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ABSTRACT. We introduce a new definition of a model for a formal
mathematical system. The definition is based upon the substitu-
tion in the formal systems, which allows a purely algebraic ap-
proach to model theory. This is very suitable for applications due
to a general syntax used in the formal systems. For our models we
present a new proof of the downward Lowenheim-Skolem Theorem
for elementary submodels.
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1. INTRODUCTION

We present a new definition of a model for the formal mathematical
systems from [2]. This definition is based upon the substitution in the
formal systems, and it allows a very flexible use for applications due
to the general syntax introduced in [2]. For these models we obtain
a simple new proof of the downward Lowenheim-Skolem Theorem for
elementary submodels using the construction of Henkin-constants.

In [2] we have presented a unified theory for formal systems inclu-
ding recursive systems closely related to formal grammars, including
the predicate calculus as well as a formal induction principle. In [2,
(3.13) Induction Rule (e)] we use an own rule of inference for formal
induction and special predicate symbols for the underlying recursive
systems. The remaining rules of inference [2, (3.13) (a)-(d)] without
induction and recursive systems provide an own Hilbert-style predicate
calculus which is similar to that of Shoenfield in his textbook [6]. The
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2 MATTHIAS KUNIK

corresponding theory is presented in Section 2, and it is used for the
definition of the models in Section 3. The main result in Section 3
is Lemma 3.5 which states the correctness of the logic calculus, but
also its Corollary 3.6. Here the theory of models is only presented for
formal mathematical systems without using the Induction Rule from
2, (3.13)(e)]. In order to see that this is sufficient, we start with a
general formal mathematical system [M; L], where M = [S; A; P; B|
with the underlying recursive system S = [Ag; Ps; Bg|. Here A is the
set of constant- or operation symbols, P the set of predicate symbols
and B the set of basis axioms, i.e. the axioms of the given theory, and
we have Ag C A, P C P and Bg C B. Then we define

N = [S; A; P Bsl, So = [[]; (] (11,
® = {F : F is a provable closed formula of [N; L]},
M =[Sp; A;P;BU®].

The Induction Rule is only used in [N; L] in order to generate the
axioms in ® for [M; £], but can no longer be used in [M; £]. Tt follows
from [2, (5.1) Proposition] that [IV; £] is free from contradiction. Note
that [M; £] and [M; £] both have the same formulas. Moreover, it is not
difficult to obtain from the Deduction Theorem [2, (4.5)] that [M; £]
and [M; L] both have the same provable formulas. Hence we will only
use formal systems [M; L] with M = [S;A; P;B] and S = [[];[];]]],
and for these systems we will shortly write M = [A; P; B]. In Section 4
we shall formulate the Lowenheim-Skolem Theorem 4.2 for our general
theory of models and present a new proof of that theorem. In Section

5 we apply our results to the reduced axiomatic set theory from [4].

2. FORMAL MATHEMATICAL SYSTEMS

We use notations and results from [2, Sections 3,4] and from Shoen-
field’s textbook [6]. In [2, Section 3] a recursive system S closely re-
lated to Smullyan’s elementary formal systems in [7] is embedded into
a so called formal mathematical system M. In [2, (3.13)] we use five
rules of inference, namely rules (a)-(e). Rule (e) enables formal induc-

tion with respect to the recursively enumerable relations generated by
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the underlying recursive system S. For the theory of models we put
S = Sy = [[];[];[]] in order to avoid the use of rule (e). Then we
can shortly write M = [A; P; B] instead of M = [Sy; A; P; B] for our
formal systems. We denote the countably infinite alphabet of variables

by X ={x1, X2, X3, ... }.

Definition 2.1. Formal mathematical systems
Let M = [A; P; B] be a formal mathematical system and £ a given
subset of A-lists with the properties

(i) X<L,

(i) Aee Lforall \pe L, x € X,

(iii) all formulas in B contain only argument lists in L.
Then [M; L] is also called a formal mathematical system (with re-
stricted argument lists £). A formula in [M; L] is a formula in M
which has only argument lists in £. A proof [A] in [M; L] is a proof in
M with the restrictions

(iv) the formulas in [A] and the formulas F' and G in [2, (3.13)(a)-

(d)] contain only argument lists in £,

(v) there holds A € £ for the list A in [2, (3.13)(c)].

Let TI(M; L) be the set of formulas provable in [M; L] by using only
the rules of inference (a),(b),(c),(d) from [2, (3.13)].

Definition 2.2. Let [M; L] be a formal mathematical system.
(a) [M; L] is called contradictory if F' € II(M; L) for every formula
F in [M; L], otherwise we say that [M; L] is consistent.
(b) [M; L] is called a Henkin system if for every variable z € X
and for every formula F' in [M; L] with free(F') C {z} there is
a constant ¢ € £ such that — JoF F< € II(M; L) . We obtain
T
from [2, (3.19)] that the latter condition may be replaced with
& JxFFS € TI(M; L).
x
(c) [M; L] is called complete if
F¢ll(M; L)< -~Fell(M; L)

for every closed formula F' in [M; L].
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Definition 2.3. Given are two formal mathematical systems [M; L]
and [M'; L'] with M = [A; P; B] and M’ = [A; P'; B'].
(a) We say that [M'; £'] is an extension of [M; L] if
ACA, PCP, L£LCL and II(M;L)CII(M;L).
(b) Let [M’; L'] be an extension of [M; L]. If we have in addition
FellM; L) = Fell(M;L)

for all formulas F'in [M; L], then [M'; L'] is called a conservative
extension of [M; L].

3. MODELS OF FORMAL MATHEMATICAL SYSTEMS

Let [M; L] be a formal mathematical system with M = [A; P; B].
A model D of [M; L] consists of the following ingredients:

(1) We have a nonempty set D,, also called the universe of the
model. The members d € D, are called the individuals of the
universe.

(2) For each individual d € D, we have exactly one name a4 and
the set of names N' = {ay : d € D, }. It is understood that
different individuals have different names and that the names
in A are different from the symbols in [M; L].

(3) Put A= AUN, M = [A; P; B] and

L= {/\ﬂ/{—m cANEL 1,y € X,
L1 Tm
K1y ooy B €N, m >0}

There results an extended mathematical system [M , ﬁ] Let L,
be the set of all lists A € £ without variables, i.e. we have
var(\) = 0.
(4) We have a surjective function D : £, — D, with
D ( )ﬁ) =D ( )\%)

T T

for all u € L., for all variables 2 € X and for all A € £ with
var(A) C {z}.



(5) To each predicate symbol p € P and eachn € Ny = {0,1,2,3,...}
we assign an n-ary predicate p, C D?. Especially for n = 0 we
either have a truth value po = T or pyp = L.

(6) We have an extension of the function D, which assigns a truth
value to each closed formula of [M, £]. This extension is also
denoted by D and is given by

6.1 D(~ A p) =T < D(A) = D(p) for all A,y € L,

6.2 D(p) =poe{T,L}forallpe P, D(pA,....\,) =T &
(D(M\1),....,D(\,)) € p, for all n € N = {1,2,3,...} and
all i, ..., \p € L,.

6.3 We have for all closed formulas F, G € [M, L]:
D(-F)=T & D(F)=1,

D(— FG)=T < (D(F) = D(G)),
D(«» FG) =T « (D(F) < D(G)),
D& FG) =T < (D(F) and D(G)),
D(VFG)=T < (D(F) or D(Q)).

~ A

6.4 We have for all x € X and all formulas F' € [M, L] with
free(F) C {z}:
A .
DWeF)=T < (D (F—) — Tforall Ae 5*) ,
T

T
(7) Let F be a formula in [M, L] with free(F) = {21,...,2m},
T1,..., T, € X and m > 0. We say that F' is valid in D iff

AA .
D (F—l —’”> — T for all Ai,..., A\, € L,. Note that this

T T
simply means D (Vz; ...Vz,, F)=T.

(8) We require that every formula F' € B is valid in D. Then we
say that D is a model for [M; L].

A A
DEzF)=T & ( there exists A € £, with D (F—) = T) :

Remark 3.1. (a) We say that an extended mapping D which satis-
fies only Conditions (1)-(7) is a structure for the formal mathematical
system [M; L]. Finally, Condition (8) makes it a model for [M; L].

(b) We use a Hilbert-style calculus for our formal mathematical sys-
tems. Hence we can use the substitution rule (c¢) and open formulas

with free variables in our axioms.
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Let F be a formula in [M;£] and 2 € X. Then F e II(M; L) iff
Vo F e TI(M; L) from [2, (3.11)(a),(3.13)(b)(d)]. This matches well

with Condition (7) in our definition of the models.

Definition 3.2. Degree of a formula
For all formulas F', G of a formal mathematical system [M; L] we define
their degree deg(F'), deg(G) as follows:

e If /' is a prime formula then deg(F) =0,

o deg(—F) =deg(F)+1,

o deg(JFG) = max(deg(F'),deg(G)) + 1 for J € {—,V. &, <},
o deg(VaF) = deg(3xF) = deg(F) + 1 for any x € X .

Lemma 3.3. Let D be a structure for [M; L]. Then we have:
(a) d =D (ay) for all d € D,.
(b) For z € X and every formula H in [M, L] with free(H) C {x}
and for all p € L. we have
D (HE) =D (H=22) .
T

xz

Proof. (a) We obtain from Condition (4) with A = 2 € X that
D) =D (+2) =D (+22) = D (ap(,)

T x
for all u € /j* Note that D : ﬁ* — D, is surjective. Hence for each

d € D, we have u € ﬁ* with
d=D(p) =D (apy) = D).

(b) We employ induction with respect to the degree of the formulas:
For all A\, v € £ with var(\) C {z}, var(v) C {z} and for all u € L, we

have
p(\) = p (A22W)  p(LH) = p (22w
C e o). np)-n()
D (SbF(~ A, v;p;)) =D (N A%, Vg) =T &
p(#)-p(4) o () (o)

D (~ AZ2, 22U — D (SDF(~ A, v; apgu;a) = T
x s



We obtain for p € P that

D (SbF(p; ;) = D (p) = D (SbF(p; ap(uy; @) € {T, L},
and if A1, ..., \, € £ with var(\;) C{z} forall j=1,...,n

D(SBF(p i, hipia)) =D (phl o AE) =T o

P(L) n () en =

(D(Al%) ,...,D()\n x(“ )) cpn o

D (SbF(p)\l,...,)\n;ozD(u);x ) =

We have proven the statement from Lemma 3.3(b) for all formulas H
of degree zero, i.e. for all prime formulas.

Suppose that for some n € N we have already proven the statement
of Lemma 3.3(b) for all formulas H in [M, £] with deg(H) < n and
free(H) C {z}. We define the propositional functions

L AT, L= {T, L} and I1, L, I Oy« {T, L} — {T, L}
with
[-(§) = (not§),
IL(&,6) = (& = &), Hu(,&)=(G e &),
Mg (61,&2) = (&1 and &), Iy (&,8) = (& or &) .
We suppose that F, G are formulas in [M,£] with free(F) C {z},
free(G) C {z} and deg(F) < n, deg(G) < n. Then we obtain for all
e Ly
D (SbF(=F; p;2)) = D (=SbF(F; py ) =
I1. (D (SbF(F; p;2))) =11, (D (SbF(F; apg; x))) =
D (=SbF(F; ap(u); 7)) = D (SbF(=F; ap; ) € {T, L},
and for J € {—; <; &; V}:
D (SbF(J F G; u; x)) = D (J SHF(F; p; ) SbF(G; s ) =
1, (D (SHF(F; ;1)) , D (SHF(G i 7)) =
I1; (D (SbF(F; apuy; @), SOF(G; apuy; x))) =
D (J SbF(F; apy, )SbF (Gs apy;x)) = D (SHF(J F G; apy; x)) -



8 MATTHIAS KUNIK

We finally suppose that H is a formula in [M,ﬁ] with deg(H) < n,
z,y € X and free(Qy H) C {z}, Q € {V;3} and p € L..
Case 1: free(Qy H) = 0. Then

SbF(Qy H; p;x) = Qy H = SbF(Qy H; ap(u; x) -
Case 2: free(Qy H) = {x} . Then z # y, and we have
D(SbE(Yy H; p;2)) = D (vyﬂﬁ) =T &
T
D(Hﬁé> —T forallxel, &
Ty

D(HM> —T forallAel, <
yl’

D( éO‘”‘”):T forall A€ £, <

y X

D(H%3>:T forall A€ £, <
vy

D (vy H@) T &
D (SbF (VyH; (ID(#);.Z'>) =T.
We proceed in the same way in order to prove that
D(SbF (Jy H; p;x)) =D (SbF (HyH; ozp(u);x)) .
O

Remark 3.4. Here we consider a special kind of structures for formal
mathematical systems, but one that is mainly considered in model
theory:

To each constant or function symbol a € A we assign a fixed arity
n € Ny. For n = 0 we say that a is a constant symbol, and for n > 1
we say that a is an n-ary function symbol. Then L consists only on

terms which are generated by the following rules.

1. We have x € L for all variables x € X = {x1, X2, X3, ... }.

2. We have a € L for all constant symbols a € A.

3. Let n > 0 and let f be an n-ary function symbol in A.
Then f(A1...\,) € L for all terms Ay,..., A\, € L.
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To obtain a structure D for [M; L] we are following the textbook of
Shoenfield [6, Section 2.5].

Given is a nonempty set D,. Its members are called individuals. By
induction with respect to the terms we shall now define an individual

D(t) for each variable-free term ¢ as follows:

i) Each individual d € D, has its own name ay. Let A be the set
of all these names. We suppose that the symbols in [M; L] are
different from the symbols in A and that d; = dy & oy, = ag,
for all dy,dy € D,. Define [M; L] and L, as in Condition (3).

ii) To each constant symbol a € £, we assign a value D(a) € D,
with d = D(ay) for all d € D,. To each n-ary function symbol f
we assign an n-ary function fp : D} +— D,. Let t1,...,1, € L.
be variable-free terms and let D(t1),...,D(t,) € D, be defined
previously. Then we put D(f(t1...t,)) = fpo(D(t1),...,D(t,)).

The remaining steps of the construction are due to Conditions (5)-(7).
Then D is a structure for [M; L], and Shoenfield’s first lemma in [6,
Section 2.5] is just a variant of our Lemma 3.3.

Lemma 3.5. Let D be a model for [M;L]. Using the notation from
Condition (8) we obtain for every formula F in [M,L]:

F e(M,L) = F is valid in D .
Here TI(M, L) denotes the set of provable formulas in [M, L)].

Proof. For any proof [A] in [M, £] and any step F' of [A] we have to show
that F'is valid in D. This is true for [A] = []|. Let [A] = [F1;...; F]] bea
proof in [M, ﬁ] with the steps F1, ..., F;. We assume that Iy, ..., I are
valid in D and use induction with respect to the rules of inference (a)-
(d). We put gen(G) = Va; ... Va;G for every formula G in [M; £] with
free(G) = {#1,...,x;} and distinct variables z1,...,z; € X, ordered
according to their first occurrence in G.

Rule (a). We have to show that every axiom F of [M, £] is valid in
D. Then the extended proof [A.] = [A; F] will also satisfy the required

property.



10 MATTHIAS KUNIK

Basis axioms. The formal systems [M, £] and [M, £] both have the
same basis axioms. Since D is a model of [M, L], we conclude that
every basis axiom F of [M, £] is valid in D.

Azioms of the propositional calculus. Let o = a(&y,...,§;) be a
generally valid propositional function of the propositional variables
&, ..., & according to [2, (3.8)]. Let Fi,..., F; be formulas in [M, £].
Then F' = «(F,. .., F}) is an axiom of the propositional calculus in
[M, £]. Assume that free(Fy) C {z1,..., 2} forall k =1,...,j. We

use the definition of the function ¢ from [2, (3.8)], choose A1, ..., Ay €

. — A Am
L, and obtain for ¢(§;) = D (sz—l e —
1

o
Fﬁ...ﬁza(Flﬁ...ﬁ,...,Fjﬁ...A—m) =
xTq T X1 Tm T T,
AMA —
D(F—l...—m> —Pla)=T.
T T,

We see that F' is valid in D.

Azioms of equality. Let F' be an axiom of equality from [2, (3.10)]

in [M, £]. Due to Lemma 3.3 it is sufficient for the evaluation of D if
we replace all free variables in F' by names.
(a) For FF =~ 2,2 and d € D, we have D(ay) = d, D(~ ag,aq) = T .
(b) For FF =— SbF(~ A\, u;x;y) =~ x,y ~ A\, p with x;y € X and
\, 1 € £ we may assume that = # y. Otherwise F is an axiom of the
propositional calculus. After having replaced all free variables other
than = and y by names we may also assume that free(A) C {z,y} and
free(n) C {z,y}. For d,d" € D, we obtain

g Agr
D|F— =
Ty
€T Qg Qg Agr (%] Ozd/)

e
D(—>~>\——d,,u———>~ozd,ozd/~>\— , 1
yr yx ry ry

For d # d" we have D (~ ag,ay) = L and D (Fo‘d %) =T.
Otherwise we have d = d’ and
T Qg T Qg Qg g g Oy )\Oéd/ gt Qqr O

~ )\——’ —_— = )\——’ —_—— = _—

yx'tyx oyt xy vy ey
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We see again D (F%%) =T.

(c) Here we consider the axiom of equality
F=—=~x,01... 52~ Tn,Yp = DT, ToDY1,-- - Un

withpe P,n>1and xy,...,2,,y1,...,yn € X. Let F, result from
F' if we replace all (free) variables in F' with names. Then D (F,) = T

for

Fo=—=~ AN o=~ AN = oA, AN N

mns n

whenever \; # A, for two names A;, \;. Otherwise \; = X, for all
j=1,...,n, and also in this case D (F,) = T.
Quantifier azioms. (a) Let free(VaF') = {z1,...,z,}. We put
H =— VzF F and note that = ¢ {z1,...,2,,}. Wesee T = D(gen(H))
iff
T = D(SHF(H; j1;2)) = D(— Vo F SHF(F; j; x))
for all p, A\, ... A\ eL.,, usingﬁ’:F;—i...i—: and

A=H2 . 2m e P
as abbreviations.
Now T = D(VzF) implies indeed T = D(SbF(F; ; x)) for all
A, - A € L, independent of z € free(F) or ¢ free(F).
(b) Suppose that € X, that F, G are formulas in [M; £] and that
x & free(F), free(Vx — FG) = free(— FV2G) = {x1;...;2,}. We
put

H=—VYr— FG — FVaG,

fix arbitrary lists A\,...\,, € L. and make use of the abbreviations
F:Fi—ii—z andé:Gi—i...i—Z. We have
. YD . L
H=H—...— ==V — FG — V2@
T Tm

with free(H) = (). In order to show T = D(H) we assume
T = D(Vx — FG) and note that z ¢ free(£). Then

T =Dz — FQ) iff T = D(— FSbF(G; \;z))
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for all A € £,. Hence T = D(F) implies T = D(SbF(G; \; z)) for all
A e L, ie. T = D(F) implies T = D(Vz@G), and we have shown
T =D(— FVYzG) and T = D(H).

(¢) Let the formula H =+ —Vaz—F 3zF in [M; L] be a quantifier
axiom according to [2, (3.11)(c)] with free(H) = {z1,...,2,}. We
note that = ¢ free(H) and that free(F') C {z, 1, ...,z }. We prescribe
A,y A € L. and put

ForM Mmog e FF
T Tm
Then we have ﬁ:Hﬁ)\—m and
T Tm

Xz

N A )
D(FzF)=T < (there exists A € L, with D(F—) = T> &
: A . = A
(there exists A € L, with D(=F—) = J_) &
x

A ~ )\
(not for all A € £, we have D(—F—) = T) &
T

D(~Vz—F)=T.

We conclude that D(H) = T and see that H is valid in D.
Rule (b). Suppose that F' and H =— F'G are both steps of the proof
[A] = [Fy;...; )] with free(— FG) = {z1,...,xm}.
Then T = D(gen(F')) and T = D(gen(H)) from our induction hy-
pothesis. Fix i, ... \m € L, andputF:F%...i—z, é:Gi—i...’\—m.

For o
H=pg M RG
T1 Ty
we have no free variables in F, G, H.

Now T = D(F), T =D(H) and T = D(G). Note that substitutions
of variables in {x1,...,x,,} not occurring in F' or G are allowed, be-
cause they do not have any effect. We obtain that the extended proof
[A.] = [A; G] also satisfies our statement.

Rule (¢). Let x € X and suppose that F is a step of the proof
[A] = [Fy;...; F)]. Let A € £ and suppose that there holds the condition

CF(F; \;z). Note that T = D(gen(F')) from our induction hypothesis.
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Without loss of generality we may assume that = € free(F'), with

free(F) = {z,z1,...,x,} and distinct variables x, 1, ...z, € X, and
we put
AN A A
OF)={F——...— D \o,A\1,.... €L, }.
( ) { T 7 . 0y N1, 9 }

We write var(A) = {y1,...,yr} and A = Xy1, ..., yx) -
From z € free(F') and CF(F; \; x) we see that
A
var(A) C free (F—) :

X

Hence we can write free(F2) = {yi,...,y,} with n > k distinct vari-

x

ables y1,...,y, € X and define the new set

A\ . )
O(FNa)= (P2 e LY
T Yn

Again from CF(F; \;x) we conclude that

A, - .
@(F;A;x):{FMﬂ...ﬁ : ul,...,,LLnE/:*},

xr n Yn
hence ®(F; \;z) C ®(F), and we obtain from our induction hypothesis
T = D(gen(F)) that T = D(gen(F2)).
Now the extended proof [A,] = [A; F2] satisfies our statement.
Rule (d). Let F' be a step of the proof [A] = [Fy;...; Fj]. Then F is
valid in D due to our induction hypothesis, and Condition (7) gives

D(gen(F)) = D(gen(Vz F)) =T

for any variable x € X, i.e. Vz F'is also valid in D. Now the extended
proof [A.] = [A;Vx F| satisfies our statement. O

Corollary 3.6. If the formal mathematical system [M; L] has a model

D, then it is consistent.

Proof. We assume the contrary and choose x € X. Then dx— ~ z,x
is provable in [M; L] and hence in its extension [M; £]. We see from
Lemma 3.5 that 32— ~ ,x is valid in D. Since we have £, # ), we
have A € £, with D(—~ ~ A\ A) = T, ie. D(~ A\ A) = L. We obtain
the contradiction D(\) # D(A). O
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For our new definition of a model we also obtain the following com-
pleteness theorem:

Theorem 3.7. The formal mathematical system [M; L] is consistent

if and only if it has a model.

Up to now the proof of this theorem is only available in handwritten
notes. Based on the algebraic properties of the substitution, it makes
use of Zorn’s lemma and the construction of certain Henkin-extensions.
In this paper we will not make use of Theorem 3.7 and hence omit its
proof. But we also need Henkin-extensions of [M; £] and will introduce
these in Section 4.

4. THE DOWNWARD LOWENHEIM-SKOLEM THEOREM

Throughout the whole section let [M; L] with M = [A; P; B] be a
countable formal mathematical system, i.e. we assume that the sets A
and P of symbols are countable. Here we say that a set is countable if
its either finite or countably infinite.

In the sequel we will assume that D is a given model for [M; L].

Using the notation from Condition (3) for this model we put A” = A,
B" ={G : G is a formula in [M; £] which is valid in D }.

Theorem 4.1. The formal system [M"; L"] with M" = [A"; P; B"| and

L" = L is a complete Henkin system, i.e. we have

(a) Forx € X and every formula F in [M"; L"] with free(F') C {x}

we have a constant symbol k € L = ﬁ* such that
& JoF Fg e T(M"; L")
(b) For every formula G in [M"; L"] with free(G) = 0 we have
G ¢ I(M"; L") & -G e I(M"; L") .

Proof. (a) We know that 3z F', F'% and — JzF F'* are closed formulas
in [M; L] for each constant k € L,. If D(3zF) = T, then we have
A € L, with D(F2) = T. Wesece from Lemma 3.3(b) with the constant
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symbol k = apny € N C L. that

D(F%) :D<Fg> =T.

We obtain D (—> dzF FE> = T in this case. Otherwise we have
D (3zF) = L. From D*x# () we can find a name k € N and see
again D (—> JzF Fg) = T. We obtain from the definition of B” that
— JxF Fg e I(M"; L£"). From [2, (3.19) Proposition] we also have
- Fg TP e I(M"; L"),

(b) Let G be a formula in [M; £] with free(G) = 0. For D(G) = T
we have G € II(M"; L") from the definition of B”. If D(G) = L,
then D(-G) = T and -G € II(M";L"). Hence G € II(M"; L") or
-G e I[I(M"; L"). Next we have to show that [M"; L£"] is consistent. If
not then =Vx ~ z,z is provable in [M"; L"] for some z € X. We put
gen(F) =V ...Va;F for every formula F in [M"; L"] with free(F') =
{z1,...,2;} and distinct variables z1,...,2; € X, ordered according
to their first occurrence in F. From the Deduction Theorem [2, (4.3)]

we obtain finitely many formulas F7, ..., Fj, € B” such that
— gen(Fy) ... — gen(Fy,) Vo ~x,z € II(M; L).

Note that the closed formulas gen(F}), ..., gen(Fy) are valid in D. We
obtain D(gen(Fy)) = ... = D(gen(F})) = T. It follows from Lemma
3.5 that D (— gen(F})... — gen(Fy) -V ~x,z) = T, and we have
the contradiction D (=Vx ~ z,z) =T, ie.

DNz ~x,x) = L. O

Now we extend [M; L] in a different way, starting from the following
construction of Henkin-constants:

Initial step: Recall that M = [A; P; B]. Put A®) = A, £O) =
M©® = M. Let x € X and assume that F is a formula in [M(©; £O)]
with free(F) C {z}. To this pair we choose exactly one new constant
w3zr. We call it a Henkin constant of rank 1.

We put HY = {¢ : ¢is a Henkin constant of rank 1},
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AW = A0 O — AUHD | MO = [AD; P; B,
LW = {)\ﬁc—m cxe L0 g x, € X,
a1 Tm

ClysCm € HY  m > 0}.

Inductive step: Let n > 2 be a natural number. Assume that for
all j € {1,...,n — 1} we have already defined the formal mathema-
tical systems [M): £0)] and the set H9) of Henkin constants of rank
j. Let € X and 32F be a closed formula in [M®~Y; £=1] such
that at least one Henkin constant of rank n — 1 occurs in F. Then
we form the new Henkin constant ws,r of rank n. By H™ we denote
the set of all these Henkin constants of rank n. We use the notation
M) = [AV); P;B] for j =1,...,n — 1 and put A™ = AC=D yHM),
assuming that A=Y AH™ =, M™ = [A™; P; B] and

£ = {)\C—lc—m cxe L0V gL a, € X,
1 ITm
ClyoyCm € H™  m >0},

We define A = U AW pleo) — U L™ with the increasing chains
n=0 n=0
(41) A=A c AW cA@ c . ,L=LOcWcL®c.. . .

With M) = [A(>); P; B] we obtain a formal mathematical system
[M(®°); £{>°)] which results from [M; £] by adding all Henkin constants
to [M; L].

Recall that [M; £] is countable. Then [M(); £(>)] is countable too.
We summarize and keep in mind:

For z € X and every formula F of [M(); £(>)] with free(F) C {z}
we obtain a one-to-one correspondence between the pair (z; F') and its

Henkin constant wa,r.

The set of all Henkin constants is given by H = U H™®) . Here we
k=1
define a certain function ¢ : H — N’ with a countable subset N' C N

of the set N of all names corresponding to the universe D,. Recall
that a set is countable if it is either finite or countably infinite. We
also extend the application of the function ¢ to all formulas of the

countable formal mathematical system [M(>); £(>)]. Corresponding
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with the inductive construction of the Henkin extensions [M ™); £()] for
n € Ny we define a sequence ([M OF ﬁ(")])neNO of countable subsystems
of [M"; L"]:

Initial step: Let A© = A and note that £, = {\ € £ : var(\) =0}
and A are countable. We put

O — [A0; p; 3O yith
BY = {G : G is a formula of [M; £] which is valid in D} and

LO=r.

We define ¢)(F) = F for every formula F of [M©);£O] = [M; L]
from the initial step of the Henkin extensions. Note that [M”; L"] in
Theorem 4.1 is an extension of [M©); £)],

Inductive step:

e Suppose that for a given natural number n € N and for every
j € {0,...,n — 1} we have already given the formal mathe-
matical systems [M©); £D] with M) = [AD); P; BW] and that
[M”: £"] in Theorem 4.1 is an extension of [M@W; L] for all
je{0,....,n—1}.

e Suppose that the formula ¢(F) of [M®~D; £=1] is already
defined for every formula F of [M"=1; £(=1)],

e Suppose that 1(c) is already defined for all Henkin constants ¢
of rank < n.

Now let w3, be a Henkin constant of rank n. Due to Theorem 4.1
and Lemma 3.3 we can choose for each such formula JzF' exactly one
individual d € D, with

& Jep(F)o(F) = € (M3 L),

and we put ¢ (wa,r) = ag. Now ¢(c) € N is defined for all Henkin
constants ¢ of rank < n. Next we have to extend the definition of
Y(F) to every formula F of [M™); £™] which contains at least one
Henkin constant of rank n as a sublist: Let ¢;,...,¢; with j > 1 be
the complete list of distinct Henkin constants of rank n in F', ordered
according to their first occurrence in F', and let zy,...,z; € X be

new distinct variables with z4,...,2; ¢ var(F'). Let the formula G of
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M®=1, £=D] result from F if we replace ¢, ..., c; everywhere in F
j
by x1,...,x;, respectively. Then we put
c C; U(c Y(c;
w(F):z/;<G—1...—]) (o) Y | va)
T xZ; T X

Let A™ = {4(c) : ¢is a Henkin constant of rank n } UA™ Y and ex-
tend [M™=1; £=1)] to the new formal mathematical system [M(™); £()]
with M™ = [A™; P; B™)] and

B™ = {4 (@G) : G is a formula of [M™; £™] and 4(G) is valid in D},

L0 = (N Em o N e 20D gy, € X,
Il xm

Hl,...,HmEA(n)\A, m > 0}.

Recall that NN A = 0. Now ¢(c) € N is defined for all Henkin
constants ¢ of rank < n, and we see that the formal system [M); £0V]
is an extension of the formal systems [M (j);ﬁ(j)] with index j < n.
Finally, the formal system [M"; £"] is an extension of [M™); L],

This concludes the inductive definition of ¥ (¢) € N for all Henkin
constants ¢ as well as the definition of the formal systems [M ); £(")] for
all n € Ny. For all n € N and for every formula F of [M"=1; £(=1)]
we obtain a well defined formula ¢(F) of [M®~D; £=D] and if in
addition free(F') C {x}, then

" (H JuF Fg) = o3 w(F)zp(F)@

w<H EI:(;FFE) EB("), if ¢ = w3, has rank <n.
x

with
(4.2)

Now we can define the following countable sets:

o0

A=[JA", N'=A\ACN,
(4.3) "o .
B’:UB(”), E’:U/f(").
n=0 n=0

There results a formal mathematical system [M’; £'] with M’ = [A'; P; B'|
which extends the original system [M; £]. It follows from our inductive

construction that ¢ : H — N’ is surjective, and its extension assigns to
each formula F of [M(*); £()] a well-defined formula v (F) of [M'; L'].
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Theorem 4.2. Downward Lowenheim-Skolem Theorem

(a) [M'; L'] is a complete countable Henkin system, and it extends
the original countable system [M; L].
(b) The complete Henkin system [M"; L"] is a conservative exten-
sion of [M'; L'].
(¢c) For the model D of [M; L] we use the notations and Conditions
(1)-(8) listed in Section 3.
1. We form the countable subset

Dy, ={deD, : aye N} C D,

and note that L. C L = L,.
2. We define the restriction Dy : L, — Dy. of D to L, by
Do(A) =D(N) for all X € L.
3. We put py = po and p;, = p, N Dy, for all n > 1 with
the predicates py and p, from Condition (5) in Section 3.
We use the predicates p., for alln > 0 to extend Dy to all
closed formulas F of [M'; L] by Do(F) = D(F).
Then Dy is a well defined countable model of [M; L], and the
models D and Dy are elementarily equivalent for [M; L]. Here
the names of Dy are the members of the countable set N”, where
ag € N7 denotes the same individual d € Dy, in both models.

Proof. (a) We have A=A B C B© £ = £ and hence
II(M; L) CTI(M©; £O)
It follows from the inductive definition of [M’; L] that
AW C A0 ¢ g1 B0 C Bt ¢ g fln) ¢ flnk) ¢ g

and hence ITI(M®™; L) C II(M®+D; L+D) for all n € Ny. We see
that [M’; L'] is a countable extension of [M; L]. Due to the definition
of B" we have ' € B' = F' € TI(M"; L"). We see that [M";L"] is a
consistent extension of [M’; L], see Theorem 4.1(b). Hence [M’; L'] is
consistent too.

Let F’ be a formula of [M'; £'] with free(F’) C {z}, x € X. For
the complete list of names ky,...,k; € N’ occurring in F’ we can

choose Henkin constants ci,...,¢; (including j = 0) with ¢(¢;) = &,
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l=1,...,j, and we obtain a formula F' from F’ if we replace k1, ..., K;
everywhere in F’ by ¢4, ..., ¢;, respectively. For j = 0 we put n = 0,
for j > 1 let n be the maximal rank of the Henkin constants ¢y, ..., c;.

Then F is a formula of [M™); £™] with F" = ¢(F) and free(F) C {z}.
It follows from (4.2) that

o o prPWar) g
X

with ¢ (w3,r) € N, and [M’; L'] is a consistent Henkin system.

Let G’ be a formula of [M'; £'] with free(G') = (. Then we can
find n € Ny and a formula G in [M™; £M™] with G’ = (G) and
free(G) = 0. Recall that G’ is also a formula of [M"; L] as well as in
[M;L). If D(G') = T, then G’ € B™ C B, hence G' € TI(M"; L).
Otherwise D(=G') = T and =G’ € B™ C B, hence =G’ € TI(M"; L').
We see that [M’; L] is a complete Henkin system.

(b) Let G’ be a formula of [M’; L] which is provable in [M"; £"] and
let G be a formula of [M©); £®)] with G’ = ¥(G). Then we have

variables z1,...,z; € X with
free(G') = free(G) = {x1,...,x;}.

Assume that G' ¢ II(M';L'). Then Vz,...Vz,;G" € II(M"; L"), but
Vay ... Vo;G" ¢ TI(M'; L'). We obtain D(Vz; ...Vx;G') = T from the
definition of B”, and hence

Vy...Va;G" € B’ from the definition of B’, which contradicts our
assumption. We have shown (b).

(c) First we have to show that the restriction D|.; of the function
D : L] — D, to L] is a surjective function Dy : L, — Dy, , ie.
that the range of D|., is Dy.: We prescribe pf € L, choose z € X
and put F' = Jx ~ p/;x. Then F’ is a closed formula of [M'; L],
and we can find a corresponding closed formula F' = dz ~ p,x of
[M©); £69)] with p € £ and F' = ¢(F). We put ¢ = wa,,., and
have 1(c) = ag € N for some d € Dy, which is uniquely determined
from ¢ via the surjective function v : H — N’. We have defined the
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function 1 in such a way that we obtain from (4.2):

D (63 3z~ v~ pl () = T
We use D (Jz ~ p/,x) = T and see that

D(~p0(e)) =D(~paa) = T,
ie. Dy(p') = D(i') = D(ag) = d € Dy,. On the other hand we
have Dy (og) = D (o) = d for any given d € Dy ,. Hence the range of
D|,; is given by Dy .. Now Dy : L, — Dy, with Dy (1) = D (i) is a

well-defined surjective function, and we have

oo (v5) -2 (%)
T T
- D (XM) — D, <>\/m>

x T
for all X € £ with var(\) C {z} and for all i/ € L. from the corres-

ponding property of the model D. We have added the constant symbols
in the set A of names to [M; £] and obtained the formal mathematical
system
[M; £] = [[A"; P; B]; L"].
In the same way we obtain the formal mathematical subsystem
[A%; Py BJ; LT,

if we only add the names from the subset N/ C N to [M;L]. This
subsystem plays the same role for the desired submodel Dy as [M ; ﬁ]
plays for the model D of [M; L], see Condition (3) in Section 3. Recall
that Dy (ag) = D (o) = d for any given d € Dy .. Hence we use the
same names for the same individuals in our subsystem, and we have
proved that Dy satisfies Conditions (1)-(4) in Section 3 required for a
model of [M; L]. We are checking the remaining Conditions (5)-(8):

(5) We have already defined pj = po and p, = p, N Dy, for alln € N
and use them first for the interpretation of prime formulas of [M'; £’].
Note that the formulas of [M'; £'] and [[A’; P; B]; L] are the same.

(6) We have defined Dy(F") = D(F") for every closed formula F’ of
[M"; L']. Since Dy(N') = D(N) € Dy, for all X € L], we see that for
all N/ Ny, ... N, € L withn e N:

6.1 Do(~ N, pt) = D(~ N, 1) =T & Do(X) = Do(1) € Doy-
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6.2 For all p € P we have D(p) = Dy(p) =po € {T, L} and
Do(pAj,...,. X)) =T < DpN,...,.\)=T<&

(D)., DX,) € pu
(Do(A), - -, Do(A,)) € p N DG, = P, -

6.3 Let F', G’ be closed formulas of [M', £']. Then
Do(—F)=T < D-F)=T<DF')=1LeDy(F)= L,
Do(— F'GY=T D= FG)=T<
(D(F') = D(G")) & (Dy(F) = D))
and similarly for <», & and V.

6.4 For x € X and every formula H' of [M'; £L']| with free(H’) C {x}
we can find a formula H of [M(); £®)] with H' = (H), and
we have again free(H) C {z}. By n € N we denote the rank
of wa, i, and we put £y = Y(wz.p) € N'. Tt follows from (4.2)
with /' = H and ¢ = w3,y that

Dy (H S H H’“—+) —D <H A H H’ﬁ) T,
e xXr
hence
Do(Fx H') = D3 H') = DIH'™E) = Do(H'™0) € (T, 1),
s s
similarly for k_ = ¢ (w3,—p) € N”:
K_
N _g'h=
D(HxﬂH)—D( '™ ) e (T, 1},
and finally
Dy (Vo H') = D, (H/”—‘) e {T,1}.
xr

We conclude that it is equivalent for the evaluation of the closed
formulas QxH' of [M'; L] with @ € {3, V} to interpret them by
using the names either in A’ or in A, which is in accordance
with part (b) of this theorem.
(7) Let F' be a formula of [M’; L] with free(F') = {z1,...,zn},
T1,. .., L, € X and m > 0. We say that F’ is valid in Dy iff
D, (F)\—)\—m> —T
T1 Ty
forall X,,...,\. € L,. Thisis a definition for the formulation of Condi-
tion (8), and it is equivalent with Dq (Vay ...V, F') = T . But we note
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that F' € II(M'; L") ift Vo F' € II(M'; £') from [2, (3.11)(a),(3.13)(b)(d)].
Therefore Condition (7) is in accordance with Lemma 3.5.

(8) Let F' € B/, free(F') = {x1,..., 2y} with m > 0. Then we have
F' € B™ for some n > 0, and F’ is valid in D. We obtain

Do (Va1 .. Vo, F') =D Nay .. Ne, F') =T,

and from B C B’ we see that Dy is a model for [M; L].

Finally let F' with free(F') = {z1,..., 2} with m > 0 be a formula
of [M; L]. Then F is also a formula of [M’; L], and we obtain from the
definition of Dy that

Dy (Vxy ...V, F) =D (Vay ... Vo, F) € {T,L}.
Hence D and Dy are elementarily equivalent models for [M; L]. O

Remark 4.3. (a) The model Dy in Theorem 4.2 is also called an ele-
mentary countable submodel of D.

(b) Note that D, need not be infinite. In contrast to the strict
inclusions in (4.1) the unions of the sets in (4.3) may terminate for

some index n € N.

5. APPLICATION TO AXIOMATIC SET THEORY

Axiomatic set theory provides some generally accepted rules for deal-
ing with sets, and it intends to lay a foundation of mathematics by
using only the primitive terms “set” and “membership”. More general
mathematical structures are defined using these primitive terms.
Axiomatic set theory should then prove as many relevant theorems
about the general structures as possible. Such a commonly accepted
foundation of mathematics is the Zermelo-Fraenkel set theory ZFC with
the axiom of choice, see Jech [1] and Shoenfield [6, Chapter 9]. ZFC is
only dealing with sets whose members are sets again. A more general
approach to set theory also allows “urelements” as members of sets and
it is studied by Moschovakis [5].

In [4] we have presented a generalization of ZFC, starting with a frag-
ment of axiomatic set theory called RST, for reduced set theory. As in

ZFC we are only dealing with sets whose members are sets again.



24

MATTHIAS KUNIK

A set U is called transitive iff Y C U for all Y € U.
By P[Y] ={V :V C Y} we denote the power set of Y.
Due to [4, Definition 2.1] we say a set U is subset-friendly iff

1.
2.
3.
4.

DeU.

U is transitive.

For all Y € U we have P[Y] € U.

For all Y, Z € U we have a transitive set
VeUwith{Y,Z} CV.

Now we are listing the six principles according to which we are dealing
with sets in RST. For sets A, B, U, V, Y these are given by

P1.

P2.

P3.

P4.

P5.

P6.

Principle of extensionality. If A and B have the same elements,
then A = B.

Subset principle. If F is a property which may depend on pre-
viously given sets, then we can form the subset of A given by
U ={Y : there holds Y € A and Y has property F}.
Especially the empty set () can be obtained from this principle.
Principle of reqularity. If U is not the empty set, then we have
YeUwithUNY = 0.

Principle for pairing of sets. If A and B are given, then we can
find a set U with {A, B} C U. We can combine this with (P2)
to form U = {A, B}.

Principle for subset-friendly sets. If A is given, then we have a
subset-friendly set U with A € U.

Principle of choice. If U has only nonempty and pairwise dis-
joint elements then we can find a set Y with the following prop-

erty: For every member A € U there exists exactly one set V
with Y NA={V}.

The novel feature of (P5) is that it contains the set A as parameter.

Hence we can use it step by step. We will first provide a subset-friendly
set U with A = () € U. Then we can apply (P5) to A = U again, and so
on. The correctness of (P5) is guaranteed by [4, Theorem 2.5]. In this

way we have a sufficiently large set as background available. Within

this set we can perform the set operations listed in [4, Remark 4.11].



25

Then we apply the subset axioms directly instead of the replacement
axioms.

To formulate the axioms (A1)-(A6) in [4, Section 4] corresponding to
(P1)-(P6) we have used the formal language of the predicate calculus.
The language of set theory consists of a set X = {x1, X2, X3, ...}
of variables, the equality sign ~ and a binary predicate symbol € for
membership relation. Using variables x,y € X we start with atomic
formulas ~ x,y and € x,y. Let formulas F, G be constructed pre-
viously. Then we can form step by step the connectives

-F, —FG, &FG, VFG, <+ FG

and the formulas Vz F', 3z F'. Note that [2, Section 3| does not provide
a restriction to binary prime formulas € z,y. But that doesn’t matter
because we could use [3, Section 3.4] to eliminate non-binary prime
formulas with the symbol € from the formal proofs. Therefore, in [4]
we use this restriction on the RST-formulas from the beginning.

In [4, Theorem 5.1] we obtained a hierarchy of transitive models for
RST. The universe of each model is a subset-friendly set /,,, and the
membership relation in each model is the true membership relation be-
tween the individuals in the universe U,,. These are only the simplest
transitive models. All of them have only finite or countably infinite
ordinals. The models for RST from [4, Theorem 5.1] without uncount-
able ordinals violate Zermelo’s well-ordering theorem. Zermelo’s well-
ordering theorem states that for every set A there is a bijective mapping
from a von Neumann ordinal to A.

We mention two reasons for studying RST. The first reason is that
RST admits transitive models which can be extended by adding step by
step appropriate new axioms to RST. Then the former transitive model
just becomes a transitive set and a member of the extended model. In
this way we can extend RST and its transitive models, whenever this is
needed. On the other hand, we have seen in [4] that even the simplest
models of RST are large and rich enough in order to formalize most
parts of classical mathematics. Hence we can also study axiomatic
set theory within the theory of models, using universal sets instead of

proper classes.
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As a second reason, we express the following reservation about the
replacement axioms: Adding the replacement axioms to RST we obtain
an axiomatic system which is equivalent to ZFC. In this system we can
construct the von Neumann hierarchy of sets as follows:

We use the notation @ <  in order to indicate that o and [ are
(von Neumann) ordinals with o € 3, and we put a + 1 = a U {a},
Vi =0 as well as V41 = P[Va], Vs = Ua<5 V., for all ordinals @ and
for all limit ordinals 5. Then for every given set A we have an ordinal
o with A € V,.

Now V,,, with w; = {& : « is a countable ordinal } turns out to be

a model for RST, and we obtain

Theorem 5.1. [4, Theorem 5.6]: We have a countable transitive set
U €'V, such that the true binary membership relation

E={(A,B): Ac Band AcUU and BeU }
makes U a model for RST which is elementarily equivalent to V,, .

To obtain U in Theorem 5.1 we can use Theorem 4.2, Mostowski’s
Collapsing Theorem [1, Theorem 6.15(ii)], the fact that every coun-
table subset of V,,, is already a member of V,,, see [4, Lemma 5.5], and
finally €-Induction from [1, Theorem 6.4].

Both models ¢ and V,,, of RST satisfy exactly the same statements,
expressed in the formal language of set theory. Hence I would like to
see a good reason why the use of uncountable ordinals like w; is not
in conflict with the principle (P3) of regularity: Using (P3) we can
assume in addition that we do not have a transitive model ¢ € U for
RST which is elementarily equivalent to V.

Finally we proclaim a moderate parsimony principle in the choice of
mathematical tools, instead of risky maximality properties for a single

universe of sets.
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