study the nonlinearities f(v) = (1 + a)v? — v® — av with a = 0.1 and §(v) = v — v3, so that f = f(®) or
f = f® introduced in Example 2.1. The particular noise scaling functions are g;(¢) = 4sin(¢) and go(¢) =
4 cos(¢). Moreover, the terminal time is 7= 1 and the quantity of interest shall be the following average:

TORES L0} (50)

For illustration we show two typical paths of (50) for f = f™), £ and two different inputs in Figs. 2
and 3.
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Fig. 2. Path of (50) with f = f® and u =@ in (51). Fig. 3. Path of (50) with f = f® and u =4 in (51).

For f = f®), we know that (12) holds with X = I and ¢, > ¢; = 1. Further, we observe that (11)
is true for X = I and ¢; = ¢y = 1. Therefore, the system is globally mean square asymptotically stable
according to Theorem 3.3 and the concept of monotonicity Gramians with ¢; = ¢ = 1 is well-defined by
Proposition 4.2. We can even guarantee the existence of a one-sided Lipschitz Gramian by Proposition 4.15
since the one-sided Lipschitz condition (30) holds with ¢; = 1 using Example 4.10. The choice of f = f @)
also yields a mean square asymptotically stable system since (11) particularly holds for X =1 if ¢; = ¢5 =
% = 0.20250 is used and since we know, by Example 2.1, that (12) is true setting X = I and ¢z > cy.
Therefore, monotonicity Gramians also exist here for ¢; = ¢o = 0.20250. On the other hand, a one-sided
Lipschitz Gramian @ exists with ¢; = ¢3 = % = 0.303 due to Proposition 4.15 (X = I) exploiting
Example 4.11. The same example, however, indicates that P might not be available as a one-sided Lipschitz
Gramian.

The goal of this section is to construct average monotonicity Gramians P and @ according to Definition 4.5
for a large set of controls U. In detail, we choose the monotonicity/one-sided Lipschitz constant to define
¢t =cy =1for f=f® and we set ¢; = ¢3 = 0.303 for f = f(1) which is a number dominating the
monotonicity constant 0.20250. Consequently, Theorems 4.7 and 6.1 hold for ¢ = 0. We choose @ to be
the solution to the equality in (14) and P the candidate with minimal trace satisfying (13). We refer to
Section 4.3 for the particular computation strategy. We observe that these P and @ do not satisfy (15) for
all z € R™ but for the essential ones. In fact, we run experiments for a large variety of controls involving
increasing, decreasing and (highly) oscillating u as well as a combination of all of them. In all cases, conditions
(18) and (19) were fulfilled indicating that these P and @ are average monotonicity Gramians for a large
set of controls U C L2. We present the experiments solely for two representatives @, @ € U which are given
by

i(t) = [‘23;2?%‘2;)] and  a(t) = [*23\/;] . (51)
These are chosen since they also steer the state z(t) to regions of R™, where the monotonicity conditions
in (15) are violated. The constructed monotonicity Gramians have the advantage that the HSVs provide a
reliable criterion for the reduction error according to Theorem 4.7. Here, we have ¢ = 0. We depict these
algebraic values for f = f(!) in Fig. 4 and observe a strong decay telling us that we can expect a low
approximation error for small 7. The HSVs for f = (2 behave very similarly and are therefore omitted.
As discussed in Remark 6.3, we cannot expect the bound in Corollary 6.2 (with ¢ = 0) to hold if average
monotonicity Gramians are used. However, we expect the error to not be far from this bound, since the
and G in Theorem 6.1 are expected to be small when they are positive.

one-sided Lipschitz gaps G;;,l
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Fig. 4. Logarithmic HSVs based on monotonicity Gramians for f = f(l) with ¢; = c2 = 0.303, where Q satisfies the equality in (14)
and P is the minimal trace solution of (13).

Table 1 Table 2
Relative output error dimension reduc- Relative error criterion of Corollary 6.2 with ¢ = 0
tion with controls in (51) and f = f(1). and f = f1.
lly — yrHLET / HZJHL; for f = f(l) 2271:=r+1 Ok HUHL?T / HyHmT for f = f(l)
r w =1 w=1q T u=1q u =1
3 4.4077e—02 3.8041e—02 3 1.0240e—01 1.8031e—01
6 4.0903¢e—03  3.7334e—03 6 8.6029¢—03  1.5112e—02
10 3.1233e—04 2.5745e—04 10 4.6198e—04 8.1347e—04
20 2.7327e—07 3.5013e—07 20 1.3487e—07 2.3709e—07
Table 3 Table 4
Relative output error dimension reduc- Relative error criterion of Corollary 6.2 with ¢ = 0
tion with controls in (51) and f = f(?. and f = f®.
Iy — el s /ol for f=F@ 257 p1 ox llull s /N1yl for = 7
r u=1q u="10 T u=1a u=10
3 4.3380e—02  3.5840e—02 3 1.0494e—01  1.6369e—01
6 3.7409e—03 2.9983e—03 6 7.2186e—03 1.3624e—02
10  3.1507e—04  2.3924e—04 10 4.7378e—04  7.3326e—04
20 1.8514e—07  3.8720e—07 20  1.3493e—07  2.1019e—07

We compute the output y, of the reduced order model (7) introduced in Section 5 for different reduced
dimensions r = 3,6, 10,20. The relative output error for f = f() can be found in Table 1 for the controls
@ and 4. We observe a decreasing behavior for growing r yielding a very high accuracy for » > 6. Table 2
shows the bound of Corollary 6.2 which generally is no upper bound for the error calculated in Table 1,
see the case of r = 20. This is because the one-sided Lipschitz gaps are not always non-positive. However,
2> p_,41 Ok is close to the actual error. This is an observation made also in additional simulations that are
not presented here. The intuition for 2 ZZ:T 41 0k being an upper bound for dimensions r = 3,6, 10 but not
for » = 20 might be the low order of a positive one-sided Lipschitz gap. For that reason, it becomes only
visible when 2 ZZ:r 41 0k is very small. We repeat the error calculations for f = f (2) and obtain basically
the same results, see Tables 3 and 4. This is due to a similar path behavior of y for both nonlinearities
fM and f®. Let us finally mention that we conducted the same experiments also when the right Dirichlet
boundary condition in (49) is replaced by the Neumann condition 3%117:(( )c=1 = u2(t) leading to
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d
(1) = [ 22O E It 2Oy )]+ S 0G0

i=1

instead of the last line in (48). Here, analog results can be seen using the same kind of parameters.
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Appendix A. Supporting lemmas

This section contains several useful auxiliary results.

Lemma A.l. Suppose that a,by,...,by are R™-valued processes with a being (F;)-adapted and almost
surely Lebesgue integrable and b; being integrable w.r.t. the mean zero square integrable Lévy process
M=[M; ... Z\ld]—r with covariance matric K = (k;j). If « is represented by
d
dx(t) = a(t)dt + b(t)dM = a(t)dt + »_ b;(t)dM;,
i=1
where b=[b1 ... bq]. Then, we have
d L2 d
—E [e(t)T2(t)] = 2E [2(t) Ta(t)] + E Hb(t)K? =2 [2(t)Ta(t)] + > E [bi(t) b;(t)] ki
i,j=1

Proof. A proof is given in [30, Lemma 5.2]. O
We introduce two classical versions of Gronwall’s lemma below.

Lemma A.2 (Gronwall lemma — differential form). Given T > 0 let z : [0,T] — R be differentiable functions
and B € R. Given that

2(t) < pz(t), tel0,T7,
then for allt € [0,T], it holds that
2(t) < 2(0) Pt
The corresponding integral version follows next.

Lemma A.3 (Gronwall lemma — integral form). Given T > 0 let z,c : [0,T] — R be continuous functions
and > 0. Given that

t

A(t) < a(t)+/5z(s)ds, te 0,7,

0
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then for allt € [0,T], it holds that
t
2(t) < aft) + / a(s)Be’=*) ds. (52)
0
If « further is absolutely continuous, we have
t
2(t) < a(0) et + / a(s)ePt=%) ds, (53)
0

where & is the derivative of a Lebesque almost everywhere.

Proof. The first part is a very classical result and is not proved here. Given that « is absolutely continuous,

we can apply integration by parts yielding

t t

/a(s)ﬂeﬁ(tﬂ) ds = —a(s) eBt—s) |é +/d(5) eBE=3) g

0 0

Hence, we obtain (53) from (52). O
Appendix B. Proof of Theorem 3.3

We define

d
~Y i=(A+al)' X+ X(A+al)+ > N XNk <0. (54)
ij=1

We apply Lemma A.1 to the uncontrolled process X %x(t) and obtain

d
%E [:c(t)TXx(t)] =2E [m(t)TX[Am(t) + fz(t)]] + Z E [z(t)TNiTXij(t)] kij
d
< 2E [2(t) " X[Ax(t) + coTz(t)]] + Y E [2(t) TN XNja(t)] ki

—E [x(t)T ((A +al)" X+ X(A+cal)+ zd: NiTXNjkij)x(t)]

ij=1
+2(cg — c1)E [x(t)TXx(t)}
=2(cg —c1)E [x(t)TXa:(t)} —E [x(t)TYa:(t)]
exploiting inequality (12) and inserting (54). We define k and k to be the smallest the largest eigenvalue of

X, respectively, yielding kI < X < kI. With the smallest eigenvalue ky of Y giving —Y < —ky I, we obtain
—E [2(t)"Yz(t)] < —kyE [2(t) Tz(t)] < —’%E [(t) T X(t)]. Setting 3 := ’%’, we hence find

—E [2(t)" Xz (t)] < (2(c2 — 1) — B)E [z(t) T Xz(t)] -
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By the differential version of Gronwall’s inequality in Lemma A.2, we have

E [m(t)Tx(t)] <-E [xT(t)Xm(t)] < %mgXxo exp {(2(ca — 1) — )t}

k

INA
] 7] o] =

xq xoexp {(2(ca — 1) — B)t}
concluding the proof. O
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