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Chapter 1

Deutsche Zusammenfassung

Zwei- und Mehrphasenstromungen spielen in zahllosen Anwendungen eine wesentliche Rolle, beispiels-
weise in der Luft- und Raumfahrt, in der Verkehrs- und Schiffstechnik, in der Geo- und der Astrophysik
oder auch in der Elektrochemie oder Meteorologie. Sie treten auf in Siede-, Kiihlungs- oder Verbren-
nungsprozessen. Dabei finden i.a. Phaseniibergdnge und chemische Reaktionen statt. Die Modellierung
und Simulation solcher Prozesse ist eine Herausforderung und Gegenstand der aktuellen Forschung.

Figure 1.1: Die Abbildung® zeigt ein System zur Kiihlung, Befeuchtung und Reinigung von Luft. Dabei
wird mittels Druck Wasser in Form von Nebel der Luft zugefiihrt. Der Kiihleffekt entsteht durch die
sofortige Verdunstung des Wassers.

1.1 Klassifizierung von Zweiphasenstromungen

In den Materialwissenschaften, der Thermodynamik und der physikalischen Chemie bezeichnet eine Phase
einen raumlichen Bereich, in welchem die chemische Zusammensetzung und wesentliche physikalische
Eigenschaften wie z.B. die Dichte homogen sind. Das bedeutet, bestimmende Parameter sind inner-
halb gewisser Groflenordnungen etwa konstant. Die wichtigsten Phasen sind die Aggregatzustande
gasformig, flisssig und fest, die sich wesentlich z.B. in ihren Dichten unterscheiden. Auch innerhalb
eines Aggregatzustandes einer chemischen Substanz kénnen verschiedene Phasen auftreten, man denke
an Graphit und Diamant. Eine Phase kann sich aus mehreren Komponenten zusammensetzen, Luft z.B.
besteht hauptséichlich aus den Komponenten Stickstoff und Sauerstoff. Mitunter ist das Abgrenzen von
Phasen und Komponenten schwierig und kann von der Genauigkeit der Betrachtung, also der verwen-
deten Langenskala, abhéngen. In der Literatur ist die Bezeichungsweise teilweise ungenau. Nicht selten
werden die Begriffe nicht unterschieden.

Liegen mindestens zwei Phasen vor, so bildet sich zwischen den Phasen eine Phasengrenze, an der sich
die Materialeigenschaften sprunghaft &ndern. Eine Phasengrenze ist im mathematischen Sinne eine Gren-

Thttps://www.lubing.de/top-klima-system.de
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zflache, an der physikalische Grofien unstetig sein konnen. An dieser finden i.a. Phaseniibergangsprozesse
statt, z.B. Kondensation oder Verdampfung, aber auch chemische Reaktionen.

Eine Klassifizierung von Zweiphasenstromungen kann mit Hilfe der Charakterisierung der Phasen-
grenze erfolgen. Hierbei werden sog. disperse, separierte und Ubergangsstrémungen unterschieden.

Zu den separierten Stromungen gehoren u.a. Jet- und Filmstromungen. Hierbei sind die Phasen klar
voneinander getrennt. Liegt eine disperse Stromung vor, iiberwiegt der Volumenanteil der umgebenden
(Trager)-Phase den Volumenanteil der stromenden Partikel bei weitem. Dagegen ist der Volumenanteil
beider Phasen in sog. Ubergangstromungen von etwa gleicher GroSenordnung.

1.2 Modellierung und Simulation - eine grofle Herausforderung

Sowohl die korrekte mathematische Beschreibung als auch die numerische Behandlung der Phasen und
insbesondere der Phasengrenzen sind zentrale Fragestellungen in der Theorie von Mehrphasenstréomun-
gen. Besondere Schwierigkeiten bereitet die physikalisch korrekte Modellierung der Prozesse an der
Phasengrenze wie Energie- und Massentransfer durch Phaseniibergdnge. In der Literatur finden sich
verschiedene Modellklassen zur Beschreibung von Zwei- und Mehrphasenstromungen, die sich nach ihrer
Behandlung der Phasengrenzen einteilen lassen.

Sind die Phasen wohl separiert und wird die Phasengrenze als freier Rand explizit verfolgt, spricht
man von sog. sharp-interface-Modellen. Die Beschreibung der Prozesse an der Phasengrenze ist dabei
vergleichsweise einfach und erfolgt durch Sprungbedingungen und kinetische Relationen. Sprungbedin-
gungen sind Erhaltungseigenschaften iber die Phasengrenze hinweg und ergeben sich unmittelbar aus
den Erhaltungssétzen fiir Masse, Impuls und Energie in Abhéngigkeit von den zu beriicksichtigenden
physikalischen Effekten. Kinetische Relationen quantifizieren die Phaseniibergénge und sind thermody-
namisch konsistent zu bestimmen.

Sharp-interface-Methoden erfordern besonderen Aufwand fiir die Behandlung der Phasengrenze.
Euler-Methoden wie die level-set-Methode oder die volume-of-fluid-Methode arbeiten auf fixen Gittern.
Hierbei ist die Phasengrenze aufwendig zu rekonstruieren. Dagegen arbeiten Lagrange-Methoden auf sich
mit dem Interface mitbewegenden Gittern. Thre Implementierung ist aufwendig. Ebenfalls aufwendig ist
die Implementierung kombinierter Euler-Lagrange-Methoden, sog. front-tracking-Verfahren.

Die zweite wichtige Modellklasse sind die sog. diffusive-interface-Modelle. Die Phasengrenze ist hier-
bei eine diffusive Zone, d.h. eine Mischung der Phasen. Die numerische Behandlung dieser Modelle ist
teilweise etwas einfacher, da die Losung auf festen Gittern mit einheitlichen Methoden erfolgen kann.

Der wohl prominenteste Vertreter dieser Klasse ist das Baer-Nunziato-Modell, das urspriinglich als
Zwei-Phasen-Modell formuliert wurde. Obwohl dieses Modell bereits von vielen Autoren diskutiert
wurde, ist es nach wie vor Gegenstand der aktuellen Forschung. Aus analytischer und numerischer Sicht
bereitet das Auftreten sog. nicht-konservatier Produkte Schwierigkeiten. Schwache Losungen kénnen
nicht formuliert werden und die Diskretisierung erfordert besondere Sorgfalt. Weitere Herausforderun-
gen sind die Modellierung der Austauschterme und thermodynamisch konsitenter Grenzflachengrofien.

Schlieflich seien an dieser Stelle noch Partikelstromungen erwahnt. Die Berechnung kann mit Hilfe
direkter numerischer Simulation erfolgen, wobei Phasengrenzflichen explizit aufgelost werden. Diese
Berechungen sind aufwendig und werden fiir Stromungen mit bis zu etwa 100 Partikeln durchgefiihrt.
Alternativ kann die Simulation mit Zweifluidmodellen erfolgen, wobei zusétzlich Partikelgroenverteilun-
gen zu berechnen sind. Zusatzlicher Modellierungsaufwand ist fiir die Bestimmung von Austauschtermen
erforderlich.

1.3 Ausblick

Die vorliegende Arbeit gliedert sich in drei Hauptteile und befasst sich mit Aspekten der Modellierung,
analytischen Fragestellungen und der Numerik von Zweiphasenstromungen:

I Modelle mit Grenzflachen
II Diffusive Modelle

IIT Partikelstromungen
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Die drei Teile dieser Arbeit setzen sich zusammen aus verdffentlichten Artikeln und einer zur Veroffentlichung
eingereichten Arbeit. Es wurden keinerlei inhaltliche Anderungen oder Anderungen der Notation vorgenom-
men.

1.3.1 Modelle mit Grenzflachen

Der erste Teil der vorliegenden Arbeit enthélt vor allem analytische Resultate und untersucht Riemann-
Probleme fiir Zweiphasenstromungen, die mit Hilfe der (isothermen) Eulergleichungen beschrieben wer-
den. Dieses System partieller Differentialgleichungen besteht im allgemeinen Fall aus den Bilanzen fiir
Masse (1.3.1), Impuls (1.3.2) und Energie (1.3.3)

Op + 0z (pv) =0 (1.3.1)
i (pv) + 0 (pv* +p) = 0
v? v?
8t(pe+p?) + 0z(p(e + ?)v—kpv) =0 (1.3.3)

und im Falle konstanter Temperatur aus den Gleichungen (1.3.1) und (1.3.2). Geschlossen wird dieses
System durch Zustandsgleichungen

p=p(p,e) bzw.  p=p(p) (1.3.4)

fiir die betrachteten Phasen. Das System wird ergénzt durch eine zusitzliche Gleichung, die kinetische
Relation, die Phaseniiberginge iiber etwaige Phasengrenzen beschreibt.

Riemann-Probleme sind Anfangswertprobleme mit sog. Riemann-Anfangsdaten; dies sind stiickweise
konstante Daten mit genau einer Unstetigkeit. Riemann-Probleme treten in natiirlicher Weise bei der
Diskretisierung partieller Differentialgleichungen auf. Die Kenntnis und Charakterisierung ihrer exakten
Losung ist von besonderer Bedeutung fiir die Konstruktion effizienter Losungsverfahren, sog. Riemann-
Loser.

Ausgangspunkt von Teil I - Kapitel 3 - ist eine gemeinsame Verdffentlichung mit Wolfgang Dreyer
und Gerald Warnecke, [H8|. Diese Publikation ist gleichzeitig Grundlage des DFG-Projektes HA 6471/2-
1, aus welchem unter anderem die in den Kapiteln 4, 5 und 6 vorgestellten Ergebnisse hervorgegangen
sind.

In Kapitel 3 werden isotherme Phaseniibergidnge zwischen fliisssigem Wasser und Wasserdampf unter-
sucht. Der Zusammenhang zwischen Dichte und Druck wird dabei in beiden Phasen als linear angenom-
men. Die gewéhlten Materialparametern sind den Dampftafeln [13] entnommen. Isotherm bedeutet kon-
stante Temperatur bzw. unendlich schneller Warmetransport. Entsprechend werden Phaseniibergéinge
von den Differenzen der jeweiligen Gibbs-Energien angetrieben. Dies ergibt sich unmittelbar aus dem
zweiten Hauptsatz der Thermodynamik. Die Differenz der Gibbs-Energien geht linear in die kinetische
Relation ein. Der gewéhlte Koeffizient, die sog. Mobilitat, stammt aus der klassischen Hertz-Knudsen-
Theorie und basiert auf der Annahme, dass jedes Dampfmolekiil, das auf die Phasengrenze trifft, kon-
densiert, siehe [1].

Fiir die Konstruktion exakter Riemann-Losungen folgen wir der Vorgehensweise in Toro [11]. Die
sich in den einzelnen Phasen ausbreitenden Wellen sind klassisch. Die durchléssige Phasengrenze ist eine
zusétzliche Welle, ein sog. nicht-klassischer Stof. Mathematisch bedeutet das, dass die Bilanzgleichungen
iiber die Phasengrenze hinweg nicht geniigen, die Welle eindeutig zu charakterisieren. Entsprechend ist
eine zusétzliche Bedingung erforderlich, die kinetische Relation, welche den Massentransfer quantifiziert.

In einem ersten Schritt wird die Phasengrenze charakterisiert bzw. die Losung eines nichtlinearen
Gleichungssystems untersucht. Dazu wird mit Hilfe des Satzes iiber implizite Funktionen gezeigt, dass zu
gegebenem Dampfzustand auf einer Seite der Grenzflache der Zustand der fliissigen Phase auf der anderen
Seite eindeutig bestimmt ist und umgekehrt. Geometrisch entspricht dies der eineindeutigen Abbildung
von Zusténden des einen Phasenraumes in den jeweils anderen. In einem weiteren Schritt wird die Lésung
des Riemann-Problems in ein Nullstellenproblem {iberfiihrt, fiir welches wiederum die Eindeutigkeit
der Losung nachzuweisen ist. Dies entspricht der Bestimmung des (eindeutigen) Schnittpunktes sog.
Wellenkurven bzw. ihrer Projektionen.
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Neben dem Nachweis der Eindeutigkeit der Losung des Riemann-Problemes gelingt es, Existenzaus-
sagen anzugeben und Vorhersagen fiir das Vorliegen von Verdampfungs- bzw. Kondensationsprozessen
anhand der Anfangsdaten zu formulieren.

Wird Wasserdampf isotherm komprimiert, so kann Kondensation erzwungen werden (Nukleation).
Umgekehrt kann durch isotherme Expansion von fliissigem Wasser Wasserdampf erzeugt werden (Kav-
itation). Fiir die geschilderten Sachverhalte werden Nukleations- und Kavitationskriterien formuliert,
exakte Losungen zu Riemann-Anfangsdaten konstruiert und Existenz- und Eindeutigkeitsaussagen be-
wiesen.

Im anschlieBenden Kapitel 4 gelingen weitreichende Verallgemeinerungen der Resultate aus [H8]. Die
Resultate entstanden in Zusammenarbeit mit dem Doktoranden Ferdiand Thein, der aus oben genanntem
DFG-Projekt finanziert wurde. Die Ergebnisse aus Kapitel 4 sind zur Verdffentlichung eingereicht und
befinden sich derzeit in Begutachtung, siehe [H17].

Fir die Beweise der Ergebnisse in [H8] waren umfangreiche Abschétzungen erforderlich. Diese be-
nutzen die speziell getroffenen Annahmen, d.h., die Linearitit der Zustandsgleichungen, die Parameter-
bereiche von Wasser und die Annahme {iber die Mobilitét, d.h., die Wahl der kinetischen Relation. Auf
diese Annahmen wird im folgenden verzichtet. Stattdessen werden hinreichende und notwendige Bedin-
gungen fiir die Existenz und Eindeutigkeit des verallgemeinerten Riemann-Problems mit Phaseniibergang
formuliert und nachgewiesen. Ebenfalls gelingt die Konstruktion exakter Losungen fiir den Nukleations-
und den Kavitationsfall und der Beweis analoger Eindeutigkeitsresultate.

Es erfolgt eine kritische Diskussion der formulierten Bedingungen. Tatséchlich stellt sich heraus,
dass sich diese im wesentlichen auf (wenig restriktive) Schranken fiir die dimensionslosen isothermen
Schallgeschwindigkeiten beschranken. Die iibrigen Bedingungen ergeben sich aus den Hauptsatzen der
Thermodynamik bzw. sind auch fiir den einphasigen Fall zu erfiillen, d.h., sind keine zusétzlichen prob-
lemspezifischen Einschrankungen.

Abschlielend werden die formulierten Bedingungen anhand verschiedener Zustandsgleichungen disku-
tiert. Die bewiesenen Resultate sind - nach unserem Kenntnisstand - die allgemeinsten Resultate fiir
diesen Problemtyp.

Eine weitere Verallgemeinerung betrifft die Ausdehnung der Fragestellung auf den nicht-isothermen
Fall, d.h., die entsprechende Fragestellung fiir das System (1.3.1-1.3.3). Erste Ergebnisse dazu werden
in Kapitel 5 bzw. in [H14], einer gemeinsamen Veroffentlichung mit Ferdinand Thein, diskutiert.

Dazu ist zunéchst eine geeignete thermodynamisch konsistene kinetische Relation zu bestimmen.
Ausgangspunkt dafiir sind die Bilanzgleichungen iiber die Phasengrenze sowie die Entropieungleichung
in ihrer allgemeinsten Form. Werden selbstédhnliche Riemann-Lésungen fiir das Euler-System gesucht,
so lésst sich zeigen, dass Phaseniibergéinge von den Differenzen der Entropien der Phasen getrieben wer-
den. Dies hat weitreichende Konsequenzen. Da die Entropie der Dampfphase (in einem physikalisch
sinnvollen Temperatur- und Druckbereich) stets grofier ist als die der fliissigen Phase, besitzt die En-
tropiedifferenz ein festes Vorzeichen. Folglich existieren keine Gleichgewichtszustande und ausschliefSlich
Verdampfungsprozesse konnen abgebildet werden. Eine mogliche Folgerung ist, dass das adiabate Modell
in dieser Formulierung ungeeignet ist, Phaseniibergénge zu beschreiben.

Ein Ausweg ist die Verallgemeinerung der zugrunde liegenden Annahmen, d.h., die Beriicksichtigung
von Warmeleitung oder eine allgemeinere Beschreibung der Phasengrenze. Im zweiten Fall wird angenom-
men, dass das Interface eine zeitlich veranderliche Energie besitzt, die von der Oberflaichenspannung der
Phasengrenze abhéngt. Als Konsequenz kann die Grenzfliche Energie speichern, eine Singularitit bildet
sich heraus und die Selbstahnlichkeit der Lésung geht verloren.

Das letzte Kapitel des ersten Teils - Kapitel 6 - enthilt ein Nicht-Existenzresultat, welches in [H12]
erschienen ist. Wird Wasserdampf komprimiert, so steigt die Dichte der Dampfphase. Man konnte
erwarten, dass durch hinreichend starkes Komprimieren ein Phaseniibergang erzwungen werden kann.
Uberraschenderweise stellt sich heraus, dass es unmdoglich ist, Kondensation von Wasserdampf durch
adiabate Kompression zu erzielen. Dieses Verhalten kann in Experimenten beobachtet werden und ist
bereits im Buch von Landau und Lifshitz [6] erwdhnt worden. Ein mathematischer Nachweis lag bislang
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nicht vor und wird in [H12] geliefert.

Dazu wird in einem ersten Schritt die Dampfphase mit Hilfe der stiffened-gas-Zustandsgleichung
beschrieben. Zu beliebigen Anfangszustéinden werden die Wellenkurven konstruiert. Anschliefend wird
nachgewiesen, dass diese keinen Schnittpunkt mit der Sattigungskurve besitzen, d.h., dass kein Konden-
sationsprozess stattfinden kann.

Natiirlich ist die spezielle Wahl der Zustandsgleichung sehr einschréankend und es ist nicht moglich,
mit einem einzigen beliebigen Parametersatz Wasser im gesamten Temperatur-Druck-Bereich realistisch
zu beschreiben. Deshalb wird in einem weiteren Schritt die offizielle Standardformulierung IAPWS-
IF97 fiir Wasser untersucht. Dies ist der seit 1997 geltende Industriestandard zur Beschreibung von
fliissigem Wasser und Wasserdampf, siehe [13] or [12]. Diese Formulierung besteht aus einem Satz kom-
plizierter Gleichungen fiir die verschiedenen Zustands- und Geltungsbreiche. Obwohl es nahezu unméglich
ist, die IAPWS-IF97 analytisch zu diskutieren, lasst sich zeigen, dass sie sich lokal in einer Umge-
bung der Sattigungslinie einschliefllich ihrer Ableitungen beliebig genau durch geeignete Paramterwahl
mit Hilfe der stiffened-gas-Gleichung approximieren lasst. Damit gelingt der Nachweis obiger Nicht-
Existenzaussage sowohl fiir die IAPWS-IF97 als auch fiir beliebige Zustandsgleichungen, die Wasser
hinreichend gut beschreiben.

Im Anschluss wird der umgekehrte Fall - Kavitation durch Expansion - betrachtet. Hierbei werden
die Félle schwache Kavitation (Erzeugung von sog. Nassdampf) und starke Kavitation (Erzeugung einer
reinen Dampfphase) unterschieden. Mit einer analogen Strategie wird bewiesen, dass durch adiabate
Expansion keine starke Kavitation zu erzwingen ist. Immerhin der Fall schwacher Kavitation ist real-
isierbar, also die Erzeugung von Nassdampf, einer Mischung aus fliisssigem Wasser und Wasserdampf.
Dabei ist der Volumenanteil des Dampfes beschrankt, eine entsprechende Schranke wird angegeben.

Die gewonnenen theoretischen Resultate sind ebenfalls giiltig fiir Zweiphasenmodelle, die auf den
Eulergleichungen basieren, wie z.B. das Baer-Nunziato-Modell. Sie sind in Ubereinstimmung mit nu-
merischen Resultaten in der Literatur, siehe dazu z.B. [H3] oder [3].

1.3.2 Diffusive Modelle

Teil I der vorliegenden Arbeit enthélt iiberwiegend numerische Resultate. Hierbei werden Zwei-Phasen-
stromungen mit Phaseniibergdngen mit Hilfe des Baer-Nunziato-Modelles simuliert. Dieses ist flir den
Zwei-Komponentenfall gegeben durch

day 0o .
W + Vliax =S, (1.3.5)
3(a1p1) 3(041,01111) _
- T 5 =S, (1.3.6)
d(a1prv1) a(alplvf + a1p1) _ day
ot o = Frgg O (3.0
daipr1Er)  O(aa(pi By +pi)vi) day
ot Oz = PiVig, 5 (138)
Iaapz) | Oagpavz)
by n - =9, (1.3.9)
0(aapav9) 8(a2p2v§ + azp2) B day
ot o = —Prgy =S (15:10)
O(aopaFs)  O(aa(p2Ea + p2)va) day
v + o =-—FV; . SpE (1.3.11)

Die Grolen Py und V; beschreiben den Druck an der Phasengrenze bzw. deren Geschwindigkeit und sind
thermodynamisch konsistent zu modellieren. Mit Hilfe der Terme S, S,, Spv und S,g kénnen Massen-,
Impuls- und Energietransfer zwischen den Phasen bzw. Komponenten beschrieben werden. Auch diese
Terme sind geeignet zu modellieren.

Abschnitt 1T beginnt mit Kapitel 7, dessen Inhalt in [H3] publiziert ist. In dieser Arbeit wird das
Baer-Nunziato-Modell in der oben genannten Form erstmals unter Berticksichtigung aller Quellterme S,
Sp, Spv und S, g fiir Flissigkeit-Dampf-Gemische diskutiert. Friihere Arbeiten in der Literatur behan-
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deln entweder das Baer-Nunziato-Modell ohne Beriicksichtigung von Phaseniibergingen oder reduzierte
Varianten, siehe z.B. [10].

Der Fokus der Arbeit beruht dabei auf den Austauschtermen. Massen-, Impuls- und Energietransfer
werden mit Hilfe von Relaxationen fiir die Geschwindigkeiten, die Driicke, die Temperaturen und die
Gibbs-Energien der Phasen realisiert. Der Modellierung liegt die Annahme zugrunde, dass alle Relax-
ationszeiten extrem kurz sind, wobei angenommen wird, dass die Geschwindigkeiten und Driicke schneller
ins Gleichgewicht relaxieren als die Temperaturen und Gibbs-Energien. In entsprechender Reihenfolge
werden die Quellterme behandelt.

Besonderes Augenmerk gilt den Relaxationen fiir die Temperaturen und die Gibbs-Energien. Es
ist bekannt, dass sich zwei Phasen im thermodynamischen Gleichgewicht befinden, wenn ihre Gibbs-
Energien iibereinstimmen. Ist dies nicht der Fall, finden Phaseniibergénge statt. Entsprechend wird
der Massentransfer durch Relaxation der Gibbs-Energien modelliert, wahrend der damit einhergehende
Warmetransport durch die Relaxation der Temperaturen realisiert wird. Motiviert durch eine Arbeit von
[10] werden in [H3] metastabile Fliissigkeiten und damit einhergehend Verdampfungsprozesse untersucht.

Zur Modellierung der Austauschterme fiir Temperatur- und Gibbs-Relaxation werden insgesamt drei
Relaxationsparameter eingefiithrt und fiir diese explizite Ausdriicke in Abhéngigkeit von den Variablen
des Systems hergeleitet. Die numerische Losung der sich aus den Relaxationen ergebenden Systeme
gewOhnlicher Differentialgleichungen ist aufwendig und erfordert verschachtelte Iterationen. Zudem sind
diese Systeme extrem steif und erfordern kleine Zeitschrittweiten. Dies zieht erhebliche Rechenzeiten
fiir die Losung des Systems (1.3.5-1.3.11) nach sich. Entsprechend werden Temperatur- und Gibbs-
Relaxation nur im Bereich der Phasengrenze ausgefiihrt. Dieser wird anhand der Volumenfraktionen der
Phasen identifiziert.

Die Arbeit [H3] enthélt umfangreiche numerische Resultate und Vergleiche mit der Literatur. Weit-
erhin wird ein reduziertes Zwei-Phasen-Modell untersucht und verglichen.

Das anschliefende Kapitel 8 baut auf den in Kapitel 7 prisentierten Ergebnissen auf und enthélt
weitreichende Verallgemeinerungen bzw. Erweiterungen. Motiviert durch die deutsch-franzésische DFG-
CNRS-Forschergruppe Micro-Macro Modelling and Simulation of Liquid-Vapour Flows und in diesem
Zusammenhang an der Universitat Gottingen durchgefithrte Experimente sollen nun Kavitationsblasen
simuliert werden.

In den durchgefithrten Experimenten, siehe [9], wird mit Hilfe eines Lasers eine Kavitationsblase in
einem Behéltnis mit Wasser erzeugt. Es lasst sich beobachten, dass die Blase zunéchst aufschwingt und
dann auf einen minimalen Radius zusammenféllt. Es folgen weitere Blasenschwingungen. Eine reine
Wasserdampfblase kann unter den Bedingungen des Experiments ein solches Verhalten nicht aufweisen,
siehe z.B. [7], [8] oder [H5]. Folglich enthélt die erzeugte Blase mindestens eine weitere inerte Kompo-
nente, z.B. Sauerstoff, einem Bestandteil von Luft, der zunéchst im Wasser gelost war.

Fiir eine erfolgreiche Simulation des genannten Experimentes wurde in [H10] das Zweikomponenten-
modell (1.3.5-1.3.11) auf drei Komponenten erweitert und die entsprechenden Relaxationsterme verallge-
meinert. Der Massentransfer wird wiederum mit Hilfe der Gibbs-Relaxation realisiert. Die durchgefiihrten
Simulationen zeigen ein dem Experiment qualitativ &hnliches Verhalten der Blase. Insbesondere die erste
Blasenschwingung ist in sehr guter Ubereinstimmung mit dem Experiment.

Fiir praxisrelevante Anwendungen ist die Verwendung eines Zweikomponentenmodelles oftmals nicht
ausreichend. Dies wurde bereits im Kapitel 8 deutlich: Ein Zweikomponentenmodell, das Phaseniiber-
ginge beriicksichtigt, kann das Experiment nicht beschreiben - in Ubereinstimmung mit den Gesetzen der
Thermodynamik. Abseits von Laborbedingungen kann das Vorliegen absolut reiner Komponenten i.a.
nicht erwartet werden. Die Gegenwart weiterer Bestandteile bzw. etwaige Verunreinigungen koénnen je-
doch wesentlichen Einfluss auf den Ablauf einer chemischen Reaktion oder eines physikalischen Prozesses
nehmen und sind bei entsprechenden Simulationen zu berticksichtigen.

Die Erweiterung des o.g. Zweikomponentenmodells auf n Komponenten mit Phaseniibergang ist nicht
trivial. Diese Verallgemeinerung hat wesentlichen Einfluss auf die mathematischen und physikalischen
Eigenschaften des Systems. Besondere Sorgfalt ist erforderlich, um zu garantieren, dass der zweite
Hauptsatz der Thermodynamik nicht verletzt wird. Dieser Fragestellung widmet sich Kapitel 9 der
vorliegenden Arbeit, veroffentlicht in [H13].
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Neben der Diskussion zahlreicher mathematischer Eigenschaften des n-Komponentenmodells wie Hy-
perbolizitat oder Galilei-Invarianz widmet sich Kapitel 9 den Interfacegrofien V; und P; sowie der Mod-
ellierung der Quellterme. Ausgehend vom zweiten Hauptsatz der Thermodynamik werden Bedingungen
fiir die Modellierung der Interfacegréfien hergeleitet, die thermodynamische Konsistenz garantieren. Ins-
besondere werden spezielle Wahlen fiir diese Grolen vorgeschlagen. In einem weiteren Schritt werden die
Relaxationsterme fiir die Geschwindigkeiten, Driicke, Temperaturen und Gibbs-Energien bzw. chemische
Potentiale einzeln untersucht und die Gewéhrleistung der Gesetze der Thermodynamik nachgewiesen.

Das letzte Kapitel des zweiten Teils dieser Arbeit - Kapitel 10 - stellt effiziente Verfahren zur
Behandlung der Relaxationsterme fiir den n-Komponentenfall vor. Die in [H3] und [H10] verwendeten
Losungsverfahren sind duflerst aufwendig und ziehen lange Rechenzeiten nach sich, verursacht durch
eine grofle Steifheit der Relaxationsterme einerseits und verschachtelte Iterationen andererseits. Daher
wurden als Kompromiss vereinfachende Annahmen getroffen:

e Temperatur- und Gibbs-Relaxation wurden nur im Bereich der Phasengrenze angewendet. Zur
Identifikation des entsprechenden Bereiches wurden die Volumenanteile der Komponenten betra-
chtet. Die Wahl der zugehorigen Schranken ist relativ willkiirlich.

e Die Beriicksichtigung von Phasentiibergdngen wurde auf metastabile Flissigkeiten bzw. auf Ver-
dampfung beschrankt.

e Bei der Bestimmung der Gleichgewichtszustdnde im 3-Komponentenfall wurden vereinfachend
Gibbs-Energien relaxiert, d.h. Mischungsentropien vernachlassigt.

In der Literatur vorgestellte Relaxationsverfahren beriicksichtigen entweder nur zwei Komponenten, siehe
z.B. oder treffen dhnliche vereinfachende Annahmen, siehe [4] oder [5]. Die Existenz von physikalisch
sinnvollen Losungen wird nicht diskutiert.

Im vorliegenden Kapitel 10 gelingen zahlreiche wesentliche Verbesserungen, mit denen u.a. auch eine
Implementierung zweidimensionaler Probleme ohne weiteres moglich ist.

Zunichst wird festgestellt, dass die Steifheit des Systems von der Druckrelaxation verursacht wird.
Die Bestimmung des Druckgleichgewichts kann zu Instabilitdten fithren und die Verwendung extrem
kleiner Zeitschritte bzw. extrem kleiner CFL-Zahlen, CFL<1 erfordern. Weiter kann gezeigt werden,
dass der Gleichgewichtszustand unabhéngig von der Relaxationsreihenfolge ist. Daher wird eine si-
multane Druck-Temperatur-Relaxation eingefithrt. Fine explizite Formel fir das Temperatur-Druck-
Gleichgewicht wird bestimmt. Dadurch werden zum einen aufwendige Iterationen zur Bestimmung
des Druckgleichgewichtes vermieden. Andererseits fiihrt dies zu einer erheblichen Stabilisierung. In-
folgedessen ist die Verwendung von CFL=0.9 ohne weiteres moglich.

Eine weitere Verbesserung besteht darin, dass die Temperatur-Relaxation im gesamten Rechenge-
biet ausgefithrt wird. Dies ist physikalisch sinnvoll, da auch ohne Massentransfer ein Warmeaustausch
zwischen den Komponenten erwartet werden kann.

Anstelle der Gibbs-Energien werden chemische Potentiale relaxiert, d.h. Mischungsentropien wer-
den beriicksichtigt. Damit wird auch im Mehrkomponentenfall das physikalisch korrekte Gleichgewicht
bestimmt.

Sowohl die Temperaturrelaxation als auch die Relaxation der Gibbs-Energien bzw. chemischen Po-
tentiale wird signifikant verbessert. Die neuen Verfahren vermeiden die Berechnung von Relaxationspa-
rametern. Insbesondere werden verschachtelte Iterationen vermieden.

Weiterhin entfallt die Beschrankung auf metastabile Zusténde, so dass auch Kondensationsprozesse
behandelt werden konnen.

SchlieBlich gelingt der Beweis der Existenz und Eindeutigkeit von Gleichgewichtszusténden. Insbeson-
dere kann gezeigt werden, dass die Gleichgewichtszustande physikalisch sinnvoll sind und die numerischen
Verfahren gegen diese konvergieren.

Die Veroffentlichung wird abgerundet durch zahlreiche numerische Beispiele.

1.3.3 Partikelstromungen

Der dritte und letzte Teil der vorliegenden Arbeit widmet sich Partikelstromungen und enthélt Resultate
aus dem Bereich der Modellierung.
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In Kapitel 11 werden verschiedene Evolutionsgesetze fiir Dampfblasen hergeleitet, die in [H5] ver-
Offentlicht sind. Motiviert wurde diese Arbeit durch die bereits erwéhnte deutsch-franzosische DFG-
CNRS-Forschergruppe und das bereits im vorhegehenden Abschnitt vorgestellte Experiment fiir Kavita-
tionsblasen.

Die in diesem Experiment erzeugte Blase schwingt mehrfach im Beobachtungszeitraum. Dabei er-
reicht die Blase beim ersten Aufschwingen den mit Abstand grofiten Radius. Bereits beim zweiten Auf-
schwingen erfahrt der Blasenradius eine erhebliche Dadmpfung und wird auch in den folgenden Schwingun-
gen kontinuierlich kleiner.

Die im Experiment gewonnenen Daten beschrénken sich im wesentlichen auf den Radius der Blase,
gemessen in kiirzesten Zeitabstdnden. Dagegen gibt das Experiment keine Auskunft iiber die genaue
Zusammensetzung der Blase, Geschwindigkeitsfelder, den Druck in der Blase oder herrschende Temper-
aturen. Dies macht die Modellierung bzw. Simulation des Experiments duflerst schwierig.

Wird eine einfache Blasenschwingung in einem inkompressiblen Medium unter Vernachlissigung
von Gravitation, Phaseniibergang und Warmeleitung beschrieben, so handelt es sich dabei um eine
ungedépfte Schwingung. Tatséchlich kommt es natiirlich auch in nahezu inkompressiblen Fliissigkeiten
wie Wasser zu Dichteunterschieden und auch die {ibrigen genannten Effekte iiben Einfluss auf die
Schwingung aus.

Ziel von [H5] ist es, diese Effekte mit einfachen Mitteln zu untersuchen und insbesondere die im
Experiment beobachtete starke Damfung zu erklaren. Zu diesem Zweck werden verschiedene einfache
Blasenevolutionsgesetze hergeleitet. Selbstversténdlich sind solche reduzierten Modelle nicht in der Lage,
eine Kavitationsblase zufriedenstellend zu beschreiben. Dennoch erlauben sie Riickschliisse auf die einzel-
nen Mechanismen. Insbesondere geben sie Auskunft dariiber, welche Effekte in komplexeren Simulationen
unbedingt zu beriicksichtigen oder aber vernachléssighar sind.

Es wurde bereits diskutiert, dass die Blase neben Wasserdampf mindestens eine inerte Komponente
enthalten muss. Zudem wurde angenommen, dass die Blase sphéarisch ist und Groflen wie Dichte und
Temperatur innerhalb der Blase homogen sind. Phaseniibergénge werden mit Hilfe einer kinetischen
Relation beschrieben, die sich unmittelbar in der Massenevolution niederschlagt.

Um den Einfluss der Kompressibilitit der umgebenden Fliissigkeit zu untersuchen, werden diese
zunéchst als inkompressibel angenommen. Unter dieser Annahme gelingt es, ein System gewoOhnlicher
Differentialgleichungen zur Beschreibung der Blasenevolution herzuleiten. Wird dagegen die umgebende
Fliissigkeit als schwach kompressibel angenommen, so erhilt man ein System von Delaygleichungen.

Zur Untersuchung des Einflusses von Phaseniibergangen werden Modelle mit und ohne Massentransfer
betrachtet. Insbesondere kann der Massenanteil der inerten Phase variiert werden.

Fiir die Untersuchung des Dampfungseffektes durch Wérmeleitung werden die Evolutionsgleichungen
mit der Warmeleitungsgleichung in der umgebenden Fliissigkeit gekoppelt.

Die resultierenden Systeme werden mit Hilfe von Standardverfahren numerisch gelost. Es stellt
sich heraus, dass Phaseniibergdnge den Dampfungseffekt nicht erklaren kénnen. Andererseits haben sie
wesentlichen Einfluss auf die herrschenden Temperaturen. Ebenfalls fithrt Warmeleitung zu keinen nen-
nenswerten Dampfungseffekten. Vielmehr stellt sich heraus, dass die Kompressibilitdt der umgebenden
Fliissigkeit weitestgehend fiir die Dampfung verantwortlich ist. Es kann geschlussfolgert werden, dass
inkompressible Modelle zur Beschreibung solcher und ahnlicher Prozesse ungeeignet sind.

Uberraschenderweise kann mit dem reduzierten kompressiblen Modell eine relativ gute Ubereinstim-
mung des Radiusses mit den Daten des Experiments erzielt werden, auch wenn dieses Modell natiirlich
keine detailierten Riickschliisse auf weitere physikalische Groflen zulésst. Dennoch konnen mit den
hergeleiteten Modellen qualitative Aussagen fiir moderate Blasenschwingungen getroffen werden. Ins-
besondere sind die reduzierten Modelle geeignet zur Verwendung als Quellterme in Gemischmodellen zur
Beschreibung disperser Stréomungen.

Ein solches Gemischmodell wird in [H11] bzw. in Kapitel 12 der vorliegenden Arbeit hergeleitet.
Sollen Stromungen mit vielen Partikeln, z.B. Tropfen- oder Blasenstromungen, simuliert werden, ist das
explizite Verfolgen samtlicher Phasengrenzen sehr aufwendig. Mitunter ist die detailierte Betrachtung
jedes einzelnen Partikels nicht notwendig, stattdessen geniigt eine qualitative Beschreibung. In diesem
Fall bieten sich zur Simulation Gemischmodelle, &hnlich dem Baer-Nunziato-Modell, an, die zuséatzlich
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Partikelgroflenverteilungen bestimmen.

Die Herleitung des Modells benutzt Volumenmittelungstechniken geméfi [2]. Zugrunde liegt die
Annahme einer Mischung aus kleinen sphérischen, wohl separierten Partikeln und eines umgebenden
Fluids. Obwohl in der Verdffentlichung [H11] ausdriicklich von Wasserdampfblasen in fliissigem Wasser
die Rede ist, ist die Herleitung sowohl fiir beliebige andere Fluide als auch den umgekehrten Fall von
Tropfen in ihrem Dampf giiltig.

Wihrend fiir die Bestimmung gemittelter Groflen fiir die Trégerphase eine kontinuierliche Volumen-
mittelung benutzt wird, wird fiir die Bestimmung entsprechender disperser Gréflen ein vereinfachter
Ansatz verwendet. Dieser wird durch Homogenitdtsannahmen gerechtfertigt.

Zunachst wird ein Transportsatz flir die disperse Phase bewiesen. Damit lassen sich Bilanzgleichungen
fiir die Partikel herleiten, insbesondere lasst sich eine Bilanz fiir die Anzahldichte und damit eine Bilanz
flir die mittlere Partikelgréfle bestimmen. Diese Bilanzen weisen eine Besonderheit auf: Da die Partikel
als wohl separiert angenommen werden, besteht keine Wechselwirkung untereinander. Entsprechend
enthalten die Bilanzgleichungen keinen Druckterm. In einem weiteren Schritt werden mit Hilfe des
Reynoldschen Transportsatzes Bilanzen flir die Tragerphase ermittelt.

Es stellt sich heraus, dass sowohl die Bilanzen fiir die disperse als auch fiir die Tragerphase unmittelbar
von der Evolution der Partikel abhéngen. Konkret ergeben sich Quellterme in Abhéngigkeit von der
Evolution der Masse, des Radiusses und der Temperatur der Partikel.

Um das Modell zu schlieflen, werden also entsprechende Evolutionsgesetze bendtigt. Fiir den Fall von
Dampfblasen stehen mit [H5] geeignete Modelle zur Verfiigung. Natiirlich sind auch andere Wahlen fiir
die Quellterme denkbar.

Eine Besonderheit des Modelles ist das Fehlen von nichtkonservativen Termen wie etwa im Baer-
Nunziato-Modell. Somit lassen sich fiir dieses Modell schwache Losungen formulieren. Fiir den ho-
mogenen Anteil des isothermen Untermodelles lassen sich Riemann-Losungen explizit konstruieren und
Eindeutigkeitsaussagen beweisen. Insbesondere konnen sich §-Stof-Losungen herausbilden. Eine Pub-
likation dazu befindet sich in Vorbereitung.
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Chapter 2

Compendium

Two- and multi-phase flows occur in many applications, for instance in aerospace, traffic engeneering,
geo- or astrophysics, electrochemistry or meteorology. They play an important role in boiling, cooling
or combustion processes. Within such flows usually phase transitions and chemical reactions take place.
The modelling as well as the simulation of the considered processes is a challenge and in the focus of the
ongoing research.

Figure 2.1: The picture? shows the structure of clouds. It is taken by the NASA.

2.1 Classification of Two-Phase Flows

In materials science, thermodynamics or physical chemistry a phase denotes a spatial domain where the
chemical composition and essential physical properties like density are homogeneous. This means that
constitutive parameters are nearly constant within appropriate bounds. The most important phases
are the aggregate states gaseous, liquid and solid, which differ amongst other things in the densities.
Also within a certain aggregate state a specific substance may exhibit different phases, see for instance
diamonds and graphite. It is possible that a phase consists of several components, for instance air mainly
consists of nitrogen and oxygen. Occasional it is difficult to distinguish phases and components. This
depends on the required accuracy of the observation and accordingly on the considered length scale. In
the literature sometimes the notation is imprecise. Often these terms are mixed.

In the case of at least two phases an interface is formed. Across the interface material properties
may change significantly. This means that in mathematical sense a phase boundary is a discontinuity.
Across the interface usually mass transfer processes take place, i.e. condensation, evaporation or chemical
reactions.

2www.top-wetter.de/themen /wolken/htm
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Two-phase flows may be classified by the characterization of phase interfaces. Dispersed, separated
and transitional flows were considered.

Examples for separated flows are jet or film flows. In dispersed flows the volume fraction of the
surrounding carrier phase is much larger than the volume fraction of the particles. In contrast to that
the volume fraction of the phases is of the same order in transitional flows.

2.2 Modeling and simulation - a great challenge

The accurate mathematical description as well as the numerical treatment of phases, in particular the
treatment of phase interfaces is in the focus of recent research concerning multi-phase flows. The precise
physical modelling of interface processes, especially the transfer of mass and energy, are a challenge. In
the literature several types of multi-phase models may be found. They can be classified by the methods
to treat phase interfaces.

A first class are the so-called sharp-interface-modells. Here the interface is treated as a free boundary.
Interface processes can be characterized by jump conditions and kinetic relations. Jump conditions are
conservation properties that are satisfied across phase boundaries and arise from conservation laws for
mass, momentum and energy, depending on the physical effects accounted for. Kinetic relations quantify
the mass transfer and have to be determined in a thermodynamically consistent manner.

Sharp-interface-methods require special effort concerning the treatment of interfaces. Euler-methods
like the level-set-method or the wvolume-of-fluid-method work on fixed grids. The necessary interface
reconstruction is complex and costly. In contrast to that, Lagrangian methods work on moving meshes
coupled to the phase boundaries. They require an extensive implementation. The same is true for
combined Euler-Lagrangian methods, so-called front-tracking-methods.

A further important class is given by the diffusive-interface-models. Here the interface is a diffusive
zone, given by a mixture of the phases. In some parts the numerical treatment is less complex, since
numerical methods may work on fixed grids.

Probably the most famous model in this class is the Baer-Nunziato-model. Originally this model
was introduced as a two-phase model. Even though this model was discussed by numerous authors it is
still in the focus of recent research. From an analytical and a numerical point of view the presence of
non-conservative products causes difficulties. Weak solutions canot be formulated. The discretization of
these terms requires extraordinary diligence. Further challenges are the modelling of source terms and
thermodynamically consistent interphase quantities.

Finally we refer to particle flows. Computations may be performed by direct numerical simulations.
Here phase interfaces are treated explicitly. Such computations are time consuming and are performed for
flows up to about 100 dispersed particles. Alternatively two-fluid modells can be used where in addition
particle size distributions have to be determined. Additional effort is required for the determination of
exchange terms.

2.3 Outline

The thesis consists of three main parts and considers aspects of modelling, analysis and numerics of
two-phase flows:

I Sharp interface modells
IT Diffusive interface modells
III Particle flows
These three parts consist of published articles and in addition one submitted article. No changes in their

content and no changes of the notations were made.

2.3.1 Sharp interface models

The first part of this theses mainly presents analytical results. Riemann problems for two phase flows
were considered. We use the system of (isothermal) Euler equations to describe the flows. In the general
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case this system consists of the balance equations for mass (2.3.1), momentum (2.3.2) and energy (2.3.3)

Oup+ 0z(pv) =0 (2.3.1)
B (pv) + 0u(pv* +p) =0
v? v?
B¢ (pe + p?) + 0. (ple + ?)v +pv)=0. (2.3.3)

In the isothermal case the system reduces to equations (2.3.1) and (2.3.2). The system is closed by
equations of state

p=np(p,e) resp.  p=p(p) (2.3.4)

for the phases under consideration. In addition a kinetic relation is considered. This equation quantifies
the mass transfer across phase interfaces.

Riemann problems are initial value problems using Riemann initial data. These data are the sim-
plest, non-trivial initial conditions. The data are piecewise constant with a single discontinuity. Riemann
problems inherently occur in certain discretization of these partial differential equations. The knowledge
of the exact solutions and their structure is a key ingredient for the construction of efficient numerical
Riemann solvers.

Chapter 3, the beginning of the first part of this thesis is formed by a publication together with
Gerald Warnecke und Wolfgang Dreyer, [H8]. This article is the basis of the DFG-project HA 6471/2-1.
Within this project the results presented in the chapters 4, 5 and 6 are developed.

In Chapter 3 we consider isothermal phase transitions between liquid water and water vapor. Here a
linear dependency of densities and pressures is assumed in both phases. The chosen material parameters
are taken from steam tables [13]. In an isothermal process the temperature is assumed to be constant.
This correlates with infinitely fast heat conduction. Due to this assumption phase transitions are driven
by the differences of the Gibbs free energies of the phases, which is a consequence of the second law of
thermodynamics. The kinetic relation is modeled by a linear relation of this difference. The mobility
coefficient is obtained from the classical Hertz-Knudsen theory. It is based on the assumption that vapor
particles hitting the interface will condensate, cf. [1].

For the construction of exact Riemann solutions we follow the strategy presented in the book of
Toro [11]. Waves propagating through the bulk phases are classic. The phase boundary is an additional
wave that possesses the properties of a non-classical shock. From a mathematical point of view this
means that the balances across the phase boundary are not sufficient for a unique characterization of
this wave. Accordingly an additional equation is required, the kinetic relation, quantifying the mass
transfer.

In a first step we investigate the phase boundary. This corresponds to the solution of a non-linear
system of equations. Using the implicit function theorem we prove that a given vapor state located at the
interface uniquely defines the corresponding liquid state and vice versa. In other words a bijective map
between the phase spaces is defined. In a further step the solution of the Riemann problem is converted
to the problem of finding roots of non-linear systems. Geometrically we are looking for intersection
points of wave curves resp. their projections.

Beside proofs uniqueness of the Riemann problem, we succeed in formulating existence results and
we are able to forecast evaporation or condensation processes on the basis of the initial data.

Assume, water vapor is isothermally compressed. In that case it is possible to enforce condensation
(nucleation). Contrarily, by isothermal expansion of liquid water water vapor may be created (cavita-
tion). For these two circumstances nucleation and cavitation criteria are formulated, exact solutions for
Riemann initial data are constructed and existence as well as uniqueness results are proven.

In Chapter 4 we obtain significant generalizations of the results discussed in Chapter 3 resp. in
[H8]. These new results were derived together with Ferdinand Thein within the DFG-project mentioned
above. The outcome of Chapter 4 is submitted for publication.

For the proofs of the results in [H8] many extensive estimations were required. These estimations
use special assumptions like the linearity of the equation of state, the range of parameters for water or
assumptions on the mobility, this means the choice of the kinetic relation. In the following we give up all
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these assumptions. Instead we give sufficient and necessary conditions for existence and uniqueness of
Riemann solutions for the generalized phase transition problem. Moreover, exact solutions for nucleation
and cavitation problems are constructed. Uniqueness results are proven.

Subsequently we critically discuss the formulated conditions. It turns out that basically only restric-
tions for the dimensionless isothermal sound speed are needed. Further conditions result from the laws
of thermodynamic. These conditions must also be fulfilled for single phase flows, this means that these
conditions are no additional problem-specific requirements.

Finally, these conditions are discussed on the basis of examples. The results proven in Chapter 4 are
- to our knowledge - the most general results in this context.

Further generalizations concern the extension of the problem to non-isothermal flows, this means the
extension to the system (2.3.1-2.3.3). First results are discussed in Chapter 5 resp. [H14].

In a first step an appropriate thermodynamic consistent kinetic relation has to be determined, using
the balance equations across the phase boundary as well as the entropy inequality in their general form.
Looking for selfsimilar Riemann solutions to the Euler system one can prove that mass transfer is driven
by the difference of the specific entropies of the phases. This has extensive consequences. Because the
entropy of the vapor phase (in a meaningful pressure-temperature regime) is always larger than the liquid
entropy the entropy difference has a fixed sign. Accordingly no equilibrium states exists and exclusively
evaporation processes can be described.

To overcome this problem further generalizations have to be made, i.e. taking into account heat con-
duction or a more general description of the interface. In the second case one assumes that the interface
exhibits a time-depending energy depending on surfacial tension. Hence the phase boundary is able to
accumulate energy, a singularity is forming and the selfsimilarity of solutions is lost.

The last chapter of the first part - Chapter 6 - presents a non-existence result, which is published in
[H12]. If water vapor is compressed its density will increase. One may assume that for sufficiently strong
compression a phase transition will be enforced. Surprisingly it turns out that it is impossible to achieve
condensation of water vapor by an adiabatic compression. This behavior can be observed in experiments
and was already mentioned in the book of Landau and Lifshitz [6]. Nevertheless, a mathematical proof
was missing until now and is given in [H12].

To prove this statement, in a first step we characterize the vapor phase by the stiffend-gas equation
of state. We construct wave curves for arbitrary initial data. After that we show that there are no
intersection points of the saturation line and any wave curve. This implies that condensation processes
due to compressions are impossible.

Of course, the specific choice of the equation of state is a strong restriction. Moreover, it is not
possible to give a realistic characterization of water vapor in the whole pressure-temperature regime
using a single set of parameters. Therefore in the next step we use the IAPWS-IF97 for water. IAPWS-
IF97 is the industrial formulation for the properties of liquid water and steam, see [13] or [12]. This
formulation consists of a set of complicated equations for the certain ranges of validity. Although it is
nearly impossible to discuss the IAPWS-IF97 analytically, it can be shown that locally in a neighborhood
of the saturation line this curve can be approximated to arbitrary precision using the stiffened gas law
and a proper set of parameters. The same is true for the corresponding derivatives. This fact is crucial
to the proof of the non-existence statement for the IAPWS-IF97 as well as arbitrary equations of state.

Further, we discuss the opposite case - cavitation by expansion. We distinguish the cases (i) weak
cavitation (the creation of wet steam) and (ii) strong cavitation (the creation of pure vapor). Using an
analogous strategy we prove the non-existence of adiabatic strong cavitation. Anyway, weak cavitation
can be realized, this means the creation of wet steam. This is a mixture of water vapor and liquid water.
It is clear that in this case the volume fraction for water vapor is bounded. A bound is given in [H12].

The results obtained are also valid for two-phase models that are based on the Euler equations, for
instance the Baer-Nuntiato model. They are in agreement with numerical results that can be found in
the literature, see [H3] or [3].
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2.3.2 Diffusive interface models

Part II of the present thesis mainly includes numerical results. We consider two-phase flows with phase
transition using the Baer-Nunziato model. For two components this model is given by

% +V1% — 5. (2.3.5)

a(ogtm) i (9(041821711) =5, (2.3.6)

8(at?ptlvl) L (9(04191?;- aipr) PI% + 5, (2.3.7)
a(alap;lEl) a(al(mg; +pyu) _ PIVI% . (2.3.8)
8(0482th) N 3(042822712) -5, (2.3.9)
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Here P; and V; denote the interfacial pressure resp. the interface velocity. These quantities have to be
modeled thermodynamically consistent. The terms Sy, Sy, Srhov and S,g describe the transfer of mass,
momentum and energy between phases resp. components. Also these terms have to be modeled.

The content of Chapter 7, the first chapter in Part II, is published in [H3]. In this article the Baer-
Nunziato model is discussed the very first time in the above presented form taking account the source
terms Sq, Sy, Srhov and S, g for liquid-vapor mixtures. Previous papers discuss either the Baer-Nunziato
model without phase transitions or reduced models, i.e. [10].

Our main focus is on the transfer terms. We realise the transfer of mass, momentum and energy by
relaxation terms for the velocities, the pressures, the temperatures and the Gibbs free energies of the
phases. The modelling bases on the assumption that all relaxation times are extremely short. Further,
we assume that velocities and pressures relax much faster than temperatures and Gibbs energies. This
assumption determines the order of the relaxations.

Special attention is given to the relaxation terms for the temperature and the Gibbs free energies. It
is known that two phases are in thermodynamic equilibrium if their Gibbs free energies coincide. If this
is not the case, phase transitions will take place. Accordingly mass transfer is modelled by Gibbs free
energy relaxation. Heat exchange is achieved by temperature relaxation. Motivated by [10] in [H3] we
investigate metastable liquids and evaporation processes.

For the modelling of the temperature and Gibbs free energy relaxation three relaxation parameters
have to be introduced. For these parameters explicit expressions are derived depending on the variables
of the considered system. The computation of numerical solutions for the system of ordinary differential
equations resulting from the relaxations is very expensive and requires nested iterations. Moreover, the
relaxation terms introduce strong stiffness to the system. Accordingly very small time steps have to be
used and numerical computations for the system considered are very time consuming. Therefore the
relaxation procedures for temperature and Gibbs free energy are only used in an interfacial region. This
region is identified by the volume fractions of the phases.

In [3] one can find numerous numerical results and comparisons to the existing literature. Moreover,
a reduced modell is discussed.

In the subsequent Chapter 8 that continues the previous work significant generalizations and exten-
sions are made. Motivated by the German-French DFG-CNRS research group Micro macro Modelling
and Simulation of Liquid-Vapour Flows and experiments provided at the Gottingen university we now
investigate cavitation bubbles.

In the experiments, cf. [9], a cavitation bubble is created in a water filled cuvette, using a laser pulse.
One can observe that the bubble is created and grows up to a certain radius. After that it shrinks to
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a minimal radius. Several damped oscillations follow. A pure vapor bubble is not able to show such a
behavior, cf. [7], [8] or [H5]. The conclusion is that the bubble contains at least one inert component,
maybe components of air that were dissolved in the water.

Fur successful simulations of the experiment in [H10] we extend the two-component model (2.3.5 -
2.3.11) to three components. Furthermore, we generalize the relaxation terms. As before the mass trans-
fer is modelled using the Gibbs free energy relaxation. The performed simulations show a qualitatively
similar behavior of the bubble. In particular, the first rebound of the bubble is in very good agreement
with the experiment.

For many applications two-components models are not sufficient to give a fairly good description of the
processes. This was already discussed in Chapter 8: A two-component model that takes phase transitions
into account cannot reproduce the experiment - this is in agreement with thermodynamics. Apart from
laboratory conditions the presence of absolutely pure components cannot be expected. However, the
presence of further constituents or contaminations may strongly impact physical or chemical processes.
Therefore they have to be taken into account in the simulations.

The extension of the two-component model to n components is not trivial. The generalizations modify
the mathematical and physical properties of the system. Reasonable care is required to guarantee that
the second law of thermodynamics is not violated. This problem is in the focus of Chapter 9, published
in [H10].

Beside the discussion of mathematical properties of the n-component model, like hyperbolicity or
Galilean invariance, Chapter 9 discusses the consistent modelling of the interface velocity V; and the in-
terface pressure P as well as the modelling of the source terms. Using the second law of thermodynamics
conditions for a correct modelling of the interfacial quantities are derived that guarantee thermodynamic
consistency. In particular, a special choice for these quantities is proposed. In further steps the relax-
ation procedures for the velocities, the pressures, the temperatures and the Gibbs free energies resp. the
chemical potential are proven.

Chapter 10 of this thesis introduces efficient and robust procedures to handle the relaxation terms
of the n-component model. The methods used in [H3] and [H10] are very expensive and lead to very
long computational times due to the stiffness of the relaxation terms and nested iterations. Therefore in
[H3] and [H10] some simplifications were made:

e Temperature and Gibbs free energy relaxation were only used in the interfacial region. To identify
this region the volume fractions of the components were considered. The choice of proper bounds
is an arbitrary assumption.

e The consideration of phase transition was restricted to metastable liquids, i.e. evaporation pro-
cesses.

e To evaluate equilibrium states in the three-component case, Gibbs free energies were relaxed, i.e.
the mixture entropy was neglected.

Relaxation procedures proposed in the literature either take into account only two components or use
similar simplifying assumptions, see [4] or [5]. Moreover, the existence of physically meaningful solutions
is not discussed.

In Chapter 10 of this thesis many improvements are achieved that enable also two-dimensional com-
putations within short computational times.

First we point out that the stiffness of the system is introduced by the pressure relaxation. The
evaluation of pressure equilibria may cause instabilities and requires very small time steps resp. very
small CFL numbers, CFL<1. One can show that that the final equilibrium state does not depend on
the order of relaxation. Therefore we propose a simultaneous pressure-temperature relaxation. Thereby,
we avoid expensive iterations. Moreover, this simultaneous procedure stabilizes the simulations and one
may use CFL=0.9.

In addition, we use the temperature relaxation in the whole computational domain. This is physically
reasonable. Apart from phase transitions, energy transfer between components can be expected.
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We do not relax the Gibbs free energies but the chemical potentials, i.e. we take into account the
mixture entropy. Accordingly also in the multi-component case the physically correct equilibrium state
will be determined.

We significantly improve the temperature relaxation procedure as well as the relaxation of Gibbs free
energies resp. chemical potentials. On the one hand we avoid the calculation of relaxation parameters.
On the other hand we are able to avoid nested iterations.

Moreover, we do not restrict ourselves to metastable liquids and are able to handle condensation
processes. We prove existence as well as uniqueness of physically meaningful equilibrium states and
prove convergence of the methods. Finally we present numerous numerical examples.

2.3.3 Particle flows

The last part of this thesis considers particle flows and gives results in the field of modelling.

In Chapter 11 we derive several evolution laws for vapor bubbles, published in [H5]. This work was
motivated by the German-French DFG-CNRS research group mentioned above and the experiment on
cavitation bubbles, introduced in the last subsection.

The bubble created in the experiment shows repeated oscillations in the observation period. The
maximum radius is reached initially. After that the radius is significantly damped and shrinks during
the following oscillations.

More or less, the only experimental data that can be determined during the observation are the bubble
radii measured in very short time intervals. The experiment does not provide any information about
the composition of the bubble, the velocity fields, the pressure inside the bubble or the temperature.
Accordingly, the modelling resp. the simulation of the experiment is extremely difficult.

The oscillation of a bubble surrounded by an incompressible fluid, neglecting gravitation, phase
transitions and heat conduction, gives an undamped oscillation. Actually, also in nearly incompressible
fluids like water density differences can be observed that affect the process.

The aim of [H5] is to investigate the effects mentioned and in particular to explain the damping
mechanism observed in the experiment. Therefore, we derive several evolution laws. Of course, these
reduced models are not able to simulate a cavitation bubble. Nevertheless, they allow conclusions
concerning the particular effects. Especially, we can conclude which terms can be neglected and which
necessarily have to be taken into account.

It was already discussed in the previous subsection that at least one inert component must be present
inside the bubble. We assume the bubble to be spherical and homogeneous. Phase transitions are
described by a kinetic relation resulting in a mass evolution equation.

To investigate the influence of the compressibility of the surrounding fluid in a first step, we assume
the liquid to be incompressible. Under the listed assumptions one can derive a system of ordinary
differential equations describing the bubble evolution. If the liquid is modeled weakly compressible, we
obtain a system of delay equations.

For investigations concerning the influence of phase transitions we derive models with and without
mass transfer. In particular, one can vary the mass fraction of the inert components. Effects due to heat
conduction are investigated by coupling the heat equation for the liquid to the system.

The resulting systems are solved numerically using standard techniques. It turns out that phase
transitions cannot cause the observed damping. On the other hand they significantly influence the
temperature. Also heat conduction is not responsible for the damping. Instead we determine that the
compressibility generates the damping. We conclude that incompressible models are inappropriate to
describe such and similar processes.

Surprisingly the reduced compressible model gives results for the radius evolution that are in good
agreement with the experiment, although the model does not allow further conclusions for other quan-
tities. Nevertheless, the reduced models give qualitative statements for moderate bubble oscillations. In
particular, the reduced models are suitable as source terms in mixture models for dispersed flows.

Such a mixture model is derived in Chapter 12 of this thesis. If flows with many dispersed particles,
i.e. droplets or bubbles, have to simulated, than the explicit treatment of the interfaces is very expensive.
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Often a detailed description of each particle is not required. Instead a qualitative description is sufficient.
In that case one can use mixture models, similar to the Baer-Nunziato model, that in addition determine
particle size distributions.

The derivation of the model uses volume averaging techniques according to [2]. It is based on the
assumption of a mixture of many dispersed spherical well separated particles and a surrounding fluid.
Although in [H11] water vapor bubbles are discussed explicitly, the derivation is also valid for other fluids
or the opposite case of droplets in gas.

We use a continuous type of averaging to derive averaged quantities for the carrier phase but a
simplified method for the dispersed phase. This simplification of the averaging is reasonable due to the
homogeneity assumption inside the particles.

We prove a transport theorem for the dispersed phase. This theorem is used to obtain balance equa-
tions for the particles, especially a balance for the number density resp. the particle size. These balances
feature a special property: Because the particles are well separated, there is no particle interaction. As
a consequence there are no pressure terms in the dispersed balances. In a further step, balances for the
carrier fluid are derived using the Reynolds transport theorem.

It turns out that all balance equations depend on the evolution for the dispersed phase. In detail the
source terms depend on the evolution of mass, radius and temperature of the particles.

To close the model, appropriate evolution laws are required. If vapor bubbles are considered, the
models derived in [H5] are suitable. Of course, other choices are possible.

A special feature of the model is the absence of non-conservative terms. Accordingly weak solutions
can be formulated. For the homogeneous part of the isothermal submodel exact Riemann solutions can
be constructed and uniqueness results can be proven. In particular d-shock solutions can develop. A
further publication on this topic is in preparation.
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Chapter 3

Euler equations with phase
transition

Bibliographic note: The content of this chapter is published in [H8]: M. Hantke, W. Dreyer, and G.
Warnecke. Exact solutions to the Riemann problem for compressible isothermal Euler equations for two
phase flows with and without phase transition, Quarterly of Applied Mathematics, vol. LXXI 3 (2013),
pp. 509-540.

Abstract: We consider the isothermal Euler equations with phase transition between a liquid and
a vapor phase. The mass transfer is modeled by a kinetic relation. We prove existence and uniqueness
results. Further, we construct the exact solution for Riemann problems. We derive analogous results for
the cases of initially one phase with resulting condensation by compression or evaporation by expansion.
Further we present numerical results for these cases. We compare the results to similar problems without
phase transition.

3.1 Introduction

We study compressible multi phase flows without and with phase transitions relying on the isothermal
Euler equations with a non-monotone pressure-density function. Our main objective is a detailed dis-
cussion of a thermodynamically based kinetic relation that controls the mass transfer across a sharp
interface between two coexisting phases. The derivation of the kinetic relation is based on thermo-
dynamics, especially on classical Hertz-Knudsen theory, see Bond and Struchtrup [4]. To this end we
study Riemann problems and show for various classes of initial data the existence and uniqueness of
solutions. We consider single phase initial data describing condensation by compression or evaporation
by expansion, as well as initial data describing two differing adjacent phases. The case of multi phase
flows without phase transition mainly serves as illustration and as comparison with other treatments of
the same subject in the literature.

Phase transitions can be treated either by sharp interface models or by models that describe the inter-
face between two adjacent phases by a smooth transition within the setting of phase field models. Sharp
interface models are physically better founded while phase field models may have numerical advantages.
The available sharp interface models are surveyed in Zein [23].

The phase field model of Euler-Korteweg type by Dreyer et al. [9] establishes a sharp interface limit
that produces our kinetic relation, whereupon the mass flux across the interface is proportional to the
jump of the Gibbs free energy. A similar study of the same model by Benzoni-Gavage et al. [3] ends
up with a kinetic relation describing local equilibrium at the interface, i.e. the Gibbs free energy is
continuous.

The seminal paper by Abeyaratne and Knowles [1] considers a solid-solid phase transition and de-
scribes the Riemann problem of the corresponding Euler system in Lagrangian coordinates. For this
reason the nonlinearities appearing there are different from the current study. The kinetic relation in [1]
relies on the same driving force as we use here. However, Abeyaratne and Knowles relate the mass flux
to the jump of the Gibbs free energy in a nonlinear manner.

31
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A very interesting review on the Riemann problem for a large class of thermodynamic consistent
constitutive models in the setting of Euler equation models by Menikoff and Plohr [14] is restricted
to a simple kinetic relation that results from the assumption of local equilibrium at the interface. For
isothermal processes local interfacial equilibrium is guaranteed by the continuity of the Gibbs free energy.

Merkle [15] also considered the Riemann problem for the isothermal Euler system. Differences to
the current work are: He used the van der Waals equation to model the non-monotone pressure-density
dependence. We observed that it is better to model the pressure-density function by pieces of by three
linear functions. This leads to a closer agreement with measured data, e.g. for a substance like water.
The kinetic relation introduced by Merkle does arise from thermodynamic motivations. But there are
initial data for which it must be supplemented by further assumptions in order to pick up a unique
solution. Furthermore the structure of the solutions is essentially different from those that we obtain
here. Our solutions consist exclusively of three types of elementary waves, namely classical shocks,
rarefaction waves and phase transitions, that separate a certain number of constant states. Merkle needs
composite waves to construct the solution.

The isothermal Euler system was also studied by Miiller and Voss [18], [21]. They modeled the fluid
by a van der Waals equation, however, instead of a kinetic relation they exclusively applied the Liu
entropy condition in order to establish uniqueness. Consequently Miiller and Voss also need composite
waves.

There are also studies of the same subject that use the Euler equations in a different manner than
they are used here. Despite the fact that in those studies the nonisothermal case is considered, the
main difference to our study concerns the application of a full Euler system to each phase everywhere in
space.Thus the number of balance equations is doubled. Additionally there is an equation determining
the local phase fraction. The basic paper is that of Baer and Nunziatio [2]. However, it is restricted to
2-phase flows without phase transition. The main aim of those models is to study phase mixtures such
as e.g. bubbly flows or sprays. Zein et al. [24] started from this approach and added the continuity of
the Gibbs free energy across the interface in order to allow for a phase transition.

For basics on conservation laws see the books of Toro [20], Lax [12], LeVeque [13], Smoller [19],
Kroner [11], Dafermos [5] and others. For thermodynamics see for instance Miiller and Miiller [16] as
well as Miiller [17].

Next we describe the main results of the current study. Our kinetic relation can be obtained in
two different ways. It follows in the sharp interface limit that starts with the isothermal Navier-Stokes-
Korteweg model and ends up with the corresponding isothermal Euler equations, see Dreyer et al. [9]. In
this case the kinetic relation gives the mass flux across the interface as a linear function of the jump of
the Gibbs free energy and it is proportional to the Navier-Stokes viscosities. A more physical derivation
of the kinetic relation can be given in the setting of the Hertz-Knudsen theory, its non-isothermal version
is described in Bond and Struchtrup [4]. Here the only difference between the two derivations is the
factor of proportionality that is related to the sound velocity at the gas side of the interface.

As a main consequence of this kinetic equation is the absence of composite waves in the solution to
Riemann problems. If we consider a Riemann problem where the left and right state correspond to two
different phases, our kinetic relation implies a solution that exclusively consists of two classical waves
and a phase transition in between. This construction is unique and generates classes of initial data, for
which existence of solutions is guaranteed.

If we consider a Riemann problem where the left a right state correspond to the same phase, two
cases may occur. Either the two states can be connected by only classical waves or if this is not possible,
nucleation of a the other phase is enforced by the kinetic relation. Also here we prove existence and
uniqueness.

The paper is organized as follows. In Section 3.2 we introduce the system of balances in the bulk
and across the interface. Details of the equations of state are given in Section 3.3, whereas the entropy
inequality is discussed in the following section. In Section 3.5 we obtain mathematical properties of
the system considered. Moreover we discuss rarefactions and shocks for the isothermal case. The main
part of this section is Subsection 3.5.3. Here we introduce the kinetic relation and prove a uniqueness
result for the pressures at the phase interface. Moreover, we derive monotonicity results for interface
quantities. Based on these results we construct the exact solution for the isothermal Euler euqations
with phase transition, presented in Subsection 3.6.2. We prove uniqueness results within the class of
Riemann problems as well as sufficient conditions for solvability. In Section 3.7 we discuss the cases of
condensation by compression as well as evaporation by expansion. As before we prove several existence
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and uniqueness results. Also we present the exact solution for the Riemann problems considered. Finally
we give numerical examples for all cases considered. These are presented in Section 3.8.

3.2 Isothermal Euler equations

In our study we consider inviscid fluids under the isothermality assumption. This means, that the
temperature 7Ty is fixed. The phases are indicated by the value of mass density p and we have the
velocity v as a variable. The physical fields are assumed to depend on time ¢ € R>g and space x € R.
In regular points of the bulk phases we have the local mass conservation law (3.2.1) and the balance law
for momentum (3.2.2). These are

9p , 9pv) _

5 T o =0 (3.2.1)
A(pv) | A(pv* +p) _
o T =0 (3.2.2)

In the momentum balance equation (3.2.2) there is a further quantity, pressure p. It is not among the
basic variables and is therefore called a constitutive quantity. This quantity is related to the variable p
in a material dependent manner by an equation of state. This will be given in Section 3.3. The system
(3.2.1-3.2.2) is called system of isothermal Euler equations.

Across any discontinuity we have the jump conditions

[p(v—W)] =0 (3.2.3)
p(v =W)[v] + [p] = 0.

Here we use the jump brackets [¥] = ¥” — U’ for any physical quantity ¥, where " and " denote the one
sided limits to the left left and right of the discontinuity, respectively, on the horizontal x-axis. Further,
W denotes the propagation speed of the discontinuity. The mass flux Z across the discontinuity is given
by

Z=—p(v—-W) (3.2.5)
with
S shock wave

| @ shock wave
- { w  phase boundary ° (3.2.6)

z  phase boundary

and W:{

For more details on interface relations see Dreyer [7, Sections 5-14] and Miiller [17, Section 2.2.2,
Chapter 3].

3.3 Equations of state

The pressure is related to the density by the equation of state

p=np(p) with p'(p)=a®= const, (3.3.1)
where a denotes the speed of sound.
In particular, for the vapor phase V we use the ideal gas law

kT
pv =pv—o (3.3.2)
m

for given temperature Ty. Here k denotes the Boltzmann constant and m is the mass of a single water
molecule. The liquid phase L is modeled as a compressible fluid whose pressure is related to the liquid
density by

L
prL =po + Ko (p - 1) ; (3.3.3)
Po
where the pressure py and the density py denote arbitrary reference values. The constant Ky is the

modulus of compression, which is temperature dependent. For convenience we choose pg, po, Ko at the
saturation state, tabled in [22]. The data can also be found in [10].
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In order to characterize the two phases we introduce two constant parameters, that will be properly
defined later on. Within a range 0 < py < p the fluid is assumed to be in the vapor state. For py, > p,,
the liquid phase is present. Between the pure phases there are intermediate states, whose pressure is
defined by a linear function of negative slope, cf. Figure 3.1. For more details see Section 3.5.3.

1
p Pm P
Figure 3.1: Equation of state: p(p)

According to the second law of thermodynamics the pressure is the derivative of the Helmholtz free
energy with respect to 1/p

0%
S o1/p’

The Gibbs free energy is defined by
p
g=v+-.
p

This quantity occurs in the entropy inequality for isothermal processes
1
Zg + 5(1} -w)’]<o. (3.3.4)

For details see Dafermos [5], Merkle [15], Miiller and Voss [18].

3.4 Riemann problem

In our study we consider the Riemann problem for the isothermal Euler equations. This is given by the
balances (3.2.1-3.2.2), the equation of state (3.3.1) and the corresponding Riemann initial data

_Jp- for <0 _Jovo for <0
p(x,O)—{p+ for x>0 and v(x,O)—{v+ for x>0. (3.4.1)

We denote the solution to the Riemann problem by W. The solution consists of constant states W =
const, that are separated by waves or phase boundaries. We will denote neighboring states by  and "/, as
done in Section 3.2. The Riemann problem is solved by self-similar solutions of type W (¢, x) = W (x/t).

3.5 Generic solution

In order to give the mathematical properties of the Euler system (3.2.1-3.2.2), we rewrite the system in
quasilinear form in terms of p and v

The Jacobian matrix is

with the eigenvalues
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as well as the corresponding right eigenvectors

n=(2) wd n=(2).

The system is strictly hyperbolic. Finally we give the Riemann invariants
I =v+alnp = const and Io =v —alnp = const (3.5.1)

across the left and right wave, respectively.

3.5.1 Rarefaction wave fans

Assume, the wave corresponding to A; is a (left) 1-rarefaction, then we use the Riemann invariant given
in (3.5.1); to obtain
v'+alnp =v" +alnp”. (3.5.2)

For a left rarefaction the head speed is given by v/ — a whereas the tail speed is given by v” — a. The
slope inside the rarefaction fan is given by

dz _ @
dt ~ t

=vV—a.

Using (3.5.2) we obtain, that the solution W inside the fan is given by

v=a+7
Wlfan = p = exp (v’;v +1n p/> (353)

On the other hand, using (3.5.1)s for a (right) 2-rarefaction we get
v/ —alnp =v" —alnp”. (3.5.4)

Analogously to the above calculations for a 2-rarefaction wave we have the head speed v + a and the
tail speed v’ + a. The solution inside the fan is then given by

v=—a+ 7
W2fan = {p — exp (v_av// + ln p”) ' (355)

3.5.2 Shocks

3.5.2.1 Entropy inequality across a shock wave

In this section we want to prove, that the Lax condition is equivalent to the entropy condition for the
systemconsidered. We take the case, where the states

are separated by a shock wave, that propagates with speed S. W.l.o.g. we assume, that v" = 0. This
assumption is used to simplify the following calculations and is only used in Section 3.5.2.1. Due to
v’ = 0 we have v/ < 0. Then from the Rankine-Hugeniot conditions we obtain for S

11,11

o'
S = _p’ — (3.5.6)
12 20, M
and S = re +i€/p '0).
—p'"v
This gives

/12

V" = a2M . (3.5.7)

p/p//
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Further, the entropy inequality is given by

o1 1
0'S <a2 In i + 552 - 5(1}” - 5)2) <0.

For the second factor we obtain using (3.5.1) twice, then (3.5.6) and (3.5.7)
A 1 ! 271 1
a>In’ 4 =82 —(" = 8)? = a2 4 A ( — )
p

0" 2 2
/ I2S2 1 1
:a2lnp—,,+p <— )
p

9 0’2 W

/ 12 12,112 1 1
:gmg+ﬂpv( _ )

P2 = e\ P2 P

/ N4 1 1
:a21n%+a2pp (_)
14

/2 /12

2 \p p
=0 p/:p//
/ ! A1 1 1 i
:a2 lni+pp - >0,p’<p"
p// 2 ,0/2 p//2
<0,p’>p”

For the case p’ < p" we have from (3.5.7) S < 0, whereas for the second case p’ > p” this leads to S > 0.
In the first case we thus have from (3.5.6) and (3.5.7) that

/! p//
S=—— and S =-a <
P = vo'”

This implies the Lax condition a > —a > S > v” — a, which in general notation is given by

vVH+a>v—a>8 >0 —a,

see Lax [12]. Obviously in that case we have a left or 1-shock. Similarly in the second case we have a
right or 2-shock and we obtain the corresponding Lax condition

vV+a>S>v'+a>v" —a.

In summary, for the isothermal Euler equations the entropy condition and the Lax condition are equiva-
lent. For this special system this is a more general result than that given in Dafermos [5]. Based on the
explicit constitutive functions used here this statement is true for arbitrarily strong shocks.

3.5.2.2 Shock relations

Let us assume that the left wave is a shock wave, propagating with speed S;. As done in Toro [20] we

define relative velocities
V=" -8 and 0" =" - 5. (3.5.8)

We obtain the corresponding Rankine-Hugeniot conditions

P = o (3.5.9)
p/@/z +p = p”f//Q Ty (3.5.10)

For the mass flux @1 we have
—Q1=p (W =51)=p"(W"=51)=p0 =p"0". (3.5.11)
We substitute @ into (3.5.10) to obtain
_Qlﬁ/ + a2p’ _ _Qlﬁ// _’_a2p//.
Solving for —(@; and using the entropy condition discussed above this leads to

20,00 _ 20,00 _ 1
_Ql:_a(p p) _ _ai(p p)>0’ (3.5.12)

{)// _ ,i}/ ,U// _ U/
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which gives us

20011
o= SR (35.13)
@1
On the other hand using (3.5.11) to substitute ¢’ and ¢” in (3.5.12) we derive the relation
7 aQ(pN _ p/) 3514
p// p/
and get
Q3 =a*pp". (3.5.15)
In combination with (3.5.13) and @1 < 0 this gives us across a left shock
V' = — a*(p" —p') )
/a2p/p//
Finally, from (3.5.11) and (3.5.15) we obtain the speed of a left shock
/a2 p! p!!
51=U/+Q7I1:’Ul—7a Ipp .
P p
For a right shock the calculations are very similar. We obtain Q2 > 0 and
o = + a2<pN — PI) )
/a2p/p//
as well as
/a2 o
ngv'—i—Q—/Z:v’—i—%.
P P
In general terms the result is given by
20,00 _
v =0 — | and S=v+ Q/ . (3.5.16)
/a2p/p// P

Remark 3.5.1. Note that our notation is similar to, but slightly different from the notation in the book
of Toro [20].

3.5.3 Phase transition
3.5.3.1 Definition of the phases

In case, that the discontinuity represents a boundary between two phases we always have

pv < pL . (3.5.17)

Furthermore, from the mass and momentum balances (3.2.3-3.2.4) across the phase boundary together
with (3.2.5) and (3.2.6) we obtain

/ 2
2 p—Dp
z¢=— -

1
o P

With the above relation for the densities (3.5.17) we conclude

PL > Py and with py >0 we have pr, >0. (3.5.18)

The second statement is due to the fact that we ignore surface tension. We define, see (3.3.3),

ro

m — Ky — 5 3.5.19
p Ko( 0 — Do) ( )
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which gives pr,(pm) = 0. Corresponding to p,, we have to find 5. This value is uniquely defined by the
equation of state (3.3.1), equation (3.5.19) and the Maxwell condition

PV}I’O) 1 1 1
p(p)d== ( - ) "o -
/L (v) P pv(Po)  po 0

PO

After some calculations we obtain

K T T
—Oln&—l—k—oln Pm__ _ pm~k Olnp—in:O. (3.5.20)
po pm m  pv(po) pm—p m P

This relation defines p uniquely for sufficiently low temperatures T' < 633.15K. For higher temperatures
the definition of p,, gives a negative value. The critical temperature T, for water is given by T, =
647.096 K. For Ty = 573.15K we obtain p = 36.515kg/m3, see Figure 3.2.

10
—— - ——— ______________________:h_\-

]
s
2 5t
=
o

OR 1 1 1 1 1 1 J

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035

1/p in m3/kg
Figure 3.2: Equation of state: p(1/p) for Ty = 573.15K, dashed red: Maxwell line

The corresponding reference values are given by pg = 18.6664M Pa, py = 1/0.00189451kg/m?> and
Ko = 1/36.627 - 10° Pa.

Furthermore we give the curves p,,(T') and p(T'), see Figure 3.3a and the quotient p(T)/pm(T), see
Figure 3.3b. Obviously one has

(T pm(T) < 1/4 (3.5.21)
for all temperatures 273.15K < Ty < 623.15K.

1000 ¢ 0.2y

800 r 0.15 +
. .
E 600 |
2 0.17r
c 400
a

200 | 0.05

Ok === = = m————— === ,— Ot
300 400 500 600 300 400 500 600
TinK TinK

Figure 3.3: a) dashed red: p(T'), solid black: py,(T") b) p(T)/pm(T)

Remark 3.5.2. In our notation all temperature dependent constants have index 0. If we choose Ty we
have to use corresponding reference values pg, po, K-

Remark 3.5.3. Most estimations in this paper are based on the data tabled in [22]. Accordingly for all
temperatures usually means the finite number of discrete temperature values tabled in [22]. For the not
tabled intermediate temperatures we have: If for monotonic temperature changes the temperature depen-
dent constants change monotonically, the estimations are also valid for the intermediate temperatures.
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3.5.3.2 A simple kinetic relation to describe phase transitions

Besides the balances for mass (3.2.3) and momentum (3.2.4) at the phase boundary we need a further
equation, that is called kinetic relation. This equation describes the rate of change of mass across the

interface. We choose
v m \ G2
5= + epinll s 3.5.22

where V' denotes the vapor phase. For details of the derivation see Dreyer et a. [8]. If the vapor phase
is to the left of the liquid phase, this results in

3
pv ((m \?*[Ko pr Kl pv 1 2 1 2}
=—|-—= — h——-—h—+ -(vp —w)" — z(vy —w)*| . 3.5.23
V2r (kTo> [Po Po m Do 2( L ) 2( v ) ( )

Here V and L denote the vapor and the liquid phase, respectievely. Equation (3.5.24) gives the kinetic
relation for the case, that the vapor phase is to the right

by (m) [Kol PL_kTo1 1(
V2r \ kTo po po M Po T3
For the moment we restrict ourselves to the case, that the vapor phase is on the left side. Therefore in

this section we identify ’ (left state) with the vapor and " (right state) with the liquid phase.
If condensation and evaporation are excluded, we replace (3.5.22) by the new kinetic relation

v —w)? — %(vv — w)2] . (3.5.24)

2=0. (3.5.25)

This implies that vy = vy, at the phase boundary, see (3.2.5) and (3.2.6).

3.5.3.3 Uniqueness of p; for given py

If py is given, we have to determine 4 unknowns, namely pr,vr,vy and z. At the interface we have 4
conditions: two mass flux conditions (3.2.5), the interface momentum balance (3.2.4) and furthermore
the kinetic relation (3.5.23). Our goal is to determine an equation for p;. The interface momentum
balance can be written as

1
Ipl = —2[~1]. (3.5.26)
p
Because pr > py we have
pL=py <& z2=0.

This is the equilibrium case pr, = py = pg. Otherwise we have py < py, .

In the following lemma we will make the assumption
—aypy < z<arpr. (3.5.27)
It simplifies the calculations and later it turns out to be automatically satisfied due to physical consid-
erations, see Remark 3.5.6.

Lemma 3.5.1. Consider the isothermal case with 273.15K < Ty < 623.15K. Then for given interface
pressure py of the vapor phase with 0 < py < p, the conditions (3.5.27) and the corresponding equations
of state (3.8.2), (3.3.3) define the liquid interface pressure pr,, uniquely. Furthermore by these relations
the mass flux z is uniquely defined.

Proof. We replace z in (3.5.26) by the kinetic relation (3.5.23) and get
Ko, pr kTo L PV < 1 )} ’
+ In— — — - -] =0. 3.5.28
7] <k‘To) 2 { Po [[ | Pv [[P]] ( )
Next we define the functions

()H cma (i) e
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Fovpn) =[] + h2<pv,pL>p2vn%ﬂ

for py > 0 and py, > py. The roots of the latter function are the solutions of (3.5.28).

1.

Let us consider, py = py, i.e. the saturation pressure. Then for p;, = pg we have f(po,pr) =0. So
(po,po) is a solution of (3.5.28). It obviously satisfies (3.5.27) with z = 0.

We note, that
of of
——(po, =-1 d —(po, =1.
Opy (Po; o) an L (Po; po)

Accordingly in a neighborhood of py = pg relation (3.5.28) implicitely defines a function pr,(py)
with p/ (py) > 0. This means, in a neighborhood of py = pg relation (3.5.28) has a solution, that
satisfies the inequalities (3.5.27).

By our assumption we consider a temperature regime, where in (3.3.3) we have
PL PL
DL :poJrKo% — Ko <po+Ko% —(po—pv).

Therefore
PL — Pv pPo
1-————>0
Ko pr

and we conclude that
oh m\? 1 {1(1 1) 1pr —py po 1
D)= () s (- )RV L
8PL(pV pL) (kTo> Vor 12 \pr  pv 2 Ko prLpr

For any fixed py the function h(py,pr) is strictly decreasing in pr,. Due to pr, > py it attains its
maximum at py, = py.

Next we calculate

of 2 72 L po 2 oh 1
a. 9 = 1 - : h 9 o T + h I a. 9 -
apL (PV PL) pPv (PV pL)pQL Ko pv (pv PL) apL (Pv pL)[[p]]

5.

Let us consider any p},, pj, such that f(pj,,p}) = 0 and (3.5.27) is satisfied. Let us further consider
that z > 0. Then we obtain
of Ko po

—(y,pr)>1———=0
3PL(V r) po Ko

On the other hand, if z < 0 then

o7 i (o ) 5y, !
7p*,p* >1-— =5 — | T VCLVT>O.
apL( v PL) pL2 a% kT Tﬂ'p pVQ

So p} is a simple root of f(py,-) with %(p*wpz) > 0.

Because of f(p},-) = —oo for p;, — oo it is clear, that f has a further root p}* > p} with
%(p*v,pz*) < 0. Accordingly (p},, p}*) does not satisfy the inequality (3.5.27), see step 4. More-
over, by monotonicity of h there is no further root pr, > p}, that satisfies (3.5.27), see step 3.

By the same arguments as before there is no further root p;, < pj.

We have seen that in a neighborhood of py = pg for every fixed pj, there exists a unique pj such
that f(p},p;) = 0 and (3.5.27) are satisfied. Next we want to show that this is true for every

0 < pv <po.
Assume, there exists a py < pg such that there is no solution py, with f(py,pr) = 0. Then by the
previous results we conclude that there exist pi,,p; with py < pj, < po such that f(p},,p;) =0
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and 5 (pV,pL) = 0. Accordingly the solution (pj,p} ) does not satisfy the right hand side of
mequahtles (3.5.27). For (p},, p}) we estimate

py Ko, pv __ av .o pv
V2 m Po V2T oV

\%7 Py In ‘; attains its maximum at py = pgexp(—1). Accordingly we get

(3/2)
“(wi1) < rihoi i) < - ()

_av_ lp*\}<aVA

This contradicts the above statement that (p},, p;) does not satisfy the right hand side of inequal-
ities (3.5.27). We conclude, that for every fixed 0 < p}, < po there exists a unique pj, such that
f(py,p;) =0 and (3.5.27) are satisfied.

7. Taking p}, = p one can easily check, that the root (p, pr(p)) satisfies (3.5.27). Accordingly by an
argumentation analogously to step 6 this is true for every pj, with pg < pj, < p. Now the first
statement of Lemma 3.5.1 is proven for all 0 < pj, < p.

Applying this solution to the kinetic relation (3.5.23) we obtain the mass flux z across the interface. [

Remark 3.5.4. For shorter and more clear notation we will often use instead of pr the quantity
(pLK_Opo + 1) po given by the equation of state (3.3.3). This fact one should keep in mind when cal-
culating partial derivatives 0/0py,.

Proposition 3.5.1. For every temperature 273.15K < Ty < 623.15K and given pj, the first root of
f(py,-) satisfies (3.5.27).

Proof. 1t is obvious, that for py = pr > po the function h is negative whereas for py = pr, < pg the
function h is positive. Accordingly in the latter case we have

h( ) < (m>3/ pv ko) pv o poexp(Z1) (3.5.30)
. , _ - < a . KON
bv bv,pL kTo ﬁ27r m 20 v TW LPL

This proves the statement, that the right hand side of (3.5.27) is always satisfied.
For the left hand side of (3.5.27) this statement is clear by step 7 of the proof of Lemma 3.5.1. O
3.5.3.4 Monotonicity of pj (p})

Lemma 3.5.2. By (5.5.28) the implicitely defined function p} (p3) is strictly increasing. Here p} denotes
the uniquely defined root of (3.5.28) for given p},.

Proof. By the implicit function theorem we know that
pr (pv) = Apv (rv,pL) AL (pv,p1L) -

From the last subsection we know that é%;(p*v, p3) > 0. So we only have to show, that

of
——(pir,p7) <O0.
5pv(pv pL)

We calculate

of
Opv

Let us assume that z < 0. Then
U <m>3/2 <[[ . [[p*ﬂ)
bv,DPr) = P
opy VT kT, N LD,
b (

(&) ) e

2 1 oh 1
pv.pi) = —1+p} - 2Py, ] (*—*)+p2 -h(py,p1)m— (v, 1) [—=]-
(pv,p1) v - h* 0y, pL) o v - h(py L)apv(v L)[[p]]
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and consequently (pv,pL) < 0. If 2> 0 and z < pj,ay then

of <m )3/2 vy (kTO>1/2 1
—(py, P} -1+ vl— — < 0.
8pV (pV pL) k'TO \/ﬂpv m pa‘}Q
Finally, for z > 0 and z > pj,ay the above statement is obvious. O

Proposition 3.5.2. During a condensation process both pressures are larger than the saturation pressure
Po < pv <DpL

whereas during an evaporation process we have
pv <prL <po-

This is a direct consequence of the last lemma and the fact pr,(po) = po-

3.5.3.5 Monotonicity of z[[pi]]

Due to Lemma 3.5.1, for given p}, the mass flux z is uniquely defined, because f(p},,pr) = 0 has only a
single admissible solution. Next we prove a further monotonicity relation.

Lemma 3.5.3. For given temperature 273.15K < Ty < 623.15K the expression z[[p%]] is strictly increas-
ing in p},, where z depends on the function p} (p},) implicitely defined by (3.5.28).

Proof. We have

dz[1] 0z[X]  0z[i] 0z[%]  8z[i] 2L
P x % P Pl % x ok P pd Opv *x
) = + ) = - “Hf 9
. (pv,pL) ( Ty o, VL (pv,pL) Ty oo 2L (pv,pL)
Using previous results we will show that
o211 of  0:13] of
r- P | (pt,ph) > 0. 3.5.31
< Opv Opr  Opr Opv #ypL) ( )

Calculating all the derivatives we obtain

s S (5) s <3
opy opr  opp opyv ) TV T kT, *2r | p PvPv P32 Ko

[t () (- 2)
po po M L v/l Pl Ko p,

Let us first consider, that z > 0. Then for z? < p},p}ayar, the above statement is obvious.
Assume, z is positive with 22 > p},p;avar. Then because z > 0 we conclude

kT, Y 1
. (] pf [[p*]] < R ) >0
Po PI Pv

KTy pt 1.1 (1 1)
——In—"% 4+ =-]— + pyvpravar >0
m e el Gy ) v
kT * *
LN
po 20y
—  pt2nm® g, (3.5.32)
Po

By some simple calculations we find, that for fixed p} the expression p} +2p7, In ’;—*‘g attains its minimum
for py = po - exp(—1). Accordingly we have

/)L+2Pv1np > pp, —2pv >0.
0
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This is a contradiction to (3.5.32) and we conclude 22 < p¥,piayvar. This implies the above statement
for positive z.
Now let us consider z < 0. We obtain

1 2 * % 4
P

2)
[ 22

po po m 3 Ko p1,
1 Mol K kT
> 1 (st - 2 )+[ ol bt Sy ()| B
p prar Po ,00 m-po PL
1 pita p
> a2 ([[]]QP*Q (1 _ 1/ V) _ m:{) .
VAt Y pilaj P

This expression is obviously positive, because py /pr, < 1/4, cf. (3.5.21). Accordingly the proof of Lemma
3.5.3 is complete. O

Remark 3.5.5. If we exclude phase transition, this means that we use the trivial kinetic relation z = 0,
Lemma 5.5.1 and Lemma 3.5.2 remain valid. It is quite evident, that we have p} = pj,. The expression
z[[%]] of Lemma 3.5.8 becomes zero and is clearly non-strictly increasing in p3,.

Remark 3.5.6. During the proof of Lemma 8.5.8 we observe that the smallest pr, > 0 with f(p},,pr) =0
identically satisfies the inequalities

—aypy <z < /avar\/pvpr <arpr, (3.5.33)

which is a sharper result than the inequality (3.5.27).

3.6 Explicit solutions of the Riemann problem for isothermal
Euler equations for two phases with different equations of
state

Now let us consider two phase flows, where from now on for all examples the left phase (initially = < 0)

is assumed to be water vapor, whereas the right phase (initially z > 0) is assumed to be liquid water.

The different phases are characterized by different equations of state, given in (3.3.2) and (3.3.3). We
consider the Riemann problem

_Jp—=py for <0 _Jv_=wy for <0
p(a:,O)—{p+:pL for >0 and U($’0>_{v+:vL for =>0. (3.6.1)

The solution consists of 4 constant states, that are separated by 2 classical waves and the phase boundary.
Accordingly we have three possible wave patterns, see Figure 3.4.

Figure 3.4: Wave patterns. Solid line: classical waves. Dashed line: Vapor-liquid interface
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3.6.1 Case 1: Two-phase flow without phase transition

Let us first consider the case, where the phase transition is excluded, i.e. z = 0. In this case we have

Lemma 3.6.1. There exists no solution of wave pattern types a) and c), which include the cases of the
coincidence of the classical waves with the phase boundary.

The lemma will be proven at the end of this section.

Now we consider Case b). For solutions of that type we use the following notations for the 4 constant

states
_ | PV * P*{/ * Pz _|PL
woo [] wis 5] wio ] we [ a6
To find the exact solution we extend the procedure that is described for single gas flows by Toro in [20].
We aim to derive a function

flp, Wy, Wp) = fu(p,Wy)+ frip, W) + (vp —vy), (3.6.3)

such that the only root p = p* is the solution for the pressure p}, of the Riemann problem (3.2.1-3.2.2),
(3.6.1). The functions fy and fr are the increments that relate the initial velocities vy, vy, to v, and
v} resp., only in terms of the initial data and the unknown solution p*. This means that

vy = vy — fr(pe, Wy) and v, =vr + fr(pe, Wp). (3.6.4)

This procedure makes use of the constancy of pressure and velocity across the phase boundary, vj, = v},
and py, = p},, which is due to z = 0.

Because p is constant in the star region, we choose p* to be the unknown and eliminate pj,, p7.
However, for shorter notation we keep the initial data py, pr.

We use the results in (3.5.2), (3.5.4) and (3.5.16). For a left wave we replace ’ and ” by y and },
resp. On the other hand, for a right wave ’ and " are replaced by 5 and ;. We end up with the following

Theorem 3.6.1 (Solution of isothermal two-phase Euler equations without phase transition).
Let f(p, Wy, W) be given as

fp, Wy, Wp) = fv(p, Wy) + fo(p, Wr) + Av, Av=vp — vy

where the functions fy and fi are given by

fv(p, Wy) = Vv 40> pv (shock)
—ay Inpy +ayInp if p < pv (rarefaction)
——LPL if p > pr (shock)

fuip, W) = Kop (50 +1) :
—aLan—ﬁ—&—aLln (p;{]g“ +1> if p < pr (rarefaction)

If the function f(p, Wy, W) has a root p* with 0 < p* < p and with p as in Section 3.3, this root is
unique and is the unique solution for pressure p}, of the Riemann problem (5.2.1-3.2.2), (3.6.1). The
velocity vy, can be calculated as follows

U;(/ = %(UV +’UL) + % (fL(p*aWL) - fV(p*awv)) :

Proof. The function f is strictly monotone increasing in p with f(p, Wy, W) — —oo for p — 0.
Therefore f has at most one unique root, which is by construction the solution for the pressure pj,
of the Riemann problem considered. The second part of the theorem is an immediate consequence of
(3.6.4). O

For given initial data one can define the sets of states that can be connected to the initial states by a
single shock or rarefaction wave. These sets define curves in the p-v-phase plane, where the intersection
point (p*,v*) is the solution due to Theorem 3.6.1, see Figure 3.5. In Figure 3.5 the black curve Cy
belongs to the vapor phase, whereas the red curve C, belongs to the liquid phase. The solid lines denote
those states, that can be connected to the initial states, indicated by a star, by a rarefaction wave. Along
the dash-dotted lines we have states, that may be connected to the initial states by a shock wave. The
wave curves in Figure 3.5 belong to the data of the second example in Section 3.8.
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Figure 3.5: Wave curves in the p-v-phase plane

Theorem 3.6.2 (Sufficient condition for solvability). Let us consider the Riemann problem (3.2.1-
3.2.2), (5.6.1). We have two cases.

o Forpr < py(p) = p the above Riemann problem is solvable if and only if

_ P —Dpv P—DPL
[, Wy, Wp) = = + - +Av>0.
( ) Vovp /P (P —po+ Ko)
e For pr > p the above Riemann problem is solvable if and only if
. pP—pv pL —po + Ko
, Wy W) = — +a ln<~)+Av20.
oWy, W) =75 P o Ko

Proof. As seen before f is strictly monotone increasing in p with f(p, Wy, W) — —oo for p — 0.
Accordingly f has a unique root if and only if f(p, Wy, W) >0 for p — p. O

Remark 3.6.1 (Complete solution). Theorems 3.6.1 and 3.6.2 allow us to calculate the pressure and
the velocity in the star region as well as the interface velocity. From the equations of state (3.3.2) and
(8.8.8) we find the densities p3,, pj, of the star region respectively. In the case of shock waves the relation
(3.5.16) gives the shock speeds.

For a left (right) rarefaction wave the head and tail speeds can be obtained from (3.5.2) or (3.5.4)
respectively. The solution inside the fans is given by (3.5.3) respectively (3.5.5).

Finally we give the proof of Lemma 3.6.1.

Proof. We denote the states between the classical waves with two stars. The states between the right
wave and the phase boundary have one star, also see Figure 3.6.

t ,

Wy Wik/* W; ,/ W,

Figure 3.6: Wave pattern of type (c) with notation
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Assume that the solution is of wave pattern type c¢). Then the interface is moving with speed
w = vy = vy« Let us further assume that the right wave is a shock wave moving with speed Ss.
Obviously the condition w > Sy must hold. To find Sy we use (3.5.16); and (3.5.16)5. We replace ” and

" by vax and v, resp. We obtain
SQ ay pvx

= w4 —
RV PV« PV xx

which contradicts the condition w > Ss.

On the other hand if the right wave is a rarefaction wave, then the head speed is given by ay + vy,
see Subsection 3.5.1. This is likewise a contradiction to the condition w = vy, = vy, > ay + vy. If the
phaseboundary lies within the rarefaction wave or at its tail we obtain the analogous contradiction in
the wave speeds.

Accordingly there is no solution of type ¢). In an analogous manner we may discuss the case of wave
pattern type a). O

3.6.2 Case 2: Two-phase flow with phase transition

The lemma corresponding to Lemma 3.6.1 is much more complicated in this case. For this reason we
must discuss all three cases from Figure 3.4 and we start with Case b).

3.6.2.1 Solutions of type b)

To find the solution for the Riemann problem (3.2.1-3.2.2), (3.6.1) with phase transition we use the same
strategy as before. Due to phase transition we have v} # v{, at the interface, which gives us a further
term in the resulting algebraic equation. Moreover, a further challenge results from the inequality of the
pressures pj # pj,. Nevertheless we are able to construct a function

o0 Wy W) = fo (0. W) + £ (05 (p). W) + z[[%]] + (01— vv) (3.6.5)

such that the only root p = p* is the solution for the pressure p{, of the Riemann problem (3.2.1-3.2.2),
(3.6.1) with phase transition. The functions fy and fy relate the initial velocities vy, vy to vj, and
v} respectively, only in terms of the initial data and the unknown solution p* as well as the implicitely
defined function pj (p*).

As before we use the results in (3.5.2), (3.5.4) and (3.5.16). For a left wave we repalce ’ and ” by v
and },, respectively. On the other hand, for a right wave ’ and ” are replaced by % and . We end up
with the following

Theorem 3.6.3 (Solution of isothermal two-phase Euler equations with phase transition).
Let f.(p, Wy, W) be given as

N 1
f:(p, Wy, Wp) = fv(p, Wy) + fr(pL(p), Wr) + Z[[;ﬂ +Av, Av=wvp —wy (3.6.6)
where the functions fy and fi, are given by
pP—pv ;
fv(p, Wy) = ¢ veve D> by (shock)
—ay Inpy +ayInp if p < pv (rarefaction)
PL(p)—pL if p3 (p) > pr (shock)
K pz(p)fpo_i_l
frip, W) = UpL( Ko
—arInZ +apln (% + 1) if 5. (p) < pr (rarefaction).

The function p} (p) is implicitely defined by (3.5.28) and z is given by (3.5.23).
If the function f.(p, Wy, W) has a root p* with 0 < p* < p, see Section 3.3, this root is unique.
If further

p* > py we must have z > —ayv\/pvpy - (3.6.7)

In this case the root p*is the unique solution for the pressure p}, for a b)-type solution of the Riemann
problem (3.2.1-83.2.2), (3.6.1) with phase transition and the complete solution is uniquely determined.
If there is no root or condition (3.6.7) is not satisfied the Riemann problem has no solution.
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Proof. The function f, is strictly increasing in p. This follows from Lemma 3.5.2 and Lemma 3.5.3.
Further we have f, — —oo for p — 0. Therefore f, has at most one unique root, which is by construction
the solution for pj, of the considered Riemann problem.

Then by Lemma 3.5.1 the pressure pj (p) and the mass flux z are uniquely defined. The corresponding
densities can be obtained from the equations of state (3.3.2), (3.3.3). To find the velocities in the star
regions one can use (3.5.2), (3.5.4) for rarefactions or (3.5.16) for shocks. The interface velocity can be
obtained from (3.2.5).

The further calculations are the same as in the case of isothermal Euler equations without phase
transition, see the proof for Theorem 3.6.1 and the remarks following. O

Remark 3.6.2. The additional condition (3.6.7) in Theorem 3.6.3 is necessary to guarantee, that S; < w
in the case of a 1-shock propagating through the gas. If this condition is not satisfied, the root p* of (3.6.6)
is meaningless.

As in the case of no phase transition in the previous section, one can construct the solution in the
p — v—phase plane. We define the same sets of states as before. Moreover, for every state, that can
be connected to (pyv,vy) by a single wave, there exists a uniquely defined state (p},v}), that can be
connected to (py,vy) by a phase boundary due to the kinetic relation (3.5.23). These states define a
further wave curve Cp, see Figure 3.7. The red and black curves C, and Cy are identical to the case

Wave curves in the p-v-plane
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Figure 3.7: Wave curves in the p — v—phase plane

before. The blue curve Cp is newly defined, where the blue solid (dash-dotted) part of C corresponds
to the black solid (dash-dotted) part of Cy. The intersection point of the blue and red curves Cp. and
C', is the solution for (p% (p},),v}) due to Theorem 3.6.3. As before the wave curves in Figure 3.7 belong
to the data of the second example in Section 3.8.

Theorem 3.6.4 (Sufficient condition for solvability I). Let us consider the Riemann problem
(8.2.1-8.2.2), (5.6.1). If the Riemann problem considered for Case 1 is solvable, then the same Riemann
problem is also solvable taking into account phase transition due to the kinetic relation (3.5.23).

The proof is obvious by the monotonicity properties of f,. For details see the following corollary and
its proof.

Proposition 3.6.1. Let p* be the solution of the pressure in the star region of the Riemann problem
(8.2.1-3.2.2), (3.6.1) for Case 1. Then for the solutions p}, and p} (p},) of the same Riemann problem
for Case 2 we have

1. p* =pg implies that Py = pi(p}) = po.
2. p* < pg implies that p* < pi(pY) < po.

3. p* > po implies that po < py < D*.



48 CHAPTER 3. EULER EQUATIONS WITH PHASE TRANSITION

Proof. The first statement is obvious. Now let us consider p* < py. Consider that pj (pj,) = po. Then
we have an equilibrium and therefore pj, = po and further f,(po, Wy, Wp) = f(po, Wy, W) > 0. Now
f2(po, Wy, W) > 0 and we obtain due to the monotonicity of f, that p} (p},) < po. On the other
hand, if p} (p{,) = p« then f.(p},, Wy, W) < f(p*, Wy, W) = 0 and we conclude the other inequality
p* < p}(py). The argumentation for the third statement is analogous. O

Theorem 3.6.5 (Sufficient condition for solvability II). Let us consider the Riemann problem
(3.2.1-3.2.2), (3.6.1) with phase transition. This Riemann problem is solvable by a b)-type solution if
and only if

[0, Wy, W) >0

and (3.6.7) is satisfied.

Proof. The statement is obvious, because the above requirement guarantees, that the function f, has a
root,. [
3.6.2.2 Further solutions

As in Section 3.6.1 we want to discuss the existence of further solutions for the Riemann problem (3.2.1-
3.2.2), (3.6.1) with phase transition. We obtain

Lemma 3.6.2. There is no solution of type a).

Proof. Assume, there is a solution of type a). Then analogously to solutions of type ¢) in Section 3.6.1
we denote the constant states by (pv,vy), (PL«, VL), (PLsx, VLsx), (pr,vL), see Figure 3.6. Obviously
in that case we have a condensation process and therefore z < 0. Assume the left wave is a rarefaction
wave, then the head speed is given by vr. — ay, and

w =

+ v <ULy —ay (31i8)
PLx

must hold. We obtain z < —appr.. This contradicts (3.5.27) and therefore there is no solution of type
a) with a left rarefaction.
Similarly, for a left shock wave

PLxx
w = +vps« < Vpx —ar

PLx PLx

must hold. This is a stronger inequality than (3.6.8) and therefore it cannot be satisfied. This proves
the above statement. O

Lemma 3.6.3. Consider the Riemann problem (3.2.1-3.2.2), (3.6.1) with phase transition. If pr, > po
there is no solution of type c).

Proof. A solution of type ¢) implies an evaporation process. This requires that py, < pg. O

Lemma 3.6.4. Consider the Riemann problem (3.2.1-3.2.2), (3.6.1) with phase transition. For suffi-
ciently large pr, with pr, < po there is no solution of type c).

Proof. Assume, there is a solution of type ¢). Then analogously to the previous case of an a)-type
solution for a right rarefaction

w =

+ Vv 2> Vv +ay
PV x

must hold. On the other hand for a right shock wave we have

4%
+ Uy > Vv Fay .

PV« PV

w =

Accordingly
<1

+ oy < vy +ay <=
PV« PV AV
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is sufficient to guarantee, that there is no solution of type ¢). Due to z > 0 we obtain from (3.5.23) by a
simple estimate

1 x
Z e — v

PV Qv V2T Po

Therefore, if

1 *
e n pv

V2 Po

there is no solution of type ¢). By the strict monotonicity of pr(py.) the proof is complete, see Lemma
3.5.2. -

<1 — PV« > poexp(—V2r)

Remark 3.6.3. Note that the inequality pr, > pr(po exp(—+v/2m)) is sufficient, but not necessary for the
statement of the above lemma.

3.7 3-Phase flow

3.7.1 Condensation by compression

Now let us consider the Riemann problem for the isothermal Euler equations with the following initial
data for py+ € [0,7]

_Jp-=py- for <0 _Jv_=wvy_ for <0
p(x,O)—{p+:pv+ for x>0 and U(x’o)_{v+=vv+ for x>0. (3.7.1)

This means, we have a Riemann problem for a vapor phase only. Using the results of Section 3.5 we
easily obtain

Theorem 3.7.1 (Solution of classical isothermal Euler equations). Let the function fyv be given
as

Jvv(, Wy, Wy o) = fv_(p, Wy_) + fus(p, Wy ) + Av, Av=vyy —vy_

where the functions fy_ and fyy are given by

fo (p Wy ) = f/% if p> py— (shock)
V=P Wy=) = —ayInpy_ +aylnp if p < py_ (rarefaction)
L if p> shock
fvi(p, Wyy) = q VPveP .fp P (shock) o
—ayInpyy +aylnp if p < pvy (rarefaction)

If the function fyv(p, Wy_, Wy ) has a root p* with 0 < p* < p, this oot is unique and is the unique
solution for pressure pj, of the Riemann problem (3.2.1-3.2.2), (3.7.1). The velocity v{, is given by

vy = %(vv_ +ovy) + % (fv+ (e, Wyg) = fu—(ps, Wy ) .

In principle this result is known with some small modifications, see for instance the book of Toro [20].
In the literature one usually looks for a pressure p*, that is a root of the above algebraic equation. Due
to fyy — —oo for p — 0 and fyy — +oo for p — +o0o there is always a solution. The latter case is
physically not meaningful because a sufficiently high pressure in a gas will lead to a phase transition to
a liquid or solid phase. In contrast we only consider solutions, that satisfy the inequality 0 < p* < p,
where p denotes the maximally possible gas pressure. As a consequence one can find Riemann initial
data without solution. If this happens we follow the following strategy.

Definition 3.7.1 (Nucleation criterion). If there is no solution to the Riemann problem (3.2.1-3.2.2),
(3.7.1) according to Theorem 3.7.1, then nucleation occurs.

If this criterion is fulfilled, we look for a solution with two transition fronts (phase boundaries) and
two classical waves. Next we discuss the possible wave patterns for condensation.
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Lemma 3.7.1. If there is a solution of the Riemann problem (3.2.1-3.2.2), (3.7.1) consisting of two
classical waves and two phase boundaries, then no wave is propagating through the liquid. Waves may
only occur in the gas.

Proof. Assume, there is a solution with a classical wave propagating through the liquid phase. W.l.o.g.
this wave is a left going wave. We denote the states to the left and right of this wave by r. and r.«,
respectively. Furthermore, on the left hand side of this wave there is a phase boundary propagating with
speed wi. The state left to the phase boundary is denoted by ..

Obviously we have a condensation process. Accordingly p. > po and pr. > pg. This configuration is
impossible due to Lemma 3.6.2. Analogously we discuss the case of a right going wave. O

We conclude, both waves propagate through the vapor phase. The possible wave patterns are given
in Figure 3.8.

Figure 3.8: Wave patterns. Solid line: classical wave. Dashed line: phase boundary

Lemma 3.7.2. There are no solutions of wave pattern types d) and f).

Proof. Let us assume, that the solution is of wave pattern type d). This corresponds to solutions of
wave pattern type c¢) in Section 3.6.2.2, see Figure 3.4. We have seen, that such solutions only can occur
for very low pressures, that imply evaporation, see Lemma 3.6.3 and Lemma 3.6.4. Here we have a
condensation process, so wave pattern type d) is impossible. Analogously we can exclude solutions of
wave pattern type f). O

Accordingly the only possible wave configuration is of type e). We use the notation as given in Figure
3.9 and obtain

Figure 3.9: Notations, wave pattern type e).

Lemma 3.7.3. Assume, there is a solution of wave pattern type €). Then pys = Pyas-

Proof. For given py, the pressure pr. is uniquely defined, cf. Lemma 3.5.1. The function pr.(py«)
is strictly monotone, see Lemma 3.5.2. For the second phase boundary we have to use the modified
kinetic relation (3.5.24). We obtain the same pressure function pr.«(pvsx) = pr«(pvs«) with the same
monotonicity properties as in Section 3.5.3.4. O]

Using the results of the previous sections and taking into account, that there are two phase boundaries
we can formulate the following
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Theorem 3.7.2 (Solution of isothermal Euler equations for two gases with phase transition).
Consider the Riemann problem (3.2.1-3.2.2), (3.7.1) and assume the nucleation criterion is satisfied. Let
fvva(p, Wy_, Wy ) be given as

1
Jvv:0, Wyv_, Wy )= fv_(p, Wy_) + fu+(p, Wyy) + 22[;]] +oy_ —vyy =0,

where the functions fy_ and fyy are given by

fo_(pWy_) = | Vv D> Py (shock)
v-(p, Wyv-) = ZayInpy_ +aylnp if p < py_ (rarefaction)

i if p>pvy (shock) .
—ay Inpyy +aylnp if p < pvy (rarefaction)

Jvi(p, Wyy) = {

Here z is given by (3.5.23) and [[%]] =L — L The function p% (p) is implicitely defined by (3.5.28).

PLx* PV *

If the function fyv. has a root with pg < p < p, then this root is the only one. Furthermore, this
root is the unique solution for pressure py. = py s« of the Riemann problem (3.2.1-3.2.2), (3.7.1) for the
vapor pressure in the star regions. The liquid velocity vy can be calculated by

b= v+ o) + 5 (s (02) = fr-(02))

By previous results it is obvious, that the function fy ., has at most one root. By construction this
root is the solution for the pressure of the vapor phase in the two star regions in Figure 3.9.
The further calculations to find the complete solution are analogous to previous calculations.

Remark 3.7.1. Note, that vy # Vyes With Uy + Uyse = 2014

Theorem 3.7.3 (Sufficient condition for solvability I). Consider the Riemann problem (3.2.1-
3.2.2), (3.7.1). This problem is solvable without phase transition if and only if

fvv(®, Wy, Wy ) >0.
Proof. This statement is obvious by the monotonicity of fy v . O

Theorem 3.7.4 (Sufficient condition for solvability II). Consider the Riemann problem (3.2.1-
3.2.2), (3.7.1) and assume that the nucleation criterion due to Definition 3.7.1 is satisfied. Taking into
account phase transition this problem is solvable if and only if

fVVz(ﬁa va,WV+) Z 0.

Proof. This statement is obvious due to the monotonicity of fyy .. O

3.7.2 Evaporation by expansion

In the following we consider the Riemann problem for the isothermal Euler equations with initial data
PL+ Z Pmin

_fp_=pr- for <0 _Jv_=wvp_ for <0
p(x’o){er:pLJr for x>0 and v(x,O){U+:UL+ for x>0, (3.7.2)

i.e. the initial data only contain two states in a liquid phase.

We have seen, that at a planar phase boundary the liquid pressure is always positive. It is known
from applications, that negative liquid pressures are possible. They give rise to cavitation in the liquid,
see Doering [6]. Recall that in the liquid-vapor case a negative liquid pressure is forbidden, see (3.5.18).
Now, in the liquid-liquid case we may meet negative pressures. The smallest pressure in the liquid is
Pmin-

Using that definition we obtain
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Theorem 3.7.5 (Solution of isothermal Euler equations for two states of a liquid without
phase transition). Let frr(p, Wr—, W) be given as

fer(p, Wr Wiy )= fo(p, W)+ fri(p, Wry) +Av, Av=wvry —vp_

where the functions fr— and fry are given by

= if p> pr— (shock)
fe-tWe) = m pP—po : )
(To + 1) if p < pr— (rarefaction)
pP—pPL )
fo+(p, Wry) = ‘/ﬁ if p> pry (shock) |
+p, + —ar In p;; +arln (% + 1) if p <pr4+ (rarefaction)

If the function frp(p, Wr—, W) has a root p* with pmin < p*, this root is unique and is the unique
solution for pressure p} of the Riemann problem (3.2.1-3.2.2), (3.7.2). The velocity v} is calculated from

v = 5o o) + 5 (ra(es) = 1 (p2)

Remark 3.7.2. For simplicity in our calculations we choose pyin, = 0, but also lower values are possible.
Our theoretical results are general and do not depend on the special value of pmin-

Analogous to the above nucleation criterion we give the

Definition 3.7.2 (Cavitation criterion). If there is no solution of the Riemann problem (5.2.1-3.2.2),
(3.7.2) according to Theorem 3.7.5, then we may encounter cavitation.

If this criterion is fulfilled, we look for a solution involving a vapor phase with two transition fronts
(phase boundaries) and two classical waves. As before we discuss the possible wave patterns.

Lemma 3.7.4. Assume there is a solution of the Riemann problem (3.2.1-3.2.2), (3.7.2) consisting of
two classical waves and two phase boundaries. If further pr_,pr+ are sufficiently large then no wave is
propagating through the vapor.

The proof is analogous to the proof of Lemma 3.6.4. A sufficient lower bound for pr_,pry is given
in Remark 3.6.3.

Lemma 3.7.5. There is no solution of type d) and f), see Figure 3.8.

The proof is analogous to the proof of Lemma 3.6.2.
Accordingly we construct solutions of type e), the notations are analogous to the notations in Figure
3.9. We obtain

Lemma 3.7.6. Assume, there is a solution of wave pattern type €). Then prs« = PrLix-

The proof is analogous to the proof of Lemma 3.7.3.
The next theorem addresses wave pattern type e).

Theorem 3.7.6 (Solution for isothermal Euler equations for two liquids with phase tran-
sition). Consider the Riemann problem (3.2.1-3.2.2), (3.7.2) and assume the cavitation criterion is
satisfied. Let frr.(p, Wr—, W) be given as

fro-(0,Wr,Wiry) = fr_(pr(p), W) + fr4+(pr(p), Wry) + 22[[%]] +vp- —vpy =0,

with fr— and fr4 according to

M Zf
L pL(p) > pL— (sh.)
fr- (i), W) = & Ve ni) b o) po
—aLlin-l-aLln(T-l-l) p (p)SPLf (Tf)
pL(P)—PLt if
e p1(p) > pry (sh.)
fre(@r(p), Wry) = p“pr(fl P} (p)—po
—ar, In o TaL In (T +1> if p1(p) <pry (f.)-
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Here z is calculated from (3.5.23) and [[%]] = pi* — pvl**. The function p} (p) is implicitely defined by
(3.5.28).

If the function frr. has a root with pmin < p, then this root is unique. Further, this root uniquely
determines the pressure p}, of the Riemann problem (3.2.1-3.2.2), (5.7.2) for the vapor pressure in the
star region. Further, the vapor velocity vy . is given by

o = 5(n o)+ 5 (e Gi ) ~ foGL(2)))

Proof. Due to our previous results it is obvious, that the function f;r. has at most one root. By
construction this root is the solution for the pressure of the vapor phase in the star region.
The further calculations leading to the complete solution are analogous to previous calculations. [

Theorem 3.7.7 (Sufficient condition for solvability I). Consider the Riemann problem (3.2.1-
3.2.2), (3.7.2). This problem is solvable without phase transition if and only if

frr(Pmin, Wy—, Wy 1) <0.

Proof. This statement is obvious due to monotonicity of fry. O

Theorem 3.7.8 (Sufficient condition for solvability II). Consider the Riemann problem (3.2.1-
3.2.2), (3.7.2) and assume the cavitation criterion is satisfied. If we admit phase transition, this problem
is always solvable.

Proof. This statement is obvious due to the fact that z[[%]] — —oo for py, — 0. O

3.8 Numerical results

In the following section we discuss some numerical examples. The calculations need the Boltzmann
constant k and the mass of a single water molecule my,

2.1.0079 + 15.9994
o . —23 —
k=1.380658-10"**J/K  and  mw 6.02205 - 1026

kg .

The reference values used are tabled in [22].

3.8.1 Example 1: 2 phase flow, wave structure independent of phase transi-
tion

We consider an example in which the wave structure does not depend on whether a phase transition is
modeled or not. The initial data and reference values for the first example are given by

vy = —100m/s | vy = 100m/s | Ty = 293.15K | Ko = 10°/0.45836Pa
pv =2300Pa | pr =1000Pa | py = 1000/1.00184kg/m> | po = 2339Pa.

Figure 3.10 shows for z = 0 the solution for velocity, pressure and density as well as the wave pattern.
The phase boundary is indicated by the dotted red line. Figure 3.11 gives the solution for the same
problem with z # 0, i.e. with phase transition. Both solutions have similar wave pattern.

Note that in the plots for density and velocity the jump across the shock wave is so small that it is
not visible in the chosen scale. This is generally true for classical waves inside the liquid phase. The
difference is only visible in a local zoom.

The solutions to Example 1 for the intermediate states vy, pv«, Vr«, PLs for both cases are summa-
rized in the following table

vy, = 100.0002m/s | vp. = 100.0002m/s || vy, = 42.5m/s | vr, = 100.0004mn/s
pyvs = 1335.3Pa ‘ pr« = 1335.3Pa H pvs = 1561 Pa ‘ prs« = 1699.5Pa .
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Solution structure at time t = 0.001 s Velocity in m/s
100 t :
of
‘ A . ‘ -100 : P ‘ ‘
-0.5 0 0.5 1 1.5 -0.5 0 0.5 1 1.5
Density in kg‘fm3 Pressure in Pa
1000 ; :
2000
500 f :
1500 :
0 : - . ‘ 1000 [ S ‘ A I—
-0.5 0 0.5 1 1.5 -0.5 0 0.5 1 1.5
Figure 3.10: Example 1, without phase transition
Solution structure at time t = 0.001 s Velocity in m/s
100 ¢
0 k
-100 ,
-0.5 0 0.5 1 1.5
Pressure in Pa
1000 | :
2000 ¢
500 1
1500
0 : — . ‘ 1000 P ‘ —
-0.5 0 0.5 1 1.5 -0.5 0 0.5 1 1.5

Figure 3.11: Example 1, with phase transition

3.8.2 Example 2: 2 phase flow, wave structure depending on phase transition

We now consider an example in which the wave type changes when a phase transition is introduced. The
second example relies on

vy = —200m/s | vy =—50m/s | Tp = 473.15K | Ko =10°/0.88383Pa
pv = 60000Pa | pr = 100000Pa | po = 1000/1.15651kg/m* | po = 1554670Pa.

In the case without phase transition the solution is composed of two rarefaction waves, see Figure 3.12,
whereas the solution with phase transition possesses two shock waves, see Figure 3.13. The corresponding
wave curves are given in Figure 3.5 of Subsection 3.6.1 and Figure 3.7 of Subsection 3.6.2. The solutions
to Example 2 for the intermediate states vy ., py s, ps, Pr« for both cases are summarized in the following
table



3.8. NUMERICAL RESULTS 95

Solution structure at time t = 0.001 s Velocity in m/s
-50 T
-100
-150
-200 ) T ) .
-0.5 0 0.5 1
Density in kg‘fm3 x10% Pressure in Pa
800 | 107
600 | gl
400
200 6
0 4l
-0.5 0 0.5 1 -0.5 0 0.5 1
Figure 3.12: Example 2, without phase transition
Solution structure at time t = 0.001 s Velocity in m/s
-100
200
-300
-400 t
. -500 k. . P— A
-1 -1 -0.5 0 0.5 1
%10° Pressure in Pa
o | .
800
600 f 151
400
200 | T :
0 k 0.5 =
4 05 0 0.5 1 1 05 0 0.5 1

Figure 3.13: Example 2, with phase transition

vy = —50.057Tm/s
pv. = 43531Pa

vpy = —50.057m/s || vy, = —472m/s | vy, = —49.905m/s
pr« = 43531Pa || py. = 106562Pa | pr. = 19346Pa.

3.8.3 Example 3: Condensation by compression
In the third example the data are

vy_ =27Tm/s | vyy =—-2Tm/s | Ty = 363.15K | Ko =10°/0.47316Pa
pv— =70000Pa | py4 = 70000Pa | po = 1000/1.03594kg/m> |  po = 70182.4Pa.

The solution at time ¢t = 0.001s is illustrated in Figure 3.14, including a zoom plot to show the de-
tails. Further, the solutions to Example 3 for the intermediate states Vv, Pvs, ULx, PLxs UV sy PVsx AT€
summarized in the following table
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Velocity in m/s Zoom: Velocity in m/s
2 0.5 —_
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- v
0 0
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x107

Figure 3.14: Example 3, condensation by compression

vy« = 0.465m/s ‘ v =0 ‘ Vysx = —0.465m/s
Dv. = 70383.04Pa | pr. = 70383.13Pa | py.. — 70383.04Pa.

3.8.4 Example 4 and 5: Evaporation by expansion

At first we start from the data

v =—40m/s | wvpy =40m/s | Ty = 363.15K | Ko =10°/0.47316Pa
pr— = 60000Pa | pry+ = 60000Pa | py = 1000/1.03594kg/m® |  po = 70182.4Pa

and show the result at time ¢ = 0.001s in Figure 3.15. The same phenomenon is produced now by
different data, namely

v = —20m/s | vpy =30m/s | Ty = 363.15K | Ko =10°/0.47316Pa
pr— = 30000Pa | pr+ = 40000Pa | po = 1000/1.03594kg/m* |  py = 70182.4Pa.

The Example 4 consists of two rarefaction waves and two phase transitions, whereas Example 5 exhibits
two shock waves and two phase transitions, see Figure 3.16. The data for the intermediate states
ULy PLx, UV, PV, ULxx, Psx T0r both examples are given in

vps = —39.996m/s | vy =0 | vy, =39.996m/s
prs« = 55188Pa | py. = 54665Pa | pr.. = 55188Pa

and

vrx = —23.9m/s ‘ vys = 4.3m/s ‘ Vpes = 32.5m/s
L. = 59185Pa | pys = 58905Pa | pr.. = 59185Pa.




3.8. NUMERICAL RESULTS o7
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Figure 3.15: Example 4, evaporation by expansion

Velocity in m/s Zoom: Velocity in m/s
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Figure 3.16: Example 5, evaporation by expansion
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Chapter 4

A general existence result

Bibliographic note: The content of this chapter contains the recently submitted work. F. Thein,
M. Hantke. A general existence result for isothermal two-phase flows with phase transition. Preprint:
https://arxiv.org/abs/1703.09431.

Abstract: Liquid-vapor flows with phase transitions have a wide range of applications. Isothermal
two-phase flows described by a single set of isothermal Euler equations, where the mass transfer is mod-
eled by a kinetic relation, have been investigated analytically in (Quarterly of applied Mathematics, vol.
LXXT 3 (2013), pp. 509-540.). This work was restricted to liquid water and its vapor modeled by linear
equations of state. The focus of the present work lies on the generalization of the primary results to
arbitrary substances, arbitrary equations of state and thus a more general kinetic relation. We prove
existence and uniqueness results for Riemann problems. In particular, nucleation and cavitation are
discussed.

4.1 Introduction

Compressible liquid-vapor flows have a wide range of applications. Two-phase flow models are used to
describe such processes, e.g. the formation of clouds, cavitation near moving objects in liquids such as
ship propellers or certain phenomena in biology. Main difficulties in the modeling result from the phase
interactions, especially from mass and energy transfer due to condensation or evaporation processes. Sev-
eral two-phase flow models are available in the literature. They are mainly distinguished in sharp and
diffusive interface models. For a detailed discussion of these models we refer to Zein [35] and concerning
sharp interface models we exemplary refer to Bedeaux et al. [3]. In our work we study compressible two-
phase flows with phase transitions across a sharp interface. Phase transitions are modeled using a kinetic
relation. This concept was introduced by Abeyaratne and Knowles [1] for solid-solid phase transitions.
This kinetic relation controls the mass transfer across the interface between the two adjacent phases. For
a more general context of kinetic relations see LeFloch [19]. A detailed and very interesting survey on
the Riemann problem for a large class of thermodynamic consistent constitutive models in the setting of
Euler equations models can be found in Menikoff and Plohr [21]. Here the considerations are restricted
to a simple kinetic relation that results from the assumption of local equilibrium at the interface.

In a recent work by Hantke et al. [12] Riemann problems relying on the isothermal Euler equations with
a non-monotone pressure-density function are considered. This function is composed of three parts: the
equations of state for the two single phases and an arbitrary relation for the intermediate state. The
two phases are distinguished using the Maxwell construction, also known as the Equal-Area-Rule. The
mass transfer is modeled via a kinetic relation, derived in [8], based on classical Hertz-Knudsen theory,
see [4]. The authors discussed Riemann problems for various different cases of initial data and showed
existence and uniqueness. Furthermore Hantke et al. also covered the cases of cavitation and nucleation.
The constructed Riemann solutions are selfsimilar. They consist of constant states, separated by clas-
sical rarefaction and shock waves or phase boundaries. Nevertheless, the basic assumptions are very
restrictive. Existence and uniqueness results are proven for liquid water and its vapor, modeled by linear
equations of state.

Also Miiller and Voss [26], [32] considered the isothermal Euler system. In contrast to the above men-
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tioned work they modeled the fluid using the van der Waals equation of state. Instead of a kinetic
relation the Liu entropy condition is used to achieve uniqueness. As a consequence Miiller and Voss
need non-classical composite waves to construct solutions. Further literature in this context is given by
Merkle [22], Merkle and Rohde [23]. The focus of our present work is on the distinguished generalization
of the results of Hantke et al. [12] resp. Menikoff and Plohr [21]. We consider two-phase flows for any
regular fluid. Both phases can be modeled by any thermodynamic relevant equation of state. Further we
construct exact Riemann solutions and prove existence and uniqueness results that advance achievements
in the actual literature.

The paper is organized as follows. In Section 4.2 we present the balance equations in the bulk phases and
the corresponding jump conditions across discontinuities. Further we give the thermodynamic frame-
work needed throughout this work and discuss the Riemann problem in the isothermal case including the
entropy inequality. In Section 4.3 we prove existence and uniqueness of a solution at the interface under
certain appropriate assumptions. The following Section 4.4 contains a monotonicity argument needed to
solve the two-phase Riemann problem, which is done subsequently. In Section 4.5 we present solutions
to initial one-phase Riemann data leading to nucleation or cavitation, i.e. the creation of a new phase.
We conclude this work with Section 4.6 where we give a detailed discussion of the assumptions made to
state the previous results followed by some examples and the conclusion.

4.2 Isothermal Euler Equations

In this work we study inviscid, compressible and isothermal two phase flows.The two phases are either
the liquid or the vapor phase of one substance. The phases are distinguished by the mass density p and
further described by the velocity u. Sometimes it is convenient to use the specific volume v = 1/p instead
of the mass density. We will make the reader aware of such situations. The physical quantities depend
on time ¢t € R>¢ and space x € R. In regular points of the bulk phases we have the conservation law for
mass and the balance law for momentum, i.e.

Oip + Oz (pu) = 0, (4.2.1)
9 (pu) + 0z (pu® + p) = 0. (4.2.2)

The system of equations (4.2.1) and (4.2.2) is referred to as the isothermal Euler equations. The additional
quantity p denotes the pressure and is related to the mass density via the equation of state (EOS)
p = p(p). Sometimes one also refers to the EOS as pressure law. Such an EOS crucially depends on the
considered substance and how this substance is modeled. Across any discontinuity we have the following
jump conditions

[p(u —W)]
plu—W)[u] + [p]

Here we write [U] = U — ¥~ where U is the right and ¥~ the left sided limit of the physical quantity
¥. Furthermore every discontinuity satisfies the following entropy inequality

0, (4.2.3)
0.

plu —W)[g + k"] <o. (4.2.5)

Further, W denotes the speed of the discontinuity and Z = —p(u — W) the mass flux where we will
distinguish between a classical shock wave and the phase boundary (non-classical shock)

S, shock wave

z, phase boundary

7 @, shock wave
B w, phase boundary

and W:{

4.2.1 Definition and Requirements for the EOS

Usually one only works with the pressure law when dealing with the Euler equations. Nevertheless
the pressure law does not contain all the information about a fluid or more general a thermodynamic
system. From a thermodynamic point of view a system in (local) equilibrium can be described relating
the extensive quantities energy E, volume V and entropy S, i.e. E(V,S). In the following we will use the
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corresponding (intensive) densities and thus we use small letters (e.g.: e,v,s). Given this relation every
other quantity can be derived using the first and second law of thermodynamics and the so called Maxwell
relations. A condensed overview, including the difference between a complete and an incomplete EOS, can
be found in [21]. For detailed information about EOS we refer to standard literature, cf. [2,18,24,25,28].
A discussion using the ideal gas EOS and the Tait EOS can also be found in [8]. From this point on
we assume that we have an EOS for each phase with consistent thermodynamic properties. There are
different possible thermodynamic potentials which can be used to describe a system and they are all
connected to each other using the Legendre transform. Thus one can start from any potential and will
get similar results. For the discussion of the equations at the interface we need the Gibbs energy and
hence shortly summarize the most important features, i.e. those we need for our purpose. More details
can be found in the above mentioned literature and references therein.

Definition 4.2.1 (Gibbs Energy and Sound Speed). The Gibbs energy is a function of the pressure p
and the temperature T. The (complete) differential is given by

dg = —sdT + vdp.

Further we define the isothermal sound speed as

a= -0V =—] .
ov /
From Definition 4.2.1 we obtain

(8,0 (3,

Since thermodynamic quantities may be expressed using different choices of independent variables the
brackets with the subscript simply denote which quantity is held constant when calculating the deriva-
tive. In the isothermal case the Gibbs potential just depends on the pressure and hence we omit writing
the brackets with subscript 7. Here the volume v and the speed of sound a are strictly positive functions
of the pressure p. Furthermore the inequality for the second derivative is due to the requirement of ther-
modynamic stability for an isothermal system. In short this can be seen by considering the requirements
for the full case. There, thermodynamic stability requires the energy to be a convex function, both in
the entropy and the volume. This implies that the Hessian of the energy is non negative. If we now
assume the temperature to be constant, what remains is
2
o< de__dp

In the following we use the subscripts {V, L} when it is necessary to distinguish the vapor and the liquid
phase. Since we are concerned with two phases we write gy, for the Gibbs energy of the liquid phase and
gy for the vapor phase, respectively. Further we require

Jg;
Op;

=0, i#j, i,j € {V,L}.
Since we only consider one substance the condition for two phases to be in equilibrium is
gr(pr) = gv(pv). (4.2.8)
Due to the monotonicity of gx, K € {V, L} we have
gr(pr) =gvipv) & pL=pv
and we write in this case

pr=pv =:po and gr(po) = gv(po).

A crucial point when dealing with different phases is how to discriminate them and how to connect them
thermodynamically consistent. Equations of state describing two phases (e.g. van der Waals EOS) have
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a so called spinodal region which is avoided by the Maxwell construction (or equal area rule). We want
to discriminate the phases using the specific volumes. Therefore we need an upper bound for the liquid
volume v,, and a lower bound for the vapor volume ©. This should still be consistent with the Maxwell
construction. Therefore we may proceed as follows. We use the EOS for each phase and prescribe
the minimum liquid pressure pin (€.8. Pmin = 0) and from this we obtain v,,. Further we know the
saturation pressure pg for a given temperature Ty from a calculation or from tables which are available
for many substances, such as for water [34]. Now we connect our two EOS monotonically and then obtain
the maximum vapor pressure p using the Maxwell construction, see [25].

Definition 4.2.2 (Maximum Vapor Pressure). Given a fixed temperature Ty the corresponding saturation
pressure pg is given by (4.2.8). Furthermore pmin is defined to be the minimum liquid pressure. Let U(p)
be a function such that

UL(pmin) = ’D(pmin)v UV(};) = ’B(ﬁ) and @/(p) > 0.
Then the mazimum vapor pressure p is found as the solution of the following equation

vy (po)

0 = po(oy (po) — v(po)) — / p(v) dv.

vr (Po)

The function p(v) given by

pL(U)7 (S (OavL(pmzn)]
p('l}) = ]5(1})7 v E (UL(pmin)aUV(ﬁ>)7
pv(v), v € [ov(p), o)
Finally, analogous to [21] we introduce dimensionless quantities which we will use later on.

Definition 4.2.3 (Dimensionless Quantities). We define the (isothermal) dimensionless speed of sound
as

vdp

and the (isothermal) fundamental derivative
d?p
L de?
G = 2" dp -
dv
It is straight forward to verify and no surprise that these quantities are completely analogue to those
defined in [21]. In fact, by using the relations given in [21] and assuming the temperature to be fixed,
one also obtains the results given above. However we want to emphasize that v and G defined here are
not equal to those defined in [21]. This is because we assume the temperature to be constant, whereas
in [21] the derivatives are taken at constant entropy. To clarify this, let us for the moment write g for
the isentropic quantity defined in [21]. Then we have (cf. [21])

v _ev

Vs Cp
and hence v < «g for thermodynamic stable systems. Further we have for -, using Definition 4.2.1
= —. 4.2.9
7= (4.2.9)
For the fundamental derivative one may also write

102 d%p vda
=—-———==——+41 4.2.10
2 py dv? a dv + ( )

or when expressed in terms of the pressure

ada
= —— +1. 4.2.11
g=- ot ( )

The isotherms in the p — v plane are convex if G > 0, which we will assume from now on.
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4.2.2 Riemann Problem

In the following we briefly discuss the solution of the Riemann problem for the isothermal Euler equations
(4.2.1)-(4.2.2) for a single phase. In order to do so we will discuss the elementary wave types that can
occur, which are shock or rarefaction waves. The Riemann problem is given by equations (4.2.1)-(4.2.2),
the EOS and the Riemann initial data

_ 0 _ 0
p(x,0) = { P ¥ < and  u(z,0) = { U <D (4.2.12)
Py, x>0 Uy, x>0

We rewrite the system (4.2.1) - (4.2.2) in quasilinear form in terms of the primitive variables, i.e. the

density p and the velocity u
u
<P) I e (P> —0. (4.2.13)
u ¢ 7 u u =

A= (;”‘ Z) (4.2.14)

has the following eigenvalues and corresponding eigenvectors

A =u-—a, r1:<_'0a>, Ay = u+a, r2:<p>. (4.2.15)

a

The Jacobian matrix

Due to the requirement of thermodynamic stability (4.2.7) this system is hyperbolic. We have strict
hyperbolicity for

v > 0. (4.2.16)

Furthermore one can immediately verify that the waves corresponding to the eigenvalues and eigenvectors
are genuine nonlinear if and only if the fundamental derivative

pda
=-—+1.
adpjL

does not vanish, i.e.
a
VA 1y = :F;g # 0. (4.2.17)

Here this is in fact the case, since we assumed G > 0. For systems with genuine nonlinear waves the Lax
condition is enough to pick the right solution, cf. [19] and also [21] for the full system. The Riemann
invariants for this system are

11:u+/gdp and IQ:uf/gdp. (4.2.18)
p p

4.2.2.1 Entropy Inequality across a Shock Wave

Hantke et al. proved, that the Lax condition is equivalent to the entropy condition for an isothermal
system. This holds true for the general entropy inequality given by (4.2.5)

Qlg + €] = —p(u — )[g + "] > 0.

(1) e (22)

separated by a shock wave moving with speed S. Using the specific volume v = 1/p one obtains

Consider two states

G(Pl)z 2 G(P2)2
v(pr)? <Q v(pg)Q‘ (4.2.19)

which gives the Lax condition for a left Shock (@ > 0) and a right shock (Q < 0).
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4.2.2.2 Rarefaction Wave

For a rarefaction wave we use the Riemann invariants (4.2.18) and hence obtain for a left rarefaction

wave (corresponding to Ap)

P2
UQ—U1:—/ gdp.
P1 p

Furthermore the slope inside the rarefaction is given by

dr =«

E:;:Alzu—a

and hence we obtain for the solution inside the rarefaction fan

o
u:%—a and F(p):u—u1+/ Y40 =0.
o

P1

Here p is obtained as the root of F'(p). Similar we obtain the results for a right rarefaction

P2 d
u2_u1:/ gd/ﬁ sz:AQZU—’—au
o1 P dt t

4.2.2.3 Shock Wave

The relation across a shock wave is given by

W = il = B o = R = -/

p1p2 P1p2

4.2.2.4 Solution of the Riemann Problem

(4.2.20)

(4.2.21)

(4.2.22)

(4.2.23)

(4.2.24)

If we now want to solve the Riemann problem for the isothermal Euler equations we just have to connect
the three constant states separated by the waves using the equations obtained above. Therefore we
assume the left and right state to be given and use that the velocity between the waves is constant. The

solution is obtained as the root of the following function

fo, Wi, Wr) = fr(p, Wr) + fr(p, Wr) + ur —ur, =0,

M, p > pk (Shock)
fK(p?WK) = pppK y K e {L7R}
/ a(o) do, p < pi (Rarefaction)
PK o

Due to p'(p) > 0 we could also state this problems in terms of the unknown pressure p, i.e.

f(p7WL7WR) = fR(pva) +fL(p7WL) +ur —up =0,

—[pllv], p > pr (Shock)
fip, Wic) = / v(¢)
pic @(C)

In order to investigate f(p, Wr, Wgr) we need information about the asymptotic behavior

, Ke{L, R}
d¢, p < pk (Rarefaction)

oo d .
)P0, U(p)piooo and further :17 = < 0.

v(p

(4.2.25)

(4.2.26)
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We obtain for fx(p, Wk) in the case of a shock wave

d —[ol + [Pz
d*pr(p, W) = W >0, (4.2.27)
d? 1 9r 2 U3 v? 2

For a rarefaction wave we yield

d _v(p)
Ipfx(p, WK) = @ > 0, (4.2.28)
d? v(p)?

TﬁfK(p’WK):_ap g<o0

Combining (4.2.27) with (4.2.28) gives

d d?
— — . 4.2.2
dpf(l% Wi, Wg) >0 and e f(p,Wr,Wg) <0 (4.2.29)

Using the asymptotic behavior of v(p) gives

Fo, W, Wr) "2 00 and  f(p, Wr, Wg) "= +00 (4.2.30)

and hence we have a unique root which determines the solution of our system.

4.3 Solution at the Interface

The phase boundary separating the liquid and the vapor phase is a non-classical or under compressive
shock, see [5] or [19] and references therein. Hence the Lax criterion alone will not give us a unique
solution and we need a further relation at the interface. This equation is called kinetic relation. We use
the kinetic relation derived by Dreyer et al. [8]. The kinetic relation is chosen such that the mass flux z
is proportional to the jump term in the entropy inequality (4.2.5)

z[g + ¥ > 0.
If we assume the vapor left to the liquid phase the kinetic relation reads

k'in]]

z=1pvlg+ """ =pvigL —gv +ef" — e, (4.3.1)

Otherwise we can use
2= —1pylgr — gv + efm — efim). (4.3.2)

In the following we will assume the first case. In this section we will prove that there exists a unique
solution of the equations at the interface provided certain conditions hold. By this we mean that there
exists a unique liquid (vapor) state for a prescribed vapor (liquid) state such that the following equations
hold

-0,
—z[ul + [p] = 0,
z = 1py[g + *"].

Here € denotes the kinetic energy. Furthermore we have for the so called mobility 0 < 7 € R. Usually
one uses

. \/% (]:”‘TO) (4.3.3)
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where m denotes the mass of a single molecule, k the Boltzmann constant and T} the fixed temperature,
see [4,8]. Using the jump conditions (4.2.3)-(4.2.4) we can rewrite (4.3.1) and obtain

1
z=1pvlg - gplvr +ov)]. (4.3.4)
Furthermore we can combine the jump conditions and obtain
[p] + 2*[v] = 0. (4.3.5)

Together with the EOS and (4.3.4) equation (4.3.5) is a single equation for one unknown given one state
at the phase boundary. For example we will prescribe the vapor pressure and then obtain the liquid
pressure as the solution of equation (4.3.5). In the following we will assume as before that vy > 0 and
Gk >0, K € {V,L}. From the mathematical point of view we need further assumptions to solve the
problem. A discussion will be given later on and it will turn out that these assumptions are rather liberal
from a physical point of view, see Subsection 4.6.1. In the following we need the quotient of the specific
volumes to be uniformly bounded as well as the corresponding sound speeds

0<U—L§oz<l7 0<U—La—vga/3’<l, (1 —a)?a} < vy and

vy Vy ar,
14+ 11 — 6«

0< bv < OmazxzP0 with Omax = 9

(4.3.6)

Remark 4.3.1. The specific volume and the speed of sound depend on the pressure but for convenience
we often will not write out this dependence explicitly.

Now we can state one of the main results of this work.

Theorem 4.3.1 (Existence and Uniqueness of a Solution at the Interface). For two phases each described
by a thermodynamic consistent equation of state meeting the requirements (4.3.6) and

—ay /vy <z<ap/ug

exists a unique solution of equation (4.3.5). Furthermore the mass flur z is uniquely defined. The liquid
pressure can be written as a function of the vapor pressure and has the following properties

dp(py,)
dpy,

*

1, = ¢(py) = vy, ¢(Po) = po, >0

In the remaining part of this section we will give the proof of this theorem.

4.3.1 Proof

The proof of Theorem 4.3.1 is based on the implicit function theorem. The main steps are the following

(i) We define a function f(py,pr), see (4.3.7), which we will analyze and where the roots correspond
to the solution of (4.3.5).

(ii) The local existence of an admissible root, see Definition 4.3.1, for the equilibrium case (po,po) is
given in Remark 4.3.2.

(iii) Lemma 4.3.2 and Lemma 4.3.3 state that the first order derivatives of f(py,pr) each have a sign
for an admissible solution.

(iv) Uniqueness is shown in Lemma 4.3.4 and global existence is stated and proven in Lemma 4.3.5.

Replacing z in (4.3.5) using (4.3.4) we obtain

[p] + (Tpv[[g — %p(vL - Uv)]]) : [v] = o.
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According to this equation we define the following functions

hpvpr) == 7lg — wp(vr +ov)]

2
=7 |ow(pe) — 9v(pv) — 5 (or — pv)(wn(pn) + ov (pv))]
Fov,p) == [Pl + (pvh(pv,pr))? [v]- (4.3.7)

Obviously every root of (4.3.7) is a solution of (4.3.5) and we easily see

[[vl;ﬂ

0= f(py,pL) [p] > . (4.3.8)

Let us furthermore define the following

Definition 4.3.1 (Admissible Solution). Let (pj,,p}) be a solution of f(py,p;) = 0. We say this
solution is admissible if further the following inequalities hold

ar(py)
vL(py)

_av(py)
vy (py)

< pvh(py,pL) <
The quantities ax and vi with K € {L,V} are functions of the pressure as already mentioned in
Remark 4.3.1. Thus the bounds are evaluated at the pressures (p{, pj) which solve f(pi,,p}) = 0.

Remark 4.3.2. It is immediately verified that a solution f(py,,p}) = 0 with pj, = p} =: po implies
equilibrium gr,(p}) = gv (p},) and vice versa. Thus we further obtain

f(po,po) =0, Opy, f(po,p0) = —1, Op, f(Po,p0) =1 with poh(po,po) = 0. (4.3.9)

Hence there exists a neighborhood of py = po such that (4.3.5) implicitly defines a function pr, = ¢(py)
with ¢’ (py) > 0. Additionally (po, po) s an admissible solution with z = 0.

Lemma 4.3.1. The function h(py,pr) is strictly monotonically decreasing in py, under the given as-
sumptions, i.e.

6pLh(pV7pL) <0.

Proof. We obtain for the partial derivative of h(py,pr) using (4.2.6)y

Op, h(pv,p1L) = g {[[U]] + [[p]]zzi} .

Let us consider [p] > 0 since it is the only relevant case and the statement is obvious for [p] < anyway.
Since Gy, > 0 we yield for the second partial derivative with respect to py, using (4.2.6)2 and (4.2.11)

3
v
92 h(pv,pL) = —T[[p]]égL <0.

For p;, = py we know that the Lemma is true and if we increase py, the function is decreasing. Keep in
mind that we have [p] > 0. Hence we conclude 0,, h(pv,pr) < 0. O

Corollary 4.3.1. Every root of (4.3.7) with z > 0 is admissible.

Proof. Using Lemma 4.3.1 one obtaines for f(p{,,p;) = 0 with z = p{,h(p},, p})

))2 (4;7) ﬂp*]] Lemmad4.3.1 ﬁ

) A

2% = (pyh(py, v},

O

Lemma 4.3.2. Let (p},,p}) be an admissible solution of f(p3,,p;) = 0. Then the following inequality
holds

Opr, f(pv,pL) > 0.
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Proof. For the equilibrium solution (4.3.9) the stated relation is obvious. Let us consider pi, h(p},, p} ) >
0. Using Lemma 4.3.1 and [v] < 0 we have

2
* * * * * * * >k * * * v
8po(pVaPL) =1+2 (th(ppr)) (pVapLh(pV7pL))|IUH - (pvh(ppr))Qa% > 0.
L
>0 >0

<1

It remains to prove the Lemma for the case pi h(p3,,p;,) < 0. We can write

2

* * * * * * * * * * * v
O fPY,p1) = 1+ 203 h(py, p1)) (04 Op, (DY, p7)) V] — (pvh(pv,pL))za%
L

* * * * * * * U2 * * * 7)2
= L G T (1 G922 ) — (bl i) o
L L

- (1 - (p;;h(p;,pz))?fé) (1 + 703 (03 Ay, pE))T) -

The first term is positive, because of —ay /vy < p} h(p},ph) < 0 and af, /vi < a? /vi. For the second
term we have

* * * * v h(py,p1)<0 1
0 < L+7py Py hlpy,pp)[]> 778 TS T k. '
v \Py Vs VL H]] pv(pvh(pVJQL))[[U]]Q
Indeed we obtain

1 vy 1 (4.3.6)1 v (4.3.6)3
T % * * * 2 > * 2 = 2 Z 1 N2.3 T.
Py (v h(pyy, p)) [v] pyav[v] ) vy, (1—a)?ay,
pyvvay | — —1
This proves the Lemma. O

Lemma 4.3.3. Let (p},,p}) be an admissible solution of f(pi,,p;) = 0. Then the following inequality
holds

Oy f 0V, p1) <O. (4.3.10)

Proof. Since we have f(pj,,p}) =0 we can write for 0p, h(pi,, p})

Opttoin) = 5 {01+ 1S} 27 01 (1 - Gt ) s

and hence we conclude

2
a
<0, (pyhpy,p;))? < v%/
Opy WPy, 11) o
20, (pyh(py,pp))* = —

In the following we will discuss three cases depending on p3, h(pi,, p}).

First Case: We discuss the case where —ay /vy < p},h(p},,p}) < 0. It is obvious to see

foyv,pL) = a . . ay ¢ <0
" 2 *Vz [vl . pyh(py,p1) =—
Py vy (%

In between we have —ay /vy < pj h(p},,p;) < 0 and so all together

Opy [Py, pPL) = - -

2
* * * * * * * * * * * v
—1+2(pyh(py,pr)) (R(py, 1) + Dy Opy R(PY,, p1)) [V] + (th(pVapL))Qa%/ <0.

<0 <0

<1
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For 0 < py h(py,p;) < ar/vr we split the proof into two parts. First we discuss the interval up to
ay /vy and then the remaining part smaller than ar, /vy,

Second Case: Using 0 < p{h(p},p}) < ay /vy we obtain

Opy f(PVPL) = -

2

* * * * * * * * * * * U
=-1+ 2(pvh(Pv»pL))(h(PV7PL) +pVapvh(pV7pL))[[U]] + (pvh(pv,pL))Qa—‘z/
4

2

= (1 - (pvh<pv,pL>>2a¥) (70" @, PLIT = 1) + 200 (B0, p1)* o]
|4

<0

>0

For the second term we obtain (as before in the proof of Lemma 4.3.2)

pT/h(pfngbO 1
T< )
Py (03 W0}, p7)) [v]?

0 > 73 (D h(py, PE)) [0]* — 1
and again we have

1 vy 1 (4.3.6)1 Vv (4.3.6)3
* * * * 2 2 * 2 T 2 Z 2.3 >
Py (v h(py . p7))[v] pyav[v] N VL (I - a)?ay,
pyovay | — —1

This proves the Lemma for 0 < p}, h(p}, p}) < av/vy.

Third Case: We discuss ay /vy < pi,h(pi,,p}) < ar/vr and rewrite 0, f(p},,p}) to obtain with
an analogue argument as used before

apvf(piﬂhp;) =

2

* * * * * * * * * * * v
= —1+42(py,h(py, p1)) (R(DY, P1) + PyOpy (DY, p1)) 0] + (pvh(pv,pL))za%
1%

* * * ’UZ * * * * * * * * *
= (L b PP ) + 20000 )01 By M )T + 2657
v

(4.3.11) 2 * * * * * * * * * * *
= —mapvh(pv,pﬂ + i h(py p1) (DY Opr, h(pyy, p1)) [V] + 203 h(py, pf ) [v]

2 * * >k * >k * * * *
= —mapvh(pwm) (1 = 7y [0]*pi-h(py, P1)) + 205 h(pY p7 ) [v] < O.

(4.3.6) <0
>0 <0

This ends the proof. O

Corollary 4.3.2 (Monotonicity of the Implicit Function). Let (pi,,p} ) be an admissible solution f(p3,,p},) =
0. Then there exists a function ¢ with p; = @(p},) which is strictly monotonically increasing, i.e.

¢'(py) > 0.

Proof. This follows using the implicit function theorem together with Lemma 4.3.2 and 4.3.3. O
Corollary 4.3.3. During a condensation process both pressures are larger than the saturation pressure
Po <pv <pL
whereas during evaporation both pressures are smaller than the saturation pressure

pv <prL < Ppo-

Proof. This follows from Corollary 4.3.2 and pr,(po) = po. O
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Lemma 4.3.4 (Uniqueness). Let (pi,,p}) be an admissible solution of f(pi,,p}) =0. Then this root is
unique in the sense that for a given py, the solution pj is unique.

Proof. First we assume that there exists a p}* > p} such that f(p},,p}*) = 0. From Lemma 4.3.2 we
know that 0,, f(p},,p;) > 0. Hence we have (monotonicity argument) 0, f(pi,p;*) < 0. Therefore we
have

* * *ok ay . * * EES ar,
pyh(py,p’) < —— VvV pyh(py,pr’) > — (4.3.12)
vy L

I II

otherwise we would meet the requirements of Lemma 4.3.2. Since p} h(p},p;) < ar/vy and Lemma
4.3.1 we can exclude II. Assuming I is true we have that the root (pj,, pi*) itself is not admissible and
every possible further root with p;, > p7* would also fulfill relation I due to Lemma 4.3.1 and thus is not
admissible.

Now we assume that there exists a pj* < pj such that f(p{,p;*) = 0. As in the first case we have the
two possibilities (4.3.12). The arguments are now quite analogue to the first case. We can exclude I
since

- < pUh(y,pE) < PURYPE):

Therefore relation IT must hold and p}* is no admissible root. Due to Lemma 4.3.1 every further solution
pr, < pp* also fulfills II. This proves uniqueness. O

Lemma 4.3.5 (Global Existence). For every pi, € [0, Omazpo] exists a pj, € [p},, 00) such that (p3, p})
is an admissible root of f(pi,,p;) =0.

Proof. We already have local existence in a neighborhood of (po,po) due to the implicit function theo-
rem. In the following we discriminate the cases depending on whether py is smaller or larger than the
saturation pressure pg.

First Case (0 < pv < po): Assume that there exists a py < pg such that there exists no py with
f(pv,pr) = 0. Using the above results we know that there exists an admissible root (p},,p}) in the
neighborhood of (pg,po) and due to monotonicity/continuity a further root py < pyv < p}, and py, such
that

fov.pr) =0 A Oy, f(pv,pr) = 0.

Hence this root is not admissible due to Lemma 4.3.2. On the other hand we have, due to the behavior
of the function h(py,pr) in (po,po) and the fact that

fov,pr) =0 A hipv,pr) =0 < [p]=0,

that h(py,pr) > 0 for py < pg. Together with Corollary 4.3.1 this gives

a
0 < pvh(pv,pr) < UfL

This contradicts the above statement that the root py is not admissible. Therefore the nonexistence
assumption is wrong and we have global existence for 0 < py < po.

Second Case (po < pv < 0maxPo): The idea is again to show, that there exists no pg < pj, < OmazPo
such that

f(pv,p1) =0 A Oy, f(pv,pL) = 0. (4.3.13)

Let us assume we have (p},, p}) such that the above relation holds. From that we can conclude
O f(Py,pL) =0 &

(B h(pY,p1))* = (L4 290 h(pir, P1)) (91 Op, h(DY, 7)) [0]) %
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Inserting this expression in 0 = f(pj,, p}) gives
* * * * *\\ 2
0= f(pv,pL) = [Pl + (py APy, p1))" [V]
2

=m+u+mmwammm@m@mpmmﬁm

M+M%+MM@wW@@J@meQ

= ;ﬁapLh(PVWL) + 2<pVh(pV>pL))(pVapLh(pV7pL))[[vﬂ2
L

2 % * a2 * 2 * *
= ;apLh(PVapL)U% (1 + 7Py h(PV»PL)[[”]F)
L

We define the function

H(py,pr) = 1+ mp¥h(py, pr)[v]*

Due to Lemma 4.3.1 we have H(p},, p;) = 0 and hence

1
Py h(py,pL) = —— . 4.3.14
\4 ( \4 L) D} HU]]Q ( )
Further we can rewrite 0p, f(pv,pr) in terms of H(py,pyr), i.e.
v 2 [p] vi
Op, f(pv,pL) = —ﬁ(H(pv,pL) -1+ (1+ =5 ) (H(pv,pr) - 1)+ L.
(rpvar[v]?) v]at,
From this we immediately get
H(pVapL) :8PLf(pV7pL) =
02 [p] v2
0= (H(pv,pr) = 1) | —————5(Hpv,pr) - D)+ 75 |-
(rpvar[v]?)? [v] a7
For the considered root (pj,,pj) we can exclude the first case since H(p{,,p;) = 1 if and only if

pyh(py,p;) = 0. Hence we further look at the second term which must vanish for (pj,,p}) and ob-
tain

H(py,p;) = (i [0]*)° bl o pyh(py,p1) = oy [p][v]- (4.3.15)

[v]
Summing up we can state that there are two conditions (4.3.14) and (4.3.15) which need to be true for
(pi/, ;) when (4.3.13) holds. For equation (4.3.14) we easily verify
1 (4360 1 (436)s  ay

_ __ - - @@ 4.3.16
™y ]2 Tp*{/v%,(l —«)? vy ( )

pyh(py,pL) =

Now we investigate (4.3.15) and prove that this implies pj h(p3, p}) > —av /vy. This would contradict
(4.3.16) and hence finish the proof.
First we introduce the following functions for fixed pj,

F(pL) = p*Vh(p”&?pL)’ F/(pL) = p*\}apLh(p;apL%

G(p) i= Tt I ¢/tpe) = ot {141 - b % }.

L

We immediately verify for all p;, > p}

G/(pL) < F/(pL) < 0.
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Furthermore we have

* pf,>p0 * * * * * *
G(py) =0 > F(py) = pyh(py,py) = mov[emy)]-

Surely there is a pr, > pj, such that

ay

_ ay . _
G(pr) =—— with pp=py ——F———<py + —F5—. 4.3.17
(P) vy EEV T b oy o] Vrpred (1 - a) ( )
Now we investigate F'(py) and obtain
_ * . N 1 (4.3.17) lay
Fpo) = pvh(py,pr) = 7oy | lo] = 5lpI(vr +ov) o =" rpy (lo] = ov e + 50>
We have for p, = opg with o € [1, 0pmaa]
" gr(Pr)>gr(py) N
v ([9] —vvIpl) > v ([9(pv)] — vv[pl)
(4.3.17) ay } ay
> o * e Y * e S
=7 i { i - =t il -
Taylor aV fUV (po) av
> 1y = — > olc—1)pg— ———
= p\/ﬂ (pO)]](pV pO) Uv(l — Oé) aV(pO)[[U(pO)]] ( )pO ’Uv(l — O{)
S _av(p)olc—1)  av
- vy(po) 1—« vy (1l —a)
%Zgiw Cav(py)o(o—1)—1
vy (py) -«
0<0max _§al
- 2 vy '
This gives us F(pr) > G(pr) and so there exists a p;* € (p},, pr) such that
ok ok a
F(pr") =Gpr) > ——-. (4.3.18)
(%

Thus condition (4.3.15) contradicts the first condition (4.3.14). Hence there exists no (pj,,p} ) such that

P pr I3
— 4 b P pL
av N \ ..... - Flp)
vy
G(pr)

Figure 4.1: Idea for the contradiction argument

relation (4.3.13) holds. This implies global existence for all pg < py < Gumazpo and finishes the proof. [

4.4 Solution of the Two Phase Riemann Problem

In this section we want to solve the Riemann problem. Therefore we follow the strategy of constructing
wave curves and obtain the solution as the intersection of the wave curves, as for example done in [21,31].
Due to the phase boundary we have an additional term, but we still want to show uniqueness of a solution
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to the Riemann problem. Hence we need a further monotonicity argument which we will prove in the
following.

To this end we additionally need bounds for the dimensionless speed of sound vy and ;. We distinguish
two relevant cases, each with an appropriate condition needed to prove monotonicity. This is necessary
especially for EOS (or equivalently fluids) near the critical point, e.g. van der Waals EOS. Further these
conditions show that the dimensionless quantities are not independent of each other. We consider the
following relevant cases

v <1 and 1<~y with,

I
M )
L «
(4.4.1)
v <1 and ~p <1 with,
I -1
(I1) o §1_1/ and e(yy) <0.
YL
The quantity (yy) is defined as follows, using all quantities as introduced before,
ely) = 1 @(1 —a)? (1-(aB)?). (4.4.2)
w %2/

So far we proved in Section 4.3 that there exists a unique solution of the jump conditions at the interface.
Furthermore we can express the pressure in the liquid phase as a strictly monotone increasing function
of the vapor pressure

pr = ¢(py) with  ¢'(py) > 0.

Lemma 4.4.1. Given the requirements (4.5.6) and (4.4.1). For an admissible solution f(p},,p;) =0
the following monotonicity holds

d
— (pi-h(py, pi)[v]) > 0.
dpy (pv (Pv PL)[[ ]])

Proof. We have

4 (pv by p)[V]) = Opy (P R0V, p1)[V]) + Op, (03 h(pY, 1) [V]) @ (PY)

dpy
2
* * * * * * * x4 U
= (M(pv, PL) + Dy Opy h(pi, L)) V] + Dy APy PL)
1%
* * * * * * ’U% 1( %
+ pvapLh(pVapL)[[U]]—th(pv7PL)a7 o' (pyr)-
L

For (po, po) the statement is obvious and hence we assume p} h(p},, p}) # 0 from now on. Now we can
write

d 1 1 v2
— Py, p3)0]) = =< Op, f B}, P) + 1) + =5 h (DY, P}) &
o M )I0]) = o O £ 072 + 1)+ i) o

+{1w 0y — 1) — p ki w”%}’<*>

- - . Pv.Pr) — — P Pv,Pr) =5 ¢¥Y Pv)-

2pvh(pV7pL) PL 1% L 2 1% 1% L a% \%

We multiply with 0,, f(p},,p}) > 0 and use
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Thus we obtain

d
3po(pi‘/,p’£)(th (py - h(py, p)[v]) =

SHE
<w‘<w

1 * * 1 * * * * *
= {M(apvf(pv,pL) +1) + §pvh(pv,pL) }apo(pv,pL)

2py h(py, pL)
1 * * 1 * * *
- {217* h(p* P ) (apo(p‘hpL) - 1) - §pVh(pV7pL)
14 VoL
1 * * * *

1 * * * 2
+§pvh(pVapL) < pvf(p\/vpL) +apo(vapL) g)
ay

} apvf(p*{/vpz)

EvE

= (h(piy 1) + Py Oy oy 21) (1 ) ) 0

2

* * * * * 2 v
+ pv 9y, WPy, p7) (1 + (th(PV7PL))2a2 > [v] + Py h(py, p1) ( & - S)
1% V

[

2

= 1) o] (14 G0 ) )~ i hoi P ]

)

= i) (D0 + LD bl ) 5 i U251

Q|
<“‘<N
<

Q
~

+TPV[[U (1 (pyh ppr))
)
L)

ar,
2 .2
vZ v
+7pvv]? (1 - (pih( pV7PL))4a¥aI£>
v ar
W} p ( ( L”L)—w<1—”vi’v)>
ay

+ Tpv[[v]]2 (1 — (p*vh(p*va*L))4 a2 aQ)
VvV YL

Due to the bounds for the EOS we can show

and hence we can immediately verify the Lemma for

* P ay a
0 < py-h(py,pp) < ’/ii' (4.4.3)
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Now we want to prove the result for 0 > p{, h(p{,,p}) > —av /vy. We have
2

* * 2
* * pPruL Py v " . . . V3 v
hpipL) (”L (1 T > - <1 -5 )) +7py[o]? (1 — (v hl(py, 1)) §>
ar, ay, 2 a3

ay 1 1)) . 2( a%/v%)
> —— v (1= — ) —ov [1—— ) ) +7p} v - — 5
byvv ( L( ’YL) V( 4% vl vy af

Q

Ay _ 1 —wv _ 1 TEp (1 —a)? (1 — (aB)?
= av<L<1 7L> V<1 W>>+ vpi (L= a)* (1= (af))
K(ijmn+uw0+m%wlaf0ww>
v v Ta3
- (2 gyt (- ) - -0 (- (87 +)
(02 1)+ (- ) - - a2 (- (0)))
ay YL |4
vy (1 ()
2wt (5 - (1+527))
(44.1)(1)0

Starting from (+) we obtain for the case 1 > ~ for both phases

3

(I 1 (1) - T -0 (1 (@)

ay \ YL Vv
3
vy Tasg, 9 9
>——|l—yw—-———10-a)(1—(ap )
o ( - a) (1- (0)?)
vy
= —yv—e(w)
ay
(4.4.1)(IT)
> 0
It remains the case for
ay ay, ar,
— = < pULh(py,pr) < —=.
vy UL Pv (pv>PL) L

In the subsequent Lemma 4.4.2 we will exclude this case and thus the proof of this Lemma is finished. [

Remark 4.4.1 (Assumptions on 7). In Lemma 4.4.1 we only consider cases where vy € (0,1] for the
vapor phase. As mentioned before the lower bound ensures hyperbolicity and thermodynamic stability.
The upper bound is due to the fact, that we only consider pressures and temperatures below the critical
point.

To illustrate this we consider the isothermal compressibility k7 which is defined as follows

—
KT = —V (9;0 T.

For real gases k1 can be expressed in terms of the pressure and the compressibility or gas deviation
factor Z (not to confuse with the mass flur z used in this work), i.e.

1 1 /0Z
w1z (%),
Below the critical point the second term is negative for most gases and hence
mT>% & 7V:L<1.

DPRT

This property is reflected by nonlinear EOS such as the van der Waals or Dieterici EOS. For an ideal
gas the second term vanishes and we obtain vy = 1.
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Lemma 4.4.2. Consider two phases such that the requirements (4.3.6) are fulfilled. Then there exists a
mazimal mass flux Zmqq such that for every admissible solution f(p3,,p}) = 0 the following upper bound
holds

ay ay,

Zmazr < oo
VvV UL

Proof. Since z(py) = 0 if and only if py = py and further z(pg)’ < 0 we can focus on vapor pressures
smaller than pg. We assume that

ay aj,

Zmazx > AT

Vy vUf,
Hence there exists a p € (0, pg) such that

a

2(p) = (B, ¢(5) = |~ = and 2'(p)
Vy U,

ozz@:%ugﬁgHWMMn<»+%w@w@w@»

This gives

1 a ar, vy ay vr, N
oy P (1 22 (4 #7)

pyuvwou ay vL ar, vy

1 fayar 7P ay v, - ar, vy
— [0 P (1- 22 ) (/) - 2L

PV vy vL 2 ar, vy ay vr

>0 <0
1 (4.3.6)
S =) > L s — TS
ay v, — af

Using the definition of ¢'(py) we obtain
= Opy (D, 0(D)) = 0, f (B, (D)€

=

1-o) [0 (L [0, o)) 1] - 222

Vy v \PYV Vv UL vL av

ay ar, ay UL
142 h( - —
=¢ ( + \/T DOy, h(D, ¢(P))[v] - aL)

3

=2 %%M (;Mer(apvh(p, (P ))-i-«f@pLh(;ﬁ,(p(ﬁ)))). (4.4.4)

For the right hand side of (4.4.4) we easily see

ay ay, 1 ay aL av aL o
v ar 2 ay ag o
2\/11\/7[[1)] <ﬁ vy v + PO b+ gapLh)) \/WTLM]Z (p) =0

If we consider the left hand side of (4.4.4) as a function of £ we get
d 2 2
e e a )
d¢ vy VL ay  ay ar, vy
Thus the left hand side of (4.4.4) is strictly decreasing in £ and we have
2 02
ay ag, v 5 1ayar
1—§+<§§— 2) 2]]<0.
Vy Vg, ay ay, Vy v C

Since £ > 1 the left hand side of (4.4.4) is negative and hence contradicts the positive right hand side.
Therefore the assumption for 2,4, is wrong. O
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Remark 4.4.2. Lemma 4.4.2 is a direct improvement of Corollary 4.3.1 obtained during the proof of
Theorem 4.3.1. There we stated that the upper bound ar, /vy, for the mass flux z is always fulfilled.

Now we consider two phase flows, where we initially have the vapor phase on the left (z < 0) and the
liquid phase on the right side (x > 0). The different phases are described using the corresponding FOS.
The considered Riemann initial data is

0 0
p(z,0) = Vs & < and  u(z,0) = wer < (4.4.5)
oL,z >0 ur, x >0

The solution consists of two classical waves and the phase boundary separating four constant states.
Hence there are three possible wave patterns, see Figure 4.2.

Figure 4.2: Wave patterns. Solid line: classical waves. Dashed line: phase boundary

4.4.1 1° Case: Two Phase Flow without Phase Transition

At first we want to deal with the case where phase transition is excluded, i.e. z = 0. Let us consider a
wave pattern of type (b), see Figure 4.2. The four constant states are denoted as follows

_(pv « _ [PV « _ (PL _(rL
we= (). wi= (1), wi= (). we= ().

As in Section 4.2.2 we want to derive a single function such that the single root p is the solution for
the pressure pj,. This procedure again uses the constancy of pressure and velocity across the phase
boundary, uj, = u} and pj, = p}, which is because of z = 0. For the solution we use the results obtained
in Section 4.2.

Theorem 4.4.1 (Solution without Phase Transition). Let f(p, Wy, W) be given as
fp, Wy, Wi) = fv(p,Wy) + fr(p, Wr) + Au, Au=ur, —uy,

with the functions fyv andfr given by

—[pllvk], p > pr (Shock)
fxk(p, Wg) = /P v (0)
PK K(C)

If there is a root f(p*, Wy, W) = 0 with 0 < p* < p, then this root is unique. Here p is given as
in Definition 4.2.2. Further this is the unique solution for the pressure py, of the Riemann problem
(4.2.1)-(4.2.2), (4.4.5). The velocity u* := uj, = uj is given by

K e {V,L}.

d¢, p < px (Rarefaction)’

ut = %(UL +uy) + %(fL(p*,Wv) —fv(p", Wi)).

Proof. The function f is strictly monotone increasing in p due to the inequalities (4.2.27), (4.2.28) and
Lemma 4.4.1. Furthermore we have f(p, Wy, W) — —oo for p — 0. Hence f has at most one unique
root, which is by construction the solution for the pressure pj,. The statement for the velocity u* follows
immediately from the results in Section 4.2. O
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Note that one has to choose the corresponding EOS to calculate the pressure depending quantities
according to the index K € {L,V}.

Theorem 4.4.2 (Sufficient Condition for Solvability). Consider the Riemann problem (4.2.1)-(4.2.2),
(4.4.5). We have two cases.

(i) For pr, < py = p the considered Riemann problem is solvable if and only if

f(ﬁaWvaL) = ...
== —pv)(v () —ov(pv)) + V(oL — B)(ve(pr) — vi(p)) + Au > 0.

(i) For pr, > p the considered Riemann problem is solvable if and only if

F@B, Wy, Wi) = /=5 —pv)(ov (B) — vv (pv)) + /p 228

d¢ + Au > 0.

Proof. As seen before in the proof of Theorem 4.4.1, f is strictly monotone increasing in p with
f(p, Wy, Wp) = —co for p — 0. Accordingly f has a unique root if and only if f(p, Wy, W) > 0 for
p — D. [

So far we discussed the case that the solution is of type (b). The following result deals with the cases

(a) and (c).

Lemma 4.4.3. There exists no solution of wave pattern types (a) and (c). This includes the coincidence
of a classical wave and the phase boundary.

Proof. Let us first discuss case (c¢). For the notation see Figure 4.3. Since z = 0 we have w = uy = uj;

Wy Wi Wy W,

Figure 4.3: Wave pattern of type (¢) with notation

for the velocity of the interface. Further we assume, that the right classical wave is a shock moving with
speed S. It is obvious that w > S must hold. For the case of a right shock we have pj’ > pj, and hence
we obtain from the entropy inequality @ < 0, see Subsection 4.2.2.1. Now we make use of the continuity
of the mass flux across a shock wave and obtain

Q ufgw Q

S=w—-—— >w.

*

Q=pilui—9) & up-5=-%

Pv Pv
This contradicts the condition w > S. If, on the other hand, the right classical wave is a rarefaction
wave we have for the head speed uj, + ay, see Subsection 4.2.2.2. Again this contradicts w = uy =
uy, > uy, + ay. In case that the phase boundary lies inside the rarefaction wave, we obtain similar
contradictions in the wave speeds. For wave pattern type (a) the arguments are analogue. O
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4.4.2 2" Case: Two Phase Flow with Phase Transition

Now we want to take phase transition into account, i.e. z # 0. As before we first want to discuss the
wave pattern of type (b), see Figure 4.2. In order to determine the solution we again construct a function
analogue to Subsection 4.4.1. For the left and right classical waves we use

uy =uy — fv(py, Wy) and uj =ur + fr(p;, Wp). (4.4.6)

Across the phase boundary we make use of the jump conditions and obtain as in Subsection 4.2.2.1

[u] = wi —uy = z[v] = 2(vi(pr) — vv(pV))- (4.4.7)

Finally we use the results obtained in Section 4.3, especially Theorem 4.3.1, to express the liquid pressure
at the interface as a function of the interface vapor pressure p;, = ¢(py ). Combining these considerations
we end up with the following theorem.

Theorem 4.4.3 (Solution with Phase Transition). Let f.(p, Wy, W) be given as
[0, Wy, Wp) = fv(p, Wv) + fr(e(p), W) + 2[v] + Au, Au=ur —uy,

with the functions fy andfr given by

V=IpIIv]. p > pv (Shock)

fr(p, Wy) = /p ov(¢)
pv av(C)

~[pllv], ¢(p) > pr (Shock)

frlelp), W) = /%0(17) v (0)
pr ar(C)

The function o(p) is implicitly defined by (4.3.5) and the mass fluz is given by (4.3.4). If there is a root
f(p" Wy, W) =0 with 0 < p* < p, this root is unique. If further

d¢, p < pv (Rarefaction)’

d¢, ¢(p) < pr (Rarefaction) .

av (p)

p* > py we must have z> — —  for pE (pv,p"). (4.4.8)
vy (p)

Then p* is the unique solution for the pressure pi, of a (b)-type solution of the Riemann problem (4.2.1)-
(4.2.2), (4.4.5) with phase transition. If there is no root or condition (4.4.8) is not satisfied, then there
is no solution to the mentioned Riemann problem.

Proof. Due to (4.2.27), (4.2.28), Corollary 4.3.2 and Lemma 4.4.1 we get that the function f, is strictly
monotone increasing in p. Furthermore we have f(p, Wy, W) — —oo for p — 0. Hence f has at most
one unique root, which is by construction the solution for the pressure pj,. Theorem 4.3.1 then uniquely
defines the liquid pressure pj = ¢(p},) and the mass flux z at the interface. The remaining quantities
can be calculated using the EOS and (4.4.6). O

Remark 4.4.3. Condition (4.4.8) is needed in the case of a shock wave in the vapor phase to guarantee
that w > S. Where w denotes the velocity of the interface and S of the shock respectively. This can be
obtained as follows

*

uy — S =vy(py)Qs and uj —w=-vy(pi)z < w-—S=vyy)(Qs+2)
ay (p
vy ()

=

= S<w & z>-Qs=-—

For the last equality we used the Lax condition for S together with the monotonicity of a(p)/v(p). If this
condition is not satisfied by the root f.(p*, Wy, W) =0, the root is meaningless.

Theorem 4.4.4 (Sufficient Condition for Solvability I). If the Riemann problem (4.2.1)-(4.2.2), (4.4.5)
is solvable without phase transition, see Subsection 4.4.1, then the same Riemann problem is also solvable
taking into account phase transition according to the kinetic relation (4.5.4).
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Proof. First Case f(p*, Wy, W) =0 with p* = py: In view of Section 4.3 we have pg = p(p*), 2=0
and hence f.(p*, Wy, W) =0.

Second Case f(p*, Wy, W) =0 with p* > pg: From that we have

4.3.1
o) > p">po and z(p*) =p*h(p*,p(p*)) <O.

This gives
fZ(p*7WV7WL) > f(p*7WVvWL) = 0.
So there exists a pj, < p* such that f,(p},, Wy, W) =0.

Third Case f(p*, Wy, W) =0 with p* < pg: In this situation we obtain

X p*<p =po,2=0
0=f(p",\ Wy, W) < f(po, Wy, Wy) Plo) e f=(po, Wy, W)
Hence there exists a p}, < po such that f,(p},, Wy, W) =0. O

Corollary 4.4.1. Consider the Riemann problem (4.2.1)-(4.2.2), (4.4.5) without phase transition and
let p* be the solution for the pressure. Then we have for the same Riemann problem with phase transition
and the corresponding solutions pj, and p; = p(pi,) the following relations:

(1) p* = po implies pi, = pj = po, i.e. equilibrium.
(2) p* > po implies py < p}y < p*, i.e. condensation.
(8) p* < po implies p* < p} < po, i.e. evaporation.

Proof. The equilibrium case is obvious. The inequality pj, < p* in the second was obtained in the second
part in the proof of Theorem 4.4.4. It remains to show that py < pj,. Assume that pj, < pg, this gives

0= f.(py, Wy, W) < f.(po, Wy, W)
po<p” "
= f(po, Wy, Wp) "< f(p*, Wy, W) =0.

For the evaporation case the inequality p} < po is a consequence of the third part in the proof of Theorem
4.4.4. There we obtained pj, < po and this gives, together with Theorem 4.3.1, the second inequality.
Finally we want to prove the first inequality p* < p}. Again using Theorem 4.3.1 gives pj, > po if we
assume pj > po. By an analogous argument as for the second case this leads to a contradiction. Thus
we have p7 < po. O

Theorem 4.4.5 (Sufficient Condition for Solvability IT). Consider the Riemann problem (4.2.1)-(4.2.2),
(4.4.5) with phase transition. This Riemann problem is solvable by a (b)-type solution if and only if
condition (4.4.8) holds and

fz(ﬁa WV7WL) > 0.
Proof. The statement is obvious, since it guarantees a root for f,. O

As in Subsection 4.4.1 we want to discuss wave patterns of type (a) and (c) for the Riemann problem
(4.2.1)-(4.2.2), (4.4.5) with phase transition. The results are given in the subsequent three lemmata.

Lemma 4.4.4. There is no solution with a wave pattern of type (a).

Proof. Assume there is a solution of type (a) as in Figure 4.4. In this case we observe condensation and
according to Corollary 4.3.3 we have

z2<0 and po<pjy <pj.
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Wy Wi Wi Wi

Figure 4.4: Wave pattern of type (a) with notation

Let us first assume that the left classical wave is a rarefaction wave. The head speed is given by
S =u} —ar(p}) and we obtain

(a)
w=op )z buf < S=uj —ap(py) & 2<-

This is a contradiction and thus we can exclude this case. Given a shock instead of a rarefaction wave
we have using (4.2.19) and the Lax condition

uy —ar(py) > S =uj —vr(p;)Qs > uip" — ar(py’) with Qg = ULEﬁL§7 oL € (pL,p1)-

Hence we yield

ar,(pr) PL<p ar(p*) 4.41) ¢
w<S o z<—QS:—L(pL) g _ar(py) A0 av.

vr,(Pr) vr(p1) vy

Therefore we can also exclude this case and the proof is finished. O

Lemma 4.4.5. For the considered Riemann problem with phase transition exists no solution of type (c)
with pr, > po-

Proof. A solution of type (c¢) implies an evaporation process which requires pr, < po. O

Lemma 4.4.6. For py, € (Pr,po] exists no solution of type (c) of the considered Riemann problem with
phase transition.

Proof. Assume we have a wave pattern of type (c) as in Figure 4.3. Hence we have evaporation and
according to Corollary 4.3.3 we have

z>0 and p} <pl < Dpo.

Let us first assume that the right classical wave is a rarefaction wave. The head speed is given by
S =u}, + ay(p},) and we obtain

(© ay (p§
w=oy(py)z+uy > S=uy, —ay(py) < 22> V(pv).

For a right shock (Qs < 0) we have using (4.2.19) and the Lax condition

uy +ay(py) > S =ujy — oy (py)Qs > uy + ay (pyy)

. aV(ﬁV) _ * *ok
with Qg =—7"7-=, pv € (py,p0y)-
’UV(pV) ( |4 V)
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Hence we yield

ay (py) ﬁvip?/ ay (py,)

w>S & z>-Qg= — g
vy (pv) vy (pyr)

Due to Lemma 4.4.2 we have an upper bound for the mass flux that does not initially exclude the
conditions derived above for the rarefaction and shock wave. But the two cases are excluded if z <
ay (py) /vy (p},). Indeed we have due to the monotonicity of z and a/v that

Jpv <po suchthat Vpy € (pv,po] : 2(pv) < aV(pV)-
vv (pv)
Due to the strict monotonicity of p} = ¢(pj,), see Theorem 4.3.1, the proof is complete. O
4.5 Phase Creation in Single Phase Flows
4.5.1 Condensation by Compression
Let us consider the following Riemann initial data with py+ € (0, ]
-, <0 -,z <0
p(z,0) = pv=s ¥ and wu(z,0) = e . (4.5.1)
pv+, x>0 uy+, z >0

Hence initially we have a Riemann problem for a single vapor phase and therefore we can directly apply
the results obtained in subsection 4.2.2.

Theorem 4.5.1 (Solution of Isothermal Euler Equations for a Single Vapor Phase). Let f(p, Wy -, Wy-+)
be given as

f(p> WV*7WV+) = f*(pv WV*) + f+(p7 WV*) + Au, Au= Uy+ — Uy,
with the functions f_ andfy given by
v —=Ipllv], p > py+ (Shock)

fr(p, Wyz) = /p vy (C)
s av(C)

If there is a root f(p*, Wy -, Wy+) =0 with 0 < p* < p, then this root is unique. Further this is the
unique solution for the pressure pi, of the Riemann problem (4.2.1)-(4.2.2), (4.5.1). The velocity ui, is
given by

d¢, p < py+ (Rarefaction)

= gl +uy-) (e (0, W) = £ (0, Wyo).
This is no new result and therefore it is well known, cf. Toro [31]. Usually one looks for a pressure p*
that solves f(p, Wy -, Wy+) = 0. Due to the asymptotic behavior there is always a solution. Neverthe-
less a solution with an unreasonable large vapor pressure is physically not meaningful, since a sufficiently
high pressure in a gas will lead to a phase transition to a liquid or even solid phase. According to [12] we
also only consider solutions which satisfy 0 < p* < p, where p again denotes the maximal gas pressure.
This being said, we can find Riemann initial data without a solution. In this case proceed as follows.

Definition 4.5.1 (Nucleation Criterion). If there is no solution of the Riemann problem (4.2.1)-(4.2.2),
(4.5.1) according to Theorem 4.5.1, then nucleation occurs.

If this criterion is fulfilled, we search a solution consisting of two classical waves and two phase
boundaries. In the following we will again discuss several wave patterns.

Lemma 4.5.1. If there is a solution of the Riemann problem (4.2.1)-(4.2.2), (4.5.1) with two classical
waves and two phase boundaries, then no wave is propagating inside the liquid phase. Hence classical
waves may only occur in the vapor phase.
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Proof. Assume a left going classical wave is propagating through the liquid phase. We denote the liquid
states left and right to this wave by W7 and W7*. Further left to this classical wave there is a phase
boundary moving with speed w;. The vapor state left to this phase boundary is denoted by Wjy,.
Obviously this must be a condensation process and accordingly p* > pg and pj > po. This configuration
is excluded by Lemma 4.4.4. Analogously we can discuss the case of a right going classical wave. O

As a consequence of the above result classical waves only propagate through the vapor phase. Hence
we further have to discuss the following three patterns, see Figure 4.5.

Figure 4.5: Wave patterns. Solid line: classical wave. Dashed line: phase boundary

Lemma 4.5.2. There are no solutions of wave pattern types (d) and (f).

Proof. A solution with type (d) wave pattern corresponds to wave pattern type (c) in the previous
Subsection 4.4.2, see Figure 4.3. Thus by Lemma 4.4.5 and Lemma 4.4.6 we know that this is only
possible for sufficiently small pressures and therefore implies evaporation. Since we have a condensation
process wave pattern type (d) can be excluded. Analogously we discuss a type (f) solution. This
corresponds to a type (a) solution in Subsection 4.4.2, see Figure 4.4. Hence due to Lemma 4.4.4 a
solution of wave pattern type (f) is also impossible. O

Consequently the only possible wave pattern in this case is of type (e), see Figure 4.6.

Figure 4.6: Wave pattern of type (e) with notation

Lemma 4.5.3. For a solution of wave pattern type (e) the equality pj, = p3* holds.

Proof. Across the left phase boundary the liquid pressure pj is uniquely defined by the vapor pressure
py using Theorem 4.3.1. So far we assumed the vapor left of the liquid phase. For the right phase
boundary the opposite is the case and thus we have to use the kinetic relation (4.3.2). Nevertheless the
results of the previous section remain unchanged and hence we obtain the same function to determine
the liquid pressure

*

pr, = (7)) = e(py).
Hence the vapor pressures are equal. L]

Taking into account that there are two phase boundaries and using the results obtained in the previous
sections we can state the following theorem.
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Theorem 4.5.2 (Solution of Isothermal Euler Equations for Two Vapor States with Phase Transition).
Consider the Riemann problem (4.2.1)-(4.2.2), (4.5.1) and assume the nucleation criterion is satisfied.
Let f.(p, Wy -, Wy+) be given as

L0, Wy, Wyi)=f (p, Wy-) + fo(p, Wy ) + 22[v] + Au, Au=uy+ —uy-,

with the functions f_ andfy given by

—[pllv], p > py+ (Shock)
Fe(p, Wys) = /p v (<)

v (0 d¢, p < py= (Rarefaction)’

Here z is given by (4.3.1) and [v] = vi(¢(p)) — vv (p). The function ¢ is implicitly defined by (4.3.5).
If there is a root f,(p*, Wy -, Wy+) =0 with py < p* < p, then this root is the only one. Further this
is the unique solution for the vapor pressures py, = pi* of the Riemann problem (4.2.1)-(4.2.2), (4.5.1).
The liquid velocity uy, is given by

uy, = %(Uv+ +uy-) + %(f+(p*»wv+) —f-(", Wy-)).

By the previous results it is obvious that f, has at most one root. By construction this root is
the solution for the vapor pressure in the two star regions, see Figure 4.6. The following results are
completely analogue to those obtained before for the two phase case.

Remark 4.5.1. Note that uj, # uj’ with uj, +uj’ = 2uj.

Theorem 4.5.3 (Sufficient Condition for Solvability I). Consider the Riemann problem (4.2.1)-(4.2.2),
(4.5.1). This problem is solvable without phase transition if and only if

f(ﬁv WV*aWVJr) 2 0.
Here f is given as in Theorem 4.5.1.

Proof. This statement is obvious due to the monotonicity of f. O

Theorem 4.5.4 (Sufficient Condition for Solvability IT). Consider the Riemann problem (4.2.1)-(4.2.2),
(4.5.1) and assume the nucleation criterion is satisfied. Accounting for phase transition, this problem is
solvable if and only if

fZ(ZN)aWV*7WV+) > 0.
The function f, is defined as in Theorem 4.5.2.

Proof. Again the statement is obvious due to the monotonicity of f,. O

4.5.2 Evaporation by Expansion

min

Now we consider the following Riemann initial data with pp+ > p7’

_ 0 - 0
p(z,0) = PL=s & < and  u(z,0) = UL TS (4.5.2)
pr+, >0 up+, x>0

Hence initially we have a Riemann problem for a single liquid phase. We have seen so far that at a planar
phase boundary the liquid pressure is always positive. However it is known that negative liquid pressures
are possible, cf. Davitt et al. [6] for water. This gives rise to cavitation in the liquid phase. Again, in
the liquid-vapor case a negative liquid pressure is forbidden, see (4.3.8). Nevertheless in the liquid-liquid
case we may encounter negative liquid pressures. We define the smallest possible liquid pressure to be
Pmin and with this definition we obtain the following result.
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Theorem 4.5.5 (Solution of Isothermal Euler Equations for a Single Liquid Phase). Let f(p, Wr-, W)
be given as

fo, Wi, W) =f (o, Wr-) + f+(p,Wr+) + Au, Au=up+ —ug-,
with the functions f_ and fy given by
v —=Ipllv], p > pr= (Shock)

fe(p, W) = /p vL(¢)
. an(C)
If there is a root f(p*, Wr—,Wr+) = 0 with pmin < p*, then this root is unique. Further this is the

unique solution for the pressure p5 of the Riemann problem (4.2.1)-(4.2.2), (4.5.2). The velocity u} is
given by

d¢, p < pr+ (Rarefaction)

up = e+ up) o (F4 0, W) = S (5, W),

Remark 4.5.2. For simplicity we choose pmin = 0 but lower values are possible and the theoretical
results do not depend on the specific value of Ppyin -

Analogously to the case of nucleation we define the following.

Definition 4.5.2 (Cavitation Criterion). If there is no solution of the Riemann problem (4.2.1)-(4.2.2),
(4.5.2) according to Theorem 4.5.5, then cavitation may occur.

If this criterion is fulfilled, we look for a solution involving a vapor phase, two phase boundaries and
two classical waves. Again we discuss the possible patterns.

Lemma 4.5.4. Assume there is a solution of the Riemann problem (4.2.1)-(4.2.2), (4.5.2) consisting
of two classical waves and two phase boundaries. If the pressures pr-,pr+ are sufficiently large then no
wave travels through the vapor.

The proof is analogue to the one of Lemma 4.4.6.
Lemma 4.5.5. There is no solution of type (d) or (f); see Figure 4.5.

The proof of this lemma is analogue to the one of Lemma 4.5.2. Accordingly we construct solutions
of type (e), see Figure 4.7.

W, \W;

Figure 4.7: Wave pattern of type (e) with notation for the liquid case

Theorem 4.5.6 (Solution of Isothermal Euler Equations for Two Liquid States with Phase Transition).
Consider the Riemann problem (4.2.1)-(4.2.2), (4.5.2) and assume the cavitation criterion is satisfied.
Let f.(p, Wr—,Wr+) be given as

fz(pwa*7WL+) = f—(p7wL*) +f+(p7WL+) +2Z[[U]] +Au) Ay = Ur+ —ur—,
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with the functions f_ and fy given by

=[pllv], ¢(p) > pr= (Shock)
f+(p, W) = /W(P) vr(€)
Dr+ aL(C)

Here z is given by (4.3.1) and [v] = vr(¢(p)) — vy (p). The function ¢ is implicitly defined by (4.3.5).
If there is a root f,(p*, Wr—,Wp+) = 0 with pmin < p*, then this root is unique. Further this is the
unique solution for the vapor pressures pi, of the Riemann problem (4.2.1)-(4.2.2), (4.5.2). The vapor
velocity uy, s given by

d¢, ¢(p) < pr+ (Rarefaction)’

uy = %(Um +ug-)+ %(er(p*,WL‘*') —f-(p",Wr-)).

Proof. Due to the previous results, the function f, has at most one root. This root is by construction
the solution for the vapor pressure in the star region. O]

Completely analogue to the condensation case, see Subsection 4.5.1, we have the following results.

Theorem 4.5.7 (Sufficient Condition for Solvability I). Consider the Riemann problem (4.2.1)-(4.2.2),
(4.5.2). This problem is solvable without phase transition if and only if

f(pmin7WL*aWL+) < 0.
Here f is given as in Theorem 4.5.5.
Proof. The statement is easily verified due to the monotonicity of f. O

Theorem 4.5.8 (Sufficient Condition for Solvability IT). Consider the Riemann problem (4.2.1)-(4.2.2),
(4.5.2) and assume the cavitation criterion is satisfied. If we admit phase transition, this problem is
always solvable.

Proof. This statement is obvious due to the fact that z[v] — —oo for pj, — 0. O

4.6 Conclusion

4.6.1 Discussion of the Assumptions

In this part we now want to discuss the assumptions previously made to solve the problem. Basically
we have three types of requirements. First there are the ones due to the underlying thermodynamics, in
particular the first and second law of thermodynamics. Second there are conditions, one needs to solve
the single phase Riemann problem for the Euler equations. The third type concerns the assumptions
imposed to solve the two phase problem. Note that the assumptions are sufficient, from a mathematical
point of view, to obtain the results presented throughout this work.

From a thermodynamic point of view we have first and foremost to satisfy the first and second law
of thermodynamics including the requirement of thermodynamic stability (4.2.7). This is obtained by
deriving the pressure law from a suited thermodynamic potential.

The conditions imposed on the EOS in order to solve the (single phase) Riemann problem for the Euler
equations are

>0, ¢G>0, v(p)’=70, and v(p) P30

That we require the single phase Riemann problem to be solvable is of course reasonable, since otherwise
any further discussion would be unnecessary. The conditions above are completely analogue to those
stated in [21]. Note that for any EOS where the speed of sound is a constant (such as in [12]) we have
G = 1. We want to point out that the aforementioned requirements of type one and two are basically no
new or additional assumptions since they are already needed to treat the single phase case.
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Since we are concerned with discussing the case of two phases it is reasonable to assume that all single
phase requirements are met and only a few new ones need to be added. In order to solve the two phase
Riemann problem we need the additional assumptions (4.3.6) and (4.4.1).

The uniform upper bound for the quotient of the specific volumes basically tells us how close we can get
to the critical point, where the volumes would become equal. The case of a = 1, i.e. we include the
critical point where the volumes become equal, is not considered here and has to be treated separately.
The constant S bounds the quotient of the sound speeds and is only needed to be strict smaller than
1/a.

The assumption on the lower bound of ~y in (4.3.6) is a rather technical one. Nevertheless if we assume
7 to be as in (4.3.3) and consider the ideal gas EOS for the vapor phase we have

1 m\ 2 (1 - a)?
= 3 — 2:7 _— — 2,3 = —
1=9y > 71ay (1 —a) Tae (k 0> (1 —a)ay Nk

Hence this bound is easily satisfied. If the sound speed of the vapor phase would depend on the pressure
one would have to check this requirement more carefully. We further want to emphasize that apart from
7> 0 and (4.3.6)3 we do not assume any particular shape or even magnitude of 7. This is a further key
point that contributes to the generality of our result.

The last requirement in (4.3.6) is concerned with the maximum vapor pressure. Due to this bound the
vapor is allowed to be compressed (depending on «) with more than the saturation pressure. This allows
metastable states, which is reflected in the Maxwell construction. Here of course one has to make sure that
the maximum vapor pressure p defined in Definition 4.2.2 satisfies this bound. This can be guaranteed
by choosing an appropriate temperature and also how the two EOS are connected by #(p) in Definition
4.2.2. Usually p will only be slightly larger than the saturation pressure for a wide range of temperatures.

Now we want to comment assumptions (4.4.1). Let us first consider vz. Over wide temperature ranges
we have v > 1 for many substances. For example in Section 4.6.2 we consider the linear and nonlinear
Tait EOS for liquid water and for this type of EOS modeling water this is true up to 636.165K. A similar
result can be obtained for the van der Waals EOS. Above that temperature it is not possible to use the
ideal (polytropic) gas EOS together with such a liquid EOS, because it would contradict (4.4.1) (II).
Regarding case (IT) we want to emphasize that for 1 > 7, > 4y the inequality including « is trivial. In
fact in numerical studies we exemplary obtained that this property is also true for the van der Waals
EOS up to ~ 640K.

Now we want to comment on e(yy ) in (4.4.2). Using the ideal gas or the polytropic gas EOS gives vy = 1
and hence

g0 :=¢(1) = —7a} (1 — a)? (1 - (aB)?) < 0.

We consider (4.4.1) (IT) and have 1 + eo/a < 0 over large temperature ranges. Suppose this term
becomes positive at high temperatures, it is however still smaller than one. Whereas at the same time
~r, approaches one. Hence this bound may be still valid. This of course has to be checked for any given
EOS.

4.6.2 Examples

Now we want to present several examples of choices for the equations of state used to model the fluid
under consideration, in this case water. First we will discuss the ideal gas EOS for the vapor phase and
the (linear) Tait EOS for the liquid phase as in [12]. For the ideal gas we obtain

KTy 1

;o w=1 Gv=1L (4.6.1)
m vy

pv(vy) =

Here k is the Boltzmann constant, Ty is the fixed temperature and m denotes the mass of a single water
molecule. Considering the liquid phase we obtain

Vo vy, 1 Ko>po
pr(ve)=po+Ko|——-1), =1+ (po — Ko) > 1, Gr=1L1 (4.6.2)
VL Koyvo
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The quantities with index zero are calculated at the saturation state corresponding to Ty. We further
have the saturation pressure pg, the modulus of compression Ky and the specific liquid volume vy, cf. [34].
Note that the relation Ky > pg breaks down for temperatures above 636.165K (T, = 647.096K).

Both EOS are linear functions of the mass density and thus it is reasonable to connect them with a linear
function p. Hence we obtain the specific volume of the vapor phase corresponding to the maximum vapor
pressure p according to Definition 4.2.2 as the solution of the following equation

N T T
0= Kovpln —2 4 — mln v +@1DM_

Umin Umin —UV M Umin m Umin

(4.6.3)

Here v,,, is chosen such that

—1
w(1=22) 1, < 620K,
m = 'l

v 1+ c— 10

) ,To > 620K.

(&
Using (4.6.3) we can calculate the quotient v,, /0 for every reasonable temperature and thus obtain «

and also 8. Now we can check the assumptions given in (4.3.6), (4.4.1). We have for temperatures up to
636.165 K the following

1
a <0.1949, of <0.5419, — — (1 n 5—0) >0.7484 and < 1.4825p;.
YL «
Thus all requirements are met as expected and the limiting factor here are not the assumptions but the

choice of the EOS.

Remark 4.6.1. Note that in the isothermal case the linear Tait EOS is equivalent to the stiffend gas
EOS
. Ko’l)()

0

T )
pr(vr) :C('y—l)i —pe with C(y-—1) and p.= Ky— po.

As a second example we want to use the nonlinear Tait EOS instead of the linear one, i.e.

pr(vr) = po + Ko (<;’2>n—1>, n> 1. (4.6.4)

Again we use the ideal gas EOS for the vapor phase. We obtain for the nonlinear Tait EOS

n -1
VL Do n+1
= 1 — — -1 >1 = —
VL 77( +(U0> (Ko >) , 9L 5

v 1-}2) " Ty < 620K,

v =
" 14 T.— Ty
V)
0 T
Next with an approach analogue to the previous case we obtain v as solution of the following equation
and then calculate p

and

) Ty > 620K.

K()Un 1 1
0= (po — Ko)vm + K, 0 -
(po O)U + Kovg + 1— n (’Ug,b_l Ug_1>

w Ko & KT,
Vm Koy, 0 KToy, vvipo) (4.6.5)
m m v

U, v

Um
We can use (4.6.5) to calculate the quotient vy, /v for every reasonable temperature and thus obtain «
and also 3. Here we use n = 7 as in [29]. We again check the assumptions given in (4.3.6), (4.4.1) and
obtain for temperatures up to 636.165K the following

1
0 <0.1645, af <0.1818, — — (1 + 5—0) >0.7795 and § < 1.2511po.
T a

Hence this choice of EOS is also suitable for solving this problem for temperatures from 273.15K up to
636.165K. Again the limiting factor here are not the assumptions but the choice of the EOS.
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4.6.3 Conclusion

The aim of the present work was to investigate the Riemann problem for the isothermal Euler equations
when liquid and vapor phases are present which may condensate or evaporate. We proved that there
exist unique solutions under the given assumptions.To this end we allow any EOS which satisfies these
assumptions, especially nonlinear ones. This is a huge improvement to the previous work [12] where only
two specific linear EOS were chosen to solve this problem. In contrast to this we for example allow the
speed of sound to depend on the pressure or volume instead of being constant. Furthermore allow phase
transitions where the pressures are not in equilibrium as for example in [9]. Additionally we can treat
nucleation an cavitation. In view of the work by Hantke, T. [14] the last point has to be emphasized.
To our knowledge this is the most general result concerning Riemann problems for isothermal two phase
flows.
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Chapter 5

Singular and selfsimilar solutions for
Euler equations

Bibliographic note: The content of this chapter is published in [H14]: F. Thein and M. Hantke.
Singular and selfsimilar solutions for Euler equations with phase transitions, Bulletin of the Brazilian
Mathematical Society, New Series 47 (2), (2016), 779-786.

Abstract: Riemann problems for the full set of Euler equations for two phases with phase transi-
tion are considered. Based on the assumptions across the phase boundary kinetic relations to describe
the mass transfer between the phase are derived from the second law of thermodynamics. Self-similar as
well as singular solutions can be constructed. For both cases the structure of the solution is discussed.

5.1 Introduction

Multiphase flows appear everywhere in nature and are of great importance in industrial applications.
Usually phase transition effects play a significant role. For the modeling of phase transitions often
continuum mechanics equations, derived using averaging or homogenization techniques, were used, see
for instance Zein et. al [9]. For these models a large number of equations is used, one set of balances for
each phase or component. In many cases additional differential terms appearing in the systems prevent
them from being in divergence or conservative form. Exact expressions for the transfer terms are usually
unknown. In fact, there is a lack of theory for these models and their numerical solutions require a big
numerical effort.

On the other hand one can use only one set of balance equations to describe the flow. An additional
kinetic relation describes the exchange of mass between the phases. This concept was introduced by
Abeyaratne and Knowles [1]. The main advantage of this type of modeling is the smaller number of
equations. Moreover, due to the explicit character of the kinetic relation it may be possible to construct
exact solutions for Riemann initial data. For example, for the system of isothermal Euler equations
equipped with a kinetic relation exact solutions for Riemann problems were constructed by Hantke et.
al [6]. Also existence and uniqueness of the solution was proven. Riemann solutions are the basis to
construct efficient Riemann solvers.

In the following we consider Riemann problems for the full system of Euler equations for liquid-
vapor flows. Depending on the assumptions across the phase boundaries different kinetic relations can
be derived from the second law of thermodynamics. These assumptions influence the structure of the
solutions. Self-similar as well as singular solutions can be found. For both cases we discuss the structure
of the solution and give an appropriate choice of a kinetic relation.

95
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5.2 Balance laws and entropy inequality

The physical fields are assumed to depend on time ¢ € R>o and space x € R. In regular points of the
bulk phases we have the local balances for mass (5.2.1), momentum (5.2.2) and energy (5.2.3)

9 , 9pv) _
5t =0 (5.2.1)

Apv) | A(pv* +p) _
o T =0 (5.2.2)

d(pE) | d(pEv+pv)
ot =0, (5.2.3)

where p,v, E denote the density, the velocity and the specific total energy, resp. The specific internal
energy is related to the total energy by E = e + %UQ, whereas the pressure p is related to the density
and the internal energy by an equation of state p = p(p, e). For the specific Gibbs free energy g it holds

g:e—Th—&—g7 (5.2.4)

where T'= T'(p,p) and h = h(e, p) are the temperature and the specific entropy.
Using the notation
o] = o+ —w—,

where '+ and '—’ denote the right and left sided limits for any quantity ¥, we give the mass (5.2.5),
momentum (5.2.6) and energy balances (5.2.7) across any discontinuity in one dimension in their most
general form

d .
o) Tl =0, (5:2.5)
S pew) ~ ol + [l =0, (5:2:6)
,w2
%(es + ,08?) — [(e+ %UZ)M]] + g +pv] =0, (5.2.7)

where ¢ denotes the heat fluz. The discontinuity, which can be a shock, a contact wave or a phase bound-
ary, propagates with velocity w. The singular mass and the singular internal energy of the discontinuity
are denoted by ps and e, for more details see Dreyer [3]. Note, that the energy ey is not proportional to
the singular mass density ps. This is in agreement with Dreyer [3]. In the following we always assume,
that for waves propagating through the bulk phase (shock, contact) e = 0 and ps; = 0, whereas we also
consider more general assumptions for phase interfaces. The mass flux m = —p* (v — w) across the
phase boundary has to be specified by an additional kinetic relation, which has to satisfy the second law
of thermodynamics

d 1
—hs — [ — =q] = (s > 2.
Sho — [ — 1al = G 2 0, (529
the entropy production (s has to be nonnegative. The interface temperature T and the Gibbs free energy
of the phase boundary g, are defined by

1 Ohs

and 9 _ Ohs

T e = 5 (5.2.9)

In the following no heat conduction is taken into account, this means that we have ¢ = 0. Finally we
give Riemann initial data. Assuming that at ¢ = 0 the phase boundary is located at x = 0 these data
may be given by

T (pL,vr,pr)” =<0
u,p)T = 5.2.10
(p,v,p) {(pR’UR7pR)Tx>0. (5.2.10)

The construction of Rieman solution will be done analogously to Hantke et al. [6] and follows the ideas
in the book of Toro [7]. The discussion of rarefaction, shock and contact waves is classical and will not
be carried out in this paper. Instead we restrict ourselves to the discussion of phase boundaries.
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5.3 Selfsimilar solutions

All relations are presented in its most general form. In order to construct self-similar solutions we make
the following simplifying assumptions

ps =0 and es =0 (5.3.1)

to remove the derivative terms in the interface balance equations. This means that the interface has no
mass and no energy. As a consequence we have

d

—hs =0.
g =0

Moreover the mass flux across the phase boundary is continuous, this means that
[rh] =0.
Accordingly the entropy inequality (5.2.8) becomes
—m[h] = ¢ >0. (5.3.2)

This inequality directly implies that the mass flux 7 is a function of the differences of the specific
entropies h of the phases, i.e.
m o~ —[h]. (5.3.3)

The mass flux is driven by the difference of the specific entropies of the phases.
To derive an explicit kinetic relation we follow the ideas in Dreyer et al. [5] and make a linear ansatz
for the kinetic relation in the following form

i = Br[h].

The interface mobility By is a positive factor. In [5] By results from the Maxwell distribution, see [4], or
rather from the classical Hertz-Knudsen theory, see Bond and Struchtrup [2]. With an analogous choice

for the mobility we end up with
3
. pVTs m 2
m = NG (kT > [A], (5.3.4)

where k denotes the Boltzmann constant, m the mass of a single molecule of the considered substance
and py the pressure of the gas phase. For more details see [5].

Corresponding solutions of the considered Riemann problem consist of five constant states that are
separated by four waves see Figure 5.1. The left and the right wave are classical shocks or rarefactions,

Shock/Raref. Wave CD Shock/Raref. Wave

WV \ WL

Figure 5.1: Solution structure for (5.3.1), W = (p, pv, pE)T

that propagate through the bulk phases. In addition the solution has a classical contact wave and a
phase boundary, which can be characterized as a non-classical discontinuity. Let us assume the vapor
phase is on the left hand side. For temperatures lower than the critical temperature the specific entropy
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Figure 5.2: Schematic Entropy-Temperature Diagram

of the vapor phase is always larger than the specific entropy of the liquid phase of the same substance,
see Figure 5.2.
Accordingly we have
m~ —[h] >0.

This implies that only evaporation processes can take place. In other words, for the simplifying as-
sumptions (5.3.1) no thermal equilibrium may occur. Further, one can easily obtain that for the above
assumption the phase boundary propagates faster than the bulk phases, which implies, that the contact
wave always propagates through the vapor phase.

To overcome this phenomenon there are two possibilities. On the one hand heat conduction can be
taken into account. On the other hand one can weaken the simplifying assumptions (5.3.1), which leads
to singular solutions.

Remark 5.3.1. We want to point out, that the wave structure as well as the non-existence of thermal
equilibrium solutions are a direct consequence of the entropy principle (5.3.2). These phenomena occur
for any appropriate choice for a kinetic relation.

5.4 Singular solutions

As discussed in the previous section we now use weaker simplifying assumptions. As before we neglect
surface density, i.a. p; = 0, but we take into account surface energy. The interface mass and momentum
balances (5.2.5), (5.2.6) reduce to

[n] =0 (5.4.1)
—rm[v] + [p] = 0. (5.4.2)

Using (5.4.1) and (5.4.2) we rewrite (5.2.7) and obtain the interface energy balance equation
1

d . p 2
—es — = — =0. 4.
i m[[e+p+2(v w)] =0 (5.4.3)
The entropy production (s is now given by
G = m[[i(g + 5(’0 —w)7) + h(i -1l (5.4.4)

which implies
1~ [[i(g—f— }(v—w)z)—&—h(z -1)]. (5.4.5)
T, 2 T,

Due to the derivative in (5.4.3) the solution of the considered Riemann problem is not self-similar.
Instead we follow the ideas of Yang [8] and construct solutions in the sense of measures, where a discon-
tinuity appears on the phase interface.

Like Yang we assume a delta-shock, propagating with velocity w and located at x(t) = wt, where the
singular value of the surface energy is described by es(t) = eqt.
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The solution consists of five constant states, separated by four waves. As before, the right and left
waves are classical shocks or rarefactions. The order of the two middle waves, the contact and the phase
boundary, depends on the situation under consideration. With the same arguments as in the previous
section we find, if evaporation occurs, the contact propagates through the vapor phase, otherwise through
the liquid. Accordingly for the evaporation case we have the same wave structure as before, see Figure
5.1. For the condensation case see Figure 5.3. Note, that in contrast to the solutions of Section 5.3 the

Shock/Raref. Wave  Singular PB CcD Shock/Raref. Wave
t /
wy wit oy
WV I'I WL
1
1
T

Figure 5.3: Solution structure for the condensation case with a singularity on the phase boundary,
W = (p, pv, pE)"

interface is now equipped with energy and forms a singularity and hence the solution is not self-similar
anymore.

Assume, the solution considered describes a condensation process, where two shock waves propagate
through the bulk phases with velocities S, and Sg, then the solution at time t is of the following form

pv,pvov, pvEv)T  —oo <x < St
Py, vy PV EY)T  Sit < <wt
0,0,e08(z — z(t))t)T = = wt

P PV P B )T wt <@ < St
PirPLVLPLEL)T St <w < Sgt
oL, pLvr, pnEL)T St <z < o0,

E
(9w E) (1) =4 | (5.4.6)
E

where S denotes the speed of the contact. For solutions with rarefactions or with evaporation states one
may find a similar structure.

Analogously to the previous case with the assumptions p; = 0 and e4(t) = eg - ¢t one can treat the
following two cases
ps(t) =po -t and es =0 (5.4.7)

and
ps(t) =po-t and es(t) =ep-t. (5.4.8)

In both cases a singularity will form on the phase interface. The structure of the solution is the same as
before, but in contrast to the case before, one obtains singular values for all three components (p, pv, pE)7.
For a non-linear ansatz for p,(t) or es(t) the solution structure becomes more complicated.
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Chapter 6

A non-existence result

Bibliographic note: The content of this chapter is published in [H12]: Maren Hantke and Ferdinand
Thein. Why condensation by compression in pure water vapor cannot occur in an approach based on
Euler equations, Quarterly of Applied Mathematics 73 (2015), 575-591.

Abstract: Phase transitions are in the focus of the modeling of multiphase flows. A large number
of models is available to describe such processes. We consider several different two phase models that are
based on the Euler equations of compressible fluid flows and which take into account phase transitions
between a liquid phase and its vapor. Especially we consider the flow of liquid water and water vapor.
We give a mathematical proof, that all these models are not able to describe the process of condensation
by compression. This behavior is in agreement with observations in experiments, that simulate adiabatic
flows, and shows that the Euler equations give a fairly good description of the process. The mathematical
proof is valid for the official standard TAPWS-IF97 for water and for any other good equation of state.
Also the opposite case of expanding the liquid phase will be discussed.

6.1 Introduction

Compressible two and multi phase flows occur in nature as well as in numerous industrial applications.
In many cases phase transitions between the fluids are of major importance. Examples are the formation
of clouds or the phenomenon of cavitation that for instance appears in liquid water flows around ship
propellers.

The modeling of such processes is a challenge. The description of the interfaces between the fluids as
well as their interaction is of high complexity. Therefore in the spotlight of the methods is the treatment
of the interfaces. Many numerical simulations are based on the Euler equations of compressible fluid
flow. We will direct our attention to two phase models of this type that take into account mass transfer
between the fluids.

Very famous are the models of Baer-Nunziato type. Here both phases are described by their own
set of Euler equations. An additional equation for the volume fractions of the phases is considered,
see Section 6.4.3. The original model of Baer and Nunziato [2], that does not include the effect of mass
exchange between the phases, was modified by Saurel and Abgrall in [18] by introducing relaxation terms
for pressures and velocities of the phases. Later in [19] a similar idea allowed the description of phase
transition by using relaxation terms for the temperatures and chemical potentials. This idea was picked
up for instance by Petitpas et al. in [17] or by Zein et al. in [25].

Another type of modeling of two phase flows is to use only one set of Euler equations. Each phase
has its own equation of state. Phase transitions can be described by a further equation that is called
kinetic relation. See for instance the well reputed article of Abeyaratne and Knowles [1] that deals with
solid- solid interfaces, the papers of Merkle [14] or Hantke et al. [6] on the isothermal Euler equations.

Finally we want to refer to a recent paper of Dumbser et al. [5]. In their work also only one set of
equations is used. Phase transitions take place only in thermal equilibrium, no kinetic relation is used.
Surprisingly this type of modeling is closely related to the Baer-Nunziato type modeling mentioned above
including relaxation terms to describe mass transfer. We come back to this and the abovementioned
models later in Section 6.4.3.
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One can find an extensive literature on cavitating flows, but the opposite question of the creation of
a liquid phase by a strong compression is discussed only in rare cases. In the following we consider pure
water vapor, that will be highly compressed. This can be realized by a steam filled tube with a flexible
piston, see Figure 6.2. If there is no heat exchange with the neighbourhood of the tube, the process is
nearly an adiabatic flow. Therefore it can be fairly described by the compressible Euler equations. One
may expect, that it is possible to compress the vapor phase such that the vapor will condensate. This
means that a liquid phase is created. In fact, it turns out this is impossible in a non-isothermal approach
based on Euler equations, which is in agreement with observations from experiments. The main focus of
our work is to give a mathematical proof for this phenomenon.

In the case of expanding a liquid under the same boundary conditions, see Figure 6.6 the situation
is more complex. Nevertheless, also for the cavitation case we can prove some theoretical results. For
detailed discussions of cavitation models we refer to Iben [7] and [9].

The paper is organized as follows. In Section 6.2 we introduce the compressible Euler equations and
briefly recall some well-known analytical results on the Riemann problem. Afterwards in Section 6.3 we
give some equations of state to close the system and provide some physical background. Section 6.4 deals
with compressed water vapor. First in Section 6.4.1 we explain the idea for the proof of our statement.
In Section 6.4.2 we show for a special choice of equations of state for the phases, that condensation
by compression cannot occur. After that in Section 6.4.3 we show, that this idea is also applicable to
Baer-Nunziato type models with relaxation terms as in Saurel et al. [19], Zein et al. [25]. Thereafter,
in Section 6.5 we generalize the proof to the real equation of state for water. Finally we consider the
opposite case of cavitation by expansion in Section 6.6. We end up with some closing remarks in Section
6.7.

6.2 The Euler model

The compressible Euler equations in one space dimension are given by the following system

0 0
ap—&-a—xpu—o, (621)
) 9, o,
D e+ 2u2) + 2 [ple+ 2u?) +plu=0 (6.23)
ot 2 ox 2 ’ -

where the variables p, v and e denote the mass density, the velocity and the internal energy, resp. The
further quantity p describes the pressure. It is related to the mass density p and the internal energy e
by an equation of state, see Section 6.3. All physical fields depend on time ¢t € R>( and on space x € R.

Here we consider Riemann problems for the Euler equations, that are given by the above balance
equations (6.2.1)-(6.2.3), an equation of state and the corresponding Riemann initial data

e_forx <0
et forxz > 0.

u_

p(0,2) = {Z+ , u(O,m)—{ , e((),:c)—{ (6.2.4)

Ut

This is the simplest choice of initial conditions with piecewise constant data. It is possible and conven-
tional to give initial states for (p,u,p) or (p,u,T') instead of initial states for (p,u,e). Also other choices
are imaginable.

The Riemann problem is very helpful in the context of hyperbolic partial differential systems, because
it exhibits all phenomena as shock or rarefaction waves. It is a basic problem in the theory of hyperbolic
systems. In numerics Riemann problems appear in finite volume methods for systems of conservation
laws due to the discreteness of the grid.

For the Riemann problem for the compressible Euler equations equipped with an appropriate equation
of state one can construct the exact solution. The solution is selfsimilar. It consists of constant states,
that are separated by shock and rarefaction waves and a contact discontinuity. Details can be found in
several textbooks. For basics on conservation laws see the books of Toro [21], Lax [11], LeVeque [13],
Smoller [20], Kroner [10], Dafermos [4], and others.
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6.3 Equation of state

As mentioned in the previous section we need an equation of state to close the system (6.2.1)-(6.2.3).
Several commonly accepted equations of state are available like the van der Waals equation of state or
the Tait’s equation. A collective problem is that for any choice of parameters all these equations at the
best only locally give a good approximation of the thermodynamic properties of water vapor or liquid
water.

On the other hand, the real equation of state for water to the official standard TAPWS-IF97 based
on the standard formulation of Wagner et al. [23], [24], [22] is too complex for analytical consideration.
In the following this equation of state is called real equation of state.

For the moment we use a modified form of the stiffened gas equation of state, see [19]. It is given by
the following relations

Pr + VETk
erPk,pr) = ——~ + qk, 6.3.1
(P o) ok — 1) (6.3.1)
Pr + Tk
T ) =" 6.3.2
(P i) Crpr(r — 1) (6.3.2)
+ 7
ar(pr, pr) = w, (6.3.3)
Pk
T." ,
sk(pk, Ti) = Cpln ————— + ¢, . (6.3.4)

(p}C -|— 7'(,6)(’%—1)

Here T and s denote the temperature and the specific entropy of the fluid. The speed of sound is given
by a. The index k = V, L indicates the fluid under consideration, vapor or liquid. The parameters =, m,
q, ¢ and C will be specified later. Note, that for the special choice of 7 = 0 and ¢ = 0 the equation of
state reduces to the ideal gas law.

For the physical background of the following considerations and more details on thermodynamics we
refer to the books of Miiller and Miller [15] and Miiller [16].

The specific Gibbs free energy of the phases is given by

gL = ep + Pk _ Ty.s% . (6.3.5)
Pk

If the vapor and the liquid phase are in thermodynamic equilibrium the Gibbs free energies equal each
other, this means that

gv = gL - (6.3.6)
Using the relations (6.3.1)-(6.3.4) the Gibbs free energy of each phase can be expressed as a function of
the temperature and the pressure

9k = gk (Pk; Tk) -

Then the equilibrium condition (6.3.6) gives a direct relation between the temperature and the corre-
sponding equilibrium pressure or saturation pressure

Psat = Psat (T) . (637)

This relation gives the saturation line in the (T, p)-phase space. Sometimes it is useful to inversly express
the temperature as a function of the pressure

Tsat = Tsat<p) . (638)

For admissible pressures we obtain the corresponding saturation temperature.

For the moment we use the same parameters as Saurel et al. [19]. These parameters are given in
Table 6.1. For this special choice of parameters we obtain the saturation curve given by the solid line
in Figure 6.1. Here Region 1 belongs to the liquid water phase, whereas Region 2 belongs to the water
vapor. The dashed line marks the real saturation line. Obviously the precise shape of the saturation line
directly depends on the choice for the equations of state and the parameters therein.

Note that for a thermodynamic consistent equation of state the following relations hold

99(p,T) 1 99(p,T)

These relations will be used for the proof of our statement.



106 CHAPTER 6. A NON-EXISTENCE RESULT

k v w[Pa] C[J/ke/K] ql[J/kg] ¢ [J/keg/K]
vapor 143 0 1040 2030000 -23000
liquid 2.35  10° 1816 1167000 0

Table 6.1: Parameters for water vapor and liquid water, [19]
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Figure 6.1: Solid line: saturation curve p,q(r) for parameters given in Table 6.1, dashed line: real
saturation curve

6.4 Condensation by compression

6.4.1 Wave curve in the (p,T)-phase space

At first we consider the case of the compression of water vapor. This case can be simulated by a steam
filled tube equipped with a flexible piston, which is highly sped up to compress the vapor phase, see
Figure 6.2. The compression of water vapor will lead to an increase of the pressure and the density of

Water vapor

Figure 6.2: Compression of water vapor

the vapor phase. From the theory of the Euler equations we know, that a shock wave will propagate
through the vapor phase.

Assume that the state ahead of the shock is given by (p, @, p). The state behind the shock is denoted
by (p«, U, px). Then we have the following relationship for the density and the pressure

(5) + (552) + e
= AR ATE ””2“) . (6.4.1)
=1 (= ym
(3) (5) + 1+ 7
For details of the derivation of relation (6.4.1) we recommend the book of Toro [21], Section 3.1. Note,
that this relation holds only for the generalized stiffened gas law (6.3.1)-(6.3.4). Using the equation of

> P
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state (6.3.2) we easily obtain an analogous relation for the pressure and the temperature, which is given
by
T _p+m p(y+D+p(y—1)+ 297
To petm ply+1)+p(y—1)+ 2972

From Equation (6.4.2) we find the wave curve Ty (p«;p,T) in the (p, T)-phase space, that denotes all
states (ps,T,) that can be connected to the initial state (p,T") by a shock wave.

Assume that the vapor phase with initial pressure and temperature (p, T) is compressed sufficiently
such that a liquid phase is created, then the corresponding wave curve Ty (p«; P, T) must have an intersec-
tion point with the saturation line, see the sketch in Figure 6.3. We want to prove that this is impossible.

(6.4.2)

Region 2

Region 1

temperature

pressure

Figure 6.3: Solid line: saturation curve Ty, (p), dashed line: wave curve, star: initial state

For the proof we assume the existence of the intersection point and derive a contradiction.

6.4.2 Proof of the statement for a particular equation of state

Assume, the intersection point of the wave curve and the saturation line is given by (ps, Ti). Then the
function ( D ( 0
s p +1)+p —
T(P§p*,T*):T*‘£"?* W POV
p« Plw +1)+p.(w —1)
denotes all admissible initial states (p, T) Here we already used the fact that for the vapor phase we
have m = 0. Let ’ denote the derivative of the temperature functions with respect to the pressure. At
the intersection point the following relation must hold

(6.4.3)

T'(pe) < Tloy(ps) - (6.4.4)
By a simple calculation we find
. T, -1
T (pu; pa; Te) = — - w . (6.4.5)
D+« A%

To find T7,,(p«) we start with the equilibrium condition (6.3.6) and express the Gibbs free energies of
the phases as functions of p and T. We obtain

Yk

T)=CyT - CyTln ———— —Tgq 6.4.6
9k(p, T) kL Ve + gk kLN (p + 7)1 ks ( )
with k = L, V. From
f(pv Tsat(p)) = gV(pa T) - gL(pa T) =0 (647)
we derive by using the implicit function theorem
af Tsat Tsat
—=C -1 -C -1 ,
B viw —1) ) Lz )p+7rL
of T TI.
=_Cy1 sat o ;1 sat
T e
L —qv

=Cryr — Cvrywv + g T
sat



108 CHAPTER 6. A NON-EXISTENCE RESULT

and finally
Cviyv=1) _ Cr(yr—-1) Cv(yw-1)
T, (p;T) =T, - P petmL o Pe 6.4.8
at (P ) Cvvyv — Cryr + qviqL Cvyv ( )
This is clear because
C -1 -
_Gbe =l g d — o I
Ps + 7L T,
Obviously (6.4.8) implies
Ti v -1

Téat(p*§ T*) < = T/(p*;p*, T*) . (64'9)

D+ 4%
This is a contradiction, see (6.4.4). Accordingly we have

Theorem 6.4.1. Using the equations of state (6.3.1)-(6.3.4) and the parameters given in Table 6.1
condensation by compression of pure water vapor cannot occur.

6.4.3 Short discussion of different phase transition models

In the following paragraph we explain, why the proof of our statement given in Section 6.4.2 resp. in
Section 6.5 is applicable for all considered models based on Euler equations.

A pure water vapor phase can be described by a single set of Euler equations. The compression leads
to an increase of the density and the pressure as already mentioned in the previous section. One may
assume that for sufficiently strong compression the vapor phase starts to condensate. This means, that
a liquid phase is created.

Of course, for any state (p,T) which is in the interior of Region 2 (water vapor), the vapor phase is
situated in a stable state. In order that phase condensation can happen, there must be a mechanism for
phase transition. Therefore, it is clear that in the case of condensation the wave curve, see the next to
last section, must have an intersection point with the saturation line. For this it doesn’t matter, whether
phase transition is modeled by a kinetic relation [6], [14] or by using an equilibrium assumption as done
in [5].

Using a kinetic relation, a nucleation criterion is used, see [6]. Here a critical state is reached, in
which the vapor phase starts to condensate, which implies the intersection point.

In Dumbser et al. [5] phase transition is modeled by an equilibrium assumption. For any given
temperature T and p < psq:(T) the pair (T,p) describes some vapor state. Analogously (7,p) with
p > psat(T) describes the fluid in the liquid state. For p = pgq:(T) one may have water vapor or liquid
water as well as a mixture of both fluids. The fluid at the saturation state is defined by its temperature
and the mass fraction or equivalently by its pressure and the mass fraction of the vapor/liquid phase.
All corresponding states in the (p, T)-phase plane are located at the saturation line. For more details
see Iben et al. [8]. Nevertheless, for condensation a wave curve must have an intersection point with the
saturation line.

The Euler equations are only valid for pure fluids or homogeneous mixtures in the thermodynamic
equilibrium. For models that use only one set of Euler equations as discussed before pure fluid are
present. On the other hand in literatur often models of Baer-Nunziato type are used to describe the
situation considered. The generalized Baer-Nunziato model is given by a two phase model using two sets
of Euler equations

0 .
APk + S pPRUE = T,

ot ox
0 0 9 0
oy kPR + %ak(pkuk +pi) = ipaak +M,
0 1, 0 1 5 0
&akpk(ek + iuk) + 87£E [pk(ek + §uk) +pk]uk = ?Paak + F,
k =1,2 and a further equation to describe the volume fractions of the phases
0

0
&(X1+U%ak:A
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with the same notations as before. Further, «y denotes the volumefraction of phase k. The sources
A,m,M,E on the right hand side of the equations describe the exchange of mass, momentum and
energy. They include relaxation terms for velocity, pressure, temperature and Gibbs free energy of the
phases, that guarantee, that both phases relax to thermodynamic equilibrium. The pressure P und the
velocity U have to be defined by some closure law, see [18], [19] or [25].

Again we start with a pure vapor phase, that will be compressed. For numerical reasons the volume
fraction of the pure phase is assumed to be 1 — ¢, whereas the volume fraction of the absent phase is
assumed to be e. Typically one uses e = 1078, see for instance Saurel and Abgrall [18].

Mass transfer is described by the Gibbs free energy relaxation term. Condensation will occur only
in the case, that the specific Gibbs free energy of the vapor phase is larger than the specific Gibbs free
energy of the (artificial) liquid phase. This is not the case for any set of initial data that describes a pure
water vapor phase. Therefore there is no contribution by the relaxation terms as long as (T, p) is in the
interior of Region 2 (vapor phase).

In regions of constant volume fractions the system decouples. The solution for each phase can be
determined separately. This implies that the relations of the single phase Euler equations are also valid
for the Baer Nunziato model in the case considered. In order that condensation can occur the vapor
phase must be compressed in such a manner that the specific Gibbs free energy of the vapor phase is
larger than the specific Gibbs free energy of the (artificial) liquid phase. This implies an intersection
point of the wave curve with the saturation line.

6.5 Extension to the real equation of state for water

In the previous Section 6.4 we have proved, that condensation by compression can not occur for the
chosen equations of state with parameters given in Table 6.1. On the other hand, in Figure 6.1 we can
see, that this choice gives a very bad approximation of the real saturation curve for higher temperatures.
We now generalize our statement using the results from the last section. We want to show, that for
the real equation of state and for good approximations of the real equation of state condensation by
compression cannot occur. The proof uses the same arguments as before.

We start with an arbitrary initial state in the vapor region and we consider the corresponding wave
curve. Assume, (p.,Ty) is the intersection point of the curve T(ﬁ;p*, T.) of all admissible initial states
in the (p, T)-phase space with the real saturation line Ty.+(p). We compare the derivatives and find the
contradiction.

6.5.1 Approximation of the real equation of state

For our purpose it is sufficient to find a good approximation of the real equation of state in a small
neighborhood of the saturation line. In the following we show how to find suitable parameters, coming
from the intersection point (p.,T%). This is an improvement of the method of Le Metayer et al. [12],
which is a modification of the idea introduced by Barberon and Helluy [3].

6.5.1.1 Vapor phase

For any temperature T} the corresponding (real) saturation pressure is known by the real formulas given
by Wagner [24], [22]. The same is true for the corresponding vapor density py ., the speed of sound ay .,
the entropy sy. and the internal energy ey.. For simplicity we choose m = 0. Then from (6.3.3) we
directly obtain 7y . Next we calculate gy from (6.3.1), Cy from (6.3.2) and ¢f, from (6.3.4). The results
are given in Figure 6.4.

6.5.1.2 Liquid phase

For the liquid phase we disclaim the simplifying assumption for the parameter w. Accordingly we are
looking for 5 parameters. Therefore beside the relations (6.3.1) - (6.3.4) we can use a further relation.
From thermodynamics it is known, that

Tas(T, )

— (P
oT ¢
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Figure 6.4: Local optimal parameters for the vapor phase

with the specific heat capacity at constant pressure. Using (6.3.4), (6.3.2) and (6.3.1) we find that

0sr(Tr,pr)

Cl =1y T,

=CrLyL

1(pL+’YL7TL ’YLPLPL>
T \pr(ve —1)  pr(ye —1)

_ 1 PL
= TL (BL qL+ pL> .

This gives us the further relation

eL::C§IH—§£-+qL, (6.5.1)
L

where C¥ denotes the specific heat capacity at constant pressure of the liquid phase. Again we use the
real equation of state to obtain the liquid density pr., the speed of sound ar., the entropy sp., the
internal energy er. as well as the specific heat capacity C7,. Then from (6.5.1) we find gr,. After that
we calculate 7y, and 7y, from (6.3.1) and (6.3.3). Finally we obtain C, from equation (6.3.2) and ¢}, from
equation (6.3.4). The results are given in Figure 6.5.

Using the parameters my, 71, v, 7L, Cv,CL,qv,qr, 4}, q;, obtained in Sections 6.5.1.1 and 6.5.1.2 the
equations of state (6.3.1)-(6.3.4) give the exact values for the densities, the internal energies, the en-
tropies and the sound speeds at saturation state (p.,Tx). Also we obtain the exact values for the Gibbs
free energies and the enthalpies. From equations (6.3.9); and (6.3.9)2 as well as equation (6.4.7) and the
implicit function theorem we see, that we also find the exact value

T! . (pe;Ty) . (6.5.2)
Due to the smoothness of all expressions for any given tolerance ¢ > 0 we find a sufficiently small

neighborhood of the saturation state (ps,T%) such that all relevant physical states py, e, Sk, ag, gx are
approximated with a deviation less then e.
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Figure 6.5: Local optimal parameters for the liquid phase

6.5.2 Proof of the statement for the real equation of state

Assume, for any initial state in the vapor region, that is close to the saturation line, the corresponding
wave curve in the (p.T)-phase space and the (real) saturation line have the intersection point (p,T%).
Assume further, that we used the optimal parameters mv, 7., v, v, Cv,Cr,qv, qr, ¢y, 1, such that the
equations of state (6.3.1)-(6.3.4) give the exact values for py, ek, sk, ar, gr for both phases at saturation
state (ps, Tx). Then the following relation must hold at the intersection point

T'(ps) < Thoy(p) - (6.5.3)

As before T(ﬁ; P+, Tx) denotes all admissible initial states (p, T) in the vapor region, in a sufficiently small
neighborhood of (p«,Ty). For the derivative we have

) T, 1
T'(puipe,T) = = - 2 (6.5.4)
D« 4%
Moreover, we have
Cv(ywv—=1) _ Cr(yr—1)
T (P Te) =T L Ptmn (6.5.5)

Cvyy — Cryp + Pt
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In both equations (6.5.4) and (6.5.5) we used the local optimal parameters. As already explained at the
end of Section 6.5.1, equation (6.5.5) gives the exact value for the derivative. Simple estimations show,
that .

T'(ps) > Tiar(ps) - (6.5.6)

Accordingly, there is no such intersection point. Due to the smoothness of all expressions and the exact-
ness of (6.5.5) this statement is true for the real equation of state and for all sufficiently good approxima-
tions of the real equation of state. If there is any set of parameters 7y, 7r,vv, v, Cv,CL,qv, 4L, ¢4, 4,
such that (6.5.6) is not satisfied, then the parameters obviously give a coarse approximation of the satu-
ration line and the result is not meaningful. The same is true for any other choice of equations of state
for the liquid and the vapor phase. We summarize

Theorem 6.5.1. Using the real equations of state [23] or any good approximation of the real equation
of state nucleation by compression cannot occur.

6.6 Cavitation by expansion

After the discussion of condensation by compression one may ask for the opposite case of cavitation by
expansion. We will see, that this process is more complicated and we will distinguish between two cases.
The liquid phase will be expanded in a manner that phase transition will occur. This case corresponds
to a cavitation tube, which is a tube filled with liquid water and a flexible piston, see Figure 6.6. To

Liquid water

Figure 6.6: Expansion of liquid water

illustrate the physics we give the s-T'—diagram in Figure 6.7, where the path (1) corresponds to the
process considered. We have seen, that the Baer Nunziato type relaxation model allows the coexistence
of both the vapor and the liquid phase in the same point of the physical domain at the saturation state.
The same is true for the Eulerian model used by Dumbser et al. [5]. Here the phase transition is modeled

Critical Point

A
Vv

(2)

Wet Steam

Pure Vapor

(3)T

Figure 6.7: Entropy temperature diagram: (1) isentropic expansion - rarefaction wave, (2) isothermal
path, (3) isentropic compression, see Iben [7]

Pure Liquid

Temperature

Entropy

by an equilibrium assumption. The mixture is called wet steam. An expansion process such that a
mixture of water vapor and liquid water (wet steam) is created, we call the process weak cavitation.
On the other hand, if pure water vapor is created, we call this process strong cavitation.



6.6. CAVITATION BY EXPANSION 113

6.6.1 Cavitation in the weak sense

If the liquid phase is expanded, a rarefaction wave will propagate through the liquid phase. In analogy
to the condensation case we start with an arbitrary set of initial data in the liquid phase (Region 1).
We construct the wave curve, that connects the initial state to all possible states behind the rarefaction
wave. If (weak) cavitation, by sufficiently strong expansion, can occur this wave curve must have an
intersection point with the saturation line. It is not surprising, that this is usually the case. Numerous
examples can be found in the literature, see for instance the example cavitation by strong rarefaction
using one set of Euler equations and the equilibrium assumption in Dumbser et al. [5]. See further the
expansion tube problem in Zein et al. [25] using the Baer Nunziato type relaxation model.

6.6.2 Cavitation in the strong sense

For the moment we restrict ourselves to the two model types, that allow the coexistence of vapor and
liquid, [25], [5]. Models, using a kinetic relation will be discussed later.

One may assume that for sufficiently strong expansions one may create pure water vapor. To illustrate
that situation we refer to Figure 6.8. Because Region 3, the wet steam region, reduces to a single line in

Region 1
m
/
/

/
% , / Region 3:
S / Wet steam
© /

/
/
/
e~ Region 2
pressure

Figure 6.8: Solid line: saturation curves py (psat), Pr(Psat), dashed line: wave curve, star: initial state,
circle: pure water vapor state

the (p, T) phase plan, we now plot all the data in the more descriptive (p, p) phase plane. The wet steam
region is bounded by the saturation (solid) lines. Assume, there is any initial liquid state, marked by
the star and assume further, the liquid is expanded in a manner that pure water vapor is created. This
state is indicated by the circle. Then there is a rarefaction wave curve, connecting the star and the circle
state. This wave curve crosses the two curves pg(psqt). The same situation in the (p,T) phase plane
is given in Figure 6.9. In the following we will show, that strong cavitation for the models considered
cannot occur. The argument is similar to the argument in the condensation case. Assume, the circle
state exists. This implies the existence of a rarefaction wave curve that connects both the circle and
the star state. The intersection point of the wave curve and the saturation curve Tsq¢(p) in the (p,T)
phase plane is called (p.,T%). Let us consider that part of the wave curve, that is located in the vapor
in Region 2. We denote this curve by T(p; D« Ti). As before for the intersection point we must have

T (pa; po, To) < TV (D) -

The wave curve is found to be

Jy —1

T(pips, T,) = T, (p> R (6.6.1)

P«

This directly follows from Equation (6.3.4) and the fact, that the entropy is constant across a rarefaction

wave. Equation (6.6.1) implies

. T, -1
T(pu;ps, To) = == - "~ (6.6.2)
D« 00%

This gives a contradiction, see (6.5.4) and (6.5.6).
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Region 2

Region 1

temperature

pressure

Figure 6.9: Solid line: saturation curve, dashed line: wave curve, star: initial state, circle: pure water
vapor state

Theorem 6.6.1. Using the real equation of state or any good approximation of the real equation of state
strong cavitation by expansion cannot occur in an approach based on Fuler equations and an equilibrium

assumption, [5], [25].

There is an alternative, very simple argument to show, that a pure liquid state and a pure water
vapor state cannot be connected by a rarefaction wave. As already mentioned it is a well known fact,
that the entropy is constant across a rarefaction wave. But it is also known, that for any temperature
between triple point temperature and critical temperature Tipipe; = 273.16K < T < Ty = 647.096 K
the entropies satisfy the inequalities

S1, < Serit and Serit < SV - (6.6.3)

Obviously there are no liquid and vapor states with the same entropy. This also can be seen in Figure
6.7.

Using an Eulerian approach like Dumbser et al. [5] one can obtain only weak cavitation. Wet steam
is created, which is a mixture of water vapor and liquid water at saturation state. For the entropy one
has

Smiz = psv + (1 — p)sg, (6.6.4)

where p € [0, 1] denotes the vapor mass fraction, see [5]. Due to Equation (6.6.3) the value p is bounded
for cavitation starting from pure liquid water. Using the steam tables of Wagner [22] we find

<05, (6.6.5)

In contrast to the equilibrium models discussed in the first part of Section 6.6.2 models using a kinetic
relation are able to produce strong cavitation. This is clear by Section 6.6.1. A rarefaction wave curve
in the liquid Region 1 can have an intersection point with the saturation line. Here a critical state is
reached. A cavitation criterion can be used, see Hantke et al. [6]. The liquid phase starts to evaporate
and a pure vapor phase is created. An important difference to the previous models is, that the solution
is nonsmooth and entropy production by phase transition is allowed. Therefore there is no contradiction
to previous results.

6.7 Conclusions

We have seen, that condensation by compression cannot occur in an Eulerian approach. Due to the
compression of the water vapor not only the pressure but also the temperature is increasing. Because of
the temperature rise the saturation pressure is increasing. The key point is, that the saturation pressure
increases much faster than the pressure inside the vapor phase. Therefore phase transition cannot take
place. From observations of nearly adiabatic flows, see Figure 6.6, 6.2 this phenomenon is known.
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e The Euler equations correctly reflect this behavior. We gave a mathematical proof for this.

e Adiabatic compression of vapor does not lead to liquid phase, see Figure 6.7, path (1). To reach
this state, negative heat flow has to be used. This is equivalent to the use of isothermal Euler
equations such as done by Hantke et. al [6]. This corresponds to path (1) in Figure 6.7.

This effect comes up in much weaker form in the case of cavitation. The reason may be that the
temperature changes due to the expansion are much smaller.

e It is not possible to evaporate a pure liquid by a rarefaction wave completely, only with external
supply of energy see again Figure 6.7. This is also equivalent to the use of isothermal Euler
equations [6], see Figure 6.7, path (2).

e We gave a mathematical proof for this.

On the other hand this shows, that heat flow plays an important role in cavitating processes or in
condensation processes caused by compression. Eulerian models are not appropriate to describe such
effects.
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Chapter 7

Modeling Phase Transition for Two
Phase Flows

Bibliographic note: The content of this chapter is published in [H3]: Ali Zein, Maren Hantke, and
Gerald Warnecke. Modeling phase transition for compressible two-phase flows applied to metastable
liquids, Journal of Computational Physics, 229 (2010), pp. 2964-2998.

Abstract: The seven-equation model for two-phase flows is a full non-equilibrium model, each phase
has its own pressure, velocity, temperature, etc. A single value for each property, an equilibrium value,
can be achieved by relaxation methods. This model has better features than other reduced models of
equilibrium pressure for the numerical approximations in the presence of non-conservative terms. In this
paper we modify this model to include the heat and mass transfer. We insert the heat and mass transfer
through temperature and Gibbs free energy relaxation effects. New relaxation terms are modeled and
new procedures for the instantaneous temperature and Gibbs free energy relaxation toward equilibrium
is proposed. For modeling such relaxation terms, our idea is to make use of the assumptions that the
mechanical properties, the pressure and the velocity, relax much faster than the thermal properties, the
temperature and the Gibbs free energy, and the ratio of the Gibbs free energy relaxation time to the
temperature relaxation time is extremely high. All relaxation processes are assumed to be instantaneous,
i.e. the relaxation times are very close to zero. The temperature and the Gibbs free energy relaxation
are used only at the interfaces. By these modifications we get a new model which is able to deal with
transition fronts, evaporation fronts, where heat and mass transfer occur. These fronts appear as extra
waves in the system. We use the same test problems on metastable liquids as in Saurel et al. [R. Saurel,
F. Petitpas and R. Abgrall, Modeling phase transition in metastable liquids: application to cavitating
and flashing flows, J. Fluid Mech., 607, 313-350 (2008)]. We have almost similar results. Computed
results are compared to the experimental ones of Simoes-Moreira and Shepherd [J.R. Sim&es-Moreira
and J.E. Shepherd, Evaporation waves in superheated dodecane, J. Fluid Mech., 382, 63-86 (1999)]. A
reasonable agreement is achieved. In addition we consider the six-equation model with a single velocity
which is obtained from the seven-equation model in the asymptotic limit of zero velocity relaxation time.
The same procedure for the heat and mass transfer is used with the six-equation model and a comparison
is made between the results of this model with the results of the seven-equation model.

7.1 Introduction

In the last two decades, considerable research has been devoted to the modeling and simulation of
compressible two-phase flows. Most of the models used are typically derived by using averaging pro-
cedures [9,10,14]. Both the mathematical modeling and numerical computation have certain inherent
difficulties.

The difficulties in modeling concern the physical transfer processes taking place across the interface
such as mass, momentum and heat transfer. Using averaging techniques of the single phase equations
results in additional terms, which describe these transfer processes. The exact expressions for the transfer
terms are usually unknown [9]. Also there appear differential terms that are extracted from the transfer
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terms that prevent the system from being in divergence form. Therefore, they are referred to as the
non-conservative terms and they are responsible for numerical difficulties.

The most general two-phase flow model consists of seven partial differential equations, the evolution
equation for the volume fraction of one of the phases together with balance equations for mass, momentum
and energy for each phase. The seven-equation model is a full non-equilibrium model, each phase has
its own pressure, velocity, temperature, etc. Several authors considered such type of models, Baer and
Nunziato [4], Embid and Baer [11] as well as Saurel and Abgrall [27]. Saurel and Abgrall [27] proposed
a Godunov-type method for the solution of this model. Also they proposed instantaneous relaxation
procedures for the pressure and the velocity that make the pressures and velocities of phases relax to
common values. The main disadvantage of this model is the large number of waves.

Several authors have considered a five-equation reduced model which is obtained in the asymptotic
limit of the seven-equation model, see Kapila et al. [15], Murrone and Guillard [23], Petitpas et al. [24]
and Saurel et al. [33]. This model satisfies the mechanical equilibrium, it has a single pressure and a
single velocity. It is composed of two mass equations, a mixture momentum equation and a mixture
energy equation. These equations are written in conservative formulation, while the fifth equation of
this model is a non-conservative equation for the volume fraction which contains a non-conservative term
involving the divergence of the velocity.

Even though the five-equation model is reduced it has severe numerical difficulties. These difficulties
include:

e Shock computational difficulties due to the non-conservative character of the model.

e Maintaining volume fraction positivity due to the difficulties in the approximation of the non-
conservative term involving the divergence of the velocity.

e Non-monotonic behavior of the mixture sound speed, that obeys the Wood formula, with respect to
the volume fraction, see [34]. This behavior may cause inaccurate wave transmission across diffuse
interfaces.

The above difficulties are detailed in Saurel et. al. [34] and Petitpas et al. [24]. Tt is noted that the
conventional Godunov-type schemes are not suitable for the resolution of this model [24]. To circumvent
these difficulties, the Riemann problem is solved by the help of shock and Riemann invariant relations
that were derived by Saurel et al. [32]. And a specific relaxation projection method is used instead of
the conventional Godunov method, see Saurel et al. [29] and Petitpas et al. [24]. Moreover, Saurel et
al. [33] modified this model to take into account phase transition by including temperature and chemical
potential relaxation effects.

From the computational point of view the seven-equation model has several advantages over the
five-equation model:

e Preserving the positivity of the volume fraction is easier.
e The mixture sound speed has a monotonic behavior, see Petitpas et al. [24].

According to the attractive advantages of the seven-equation model we aim in this paper to modify this
model to include the heat and mass transfer and to present numerical investigations for the resulting
model compared with some previously known results. Our attention is devoted to the evaporation that
appears in cavitating flows. Thus we can compare our results with the results of [33] for metastable
liquids, i.e. liquids with temperature higher than the saturation temperature.

We use the seven-equation model of Saurel and Abgrall [27] which is a modified form of the Baer-
Nunziato model [4]. For the solution of the hyperbolic part of the model a modified Godunov-type scheme
is used. For the mechanical relaxation, the instantaneous velocity and pressure relaxation procedures of
Saurel and Abgrall [27] are taken.

We insert the heat and mass transfer through relaxation effects. New terms associated with the heat
and mass transfer are modeled, these terms are given in terms of the temperature difference for the
heat transfer and in terms of the Gibbs free energy difference for the mass transfer. Also we propose
new procedures for the instantaneous temperature and Gibbs free energy relaxation toward equilibrium.
These procedures are used at each time step after the mechanical relaxations. They are used only at
specific locations, i.e at evaporation fronts.
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Since the exact expressions for the transfer terms are unknown, our idea to model them is to refer to
some general physical observations besides the second law of thermodynamics. In particular we assume
that the mechanical properties relax much faster than the thermal properties. Also we assume that the
relaxation time for the temperature is much smaller than that of the Gibbs free energy. In fact these
assumptions agree with physical evidence in a large number of situations, see [5,13,15,22]. In the book
of Miiller et al. [22] some similar assumption is used in the analysis of the equilibrium conditions for
droplets and bubbles, see Chapter 11 there. In Kapila et al. [15] there are some estimates given for
the time scales of the relaxation of the velocity, pressure and temperature in granular materials. These
estimations show that the relaxation time for the temperature is significantly larger than relaxation times
for both the velocity and the pressure. Also other estimations for detonation applications show that the
time scale of the velocity relaxation and pressure relaxation are of the same order of magnitude while
the temperature relaxation time is much greater than that for the velocity and pressure, see [7,26]. More
discussion of this point is given in Section 7.3.2.

By our modifications of the seven-equation model we get a new model which is able to deal with
transition fronts, specifically here evaporation fronts, where heat and mass transfer occur. These fronts
appear as extra waves in the system, see Le Metayer et al. [21] and Saurel et al. [33].

Moreover we consider the six-equation model with a single velocity which is obtained from the seven-
equation model in the asymptotic limit of zero velocity relaxation time. This model consists of the volume
fraction equation of one of the phases, two mass balance equations, a mixture momentum equation and
two energy equations. As with the seven- equation model this model has better features for numerical
computations than the five-equation model. In fact the major difficulty in the numerics of the five-
equation model comes from the equilibrium of the pressure. For more details concerning the six-equation
model without phase transition you can see [34].

We model the heat and mass transfer for the six-equation model by using our procedure that is
proposed for the seven- equation model under the same assumptions.

We use the same test problems of reference [33] for metastable liquids. We see in our results the
extra waves that appear due to the phase transition. Also our results are in a good agreement with the
results of [33].

Computed results are compared to the experimental data of Simdes-Moreira and Shepherd [36]. In-
deed, the computed front velocities of the evaporation waves are compared to the measured ones at
several initial temperatures. There is a reasonable agreement with the experimental data.

A comparison between the results of the two models is made. There is no significant difference
between the results of both models under the same conditions, but there is a significant difference in the
CPU time consumed by both models, this makes the six-equation model less expensive.

This paper is organized as follows. In Section 7.2 we present the mathematical model and its closure
relations. Also we deduce phasic entropy equations that will be used in later sections. Section 7.3 is
devoted to the numerical method, in particular, we present a modified Godunov-type scheme with the
HLLC-type Riemann solver [38] for the seven-equation model. In Section 7.4 we model the heat and mass
transfer through the temperature and the Gibbs free energy relaxation effects. Our modeled terms keep
the mechanical equilibrium during the temperature relaxation, also they keep the mechanical equilibrium
and the temperature equilibrium during the Gibbs free energy relaxation. Mathematical procedures are
introduced for the instantaneous relaxation of the temperature and the Gibbs free energy that are used
at each time step after the velocity and the pressure relaxation. In Section 7.5 we consider the six-
equation model with a single velocity, we apply the same ideas proposed for the heat and mass transfer
in the seven-equation model on this case too. Finally, in Section 7.6 we present some numerical results.
Comparison with experimental data is made and comparisons between the results of the seven-equation
model and the six-equation model are considered.
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7.2 Mathematical model

The two-phase flow model of Saurel and Abgrall [27] without heat and mass transfer in one dimension
can be written as:

Oa Oa
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darpr . O(aipruy)
_ 2.1b
ot + Ox 0 g )
dagpiur  O(arprul + aipr) Oy
at + 833 — p[ ax + )\(UQ ul), (7.2.1C)
dagp1 By O(ar(p1 By +p1)ur) day
= + 5 _p1u1%+up1(p2 —Pl)
dagpy | O(azpauz)
_ 2.1
ot + ox 0 (7210
dazpaug | O(aapau3 + aops) Oay
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The notations are classical: «y is the volume fraction, pi the density, uy the velocity, py the pressure

and Ey = eg + % the total specific energy, where ey, is the specific internal energy.

Equation (7.2.1a) is the evolution equation for the volume fraction of phase 1. The volume fractions
for both phases are related by the saturation constraint, oy + ag = 1. The sets of equations (7.2.1b)-
(7.2.1d) and (7.2.1e)-(7.2.1g) express the conservation of mass, momentum and energy for phase 1 and
phase 2 respectively.

The terms py and uy are the interfacial pressure and the interfacial velocity respectively. As in [27],
the interfacial pressure is defined as the mixture pressure, while the interfacial velocity is defined as the
velocity of the center of mass

Q1p1U1 + Q2P2Us

(7.2.2)
a1p1 + a2p2

pr = a1p1 + qpa, uy =

Other closure relations for the interfacial terms are possible. One other choice is defined by Baer and
Nunziato [4] as:
pr =p1, Uy = uz.

Further closure relations were derived by Saurel et al. [30] and written as follows
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where Zj, represents the acoustic impedance, Zi = pycy, where the speed of sound ci, is given as
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In this work for the model (7.2.1) we will use the relations that are given in (7.2.2).
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The parameters A and p > 0 that appear in the model are the relaxation parameters which determine
the rates at which the velocities and pressures of the two phases relax to a common value. In this work we
are interested in the instantaneous equilibrium for both the velocity and the pressure, thus the parameters
A and g are assumed to be infinite.

The model (7.2.1) is a non-strictly hyperbolic system. For details of the mathematical properties of
this model see 7.A.

7.2.1 Equations of state (EOS)

Equations of state are used to close the system of equations (7.2.1). Since this model will be modified
to include the heat and mass transfer, appropriate EOS are required.

Most phase transition models use a cubic EOS, like the Van der Waals EOS. But using such an
EOS produces negative squared sound speed in a certain zone of the two phase flow, the spinodal
zone. This causes a loss of hyperbolicity and leads to computational failure [25,33]. To overcome this
problem each fluid obeys its own EOS as a pure material, also these EOS should satisfy certain convexity
constraints [19, 25, 33].

In this paper we will use a modified form of the stiffened gas EOS (SG-EOS) with the same parameters
for the dodecane and the water as in Saurel et al. [33] and Le Métayer et al. [20]. An essential i ssue
is that the various parameters are linked to each other to fulfill some constraints to recover the phase
diagram. This makes such a choice of EOS suitable for phase transitions [20,33]. For k = 1,2, they are
expressed as

Pk + YTk
er(Pk, pr) = ———~ + qk, 7.2.5a
(P o) pr(k — 1) ( )
Pk + Tk
Te(pr, p) = —— "k 7.2.5b
(e i) Cokpr(vk — 1) ( )
T’Yk
5(pr, Th) = Cor In ———F—— 4 ¢, (7.2.5¢)

(pr + 7)1

where T}, is the temperature, sy the specific entropy and C,i the heat capacity at constant volume. The
parameters g, T, gk and g, are characteristic constants of the thermodynamic behavior of the fluid.
All parameters of the SG-EOS are given in Table 7.2.1 for the water and in Table 7.2.1 for the dodecane.

Phase v w(Pa) Cu(J/kg/K) Cp(J/kg/K) — a(J/kg)  d'(J/kg/K)
vapor 1.43 0 1.04 x 103 1.487 x 102 2030 x 10> —23 x 10®
liquid 2.35  10° 1.816 x 10°  4.267 x 103  —1167 x 103 0

Table 7.1: EOS parameters for vapor and liquid water

Phase v 7w(Pa) Cu(J/kg/K) Cp(J/kg/K)  q(J/kg)  d'(J/kg/K)
vapor 1.025 0 1.956 x 10> 2.005 x 10> —237 x 10® —24 x 103
liquid 2.35 4x10% 1.077 x 10>  2.534 x 10>  —755 x 103 0

Table 7.2: EOS parameters for vapor and liquid dodecane

7.2.2 Entropy equations
In this part we deduce the entropy equation for each phase. These equations will be used later. Denote
the material derivative as

Di(-) _ 0() a()

= 2 2 k=12
Dt ot Ty ’

Using the continuity equation (7.2.1b) with the momentum equation (7.2.1c), we have
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Multiplying this equation by ui, we get the following equation for the kinetic energy

2

Dy (4
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Subtracting this equation from the total energy equation (7.2.1d), we obtain the internal energy equation
D 0 0
041/)1,%j1 + 041171% = pr(ur — Ul)% + ppr(p2 — p1) + Mur —uy)(ug — uy). (7.2.6)
From the volume fraction equation (7.2.1a) with the continuity equation (7.2.1b) we have
Dipy Ouy 0oy
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o +ai1pr 5 p1(ur —uy) pp + pp1(p2 — p1) ( )

To get an equation for the entropy we use the Gibbs relation
T1d81 = d61 — p%dpl.
P1

By taking the material derivative for this relation and multiplying by «;p1, we obtain

D5y Diey a1p1 Dipy
TN — = — . 2.
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Using (7.2.6) and (7.2.7) in (7.2.8), we have

Dqs da
O<1P1T1# = (pr —p1)(ur — ul)afxl + p(pr — p1)(p2 — p1) + Aur — wi)(uz — w).
In a similar way we deduce the entropy equation for phase ”2” which is given as
Dsys da
OézpszDit2 = (pr — p2)(ur — uz)aigc2 — p(pr — p2)(p2 — p1) — Mur — uz)(ug — u1).

7.3 Numerical method

The source terms of the system (7.2.1) consist of differential parts and non-differential parts. As in [27]
to account for both parts we use the Strang splitting approach [37]. Let Lft be the operator of numerical

At
solution of the hyperbolic part of the system (7.2.1) over At and Ls*> the operator of integration of the

t
source and relaxation terms over half of the time interval, i.e. -5 Thus the solution is obtained by the
succession of operators.
n+1 % At % n
U] - Ls Lh LS Uj7 (7.3.1)

_ T
where U = (a1, a1p1, a1prur, a1 p1 Ev, aopa, agpoug, azpaEa)’ .

7.3.1 Hyperbolic operator
Consider the hyperbolic part of the system (7.2.1)

Ja Oa
aTl + ula—; =0, (7.3.2a)
ou  Of(u,aq) 0oy
— 4+ ——">=h —_— 7.3.2b
ot + ox (u7 011) O ) ( )
where
ai1p Q1p1U1 0
o1 prus a1 pruf + aapr pr
u— aip1By C fuar) = ar(prEr + p1)u . h(wan) = DIug
P2 QaP2Us 0
Q2P2U2 Q2 pau3 + Qoo —pr

azp2 By as(paEs + pa)us —prug
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Following [27] a modified Godunov scheme is used to take into account the discretization of the non-
conservative part of the system (7.3.2). Assume that we have some Godunov-type discretization for the
system (7.3.2b) of the form

w2 () fut () )]+ A, (7.3.3)

J J -1

Oa
where A; is the discrete form of the term —1, which has to be determined, and u*(u},uf, ;) is the

x
value of u along the line x =z, 1 for the Riemann problem with the states u?, u?,;.
The components of the system (7.3.3) for phase ”1” can be written as

n+l _

()} = (p)} — Scllapu)s, y — (opw); ), (7.5.42)

n+1 __

At * *
(apu); ™ = (apu)} — = [(apu® +ap)j,, — (apu® +ap);_,]

+AH (1) A, (7.3.4b)

., At .
(apE)j ™ = (apE)} — —[(apuB + apu)],, — (apuB + apu);_,]

A (pr)? (ur) A (7.3.4¢)

The index ”1” is omitted for simplicity.

In order to find an expression for Aj;, the idea of Abgrall [1] is used, that a uniform pressure and
velocity must remain uniform during time evolution, for more discussion about this idea see [28]. Assume
p and u are a constant pressure and velocity everywhere at time ¢". Then according to the Abgrall
principle we have

vy =p;" = (o)} =pjus =, (7.3.5)

Multiplying (7.3.4a) by u and subtracting the result from (7.3.4b), we obtain

Lo .
—

Aj = (afyy —af )

(7.3.7)
Using the definition of E and (7.3.7) in (7.3.4c), and using (7.3.4a), we have the following equation for
internal energy

(ape)y+t =

At .
(ape)j — A—u[(ape 41T (ozpe)j_%]. (7.3.8)
Multiplying (7.3.4a) by the parameter ¢ in the (7.2.5a) and subtracting the result from (7.3.8), we obtain

(aple — )} = aple — )} — Seullaple ).y — (aple — )y (739)

From the EOS (7.2.5a) and uniformity of pressure (7.3.5), we see that

Pt Pylﬂ = const. (7.3.10)
N —

ple—q) =

Thus from (7.3.9) with (7.3.10), we get by taking out the constant and using (7.3.6)

aj“:aj (ur)} P Az ~ (@ L1 A ). (7.3.11)

This equation provides a discretization for the volume fraction equation.

For the Riemann values the approximate solvers HLL, HLLC [38] and VFRoe [12] are used. For the
seven-equation model (7.2.1) the HLL solver is introduced in [27] and the VFRoe solver is considered
in [3]. In the following section we present the HLLC solver.
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7.3.1.1 HLLC-type solver
The intercell flux of the HLLC Riemann solver is given by, see Toro [38]

f(uL)’ 0<sp
FHLLO _ flu.r) = f(ur) + sp(w.r —ug), sp <0< s,
I*3 f(u.r) = f(ur) + sp(u.r — ug), 5. <0< spR
f(ug), 0> sp.

Where 'L’ and 'R’ refer to the left and right states of a cell boundary respectively.

Following the Davis estimates [8] the wave speeds can be taken as

sp = min{uiy, — ¢ir, U2r — C21, U1R — C1R, U2R — C2R |
sp = max{uir + c1r, UL, + oL, U1R + C1R, U2R + C2R}-

Following Toro [38] for a single phase, the vectors u,z and u.g can be given as

SK — U1K
CKPIK
SK — S«
SK — U1K
alelKﬁS*
K = 9%
SK — U1K D1k
Oleleﬁ (ElK + (S* - ulK)(S* + (s——u))
Wi = K * Sk — Unk P1K\SK 1K , K=L,R
QOOKPK —
SK — Sk
SK — U2k
CY2KP2KﬁS*
K — S%
SK — U2K D2K
oo poxk —— | Box + (S* - UZK)(S* + —)
i SK — Sk par (SK — u2k)

We take the speed s, as in [38] but with mixture values for pressure, velocity and density, i.e

s — pr —pr + prur(sc —ur) — prur(sr — uR)
: pr(sL —ur) — pr(Sr — uRr)

Q1p1U1 + QiaP2us

where p = a1p1 + azp2, p = ai1p1 + agps and u =

We refer to the mathematical properties of the model (7?2.1) in 7.A Consider the eigenvectors (7.A.4)
and (7.A.5) for the 2- to 7- fields. It is clear that the function ¢(W) = «; is a Riemann invariant for
all 2- to 7- characteristic fields. This means that o4 is constant across all rarefaction waves of the 2-
to 7- fields. Also note that the action of the non-conservative terms is reflected in the 1-field which
corresponds to the eigenvalue A\; = u;. Moreover, this eigenvalue comes from the evolutionary equation
for ;. Considering these observations we will assume that «y changes only across s., this means that

QK = UK, K=1L, R.

7.3.1.2 Extension to the second order

To achieve second order accuracy we use the MUSCL method, where MUSCL stands for Monotone
Upstream-centered Scheme for Conservation Laws. In the following we will give a summary of this
method, and for details we refer to Toro [38]. This method has three steps, they are

e Data reconstruction: The primitive variables on the cell boundary are extrapolated as

_ o 1 N . 1
W, = Wi+ 4. Wi, =W — 4.

Performing this step in primitive variables ensures the preservation of uniformity of pressure and
velocity, which is an essential issue in the discretization of the model.
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The limited slope §; is taken as

5 — max{(),min(ﬁdj_%,dﬁ%), min(dj_%,ﬂdj+%)}, dj+% >0
I min{O,maX(,ij_%,dj_i_%),max(dj_%,ﬁdj+%)}’ dj+% <0
where
dj_y =Wj—-Wj,, diry = Wiy — Wy,

For particular values of 3, the value 8 = 1 corresponds to the minmod limiter and 8 = 2 corresponds
to the superbee limiter.

2

At
e FEvolution: Using (7.A.1) the values W;;l are evolved by a time — as

— + _ + At ‘ _ +

Wins =Wl — e AW Wiy = Wiy,

W =W, — SLAw)wo, - Wt
1= Wit~ oa AW Wi, - Wil

. . N . .
e Solution of the Riemann problem: We rewrite Wji% in conservative form, and solve the Riemann

o - ot
problem with the piecewise constant data (U; 1, U; 1).

7.3.2 Source and relaxation operators

According to the Strang splitting (7.3.1), to take into account for source and relaxation terms we have
to solve the following system of ordinary differential equations (ODE).

dU
— =S8 .3.12
7 (7.3.12)

where U = (aq, a1p1, a1 p1u1, aqp1 E1, agpg,anguz,agngQ)T. The source vector S can be decomposed
as the sum
S =Sy + Sp + Sthermal,

where Sy and Sp are associated with velocity and pressure relaxation terms respectively. The vector
SThermal Tepresents the thermal relaxation terms that include the temperature and Gibbs free energy
relaxation terms that have to be modeled. The mechanical relaxation terms Sy and Sp are given by

[ 0 i [ upr—p2) |
0 0
Aug — uy) 0
Sy = )\U[(Ug — U1) s and Sp= /JpI(pQ - pl)
0 0
—>\(’LL2 — ul) 0
| —Aur(ug — uy) | | —up1(p2 — p1) |

The system (7.3.12) is solved by successive integrations considering each one of the source vectors alone.

The relaxation time scales depend on many parameters of the fluids and also possibly on the process,
i.e. evaporation, condensation combustion, etc. For example the rate of the pressure relaxation pu
depends on the compressibility of each fluid besides the nature of each fluid and the two phase mixture
topology [27,31]. The velocity relaxation time may be greater than that required for the pressure
relaxation, since the velocity relaxation depends on the fluid viscosity which has slow effects compared
to others, also it depends on the pressure relaxation which is in general fast compared to the longitudinal
wave propagation [27,31]. The interface conditions, for the interface that separates two pure fluids,
impose an equality for pressure and velocity. In many physical situations it is reasonable to assume that
the pressure and velocity relax instantaneously. Such an assumption also fulfills the interface conditions.
Some estimations in certain situations show that the time scale of the velocity relaxation and pressure
relaxation are of the same order of magnitude [7,26].
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The temperature relaxation depends on the thermal conductivity of the fluids. Where this conduction
occurs due to the collisions of the molecules of the fluids. To reach temperature equilibrium a large
number of collisions is required. This in general has long characteristic time compared to the pressure
and velocity relaxation.

The Gibbs free energy relaxation parameter depends on local chemical relaxation [33]. And this is
a slow process compared with other processes that related to the pressure, velocity and temperature
relaxation at the interfaces. Therefore the relaxation time of the Gibbs free energy relaxation is the
longest compared to other relaxation times.

In this paper we assume that the relaxation times are very close to zero i.e. instantaneous relaxations.
This assumption is justified for the pressure and the velocity in the entire flow field. For the temperature
and the Gibbs free energy this assumption is considered only at the interface where the heat and mass
transfer occur, indeed this assumption is standard at equilibrium interfaces when mass transfer occurs
[33]. The assumption of instantaneous relaxations means that all relaxation parameters are taken to be
infinite and this makes the model free of parameters.

Moreover we assume that the relaxation time of the mechanical variables is much smaller than that
of the thermal variables. We assume that the mechanical variables relax very fast to equilibrium values,
and they will stay in equilibrium during the thermal relaxation. Also we assume that the temperature
relaxes much faster than the Gibbs free energy.

For the velocity and pressure relaxation we use the same procedures as Saurel and Abgrall [27], other
procedures for pressure relaxation also are possible, see [17,18,31]. For the thermal relaxation terms
we modeled them depending on the observation of the differences between relaxation times for various
variables, they are the subject of the next section.

7.4 Thermal relaxation, modeling of heat and mass transfer

At each time step after the procedures for the velocity and pressure relaxations we have a two-phase
mixture in mechanical equilibrium, but each phase has its own temperature and its own Gibbs free
energy. In this section we will insert the effect of heat and mass transfer that take place at the interface.

To locate the interface we use the ideas of [33], that the cell is filled with pure fluid when its volume
fraction is close to 1, say (1 — €), with € = 107¢. The interface corresponds to mixture cells when the
volume fraction ranges between € and 1 — €, with €é = 10%. The value of € has to be chosen larger than
the value of € to ensure that phase transitions occur only in the interfacial zone, for a discussion on this
point see [33]. Also mass transfer is allowed if the liquid is metastable, i.e. T; > Tsqt(Pequi). For the
computation of the curve T' = T4t (Pequi) see 7.C.

According to our assumption that the mechanical relaxation time is very small compared with the
thermal relaxation time we may also assume that the mechanical quantities will stay in equilibrium
during the thermal relaxation. Therefore, our modeled terms will keep this assumption.

Also we assume that the temperature relaxes much faster than the Gibbs free energy. So we will split
the thermal terms into two parts. One is related to the heat transfer Sg and the other is related to the
mass transfer S,,, i.e.

SThermal = SQ + Sm

The system of ODE (7.3.12) is solved for the temperature relaxation then for the Gibbs free energy relax-
ation. During the Gibbs free energy relaxation we assume that the temperature will stay in equilibrium,
and our modeled terms will keep this condition.

7.4.1 Heat transfer and temperature relaxation

The heat transfer is added through the temperature relaxation terms. In the model (7.2.1) the heat
transfer term () initially appears in the energy equations. As the pressure equilibrium is maintained
through the temperature relaxation we will modify the volume fraction equation to include the effect of
the heat transfer in a way to be able to keep an equilibrium pressure during the temperature relaxation
process. Therefore the heat source vector Sg is modeled as

Q

S =(-,0,0,Q,0,0,-Q)", (7.4.1)
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where the new variable x has to be determined.

Then to take into account for the heat transfer we have to solve the following system of ODE

dU
E —_— SQ.

(7.4.2)

To find the expression for x we will use the assumption that the pressure will stay in equilibrium, and

to do that we assume

Op1 _ Op2
o ot

7.4.1.1 Determination of x

Consider the components of the system (7.4.2) for phase 717
8051 o Q

ot K
304101
ot
304101U1
ot
0oy pr1 By
ot

:O7
:0’

From (7.4.4a) and (7.4.4d) we obtain

darp1 By H%
ot ot
Using the definition of Ey, (7.4.4b) and (7.4.4c) with (7.4.5) we have

861 8041

G T o

The internal energy e; is expressed in terms of p; and py, i.e. e; = ey (p1,p1)-

respect to t and substituting the result in (7.4.6), we obtain

aipy (Oer) Opr o (Oer) Op Oy
o), ot T \opy ), ot T e
From (7.4.4b) we have al% = —pl%. Using this in (7.4.7) we get

wp (Oer) Op1 5 (Oer) Do Oon
P\ops ), ot P\ ), 0 T Mo

or

K+ p (861)
Op1 ! op1 p 0o

ot <8e1) ot
a1p1 | 5
apl P1

A similar equation can be attained for po

K+ p3 (862)
% ? ap? P2 8041

ot <8e2> ot
QP2 | 7
8}72 P2

(7.4.3)

(7.4.4a)

(7.4.4D)
(7.4.4¢)

(7.4.4d)

(7.4.5)

(7.4.6)

Differentiating it with

(7.4.7)

(7.4.8)

(7.4.9)
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Using (7.4.8) and (7.4.9) in the condition (7.4.3) and after some manipulations we have the following
expression for K

p1ci erzcg I Iy

o o el + P2

1 2 1 2

K= — : (7.4.10)
r r r r
o e o e
a1 (6] (5] 9

Here T'y, denotes the Griineisen coefficient of phase k which is given as

A (8]”“> . k=12 (7.4.11)
pr \Oex ),

Since the heat transfer relaxation is considered when pressure equilibrium is maintained, i.e. p; = py =
Deq, the second term in the right hand side of (7.4.10) is equivalent to the equilibrium pressure. Thus
we have

pict + p2¢3

=% %
K= T T, Deg- (7.4.12)
— _l’_ —
(65} (6]

It is interesting to note that the first term on the right hand side of (7.4.12) is exactly the same term
that appears in a similar manner with heat transfer that is given in the model of Saurel et al. [33].

In the context of the SG-EOS (7.2.5), we have the following expression for x

p1+mm I D2 + Y22

(5] (%)
" 71—1+72—1
Qq Qg

7.4.1.2 Mixture entropy

Now let us consider the equation of the mixture entropy. If we follow the same method in Section 7.2.2
for the model with new modifications, we have

Dsy P1
TN— =(1+— 4.1
apli—o (1+ H)Q7 (7.4.13a)
Dsy D2
To— = —(14+ —4)Q. 4.13b
Qgpalao Dt (1+ K)Q (7.4.13b)

After the mechanical relaxation p; and py are in equilibrium, so p; = pa = peq.
Combining the two equations in (7.4.13) we get the following equation for the mixture entropy

% Opsu Peq T — Ty
ot + ox 7(1—'_ K )Q T1T2 ’

where ps = a1p151 + agp2se and u = uy; = us is the equilibrium velocity.

The heat transfer @ is modeled as Q = 0(Ty — T1), where 6 > 0 is the temperature relaxation
parameter. Since k is always positive the mixture entropy satisfies the second law of thermodynamics,
i.e.

Ops  Opsu Ty — Ty)?
ops 1% :9(1+peq)( 2 1) > 0.
ot oxr K T1T2

In this work the parameter 6 is assumed to tend to infinity, i.e. the temperature relaxes to a common
value instantaneously at any time. This assumption is considered at the interface only.
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7.4.1.3 Temperature relaxation

Now to solve the system (7.4.4) with 6 — oo, we proceed as for the pressure relaxation in [27]. It is clear
that a1p; and aqpiug, therefore also up stay constant through the relaxation process.

From the system (7.4.4) we obtain (7.4.6) for the internal energy, which can be rewritten as

Oeq Kk Ooy

W N aqp1 W

Integrating this equation, we obtain the following approximation

K
ef=e)+ 55(af —a)) (7.4.14)

where ’0” and "*’ refer to the states before and after the relaxation process respectively and & is the mean
interfacial value between the states (af, p{,e{) and (af, pi,et). Also, we can proceed in the same way
to get a similar result for phase ’2’.
K
We consider (7.4.14) as an equation for 1 as a function of a1, i.e. e = € + (1 —af), and from
a1pP1

(7.4.4b) py = 75

a1 in the relation

. And analogously for the other phase, since ay = 1 — a3 we have only one variable

fr(a1) =Th(e, p2) — Th(e1,p1) = 0. (7.4.15)

Our aim now is to find an a4 that satisfies the equilibrium condition (7.4.15). The variable & can be
i+ k"

approximated as k = , where & is estimated at the new state resulting from iterative procedure

for solving fr(ay) = 0.

In this way we get the temperature equilibrium, while keeping the mechanical equilibrium.

7.4.2 Mass transfer and Gibbs free energy relaxation

Analogous to the heat transfer, the mass transfer is also modeled through relaxation terms. As men-
tioned we assume that the temperature relaxation time is very small compared with the Gibbs free
energy relaxation time, and so we will consider that the mechanical equilibrium and the equilibrium of
temperature will be satisfied through the Gibbs free energy relaxation.

To take into account the mass transfer we have to solve the following system of ODE

dU
_— = m- .41
= (7.4.16)

Our aim now is to model the mass transfer source vector S,,. The literature on averaging techniques
shows that the mass transfer appears in the model as a mass rate in the interfacial momentum and in the
interfacial energy, see [9,10,14]. But the expressions for these terms are unknown. Here we will insert
these terms in the model as they appear by averaging, but we will use some assumptions to find certain
expressions for these terms.
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Let us assume that S,,, is given in the model as

80(1 m

%gtp L — 1, (7.4.17D)

DU _ (74170
E 2

% = (e; + %)m, (7.4.17d)

% = —m, (7.4.17¢)

% = —upm, (7.4.17f)
E 2

% = —(ei + %)m. (7.4.17g)

The new variables p and e; have to be determined. According to our assumption the relaxation time
of the Gibbs free energy is much larger than other relaxation times, so during the Gibbs free energy
relaxation process we will assume that the pressure and temperature stay in equilibrium. Thus to find
the new variables we use the following assumptions

op1 . Op2
o1y 0715
—_— = —. .4.18b
ot ot (7.4.18b)

7.4.2.1 Determination of ¢; and p

Since the model (7.4.17) is solved after the mechanical relaxation we have u; = ug = uy. From (7.4.17b)
and (7.4.17c¢) the velocity uy is constant through the relaxation procedure, also from (7.4.17¢) and
(7.4.17f) the velocity wus is constant.

Using the equations (7.4.17a) - (7.4.17d) and the definition of E;, we get

Ode .
a1p1871 = (&; — e1)rh. (7.4.19)

Differentiate e;(p1, p1) with respect to ¢ and substitute the result in (7.4.19). We obtain

dey op1 dey 9p1 dan
geny o ) PP e —en) 2L 7.4.20
a1p1 (8p1)p1 o + a1p1 <3P1>p1 ot o(e; —e1) ot ( )
From (7.4.17a) and (7.4.17b), we get
opr O0ay
Using this in (7.4.20), we have
Oey op1 deq Oay oy
gy —o) (S} 2L e — o) TR, 7.4.22
(G ) G e (5) G =de-e (422

This leads to

8])1 . Fl 861 o %
ot (Pl(@ - p1) <501>p1 + ole; 61)) ot (7.4.23)
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In a similar way we have an equation for ps

3p2 FQ 862 (9041

P2 22 pyo—po) (22 i en) | L 7.4.24

ot o ( p2(0 — p2) <8p2)p2 + o(e 62)) ot ( )
By the condition (7.4.18a) with (7.4.23) and (7.4.24), we obtain

% <—p1(9 —p1) (gz >p1 + ole; — 81)> = —% (—pz(@ —p2) (gj}i)pz + ole; — 62)) . (7.4.25)

On the other hand, e; can be written in terms of 77 and pq, i.e. e; = e1(T1, p1). Differentiating it with
respect to t, substituting the result in (7.4.19) and using (7.4.21), we get

5'T1 o 1 861 o %
T - e < p1(o— p1) <5/)1>T1 + o(e; 61)) ET
101 oT. )

Oe
But < 1> = (1, the specific heat at constant volume. Thus
P1

Ty
o1, 1 dey Oay
e | —pilo—-m) = i—er) | = 7.4.2
- alm%( e pl)(@m)ﬁg(e e1>> - (7.4.26)
A similar equation can be attained for 15
3T2 -1 862 0041
2o | —palo—pa) [ = i —e) | = 4.2
< am%( ple=r) (52) et e2>> - (r4.27)

By the condition (7.4.18b) with (7.4.26) and (7.4.27), we get

1 (961) -1 (862)
apCor \ 77 +ote - =———|—mle—p) (5] +ole;—edfJr.28
alplcvl ( pl(g pl) (8p1 T Q(e el)) a2p20v2 < pQ(Q p2) 302 T> Q(e eiy )

It is clear now that (7.4.25) and (7.4.28) are two equations for the two unknowns e; and p. After some
manipulations, we get from these equations

861 862
2 2
P1 P2
7 5 r r (3 ) (3 )
o} <p101 + p2c2> - ¢ (alpl + 2p2) + P/ + P2/ 1,
1

a; a2 Q2 a1p1Cy1 azp2Cy2
= {7.4.2
0 N <a€1 N a \7 93‘)
e1+p1 | €2 T P2
g A3 r r Ip1 dp2
¢<1+2)¢(1h1+2h2>+¢ Doy b
ap o oas ai as a1p1Cy1 azp2Cy2
de Oe Oe de
er+p; (1) €2 + p2 (2) p7 (1) P (2)
6[) 1/ 7 8P 2/ Ty ap 1/ 71 ap 2/ T,
- -
o — 191001 2p2C02 __a1pCy a2p2C02 (7.4.29b)
¢ 09
1 1 T r
where ¢ = + P = L 422 and hr = e + Pk is the enthalpy for phase k.

a1p1Cp1 azp2C2 7 aq a2 Pk
Consider the expression of ¢ given by (7.4.29a), the terms that are multiplied by ¢ come from the
temperature equilibrium condition. While the terms that are multiplied by ¢ come from the pressure
equilibrium condition. It is interesting to see that a similar expression is given in the Saurel et al. [33] by
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o2 2 2 2
(Q T @)/(71 4

)
pr = —=
aq a2 a1 a2
fraction equation in the same way as our variable g, see volume fraction equation (7.4.17a). It is obvious
that all terms of p; appear in the expression of g. Note also that the terms are related to the equilibrium
of the temperature in the variable ¢ do not appear in the variable pj, this is due to the fact that pr
uses the pressure equilibrium with other assumptions, but it does not use the temperature equilibrium
condition.

In the context of the SG-EOS we have the following expressions for p and e;,

¢<P1+’717T1+P2+727T2>_w< ™ )

), see relation (5.9) in [33]. The term p; in [33] appears with the volume

o= o le% a1p1Cp1 apaCliyo
(=g, (2—1)g er— ot ex — 2
—¢ + + ¢ +
aq (&) Oélplcul 042P2Cu2
s us
€1~ 971 + €2 — 973 1 o
+
alplcvl a2P2Cv2 n alplcvl OCQPQCUQ
€, = .

@ 0o

Note that I'y, = v, — 1, k = 1,2, for the SG-EOS.

7.4.2.2 Mixture entropy

Now we consider the equation of mixture entropy. If we follow the same argument as in Section 7.2.2,
under the mechanical equilibrium and temperature equilibrium, we have

DSl b1 . Peq\ .
T =2t — (e + Py — , 7.4.31
Qa1p1d Di (6 + 0 )m (61 + o1 )m ( a)
Dso P2, . DPeq .
T2 — (e + B2 Pea ), 7.4.31b
axp2ly (ei + Q)m+(€2+ P )1 ( )

Using the mass equations (7.4.17b) and (7.4.17e) with system (7.4.31), we have

50&1,0151 8a1p151u1 DPeq . D1 .

T =(e; + — — — T 7.4.32
1( 5 5 )= (e; + . Y — (e1 + p 181)1M, ( a)
Oagpasy  Oagpasaug Deg \ . D2 .

T — _(e; + Pea 2 _ 7 . 7.4.32h

2( % T o ) (e; + . Jm + (e2 + po 252)1h ( )

Note that the quantity ex + Pk _ Tysk, k = 1,2 is the Gibbs free energy. Let us denote gi, for the Gibbs
Pk

free energy.
Add the two entropy equations in (7.4.32) after division by temperatures, we obtain

dps  Opsu Deg, . (1o —T1 (92 o
dps — (es g2 _ 91\ 7.4.33
5ty — (et S\ ) T ( )

Since the temperatures are in equilibrium by the temperature relaxation the first term in the right
hand side of (7.4.33) vanishes and the mass transfer is modeled as m = n(g2 — ¢1), where n > 0 is the
relaxation parameter of the Gibbs free energy. Thus the mixture entropy satisfies the second law of
thermodynamics, i.e.

Ops | Opsu _ (92=91)" o
ot ox Teq

(7.4.34)

where T, is the equilibrium temperature, Ty = T> = T¢,,.
In this work we assume that the parameter 7 tends to infinity. This means that the Gibbs free energy
relaxes instantaneously to equilibrium. This is considered at the interface only.



7.4. THERMAL RELAXATION, MODELING OF HEAT AND MASS TRANSFER 137

7.4.2.3 Free Gibbs energy relaxation, procedure I

Now, we will solve the system (7.4.17) when 1 — oo, this means that the mass transfer occurs until the
Gibbs free energies reach equilibrium. Thus we have to find the value of 7 that makes the difference of
the Gibbs free energies at the end of the time step is zero. To do that we use the equations for the rate
of change of Gibbs free energies in terms of 7. Assume that

= Arm, and % = Brin. (7.4.35)

991
ot

Using the SG-EOS, A and B can be given as

_ 71Cp1 — Cp1 — 51

A e — — +o(ei—e
orproCon [(e1 —q1)(e — p1) + o 1)]
+ {T1(81 +71Cp1) — L (er — %)] M7
P1 x1P10
Y2Cy2 — Cya — 52
B=- ey — — + o(e; —e
02722Con [(e2 — q2)(0 — p2) + o 2)]
- |:T2(52 + 72Cy2) — B2 (€2 — QQ)] M
P2 QP20

From (7.4.35) we get

0Ag _ (g1 — g2) _ _ .
a - o ABm

The simplest numerical approximation of this equation is

(Ag)" ! — (Ag)™
At

— (A= B)" ()",

To satisfy the equilibrium condition for the Gibbs free energies we require (Ag)"*! = 0. Thus the mass
transfer can be approximated as
—(Ag)"™

At(A - B)»

Using this approximation for (i)™ we can integrate the system (7.4.17). But we may face the problem
of loosing the positivity of the volume fraction. Therefore a limitation on the value 71/9 must be used.
We take the following procedure from [33] which we cite for the sake of completeness. Assume that
S, = m/o. Then the maximum admissible source term for the volume fraction evolution in order to
presereve the positivity is given as

1— a1
Ar Sa, >0
Smax, ap — (7436)
— Z—lt , otherwise.

Then, if |Smax, a1 > |Sa, |, the numerical integration for the system (7.4.17) can be done with the
hydrodynamics time step which is restricted by the CFL number. Otherwise, the integration time step
has to be reduced. The ratio Ry, = Smax, a1/Sa, is computed and the system (7.4.17) is integrated over
a fraction of the time step, typically At,, = R,, At/2. Successive point integrations are done to cover
the complete hydrodynamic step.

The above procedure is cheap, fast and easy to implement. But this procedure is not an instantaneous
one. This means that the equilibrium of the Gibbs free energy is reached very fast after a very short
time but not instantaneously. Hereafter we propose another method for the Gibbs free energy relaxation
which is an instantaneous relaxation procedure.



138 CHAPTER 7. MODELING PHASE TRANSITION FOR TWO PHASE FLOWS

7.4.2.4 Free Gibbs energy relaxation, procedure II

By considering (7.4.17b) and (7.4.17¢) with the fact that the velocities are in equilibrium we get % = 0.
Using this with (7.4.17¢) and (7.4.17d) we get
% = ey, (7.4.37)
From (7.4.37) with (7.4.17a) we have
daiprer OJay
dapier _ e 29 7.4.38
Y (7.4.38)
Integrating (7.4.38) we get the following approximation
(a1prer)” = (aiprer)’ + oe;(a} — af), (7.4.39)
where pe; is the mean interfacial value between the states (o, p9,e?) and (a3, pi, e}).
From (7.4.17a) and (7.4.17b) we have
Jarpy _ Oay
o0~ Yo
Integrating this equation we get
(@1p1)" = (a1p1)’ + 8(af — af), (7.4.40)
where g is the mean interfacial value between the states (af, p{,e{) and (af, p}, €3).
In the same way we have the following equations for phase 2’
(azpae2)* = (azpaes)” —e;(a] — af), (7.4.41)
(0202)" = (a2p2)° — ala] — o). (7.4.42)

Equation (7.4.40) shows that the density p; is a function of «;. Using this fact with (7.4.39) we
conclude that e; is also a function of «;. Analogously ps and ey are functions of «;. We aim now to find
the oy which satisfies the equilibrium condition

fo(lar) = ga(ez, p2) — g1(e1, p1) = 0. (7.4.43)

The equation (7.4.43) can be solved by any iterative procedure. In this way the Gibbs free energy
equilibrium is reached instantaneously.

This procedure for the Gibbs free energy relaxation is more expensive since an iterative method is
used, but this method has a better resolution than the previous procedure.

7.4.3 The final model

In result of this section, the full model with heat and mass transfer is given as
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8a1 8a1 Q m
— — = — — 4+ — 4.44
5 Tug p(p1 p2)+m+g, (7.4.44a)
50!1,01 5(C¥1P1U1) .
= 4.44b
ot T on ™ (7.4.44D)
darprur  Olaipiu? + o O )
18,0251 L (@11 8132 1P1) = pIT; + AMug —up) + usrn, (7.4.44c¢)
80&1p1E1 8(a1(p1E1 +p1)u1) - 8a1
5 5 =prur—o -+ ppr(p2 — p1)
2
+ (i —ur) + Q + (eq + %)m, (7.4.44d)
dazpa O(apauz) .
S P = i, (7.4.44¢)
8a2p2uQ a(agpgug + Oéng) o 8a1 .
5t o i AMug —uy) — usrn, (7.4.44f)
JaopaEly  O(aa(paEy + p2)ug) Oay
ot + oz = —Dprur or ppr(p2 — p1)
2
—dur(ug —uy) — Q — (e; + %)m7 (7.4.44g)
where
Q = 9(T2 - Tl),
m =n(g2 — g91)-

The variables k, ¢ and e; are given in (7.4.10), (7.4.29a) and (7.4.29b) respectively. All relaxation
parameters A, u, § and 7 are assumed to be infinite. The model (7.4.44) is solved by the Strang splitting
(7.3.1). The operator L, approximates the solution of the ordinary differential system (7.3.12). This
system is solved by successive integrations considering separately each one of the source vectors that are
related to the relaxation of the velocity, pressure, temperature and Gibbs free energy. The order of the
successive integrations are essential for our model. They are done firstly for the velocity relaxation, then
for the pressure relaxation, after for the temperature relaxation and finally for the Gibbs free energy
relaxation. The velocity and the pressure relaxation are performed for the entire flow field while the
temperature and the Gibbs free energy relaxation are used at the interface only. For the hyperbolic
operator Ly a Godunov-type scheme is used.

7.5 Modeling phase transition for the six-equation model

The six-equation model with a single velocity is obtained from the seven-equation model in the asymptotic
limit of zero velocity relaxation time, see Kapila et al. [15]. This model, as the seven-equation model,
has more attractive advantages over the five-equation model for the numerical computations. Also this
model is less expensive than the seven-equation model.

In this section we will insert the heat and mass transfer in the six-equation model by the relaxation
effects. The above assumptions and ideas for the seven-equation model will be used, i.e. we will assume
that the pressure relaxes much faster than the thermal properties and the temperature relaxation time
is much smaller than that of the Gibbs free energy.



140 CHAPTER 7. MODELING PHASE TRANSITION FOR TWO PHASE FLOWS

The six-equation model without heat and mass transfer can be written as

80[1 80[1 o
daipr  O(arpru)
_ 5.1b
o T ow 0 (7:510)
dazpy  O(aapou)
= . .1
dpu  d(pu® + arp1 + asps)
s = .5.1d
L - 0, (7.5.1d)
Oayipie daypreiu ou
19/31 L 1531: 1 ot = wpr(p2 — p1), (7.5.1e)
Oaspse Oag paests ou
28’;2 -+ 2532; —+ QP25 = —pp1(p2 — p1).- (7.5.1f)

In this section we use the relation (7.2.3) for the interfacial pressure p;.

We apply the idea of Saurel et al. [34] that during the numerical computations we use the mixture
energy equation to correct the thermodynamic state predicted by the two non-conservative internal
energy equations. By summing the two internal energy equations and using the mass and momentum
equations we obtain the mixture energy equation

A(pe + %qu) N Ou(pe + %qu + a1p1 + aap2)

o 5 =0, (7.5.2)

where p = a1p1 + agp2 and pe = ajpie; + aspses.

7.5.1 Mathematical properties of the six-equation model

In terms of the primitive variables W = (a1, p1, p2, 4, p1, p2), the model (7.5.1) can be expressed as

oW oW
—+A—=8S 7.5.3
ot + ox ( )
where the matrix A is given as
[ u 0 0 0 0 0 7
0 u 0 1 0 0
0 0 U P2 0 0
= - 1 -
A= |p=p2 0 y X Q1
P P P
0 0 0 pict w 0
L0 0 0 paz 0 (.

The matrix A has six eigenvalues, only three of them are distinct

)\1:)\2:)\3:)\4:u,
As =u—+c, (7.5.4)
e = U — C.

Here c is the mizture sound speed and is expressed as

o o
= LA cf + 202 c%.
P P

The sound speeds ¢, k = 1,2, are defined by (7.2.4).
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The corresponding right eigenvectors are

_ - o - SR 0 0
0 0 0
1 1
0 0 1 0
P2 P2
0 1 0 0 P1 P1
ri = 0 , g = , I's= , 'y = 0 , Iy = c , g = c (755)
0 0 — -
P1 1
_ P2 — P1
(o751 0 0 aq C% C%
L 1] 0] 0] 0] @05 P2 2
L1 LP1

Therfore, the system (7.5.1) is hyperbolic, but not strictly hyperbolic.

7.5.2 Numerical method

To take into account the non-differential source terms the Strang splitting (7.3.1) is used. In this case
the vector of conservative variables U is given as

1
U = (a1, a1p1, azpz, pu, aipier, aopaes, pe + §PU2)T~

The last element in U corresponds to the redundant equation (7.5.2).

For the hyperbolic part of the system a Godunov-type scheme is used that takes into account the
discretization of the non-conservative terms.

The source vector S is associated with the relaxation terms and is decomposed as

S:SP+SQ+Sm7

where Sp = (u(p1 —p2),0,0,0, upr(p2 — p1), —ppr(p2 — p1),0)T represents the pressure relaxation terms.
The vectors Sg and S,, are associated with the heat and mass transfer relaxation terms respectively,
they will be considered in the next section.

The HLL, HLLC and VFRoe Riemann solvers can be used. For the HLL solver we refer to the book of
Toro [38], it is detailed in the context of Euler equations there but it is easily modified to the six-equation
model. The HLLC solver was introduced above in Section 7.3.1.1 for the seven-equation model and is
detailed in [34] for the six-equation model. The VFRoe solver [12] is explained in the following section
in the context of the six-equation model.

7.5.2.1 VFRoe-type solver
Consider the Riemann problem consists of the homogenous part of the system (7.5.3)
oW OW
— +A—=0
ot * ox ’

with the initial conditions
Wi, z <0

W(x’()) B {WR x>0

The Jacobian matrix A(W) is calculated in the average state

— W W
W:%_

The intermediate state in the solution of the Riemann problem is

W' =W, + Z a;r;,
A <0
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where the eigenvalues \; and the corresponding eigenvectors r; are given by (7.5.4) and (7.5.5)
The coeflicients a; are determined by

6
WR—WL: E a;r;,
i=1

Indeed, they are given by the following expressions

a4 = Ala
2 —
chAS _ C%AG _ p2cyaa(p2—p1)
a; = — aip1
- Q202 2 2 ’
a1p1 e
2

o — p1p2¢3A4 + p1clAg — prcay

=

° 2paccs ’

ag = as — &A47
c
P2

az = Az — —(as + as),
f1

az = Ay — a5 — ag,

where Ay is the k-th component of Wr — Wy = (Ayq, ..., Ag)T.

7.5.2.2 Godunov-type method

The equations that are written in a conservative form are discretized by the conventional Godunov
scheme

L g[f(u*(u?7 uj,y)) — f(u"(uj_y, uf))l,
where 1
u=(a1pr, azps, pu, pe+ 5pu’)”
and

1
f(u) = (a1p1u, azpou, pu® + arpr + aope, ulpe + §PU2 + aipr + agps))”

The volume fraction equation and the internal energy equations are discretized as, see [34],

At
OL;L;_l = o/f’] — Fx((ual);‘i'% — (uo&l);7% — Oé?] (U;+% — U;i

))5

Nl=

At * * *
(ape)z;rl = (ape)f; — E((apeu)k,ﬁ% — (apeu)y ;1 + (ap)i;(ul,

— 4y

To achieve a second order accuracy we use the MUSCL method detailed in Section 7.3.1.2.

1
2

7.5.2.3 Pressure relaxation and the correction criterion

It is clear that the pressure relaxation procedure for the seven-equation model that is introduced in [27]
can be easily used for the six-equation model. Also we refer to the relaxation procedure that is used
in [34]. We see that there is no significant difference between the results of the two procedures in our
numerical results.

To make the relaxed pressure in agreement with the mixture EOS a correction criterion of [34] is
used. From the SG-EOS (7.2.5a) for each phase with the pressure equilibrium we obtain the following
expression for the mixture EOS, see [33,34]

Q17171 Q27272
pe — a1p1q1 — Q2p2q2 — ( + )
-1 7-1

p(p1,p2,e,00) = aq oD . (7.5.6)
-1 1-1
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The mixture pressure (7.5.6) is obtained from the evolution of the mixture total energy (7.5.2). This
is expected to be accurate in the entire field flow since the equation (7.5.2) is written in the conservative
formulation.

By using evolution of the mixture total energy (7.5.2) we can find the value of pe. Using this value in
(7.5.6) we can find the value of the mixture pressure. Other variables in the relation (7.5.6) are estimated
by the relaxation step. In this way we determine the value of the mixture pressure that agrees with the
mixture EOS, then we use this value with the SG-EOS for each phase to reset the values of the internal
energies.

7.5.3 Modeling of the heat and mass transfer for the six-equation model

To take into account the heat and mass transfer we have to solve the following system of ODE at each
time step after the pressure relaxation step

dU
The system (7.5.7) is solved by considering each one of the source vectors alone. According to our
assumptions during the temperature relaxation the pressures will stay in equilibrium, i.e. the condition
(7.4.3) holds. And during the Gibbs free energy relaxation the pressures and the temperatures will stay
in equilibrium, i.e. the conditions (7.4.18) hold.

The heat source vector is modeled as

So=(2,0,0,0.0.-Q.0)", (7.58)

where Q = 6(T> — T1). Note that the last element of S corresponds to the redundant equation (7.5.2).
It is clear that the value of x (7.4.10) for the seven-equation model works also for the six-equation model
and satisfies the condition (7.4.3). Also it is easy to see that the same method of temperature relaxation
for the seven-equation model can be used for the six-equation model.

The vector S,,, is modeled as

S’m = (@a m7 _ma 07 eim7 _eima 0); (759)
[
where 1 = (g2 — g1). The values of ¢ and e; that satisfy the conditions (7.4.18) are given in (7.4.29).

Also the Gibbs free energy relaxation procedures for the seven-equation model can be used directly here.
Thus the final six-equation model with heat and mass transfer is given as

an 6041 1 1 .
- _ - — 5.1
o +u pe w(pr — p2) + 5Q+ Qm, (7.5.10a)
daipy | Olaipru) .
= 5.1
e m, (7.5.10b)
dagpy  O(agpau)
ot 2 = i, (7.5.10¢)
dpu  A(pu® + a1p1 + asps)
— = . .1
o+ o 0, (7.5.10d)
daiprer  dagpieiu ou _ .
En + o aprg- = upr(p2 — p1) + Q + e;m, (7.5.10e)
Oagpoes  Oapoests Ou .
A —p1) — Q — e 5.10f
ot + O + aiaps O ppr(p2 —p1) — Q — ey (7.5.10f)

On the other hand, the six-equation model with heat and mass transfer is obtained directly from the
seven-equation model involving the heat and mass transfer by the limit of infinitely fast velocity relax-
ation. This is shown in the 7.B We apply the reduction method of Chen et al. [6] on the seven-equation
model including the heat and mass transfer (7.4.44) assuming stiff velocity relaxation. The resulting
model is the six-equation model (7.5.10).
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7.6 Numerical results

The tests for metastable liquids in [33] are used.

7.6.1 Two phase shock tube

Consider a 1 m shock tube filled with liquid dodecane under high pressure at the left, and with the vapor
dodecane at atmospheric pressure at the right. The initial discontinuity is set at 0.75 m, and the initial
data are

Left: p; = 108 Pa, pr = 500 kg/m3, w =0 m/s

Right: p, = 10° Pa, Py = 2 kg/m?, u, =0 m/s.

For numerical reasons, in each side of the shock tube we allow the presence of a small volume fraction
of the other fluid, typically 107°.

All computations for this example were done with a CFL number of 0.6. They used the first Gibbs free
energy relaxation procedure with a limitation on the source terms given by (7.4.36). The time step for
the fluid motion is restricted by the CFL number, but we observed that the Gibbs free energy relaxation
procedure may require smaller time to ensure the positivity of the volume fraction. This means that
sometimes the equations (7.4.17) are stiff. Thus by using the limitation (7.4.36) a smaller time step is
used for the Gibbs free energy relaxation procedure and successive point integrations are done to cover
the complete hydrodynamic step that is restricted by the CFL number. In the presence of stiffness from
the Gibbs free energy relaxation, the first Gibbs free energy relaxation procedure is more appropriate
than the second relaxation procedure, this is due to the easy of imposition the limitation (7.4.36) on the
source terms.

By using the seven-equation model the results are shown at time t = 473us. Figure 7.1 gives the
results without phase transition, while in Figure 7.2 we see the case when the phase transition is included.
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Figure 7.1: Dodecane liquid-vapor shock tube without phase transition, by using the 7-equation model.
The mesh involves 1250 cells, the CPU time is 100.65 seconds and the number of time steps is 7197.
The scale for the velocity graph is chosen in this way for a direct comparison with the velocity graph in
Figure 7.2.

In comparison between the two figures, an extra wave appears between the rarefaction wave and
the contact discontinuity which corresponds the evaporation front. Indeed, rarefaction waves propagate
through the liquid producing a superheated liquid and evaporation has occurred. An extra wave rep-
resenting the evaporation front propagates through the superheated liquid and produces a liquid vapor
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mixture at thermodynamic equilibrium with a high velocity, for more details see [33].
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Figure 7.2: Dodecane liquid-vapor shock tube with phase transition, by using the 7-equation model. The
mesh involves 1250 cells, the CPU time is 151.98 seconds and the number of time steps is 8828.
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Figure 7.3: Dodecane liquid-vapor shock tube without phase transition, a comparison between the results
of the 7-equation model (lines) and the 6-equation model results (symbols). The computations used 1250
cells. For the 7-equation model results: The CPU time is 100.65 seconds with 7197 time steps. For the
6-equation model results: The CPU time is 14.46 seconds with 1557 time steps.

A comparison between the results of the six-equation model and the seven-equation model is shown
in Figures 7.3 - 7.6 by using the same number of cells and the same type of the Riemann solver. It is
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clear that for both cases, with or without the phase transition, the results almost coincide. Just a very
small difference appears at the left rarefaction in the curves of the pressure. Such a small difference has
no significant numerical meaning. This small difference appears in both cases i.e. with or without the
phase transition in the same manner, see the pressure profiles on logarithmic scales, Figures 7.4 and 7.5,
the pressure profiles are drawn separately to be able to see the differences. Thus this small difference is
not related to the treatment of the phase transition.

Pressure (bar)

o o1 02 03 04 05 06 07 08 09 1
X (m)

Figure 7.4: Dodecane liquid-vapor shock tube without phase transition. The pressure profile over (10000)
cells, by the 7- equation model (lines) and the 6-equation model (symbols). For the 7-equation model:
The CPU time is 8145.17 seconds taking 56749 time steps. For the 6-equation model: The CPU time is
1035.01 seconds with 12452 time steps.
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Figure 7.5: Dodecane liquid-vapor shock tube with phase transition. The pressure profile, a comparison
between the results of the 7-equation model (lines) and the 6-equation model results (symbols). The
computations were done with 1250 cells. For the 7-equation model: The CPU time is 151.98 seconds
with 8828 time steps. For the 6-equation model: The CPU time is 19.87 seconds with 1556 time steps.

At the right face of the left rarefaction wave in the pressure profile in Figures 7.2 and 7.5 we can
see a small distortion which does not appear in the results of [33] by using the five-equation model. We
reran this test for higher number of cells for both models, seven-equation and six-equation, but observed
no change. In fact we see the same feature on the curve of the pressure without phase transition, see
Figure 7.4. The pressure curve is shown on logarithmic scale, 10000 cells were used in the computations
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but this distortion still appears. Thus we conclude that this is not related to our new modifications for
heat and mass transfer. This may come from the nature of the initial seven-equation or six-equation
model or from the numerical method without phase transition. Moreover, such differences between the
results of the seven-equation model and the five-equation model without phase transition appear also in
the results of [23]. This requires further investigation.
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Figure 7.6: Dodecane liquid-vapor shock tube with phase transition, a comparison between the results
of the 7-equation model (lines) and the 6-equation model results (symbols). The computations used
1250 cells. For the T-equation model: The CPU time is 151.98 seconds with 8828 time steps. For the
6-equation model: The CPU time is 19.87 seconds with 1556 time steps.

In result, for this example, we see that there is no significant difference between the results of the 7-
equation model and the 6-equation model and both models give similar results. But there is a significant
difference in the required CPU time. The required time for the 6-equation model is much smaller (= 13%)
than that required for the 7-equation model.

7.6.2 Validation against shock tube experiments

Experimental results were obtained by Simées-Moreira and Shepherd [36]. Liquid dodecane in a tube
was suddenly expanded into a low pressure chamber (1 mbar). An evaporation front or wave propagated
into metastable liquid with a steady mean velocity. This velocity was measured for different initial
temperatures of liquid dodecane. Also pressure data were obtained during the evaporation event before
and after the evaporation wave, see [36] and for full details see the PhD thesis of Sim&es-Moreira [35].

At each temperature we compute the front velocity under conditions which are close to the experi-
mental conditions with help of [21]. We consider a low pressure chamber (1 mbar) filled with gaseous
dodecane at right side of the shock tube with density 10~*kg/m?. While a liquid dodecane is considered
initially at the left side of the shock tube with a higher pressure. We adjust the initial pressure of the left
hand side, so that the pressure in the state before the evaporation front is equal to the measured value.
The density of the liquid is calculated from the equation of state (7.2.5b), as the initial temperature is
known.

Table 3 shows the estimated initial pressure that we use for each temperature, column two. The
columns three and four represent the experimental data for the pressure before the evaporation wave
and the front velocity respectively [36]. The fifth column shows the computed values for the front velocity
by present model.
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As in [33] the front velocity is computed as a local wave speed, i.e. Up = ((pu); — (pu)i—1)/(pi — pi-1),
where ¢ refers to the state after the evaporation wave. The computed values for the front velocity are
calculated at several time ponits in the range between 200us and 500us. Then an averaged value is
taken. We see that for each case the computed values at different times are very close.

A comparison between our results with the experimental results and the results of Saurel et al. [33] is
shown in Figure 7.7. It is clear that our results are more close to the experimental results. There is still
not perfect agreement with the experimental data. This is related to several sources, like how realistic
the equations of state we used are and how close we are to the real initial conditions of the experiments.
However we have a reasonable agreement with the experimental data also in the tendency of the relation
between the front velocity and the initial temperature, i.e. the front velocity increases if the temperature
increases.

T, (K) p (bar) pp (bar) Up (m/s)(measured) Up (m/s)(computed)

453 1.5 0.24 0.253 0.147
473 2.2 0.33 0.309 0.240
489 3.0 0.44 0.390 0.328
503 3.9 0.59 0.472 0.441
523 5.0 0.83 0.648 0.576
543 7.5 1.19 0.837 0.888
563 11.0 1.91 1.381 1.337
573 13.0 2.12 1.578 1.620

Table 7.3: Estimated initial pressure, experimental results and the computed front velocity at several
initial temperatures.

1.84

—e— Experimental data
1.6 - + — Present model A
Saurel et al.

Front velocity (m/s)

T T T T T 1
453 473 493 513 533 553 573
T (K)

Figure 7.7: Evaporation front velocity versus initial temperature of liquid dodecane. Comparison between
our results with the experimental results of Simdes-Moreira and Shepherd [36] and the computed results
of Saurel et al. [33].

7.6.3 Two phase expansion tube

This test consists of a 1 m long tube filled with liquid water at atmospheric pressure and with density
pr = 1150 kg/m®. A weak volume fraction of vapor (a, = 0.01) is initially added to the liquid. The
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initial discontinuity is set at 0.5 m, the left velocity is —2 m/s and the right velocity is 2 m/s.

In this test the water can not be treated as pure, and only the metastability condition is used
to activate the phase transition, i.e. phase transition occurs if the liquid is metastable, i.e. if T} >
Tsat(Pequi)- For the computation of Tyqi(Pequi) see 7.C

This test case requires a small time step to obtain a stable solution (CFLa 0.15). When the strong
rarefaction are considered a smaller time step is required (CFL= 0.03). Here for the sake of comparison
we choose to do all computations with CFL=0.03. The small time here indicates that there is a stiffness
coming from the relaxation procedures.

Both procedures of the Gibbs free energy relaxation give the same results, but we consider that the
second procedure has a better resolution, thus it is adopted for this test case.

In Figure 7.8, we see the solution of this problem without phase transition at ¢t = 3.2 ms. The results
are obtained by the seven-equation model and are compared with those of the six-equation model, they are
completely coinciding. The solution involves two expansion waves. The vapor volume fraction increases
at the center of the domain due to the gas mechanical expansion present in small proportions [33].
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Figure 7.8: Water liquid-vapor expansion tube without phase transition, by using the 7-equation model
(lines) and 6-equation model (symbols). The computations were done with 5000 cells. For the 7-equation
model: The CPU time is 14.772 hours with 763550 time steps. For the 6-equation model: The CPU
time is 7.305 hours with 763726 time steps.

The rarefaction waves make the liquid metastable and phase transition has to be added. Figure 7.9
presents the solution when the phase transition is involved and is compared with the solution without
phase transition at ¢ = 3.2 ms. Liquid water is expanded until the saturation pressure is reached (see
the pressure graph) then evaporation appears and quite small of vapor is created, for details see [33]. In
Figure 7.11 a comparison between the results of the seven-equation and the six-equation models is made
at the same time, the curves are completely coinciding.
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Figure 7.9: Water liquid-vapor expansion tube with phase transition at t = 3.2 ms, the computed results
by the 7-equation model with phase transition (symbols) are compared with the results of the same model
without phase transition (lines). The computations were done with 5000 cells. For the model without
phase transition: The CPU time is 14.772 hours with 763550 time steps. when the phase transition is
included: The CPU time is 18.838 hours with 763550 time steps.
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Figure 7.10: The waves pattern that correspond to the solutions in Figures 7.9 and 7.11. As shown the
evaporation waves are expansion waves.
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Figure 7.11: Water liquid-vapor expansion tube with phase transition at ¢t = 3.2 ms. A comparison be-
tween the results of the 7-equation model (lines) and the 6-equation model (symbols). The computations
used 5000 cells. For the 7-equation model model: The CPU time is 18.838 hours with 763550 time steps.
For the 6-equation model: The CPU time is 9.447 hours with 764150 time steps.
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Figure 7.12: Water liquid-vapor expansion tube with phase transition at ¢ = 3.2 ms, the vapor volume
fraction profile on a logarithmic scale. By using the 7-equation model (lines) and 6-equation model
(symbols).

The solution with phase transition, Figures 7.9 and 7.11, is composed of four expansion waves. This
is clear if we consider the vapor volume fraction profile on a logarithmic scale as in Figure 7.12. Thus the
wave pattern is as drawn in Figure 7.10. The extra two expansion waves correspond to the evaporation
fronts.

If we consider the solution at later time, when ¢ = 59 ms as in Figure 7.13, the two leading fast
expansion waves leave the tube and the two slow evaporation waves are clearly visible. It is clear that
these evaporation waves are expansion waves. Also it is clear that the results of the seven-equation model
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and the six- equation model are completely coinciding.
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Figure 7.13: Water liquid-vapor expansion tube with phase transition at time ¢ = 59 ms, by using the
7-equation model (lines) and 6-equation model (symbols). The two slow evaporation waves are visible.
The computations were done with 3200 cells. For the 7-equation model: The CPU time is 116.078 hours
with 8217444 time steps. For the 6-equation model: The CPU time is 99.406 hours with 8217444 time
steps.
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Figure 7.14: Water liquid-vapor expansion tube with phase transition and strong rarefaction effects
(initial |u| = 100 m/s) at time ¢ = 1.5 ms. The computations are done with 5000 cells. For the 7-
equation model: The CPU time is 8.537 hours with 449836 time steps. For the 6-equation model: The
CPU time is 5.700 hours with 381778 time steps.



7.6. NUMERICAL RESULTS 153

To see the four expansion waves in one single graph we increase the value of the velocity which means
an increase in the rarefaction effects. Under the same conditions except with a velocity —100 m/s on
the left and 100 m/s on the right, the four waves are clearly visible as in Figure 7.14 at time ¢t = 1.5 ms.

When the rarefaction effects become stronger we observe some difficulties. If the same conditions are
maintained except the velocity is increased (2 200m/s), we see that there are some differences between
the results of both models. To consider such difficulty also for the sake of comparsion with the results
of [33], we take the velocity —500 m/s on the left and 500 m/s on the right. The results are shown
in Figure 7.15 at time ¢ = 0.58 ms. There are some differences in the profiles of the pressure and the
vapor mass fraction. Moreover there are some oscillations in the curve of the vapor mass fraction. We
think that the differences in the results of both models may be related to the approximation of the non-
conservative terms and to the fact that in seven-equation model an approximation is used in the velocity
relaxation procedure. This may cause some deviation as the difference between the initial velocities is
increased.
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Figure 7.15: Water liquid-vapor expansion tube with phase transition and strong rarefaction effects
(initial |u| = 500 m/s) at time ¢ = 0.58 ms, by using the 7-equation model (lines) and 6-equation model
(symbols). The computations used 5000 cells. For the 7-equation model: The CPU time is 4.947 hours
with 218710 time steps. For the 6-equation model: The CPU time is 3.372 hours with 186601 time steps.

Under the grid refinement, the differences between the pressure profiles are decreased. They disappear
with a very fine grid, as is shown in Figure 7.16. But the difference between the vapor mass fraction pro-
files remains, moreover the oscillations are more pronounced. To understand why the oscillations increase
with grid refinement, we consider all variables that are related to the vapor mass fraction Y1 = ayp1/p.
We see that as the number of the cells increases the mixture density decreases to a value very close
to zero with small oscillations. Also the difference between the mixture density of the two models is
reduced. But since the mixture density with low values lies in the denominator of the relation of Y7,
both of the differences and the oscillations in the curves of the vapor mass fraction will be more significant.

Again in this example it is noted that the required CPU time for the six-equation model is smaller
than the CPU time that is required for the seven-equation model, in average it is about 66%. In all cases
the results of both models coincide except when the difference between the initial velocities increase to
a certain value, after that value is reached we observe a small deviation in the results of both models,
also some oscillations appear. This problem is partially reduced under grid refinement.

As a result we think that since both models give the same results and also both of them may
face similar problems under extreme initial conditions. We think that the six-equation model is to be
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preferred for practical applications since it is less expensive. Moreover it is easier to modify this model
to the multi-phase case.
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Figure 7.16: Water liquid-vapor expansion tube with phase transition and strong rarefaction effects
(initial |u| = 500 m/s) at time ¢ = 0.58 ms. By using the 7-equation model (lines) and 6-equation model
(symbols). The computations are done with 25000 cells. For the 7-equation model: The CPU time is
112.393 hours with 1090545 time steps. For the 6-equation model: The CPU time is 85.4813 hours with
934593 time steps.

7.7 Conclusion

In this paper, we modified the seven-equation model for two-phase flows to include the heat and mass
transfer through relaxation effects. Depending on the assumption that each property relaxes in a time is
considerably different from the other characteristic times, we were able to model the effect of heat and
mass transfer by using temperature and Gibbs free energy relaxations. The same ideas are also applied
to the six-equation model with a single velocity, which is obtained from the seven equation-model in the
limit of zero velocity relaxation time.

A modified Godunov-type method is used to solve the hyperbolic part of each model, while simple
relaxation procedures are proposed for the temperature and Gibbs free energy relaxations.

We tested this model on the test problems of [33]. We were able to see also the extra expansion waves
in our results which correspond to the evaporation fronts. Our results are similar to the results of [33]
with few differences.

Computed front velocities in a shock tube at different initial temperatures are compared with exper-
imental ones. A reasonable agreement is achieved.

A comparison between the results of the seven-equation model and the six-equation model was made.
Both models almost give the same results, but the six-equation model is less expensive than the seven-
equation model and easier to adopt to the multiphase case.

Due to the relaxation processes a stiffness may be encountered during the numerical computations.
This requires a smaller time step than is needed for the hydrodynamic system. In particular, if the
stiffness comes from the Gibbs free energy relaxation procedure it is possible to use a limitation on the
source terms which can be used to find reduced time steps. Then a successive point integration is used
to cover the complete hydrodynamic time step. Otherwise small CFL numbers would used and this
consumes more computation time. In fact, this point still requires further efforts. For future work, the
efficiency of the numerical method must be improved by using some adaptive discretizations. This will
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be particularly important when the method is applied to two or three dimensional problems.

We observed that in mixtures under a high difference in the initial velocities there is a small deviation
between the results of the seven-equation and six-equation models. This is reduced under grid refinement.
We think this deviation is related to the approximation of the non-conservative terms and to some
approximation used in velocity relaxation for the seven-equation model. However, to build a specific
understanding for this point still more investigations are required. In fact, an extensive convergence
study for both models would be very useful for this comparison and further insight into the models. This
is a challenging issue for future work.

7.A Appendix: Mathematical properties of the seven-equation
model

In order to investigate the mathematical properties of the model (7.2.1), we rewrite it in terms of primitive
variables as

oW W
S TAS- =S (T.A.1)

where W = (ay, p1,u1,p1, p2, U2, p2)’, the source vector S represents the non-differential source terms
and the matrix A is given as

ur 0 0 0 0 0 0
%(ul —uy) up pr 0 0 0 O
1
- 1
bz pr 0w — 0 0 0
) a1p1 P1
P1CT 1
A — " (ug —ur) 0 pic2 uy 0O 0 O
—a—z(uQ —ur) 0 0 0 wg p2 O
2
— 1
_p2—p1 0 0 0 0 wus —
) Q202 P2
c
7/)2 1,2 (UQ — uI) 0 0 0 0 ,DQC% Uo
L Q2 J

Where the speed of sound ¢y, is given in (7.2.4) and ¢y i, the speed of sound at interface, is determined

by
pf_(aek)
> Pk \9p/,,

=——F, k=12 7.A.2
CIA,k (86k> ( )
apk Pk
The matrix A has real eigenvalues that are given by the following expressions

A1 =uy,
A2 = u1 — ey, Az = uy, Ay =uy +eci,

A5 = up — ¢2, A6 = U2, A7 = ug + ca.
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The corresponding right eigenvectors are

Q1090109
—ap0a(pi(or — ¢F 1) +p1— pr)
02(ur — ur)(p1 — pr — PlC%J)/Pl
r| = 0420'2(016%1(1&1 - UI)2 - C%(pl -p1)) |, (7.A.3)
—0101(p2(cj 5 — 02) —p2 + pr)

o101 (ug — ur)(—p2 + pr + paci 5)/p2

La1o1(—pact o (uz — ur)? + c3(p2 — pr)) |

0 0 0
p1 1 p1
—C1 0 C1
ro = |p1c3|, r3 = |0f, ry= |p1ci (7.A4)
0 0 0
0 0 0
| 0 ] 10] | 0]
[0 ] [0] [0 ]
0 0 0
0 0 0
rs = 0 s e = 0 ; ry = 0 (7A5)
P2 1 p2
—co 0 C2
p2c3 10 | 263 |
where
o1 =3 — (up —uy)?, o9 = c5 — (ug — ug)?.

Thus, the system (7.2.1) is strictly hyperbolic except when some of the eigenvalues coincide. Indeed the
eigenvectors (7.A.3)-(7.A.5) become linearly dependent if any one of the conditions

ale, 012207 0'120, 0'2:0

holds. For more details see Andrianov [2].

Consider the Riemann problem for the system (7.A.1) which is the initial-value problem with initial
data of the form
Wi, z <0

W(xvo):{WR x>0

One can show that the characteristic fields associated with i, A3 and A\g are linearly degenerate, and
the 2-, 4-, 5- and 7- fields are genuinely nonlinear. For a proof see Labois [16].

7.B Appendix: Derivation of the six-equation model from the
seven-equation model

This appendix is devoted to the derivation of the six-equation model with heat and mass transfer (7.5.10)
from the full seven-equation model with heat and mass transfer (7.4.44) by the asymptotic limit consid-
ering stiff velocity relaxation. We follow the method of Chen et al. [6]. This method is used by Murrone
and Guillard [23] in the derivation of the five-equation model from the seven-equation model.

Firstly, we introduce briefly the method of reduction for a system of hyperbolic conservation laws in
the presence of stiff relaxation terms using the notations of Murrone and Guillard [23] .
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Consider a hyperbolic system with stiff source relaxation terms, i.e. consider the following system

OW oW  R(W)
ST AW) S = = S(W) (7.B.1)

with € — 0. The vector W belongs to €, some open subset of RY.
As e — 0%, the solution of the system (7.B.1) is expected to be close to the set & € RY, where

3 = {W € RY;R(W) = 0}.
We make use of the following assumption, Murrone and Guillard [23]:

Assumption 1. The set of equations R(W) = 0 defines a smooth manifold of dimension n, where
0 <n < N. Moreover, for any W € & we explicitly know the parameterization M from w an open subset
of R™ onto V' a neighborhood of W in S, i.e.

M:wCcR'"—-VcCcScRY,
w— W= M(w).

Under Assumption 1 the following holds. For any w € w the Jacobian matrix dMy, is a full rank
matrix. Also the column vectors of dM,, form a basis of ker(R'(M(w))). For the proof see [23].
Let

C=[dM,...dMz 1", ... . 1N, (7.B.2)

where dMY,, ..., dMQ are the column vectors of dMy, and I, ..., IV =™ are a basis of the range rng(R/(M (w)))
of R'(M(w)). The matrix (7.B.2) is invertible, let B be the matrix composed of the first n rows of the
inverse of the matrix C. Then we have the following results:

B dMy =1,«,, the identity matrix (7.B.3a)
B -R'(M(w))=0. (7.B.3Db)

For proof see the same reference [23].
Decompose the state vector W as

W = M(w)+eV, (7.B.4)

where V is a small perturbation around the state vector M (w).
To obtain the reduced model we use the expression (7.B.4) in the system (7.B.1) and get

OM (w) +A(M(w) OM (w)

= S —R/(M(w) - V = S(M(w)) + O(e). (7.B.5)

Multiplying (7.B.5) by B, using (7.B.3) and neglecting the terms of order e, we obtain the reduced model
of the system (7.B.1)

v B AM(W)) - de%‘;’

= =B S(M(w)). (7.B.6)

Now, we apply the above method for the reduction by using the asymptotic limit on the seven-equation
model assuming a stiff velocity relaxation.
Take the vector of primitive variables as W = (a1, p1, p2, u1, u2, p1,p2), and write the seven-equation

model (7.4.44) accompanied with all relaxation terms in the form (7.B.1). In this case, the source vector
R(W)

1
consists of the velocity relaxation terms which is stiff, i.e. A = =, where ¢ — 07. While the
€

€
source vector S(W) is decomposed as

S(W) = Sp(W) + Sq(W) + S (W).
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The matrix A(W) and the source vectors can be given as
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where I is given in (7.4.11).
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The limit of zero velocity relaxation time gives a single velocity, i.e. u; = us = u. Thus the vector of

the primitive variables for the reduced model is

W = (alvplap27u7p17p2

So M(w) is defined as

M:w— M(W) = (a17p17p25u7u7p17p2>T'

)T

Then the Jacobian matrix of the transformation (7.B.7) is given as

1 0

dMy, =

o O oo oo
=l eleoBoNol S

0 0 0
0 0 0
1 0 0
0 1 0
0 1 0
0 0 1
0 0 0

_ OO oo oo

(7.B.7)

(7.B.8)

It is easy to see that the Jacobian matrix R’ evaluated on the transformation is given as

0 0

0 0

0 0

RMw)=| ° O
0
0

L0 0

Obviously, the basis of rng(R’(M (w))) is

I'=

0 0 0
0 0 0
0 0 0
1 1
0 _a a
11/71 1,?1
Q202 Q202
0 0 0
0 0 0
C 0T
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0
1
a1p1
Q202
0
L O -

0

0
0
0

o O

0

0
0
0

o O

(7.B.9)
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From (7.B.8) and (7.B.9) we can find the matrix C, then we can find the matrix B

1 0 0 0 0 0 0

o 1 0 0 0 0 0

o 0 1 0 0 0 0

B=| o9 o o @22 45
P p

o 0o o0 0 0 1 0

o 0o o0 o0 0 0 1

By using the matrix B together with the matrices we can find the reduced model as in (7.B.6). Thus
the reduced model in primitive variables is given as

Bal Bal 1 1 .
bt i _ - — .B.1
5 +u 5 p(pr — p2) + HQ + Qm, (7.B.10a)
Ip1 Ip1 ou  p1 p1 1 p1y .
ot Vo TP T Fa, (p2 — p1) amQ t (1 0 )1, (7.B.10b)
Opa | Opa ou p2 p2 1 P2\ .
9P2 4 2P 4 5, 2 = P2y - P —n- 7.B.1
ot +u8:c +p28m Mozg (P2 =p1) + agnQ az( 0 ), ( 0c)
au (9’U, (p1 — pg) 8041 (651 apl (65) 8p2
gu 2y TP o Oh a2 0P B.10d
ot +u6x+ p oz p Ox + p Oz 0, (7.B.10d)
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where p = a1 p1 + agps.
Using equations (7.B.10b) and (7.B.10c) with (7.B.10a), we obtain

Oa1 p1 n O(a1pru)

ot Oz -
Oz pa n O(azpau) _
ot ox

Using these equations with (7.B.10d), we get

dpu N d(pu® + a1p1 + aap2)

ot oz =0

The internal energy of each phase can be written as a function of the phase density and pressure, i.e.
er = ex(p,pr), k = 1,2. Then we obtain the following expression for the differential dey

8ek) (86;7@)
dep, = | — dpp + | =— dpy.. 7.B.11
ek ( o) Prt | oo . Dk ( )

With the help of this equation and with the equations of the system (7.B.10), we obtain the following
equations for the internal energies
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daqpie daypreiu u j
1P1€1 + 1P1€1 +a1p17:MpI(p2—p1)+Q+eima
Ox Ox

ot
Oagpoes  Dagpaest ou .
5 " as T erm = —ppr(p2 — p1) — Q — eyh.

Thus the whole model can be written as in (7.5.10)

7.C Appendix: Determination of Ty (pequi)

The metastable condition Ty > Tsqt(Pequi) is used to activate the phase transition. In this appendix we
consider the computation of the curve T' = Tsqt(p).
Simply we use the same idea of [21,33] that at thermodynamic equilibrium the Gibbs free energies
are equal, and this equality provides a direct relation between the saturation pressure and temperature.
Using the SG-EOS (7.2.5) the Gibbs free energy gj, is expressed as

Vi
Tk

— —_ 4 _ - "k 0
9k = (WCok — )T — TiCoi In (e £ 1) D

+ qk-

At the saturation curve we have an equilibrium pressure p, an equilibrium temperature 7" and by the
equality of the two Gibbs free energies g; and g, we have

Y1

i T =

Cy1 —¢)T —TCpyln ——
(71Co1 — ¢}) R

T2
m + qo.

(’7201)2 - qé)T - TCvQ In
(p+ 72

This equation is nonlinear and can be solved by any iterative technique to find the saturation temperature
in terms of the saturation pressure.
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Chapter 8

A Laser-Induced Cavitation Bubble

Bibliographic note: The content of this chapter is published in [H10]: Ali Zein, Maren Hantke, and
Gerald Warnecke. On the Modeling and Simulation of a Laser-Induced Cavitation Bubble, Int. J. Num.
Meth. Fluids, Vol.73/2 (2013), pp. 172-203.

Abstract: Single cavitation bubbles exhibit severe modeling and simulation difficulties. This is due
to the small scales of time and space as well as due to the involvement of different phenomena in the
dynamics of the bubble. For example, the compressibility, phase transition and the existence of a non-
condensable gas inside the bubble have strong effects on the dynamics of the bubble. Moreover, the
collapse of the bubble involves the occurrence of critical conditions for the pressure and temperature.
This adds extra difficulties to the choice of equations of state. Even though several models and simula-
tions have been used to study the dynamics of the cavitation bubbles, many details are still not clearly
accounted for.

Here, we present a numerical investigation for the collapse and rebound of a laser-induced cavitation
bubble in liquid water. The compressibility of the liquid and vapor are involved. In addition, great
focus is devoted to study the effects of phase transition and the existence of a non-condensable gas on
the dynamics of the collapsing bubble. If the bubble contains vapor only we use the six-equation model
for two-phase flows that was modified in our previous work [A. Zein, M. Hantke, and G. Warnecke, J.
Comput. Phys., 229(8):2964-2998, 2010]. This model is an extension to the six-equation model with a
single velocity of Kapila et al. [Phys. Fluid, 13:3002-3024, 2001] taking into account the heat and mass
transfer.

To study the effect of a non-condensable gas inside the bubble we add a third phase to the original
model. In this case the phase transition is considered only at interfaces that separate the liquid and its
vapor. The stiffened gas equations of state are used as closure relations. We use our own method to
determine the parameters in order to obtain reasonable equations of state for a wide range of temperatures
and make them suitable for the phase transition effects. We compare our results with experimental ones.
Also our results confirm some expected physical phenomena.

8.1 Introduction

Cavitation is defined as the formation of vapor bubbles in a liquid due to the reduction of the pressure.
The bubbles then collapse when they enter a region of higher pressure. The collapse of a cavitation
bubble causes high pressure and high temperature. This increases the noise of the system and may cause
material damage, cavitation erosion. This phenomenon may have destructive effects and it occurs in
many engineering applications of hydrodynamics like pumps, piping systems and ship propellers [40].
Therefore, special attention has been devoted in the literature to study the mechanism of cavitation
erosion [6,20,40,62]. On the other hand, the cavitation can be advantageous in other applications, for
example cavitation erosion is used to clean solid surfaces [53].

The dynamics of collapsing bubbles was studied first by Rayleigh [43] assuming that the surrounding
liquid is incompressible and inviscid. Later the basic Rayleigh equation was modified by various authors
to include the effects of viscosity and surface tension. The resulting equation after several modifications
is known as Rayleigh-Plesset equation, see e.g. [5,14]. A further modification was considered assuming
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the surrounding liquid as slightly compressible, see Trilling [58], Keller and Kolodner [23] as well as
Gilmore [16].

Hickling and Plesset [18] presented some numerical solutions to describe the bubble collapse and
rebound by taking into account the liquid compressibility. They used the Gilmore model [16] for a Mach
number smaller than 0.1 and the Lagrangian form of the Euler equations for higher values of Mach
number. The results of Hickling and Plesset show the formation of pressure waves during the rebound of
the bubble. Later several numerical algorithms were modified and several effects during the cavitation
were studied like heat transfer, mass transfer and the existence of a non-condensable gas inside the
bubble, see [15,21,24,27,35,36,41,42,52,56,60], in the book of Franc and Michel [14] one finds a good
review for the development of the models.

Most of the above models are not suitable for periods of high Mach number flow, where the com-
pressibility of the liquid plays an important role, especially at the end of the collapse. Indeed, a shock
wave is emitted in the liquid at the final stage of the collapse [1,51]. This phenomenon is confirmed by
experiments, where some measurements for the strength of this shock wave were reported [1,28]. This
makes consideration of the compressibility of the surrounding water of great importance especially for
a strong bubble collapse. But assuming compressibility introduces severe difficulties in the numerical
simulations.

In recent investigations the full Euler equations were used to describe each fluid. For instance,
Akhatov et al. [1] introduced two models to describe the collapse and rebound of a laser-induced cavitation
bubble. One model for the low Mach number period which assumes an incompressible surrounding liquid,
and the other model for the high Mach number period which consists of the Euler equations for each
phase. The second model assumes compressibility for both the vapor and the liquid phases. It provides
a detailed description for the behavior of both phases. Moreover, the effects of heat transfer, mass
transfer and the existence of a non-condensable gas were studied. The Hertz-Knudsen-Langmuir model
for evaporation and condensation was used. Regarding the model for the high Mach number period,
the heat and mass transfer were modeled separately. Thus a coupling method was required to take into
account these effects in the model. Even though this is not trivial it was unfortunately not detailed in [1].
This makes it difficult to compare their work with any other approach. In addition, the non-condensable
gas was inserted in the energy equation through higher order terms. This adds extra difficulties to the
solution of the model. For this some numerical simplifications were used in [1].

Miiller et al. [32] investigated the problem of the laser-induced cavitation bubble by using recent
models and numerical methods for compressible two-phase flows but without heat and mass transfer.
Indeed, Miiller et al. [32] presented numerical investigations using two different methods: The Saurel
and Abgrall approach [44] and the real ghost fluid method of Wang et al. [59]. In both Akhatov et al. [1]
as well as Miiller et al. [32] some experimental issues were discussed and comparisons with experimental
results were made.

In the last ten years a great progress has occurred in the modeling and simulation for compressible
two-phase flows that is based on averaging techniques [11,12,19]. The most general model of this type
consists of seven equations. This model is a full non-equilibrium model, i.e. each phase has its own
pressure, velocity, temperature, etc. In Saurel and Abgrall [44] the solution of this model by a Godunov-
type method was proposed. Also relaxation techniques were used to get equilibrium values for the
velocity and the pressure.

Later, reduced models were derived from the general seven-equation model by the asymptotic analysis
in the limit of zero relaxation time. A six-equation model which has a single velocity is deduced by
assuming zero velocity relaxation time [22,50]. Also a five-equation model with mechanical equilibrium,
single velocity and single pressure, is deduced in the asymptotic limit of zero relaxation time for both the
velocity and the pressure [22,34,38,49]. More recently, these models were extended to include the effects
of heat and mass transfer. The five-equation model was modified by Saurel et al. [49] to include the heat
and mass transfer. Then it was extended to multiphase flows in Petitpas et al. [39]. The seven-equation
model as well as the six-equation model were modified to take into account the heat and mass transfer
by Zein et al. [61].

For the seven-equation and the six-equation models, the heat and mass transfer are modeled in the
relaxation effects. A hierarchical model was built based on the assumptions that the pressure relaxes
much faster than the temperature, and the temperature relaxes much faster than the Gibbs free energy.
During the temperature relaxation it is assumed that the pressure stays in equilibrium and during the
Gibbs free energy relaxation the pressure and temperature stay in equilibrium. The temperature and
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Gibbs free energy relaxations toward the equilibrium are used at the interface where the heat and mass
transfer occur. This fulfills the standard condition at equilibrium interfaces when the mass transfer
occurs. For all details see Zein et al. [61].

In comparison with the latter models: the five equation model faces severe numerical difficulties that
are the results of the equilibrium of the pressure. Some specific relaxation-projection procedures are
used to circumvent these difficulties [38]. Both the seven-equation and six-equation models posses better
features for the numerical approximations [50,61]. But the six-equation model is less expensive and is
easier to be modified for multiphase flows [61]. Thus it is adopted in this work to model the vapor bubble
in liquid water.

It is expected that the bubble, besides the water vapor, contains a small mass of a non-condensable
gas. This may be due to the plasma recombination during the bubble creation, see Akhatov et al. [1].
The effect of the existence of a non-condensable gas on the dynamics of the bubble was considered in
Akhatov et al. [1] and Dreyer et al. [13]. The computational results in [1] show that a small amount
of non-condensable gas inside the bubble greatly influences its dynamics. The authors of [13] proposed
that the rebound of the bubble after the collapse is possible only if it contains a non-condensable gas.

In this work, the non-condensable gas is modeled as a third phase. Thus the whole model consists
of nine equations. In this situation we use the ideas of Petitpas et al. [39] that the phase transition
is considered only at the interface between the liquid and its vapor. But if the interface separates the
liquid and the non-condensable gas the pressure relaxation is only used to fulfill the condition of the
equilibrium of the pressure.

In the problem of the bubble collapse it is expected that the temperature inside the bubble will exceed
the critical point. Thus the temperature range is very wide, i.e. it starts from low temperatures like the
room temperature and exceeds the critical temperature. This makes the choice of the equations of state
a difficult task. Moreover, including the phase transition requires further attention. In this work we use
the stiffened gas equations of state which are the simplest formulation that contains the main physical
properties of the pure fluid. We use our own method to estimate the parameters of the equations of
state. These estimations respect the saturation curve. This idea was used by Barberon [3], Barberon
and Helluy [4] as well as Le Metayer et al. [29]. This makes the equations of state appropriate if the
phase transition is included in the model.

To test our results we use experimental data for the evolution of the bubble radius. These data were
achieved by the group of Lauterborn in Goéttingen, see [1,32]. In the experiment a strong laser pulse is
focused into liquid water. This generates a cavitation bubble, which expands to have a maximum radius,
then it collapses to a non-zero minimum radius, then the bubble rebounds with a significant damping.
The liquid temperature is kept fairly constant at room temperature during the experiment. Images of
the bubble were taken during the experiment by using a high speed camera. These images were used to
sketch the radius-time curve. For the details of the experiments see [1,32].

Here we mainly adopt the experimental results that are shown in [32]. Where in this experiment the
cuvette size is 50 x 50 x 50 mm?, the maximum radius Ry, = 747 pm + 0.5%, the minimum radius
Rppin < 12 pm and the time from the maximum expansion of the bubble to the first collapse is 69.3us.
The surrounding water is kept at the atmospheric pressure with fairly constant temperature 20 °C.

In this work the computations start from the point of the maximal radius. But still the initial state
inside the bubble is unknown. In fact there is no means until now to measure the physical quantities inside
the bubble. Thus we have incomplete experimental data. Some authors introduced certain possibilities
for the initial data inside the bubble. Hickling and Plesset [18] tested several initial pressures in the
range 107% — 107! bar. Akhatov et al. [1] assumed the same liquid temperature inside the bubble
with the corresponding saturation pressure for the initial pressure. In Miiller et al. [32] the initial data
were deduced from the experimental data by fitting of the computed bubble radius by the Keller-Miksis
model [24] to the measured data. Another possibility for the initial data was taken by Dreyer et al. [13].
We test several initial conditions for comparison. These tests include the assumption of the saturation
state inside the bubble, several tests with different pressures and one temperature, and several tests with
one pressure and several temperatures. The aim of these tests is to try to understand the effect of the
initial conditions on the evolution of the bubble radius.

To verify our results we compare the computed radius-time curve to the experimental one. Also
we confirm some known and expected physical behaviors. Our results show that the pressure and the
temperature at the center of the bubble increase to very high values at the collapse moment. Also the
interface velocity goes to a high value at the final stage of the collapse.
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When the phase transition is considered the results show that there is no rebound if the bubble
contains vapor only. And inserting a non-condensable gas is responsible for the rebound. In fact this
result confirms the idea that was proposed by Dreyer et al. [13]. Moreover, we see that the temperature
and the pressure inside the bubble before the collapse point decreases if the mass transfer is included.
This is due to the loss of energy in the mass transfer process.

This work is organized as follows. In Section 8.2 the mathematical models are introduced, a six-
equation model for two phases and a nine-equation model for three phases. The first model is used if the
bubble contains vapor only, while the latter model is used when the bubble contains a non-condensable
gas besides the water vapor. Section 8.3 is devoted to the equations of state, previous criteria in the
literature are recalled and our new criterion is introduced. In Section 8.4 the numerical method is
introduced. Finally, Section 8.5 shows the numerical results and the discussion of the results.

8.2 Mathematical Model

If the bubble contains vapor only a two-phase model is used. One phase is the water vapor and the other
phase is the liquid water. To consider the effect of a non-condensable gas inside the bubble a third phase
is required, i.e. a three-phase model is used. The bubble is assumed to be perfectly spherical. Thus we
consider the models in spherical coordinates. Also we assume rotational symmetry. In this section we
recall the two-phase flow model of Zein et al. [61]. Then an extension of this model for three phases is
introduced.

8.2.1 Two-phase flow model

The six-equation model of Zein et al. [61] including heat and mass transfer for two-phase flow is written
as

8041 8041 1 1 .
L _ = - 8.2.1
at +u 8T /’l’(pl p2)+ KZQJF Qm7 ( a)
Oaipr  O(arpru) .2
=m-—- - 8.2.1b
ot + or mo et ( )
Jazpy | O(azpau) .
=—m— - 8.2.1
TR i — —aspau, (8.2.1c)
dpu | d(pu® + a1py + aap2) 2 5
—_ = —— 8.2.1d
ot + or AN ( )
0 0 0 2 2
0432161 + alg;elu + 041191671: = pupr(p2 — p1) + Q + e — Saipieiu — —aipiu, (8.2.1e)
Oagpoe Jdagpaeaty ou . 2 2
28’;2 2 4+ 25; 2 QP2 = —ppr(p2 —p1) — Q — eirn — —Q2p2e2u — —Q2pP2U, (8.2.1f)

where Q = 0(Ty — T1), 0 = n(g2 — g1) and p = a1p1 + azps.

Here «ay, is the volume fraction, py, the density, u is the radial velocity, px the pressure, ey is the specific
internal energy, Ty the temperature, g the Gibbs free energy, @ the heat transfer and m is the mass
transfer. The volume fractions for both phases are related by the saturation constraint, ay + ag = 1.

The interfacial pressure py is assumed as in Saurel et al. [46] to be

_ Zap2 + Zopr

pr = 7+ 7, (8.2.2)
Here Z represents the acoustic impedance, Zy = pyck, where the speed of sound cj is given as
P _ (561«>
= M k=1,2. (8.2.3)
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The parameters p, 6 and n > 0 are the relaxation parameters for the pressure, temperature and the
Gibbs free energy respectively. In this work, the parameters p and 6 are assumed to be infinite, while 7
is assumed to be infinite at the interfaces and zero otherwise. Therefore, the model is free of parameters.

The combination of two internal energy equations with mass and momentum equations gives the
quation for the mixture of the energy

d(pe+ $pu?)  du(pe + 3pu® + a1p1 + c2p) 2 1
8152 + 2 3 = —;(pe + §pu2 + a1p1 + azpa)u,

where pe = aipie; + agpses. This extra equation is used during the computations to correct the
thermodynamic states predicted by the two non-conservative internal energy equations [50].
The model (8.2.1a)-(8.2.1f) is a non-strictly hyperbolic model with eigenvalues u (four times), u — ¢,
and u + ¢, with
A= chf + chg,

where c¢ is the mizture sound speed and Yy, = agpi/p is the mass fraction. For more information about
the mathematical properties of this model you can see [50,61].
The source terms in the model (8.2.1) are classified into four groups as follows

S = SP+SQ+Sm+ST, (8.2.4)

where Sp, Sg and S,,, are associated with the pressure, temperature and Gibbs free energy relaxation
terms respectively and S, represents the geometrical terms that come from the spherical coordinates in
radial direction. These source vectors are given as

Sp = (u(p1 — p2),0,0,0, upr(p2 — p1), —ppr (p2 — p1),0)"

Q T
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o

2 2
S, = —;(0, a1p1u, o pau, pu”, (o prer + aipr)u, (apaes + aopa)u,

1
(pe + gqu + a1p1 + agpo)u)T. (8.2.5)

We assume that the mechanical properties relax much faster than the thermal properties. Also we assume
that the relaxation time for the temperature is much smaller than that of the Gibbs free energy. In fact,
these assumptions agree with physical evidence in a large number of situations [61]. In particular, we
assume that the pressures relax very fast to equilibrium and they will stay in equilibrium during the
temperature relaxation. Moreover, the pressure and the temperature are assumed to maintain equilibrium
states during the Gibbs free energy relaxation, for all details see Zein et al. [61]. These assumptions are
used to find the expressions for the parameters x, 0 and e;, see Section 8.4.2.

8.2.2 [Extension to a three-phase flow model

To derive a multiphase flow model with a single velocity we start from the full non-equilibrium model
for multiphase flows . The full non-equilibrium model for multiphase flows of Saurel-Abgrall type [44]
without heat and mass transfer is written as

Oa .

ET: +u; - Vo = p(pr — p),

19)

% + V- (agprug) =0,

80éktpkuk . (826)
—ar TV (awprur @ ug) + Viagpr) = prvag + A(d — ),

OapprE A )

% + V- (ar(prEx + pr)ug) = prur - Vag, — upr(pr — p) + Aug - (0 —uyg),

Uy - Ug

where uj is the interfacial velocity and Ej, = ej + is the total specific energy for phase k. Here

k=1,2,...,N, where N is the number of phases.
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The summation over the phases of all relaxation terms for each type of balance is zero. Thus the
mixture values G and p are given as

N N

> w Pr
L k=1 L k=1
u= N , Pp= N .

Modeling the relaxation terms for the velocity and the pressure in the above way means that we assume
that all velocities of different fluids have the same relaxation rate, also all pressures have the same
relaxation rate. These terms can be modeled in different ways, for example see Hérard [17]. However,
the above modeling is enough for our problem because we are interested in one velocity and one pressure
in the whole domain of the flow.

To derive a single velocity model we use the method of Chen et al. [7]. This method was used by
Murrone and Guillard [34] to derive a five-equation model with single velocity and single pressure from
the seven-equation model by assuming stiff velocity and pressure relaxations. Also this method was used
by Zein et al. [61] to derive the six-equation model of a single velocity from the full non-equilibrium
seven-equation model by assuming stiff velocity relaxation.

1
Assume stiff velocity relaxation for the model (8.2.6), i.e. A = - where ¢ — 0. Then following the

method of Chen et al. [7], we get the following reduced model

Oa A
87:+u~Vozk = u(pr — D),
3]
WPE L G (o p) = 0,
" (8.2.7)
S TV (pueu)+Vp=0,
Oy pre p
% + V- (agprexu) + agprV - u = —pupr(px — P),

N N
where p = Z agpr and p = Z QDK -
k=1 k=1
A model with three phases is enough to investigate the bubble containing vapor and a non-condensable
gas with surrounding liquid water. Thus the model (8.2.7) for three phases in spherical coordinates
assuming rotational symmetry is written as

8041 8041 _ ~
ot +UW = p(p1 — P),
8(12 (90[2

o Jruﬁ = p(p2 — P),
8akpk + 8(akpku) 2

dpu  Aput+p) _ 2, -
ot or = TR
Jdagprer  Oagpreru ou 2 2

QP = —— O PKeRU — —QEPEU — -p),
5t T g, T OkPhg =~ Okprent — —anpit — Hpr(pr = P)

d(pe + zpu®)  Ou(pe+ 5pu® +p) 2
(’)752 + 62r —;(pe + 1pu? + pu,

3
where k = 1,2,3, and pe = Zakpkek.
k=1
Here u is the radial velocity. The volume fractions for the three phases are connected by the saturation
constraint, ay + @y + @z = 1. Note that the model (8.2.8) consists of nine equations augmented with a
redundant mixture energy equation.
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The interfacial pressure in this model is taken as a generalization of the relation (8.2.2), i.e.

The model (8.2.8) is a non-strictly hyperbolic model with eigenvalues u (seven fold), u — ¢ and u + ¢,

with
3
2= Z chi,
k=1

For more information about the mathematical properties of this model see 8.A.

After the pressure relaxation at each time step the heat and mass transfer are included through the
temperature and the Gibbs free energy relaxations. Following Petitpas et al. [39] the heat and mass
transfer are considered only if interface separates between the liquid and its vapor. When dealing with
an interface between the liquid and the non-condensable gas the parameters of the temperature and
Gibbs free energy relaxations are set to zero. Thus, the heat and mass transfer for the model (8.2.8) are
included exactly as done in the previous section between the liquid and its vapor.

8.3 Equations of state (EOS)

In this paper we assume that each fluid obeys its own EOS as a pure material. Where in the present
model equilibrium is achieved by relaxation processes.

The stiffened gas EOS (SG-EOS) is mostly used by authors for its simplicity [2,8,26,44,49]. This
EOS reflects the main properties of the pure fluids, i.e. attractive and repulsive molecular effects [29,49].
Moreover the SG-EOS satisfy the convexity constraints for stability that are discussed in [30]. The
SG-EOS for each phase reads, see Le Metayer et al. [29]

p+am
e(p,v) = v+ q, 8.3.1a
(p,v) R ( )
MT) = CpT +4q, (8.3.1b)
p+m
T b,v) = ) 8.3.1c
(p.v) Co(y—1) ( )
T)=0C,1 ol ! 8.3.1d
s(p,T) = vnm+q7 (8.3.1d)
T

1
where v = — is the specific volume, s the specific entropy and C), the specific heat capacity at constant
P

pressure. The constants v, m, ¢ and ¢’ are characteristic constants of the thermodynamic behavior of
the fluid.

The parameters of the SG-EOS are determined by using a reference curve. In the literature two
types of curves are used: The Hugoniot curve and the saturation curve. Using the Hugoniot curve as
a reference is the classical way used by authors for two-phase flow models to determine the parameters
that appear in the internal energy equation (8.3.1a), see Cocchi et al. [9], Saurel and Abgrall [45]. Using
the saturation curve as a reference seems to be more relevant to the phase transition. This idea was
introduced by Barberon [3], Barberon and Helluy [4]. Then it was modified by Le Metayer et al. [29].
The main idea of this method is the following: Linking the two pure fluid EOS under thermodynamic
equilibrium must be able to reproduce the liquid-vapor phase diagram. Therefore, the various parameters
of the pure EOS are linked to each other to fulfill some constraints to recover the phase diagram [29].

The method of Le Metayer et al. [29] is summarized as:
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e Choose two reference states, for example in [29] the chosen temperature range is 2908 —473 K. Then
all experimental data that correspond to each temperature are taken from the saturation tables.

e From the linearity of the relation between the enthalpy and the temperature both C, (the slope)
and ¢ ( reference energy at a given state) are determined, see the relation (8.3.1Db).

e Use the experimental curve p = pgq+(T) in (8.3.1c¢), thus the specific volume is expressed in terms of
temperature. Using the two known states with some manipulation the parameter 7 is determined,
then C), is also determined.

e Find v by using v = C,,/C,.

e At thermodynamic equilibrium the Gibbs free energies are equal, i.e. g; = g4. By this equality with
the definition (8.3.1e) we have

i

G oD TET

(1Cuwi — q))T — CyTIn

T

/
(9 Cvg = )T = CogTIn sy

+ gy (8.3.2)

This equation is nonlinear and can be solved to find the saturation temperature in terms of the
saturation pressure. But still the entropy constants g, and g; are unknown. The authors of [29]
chose to set the parameter ¢; = 0 and chose the parameter q; that provides the best fit between
the theoretical and experimental saturation curve.

The group of parameters were obtained by Le Metayer et al. [29], provides a good agreement between
the theoretical and experimental curves for the saturation curve and the saturation enthalpies in the
specified range of temperature, i.e. 298 — 473 K, see the comparisons in [29]. Outside of this range the
accuracy decreases. This is due to the fact that the saturation curves are nonlinear or may be considered
as almost piecewise linear, while the SG-EOS provides a linear approximation in the (p,v)-plane. The
above method mainly depends on the linearity of the relation between the enthalpy and temperature, but
this linearity holds in limited ranges only. In fact, near the critical point the nonlinear feature appears
strongly. Moreover, the choice of the entropy constants ¢;, may lead to negative values for the entropy.

In the problem under consideration i.e. bubble collapse, the range of the temperature is very wide. It
starts from the room temperature and exceeds the critical point. Thus choosing appropriate parameters
for EOS is not an easy task. Moreover, including the heat and mass transfer requires more attention.
In fact, finding EOS that cover very wide ranges of properties and provide the required stability for the
solution of the hyperbolic system is a difficult issue.

In this work we adopt the SG-EOS (8.3.1). We use our own method for the determination of the
parameters. In this method we keep the aim of the previous method that the various parameters of each
EOS are linked to each other to recover the saturation curve. Since the range of the temperature is very
wide it is impossible to obtain good agreements between the theoretical and the experimental curves by
one group of parameters. Instead of that we aim to keep the physical properties of the quantities besides
reasonable agreement with the tendency of the relations between the various quantities.

Now, we determine the parameters for water vapor then for liquid water.

8.3.1 Determination of the SG-EOS for the water vapor

For gases it is typical to set my = 0. For example, if we follow the method of Le Metayer et al. [29]
for some short ranges of temperatures we find that 7, is either negative or has a small value. Thus we
choose my = 0.

Using 7y = 0, it is easy to see from (8.3.1a) and (8.3.1c) that

eq(T) = CygT + qq. (8.3.3)

This is a linear equation. In the literature we find several values that can be taken for the specific heat
at constant volume for the water vapor, more precisely they are in the range (1.04 — 1.4) x 10 J/kg/K,
see [29,54]. The choice depends on the range of the temperature. In our case we choose Cpy = 1.2 X
10® J/kg/K. Then we choose g, which gives a good fitting for the experimental relation between e, and
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T. For the experimental data we use the saturation tables, see [37,54]. We found that the choice of
gy = 1995 x 103 J/kg provides a good fitting for the experimental data, see Figure 8.1. Here we did not
use any mathematical method to find the best linear fit. In fact, we are not interested in the best linear
fit since the nonlinearity effect is continued to a small range. Instead of that we choose our line in order
to be close to the experimental curve in the wide range of approximate linearity.
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Figure 8.1: Saturation internal energy for the water vapor. Experimental curves are shown in lines and
the SG-EOS approximation with symbols.

The relation (8.3.1c) can be reformulated as

(vg — 1)CyyT

—_—_ 8.3.4
psat(T) ( )

Then we choose the value of 7y, which provides a good fit between the theoretical and experimental curves
of vg versus T'. Indeed, the value of v, = 1.327 provides such a good fitting, see Figure 8.2.

vy(T) =

4

10 300 350 400 450T ) 500 550 600 650

Figure 8.2: Saturation specific volume for the water vapor. Experimental curves are shown in lines and
the SG-EOS approximation with symbols.

Still the parameter q; is unknown. We will postpone this untill after the presentation of the liquid

water parameters.

8.3.2 Determination of the SG-EOS for the liquid water

For the liquid water the situation is more complicated and the nonlinear feature for the internal energy is
stronger. From the thermodynamic approximations it is known that the internal energy and the specific
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volume for the compressed water can be approximated by the saturated values, while the enthalpy of the
compressed water is approximated by the saturated enthalpy by adding a correction, see e.g. Moran and
Shapiro [31]. Moreover, the internal energy appears explicitly in the models. Thus we use the saturated
values for the internal energy e and specific volume v in our method.

We start from the idea that the internal energy e is a convex function of the specific volume v. The
relation between e and v is non linear, but the SG-EOS (8.3.1a) provides a linear approximation in
the (p,v)- plane. Here, we choose two states from the saturation tables: The first state is the initial
temperature of the liquid, i.e. the room temperature. The second state is chosen to be a little bit less
than the critical temperature since near the critical temperature the quantities change dramatically.
Indeed, we choose the first temperature 77 = 293 K and the second temperature 75 = 623 K. Note that
the critical temperature is T, = 647 K.

The experimental data corresponding to Ty and Ty are, see [37,54]:

Psat(T1) = 2339 Pa el(T) = 83.94 x 103 J/kg v (T1) = 0.001002 m? /kg
Psat(T2) = 16.514 x 105 Pa | €;(Ty) = 1641.81 x 10 J/kg | v;(Tz) = 0.00174 m3 /kg

Substitute each group of the experimental data into the relation (8.3.1a). We obtain two equations

2339
83.94 x 10% = (0.001002)# +a, (8.3.5)
—
16.514 x 106
1641.81 x 10° = (0.00174) - - e L (8.3.6)
i —

Equations (8.3.5) and (8.3.6) are two equations of three variables, so a third equation is required. For
the third equation we use the expression of the sound speed (8.2.3). The sound speed in the liquid water
is 1482 m/s at 71 = 293 K. Thus we get the following equation

(1482) = 0.001002;(2339 + 7). (8.3.7)
We have three equations with three unknowns. Solving the equations (8.3.5)-(8.3.7), we obtain
v = 2.057, 7 = 1.066 x 10° Pa, q = —1.994674 x 10° J /kg.

To determine C, we use the temperature expression (8.3.1c) with one of the known states. In fact this
will produce a big error. Indeed the expression (8.3.1c) itself is an approximation derived initially from
a linear approximation in terms of v, see Le Metayer et al. [29]. But it is expected in the bubble collapse
that the water will stay at the initial temperature during the whole process. Thus we choose to use the
initial state to find C, to reduce the error. Substituting the experimental data related to T in (8.3.1c)
we have C, = 3.449 x 10% J/kg/K.

From (8.3.1a) and (8.3.1¢) we can write the internal energy in terms of v and T, i.e.

el(T,v) =C, T+ mv+q. (8.3.8)
Also we can write the internal energy in terms of T and p as

_ptym

e (T p)= C, T+ q
l( bl ) p v s
g (T) T
DPsat + YT
l( ) psat(j ) 4y ! @ ( )

To see the experimental curves versus the theoretical ones, we use the relation (8.3.8) and draw the
internal energy versus the temperature. For v we use the values that are given in the saturation tables,
see the left graph of Figure 8.3. Then we use the relation (8.3.9) and draw the internal energy versus
the temperature, see the right graph of Figure 8.3.

In fact the relation (8.3.8) shows a reasonable agreement between the theoretical and experimental
curves. But in this case the values of specific volume are taken directly from the tables. However this
indicates that this relation provides a reliable description for the relation between the internal energy
with 7" and v. But if the specific volume written in terms of the saturation temperature, i.e. the internal
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energy is a function of temperature, then we see that the agreement between the experimental and
theoretical curves is bad. This is due to the choice of the temperature expression (8.3.1c). In other
words, there is a relatively big error in the relation between T and v. To reduce the effect of this error
we give more attention to the initial state since it is expected that the water outside the bubble will keep
the initial temperature throughout all of the collapse process as is explained above. However, we think
that the expression (8.3.1c) for the temperature should be improved to give more realistic values.
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Figure 8.3: Saturation internal energy for the liquid water. Experimental curves are shown in lines and
the SG-EOS approximation with symbols.

8.3.3 Determination of the entropy constants

To determine the entropy constants g; and g, we proceed as in Le Metayer et al. [29], i.e. at thermody-
namic equilibrium the Gibbs free energies are equal, see equation (8.3.2). In our case we did not set any
of the parameters to zero to avoid negative values for the entropy. Instead of that we take ¢; to satisfy
the initial value of the entropy of the liquid. Then we choose g; in order to obtain a good fitting for the
saturation curve.

The entropy of the liquid at 77 = 293 K is s;; = 0.296 kJ/kg/K. Using these data in (8.3.1d) we find
q; = 35.78 kJ/kg/K. Using this value we can obtain a good agreement to the experimental saturation
curve in the range 293 — 500 K if we choose q; = 2.41 kJ/kg/K, see Figure 8.4. Out this range of
temperature the agreement is bad. If the expected range of the temperature within the specified range
then this choice is enough, but if the temperature can exceed 500 K an improvement is required.
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Figure 8.4: Saturation curve of the water. Experimental curves are shown in lines and the SG-EOS
approximation with symbols.
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In fact to obtain a good agreement to the experimental saturation curve with one choice of q; in
the whole range is impossible. Instead of that we choose more than one value to q; regarding to the
temperature range. For example, choose ¢; = 35.64 kJ/kg/K and

241, T <573

o = 2,51, 573 <T <593 ’ (8.3.10)
g 257, 593 <T <613

2.61, T >613

where the unit of 7" is K and the unit of g is kJ/kg/K. By these values the saturation curve is recovered
for a wide range of temperatures, see Figure 8.5.

In the computations we observed that if the phase transition is included the interfacial temperature
increases as the time evolves. After about 550 K the change of the temperature becomes very fast, then
the bubble collapses. Thus, the several values of q; in (8.3.10) are used just for very short intervals of
time with respect to the total time of the evolution. Thus for most time the computations were made
with ¢ = 2.41 kJ /kg/K.

In Summary the parameters of the SG-EOS by this method are given in Table 2.

Phase 7~ m(Pa) Cy(J/kg/K) q(J/kg) q'(J/kg/K)
vapor 1.327 0 1.2 x 103 1995 x 103 2.41 x 103
liquid 2.057 1.066 x 10°  3.449 x 10°  —1994.674 x 10>  35.78 x 103

Table 8.1: EOS parameters for vapor and liquid water by the present method.
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Figure 8.5: Saturation curve of the water. Experimental curves are shown in lines and the SG-EOS
approximation with symbols.

8.4 Numerical method

To take into account the relaxation terms the Strang splitting [55] is used. Thus when a second-order nu-
merical scheme is employed the solution of the systems (8.2.1) and (8.2.8) are obtained by the succession
of operators

At At
U;‘“ = L2 Ly'LE Uy, (8.4.1)
where

U = (o, a1p1, apa, pu, agprer, agpaes, pe + §Pu2)T
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or
1
U= (041, Q2,1 p1, X2P2, A3P3, PU, (1] P1€1, Qo P2€2, A3 P3€3, P + §PU2)T

for the systems (8.2.1) and (8.2.8) respectively.

Here Lgs is the operator of integration of the relaxation terms over half of the time interval and Ly,
the operator of numerical solution of the hyperbolic part of the system accompanied by the geometrical
source vector.

A Godunov-type method is used for the operator L; while a successive relaxation processes are used
for the operator Lgs in order: The pressure relaxation, the temperature relaxation then the Gibbs free
energy relaxation. Hereafter, we explain a Godunov-type method in the context of two phases, i.e the
system (8.2.1), for simplicity. This method can directly be extended to the three-phase model (8.2.8).
Then the relaxation step is detailed for the model (8.2.1).

8.4.1 Godunov-type method
The system (8.2.1) is discretized by a Godunov-type method. The equations of the system (8.2.1) that

are written in a conservative form are discretized as

n n At * n
Wi = g — S (g, ) — f () u))] 4+ AS],

where )
u = (aip1, aepa, pu, pe+ §Pu2)T

1
f(u) = (c1p1u, azpau, pu® + orpr + asps, u(pe + §PU2 + aip; + asps))7,

and u*(u?,u},;) the value of u along the line r = = ;11 for the Riemann problem with the states
u’,u?, ;. The numerical approximation S - of the geometrical source vector (8.2.5) is evaluated as the
average between the left and right states u?,u?,;.

The volume fraction equation and the 1nternal energy equations are discretized as, see [50],

ozljfrl =af; — Ax((ual)ﬁl - (ual)j_% — alj(uj-k% - uj_%)),
(@ = (@l ~ Sel(apen py — (apen)l sy + @05y — u5y) = 2 (apeu+ apu

2
The geometrical term — (apeu + apu)ﬁj is taken as the average between the left and right states.
Ty
To achieve a second order accuracy we use the MUSCL method [57]. For the Riemann values we

use the HLLC-type Riemann solver that was proposed by Saurel et al. [50]. This solver uses the non-
conventional shock relations that were derived in Saurel et al. [48].

8.4.2 Relaxation step

In the relaxation step, applying the Strang splitting on the model (8.2.1), we must solve the following
system of ordinary differential equations (ODE)

This system is solved successively for each source vector alone.

The relaxation steps are performed in the following order: first pressure relaxation then temperature
relaxation and at last Gibbs free energy relaxation. From one step to the other, what is relaxed stays
relaxed. The variable « is related to the heat transfer modeling and is determined in a way to keep the
pressure equilibrium during the temperature relaxation. The variables ¢ and e; are related to the mass
transfer and are determined to keep the equilibrium of the pressure and temperature during the Gibbs
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free energy relaxation. It is essential to emphasize that the model with new terms for the heat and mass
transfer satisfies the second law of thermodynamics, for details see [61].

For numerical reasons, we allow the presence of a negligibly small amount of vapor outside the bubble,
and a small amount of liquid inside the bubble, typically these values are € = 1075. Then to locate the
interface we use the ideas of Saurel et al. [49]. We assume that the cell is filled with pure fluid when its
volume fraction is close to 1, say (1 — €). The interface corresponds to mixture cells when the volume
fraction ranges between € and 1 — €, with €é = 10~*. The value of € has to be chosen larger than the value
of € to ensure that phase transitions occur only in the interfacial zone, for a discussion on this point
see [49].

It is expected that the small values of different volume fractions on each side have no significant
effects. Indeed, by using pressure relaxation in the whole domain we keep a single value for the pressure.
In addition, we use the temperature relaxation in the whole domain, so we have a single temperature.
This seems to be better for the resolution of the physical variables. In fact, we observed just a small
change in the results if we use the temperature relaxation at the interface only. The mass transfer is
considered only at the interface, i.e. the Gibbs free energy relaxation is used only at the interface.

To perform the temperature relaxation we must solve the following ODE system

dU

During the temperature relaxation the pressure is assumed to stay in equilibrium. To ensure this during
the temperature relaxation process we assume that

Op1 _ Op2
ot ot

From this condition with system (8.4.2), we obtain

c? c3 T r
ot ahtar
1 2 1 2
k= - . (8.4.3)
r T T r
-1 + z2 -1 + -2
a1 (6%) (6751 (65)

Here T'y, denotes the Griineisen coefficient of phase k which is given as

I, =L (ap’“> . k=12 (8.4.4)
pr \Oex ),

After the temperature relaxation the Gibbs free energy relaxation is performed by solving the system

dU
— =S, A.
7 S (8.4.5)

Through the process of the Gibbs free energy relaxation the pressure and the temperature are assumed
to stay in equilibrium, i.e.

Op1 _ Op2
ot ot’
Ty T,

ot ot



8.5. NUMERICAL RESULTS 181

Using these conditions with system (8.4.5) we obtain the following expressions for g and e;

2 (% 2 (e
2 2 T T ! op1 ? Op2
d)(plcl +p262) _¢( 1 +a72p2> _"_q/) T + T>
2

o1 o2 apl a1p1Cu1 a2 p2Ch2
o= e1 + p 861 s + P 362 ’
1 1 a 2 2 -
2 2 r r ap1 Op2
¢(—1+C—2>—¢(—1h1+—2h2)+w oy 2
a1 o1 fe% a1p1Cu1 a2p2Cu2

Oex dea 2 deq 2 des
er+p1 Don €2 + p2 Don P\ g0 P2\ 5,
P1 /) 1y + P2/ 1 PL/ + P2/ 1,

. a1p1Cn1 azp2Cy2 a1p1Cv1 a2p2C02
€; — y
¢ 09
. . . 1 1 iy I,
where C is the specific heat capacity at constant volume, ¢ = + , % =—+—and
a1p1Cp1 agp2Ciy2 ap g

hiy = e + Pk is the specific enthalpy for phase k.

The relaxation procedures for the temperature and the Gibbs free energy were detailed in Zein et
al. [61]. These procedures are used for the model (8.2.1). Also they are used directly for the model (8.2.8),
since the heat and mass transfer is considered only at the interface between the liquid and its vapor.
Several procedures are available for the pressure relaxation with model (8.2.1), see [25,26,44,47,50]. In
this work we adopt the recent procedure of Saurel et al. [50]. This method is easily implemented and
easily used for multiphase flows.

In addition a correction criterion of Saurel et al. [50] is used to make the relaxed pressure in agreement
with the mixture EOS. It is based on the evolution of the total energy equation, see equation (8.2.1) in
the system (8.2.1) and the last equation in system (8.2.8). This is expected to be accurate in the entire
fluid flow since the equation is written in a conservative formulation.

In the presence of a non-condensable gas, i.e. in the three-phase model, the interface between the
liquid and vapor is located as in Petitpas et al. [39] by using the volume fractions of both the vapor and
liquid. Assume a7 and as to be the volume fractions of vapor and liquid respectively. Then the interface
is located where

E<a; <(1—-¢ and eé<ap <(1-—¢8).

Note that in this case the bubble is identified by the summation of the vapor volume fraction and the
non-condensable gas volume fraction.

The heat and mass transfer change the pressure of the vapor and liquid. But both stay in equilibrium.
To keep one pressure in the system at each time step we also set the pressure of the non-condensable gas
to the new pressure. This effect modifies the internal energy of the non-condensable gas.

8.5 Numerical Results

In this section, we provide numerical computations for the dynamics of a laser-induced bubble. The
results are shown taking the six-equation model (8.2.1) for the two-phase flow if the bubble contains
vapor only. While if the bubble contains a percentage of non-condensable gas also, then the three-phase
model of nine equations (8.2.8) is used. In all computations the CFL number is fixed to 0.6 and a uniform
grid is used.

For validation we take the experimental radius-time curve that appears in Miiller et al. [32]. Thus
for all computations, unless mentioned, the initial conditions are as follows: The radius of the bubble
Rpaz = .75 mm. The surrounding water has a pressure p; = 1 bar and temperature T; = 293 K.

Since the initial state inside the bubble is unknown, we choose several possibilities to provide a
description for the dynamics of the collapsing bubble with different initial conditions. The computational
domain is taken to be suitably large compared to the bubble size to avoid boundary effects. In our
computations the domain is chosen to be the interval [0,99] mm. The left boundary conditions, i.e. at
the center of the bubble, are the symmetric conditions. For the right boundary conditions, i.e. at the
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far wall of the domain, there are two choices in the literature. Miiller et al. [32] assumed a reflected
velocity at the far field wall. In Dreyer et al. [13] the velocity at the far wall is set to be zero. In our
computations both choices were tested, there is no significant effect on the results. This may be due to
the large size of the computational domain.

Since the grid is uniform and the computational domain is very large compared to the bubble radius,
we introduce the number of cells N;. This number N; represents the number of cells inside the bubble
from its center to its wall at the initial state, i.e. the number of cells that cover the maximum radius of
the bubble at the initial state. In Table 3, the values of N; are shown with the corresponding numbers
of the cells in the whole domain.

Ny 250 500 750 1000
Total number of cells 33,000 66,000 99,000 132,000

Table 8.2: The concept of Nj.

For numerical reasons, we allow the presence of a small volume fraction of the liquid water inside the
bubble and a small volume fraction of vapor outside the bubble, typically these small values are taken
1076,

For each numerical test the results are shown with respect to time for the radius of the bubble, the
pressure and temperature at the center of the bubble and the velocity at the interface.

8.5.1 Tests for vapor bubble

This subsection deals with the case that the bubble contains vapor only. Assume that the initial state
inside the bubble is the saturation state, i.e. T,, = 293 K and p, = 2339 Pa. A comparison between
results with and without mass tansfer are first considered. Then mesh refinement tests are addressed.
After that tests for different initial temperatures and pressures are included.

8.5.1.1 Comparison between with and without mass transfer

The results without mass transfer are shown in Figure 8.6. If the mass transfer is included the results
are shown in Figure 8.7. Following Akhatov et al. [1] and Dreyer et al. [13], the mass transfer is activated
from the beginning of the evolution until the critical state is exceeded, the critical temperature of the
water is T, = 647 K. If the interfacial temperature of the bubble exceeds the critical temperature the
mass transfer is stopped. This is due to the fact that there is no difference between the phases at the
bubble interface beyond the critical state. Then the mass transfer is activated again after the collapse
when the temperature falls below the critical temperature. In the computations, we observe that in the
case with no mass transfer the temperature inside the bubble after reaching 1500 K increases rapidly and
then the collapse occurs. The temperature reaches almost immediately a very high value (> 6000 K).
If the phase transition is included the temperature after reaching 515 K increases rapidly and then the
collapse occurs. The temperature again becomes greater than 6000 K.

The radius-time curves before the collapsing point are coinciding and in an excellent agreement with
the experimental data, see the radius graph in Figure 8.7. The collapse occurs slightly earlier if the mass
transfer is included. Indeed, in this case the collapse occurs at time t = 69.431 ps, while if the mass
transfer is excluded the collapse occurs at time ¢ = 69.743 us. Both values for the collapsing time are
very close to the experimental value t = 69.3 us.

In the computations, before the instant of the collapse, we observe that the temperature and the
pressure inside the bubble, when the phase transition, is included is less than the corresponding values
if the phase transition is not considered, see Figures 8.7 and 8.8. In Figure 8.8 the temperature and the
pressure are shown before the collapse point. We think this behavior is physically correct, since a part
of the energy inside the bubble is consumed by the phase transition.

At the collapse time, both the pressure and the temperature at the center of the bubble almost jump
to very high values. These values are higher in the case of mass transfer than the case without mass
transfer. This indicates that the collapse is more violent if the mass transfer is included and the bubble
vanishes. In fact we cannot say more about the physics of this behavior. Moreover, there seems to be
no way to check such comparisons experimentally.
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It is clear from Figure 8.7 that there is no rebound if the phase transition is included. This occurs since
most of the vapor mass leaves the bubble and there is no mechanism for a rebound. In real experiments
this behavior is not observed. Always there is a rebound of the bubble. This motivates us to consider
a percentage of non-condensable gas inside the bubble besides the water vapor, as is expected in real
experiments. This will be investigated numerically in Subsection 8.5.2.
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Figure 8.6: The collapse and rebound of the vapor bubble without mass transfer. The computed radius
is compared with the experimental data (dots). Ny = 500 cells, T,, = 293 K and p, = 2339 Pa.
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mass transfer (dashed line). The computed radii are compared with the experimental data (dots).
Ny =500 cells, T, = 293 K and p, = 2339 Pa.
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Figure 8.8: The center temperature and pressure of the bubble before the collapse instant. Results with
mass transfer (solid line) compared to the ones without mass transfer (dashed line). With Ny = 500
cells, T,, = 293 K and p, = 2339 Pa. The graphs here are some zoom of the temperature and pressure
graphs in Figure 8.7.

In the case of phase transition after the collapse the bubble vanishes, so it is expected that after
a certain time the pressure and the temperature in all of the domain will be like the values for the
liquid water. From the pressure profile we see after the collapse point that there are some oscillations
around the value of atmospheric pressure. From the temperature profile we see that the temperature
remains quite high. In fact even though the bubble vanishes there still is a certain small remaining vapor
concentration. This is shown in Figure 8.9. The left side graphs are shown for a very small domain while
the right graphs are shown for the distance equal to the initial maximum radius. It is clear from the
figure that there still is some concentration of vapor at the bubble center. Moreover, the oscillations of
the pressure in Figure 8.7 have decreasing amplitudes in time, also the temperature decreases with time
but very slowly.
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included at time ¢t = 180 pus. With Ny = 500 cells, T,, = 293 K and p, = 2339 Pa.
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8.5.1.2 Mesh refinement tests

We repeat the same problem with a different number of cells, without mass transfer as shown in Figure
8.10 and with mass transfer as in Figure 8.12. A common feature is that before the instant of the collapse
all curves are almost coinciding. In addition there is an excellent agreement with the experimental data.
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Figure 8.10: Vapor bubble without mass transfer, comparison using several grids. The computed radii
are compared with the experimental data (dots). Initial values T,, = 293 K and p,, = 2339 Pa.

Figure 8.10 shows that there is a significant difference between the curves for a different number of
cells after the collapse point. To understand the reasons we draw the volume fraction profiles at different
instants of time, see Figure 8.11. It is clear that the interface diffusion is weaker if the number of cells is
higher. Long before the time of collapse the diffusion in the curves is very small, thus the radius curves
coincide, see graph (a), the results are shown at time ¢t = 50 ps. Around the time of collapse the curves
start to diffuse. See graphs (b) and (c), where the diffusion now became more serious. Graphs (d) and
(e) show the results after the collapse but still very close to the collapsing time. There is a big diffusion
across the interface especially for N; = 250 cells. The diffusion will be reduced again as the time evolves
as in graph (f), but now the curves remain clearly distinct from each other. This produces the differences
in the radii curves. Hence, we conclude that the diffusion of the curves increases around the collapse
point. In addition, the pressure and temperature relaxations reduce some amount of the vapor inside
the bubble, this is higher if the interface is more diffusive. Thus passing through the collapse point the
diffusion has a significant effect which will continue to be observed after the collapse. So it is important
to reduce the diffusion as much possible.
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made with Ny = 250 cells (solid line), N; = 500 cells (dashed line), and Ny = 750 cells (dashed-dotted

line).

In the temperature profiles of Figure 8.10 one cannot conclude anything about the effect of the
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number of cells on the direction of the maximal temperature at the collapse time. This may come from
the larger diffusion for N; = 250 cells.

In the case of phase transition as in Figure 8.12, it is clear that the bubble vanishes in all cases.
There are noticeable differences in other values as the number of cells is increased. This is effected by
the diffusion of the interface, where in the case of Ny = 250 cells the bubble vanishes before the others
and the concentration of the mass fraction after the collapse times is lower.
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Figure 8.12: Vapor bubble with mass transfer, comparison between several grids. The computed radii
are compared with the experimental data (dots). Initial values T,, = 293 K and p, = 2339 Pa.

However, in both cases, i.e. with or without phase transition the diffusion of the interface has bad
consequences on the results after the collapse point. A similar problem was also discussed in Miiller et
al. [32] for the Saurel and Abgrall model [44], i.e. the seven-equation model. In next tests to reduce the
effects of diffusion we use a relatively high number of cells, we use N; = 500 cells. In fact using high
number of cells is expensive. Thus the issue of diffusion requires more investigation.

8.5.1.3 Effects of the initial values inside the bubble

Let us now study the effects of the initial values of the temperature and the pressure inside the bubble
on its dynamics. First, we keep the temperature inside the bubble constant at T,, = 293 K and change
the values of the pressure. The results for the case without mass transfer are shown in Figure 8.13. We
see the following features in the results for the lower initial pressure: The collapse occurs earlier, the
rebound is faster and more damped. Also the values of pressure, temperature and velocity are higher
at the collapse point. If the phase transition is included the results are shown in Figure 8.14. For lower
pressure the collapse occurs earlier with a higher temperature. The velocities and pressures are almost
the same.
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Figure 8.13: Vapor bubble without mass transfer, comparison between different initial bubble pressures
at T, = 293 K. The computed radii are compared with the experimental data (dots). The computations

are made with N; = 500 cells.
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Figure 8.14: Vapor bubble with mass transfer, comparison between different initial bubble pressures at
T, = 293 K. The computed radii are compared with the experimental data (dots). The computations
are made with N; = 500 cells.

Second, we keep the initial pressure inside the bubble constant at p, = 2339 Pa and change the
temperature. The results are shown in Figure 8.15 with no mass transfer and in Figure 8.16 if the mass
transfer is included. The differences between the curves in both figures are small. In both cases, it is
noted that for the higher initial temperature the collapse is a little bit faster and the temperature at the
center of the bubble at the collapse time is higher.
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Whatever the initial state inside the bubble we can conclude the following results for the collapsing

of the vapor bubble:

e There is no rebound of the bubble after the collapse if the mass transfer is included.

e In all cases at the collapse time the pressure and temperature at the bubble center jump to very high
values. The high pressure shows the importance of considering compressibility for the surrounding

water.

e Before the collapse time the curves for the radius of the bubble in all cases are coinciding. In
addition, in this period there is a perfect agreement with the experimental data.

e The pressure and temperature inside the bubble before the collapse time when the mass transfer
is included are less than those values with no mass transfer. This is due to the loss of energy by

the phase transition process.

e In the cases of no mass transfer it is noted that the first collapse is much more violent than the

second one.
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Figure 8.15: Vapor bubble without mass transfer, comparison between different initial bubble temper-
atures at p, = 2339 Pa. The computed radii are compared with the experimental data (dots). The

computations are made with N; = 500 cells.



190

CHAPTER 8. A LASER-INDUCED CAVITATION BUBBLE

0'8_* 128K
- _T=293K 1000¢
T 298K
0.6 ® Experiment| P
£ R
E E
3 04 %_1000, __T,-288K]]
ko) o
5 © T 20K
i >
Tv=298 K
02 et ~2000 !
0 I I I n n n -3000 I I I I I I
0 20 40 60 80 100 120 140 0 20 40 60 80 100 120 140
t(us) t(us)
8000 10°
—_T28,K T 28K
T 293K T -283K
T 298K 4 T,~298 K
g 6000 - 10 H
5 g
= e
& 4000 S10°}
[0) 7]
Q %]
§ o
o o
F 2000} 10"
0'-‘-“-\_‘“-7___‘_—7_’1 L L L 10’2 | L L L L L
0 20 40 60 80 100 120 140 0 20 40 60 80 100 120 140
t(us) t(us)

Figure 8.16: Vapor bubble with mass transfer, comparison between different initial bubble temperatures
at p, = 2339 Pa. The computed radii are compared with the experimental data (dots). The computations
are made with N; = 500 cells.

8.5.2 Tests for gas-vapor bubble

In the tests of this subsection, besides the vapor inside the bubble we assume a percentage of non-
condensable gas. The existence of such a gas is justified physically, but its specific nature is not really
known. As our aim is just to consider the general effect of the existence of such gas we use several
assumptions. Following Dreyer et al. [13], Hydrogen Hs and Oxygen O2 are most probably present since
they are the components of water and may be produced by the plasma due to the laser beam. Here we
deal with both gases, i.e. Hydrogen or Oxygen.

We assume that the non-condensable gas obeys the SG-EOS, i.e. it obeys equations (8.3.1). For both
Hydrogen and Oxygen we assume v = 1.4, 7 = 0 and ¢ = 0. For Hydrogen we use C,, = 10.1 kJ/kg/K.
For Oxygen we take C, = 0.662 kJ/kg/K.

8.5.2.1 A percentage of Hydrogen inside the bubble

Consider a saturation state inside the bubble at temperature T' = 293 K, i.e. the pressure is p = 2339 Pa.
Then, assume an initial 1% of Hydrogen mass inside the bubble. Always, for numerical reasons, we
assume a small volume fraction of non-condensable gas outside the bubble, i.e. in the liquid water, typ-
ically 1076, The results with mass transfer are shown in Figure 8.17 for vapor and gas-vapor bubbles.
The main feature of the results is that: The bubble rebounds again after the collapse if it contains a
non-condensable gas, whereas the bubble dies if it contains vapor only. In fact, in the literature there
are two different considerations of this experiment and the issue of rebound. For example, the numerical
results of Akhatov et al. [1] show that the existence of non-condensable gas has a strong influence on
the dynamics of the bubble. But in their results the rebound occurs even if the bubble contains vapor



8.5. NUMERICAL RESULTS 191

only. A different consideration was proposed by Dreyer et al. [13]. It depends on some fundamental
thermodynamic properties. Due to these the rebound of the bubble after the first collapse is possible
only if there is a non-condensable gas inside the bubble. Our computational results confirm the ideas of
Dreyer et al. [13]. However, this point requires more investigations.
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Figure 8.17: Bubble results with mass transfer, comparison between the results of vapor bubble (solid
line) with gas-vapor bubble (dashed line). The computed radii are compared with the experimental data
(dots). Computations are made with Ny = 500 cells, initial state inside the bubble: T = 293 K and
p = 2339 Pa. The non-condensable gas is Hydrogen with a mass fraction of 1%.

It is clear from Figure 8.17 that the values of temperature, pressure and velocity are reduced for
the gas-vapor bubble. Moreover, the temperature and pressure inside the bubble before the instant of
collapse are smaller in the results of vapor bubble than those of gas-vapor bubble. Again we think this

is physical since the action of the phase transition is stronger in the vapor bubble than in the gas-vapor
bubble.

Figure 8.18 shows the results for a gas-vapor bubble using a different number of computational cells.
The same previous conditions with a mass fraction of 1% of Hydrogen are used. We see in all cases
that the bubble rebounds after the collapse. The differences in the curves are due to the diffusion of the
interface especially through passing the collapse point, see the discussion in the previous subsection.
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Figure 8.18: Gas-vapor bubble with mass transfer, comparison at different grids. The computed radii
are compared with the experimental data (dots). Computations are made with Ny = 500 cells, initial
state inside the bubble: T' = 293 K and p = 2339 Pa. The non-condensable gas is Hydrogen with a mass

fraction of 1%.

8.5.2.2 A percentage of Oxygen inside the bubble

For more validation consider the gas-vapor bubble with the same initial state except that instead of

Hydrogen we assume Oxygen with a mass fraction of 2.2%. T
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Figure 8.19: Gas-vapor bubble with mass transfer, the non-condensable gas is Oxygen with a mass
fraction of 2.2%. The computed radii are compared with the experimental data (dots). Computations
are made with Ny = 500 cells, initial state inside the bubble: T'= 293 K and p = 2339 Pa.
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he results are shown in Figure 8.19. To achieve this percentage we set the initial value of the volume
fraction of the Oxygen to be 0.015. For the previous case of Hydrogen to get 1% of mass fraction we set

the initial volume fraction to 0.1. These values depend on the values of heat capacity C, since we keep
the temperature constant.

Consider the same gas-vapor problem with Oxygen as a non-condensable gas with different percent-
ages. This is shown in Figure 8.20. For the lower value of volume fraction we note that the maximum
radius after the collapse is smaller and the center temperature is higher.
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Figure 8.20: Gas-vapor bubble with mass transfer, the non-condensable gas is Oxygen with different
percentages. The computed radii are compared with the experimental data (dots). Computations are

made with N; = 500 cells, initial state inside the bubble: T" = 293 K and p = 2339 Pa. Note that NG
stands for non-condensable gas.

8.5.2.3 More validation tests

In Figures 8.21 and 8.22 the solution of the problem is shown for different assumptions for the non-
condensable gas, i.e. different values of the specific heat C,. In Figure 8.21 the results are shown with
an assumption of a 2% mass fraction for all gases. For Figure 8.22 the volume fraction is taken to be
0.045 for all gases. The results in Figure 8.22 are very close. Thus the equal initial volume fractions
for different non-condensable gases give results not so far from each other. Moreover, we see during the

computations that an assumption of a too small percentage for the non-condensable gas is insignificant
for the rebound.
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Figure 8.21: Gas-vapor bubble with mass transfer, different gases with percent 2% in mass. The computed
radii are compared with the experimental data (dots). Computations are made with N; = 500 cells,
initial state inside the bubble: T"= 293 K and p = 2339 Pa.
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Figure 8.22: Gas-vapor bubble with mass transfer, different gases with initial volume fraction 0.045. The
computed radii are compared with the experimental data (dots). Computations are made with N; = 500
cells, initial state inside the bubble: T'= 293 K and p = 2339 Pa.

We conclude the following results for the collapse of the gas-vapor bubble:

e The existence of sufficient amount of non-condensable gas is essential for the rebound after the
collapse if the mass transfer is included.

e The behavior of the rebound depends on the percentage of the non-condensable gas and on the
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nature of the gas.

For more validation we compute the maximum radius after the first collapse for several values of
initial radius of the bubble. Then we compare these values with experimental data of Akhatov et al. [1].
For this test the initial temperature is assumed to be 7' = 296 K inside and outside the bubble with
pressure inside the bubble p = 2339 Pa. For the non-condensable gas we assume C, = 5 kJ/kg/K with
1.5% mass fraction. We choose this assumption for the heat capacity to be in the middle between the
values of Hydrogen and Oxygen. The results are shown in Figure 8.23. It is clear that the computed
results have the same tendency as the experimental ones. In Figure 8.24 detailed results for different
initial radii are shown.
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Figure 8.23: The initial bubble radius versus the maximum radius after the first collapse. Computations
are made with uniform grid Ar = 1.6 x 1076.
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uniform grid Ar = 1.6 x 107, initial state inside the bubble: T'= 296 K and p = 2339 Pa.
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8.6 Conclusion

A laser-induced cavitation bubble in liquid water has been investigated by using diffusive interface
models. The vapor bubble is modeled by the six-equation model including heat and mass transfer which
was modified in Zein et al. [61]. This model was extended in the paper to include the existence of a
non-condensable gas inside the bubble, i.e. gas-vapor bubble.

To overcome the problem of negative squares of sound speed in computations, each fluid obeys its
own equations of state as a pure fluid. The stiffened gas equations of state were used. We proposed
new estimations for the parameters of these equations of state taking into account a wide range of
temperature. These parameters are linked to each other in a way to recover the saturation curve.

The main result from the computations is that if the mass transfer is included then the rebound of
the bubble after the collapse is only possible when a non-condensable gas presents inside the bubble.

The computations show a high pressure and temperature at the center of the bubble at the collapse.
In addition, using phase transition reduces the pressure and temperature inside the bubble before the
collapse point.

The diffusive interface may have bad effects on the results. This diffusion increases around the
collapse point which has strong effects on the results after the collapse point. To avoid this problem
in the computations we used a higher number of cells. For future work some adaptive discretization
should be used to improve the capturing of the interface. Also, we plan to study the coupling between
our approach here with the ideas of sharp interface modeling just around the collapse point. By this
coupling we expect to collect the benefits of considering the phase transition as well as avoiding the
problem of diffusion through the collapse.

In this paper we were interested in the general effect of the presence of a non-condensable gas. For
future work the treatment using the non-condensable gas requires more investigation. Indeed, modeling
the non-condensable gas with vapor as a mixture seems to be more physical.

8.A Appendix: Mathematical properties of the three-phase model

In order to investigate the mathematical properties of the model (8.2.8), without the redundant equation,
we rewrite its hyperbolic part in terms of primitive variables as

OW  OW
o TAS =0 (8.A.1)

where W = (aq, aa, p1, p2, p3, 4, 1, D2, p3). The matrix A is given as

[ u 0 0 0 0 0 0 0 0 i
0 u 0 0 0 0 0 0 0
0 0 U 0 0 p1 0 0 0
0 0 0 U 0 P2 0 0 0
A — 0 0 0 0 u P3 0 0 0
PL=PsP2=Ps 0 0 y & 2 l-a-om
P 1% P I% I%
0 0 0 0 0 pic? w 0 0
0 0 0 0 0 p2c3 O U 0
L O 0 0 0 0 pgcg 0 0 u ]

The matrix A has real eigenvalues that are given by the following expressions

/\12)\2:...:)\7:u,
As =u—+c,
Ag =u—c.

Here c¢ is the mixture sound speed for the model and is expressed as

o « «
(:2: 1pp1c3—|— 2pp2c§+ 3p3c§.
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The sound speeds ¢, k = 1,2,3, are defined by (8.2.3).
The corresponding right eigenvectors are

0 0 0] [0 0]
0 0 0 0 0
0 0 0 0 1
0 0 0 1 0
ry = 0 , Tog = 0 , I's = 1 , g = 0,1‘5: 0 )
%3 %2 0 0 0
*071 *071 0 0 0
0 1 0 0 0
B o | 0] 0] 0]
0] ] [0 ] [0 ]
0 0 1 1
8 8 p2/p1 p2/p1
reg = 0 , It = 0 , g = Ps/m , Tg = Ps/Pl )
P3s — P2 b3 — D1 Cégl _Ccépl
1 1
o o p2c3/p1 p2€5/p1
. 0 ] . 0] _PSC:%/Pl_ _,03C§/p1_

Thus, the system (8.2.8) is non strictly hyperbolic.
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Chapter 9

Closure conditions for
multi-component models

Bibliographic note: The content of this chapter is published in [H13]: Siegfried Miiller, Maren Hantke,
and Pascal Richter. Closure conditions for non-equilibrium multi-component models, Continuum Mech.
Thermodyn. (2016). 28:1157.

Abstract: A class of non-equilibrium models for compressible multi-component fluids in multi-dimensions
is investigated taking into account viscosity and heat conduction. These models are subject to the choice
of interfacial pressures and interfacial velocity as well as relaxation terms for velocity, pressure, tem-
perature and chemical potentials. Sufficient conditions are derived for these quantities that ensure
meaningful physical properties such as a non-negative entropy production, thermodynamical stability,
Galilean invariance as well as mathematical properties such as hyperbolicity, subcharacteristic property
and existence of an entropy-entropy flux pair. For the relaxation of chemical potentials a two-component
and a three-component model for vapor-water and gas-water-vapor, respectively, is considered.

9.1 Introduction

Flows of compressible multi-component fluids, where the single components may be in the liquid or the
gas phase, respectively, have a wide range of applications. Difficulties in the modeling result from the
interaction of the fluids, especially from the exchange of mass and energy across the phase interfaces. So
the treatment of the phase interfaces is in the focus of the modeling.

Our particular interest is on a two-phase flow where we consider one liquid phase and one gaseous
phase. The liquid phase is assumed to consist of one species. The gaseous phase may consist of K — 1
species where one of these species is the same as in the liquid phase but in a different aggregate state.
To model this flow we use a K component model where in each point all K — 1 species are present
with one species in both aggregate states. Only a species that is present in both aggregate states can
undergo a phase change. Typical applications are evaporation and drying processes as can be observed
in daily live, e.g. cooking pot or puddle, or formation of clouds. A technical application is the spherical
collapse of a laser-induced bubble at elevated temperatures to investigate the influence of the amount of
non-condensable gas inside the bubble, see [21,42,46].

In the literature several models are available that are distinguished in sharp interface and diffuse
interface models. A detailed survey of these models can be found in Zein [44]. Here our interest is on
multi-component fluids derived from an ensemble averaging procedure of Drew [12]. A comprehensive
introduction to these models can be found in the classical book of Drew and Passman [13].

Baer and Nunziato [5] proposed a two-phase model for detonation waves in granular explosives. This
model is a full non-equilibrium model, which means, each component has its own pressure, velocity and
temperature and is governed by its own set of fluid equations. It was modified and generalized by several
authors. For instance, Saurel and Abgrall [38] also included relaxation terms for the pressure and the
velocities of the components. By instantaneous relaxation procedures equilibrium values for the pressure
and the velocity can be found. Using further relaxation procedures to drive the temperatures and the
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chemical potentials into equilibrium mass transfer between the phases can be modeled, see Abgrall et
al. [36,41] or Zein et al. [45].

There are simplified models available in the literature that can be derived from the above general
model by assuming zero relaxation times, see [25]. Typically these are classified by the number of
equations in case of two phases in one space dimension. For instance, a siz-equation model with a single
velocity is derived by assuming a zero velocity relaxation time. Assuming zero relaxation time for both
the velocity and the pressure a five-equation model with mechanical equilibrium, i.e., single velocity and
single pressure, is deduced in the asymptotic limit. The four-equation model has a single velocity, single
pressure and also single temperature coinciding with the single-fluid reactive Euler equations. While
the three-equation model is the system of Euler equations. It has single velocity, pressure, temperature,
and also single chemical potential, i.e., it is in full equilibrium. A detailed discussion of these models is
beyond the scope of this work. For this purpose the interested reader is referred to [44] and the references
cited therein.

Typically reduced models suffer from some short-comings. For instance, conservation of energy
might be violated or the system looses its hyperbolicity. Therefore we prefer a full non-equilibrium
model taking into account viscosity and heat conduction. For this purpose we consider a general class
of non-equilibrium models that is a generalization of the three-phase model investigated by Hérard, see
Remark 7 in [23]. For instance, the Saurel-Abgrall approach [38] fits into this class.

Characteristic for models based on ensemble averaging is the problem to close the set of equations,
i.e., find appropriate interfacial pressures and interfacial velocity as well as relaxation terms for velocity,
pressure, temperature and chemical potentials. Since the closing procedure is not unique, there is some
freedom left for modeling. However, a reasonable model that is acceptable from a physical point of view
has to be consistent with the fundamental principles of thermodynamics, e.g., the second law of thermo-
dynamics. Besides this there are also constraints from a mathematical point of view that are related to
existence and uniqueness of solutions to the model, e.g., the existence of entropy-entropy flux pairs. When
it comes to the numerical solution additional properties are helpful for the design of appropriate schemes,
e.g., the hyperbolicity of the transport operator or the sub-characteristic condition. The objective of this
paper is to derive constraints for the closing terms such that the aforementioned physical, analytical and
numerical properties hold for the non-equilibrium multi-component model. Similar investigations have
been performed in case of two-phase models [3,16,37,44] and three-phase models [7,23]. Here we do
not confine ourselves to two and three components but on an arbitrary number of components. Drew
and Passmann [13] consider multi-component fluids from a physical point of view but do not investigate
analytical and numerical properties of the models.

The paper is organized as follows. In Section 9.2 we introduce the non-equilibrium multi-component
model and derive the model for the mixture as well the model at equilibrium. Then we rewrite these mod-
els in terms of primitive quantities in Section 9.3. Neglecting viscosity and heat conduction some math-
ematical properties of the models are investigated. In particular, we verify hyperbolicity and the sub-
characteristic condition, see Section 9.4. Furthermore, a physical meaningful model should be Galilean
invariant. This is investigated in Section 9.5. In Section 9.6 we are concerned with the entropies corre-
sponding to the non-equilibrium model and the mixture model. From the 2nd law of thermodynamics we
derive constraints for the definition of the interfacial velocity and pressures. In Section 9.7 we introduce
the relaxation terms for mechanical and thermal relaxation as well as relaxation of chemical potentials.
In particular, we verify that they are in agreement with the 2nd law of thermodynamics.

9.2 Mathematical model

First of all, we describe the full non-equilibrium model and then derive from this the mixture model and
the equilibrium model.

9.2.1 Non-equilibrium model

The multi-component flow is described by a non-equilibrium model where all components are present
in each point of the space-time continuum. Each component £ = 1,..., K has density pg, velocity vy
and pressure pg, The amount of each component is determined by its volume fraction ay. The volume
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fractions are related by the saturation constraint

K
dar=1, o €(0,1). (9.2.1)
k=1

In analogy to the three-phase model of Hérard [23] the fluid equations for each component can be written
as

O (o pr) + V- (o pr V&) = Sapk; (9.2.2)
O (g previ) + V- (o prvpvi +agpr I) = (9.2.3)
K
- Z P, Vo + V- (arTk) + Sapv.ks
=1
Oy (Ozk Pk Ek) + V- (Oék Pk Vi (Ek —|—pk/pk)) = (9.2.4)
K
— Z P Vi-Va+V- (ar (v Tk —qy)) + SapE ks
=1

taking into account viscosity and heat conduction via the stress tensor Ty, and the heat flux g, but
neglecting effects due to surface tension and gravity. In our notation Ey = e + vi /2 is the total specific
energy with ej the specific internal energy of component k. There may be other contributions to be
accounted for, see [13], p. 68 ff and 144 ff. In particular, the term Pj; accounts for different pressures at
the phase interface. Without loss of generality we may assume

Pyj = 0. (9.2.5)

Otherwise we replace Py by Py — Py, due to the saturation condition (9.2.1). The interfacial velocity
is denoted by V' ;. Obviously, the equations cannot be written in conservative form. Finally, the fluid
equations are supplemented by an equation of state

Pk = Pe(pr,er) resp.  er = ex(pr,Dk) (9.2.6)

for each of the components.
The evolution of the volume fractions is characterized by the non-conservative equation

3tak+V]'VOék:Sa,k, k=1,...,K. (9.2.7)

Due to the saturation condition (9.2.1) we only need K — 1 equations. Without loss of generality we
express ag by the other volume fractions, i.e.,

K—-1 K-1 K—1
A — 1-— Z (677 VOéK = — Z VOék, Sa,K = — Z Sa,k- (9.2.8)
k=1 k=1 k=1

The source terms Sq k, Spk, Spv,k and S,g , on the right-hand sides of (9.2.2), (9.2.3), (9.2.4) and
(9.2.7) describe the relaxation process due to mass, momentum, energy transfer and volume fraction
between the different components corresponding to the relaxation of velocity, pressure, temperature and
chemical potentials, £ € {v,p, T, u}, i.e.,

Sk =D S5 s Sapk =D S5k Sapvk =D 8% s Sappk =Y Sop i (9.2.9)
13 3 3 3

These depend on the specific components at hand discussed in Section 9.7.

So far, the model is not yet closed. For this purpose, we have to find closing conditions for the
pressures Py ;, the interfacial velocity V; and the relaxation terms Sa k; Sapk, Sapv.k and Sapp k. In
the following sections we will derive appropriate constraints. However, these will not specify a unique
model but some options are still remaining for the choice of the interfacial velocity, the relaxation terms,
the stress tensor and the heat conduction.
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9.2.2 Mixture model

From the non-equilibrium model we can derive the equations for the mixture. For this purpose we
introduce the mixture quantities

K K K
1
pi= E Ak Pr, P = E Qg Pr, V= — E Qg Pk Vi, (9.2.10)
k=1 k=1 P =

for pressure, density and velocity. Accordingly, we define the specific internal energy, the specific total
energy and the specific total enthalpy of the mixture as

1 & 1 & 1 & P
e::fZakpkek, E::onzkpkEk, H:= fZakpka:E+f (9.2.11)
P =1 Pi= Pi= P

with Hy := Ej + pr/pr the total enthalpy of component k. The stress tensor and the heat flux of the
mixture are determined by

K K
T .= Zaka7 q:= Zaqu. (9.2.12)
k=1 k=1

In order to ensure conservation of mass, momentum and energy of the mixture the relaxation terms
(9.2.9) have to satisfy the conservation constraints

K K K K
Z Si,k = 0’ Z Sip,k = O’ Z Sipv,k = 07 Z SipE,k =0 (9213)
k=1 k=1 k=1 k=1
for each relaxation type & € {v,p, T, u}. In addition, we need that the interfacial pressures satisfy
K
P ;:ZPM =P=const Vl=1,... K. (9.2.14)
k=1

Then by summation of the single-component fluid equations (9.2.2), (9.2.3), (9.2.4) and employing
the saturation constraint (9.2.1) as well as the conservation constraints (9.2.13) and (9.2.14) we obtain

Op+V-(pv)=0, (9.2.15)
O (pv)+ V- (pvol +pI) =V - T~ (9.2.16)
K
V- (Zakpk (v—vk) (’U’Uk)T),
k=1
O (pE)+V - (pv (E+p/p) =V - (v-T —q) - (9.2.17)

K K
V. (Zaka (vk—v)> -V (Zakpk(Hk—H) (vk—v)>.
k=1 k=1

We note that there are contributions corresponding to the slip between the mixture velocity v and the
velocities of the components vy. In the multi-component model of Drew and Passman these terms are
added to the mixture stress tensor and the mixture heat flux, see [13], p. 82-83. In contrast to the
non-equilibrium model, the mixture model is in conservative form if and only if the conditions (9.2.13)
and (9.2.14) hold.

9.2.3 Equilibrium model

If the relaxation processes are much faster than the transport and dissipation effects, then the fluid can
be considered to be at equilibrium. This state is characterized by vanishing relaxation terms, i.e.,

Sak =0, Sapr =0, Sapv.k =0, Sapei =0. (9.2.18)
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At equilibrium the velocities, pressures and temperatures coincide, i.e.,
V1 =...=VK =V, Pp1 =...=pPK =D, Tl ::T'[(ZT‘7 (9219)

and the chemical potentials of reacting components are equal. In particular, for the interfacial pressures
and interfacial velocity it holds
Pk,l =D, k 7& l, V[ = . (9220)

Then the mixture model (9.2.15), (9.2.16) and (9.2.17) reduces to the the equilibrium model

Op+V- (pv)=0, (9.2.21)
o (pv)+ V- (pvol +pI)=V.-T, (9.2.22)
d(pE)+V - (pv(E+p/p)=V-(v-T-q). (9.2.23)

Note that by definition (9.2.10) and (9.2.12) the mixture pressure p, the mixture stress tensor T' and the
mixture heat flux g depend on the volume fractions ay. These are determined by the algebraic conditions
(9.2.18) and (9.2.19), e.g., [31,45].

9.3 Primitive variables

For the verification of some physical and mathematical properties it will be helpful to rewrite the systems
of equations for the non-equilibrium, mixture and the equilibrium model in terms of primitive quantities

9.3.1 Non-equilibrium model

By means of the system (9.2.2), (9.2.3), (9.2.4) and (9.2.7) we derive evolution equations for the density
Pk, the velocity vy and the pressure py for each component k. Inserting the evolution equation for the
volume fraction (9.2.7) into the continuity equation (9.2.2) we obtain

1
Oy pr. + %Z ('Uk — V[) -Vap+vy -Vor+peV- v = ka (Sap,;€ - kaa,]g) . (9.3.1)

From the momentum equation (9.2.3) we deduce with (9.2.2) Cauchy’s equation of motion

1
Oy v + (Vop) vk + —Vpp + 5 Vay = (9.3.2)
Pk APk
1 K
— Z Pk’lV o+ V- (Oék Tk) + (Sapv,k — Sap,kvk) .
arpr \ Qg Pk
Here the gradient of the velocity is defined as Vv, = (Vg 1,...,V vk,d)T. Then we immediately obtain
the evolution equation for the kinetic energy wuy, := v2 /2
1 Dk
Orug +vg - (Vopvg) + —vp - Vi + v - Vap = (9.3.3)
Pk QL Pk

Vi - (Sapv,k - Sozp,k'vk) .

Qi Pk = Ak Pk

K
1
CI (— > PuVa+ V- (ax Tk)) +

Since the total energy is composed of the internal energy and the kinetic energy, we derive the evolution
equation for the internal energy er, = Fj — uj, from the energy equation (9.2.4), where we employ (9.2.2)
and (9.3.3). Finally we obtain

K
Zpk,z (0~ V1) -V - 22V 0y 4 (9.3.4)
=1 Pk

1 8vkl
- (T —
PkE 8;ci( k)L,

il=1

Orep +vg - (Veg) =
Qg Pk

1
V- (arqy) + ——Sek
Qg Pk Qg Pk
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with the relaxation term
Se7k = SapE,k: — Vg - Sapv,k + Sap7k(uk — ek). (9.3.5)

Next we derive the evolution equation for the pressure pi. For this purpose we first note that for any
equation of state (9.2.6) the following relation holds

dpr = (Opr/0pk) dpx + (Opi/Oey) dey. (9.3.6)
By means of the continuity equation (9.3.1) and the energy equation (9.3.4) we then derive from (9.3.6)

K
&, Pk + Z p—kC,il(vk — V]) -Va +vg- VPk =+ pkczv U = (937)
=Tk OF
1 d 0 vy 1
Opy /e — T V- («a + —5
(Ops/Oex) Pk ilzzjl Ox ( Qg Pk (k) appr "
with the relaxation term
Sp,k = pk(apk/apk) (Sap,k - kaa,k) + (apk/aek) Se,k- (938)
Here the interfacial sound speed and the phase sound speed are defined as
Ciy = — ((Opk/0ex)Pry/ Py + (Opk/Opk)) » i == Opi/Opi + Pi/ Pi(Op/ Dek).- (9.3.9)

9.3.2 Mixture model

Similar to the non-equilibrium model we derive evolution equations for the mixture quantities p, v, e
and p defined by (9.2.10) and (9.2.11) from the evolution equations (9.2.15), (9.2.16) and (9.2.17). First
of all, we determine Cauchy’s equation of motion from the momentum equation (9.2.16) where we use
the continuity equation (9.2.15) and the constraint (9.2.14):

1
Ov+ (Vo) +;Vp= (9.3.10)

1 1 & 1_ &
;V - T — ;ZP[VO&[ — ;V . Zakpk('uk — ’U)(’Uk — ’U)T.
=1

Since definition (9.2.11) of the mixture energy e implies that pe = Zszl apprer, we obtain by (9.3.4)
and (9.2.2) the evolution equation for the internal energy

K K
1 1
at€+v've+;E akpkv"uk:; E Pyi(vp—Vi)-Va
k=1 k=1

1 K K d v
f; E akpkek(vk *’U E E P kol
k=1 k=11,l=1

1
kﬁj*;V-q (9.3.11)

1 K
_; Z(vk : SOt/J’U,k - Sozp,kuk;)-

Finally we determine the evolution equation for the mixture pressure p. Applying the time derivative to
the definition (9.2.10) of p and using (9.2.7) and (9.3.7) we obtain

8tp+v-Vp+p02V~ v =

—Zpk Z C]gl'Uk_VI -Va — Zak (U V pk— )) (9.3.12)

k=1  I=1,l#k

+(vg —v) - Vpk—ZakpkckV (v —v) +Z(pk5 &+ S,>
k=1 k=1
d

K
1 0
3 (Opr/Oex) (on D (TR = V- (onay)

=1 Pk =1 01
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Here the sound speed of the mixture is defined as
1 Z 2
= — Qy, Pk Ch- (9313)

9.3.3 Equilibrium model

In case of the equilibrium model the evolution equations for the primitive variables can be directly
determined from those of the mixture model where we make use of the equilibrium assumptions (9.2.18),
(9.2.19) and (9.2.20) and the saturation condition (9.2.1). Then Cauchy’s equation of motion reads

1 1
The energy equation reduces to
1< 1
detv-VetrLv. v ,Z ~ V. q (9.3.15)
P P P
Finally the pressure equation becomes
Ohp+v-Vp+pPV.-v= (9.3.16)
K d
> —(Opk/der) Jig =V - (onqy)
k=1 Pk -

9.4 Mathematical properties: hyperbolicity and sub-characteristic
condition

Neglecting viscosity and heat conduction as well as relaxation processes in the fluid equations introduced
in Section 9.2 the models reduce to first order systems describing transport effects only. Therefore these
systems should be hyperbolic. This ensures that all wave speeds are finite and the system may be locally
decoupled. From a mathematical point of view, this property is helpful in the construction of Riemann
solvers. Therefore we determine the eigenvalues and eigenvectors corresponding to the non-equilibrium
model. From a numerical point of view the relation between the eigenvalues of the non-equilibrium and
the equilibrium model are of special interest. We conclude this section with a note on the symmetrization
of the hyperbolic system.

9.4.1 Non-equilibrium model

Starting point are the evolution equations for the primitive variables (9.2.7), (9.3.1) , (9.3.2) and (9.3.7).
The corresponding first order system then reads

8ak

) ak+ZVu— =0 (9.4.1)

i=1 Ti

d P Jda dp OV
) LK (s — Vig) =2 Pl M) =0 9.4.2
tpk+;<ak (0h = VEi) G Wi s P65 : (9.4.2)

d K

vy 0y 1 0 pr

0 ; ) e g 2L e IR g, 9.4.3
tvk+; o Z+llzl;éka P pk)e’daxi+0ke’daﬂli ( )

d K

80&[ 81);“
17 i— Vi =0, 4.4

8tpk+z Vg, + Uk T,i ) 9z +pk 91, 0 (9 )

1‘
i=1 Yoi=1,1#k
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where e; 4 € R¢ denotes the unit vector in the ith coordinate direction. In order to characterize hy-
perbolicity of this system we consider its projection onto normal direction £ := x - n for arbitrary unit
direction n € R%. Introducing the vector of primitive variables

w=(a,...,ax_1,wi, ..., w)", wy = (pr,vi,pp)” (9.4.5)

the projected system can be written in quasi-conservative form as

ow

Ot w + B (w) 9e =0. (9.4.6)
The matrix B,, is determined by the block matrix
] Vim Ik
B, = ZBi n; = A.Ln Fe . , (9.4.7)
- Ax B
with the blocks defined as
25 (Opn = Vi) (€f g1 (1= Ok i) = Vg1 O )
Ay = nGi , (9.4.8)
25 (v — Vi)V
Vkn Pk nT 0
Bin=| 04 vppla o-n . (9.4.9)
0 pr cinT Vk.n,
Here ey, k-1 is the kth unit vector in RE-1. In particular, we make the convention ex k-1 = 0.

Furthermore, Iy and Ix_q are the unit matrices in R%*¢ and R(K_I)X(K_l), respectively, and 04 and

1x_; are vectors in R% and R(€—1 with value 0 or 1, respectively. The vectors B and -y, are defined
by their components [ =1,..., K — 1 as

1
Brp = —— ((Prg — pr) (1 = k1) — (Pe,x — pr)(1 — 0k.x)) (9.4.10)
Qg Pk
et = ity (1 = 011) = CF (1 = 0 i) (9.4.11)

with dy; the Kronecker symbol. The normal components of the velocities and the interfacial velocity are
defined as

Vgn = U - 1T, V[yn = V[ ‘n. (9412)

Obviously, the eigenvalues of the matrix (9.4.7) can now be easily computed where we employ the block
structure:
K
det(By, — M) =det(Vy Ty — M 1) [] det(Brn — Aay2) =0 (9.4.13)
k=1

Since the matrices By, coincide with those in case of a single-phase fluid, we then compute
det(Bk)n — /\Id_»,_g) = (Ukm — )\)d (('Uk,n — /\)2 — Ci) (9.4.14)
Hence we obtain the following eigenvalues:

Mg =Vip, k=1,..., K -1 (9.4.15)
MNei = Vs k=1,...,K, i=1,....d (9.4.16)
)\k + = Vk,n :|:Ck, k= 1,. . .,K. (9417)

2]
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Motivated by the block structure of the matrix B, we make the following ansatz for computing the
corresponding left and right eigenvectors

R}, Ly,
R}, R, Li, Li,

R, = . , Lp:= ) (9.4.18)
an RK,n Lfn LKv"

with blocks
R), =rolx_1, ko € R, LY, € RE-DxE-D
R}, LY, e RUTDXED R Ly, e REFDXED =1 K.

Here the matrices R,, and L, are composed of the right and left eigenvectors in their columns and
rows, respectively. To determine the blocks Ry, we note that A;,; and A 4 are also eigenvalues of
the matrix By, ,, and the eigenvalue problem for B,, decouples into eigenvalue problems for the matrices
By, ,, corresponding to a single component. In a first step, we therefore compute the eigenvectors to these

sub-problems where we first determine an orthonormal basis {n, 1, ..., ts_1} of R? such that ¢; t; =0,
and ¢; - m = 0. Then the right and left eigenvectors to the eigenvalues (9.4.16) and (9.4.17) are
rea = (1,07,0)", rri = (0,87,0)7, mpx = (1, %er/ppn’, )", (9.4.19)
lea = (1,05, —c. )T, Ui = (0,¢7,0)7, 1 + = 0.5¢;%(1, £exprm®, 1)T (9.4.20)
fori=1,...,d — 1. Thus there exists an eigenvalue decomposition of the matrix By, », i.e.,
Ly By nRpn = Akons (9.4.21)

where Ly, , and Ry, ,, are defined by the left and right eigenvectors and Ay, is a diagonal matrix with
eigenvalues on the diagonal

1 0... 0 1 1

ka = —ck/pkn tl [N td,1 Od ck/pkn s (9422)
g 0...0 0 o
) 0 0 ... 0 22 0 \"
Ly, = 22 —cpprm 203t ... 2¢2tq—1 Og cpprm | (9.4.23)
Ck 1 0 ... 0 -2 1
Vg,n — Ck 0% 0
Ak,n = Od Uk,nId Od . (9.4.24)
0 Og Vk,n + Ck

To calculate the eigenvectors to the multiple eigenvalue A;; we employ the knowledge of the matrices
Ry, ,,. According to the block structure of the matrix R,, the matrix of corresponding right eigenvectors
needs to satisfy

(B — AiI)R, =0 (By — Arila2) Ry, = —Ap R}, = —koApn

for k =1,..., K. Assuming that the eigenvalue A;; does not coincide with one of the eigenvalues A ; and
Ak,+, then By, — A ;I 440 is regular and there exists a unique solution for le,n. For its representation
we introduce

K K
Ko ::Hazal, R = H ao, k=1,..., K
=1 1=1,l#k
with 07 := vgn — Vi, and oy 1= ((5,7;)2 — ci. Then we obtain
R}, =rolKk_1, (9.4.25)
Oékciﬁf;(fﬂi)”yg
R}, = ki pi —n(awBi —11 )5}/ P (9.4.26)

—or(€l g (1= 0px) — 1 _16k.) + Bt —vE
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Since ay, € (0,1) according to (9.2.1), these matrices are regular, i.e., the columns are linearly indepen-
dent, if and only if
on#0 Yk=1,... K, (9.4.27)

holds. This condition is referred to as the non-resonance condition, see [8] in case of a two-velocity-two-
pressure model in two-phase flows. Thus the corresponding left eigenvectors are determined by the rows
of the inverse of R,,. Since L, R, = I, the blocks turn out to be

Lin=Ri,, k=1,... K, (9.4.28)
L(I),n = (R?,n)_l = ’%61 IK—la (9429)
L, =Ly RI,(R},) " =—ry ' LywRE,, k=1,... K, (9.4.30)
and we obtain for the right eigenvectors
_ _ _ T
rro=ro (F )T, )", FE)T) =1, K -1 (9.4.31)
where F(IJJ =e; k-1 and F’}J = (fk,z,ﬂf,l,?k,z)T is determined by the components
Zkt = Pk (ki Bra— (7)) /(akow), (9.4.32)
Ypt = —1 (Bri—k1) Ok /(arow), (9.4.33)
T = (—ok Ok (1 = Ok, k) — Ok, i) + U Bri—Vr,1) P/ (QkOR). (9.4.34)

These are well-defined also in case of o = 0 or o, = 0. Similar to (9.4.31) the left eigenvectors are then
given by

1 1 K T
Uiy = ((l,’O)T,(l”)T,...,(l”)T) Jl=1,... K —1. (9.4.35)
with
o Pk
19, = -t - o= Gho,...,00L, )T
1, kgl(akak) el,K 1, 1, 2C%ako_k (ak, 5 , U, k,ck)
and

al, = —cr(arBri—k1) 08 + ok (k1 (1 — i) — Ok.ic) — U Bra+Ve i

by, = 265 ((07)* Vi —anciBr1) — 20k (Sk1(1 = O, k) — O, )
+2(ar B, —Vr,1)

ch = er(anBra — a)op + ok (k1 (1 — Sk k) — Ok i) — Qe Bra+Vn1-

After having determined the eigenvalues and the corresponding linearly independent right and left
eigenvectors we finally end up with the eigenvalue decomposition of the matrix B,,

L.B,R, = A, (9.4.36)

with the block-diagonal matrix A, = diag(Aon, A1 n,---,Axn) and Ag, = VipIg_1. To verify
this decomposition we make use of the identity BkﬁnRI}m = RI;VnAo,n - Ak,nR%n. To conclude the
investigation on the hyperbolicity we summarize the findings in the following theorem.

Theorem 9.4.1. (Hyperbolicity) Let the interfacial pressures satisfy the conditions (9.2.5) and (9.2.14).
Let the interfacial velocity V' be chosen such that for arbitrary normal direction n the normal interfacial
velocity vy, does not coincide with one of the eigenvalues Ay ; and A+ of B, i.e., the non-resonance
condition (9.4.27) is satisfied. Then the first order system (9.4.1), (9.4.2), (9.4.3) and (9.4.4) is hyper-
bolic, i.e., (i) the eigenvalues of the matriz (9.4.7) are all real but not necessarily distinct and (i) there
exists a system of linearly independent left and right eigenvectors with (9.4.36).

This theorem holds true also for the non-equilibrium model (9.2.2), (9.2.3), (9.2.4) and (9.2.7) ne-
glecting viscosity and heat conduction as well as relaxation processes, because eigenvalues are invariant
under a regular, bijective change of variables and the corresponding eigenvectors can be determined by
scaling of the original eigenvectors by the Jacobian of the transformation and its inverse, respectively.

Finally we want to remark that the eigenvectors coincide with the one given in [3,44] in case of a
7-equation model in one space dimension (K =2, d = 1).
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9.4.2 Equilibrium model

Similar to the non-equilibrium case we can determine the eigenvalues of the equilibrium model. A starting
point is the evolution equations (9.2.21), (9.2.22) and (9.2.23). The corresponding first order system then
reads

d
3p 8'Ui
dip+ . (vi +p > =0, (9.4.37)
P 8l‘i 8l‘l
d
dv 1 O0Op
Orv+ Z <vi e + ;ei 3xi> =0, (9.4.38)
=1
d
3p 2 8’1)1'
P 8.131 Gxi

Again we consider its projection onto normal direction & := @ - n for arbitrary unit direction n € R?
that can be written in quasi-conservative form

By w + B, (w) %—’g’ ~0 (9.4.40)

with the vector of primitive variables w = (p,vT,p)? and matrix

vy, pnT 0
B,:= |04 valq ;n|. (9.4.41)
0 chnT Uy,
The normal component of the velocity is defined as
Up =V M. (9.4.42)
The eigenvalues of B,, are then characterized by the roots of the characteristic polynomial
det(B, — A 4.2) = (v, — N (v, — N)? = ¢2).
Hence we obtain the following eigenvalues:

A =v,tec, N=wv, i=1,...,d (9.4.43)

With regard to a stable numerical discretization of the non-equilibrium model in the limit of vanishing
relaxation terms, the so-called sub-characteristic condition, see Whitham [43] and Liu [28], has to hold
true. For this purpose we evaluate the eigenvalues (9.4.15), (9.4.16) and (9.4.17) with respect to an
equilibrium state, i.e.,(9.2.18), (9.2.19) and (9.2.20) hold,

Mr=Vipn=0n=v-n=0, k=1,...,K—1 (9.4.44)
Mei =Vpn =V m=v-n=0,, k=1,... . K, i=1,...,d (9.4.45)
Mt =Vpnter=0v,%cp, k=1,... K. (9.4.46)

Here the bar indicates evaluation with respect to an equilibrium state. Then by definition (9.3.13) and
(9.2.10) of the mixture sound speed and the mixture density we conclude from the positivity of the
densities pg and the volume fractions ay

ce i min Ek,k max x| =: [Cmins Cmaz] -
= =1,.

yeens yeeey

A straight forward estimate gives
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In the second estimate we use that

2z =1,...K

. =1,...,

—C€ |— max Cg,— min Cg,| = min —¢p, max —Cg| .
k K k=1,...K k=1,... K k

This immediately implies that the following theorem holds true.

Theorem 9.4.2. (Sub-characteristic condition) Let ay, pr and ¢, k =1,..., K, be non-negative. Then
the eigenvalues (9.4.15), (9.4.16), (9.4.17) and (9.4.44), (9.4.45), (9.4.46) of the non-equilibrium model
and the equilibrium model, respectively, evaluated with respect to an equilibrium state, i.e., (9.2.18),
(9.2.19) and (9.2.20) hold, satisfy the sub-characteristic condition

Ai € {min <min)\1 &, min g Z) , max <max)\1 &, Max \g Z>} ={v,},
Xi S {min)\k i,maxxk :|::| .
k k k ’

Note that similar results have been proven recently by Flatten and Lund [15] for a hierarchy of
two-phase relaxation models.

9.4.3 Symmetrization

From Kato’s theorem [26] it follows that there exists a local-in-time smooth solution to the Cauchy
problem of the projected system (9.4.6), if the problem is symmetrizable, i.e., there exists a symmetric
positive definite matrix P, = P,(w) such that the matrix P,B,, is symmetric. To construct such a
symmetrizer we first observe that the matrix

1 0% —1/c?
Pk = Od O.5(pk/ck)2 Id Od
—-1/c2 0} 1.5/c}

is a symmetrizer of the phasic problem

8wk

Ot wy, + By (wy)

We then make the following ansatz for a symmetrizer of (9.4.6):

T T
KPa,nIKfl Plya,n T PK,oz,n
PLa,n Pl

PK,a,n PK

where

Pk,a,n = Lzﬂ,n (Ak,n - VI,nId+2)_1 Rk,nPkAk,n

with Ak, Ren, Li, and Ay, defined by (9.4.8), (9.4.22), (9.4.23) and (9.4.24). Note that Py o, is
well-defined if the non-resonance condition (9.4.27) holds true. Obviously, P,, is symmetric. It turns
out that P, B, is symmetric whenever P;‘Qa’nAk’n is symmetric. The latter holds true provided that

meka = Lg’n. This condition is only satisfied in the one-dimensional case, i.e., d = 1. It remains to

verify that P,, is positive definite. For this purpose we have to verify for any a = (al,al,... a%)T £ 0
with @, € RE~1 a) € R2 k=1,..., K that a” P,a is positive. A straightforward calculus yields
K-1K-1 , K
a"P,a = Pyn (aayi + (Pf’a’nak)i/Payn) + Z P;:LagQak
k=1 i=1 k=1

with Q := P, , Py, — Pk,a,nP;‘ga,n- Since P, is symmetric positive definite, the Cholesky decomposition
Py = CkCZ exists. Furthermore, the matrix Ey := C;1P£a7nPk,a7nC5 is symmetric and, thus, there
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exists an orthogonal matrix T such that TkEkTT = Dy, where Dy is a diagonal matrix with the
eigenvalues p¥ of E}, as entries. Then we obtain

d+2
ay Qay =bi (Ponlays — Di)be =Y b7, (Pam — 1)
i=1
with by = chfak. Choosing P, , > max; {|uf|} > 0 the term akTQak is non-negative and is

positive for aj # 0. Thus, we have finally verified that in the one-dimensional case the matrix P, is
a symmetrizer of (9.4.6) provided the non-resonance condition (9.4.27) holds true. This generalizes the
result in [8] for a two-phase model.

9.5 Frame invariance, objectivity and Galilean transformation

Since the results of an experiment should be independent of the observer’s position in the Euclidean
space, a physical meaningful model should reflect this behavior. This property is referred to as frame
indifference and objectivity in the literature, cf. [13], p. 31 ff, and [29]: performing the general Euclidean
change of frame

t"=t+a, x=zit)+ Q()(x—x), (9.5.1)
with constant values a and xy and @ an orthogonal matrix, i.e.,
QR =QQ" =1, (9.5.2)
then a scalar f, a vector u and a tensor T are called objective, if
P @) = f(a), wt (@) = Qult,@), T (1", 2") = QU)T(t,2)Q7 (1), (9.5.3)

To rewrite the fluid equations in terms of the general Euclidean change of frame we introduce the change
of variables

ft,®) = f(t* —a,z0 + QT (1)(x" — x5(t)), (9.5.4)
u(t,x) = u(t* —a, o+ QT (t)(x* — x(t)), (9.5.5)
T(t,z) = T(t* —a,xo+ QT (t)(x* — (1)) (9.5.6)

It is well-known that the fluid equations for a single phase are not invariant under a general Euclidean
frame of change. For instance, Coriolis forces enter in case of a time-dependent rotation. However, the
fluid equations are invariant under a Galilean transformation where we choose

£o=0, Q=0 equiv. Q = const, xj(t) = co + c1t, ¢1,co = const (9.5.7)

in (9.5.1). For this transformation the velocity vector is still not objective but the acceleration and the
rotation tensor are objective.

In the following we will confine ourselves to a Galilean transformation and derive constraints for the
source terms Sq k, Sap.k, Sapv,k and Sa,e k. For this purpose we apply a Galilean frame of change to
the fluid equations (9.2.2), (9.2.3), (9.2.4) and (9.2.7). A detailed derivation can be found in [34]. Here
we will confine ourselves to the main results. First of all, we derive from the evolution equation (9.2.7)
of the volume fractions assuming that the volume fractions are objective, i.e., aj = ay,

8,5*047;+V7-'V;1;* Oé;;: :;",kﬂ kzl,...,K, (958)
where the interfacial velocity and the source term are given as

Vi=a,+QVi+Qx—x0) =+ QVi=c1 +QV7, (9.5.9)
So k= Sa k- (9.5.10)
Next we consider the evolution of mass. Assuming that the mass is objective, i.e., pj = pi, we derive

from (9.2.3)
O (0 p) + V- (0§ 05) = S e 95.11)
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with source term
S:;*p*’k = Sap k- (9.5.12)

Note that (9.5.8) and (9.5.11) hold true for a general Euclidean change of frame (9.5.1). The transfor-
mation of the momentum equation (9.2.3) is cumbersome. It significantly simplifies in case of a Galilean
transformation. Starting from (9.2.3) one has to incorporate (9.5.11). Assuming that the pressures py
and Py ; and the stress tensors T, are objective, i.e., p;, = px, Pk*,l =P, and T, = QTkQT, we obtain

Or- (af i v}) + Va- - (af pi i viT + iy D) = (0.5.13)
K
=Y Py Va-of + Vae - (0} Th) + She po 1o
=1
with source term
Sz*p*v*,k = Sap,k: iL’Z; -‘rQSan’k. (9514)

Finally we apply the Galilean transformation to the energy equation (9.2.4). Since the velocity is not an
objective vector, the kinetic energy in the Galilean frame becomes

€kin,k = Ckink T Tq * Vg — 5(330)27 Ckink ‘= §vi. (9.5.15)

Thus the total energy and the total enthalpy are

1 .k * 1 % * * *
Ey:=e,+ 51}% =E; —a;- v, + 5(330)2, E} :=e; + 2(vk)2, (9.5.16)
Hy =B+ 25 = Hp — &% of + 2 (28)?, Hp = Ef + 2% (9.5.17)
Pk 2 Pk

where we also assume objectivity of the internal energy, i.e., ej = e;. Again, after some tedious work
of calculus using (9.5.2) and incorporating (9.5.11), (9.5.13), the energy equation (9.2.4) in the Galilean
frame becomes

O (a, p B) + V- - (g pi v, (B + 01/ p1)) = (9.5.18)
K
> Py Vi-Vaeof + Va- - (o) (v T5 = q3) + S pe g s
=1
with source term )
S ok = Sapmk + QSap k- TG + 5 (&) Sapk- (9.5.19)

Here we again assume objectivity of the pressure P ; and the heat flux q,, i.e., Py, = Pgyand g = Qq,.
Finally, we conclude with summarizing our findings in the following

Theorem 9.5.1. (Galilean Invariance) Let the following assumptions hold true
1. ag, pk, Pk, ex and Py are objective scalars,
2. qi, Tk are objective vectors and tensors, respectively,

3. all material parameters, e.g., the viscosity coefficient Tiy,, the heat conduction coefficient N\ intro-
duced in Section 9.6.3.1, are objective,

4. the source terms (9.5.10), (9.5.12), (9.5.14), (9.5.19) are invariant under a Galilean transforma-
tion, i.e.,

Zé*,k: = Soc*,k:a SEkOép)*,k: = S(ocp)*,ka Szkotpv)*,k: = S(Ozpv)*,lm SZ:OZPE)*JC = S(Osz)*,k' (9520)

Then the non-equilibrium model (9.2.2), (9.2.3), (9.2.4) and (9.2.7) with velocity vy = &y + Quy,
interfacial velocity velocity @i + QV 1 and total energy (9.5.16) is Galilean invariant. This also holds
true for the system without the source term terms as well as for the mizture model and the equilibrium
model because the latter are derived from the non-equilibrium model by summation.



9.6. THERMODYNAMICAL PROPERTIES: 2ND LAW OF THERMODYNAMICS 217

9.6 Thermodynamical properties: 2nd law of thermodynamics

From a physical point of view, a model is admissible if it is in agreement with the principles of ther-
modynamics. For this purpose we first derive the entropy law for the non-equilibrium model. Then we
determine the entropy production terms of the mixture. To be consistent with the 2nd law of thermody-
namics we have to check the sign of the entropy production terms. This will provide us with admissibility
criteria for the interfacial pressures and velocity as well as the relaxation terms.

9.6.1 Entropy

In order to investigate thermodynamical properties of the non-equilibrium model (9.2.2), (9.2.3), (9.2.4)
and (9.2.7), we assume that the entropy of each component satisfies

dek = desk - pdek, (961)

where 75, := 1/py, is the specific volume of component k. Thus the pressure and the temperature are the
partial derivatives of ey (7x, si) that are assumed to be positive, i.e.,

6ek 8€k
Pr(Thy sk) = =5 (Ths sk) 2 0, The(7h, 8%) = 55— (7, 58) > 0.
oty 0sy,
Furthermore, to ensure thermodynamical stability we assume that the Hessian of e is a convex function
with respect to 7, and sy, i.e.,

Assuming that py and T} are strictly positive, then e; becomes a monotone function in 7, and s and
we may change variables, i.e., sy = sp(7%, ex) satisfying

Tidsy, = dey + prdTy (962)
with partial derivatives
Osy Dk Osy, 1
— == — =—>0. 9.6.3
o, (Tk; ex) T, >0, Der (Tks ex) T > ( )

It is well-known that s = si (7%, ex) is a concave function, i.e., the Hessian is negative-definite

0%sy, 9%s
8277%(7%,61@) <0,
82Sk 623k aQSk 2
—_r . >

P, (Tkaek)agek (Ths er) > <8Tk86k (ﬁm@c)) ;

aTe’Z(Tk, er) <0, (9.6.4)

if and only if ey (7%, sk) is a convex function, i.e., thermodynamic stability holds.

9.6.2 Entropy equation

In order to derive the entropy equation we rewrite (9.6.2) as

P dpn. (9.6.5)

Pk

desk = dek —
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By means of the evolution equations (9.3.1) and (9.3.4) for the density and the internal energy we then
deduce the entropy law

K
1
O sk + vk - Vs = vy <; Pyi(vy = Vi) -Va+pe(ve — Vi) - Vag
9w
k,l

ok “2::1 oz, Tk =V - (k) + Sax (9.6.6)

with the relaxation term .
Ss,k = Seyk - ﬁSapyk +kaa,k- (9.6.7)

For the volume specific entropy we then obtain together with (9.2.2)

K
1 1
O (akpksk) + V- (akpkskvk) + V- (ﬁaqu) = ﬁ ( E PkJ ('Uk — V[) -V oy
=1

d
ov 1
-l-pk('uk — V]) -V o, + af, Z axk’l (Tk)l,i — akT—qu V1L | + Saps,k (9.6.8)
il=1 v
with the relaxation term 1
Saps,k = Tkss,k + SkSap,k:- (969)

Introducing the entropy of the components of the mixture

K
ps 1= Zakpksk (9.6.10)
k=1

we finally obtain with (9.2.12) the entropy law of the mixture

K K
1
O (ps) +V - (Z ozkpkskvk> + V- (Z Tkaqu> = (9.6.11)
k=1

k=1

K
Z(akzk + apAg + 10, + Saps,k)v
k=1

where the production terms are defined as

K

I := Tik (lz; Py (v — Vi) Vo +pr(vg —Vy) - Vak) . (9.6.12)

5= o Zd: vk, (T (9.6.13)
ko O "

Ay = —;qu -V T (9.6.14)

Note that the total entropy of a homogeneous mixture is determined by the sum of ps and the non-
negative mixture entropy, [32], p. 320. We discuss the mixture entropy in the context of the relaxation
terms for chemical potentials for a three-component mixture, see Section 9.7.3.2.

9.6.3 Entropy production

According to the 2nd law of thermodynamics the production terms (9.6.12), (9.6.13) and (9.6.14) have
to be non-negative. In the subsequent sections we will derive sufficient conditions that ensure thermo-
dynamical compatibility.
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9.6.3.1 Entropy production due to viscosity and heat conduction

In order to verify the physically admissible sign of the entropy production term ¥ we have to specify
the viscous stress tensor T, for each component. For an isotropic Newtonian fluid the stress tensor reads

2
Ty =p, (V v + V’UkT — g(v . ’Uk)I) , (9.6.15)

where 71;, denotes the viscosity coeflicient of component k. Thus the components of this symmetric tensor
are

_ 8Ukl 81%1 (9’Uk7
S —*Z Lo | = (T

Then we compute for the entropy production term (9.6.13)

with

i=1 j=1,j#i
2
vk 1 .
2 (G d=1
O vg,1 O v 2 2 O vg,1 O v, 2 2
(Bml) +<8m$> +(8z1 _az2) ’d:2
6vk,1 _ 61.))612 2 + 8’Uk,2 _ avk’g 2 + 81}&1 _ 8’Uk,3 2 di 3
Oy 0o O xo Oxs3 Oz Ox3 [

Obviously, the following theorem holds true.

Theorem 9.6.1. (Entropy production due to viscosity) The viscous stress tensors are determined by
(9.6.15). Let the temperatures T}, and the viscosity coefficients Ty, k =1, ..., K, be non-negative. Then
the production terms (9.6.13) are non-negative. In addition, assuming the saturation condition (9.2.1),

then the entropy production due to viscosity Eszl Xk 1S non-negative.

The heat fluxes are modeled by Fourier’s law of heat conduction for a fluid with isotropic material
property
p =~V T, (9.6.16)

where \;, denotes the heat conduction coefficient of component k.
Then the entropy production term (9.6.14) reads

1 —
A= 5 MV Ty -V T
Tk

From this we directly conclude

Theorem 9.6.2. (Entropy production due to heat conduction) The heat fluzes are determined by (9.6.16).
Let the temperatures Tj, and the heat conduction coefficients A, k = 1,..., K, be non-negative. Then
the production terms (9.6.14) are non-negative. In addition, assuming the saturation condition (9.2.1),
the entropy production due to heat conduction Zle ar Ay 18 non-negative.

Note that Theorems 9.6.1 and 9.6.2 are counterparts of the results of Guillemaud [20] in case of a
two-component model.
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9.6.3.2 Interfacial velocity and pressure

To investigate the admissibility of the production terms IT; we first make use of the assumptions (9.2.5)
and (9.2.14) for the interfacial pressures. Then these terms become

K
1
Iy = T l—1zl7$k (Peg —pr) (v = Vi) - Vau.

Obviously, we cannot control the sign of IT;. According to the conservation constraints (9.2.14) all Py,
k # 1, are coupled. Therefore we determine the interfacial pressures Py ; and the interfacial velocity Vr
such that the sum II := Zszl [T vanishes. For this purpose we substitute V aj by the other gradients
using (9.2.8). According to the saturation condition (9.2.1) the gradients Vay, k =1,..., K — 1, are
linearly independent. Thus rearranging the terms in II with respect to the K — 1 gradients of oy, the
coefficients in front of these gradients must be zero when II vanishes. This yields the following K — 1
conditions

K-1
1 1
> ((Peg—pk) = (Prx — 1)) (0k — V1) + == (Pt — pr)(vk = Vi) =0 (9.6.17)
Tk TK
k=1,k#1
forl=1,..., K — 1. Next we assume that the interfacial velocity is a convex combination of the single
component velocities vy, i.e.,
Vi= Zﬂkvk, B € [0, 1], Zﬁk =1 (9.6.18)

k=1

This is motivated by Gallouét et al. [16] and Hérard [23] for a two-phase and a three-phase model,
respectively. Then we may rewrite the velocity differences in (9.6.17) as

k—1 i K-1 K
vk = V=YY (=B) (wi—vig) + > Y Bi(vi—vig1).

i=1 j=1 i=k j=i+1
Rearranging (9.6.17) in terms of the independent differences v; — v;1+1, ¢ = 1,..., K — 1, we obtain the
following conditions
‘1
Z T ((Pry —pr)(1 = 01k) = (Pr,xc — pr)) Z Bj + (9.6.19)
k
k=1 Jj=i+1
K-l 1 i
< > 7 (Poa = pr)(1 = 0uk) = (Prie = pr)) + 7~ (Prc —PK)> (=B;) =0
k=i+1 j=1
or, equivalently,
Z Bj | Pri— Z Z Bi | Pex - (9.6.20)
k=1.#£1 \ " F j=it1 k=1 \ " F j=it1
K-1 1 & 1 J
Z Zﬁg P+ Z ﬁZﬁj Pk,K_§ZﬁjPK,l:
k=i+1, ] 1 k=i+1 j=1 j=1

K-1 i
—Z*Pk(ﬁk Z B; + (Z ! = PkOLE — i{pK> > B
j=1

Jj=i+1 k=i+1

for [,i=1,..., K —1. This gives (K — 1)? equations for (K — 1)K unknowns Py, k,l =1,..., K, k # L.
Thus we need additional K — 1 equations to ensure uniqueness for fixed parameters S1,..., k. These
equations are determined by the conservation constraints (9.2.14) that read

> Pu=Pr=const, 1=1,...,K. (9.6.21)
k=1,kl
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These equations are equivalent to
K K-1
> Puy-) Pux=0, I=1,... K-1, (9.6.22)
k=1,k#1 k=1

Then (9.6.20) and (9.6.22) form a linear system for the interfacial pressures. To solve the system it is
convenient to rewrite it in blockwise form

AMNP +BAgkPrg=d;, 1=1,....K—1 (9623)

for the unknowns P; := (Piy,..., P—11, P14, ... ,PL)T 1=1,..., K with matrix A; = diag(Tfl, .. ,Tl__ll, 71

I+10

assuming positive temperatures Ty, and A; = (a',...,a'"', @', ..., a®) and B = (b*,...,b" ') in
REX(K=1) defined by the columns

k k K-1 T K
a®” = (—c1,...,—Cp—1,c",...,c" " TE) €eR*, k=1,... K,

bk:(Cl,...,Ck_l,—ck,...,—CK_l,Tk)TERK, k}Zl,...,K—l

and right-hand side d;; = Ci(pl/Tl — PK/TK), 1<i<I[l-1and dl,i = Cz’(pl/Tl — PK/TK) 7pl/Tl,
1 <i < K — 1. Here we define ¢, := Zf:1 Bj, ck = Zﬁikﬂ B;. Note that by the convexity assumption
(9.6.18) it holds ¢x + cji 1, k=1,..., K. Manipulating the rows and columns of (9.6.23) we obtain
the equivalent system A P = d with

A, B s P, Ld,
. A, B|_ _ | s'P, Ld,
A= . . S7 pP=S . ? T= .
ZK,1 E S_lﬁ[( LdKfl

with A; = LA;A;S, B = LBAKS and Frobenius matrices

K—2 K—-1
5211(71—26%1@6;‘, L=1Ik+ Z(TjH_Tj)ej@eK
j=1 J=1

and the transpose of a Frobenius matrix

K—-1 k—2
S=Tu-nr+ Y, | D eini® e+t
k=1 j=1
K-2
Z €/ (kj) ® €5 (K j+1) T €jr(k,k—1) @ €j/(K K1)
j=k

with indices j'(k,j) = j + (k — 1)(K — 1). Here we make the convention that in case of K = 2

empty sums in S and S correspond to zero matrices. Since the determinant of Frobenius matrices is
- N K-1 N
one, it follows that det(A) = (T/ H,iil Tk) with T' = Zﬁil BrTy. Thus, the system has a unique

solution. This can be determined by successively solving the subsystems AP, =7,1=1,...,L—1with
A = (Cvl,ll,...,dlK_l,bl)T with CvlgC =er, k=1,...,1—2, CVL§71 =e_1+ey, (Vl,gc =epr1, k=1,..., K -2,

abe = (—c,..., —CK_l,T)iand Big =—e, k=1—1,l and Iv)iC = 0 otherwise. The right-hand side is

determined by ¥, =7 +e€;_1P;_1{(xk—2)k- A tedious calculation finally gives the unique solution to the
system (9.6.20) and (9.6.22) and we conclude with the following

Theorem 9.6.3. (Entropy production due to interfacial states) Let the assumptions (9.2.5) and (9.2.14)
hold true.  If the temperatures Ty are all positive, then for any convex combination (9.6.18) for the
interfacial velocity V1 there uniquely exist interfacial pressures

Ml -

K K
Poo==|BpTh+pe Y BTy |, T:=> BTk (9.6.24)
j=1,#k k=1
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solving the linear system (9.6.20) and (9.6.22) and, thus, the production term II = 22{:1 Iy, vanishes.
In particular, the interfacial pressures are all positive and it holds

K K )
Pr=>"m > BTyT. (9.6.25)
k=1

=1 j=1#k

Since by means of the linear system (9.6.20) and (9.6.22) the interfacial pressures Py ; depend on
the convex combination (9.6.18) for the interfacial velocity V', the 2nd law of thermodynamics does
not uniquely characterize interfacial velocity. There are several options discussed in the literature for
two-component and three-component models, cf. [16,23,37]. We comment on this in Section 9.7.4.

9.6.3.3 Entropy production due to relaxation

According to the entropy law (9.6.8) of a single component the entropy production due to the relaxation
processes is determined by

1
Saps,k = /1—7c (pksa,k + (uk - gk)Sap,k — Vg - Sap’u,k: + SapE,k) ) (9626)

where we plug (9.6.7) and (9.3.5) into (9.6.9). Here the Gibbs free energy of component k is defined as
gk = ek + i/ pr — Thsk (9.6.27)

In addition to the conservation constraints (9.2.13) the relaxation terms (9.2.9) have to satisfy

K
SPSJC 2 07 k= 17 tee 7K or Zsozps,k 2 0. (9628)
k=1

to ensure that the mixture is consistent with the 2nd law of thermodynamics.

9.6.4 Thermodynamic stability

According to Menikoff and Plohr [30] thermodynamic stability of a single component k requires that
e is a convex function of the specific volume 73, and the specific entropy sg, see also Section 9.6.1.
In [19], p. 99 ff, it is proven that this holds true, if the entropy Uy := —pgsk is a convex function of
ug = (pr, prvr, prEx)T. In the following we will verify that

K
U(u) :=— Z QppRSE = —ps (9.6.29)
k=1
is a convex function of the quantities w := (o, cyu?, ... axuk)? with o := (ay,...,ax_1)T. For this

purpose we extend the proof in [37], Appendix A, for a two-phase model to our K-component model.
To verify the convexity of U we need to prove that the Hessian is positive semi-definite. First of all,
we note that by (9.2.1)

day, Juy, 1 Ouy, 1
— =0k — 6 — = ——uk(g; — 6 = —0p. L
Doy kl — Ok,K 5 Doy ar ug(0k,1 — Ok, k), donus  an kidd+2
holds for k=1,...,K, I =1,..., K — 1. Then it follows for the gradient of U:
ou oU; oUk oU U,
U U _ . K . - = . 9.6.30
o (u) = Ui(w) — Uk (ux) 9u; () - + 5 () - u, dara Y = 7a, (w) ( )
The Hessian of U is determined by the second order derivatives
0*U 1 0*U; 1 0*Uxk
= Op—ul —ul——= kil=1,....K
Do (u) kUM g, (wp)u; + o Y G (ur)uk, k, oo K
02U 1 02U,
- — = —— 0kt — Ok1) = l=1,....K, k=1,..., K -1
8ak8alul (’LL) iy ( k,l K,l) agul (ul)ula ) ) ) ) ) )
0*U 1 02U,

P EEE-— = —0p 1 —— kil=1,... K.
Oapurdaguy u) o k’l62’ul (UII)7 ’ ’ ’
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For a compact representation of the Hessian we introduce the notation

2
Ug o= (M(u)> e RE-Dx(K-1)
' Oay, 0oy Lk=1,..,K—1
0*U
Ua e = R(d+2)><(d+2)
kUK, Uk OagupOaguy, u) © 7
82U 62U
U, = —m—m4M e, ————————— R(HDX(K-1),
S <5akuk5a1 SUNS dagurdok 1 (U)> ©

According to the above second order derivatives these are determined by

1 1
Uaa= —u%U}QuKlK,l + diag ((ugUguk) > , (9.6.31)
aK Qk k=1,...K—1
1
Uak'uksvoékuk = ?kUga (9.6.32)
1
Uajua = _7(61671 - 5K,k)Uguk = Ug apty? (9.6.33)
Ok =1, K—1 '

where U} denotes the Hessian of the entropy Uy = U (uy) of component k. Then the Hessian can be
represented as block-matrix

Ua,a Ua,alul e Ua,aluK
UN('u,) _ Ual:lt1;a UOé1'LL17a1’u1 . . (9.6.34)
UaK'u,K,a UOé1’lLK,OéKUK

To verify positive semi-definiteness of the Hessian we introduce the vector = (a”,b] ,...,b%k)" with
a € RE-1and b, € R¥*2 k=1,..., K. Then we obtain by the block-structure (9.6.34) of the Hessian

K K
t'U"z =a"Unaa+ Y a"Unopubi + Y0 (Uoyuy.a8 + Usyugapuibi) - (9.6.35)

k=1 k=1

By means of (9.6.31), (9.6.32) and (9.6.33) we determine

1 K-1 4 K-1
a’"Ugy oo = —(aug) Ul (auk) + —(apup)TUY (apug), a = Z a,
(6724 Qg
k=1 =1
K-1
T
a"U o 0y br = — Z OTk(ék,l — 01, 5)b, Uy, (ayug,),

=1

1 1
biUaapu,@ = —0k kb Uk (aug) — — (1 — 64,5 )b U7, (arur),
[6%7¢ Qg

1
bgUakuk,akukbk = ;kbeZ by.

Incorporating this into (9.6.35) we finally conclude after some calculus with
K-1 4
.’IJTUN:E = Z 7(bk — akuk)TUg (bk — akuk)
=1 Yk

1
+047(bK - auK)TU}’( (bK - G/U,K) 2 0,
K

because the Hessians U, are assumed to be positive semi-definite. Note that for & # 0 we cannot ensure
xTU"z to be positive even if U}, is strictly convex because all the terms by — agug, k= 1,..., K — 1,
and b — aux may vanish at the same time. Thus we have proven the following

Theorem 9.6.4. (Convezity of entropy function) Let ey be a convex function of (1, sx), k=1,..., K.
Then the entropy U is a convez function of w, i.e, the Hessian of U is positive semi-definite.
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9.6.5 Remarks on entropy-entropy flux pairs

From a mathematical point of view, the concept of entropy-entropy flux pairs, cf. [18], has been intro-
duced to characterize a unique weak solution of an initial (boundary) value problem of (inhomogeneous)
conservation laws that in quasi-conservative form reads

of,
ou

d
Oru + Z A;(u)0y, u=S(u), A;i(u):= (u) (9.6.36)
i=1
where u : Ry x Q - D C R™ with Q CR?, f,: D - R™, i=1,....dand § : D — R™, denote the
vector of m conserved quantities, the fluxes in the ith coordinate direction, ¢ = 1,...,d, and the source
function, respectively. Motivated by thermodynamics, the entropy inequality

d
OhU(u)+ Y s, Fi(u) <0 (9.6.37)
i=1
has to hold in a weak sense for any convex function U : D — R and functions F; : D - R, i=1,....d,
referred to as entropy and entropy flux, that satisfy the compatibility conditions
VoU(w) T Aj(u) = Vo Fi(w)T, i=1,...,d. (9.6.38)

Due to these conditions we infer for smooth solutions of (9.6.36) the entropy equation
d
U () + Y s, Fi(u) = VoU(u)" S(u), (9.6.39)
i=1

Obviously, the entropy inequality (9.6.37) holds if and only if the entropy production is negative, i.e.,
VU (u)? S(u) <0. (9.6.40)

Motivated by the entropy equation (9.6.11) a candidate for an entropy-entropy flux pair for our non-
equilibrium model (9.2.2), (9.2.3), (9.2.4) and (9.2.7) neglecting viscosity and heat conduction is

K K
U(u) :=— Zakpksk =—ps, Fi(u):=- Z QkPESEVE, T =1,...,d. (9.6.41)
k=1 k=1

In [34] it has been proven that the entropy-entropy flux pairs (U, F;) satisfies the compatibility
conditions (9.6.38), if the conditions (9.6.17) hold. Furthermore, it was shown that inequality (9.6.40) is
equivalent to S,; > 0 provided that the entropies s = si(7%,ex), K = 1,..., K, are concave functions,
i.e., (9.6.4) holds.

9.7 Relaxation model

The non-equilibrium model presented in Section 9.2.1 allows for different values for velocities, pressures,
temperatures as well as chemical potentials at the same point. Therefore one has to introduce a relax-
ation mechanism, that drives all these quantities into equilibrium. Typically it is distinguished between
mechanical and thermal relaxation processes that relax either pressures and velocities or temperatures
and chemical potentials to equilibrium.

The relaxation terms are of major importance when dealing with interface problems, see for instance
Saurel and Abgrall [38] or Lallemand et al. [27] for mechanical relaxation terms and Métayer et al. [31]
for pressure, temperature and Gibbs free energy relaxation terms. Typically, it is assumed that pressure
and velocity relax instantaneously, see [38], whereas the thermal relaxation and the relaxation of chemical
potentials are much slower, see Zein [44]. For particular applications the orders of the relaxation times
can be precised, for instance in the barotropic case, cf. [2].

Note that in the equilibrium model the equilibrium state is characterized by vanishing relaxation
terms rather than the transient relaxation process itself. Since the equilibrium state does not depend on
the order of relaxation, the relaxation times have not to be known explicitly.

In the subsequent sections we present the relaxation terms for mechanical, thermal and chemical
potential relaxation. For each relaxation process we verify the constraints due to conservation (9.2.13)
and entropy production (9.6.28). Note that for all relaxation processes the corresponding source terms
satisfy the constraint (9.5.20) due to Galilean invariance.
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9.7.1 Mechanical relaxation

The pressure relaxation implies volume variations, that induce energy variations due to the interfacial
pressure work. Here we extend the pressure relaxation vector given in [38] for a two-phase model
according to [44] by introducing a pressure average that we choose as the mixture pressure. The pressure
relaxation terms then read

S¥ = Opar (pr — p), ngk =0, Sipmk =0, SZPE’,C =0, o, p(p — pr)- (9.7.1)
Here 6,, denotes the pressure relaxation parameter. Similarly the velocity relazation terms read
ok = Sapk =0, Sapy k= 0v ok pr (v =), S5ppp=0varppv - (v—vk) (9.7.2)

with the velocity relaxation parameter 6,. For more details on mechanical relaxation see Baer and
Nunziato [5] or Baer [14] for two-phase models.

Obviously, the mechanical relaxation terms (9.7.1) and (9.7.2) satisfy the conservation constraints
(9.2.13) as can be validated by the definition of the mixture pressure and the mixture velocity (9.2.10)
and the saturation condition (9.2.1). Furthermore we determine by (9.6.26) and (9.7.1), (9.7.2) the
entropy production terms

) QL Pk
aps,k = Gq,Tk('U — ’Uk)Q, Sgps,k 9 T (p pk) . (973)

This immediately implies

Theorem 9.7.1. (Entropy production due to mechanical relazation) Let pr, > 0, T, > 0 and the relax-
ation parameters 0p, 6, > 0. Then the entropy production due to mechanical relazation is non-negative,
i.e.,

SPr x>0, k=1,...,K and ngpvs > (9.7.4)
9.7.2 Thermal relaxation

For the modeling of temperature relaxation we follow in principal Zein [44]. First of all, we introduce a
general class of temperature relaxation models

Sa g = 9TQ SE k=0, 88 =0 8T o, :=0rQ, (9.7.5)
with the relaxation parameter 6 and .
Qr = (T — Ti). (9.7.6)
According to the conservation constraint (9.2.13) the terms @ have to satisfy
- Q
J— k J—
> Qr=0 and Z Pl (9.7.7)
k=1 k=1
In order to guarantee the first constraint, we choose for T the following expression
K
T — Z grT, (9.7.8)
k=1
with coefficients X«
B =W/ vi= D e (9.7.9)
k=1

Obviously, T is a convex combination of the temperatures Tj because

K
> =1 (9.7.10)
k=1
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For instance, we may choose (a) v, = a;. Then ﬁ;{ = ay, and 7' coincides with the mixture temperature
(9.6.10). In case of (b) v, = 1 or (¢) 7 = K we compute 8F = 1/K and T is given as the averaged
mixture T’ = Zle Ti/K. For these three cases we obtain (a) Qr = ax(T — T), (b) Qr = (I’ — T}) and

(c) Qx = Zfil(Tz — Ty), respectively.
Next we determine by (9.6.26) and (9.7.5) the entropy production term
ST =0 (P 1) (9.7.11)
P8, Tk Kk

Thus the entropy production due to thermal relaxation becomes
K K » K K »
ST =387 =00 Q= +1)=6r> —Qp+0 Q. 9.7.12

We note that by the definitions (9.7.6) and (9.7.9) of Qy and By, respectively, the relation

K K
D =7 fﬁm (Ty — T)
k=1 k=1
holds. Here we employ (9.7.8) and (9.7.10) to compute the difference 7' — T}, = Zl}il BI(T, — Ty).
Furthermore we observe that for any b, and ap; = —a; %, [,k =1,..., k we have
> bwkl*ZkaakﬁZbk > w= Y Y e b
k=1 k=2 I=1 k=1 I=k+1 k=1 I1=k+1

Choosing by, = 1/T}, and ap; = ﬁ,{ﬁlT(Tl — T}) we thus conclude with
T 7;)?
Z Qk—WZ Z se Bl TiTl
k=1 I=k+1

Obviously, the sum is non-negative whenever the temperatures are positive. Thus the first term on the
right-hand side of (9.7.12) is non-negative. To ensure that the second term is also non-negative, we
rewrite the sum by means of the conservation constraints (9.7.7) as

K » K—1 e p 1
k _ Pk PK ) -
Z kaika N Z (Tk TK) Hka'

and choose kj, such that

holds for some positive parameters ag, i.e.,

~ Tkpr — Tkpk

k=1, K—1. 9.7.13
ar T T Qu ( )

The missing parameter kx is determined by the conservation constrains (9.7.7) as

- Ox (Z 2}’:) . (9.7.14)
k=1

Finally we summarize our results in the following

Theorem 9.7.2. (Entropy production due to thermal relazation) Let the temperatures and the relazation
parameter be strictly positive, i.e., T, > 0 and 07 > 0. Let Qy, satisfy (9.7.6) where T is defined as convex
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combination (9.7.8) of the temperatures Ty, with coefficients By, satisfying (9.7.9) and (9.7.10). Then the
maixture entropy production due to thermal relaxation is non-negative, i.e.,

_ o, Z o ( N 1) >0, (9.7.15)

provided that the condition

K
Z D Qr >0
i1 Tkt
holds. In particular, this condition holds for the parameters ky determined by (9.7.138) and (9.7.14) with
non-negative coefficients ay. It also holds in case of pressure equilibrium, i.e., py = ... = px = p, and
constant parameters K1 = ... = Kg = K.
When the temperature relaxation approaches thermal equilibrium, the parameters ki, k=1,..., K —

1, tend to rip = p/(aryiT?) provided that the pressure relaxes faster to its equilibrium state. If the
pressure is not at equilibrium when thermal equilibrium is reached, then k; = oo, i.e., SOT“ i = 0. However,
it is widely accepted that the mechanical relaxation proceeds faster than the thermal relaxation.

Finally we conclude with some remarks on existing relaxation models. In [44] a constant parameter
Kk = k is chosen such that pressure stays at equilibrium during the temperature relaxation. More details
on its definition in case of a two-phase and a three-phase model can be found in Zein [44] and Zein et
al. [45], respectively. Note that the coefficient x in [44] results in a non-negative entropy production if
the pressures are at equilibrium. In the non-equilibrium case (9.7.15) cannot be proven to hold.

In the thermal relaxation model considered by Saleh [37] there is no relaxation term accounted for in
the evolution equations for the volume fractions, i.e., ST = 0. This fits into our model when choosing
ap = 0, ie., kK = oo, for k = 1,..., K. Then the 1nvest1gat10n of the entropy production simplifies
because the second term on the right hand side in (9.7.12) does not exist.

9.7.3 Chemical potential relaxation

Mass transfer between different phases of the same substance occurs, whenever these phases are not in
chemical equilibrium. This physical matter of fact is the decisive factor for the idea to model the mass
transfer by relaxation of the chemical potentials. The mass transfer is driven by the difference of the
chemical potentials. It is obvious, that from now on it is necessary to identify the phases.

9.7.3.1 Chemical potential relaxation for two-component mixtures

For a two-component mixture (K = 2) the relaxation of chemical potentials is modeled according to [44]
by

~2
m . A . v
S“ =0, 2 S’a‘p)1 =0, 1, Sgpv,l =0,1mv, Sng,l =0,1m (eJr 2) ,
55,2 = S(l; 1 SgPZ Sap 1 Sapv 2" Sgpv,h Ssz,Q = 7SZpE,1’ (9716)

with the relaxation parameter #,,. Similar to the interfacial velocity (9.6.18) we choose for the velocity

¥ a convex combination
K K
=Y Bivk, BLel0 1), D pL=1 (9.7.17)
k=1 k=1

Since for a two-component mixture the Gibbs free energy coincides with the chemical potential, chemical
equilibrium is achieved, if the Gibbs free energies of the two components coincide, i.e., g3 = ¢go.

Obviously, the conservation constraints (9.2.13) are satisfied. Note that due to these constraints we
are not allowed to introduce €, and g, differently for each component & = 1, 2. Furthermore, the entropy
production terms are determined by (9.6.26) and (9.7.16) as

1 1
Sgps k = ( )k+10 m ﬁ ( + 5({) - Uk)2 — gk + p;) 5 k = 1,2 (9718)



228 CHAPTER 9. CLOSURE CONDITIONS FOR MULTI-COMPONENT MODELS

These terms may become negative also when 6,,, 7 and T}, are positive. However, for an appropriate
choice of €, p and v the entropy production due to the sum of the phasic entropies

2
. 1 1 . Dk
— —1)kH Z(d—vp)? — — 7.1
Sps Gumg:l( ) T <€+2(’U vi)* — g + g> (9.7.19)

can be verified to be non-negative. For this purpose, we first note that in case of mechanical and thermal
equilibrium, i.e.,

vi=..=vg=v, pi=...=px=p, Ti=..=Tx=T, (9.7.20)

the entropy production term becomes

1
She = Tmeu (92 — 1)

as was already proven in [44]. Obviously this term is non-negative if

m=a(ga — g1) (9.7.21)

with @ > 0. This is an agreement with the kinetic relation in [11].
At mechanical and thermal non-equilibrium we may enforce a non-negative entropy production by
choosing the parameters ¢ and o such that

2
1 1,.
S (4 g0 -0 ot 2 =bea - ) (9.7.22)
k=1

for some non-negative b. Note that for the parameters € and g in [44] this condition does not hold true.
To verify (9.7.22) we proceed in three steps to determine ¥, € and p:

1. The velocity v is chosen in such a way, that the velocity terms in (9.7.19) vanish:

1 1
ﬁ(@ —v)? — E(13 —v9)% =0. (9.7.23)

This is reasonable because the entropy production (9.7.19) should be a product of the relaxed mass
flux 6, 7 and an interfacial entropy sy that should not depend on any velocity. Because the velocity
¥ is assumed to be a convex combination of the single component velocities, i.e. ¥ = f{v; + BYv2
with 8§ =1 — B} according to (9.7.17), we derive from (9.7.23)

PV, 1 VT

2. In the next step we determine € such that

2c
T+ 15

1 1 .
i(e—cgl)—E(e—cgz)=be(gz—g1), with b =

resulting in
_ Cg2T1 +g175
T+ 15

3. Finally we determine p such that

1 (m 1 (p2 . 2d
—_— —_— —_— — = —_ h = —
( 0 dgl) Ty ( 0 dg2> belg2 =), with b, T+ 15

resulting in
_ 1 Th+T5 pTh —pi T
deTi+gT, Ti—T,
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Choosing

1. p2T1 — p1ls
d= —s e =1-—-d 9.7.25
i (P02, o= (9.7.25)

then with the above choice of ¥, € and ¢ we obtain (9.7.22) with b = b, +b, = (Tt + T2)/2)"! the

reciprocal of the mean temperature of the components. Note that in the equilibrium case € and o tend

to g/2 and 2p/g, respectively, assuming that the pressure relaxes faster than the Gibbs free energy.
Again we conclude with the following

Theorem 9.7.3. (Entropy production due to relaxation of Gibbs free energies) At mechanical and ther-
mal equilibrium, i.e., (9.7.20) holds, the mizture entropy production due to relazation of Gibbs free
energies is non-negative, i.e.,

Shs >0, (9.7.26)

if the mass flux is chosen as the kinetic relation (9.7.21) and the relaxation parameter 6, as well as
the equilibrium temperature T are positive. In the non-equilibrium case, the entropy production is non-
negative, if the parameters € and o are chosen such that (9.7.22) holds.

9.7.3.2 Chemical potential relaxation for three-component mixtures

Exemplarily, we consider three components, i.e., K = 3, with water vapor (k = 1), liquid water (k = 2)
and inert gas (k = 3). Then the vector for relaxation of chemical potentials is given by

. ~2

St =0, g, St L= O, SY = 0uid, SE o = 0k <61 + %) ,

Sk '—9@ Sk 5= —0,m, St = —0,mv, S = —0,m e+ﬁ—2

a,2 T YK 925 ap,2 T K ’ apv,2 T K ’ apE,2 T H 2 2 ’
. 1 1 .

Shsi=—0u,m (E + a) s Shps =0, 8L 4 5:=0, Sh pgi=0um (e2—e1), (9.7.27)
with the relaxation parameter 6, and © given by (9.7.17). For details on the physics see the book of Miiller
and Miiller [33]. Again we note that the conservation constraints (9.2.13) are satisfied. Furthermore the
entropy production terms can be determined by (9.6.26) and (9.7.16)

o1 1, . D1
SE =0, — So—v)?—g + L
aps,1 Nm Tl <€1 + 2<U 'Ul) g1 + Ql) )

1

1 . D2
oo = O+ (e + (o - w2 — o - 2 72
Saps,2 p T <62 + 2 ('U 1)2) g2 Q2> s (9 7 8)

1 1 1
S# =0 m<6261p3+).
aps,3 H T3 (Ql Q2)
These terms may become negative also when 0,,, 7 and T} are non-negative. For the sum of the phasic

entropy production Sk = S/ | 4+ S) , + S 5 we obtain

Shs = 10, (Z (;):H <€k + %(ﬁ — i) — gk — (1)kpk>

k=1 Ok

1 1 1
+— (e —€ — — 4+ — . 9.7.29
T (2 ' p3<91 Qz))) ( )

In the following we distinguish between a non-homogeneous and a homogeneous mixture, respectively.

Non-homogeneous mixture. In a non-homogeneous mixture velocity, pressure and temperature are
not necessarily in equilibrium. Therefore we need not to account for the mixture entropy. Thus, the
chemical potentials and the Gibbs free energies of water vapor and liquid water, respectively, coincide,
ie., gr = pk, k= 1,2, and the mass flux is proportional to the difference in the Gibbs free energies, i.e.,
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(9.7.21) holds. Similar to the two- component case, see Section (9.7.3.1), we may enforce a non-negative
entropy production by choosing the parameters ¢, and g such that the condition

2 1
Z ﬂ (ek + 1(V[ —vg)? — g — (_1)km> (9.7.30)

= Tk 2 Ok

o LI |
s €2 — €1 —P3 o 02 =092 — g1

holds for some non-negative b analogously to (9.7.22). Note that the parameters €, and gy in [44,46] do
not satisfy this condition.

As already assumed in the two-component mixture, we expect that the entropy production of the
three-component mixture (9.7.28) should not depend on any velocity. This assumption gives us a condi-
tion for the velocity © and delivers us the same result as above (9.7.24):

v . VT2 VT

The remaining parameters €, ox, kK = 1,2, can be determined similar to the two-component case. We
omit details here.

Homogeneous mixture. In a homogeneous mixture velocity, pressure and temperature are in equi-
librium. Therefore, as already mentioned in Section 9.6.2, in the total entropy we also have to account
for the mixture entropy given by

Kp (072
Su=— appp—In | —F—), 9.7.32
== 3 e (5 ) (9.7.32)

with k; the Boltzmann constant and my the mass of a single molecule of component &, see [32], p. 54,
298, 320. Moreover, the chemical potential of the vapor phase is now given by

kpd o
_ 1 - 9.7.33
B =91+ e n<a1+a3> ( )

i.e., it does not coincide with its Gibbs free energy. Note that for vanishing third component, i.e., ag = 0,
the chemical potential of the vapor phase reduces to the vapor Gibbs free energy. Again, the chemical
potential of the liquid phase equals its Gibbs free energy, i.e., pa = g2. In chemical equilibrium the
chemical potentials of the vapor and the liquid phase equal each other. Accordingly, the mass flux is
now a function of po — 1, i.e.,

m=a(us — 1) (9.7.34)
with @ > 0 that again is an agreement with the kinetic relation in [11].

For a homogeneous mixture the entropy production (9.7.29) reduces to

1. 1. i -1
B — —nf —q1) =5 mb - M v ) )
Sps Tm w92 — 1) Tmﬂ<“2 ’u1+m1 n(a1+a3>>

Analogously to Section 9.6.2, we determine the entropy production of the mixture entropy Sy,

1 . Kk o
me 71
S5, T mé, - n (Cn n a3) . (9.7.35)
Then the total entropy production is given by
1.
Shs + SféM = b, (u2 —p1). (9.7.36)

T
Thus we conclude with the following theorem.

Theorem 9.7.4. (Entropy production due to relazation of chemical potentials) For a homogeneous
mizture the total entropy production is non-negative, i.e.,

Sh+ 85, =0, (9.7.37)
if the relazation parameter 8,, as well as the equilibrium temperature T' are positive.

Finally we would like to remark that the above procedure for a particular three-component mixture
can be extended to a multi-component mixture.
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9.7.4 Remarks on the closure of the interfacial velocity

According to the ansatz (9.6.18) for the interfacial velocity we have some freedom in the choice of the
parameters ;. One option might be the velocity © determined in Section 9.7.3. However, these are
state-dependent, i.e., 8} = B} (w), see (9.7.24) and (9.7.31). As a consequence the linear field associated
with the eigenvalue A7, ¢ =1,..., K — 1, will not be linearly degenerated, i.e.,

K
OVin _ OVia _ 0Vin
lv )\ P = 2 7;77 lv V n 7 : 0
Ty, WAL Ho( Do, +kz_:1<xk 3 + Yy, v, Vin + Zk, Er #

Since the non-equilibrium model contains non-conservative products in the phasic momentum and energy
equations, see eqns. (9.2.3) and (9.2.4), there is no way to cope with these terms in case of genuinely
nonlinear fields. If fields associated to the non-conservative products only occur in linearly degenerated
fields, then Riemann invariants of the associated field can be enforced and, thus, the exact solution
of the Riemann problem exists as has been verified for Baer-Nunziato type models in [17]. Therefore,
it is suggested in [16] and [23] to determine the interfacial velocity such that the associated field is
linearly degenerated. Obviously, at mechanical and thermal equilibrium this field is linearly degenerate
for arbitrary convex combinations (9.6.18) provided that 8y # Bi(a) because gy ; = 0, Ty = Zp; =
0Pk /Oa; = 0. At non-equilibrium this no longer holds true.

To derive appropriate closing conditions in this case we extend the ansatz of Saleh [37], eqn. (4.3.40),
in case of a two-phase mixture. For this purpose we introduce another arbitrary but fixed convex
combination Zle ¢, = 1 with constant coefficients ¢ € [0,1]. Then we define the coefficients §j in
(9.6.18) as

K
CrOkPE R
By = ——, p:= E CLO k-
P =1

By a straightforward calculation using (9.4.32), (9.4.33) and (9.4.34) we can verify that r;; - Vs,
vanishes. Then the interfacial pressure and velocity are given by

K K K
Pr = Zpk(l — cparprTr/(PT)), V5= Zciaipivi Z CrOL Pk - (9.7.38)

k=1 i=1 k=1
For special choices of ¢ € [0,1]¥ these interfacial values coincide with those in the literature in case of

two and three components. For instance, choosing ¢ = e; for some i € {1,..., K} we obtain
K
P] = Z Pk, V[ = v;. (9739)
k=1,

For ¢ = 1 these coincide with those given in [16] and [23] for K = 2 and K = 3, respectively. In case of

uniform coefficients ¢, = 1/K, k= 1,..., K, the interfacial pressure and velocity are given by
K K K
Pr= Zpk(l —apprTy/(pT)), V= Z%‘Pﬂh‘ Z Qppr = V. (9.7.40)
k=1 i=1 k=1

where p and v are the density and the velocity of the mixture, see (9.2.10), respectively.

Obviously, the interfacial states (9.7.38) do not satisfy (9.7.23) for an arbitrary non-equilibrium
state meaning that (9.7.26) and (9.7.37) might not hold in general, i.e., the 2nd law of thermodynamics
might be violated. To overcome this contradiction, it is recommended in [24] to use different interfacial
velocities for the convective system and the relaxation terms. This is admissible because the conservation
constraint (9.2.13) is satisfied for any convex combination (9.6.18). Moreover, the source term cannot
be derived from the ensemble averaging procedure, see [13], Chapter 11, but the averaged model has
to be closed by modeling these terms appropriately. Therefore, we are free to choose another velocity
in the chemical relaxation model. Note that in the Drew-Passman model different interfacial velocities
have been introduced in the evolution equations for volume fraction, momentum and energy, see [13],
formulae (11.8), (11.39) and (11.41).
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9.8 Conclusion

In the present work we discussed some properties of a non-equilibrium multi-component model of Baer-
Nunziato type taking into account viscosity and heat conduction. This model is non-conservative due
to exchange terms between different components. However, these terms vanish in the mixture model
derived from the non-equilibrium model by averaging over all components and the resulting equilibrium
model, i.e., the mixture model as well as the equilibrium model are conservative. Furthermore, the first
order model, i.e., neglecting viscosity and heat conduction, could be verified to be hyperbolic, i.e., all
eigenvalues are real and there exists a family of linearly independent eigenvectors provided that the
non-resonance condition is satisfied and none of the components of the mixture vanishes. This holds true
for both the non-equilibrium and the equilibrium model. In particular, the corresponding eigenvalues
satisfy the sub-characteristic condition.

The main interest was on the derivation of closure conditions for the relaxation model as well as
the interfacial pressures and the interfacial velocity. These were set up by verifying the second law of
thermodynamics. It turned out that the pressures and the interfacial velocity can be chosen such that
their contribution in the entropy law of the mixture vanishes. However, this does not characterize a unique
choice for the interfacial pressures and the interfacial velocity because a physically reasonable choice of
the interfacial velocities could not be derived so far in the general case of K > 2 components. The entropy
production due to mechanical relaxation could be proven to be non-negative. The entropy production due
to thermal and chemical relaxation is non-negative when assuming mechanical and thermal equilibrium,
respectively. In the non-equilibrium case, sufficient conditions are given that pose constraints on the
relaxation parameters to ensure a non-negative entropy production. Finally, we obtained constraints for
the relaxation terms to ensure Galilean invariance.

We conclude with some remarks on the numerical discretization of the multi-component model. The
main difficulty arises from the non-conservative products in the momentum equation (9.2.3) and the
energy equation (9.2.4) as well as the evolution equation for the volume fractions (9.2.7). A popular
approach to deal with those products is based upon so-called path-conservative schemes, see [35]. How-
ever, it was verified by Abgrall and Karni [1] that path-conservative schemes may not be able, in general,
to compute correctly the solution of non-conservative hyperbolic problems. In case of a stiffened gas
equation of state for the single components one may employ the Saurel-Abgrall trick [38] that couples
the discretization of the evolution equations of the volume fractions with the discretization of the fluid
equations of the components resulting in a non-conservative finite volume discretization. Numerical re-
sults for inviscid computations have been reported in [45] and [21,46] for two-phase fluids and three-phase
fluids. There are many other publications available in the literature using different discretizations, see
the aforementioned publications and citations therein.
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Chapter 10

Efficient and robust relaxation
procedures

Bibliographic note: The content of this chapter is published in [H15]: Ee Han, Maren Hantke, and
Siegfried Miiller. Efficient and robust relaxation procedures for multi-component mixtures including
phase transition, Journal of Computational Physics, Vol. 338 (2017), pp. 217-239.

Abstract: We consider a thermodynamic consistent multi-component model in multi dimensions that
is a generalization of the classical two-phase flow model of Baer and Nunziato. The exchange of mass,
momentum and energy between the phases is described by additional source terms. Typically these terms
are handled by relaxation procedures. Available relaxation procedures suffer from efficiency and robust-
ness resulting in very costly computations that in general only allow for one-dimensional computations.
Therefore we focus on the development of new efficient and robust numerical methods for relaxation
processes. We derive exact procedures to determine mechanical and thermal equilibrium states. Further
we introduce a novel iterative method to treat the mass transfer for a three component mixture. All new
procedures can be extended to an arbitrary number of inert ideal gases. We prove existence, uniqueness
and physical admissibility of the resulting states and convergence of our new procedures. Efficiency
and robustness of the procedures is verified by means of numerical computations in one and two space
dimensions.

10.1 Introduction

Flows of compressible multi-component fluids, where the single components may be in the liquid or the
gas phase, respectively, have a wide range of applications. Difficulties in the modeling result from the
interaction of the fluids, especially from the exchange of mass and energy across the phase interfaces. In
the literature several models are available that are distinguished in sharp interface and diffuse interface
models. A detailed survey of these models can be found in Zein [40].

In our work we focus on models of Baer-Nunziato type derived from an ensemble averaging procedure
of Drew [12]. A comprehensive introduction to these models can be found in the classical book of Drew
and Passman [13].

Saurel and Abgrall modified the original two-phase non-equilibrium model of Baer and Nunziato [5]
by including relaxation terms for the pressure and the velocities of the components. By additional
relaxation processes for the temperatures and the chemical potentials the transfer of thermal energy and
mass between the components and phases, respectively, can be modeled, see Saurel et al. [36] or Zein et
al. [41]. By instantaneous relaxation procedures equilibrium values for pressures, velocities, temperatures
and chemical potentials can be found.

Typically the relaxation procedures are based on iterative algorithms that are very much time-
consuming, see Zein et al. [42]. Thus multi-dimensional applications are only feasible in acceptable
computational time on massive parallel architectures. In order to reduce the high computational cost
we need highly efficient and robust relaxation procedures. In the literature there are three contributions
in this context. In [42] Zein et al. consider a third inert component. Here the Gibbs free energies are
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relaxed to model phase transition between the vapor and the liquid phase instead of relaxing the chemical
potentials. Thus, for a three component mixture a physically incorrect equilibrium state is determined.
Pelanti and Shyue [30] improved one of the relaxation procedures. In particular, they modified the relax-
ation procedure for Gibbs free energies presented in [42] in case of a two component mixture. However,
this is not sufficient because the assumption of pure phases is no longer justified apart from laboratory
conditions. Moreover, they restrict their investigations to a six-equation model assuming velocity equi-
librium. Also Le Métayer et al. [23] consider an inert component. As in Zein et al. [42] a physically
incorrect equilibrium state is determined due to relaxing Gibbs free energies. Beside this Le Métayer et
al. suggest a simultaneous temperature-pressure relaxation but do not give any details on the iterative
procedures used. In particular, they cannot guarantee existence and uniqueness of an equilibrium state
or positivity of the equilibrium temperature.

Our main objective is to improve all the relaxation procedures where, in particular, we account for a
third inert component. Thus, the main focus of this work is the development of new relaxation procedures.
Starting from the ideas of Zein et al. [42] we enhance the simulations in several aspects: (1) First of
all, we simplify the relaxation procedures for pressure and temperature for multi-component mixtures.
(2) Furthermore, we prove existence and uniqueness results and physical admissibility of the equilibrium
states. (3) Opposite to [42] we avoid the calculation of model parameters that allows us to find the
relaxed pressures and temperatures directly without performing an iterative procedure. (4) Instead of
Gibbs free energies we relax the chemical potentials. Therefore we may take into account additional
components in the phases by considering the mixture entropy and, thus, the model becomes physically
correct. (5) A new procedure for the chemical relaxation is developed that performs significantly better
than available procedures. (6) Furthermore, we avoid the artificial definition of an interfacial region. This
allows us to simulate physical cavitation, which means that we can start from a pure liquid phase. The
vapor phase will be created by expansion. In previous work it was necessary to start with an appreciable
amount of vapor, for instance 1% in [41] and also in [30]. Nevertheless in our simulations we avoid
unphysical nucleation or unphysical cavitation. We will give evidence for this by numerical examples.
(7) Another essential difference to [41] is that we do not restrict mass transfer to metastable states with
liquid temperature larger than the saturation temperature. Typically, condensation processes are not
considered due to this restriction, cf. [41] and [30], whereas we are able to deal with these processes.
(8) Moreover, we perform temperature relaxation also when no mass transfer occurs. This is physically
reasonable as it may occur, for instance, in gas mixtures. (9) Furthermore, we improve the efficiency of
the relaxation procedure where we perform pressure and temperature relaxation simultaneously resulting
in explicit formulae for the equilibrium state rather than an iterative procedure as in Le Métayer et
al. [23]. By this we avoid the approximate pressure relaxation procedure, see [21] or [40], that may cause
numerical instabilities and, thus, very small time steps. (10) In contrast to Le Métayer et al. [23] we
prove existence and uniqueness of the equilibrium states as well as physical admissibility, e.g. positivity
of the equilibrium temperature.

The new relaxation procedures in combination with efficient discretization techniques using multi-
resolution-based grid adaptation, see Miiller [27,28], allow for highly efficient multi-dimensional compu-
tations. To illustrate the efficiency and robustness of our enhanced relaxation procedures we investigate
the interaction of a collapsing bubble with a planar shock wave. This genuinely two-dimensional applica-
tion is motivated by lithotripter shock wave experiments, see [1]. Here we perform computations where
the bubble is filled with vapor and non-condensable gas. In addition we make several comparisons with
the literature.

The paper is organized as follows. In Section 10.2 we introduce the non-equilibrium multi-component
model. The main part of the present work is Section 10.3 where we develop and investigate new pro-
cedures for mechanical, temperature and chemical relaxation. Details of the algorithms are given. In
Section 10.4 we discretize the model by an operator splitting. Finally in Section 10.5 we give numerical
results. We discuss several test cases in one and two space dimensions to underline the robustness and
efficiency of our new procedures. Furthermore we investigate physical cavitation. We conclude with a
brief summary.
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10.2 Mathematical formulation of the model

In the literature there are numerous simplified two-phase models available, e.g., see [40] and the refer-
ences cited therein. Reduced models may suffer from some short-comings. For instance, conservation
of energy might be violated or the system looses its hyperbolicity. There exist reduced models that
preserve hyperbolicity as well as conservation of mass, momentum and energy. For instance, see the
four equations model in [34] where both phases are in mechanical and thermal equilibria or the model
in [22] corresponding to the homogeneous Euler equations combined with the vapor pressure function
as equation of state. The aforementioned reduced models do not suffer from short-comings and may
be solved efficiently and robustly when using appropriate numerical schemes. However, their domain of
validity is restricted due to the equilibria hypothesis.

Therefore we prefer a full non-equilibrium model, where each component has its own pressure, velocity
and temperature and is governed by its own set of fluid equations. For this generalized model closure
conditions have been derived ensuring thermodynamically consistency, see [29]. In the following we first
describe the full non-equilibrium model, see Section 10.2.1. To close the model we specify the equations
of state in Section 10.2.2 and the source terms in Section 10.2.3.

10.2.1 Non-equilibrium multi-component model

For the multi-component model we use the Saurel-Abgrall approach [32] that is derived by the ensemble
averaging procedure of Drew [12] and neglecting all dissipative terms everywhere except at the interfaces.
It can be considered as a modified form of the Baer and Nunziato model [5].

Thus the multi-component flow is described by a non-equilibrium model where all components are
present in each point of the space-time continuum. Each component k =1, ..., K has density pg, velocity
v and pressure pi. The amount of each component is determined by its volume fraction a. The volume
fractions are related by the saturation constraint

K
dar=1, ael01]. (10.2.1)
k=1

In analogy to the two-phase model of Saurel and Abgrall [32] the fluid equations for each component can
be written as

Oy (Ozk pr)+ V- (ak Pk VE) = Sp’]€7 (10.2.2)
O (g previ) + V- (o v vt +arpr I) = PV ag + Spo i, (10.2.3)
O (o pi E) +V - (ag prvi (B +pi/pk)) = PiVi-Vag + Soe k. (10.2.4)

where we neglect effects due to viscosity, heat conduction, surface tension and gravity. Nevertheless,
due to the thermal relaxation procedures we account for heat exchange between the components. In our
notation Ey = ej, + v3/2 is the total specific energy with ey the specific internal energy of component
k. The terms P; and V' are the interfacial pressure and velocity, respectively. The fluid equations are
supplemented by an equation of state

pr = pr(pr,ex) resp. ex = ex(pk, Pk) (10.2.5)

for each of the components, see Section 10.2.2 for the specific choice. The evolution of the volume
fractions is characterized by the non-conservative equations

Orar+Vi-Va,=8k k=1,... K. (10.2.6)

Due to the saturation condition (10.2.1) we only need K — 1 equations. Without loss of generality we
express ax by the other volume fractions, i.e.,

K—1 K—1 K-1
ag =1— Z ap, Vag = — Z Vo, Sax = — Z Se k- (10.2.7)
k=1 k=1 k=1

The source terms Sa i, Sp i, Spv,k and S,g  on the right-hand sides of (10.2.2), (10.2.3), (10.2.4)
and (10.2.6) describe the interaction of the components corresponding to mass, momentum and energy
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transfer via the relaxation of velocity, pressure, temperature and chemical potentials, & € {v,p, T, u},

ie.,
— — € — € — €
Sak 1= Zsi,k’ Sk = Zsp,k’ Spv k1= Zspv,k7 Sppk 1= ZSpE,k'
3 3 3 3

These depend on the specific components at hand that will be discussed in Section 10.2.3. Due to
conservation of mass, momentum and energy these terms satisfy the conservation constraints

K K K K
Z Si’k =0, Z Sg,k =0, Z Siv,k =0, Z SEE,’C =0 (10.2.8)
k=1 k=1 k=1

k=1

for each relaxation type & € {v,p, T, u}.
It remains to define the interfacial pressure P; and the interfacial velocity V';. We choose

K
Pr:=Y pi and Vi:=v. (10.2.9)
k=2

In [29] it has been proven that this is an admissible choice which is in agreement with the 2nd law of
thermodynamics. A different numbering of the components would not affect the results due to relaxing
towards equilibrium.

10.2.2 Equation of state

Each component is complemented by its own equation of state (EOS) as a pure material. Here we choose
the stiffened gas model that was introduced by Harlow and Amsden [18]. It can be considered as a
combination of the perfect gas law and the barotropic Tait equation supplemented with an appropriate
energy law [37]. The corresponding thermal and caloric EOS read

Pe(per) = (e — 1) pr (ex — ar) — Y& Tk, (10.2.10)
Ti(pr,ex) = (ex — ks — T/ Pr)/Co ks (10.2.11)

where T} is the temperature and the material parameters are the ratio of specific heats -y, the specific
heat at constant volume c, j, the minimal pressure m;, and the heat of formation g;. Equivalently, these
equations can be rewritten as

Pkt Tk

ex(pr: pr) = + (10.2.12)
pr (v — 1)
Pr + Tk
Tk(pr,spr) = ———F——. 10.2.13
(i) Cok P (V6 — 1) ( )
From the equation of states we conclude by
Pk
desk = dek - 7dpk (10214)
Pk
from equilibrium thermodynamics for the specific entropy s; and the Gibbs free energy gi
(p, Ti) 1 Lt +q; (10.2.15)
S , =cCypIn| ———EA—— , 2.
k(Pk, Lk k (or + 7)o di
9k (P, Tk) = ex + v/ pr — TSk (10.2.16)
Here ¢, is another material parameter. Furthermore the speed of sound is given by
0 0 0
= Ok = b Ope O — e ¥ e (10.2.17)
apk Sp=const pk aek pr=const apk er=const pk

Note that the stiffened gas EOS allows for negative pressures while py + 7, remains positive, i.e., the
system is hyperbolic.
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component | 7 7 [Pal co [J/kg/K] q [J/ke] ¢ [J/kg/K]

vapor (1) | 1.327 0 1200 1.995000 x 10° | 2.410 x 103

water (2) | 2.057 | 1.066 x 10° 3449 —1.994674 x 105 | 3.578 x 104
gas (3) 1.4 0 10100 0 0

Table 10.1: Material parameters for three component simulations, taken from [40].

component | vy | w [Pa] | ¢y [J/kg/K] q [J/kg] q [J/ke/K]
vapor (1) | 1.43 0 1040 2.03 x 10° 0
water (2) | 2.35 | 10° 1816 —1.167 x 105 | —2.3 x 10*

Table 10.2: Material parameters for two component simulations, taken from [40].

In particular, we are interested in the three-component model, i.e., K = 3, with water vapor (k = 1),
liquid water (k = 2) and inert gas (k = 3).

The corresponding material parameters used for the two-component and the three-component simu-
lations are listed in Table 10.1 and 10.2, respectively.

The source terms describing the mass transfer depend on the chemical potentials of the vapor and the
liquid. In the model under consideration the gas is a mixture of water vapor and some other constituent,
where both components are modeled as an ideal gas. Accordingly the chemical potential of the vapor is
given by

=g+ (n — Ve T In (alpl> . (10.2.18)
a1p1 + asps
In the special case of vanishing third component, i.e., a3 = 0, the chemical potential of the vapor reduces
to the vapor Gibbs free energy. The chemical potential po of the liquid equals its Gibbs free energy gs,
ie.,

H2 = g2

In chemical equilibrium the chemical potentials of the vapor and the liquid equal each other. For details
see the book of Miiller and Miiller [26], Section 8.2.4.

10.2.3 Relaxation terms

The non-equilibrium model without relaxation terms allows for different values for velocities, pressures,
temperatures as well as chemical potentials at the same point. The relaxation mechanism described
by the source terms drives all these quantities into equilibrium. Typically it is distinguished between
mechanical and thermal relaxation processes that relax either pressures and velocities or temperatures
and chemical potentials to equilibrium.

Mechanical relaxation. The pressure relaxation implies volume variations that induce energy varia-
tions due to the interfacial pressure work. The pressure relaxation terms read

Stk = Opay (pr —p), Shy =0, Simk =0, S/Z))E,k =0y app(p — ), (10.2.19)

see [40] or [32] for a two-component model. By 6, we denote the pressure relaxation parameter. Similarly
the velocity relaxation terms read

)

ok =Sk =0, Sh, =0, appp (v —vi), Spp =0y prv - (v—vy) (10.2.20)

with the velocity relaxation parameter 6,. Performing velocity and pressure relaxation the fluid mixture
is in mechanical equilibrium, i.e., py = p>° and v, = v*>*°, k =1,..., K. Using the definition

K K
p = Zak p]ﬁ p'v = Zak pk Vi (10221)
k=1 k=1
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for the mixture pressure and mixture velocity it is obvious, that the conservation constraints (10.2.8) are
satisfied. In this context we further define the mixture density as well as the mixture total energy by

K K
pi= Zak Pr, pPE = Zak ok Ep . (10.2.22)

Thermal relaxation. The source terms corresponding to the temperature relaxation are given by

Sz:)k = H—Tozk (T —1Ty), ST

o T=0, 8T, =0, STy, =07y (T —T)), (10.2.23)

where 01 denotes the temperature relaxation parameter and the mean of the temperature is defined as

K
= Z ap Tk.
k=1

By the definition of 7' the conservation constraints (10.2.8) are satisfied and at temperature equilibrium,
ie., T, =T, k=1,..., K, it coincides with the equilibrium temperature, i.e., T = T>. Note, that
T has no physmal meaning and other choices for T are possible. The quantity T is a technical one. Its
choice does not affect the equilibrium state, but the relaxation path.

The relaxation parameters rj were introduced in Zein [40] and Zein et al. [41] in case of a two-
component and a three-component model, respectively, to ensure the pressure keeping equilibrium during
the temperature relaxation.

However, in our new thermal relaxation procedure these parameters do not enter explicitly the com-
putation of the equilibrium state, cf. [30] and, thus, are not given here.

Chemical potential relaxation. Mass transfer between different phases of the same substance occurs,
whenever these phases are not in thermal equilibrium. This physical fact is the key idea to model the
mass transfer by relaxation of the chemical potentials. It is obvious, that from now on it is necessary to
identify the components. The gas phase is assumed to be a mixture of water vapor and some further gas.
Here we only consider three components, i.e., K = 3, with water vapor (k = 1), liquid water (k¥ = 2) and
inert gas (k = 3). Thermal equilibrium is achieved, if the chemical potential of the water vapor phase
equals the Gibbs free energy of the liquid water phase. In the limit case of no inert gas the expression of
the chemical potential of the water vapor phase reduces to the Gibbs free energy, see (10.2.18). The mass
flux m between the liquid and the vapor phase is driven by the difference of their chemical potentials,
ie., = m(pu; — p2). In particular, the mass flux vanishes if and only if the difference of the chemical
potentials is zero, i.e., 1 = ps.
The relaxation terms of chemical potentials are given by

m . V2
55,1 = 9/,1, Ea SS’]' = 9/»1' m, S v,1 = 9 ’Iﬂl’L‘/[7 SPE 1= 9 m (61 + 21) ,
m ; . : \%
Sho = Ot Shy = 1, Sy = BV, Sy =G (62 N 21) 7
. 1 1 _
55,3 =—0,m (91 + Qz) S“ =0, Sﬁvﬁg =0, S;‘EB = 0,1m (€3 — €1), (10.2.24)

with the relaxation parameter 6,,. Formulas for the parameters g1, 02, €1, €2 can be found in [40,42]. For
details on the physics see the book of Miiller and Miiller [26].

The relaxation terms (10.2.19), (10.2.20), (10.2.23), (10.2.24) are of major importance when dealing
with interface problems, see for instance Saurel and Abgrall [32] or Lallemand and Saurel [21] for mechan-
ical relaxation terms. Typically, it is assumed that pressure and velocity relax instantaneously, see [32],
whereas the thermal relaxation and the relaxation of chemical potentials are much slower, see Zein [40].
Here we are interested only in the equilibrium state that is characterized by vanishing relaxation terms
rather than the transient relaxation process itself. Since the equilibrium state does not depend on the
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order of relaxation, the relaxation parameters 8¢, £ € {p,v,T, n}, drop out and have not to be known
explicitly.

As already mentioned and as will be explained later on in Section 10.3 in our new procedure to de-

termine the thermal equilibrium state the parameters ki and g, ok, k = 1,2, respectively, do not enter
explicitly and, thus, are not given here. This is an important improvement to the approach proposed
in [40,42], since we avoid an additional iteration process in the relaxation procedure.
Furthermore, our modeling of the mass transfer is physically correct because we take into account chem-
ical potentials instead of Gibbs free energies. In [40,42] the Gibbs free energy is relaxed, which neglects
the effect of mixture entropy in cases of impure substances. The expression for the chemical potential is
based on the assumption that the vapor phase is modeled as an ideal gas.

10.3 Relaxation procedures

The main objective of our work is to develop new, efficient and robust relaxation procedures. For
this purpose we split the relaxation process from the fluid motion by formally performing an operator
splitting. Since the relaxation times differ for the different relaxation types, we solve the initial value
problem

=S5(w(t), tE€[tntns1],  w(t,) =w" (10.3.1)

with §¢ = ((Sgk)kﬂ,_“’;(_l, (Sﬁ}k, wa}k, S§E7k)k=1,_“7K)T separately for each relaxation type £ € {v,p, T, u}.

To avoid the explicit computation of the relaxation times 6 in (10.2.19), (10.2.20), (10.2.23) and
(10.2.24), we may perform the change of variables ¢ := (t,, — t)f¢ and w(t) := w(t) in (10.3.1), i.e.,

d%f) = Hi{sﬁ @), Te0,Ath],  w(0)=w". (10.3.2)

Then by definition of the relaxation terms, the relaxation parameter cancels on the right-hand side of
(10.3.2). Since for all relaxation processes the conservation constraints (10.2.8) are satisfied we conclude
from (10.3.1) that

idm@ N dg(f) o, 4000 _, d@E)D) _ (10.3.3)

Hence, the bulk quantities for mixture density, momentum and energy as well as the saturation condition
(10.2.1) remain constant during the relaxation process and it holds

K K
doar = al=1,p" =" (pv)* = (pv)°, (pE)™ = (pE)". (10.3.4)
k=1 k=1

Furthermore, the conservation of bulk mass and momentum imply that the bulk velocity remains constant

dv
— =0 10.3.5
T ( )
and, thus, it holds
v =o' (10.3.6)

As already discussed in Section 10.2.3 we are only interested in the equilibrium state rather the transient
relaxation behavior. Therefore we assume that the relaxation process is infinitely fast, i.e., 0 — oo
and we do not need to determine the relaxation parameters. To compute the equilibrium state, where
the source terms (10.2.19), (10.2.20), (10.2.23) and (10.2.24) vanish, we perform integration of the ODE
system to infinity. This results in a system of algebraic equations for the equilibrium state that will be
derived and solved in the subsequent sections. For ease of notation we will use w instead of @ in (10.3.2).
In the following we consider one by one the different relaxation processes to equilibrium. Note that the
equilibrium state is independent of the order of the relaxation procedures.
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10.3.1 Velocity relaxation

In order to determine the equilibrium state of the velocity relaxation process we proceed similar to Saurel
and Le Métayer in [35]. The equilibrium state of the velocity relaxation process is determined by solving
the system of ODEs

dak
==, 10.3.7
T ( )
dag p
—fFE ) 10.3.8
W g, (10.3.)
d
%kvk =y pk(v — 'U;g), (10.3.9)
d E
% = apppv - (v — V) (10.3.10)

resulting from (10.3.2) with the source terms (10.2.20). Since we assume that the relaxation process is
infinitely fast, the solution of the system of ODEs converges towards the equilibrium state where the
right-hand side vanishes. This holds true for

v =07, t— 0. (10.3.11)
Integration of (10.3.7), (10.3.8) over [0, 00| then results in the algebraic equations

s =al, (10.3.12)

A p® = ad pd  equiv. p° = pl. (10.3.13)
From the equilibrium condition (10.3.11) and (10.3.6) we conclude that
v = v = v’ (10.3.14)
To determine the energy at equilibrium we first observe that by (10.3.9) and (10.3.10)

dakpk Ey dakplc'uk
— = — . 10.3.15
a7 BT ( )

Since the bulk velocity remains constant according to (10.3.5), we obtain by integration of (10.3.15) over
[0, 00] and (10.3.14)
ai pie By = a) pp Bl + o p v” - (00 — o)) (10.3.16)

or, equivalently by (10.3.13),
EX =E) +v°- (v° —oY). (10.3.17)

Finally, we end up with the algebraic system (10.3.6), (10.3.12), (10.3.13), (10.3.14) and (10.3.17) by
which we determine the velocity equilibrium state. The procedure is summarized in the following algo-
rithm.

Algorithmus 10.3.1 (Velocity Relaxation Procedure).

1. Compute the equilibrium mizture velocity according to (10.2.21) as
K K
v = Z ad vl Z adp?; (10.3.18)
k=1 k=1

2. Update the velocities of the components using (10.3.14);
3. Update the specific total energies of the components using (10.3.17).

The equilibrium state coincides with the results of Saurel and Le Métayer in [35] for the two-phase
model although the derivation is slightly different considering e instead of E.
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Figure 10.1: Equilibrium states.

10.3.2 Pressure relaxation

For the pressure relaxation we may proceed similarly to [21] for two- and multi-component models.
Lallemand et al. [21] give eight different procedures based on a closure of the interfacial pressure that
become physically non-admissible for more than two components, see [29]. These procedures predict
different values for the equilibrium pressure.

The equilibrium pressure is path-depending and accordingly non-unique. In fact, there are infinitely
many equilibrium states that can be obtained by conservative pressure relaxation procedures. This can
be seen clearly in Figure 10.1 where all possible equilibrium states for the following set of initial data
are given

ac =09, pe=130000, Tg =293, pz=50000, T = 303.

Obviously small differences in the equilibrium volume fractions cause appreciable changes in the corre-
sponding equilibrium pressure and significant variations in the phase temperatures. Note in particular
the temperature of the vapor phase.

One of the eight approaches given in [21] is based on the following approximation of the intermediate
interfacial pressure state

(10.3.19)

ﬁwp°+p°°
—

In [17] we give a procedure in case of a K component mixture using a physically admissible closure of
the interfacial pressure resulting in a polynomial of degree K. However, for large pressure differences
between the initial pressure and the equilibrium pressure the approximation (10.3.19) may cause stability
problems resulting in very small CFL numbers. These instabilities are induced by the non-uniqueness
of the equilibrium state. Small differences in the equilibrium pressure and in the corresponding volume
fractions may cause large variations of the phase temperatures.

Alternatively, uniqueness can be enforced by the additional condition of temperature equilibrium. For
this purpose we suggest to simultaneously relax pressure and temperature and, thus, determine a unique
equilibrium pressure by avoiding iteration processes. This results in an efficient and stable procedure.
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10.3.3 Simultaneous pressure-temperature relaxation

For the pressure-temperature relaxation process we have to solve the system of ODEs

d oy Or (77 p
_ = = — — (T =T, 10.3.20
77 0, a (pr P)+l%( k) ( )
d o pi
Ph_ ), 10.3.21
11 ( )
day pr U
— =0 10.3.22
dt : ( )
d FE 0
% = Q*T ak p(p — pi)tau (T = T), (10.3.23)
p

resulting from (10.3.2) with the source terms (10.2.23). Since we assume that the relaxation process is
infinitely fast, the solution of the system of ODEs converges towards the equilibrium state where the
right-hand side vanishes. This holds true for

pr=p7, Tp7=T>  t— o0 (10.3.24)

Note that we also impose pressure equilibrium.
Again, equations (10.3.21), (10.3.22) and (10.3.23) entail conservation of mass, momentum and bulk
energy, i.e.,

ap = alp?, (10.3.25)
v = oY, (10.3.26)
K K
Z akp;cek Z akpkek . (10.3.27)
k=1 k=1

Due to the mass conservation (10.3.25) and the equation of state (10.2.12) the latter is equivalent to

K (%) K 0

o Pp T VETk 0Pk T VETk
E ayr = = E ap ———= =: A. 10.3.28
= (=) = (- 1) ( )

The temperature equilibrium (10.3.24) implies T° = T¢° for all phases k, where we fix an arbitrary
phase ko to be specified below. Since we also assume pressure equilibrium, i.e., pp® = p>, we conclude
together with the equation of state (10.2.13) that

00 s Ok P+ T .
ap’ = ap — o p ﬁw: with  ag = co (% — 1alpl. (10.3.29)
Then the saturation condition (10.2.1) yields
% —1
o ak P> + T,
= = 10.3.30
ako (,; Ak, poo + T > ( )

We now substitute ag® in (10.3.28) by (10.3.29) and replace ag> by (10.3.30). For ease of representation
we introduce the sets

E=A{k:mp=mpy, ke{l,....K}}, N:={k:m#m, ke{l,...,K}}. (10.3.31)

Together with the assumption of pressure equilibrium (10.3.24) we finally obtain after some algebraic
manipulations

a > 4
S (P ) T s+ 10332
kee ko Ve leN
ar [ P> + YTk 0o oo
Za(le) 0™ +m) [ ™ +m)=0.
en ko Ve LEN I£k
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Hence, the equilibrium pressure p™ is characterized as the root of a polynomial of degree # N + 1. By
the conditions ag® € (0,1) and p™ > 0 we may single out the unique physically admissible solution
as we will do for some models at the end of this section. To reduce the number of roots we therefore
recommend that the index kg should be chosen such that the cardinality of A is smallest. In particular,
if all 7, coincide, then we may compute p>° directly as

s ay YTk us ap 1 B
> = — (A — —= — . 10.3.33

a -1
k=1 =1 ko Tk

Another special case is the three-component model composed of water vapor, liquid water and gas, see
Section 10.2.3 and Table 10.1 where in particular 71 = w3 = 71 3 and, thus, equation (10.3.32) becomes a
quadratic rather than a cubic polynomial in p>°. Choosing ko = 1 and multiplying (10.3.32) by ax, = a1
we obtain

A(p>®)? +Bp®+C=0, (10.3.34)

where the coefficients are determined by

= =1
B:=a (71?1’3 i I A) + as (72%2 ks T A) + as <737r1,3 ki A) )
7—1 Y2 —1 v3—1
C = a1 ('717(-1,3 - A) + a271,3 < 272 - A> + asmo (737[-1’3 — A) .
-1 72 —1 v3—1

Note that the equilibrium temperature T°° may be directly computed from the equilibrium pressure.
Starting from the equation of state (10.2.13) we first employ mass conservation (10.3.25) and replace ag°
by (10.3.29) and (10.3.30). Finally we obtain together with (10.3.30)

K —1
oo aj _ o0
o = <Z M) =T (10.3.35)

=1

After having determined p>, the volume fractions o> and ag®, k # ko, can be computed by (10.3.30) and
(10.3.29), respectively. Then the mass conservation (10.3.25) provides us with p¢°. Finally we compute
the internal energies e}® according to the equation of state (10.2.12).

For convenience of the reader we summarize the relaxation procedure in the following algorithm.

Algorithmus 10.3.2 (Pressure and Temperature Relaxation Procedure).
Determine the index ko such that the cardinality of the set N is smallest.

1. Compute A and af®, k=1,..., K, by (10.3.28) and (10.3.29), respectively;
2. Determine the roots of the polynomial (10.3.32);
3. For each rooti=1,...,#N + 1 determine azo’i, k=1,...,K, from (10.3.30) and (10.5.29);

4. Single out the unique physically admissible solution by verifying the conditions ozzo’i € (0,1) and
p>t >0 forallk=1,... ,K;

5. By means of this solution compute the equilibrium temperature using (10.3.35);
6. Update the partial densities pi° and partial energies ef° using (10.5.25) and (10.2.12), respectively.

For special cases we can prove the existence and uniqueness of admissible equilibrium states, see Step
4 in the above algorithm.

Theorem 10.3.1 (Positivity of equilibrium pressure and temperature).

For all of the three cases (1) two components with wo # m1 = 0, (2) three components with w3 = mo # T3
and (3) K components with my = ... = wg there exist unique equilibrium pressure and equilibrium
temperature with p> > 0 and T > 0.
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Proof:
Case 1: In this case my # m = 0. There exist two roots of (10.3.34) with az = 0 because A =
a1/(y1 = 1)+ az/(y2 —1) > 0 and C = —a; Ay < 0. The only admissible solution is

B B2 C
o _ 2 - _ = . 10.3.
p a Ve >0 (10.3.36)
From (10.3.30) and (10.3.35) we then conclude
P> (p™ + m2)
(a1 + a2)p™ + a1ma

a1 (p™ + )

a —1-a®€0,1], T>®=
(a1 + a2)p™ + a1

> 0.

oo __
- =

Case 2: In this case we assume that m; = w3 # m3. Then we observe that again A > 0 and C' < 0 in
(10.3.34) and thus (10.3.36) is the only admissible root. From (10.3.30), (10.3.29) and (10.3.35) we then
conclude ay € [0, 1], ag, 3 > 0 and T > 0.

Case 3: In this case there only exists one root of (10.3.32) given by (10.3.33). Equations (10.3.28)
and (10.3.29) imply that the equilibrium pressure is positive. Accordingly, the equilibrium temperature
given by (10.3.35) is positive. m|

It is worthwhile mentioning that in [23] Le Métayer et al. also develop a simultaneous pressure-
temperature relaxation. However, their relaxation requires an iterative procedure to determine the
pressure-temperature equilibrium whereas we derive an explicit expression for the equilibrium state.
Moreover, they do not prove existence and uniqueness of the equilibrium state as well as physical admis-
sibility. To the best of our knowledge no positivity results have been reported so far in the literature for
the equilibrium temperature.

10.3.4 Relaxation of chemical potentials

The equilibrium state of the chemical potential relaxation process is determined by solving the system
of ODEs

dOék-, m dO[g . ( 1 1 )

G M9, W (), 10.3.37

dt Ok dt 01 02 ( )

dayg pr k+1 - dag ps

QUPE _ (g k=12 85 _ 10.3.38
d ( ) m, ) Sy dt ) ( )

d d

GOPEOE _ ()l v, k=12, L93P3Y8 _ g (10.3.39)

i i
d E \%s d E
% = (~1)F+L (ek n 2’) L k=1,2, % =1 (€2 — €1) (10.3.40)

resulting from (10.3.2) with the source terms (10.2.24). Again we assume that the relaxation process
is infinitely fast such that the solution of the system of ODEs converges towards the equilibrium state,
where the right-hand side vanishes. According to [40,42] this holds true for

P =py =p3 =p>, t— o0, (10.3.41)
I =1 =T5° =T, t— oo, (10.3.42)
pt =gs°, t— oo (10.3.43)

Note that due to these equilibrium conditions the muss flux rh vanishes at equilibrium and, thus, the
right-hand sides in (10.3.37), (10.3.38), (10.3.39) and (10.3.40) become zero. Obviously, the equations
(10.3.37) are in agreement with the saturation condition (10.2.1), i.e.,

a4+ aF +af = 1. (10.3.44)

In the following we start with relaxed values for velocity, pressure and temperature obtained by the
previous mechanical and thermal relaxation procedures described in Section 10.3.1 and 10.3.3 and, thus,
it holds

t=pi=p5 T=13=T5, vi=v

NO

P = ). (10.3.45)
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During the chemical relaxation procedure we now assume that mechanical and thermal equilibrium is
maintained but the corresponding equilibrium values may change. Due to conservation of total mass and
total momentum it is obvious that the equilibrium velocity does not change, i.e.,

v =vP =) =", k=1,23. (10.3.46)

The mass equations (10.3.38) induce

as*p3 = agps, (10.3.47)
AP +apy = alpl + adph = W. (10.3.48)
Then we conclude with (10.3.40) that
3 3
Z apprler = Z A= F. (10.3.49)
k=1 k=1

Motivated by the equilibrium condition (10.3.43) the aim is now to derive a function

fulaapr) == pi®(a1p1) — g3° (ap1) (10.3.50)

depending only on the product ajp; such that the root a3°p° is the solution for the relaxed mass density
for the first component. For this purpose we have to express af°, as®, T°° and p™ in terms of a3°pP°.
Then the chemical potential for water vapor ps and the Gibbs free energies g, k = 1,2, see Section
10.2.2, can be written as

ai(aipr)
o0 — g — ey T In (21t 10.3.51
13°(eapr) = g7 (aip1) + (11 — 1ep 1 T (a1 p1) In <1 az(a1p1)) ( )

g (1p1) = (copve — @) T (1p1) = o 1T (1 p1) (T (a1p1)) +
T (a1p1)cok (e — 1) In(p™(01p1) + 7k) + Q- (10.3.52)

Note that a root of (10.3.50) may not exist. Beside the existence of an equilibrium solution the water
vapor may completely condensate or the liquid water may completely evaporate. Therefore in a first
step one has to figure out, which of the four cases occurs:

(i-a) condensation process with equilibrium solution,
(i-b) total condensation,

(ii-a) evaporation process with equilibrium solution,
(ii-b)

ii-b) total evaporation.

In case (i-b) and (ii-b) the result can be directly obtained. In the cases (i-a) and (ii-a) a bisection method
is provided to find the equilibrium state. Due to the fact that the pressure-temperature relaxation
method is simple and always gives a unique, physical solution, we base the bisection method to find the
equilibrium state on the temperature relaxation procedure.

According to thermodynamics a condensation process and an evaporation process are characterized
by a positive or negative sign of ©1 — g, respectively. Thus, using the data from the pressure-temperature
relaxation procedure we may identify condensation and evaporation processes.

Condensation. If a condensation process is identified by p; — go > 0 the expression afp{ is too
large and a1 p; has to decrease. The smallest admissible value for this expression is ajpj = tol > 0. This
means that all water vapor has condensated except a small amount due to numerical reasons. Using
the pressure-temperature relaxation procedure according to Section 10.3.3 with o p} instead of a?p) we
determine the corresponding values for all variables of the phases. Using these data one has to check the
sign of the difference of the chemical potentials. If still ©; — g2 > 0 holds, then total condensation will
occur. We keep ajp} = tol > 0 and the corresponding data. Otherwise the interval [af p; = tol, adp?] is
admissible for the bisection method.
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Evaporation. If an evaporation process is identified by 11 — g2 < 0 the expression afp? is too small
and ajp; has to increase. Because of (10.3.48) we have the bound ajpi < W. Moreover, we have to
guarantee that

D+ YTk
E—aipiqg —Waq + aipige = ZO‘ LML >0.
Y — 1

Here the left-hand side is derived from (10.3.49) where we plug in (10.3.48) and (10.2.12) and use 7; =0
and g3 = 0. Thus we conclude

E-W
ajpy = min{W—tol,qz} .

q1 — 42

Again using the pressure-temperature relaxation procedure according to Section 10.3.3 with o p} instead
of afp{ we find the corresponding values for all variables of the phases. Using these data one has to check
the sign of the difference of the chemical potentials. If still g3 — g2 < 0 holds, then total evaporation
will occur. We keep ap} = tol > 0 and the corresponding data. Otherwise the interval [afp?, o pi] is
admissible for the bisection method.

Again, we summarize the relaxation procedure in the following algorithm.
Algorithmus 10.3.3 (Chemical Relaxation Procedure).
1. Identify condensation or evaporation processes (i) or (ii) by the sign of pu1 — ga;

2. Check, whether an equilibrium solution exists; this leads to four possible cases (i-a), (i-b), (ii-a),
(ii-h):

o if (i-a): Apply the bisection method to find the root aapy of (10.3.50) in the interval [afp; =
tol, ol pY] and perform pressure-temperature relaxation with aqpy, see Alg. 10.5.2;

e if (i-b): Apply the pressure-temperature relazation procedure, see Alg. 10.3.2, to o pi = tol;

e if (ii-a): Apply the bisection method to find the root agpy of (10.3.50) in the interval [ p?, o p3]
E-Wgq2
’ q1—q2

with af p] = min {W — tol } and perform pressure-temperature relaxation, see Alg. 10.5.2,

with 1015

o if (ii-b): Apply the pressure-temperature relaxation procedure, see Alg. 10.3.2, to ofpi =
W —tol.

A direct consequence of the algorithm is the following theorem.

Theorem 10.3.2. The chemical relaxation procedure given by Alg. 10.3.8 provides a unique solution.
In particular, the resulting states for the equilibrium pressure and equilibrium temperature are positive.

The above relaxation procedure can be considered as an essential improvement of the original one
presented in [40,42] due to the following aspects: In the original procedure the Gibbs free energies are
relaxed, i.e., the influence of the mixture entropy, which is described by the difference of the chemical
potential and the Gibbs free energy of the vapor phase, is neglected. This extra term cancels in pure
phases. Moreover, in the original procedure a nested iteration method was used. We now reduce the
numerical costs significantly by simplifying the equilibrium system to a scalar equation depending only on
a1 p1 that has to be solved by a single iteration process. Thus, the computational costs are significantly
reduced, see Section 10.5.

Finally we point out that in complete analogy the above procedure can also be applied to mixtures
with an arbitrary number of additional inert ideal gases.

10.3.5 Application of relaxation procedures

We conclude the section on the relaxation to equilibrium by some remarks on (i) the order of performing
the relaxation procedures and (ii) where to apply them.

From a physical point of view the equilibrium state should not depend on the order of the relaxation
processes. For instance, performing relaxation of the chemical potentials does not require to perform
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mechanical and thermal relaxation before. According to (10.3.41) and (10.3.42) pressures and tempera-
tures are relaxed to equilibrium together with the mass. On the other hand, the equilibrium velocity is
not changed by neither of the other relaxation procedures and vice versa as becomes obvious from the
definition (10.2.19), (10.2.20), (10.2.23) and (10.2.24) of the relaxation terms. However, from a numer-
ical point of view performing the latter relaxation procedures will provide a better initial guess for the
bisection method involved in performing the mass transfer.

For the same reasons we do not have to perform pressure relaxation first when performing temperature
relaxation without accounting for mass transfer, see Section 10.3.3, because the pressures are relaxed
simultaneously to equilibrium together with the temperatures according to (10.3.24).

Since by both the thermal and the chemical relaxation procedure we also relax the pressures simul-
taneously there is no need to perform the pressure relaxation, see Section 10.3.2. The advantage is
twofold: First of all, for our three-component model we do not have to compute the roots of a cubic
polynomial but the quadratic polynomial (10.3.34) where the admissible root can be singled out a priori.
Furthermore, we avoid the approximation step (10.3.19) as usually performed, cf. [23,30,41,42], that can
cause instabilities in case of strong non-equilibrium, i.e., the differences p% — p*>° are large. In particular,
we observe that by the pressure relaxation small oscillations may be triggered that spoil significantly
the performance of locally adaptive computations due to denser grids. Consequently, the computational
costs of our computations could be significantly reduced.

Furthermore we strongly recommend that temperature relaxation should always be accounted for
in the computations. We performed investigations for a spherical bubble collapse not reported here. It
turned out that without temperature relaxation unphysically high temperatures for water vapor and inert
gas may occur in the order of 100000 K. This caused high sound speeds that triggered very small time
steps due to the CFL number restriction. When performing the same computation with temperature
relaxation, the equilibrium temperatures stayed in a physically admissible range and the computations
run much faster because the CFL number was moderate and the time steps did not become as small as
before.

Finally, we note that after each evolution step the phases may be in non-equilibrium. Therefore
the relaxation procedures have to be performed in each cell of the computational domain, see Section
10.4. In [40] an interfacial region or a mixture zone has been introduced to avoid unphysical nucleation
or cavitation. In Section 10.5.2 we will verify that these do not occur in our model due to the sign
of the difference of the chemical potentials. On the other hand, the model is able to describe physical
cavitation by expansion. For this reason we avoid introducing an artificial interfacial region to avoid
numerical instabilities.

10.4 Discretization

For a condensed presentation of the discretization it is convenient to rewrite the system (10.2.2), (10.2.3),
(10.2.4) and (10.2.6) in matrix-vector representation

8tak+V1«Vak:Sa_,k(w), k=1,...,K -1, (10.4.1)
Orup +V - (frlag,ur) =H(w)Va,+ Sur(w), k=1,..., K, (10.4.2)

where we make use of the convention (10.2.7). This forms a coupled system for the volume fractions
a = (a1,...,ax_1)T and the vectors uy, of the conserved quantities of phase k = 1,..., K. These are
condensed in the vector w := (a”,uf,... , uf)", where the field f; := (fi ..., fr.q) of the fluxes in
the ith coordinate direction and the vector of relaxation terms Sy, j corresponding to uy as well as the
matrices H are defined by

Pk Ak PrUE 4
up = | 0PV |, fk,i = | ok prUk,i Vk + Ok Pr€; |, (10.4.3)
ay, pr B, ag prki (Ex + pr/pr)
o” Sp,k
H:=|Plgca]|,Sur:=|Spwr |- (10.4.4)

PVt S,mk
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Here e; € R? and I g € R**? denote the ith unit vector and the identity matrix in R? and R*4,
respectively. Note that because of the choice (10.2.9) of the interfacial pressure P; and interfacial
velocity Vr, the fluid equations of all phases are coupled, i.e., P; = P;(w), V| = V(w), whereas the
left-hand side of (10.4.2) only depends on wy := (ay,ul)T. Again note that for k = K we make use of
the convention (10.2.7).

Following [32] we do not discretize the coupled system (10.4.1) and (10.4.2) but perform an operator

splitting according to Godunov or Strang, see [38,39], resulting in the system of equations of fluid motion

Qar+Vi-Vapr=0,k=1,...,K—1, (10.4.5)
Oup+ V- (Frlomur) =Hw)Vap, k=1,..., K, (10.4.6)

and the system of relaxation

%:sa,k(w), k=1,... K—1, (10.4.7)
d
% = Sur(w), k=1,...,K. (10.4.8)

Note that the differential equation (10.4.5), (10.4.6) describes a variation in time and space, whereas the
system (10.4.7), (10.4.8) is an evolution in time only although the state w depends on both time and
space. Therefore we use different symbols for the differentiation.

In each time step we thus perform alternately the evolution of the fluid and the new relaxation process.
Since our interest is in equilibrium processes we replace the transient relaxation procedure (10.4.7) and
(10.4.8) by the relaxation procedures introduced in Section 10.3. The discretization of the fluid system
(10.4.5) and (10.4.6) is briefly summarized for the convenience of the reader.

A finite volume scheme is applied to the fluid equations (10.4.6). Due to the non-conservative term
on the right-hand side this discretization is linked to the discretization of the non-conservative evolution
equation (10.4.5) for the volume fractions. In order to avoid oscillations in the pressures and velocities
at the phase interface Saurel and Abgrall [32] suggest to use a special upwind discretization of (10.4.5)
that preserves homogeneous pressure and velocity fields. Let be {V;}; the spatial discretization of the
computational domain Q ¢ R% and {tn}n>0 the temporal discretization which for ease of representation
is assumed to be uniform, i.e., t,11 = t,, + At. Then the resulting scheme reads

. AL _ .
()i =)} — Vil Z ITi;| (V1)ij - (Var)i, (10.4.9)
1 jEN()
n+1 n At n
(wo)P ) — — > Tyl G, (10.4.10)

where the fluxes G?j and the gradients of the volume fractions in normal direction are determined by

Gij = Fr(wjy, wj;, nij) —H (wi;) (Vo) (10.4.11)
(Vo) = ((@r)i; — (aw)i’) mij, (10.4.12)

and |V;| and |T';;| denote the volume and the interface area of the cell V; and the cell interface I';;,
respectively. Here the quantities (@;);j, (V1);; and w;; are determined by the solution of a Riemann
problem at the cell interface I';; evaluated |I'| from the interior of the cell V;. For details on the derivation
we refer to Appendix A in [17].

At each cell interface I';; of cell V; with a neighbor cell V;, j € N(¢), a numerical flux in outer normal
direction m;; to the cell interface is computed in two steps:

(i) In each of the two neighboring cells a quasi-one-dimensional 2nd order ENO reconstruction of the
primitive variables (pk, vk, pr) with van Leer limiter and the volume fractions ay, is computed for all
components to determine two states wy;, w; left and right of the cell interface. Note that for the
volume fractions we switch to 1st order reconstruction whenever the higher order reconstruction
of the volume fractions lies outside a tolerance range 1o, 1 — aro] With ary = 107 in our

computations.
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(ii) A multi-phase multi-component Riemann problem determined by w;y, wi; is approximately solved
using an HLLC-type Riemann solver, see Appendix B in [17], providing us with an intermediate
state w := (a’,u? ,...,ur )" at the cell interface by which we evaluate the flux at the cell interface

in normal direction n, i.e,

d
Fr(w, whni;) =Y fr(@w, wh)) (). (10.4.13)
=1

Note that the intermediate state also enters the approximation (10.4.9) of the volume fractions and
their gradients (10.4.12). In principle, any numerical flux is admissible that is consistent with the

flux, i.e.,
d
Fi(w,w,n) = Z Frilomup)ng, Vw = (o', uf, ... ui)’, (10.4.14)
i=1
> [ijlng =o. (10.4.15)

JEN(7)

Finally, we remark that in order to use the multi-component model also in absence of one or several
components, the fluid must be modeled as a mixture of all components in the entire computational
domain. Therefore the fluid contains at least a negligible amount of each fluid. Thus we require oy > €
for the initial data. This is common practice, see for instance [3,7,21,32]. In [7] ¢ is chosen to be 1076,
in [3] e = 1078. In our computation we mostly choose € = 1078, see also Section 10.3.4.

During the computation aj may become smaller. In that case oy often is set to €. However, this
leads to the violation of conservation of mass, momentum and energy. We avoid this by allowing smaller
values for ay. To guarantee that ay always stays positive, we terminate the computation whenever ay,
drops below a tolerance value of 1078 that never happened in our computations.

Finally, the efficiency of the scheme is improved by local grid adaption where we employ the multi-
resolution concept based on biorthogonal wavelets. The key idea is to perform a multi-resolution analysis
on a sequence of nested grids providing a decomposition of the data on a coarse scale and a sequence
of details that encode the difference of approximations on subsequent resolution levels. The detail
coeflicients become small when the underlying data are locally smooth and, hence, can be discarded
when dropping below a threshold value e¢p,csn. By means of the thresholded sequence a new, locally
refined grid is determined. Details on this concept can be found in [27,28].

10.5 Numerical results

By means of several numerical computations using our new relaxation procedures we want to (i) validate
their reliability, the efficiency and robustness, (ii) verify that they can deal with physical cavitation and
(iii) apply them for the investigation of complex 2D problems.

10.5.1 Validation

For the validation we consider different configurations summarized in the following.

Test case C1: water liqguid—vapor expansion tube problem. This configuration is a benchmark problem
taken from Zein [40] that has been originally proposed in [36]. It is a two-component ld-Riemann
problem given by the initial data summarized in Table 10.3. Note that the vapor density has not been
given in [36,40]. Here we choose the vapor density determined by the pressure and temperature of the
liquid. For this problem we use the material parameters given in Table 10.2. The computations for this
configuration are performed with velocity and temperature relaxation.

Test case C2: Vapor—liquid—gas expansion and compression problem. To investigate cavitation phe-
nomena we consider two 1d-Riemann problems: an expansion problem (C2a) and a compression problem
(C2b) for a three-component fluid. The data are listed in Table 10.4 with material parameters given
in Table 10.1. The computations for these configurations are performed with all relaxation processes:
velocity, temperature and chemical relaxation.
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Qyapor

Pvapor

Pwater

p [bar]

Viest [m/s]

Vright [m/s]

0.01

0.63

1150

100000

-2

+2

Table 10.3: Initial data for Riemann problem: water liquid—vapor expansion tube problem (C1).

Ayapor Qyater p [bar] T [K] Vieft [m/s} Uright [m/s]
C2a | e 1-2 |1 293 -10 +10
C2b | e 1-2¢ |1 293 +10 -10

Table 10.4: Initial data for Riemann problems: vapor-liquid-gas expansion problem (C2a) and compres-
sion problem (C2b) with e = 1078.

Grid convergence. Due to the lack of exact solutions we present here a grid convergence study for the
validation of our code. For this purpose we consider the water liquid — vapor expansion tube problem
(C1). The solution has been computed at time ¢ = 3.2ms on the domain Q = [0,1] discretized by
5 x 2L cells performing L = 6, ..., 12 uniform refinements and time discretization using a CFL number
of 0.9. The performance of the computations is listed in Table 10.5 (left). In Figure 10.2 we show

L | CPU (sec) | # cells | # steps L | CPU (sec) | # cells | # steps | speed up
6 6 320 1629 6 3 184 1628 1.7
7 20 640 3258 7 7 248 3255 2.8
8 82 1280 6516 8 20 340 6509 4.0
9 331 2560 13031 9 50 527 13017 6.7
10 1274 5120 26062 10 137 742 26029 9.3
11 5029 10240 52123 11 382 964 52053 13.2
12 20493 20480 104245 12 3193 1514 104101 20.0

Table 10.5: Water liquid—vapor expansion tube problem (C1): performance for computations with tem-
perature relaxation for uniform (left) and adaptive (g¢presn = 107%) (right) discretization.

the convergence behavior for the mixture pressure, the mixture velocity, the mixture density and the
vapor volume fraction. We observe that with increasing resolution the leading and trailing front of the
rarefaction fans become less smeared and finally a sharp kink is reproduced. The solution is in agreement
with the one presented in Zein [40], Figure 3.7.

For the vapor-liquid—gas expansion problem (C2a) we perform a similar grid convergence study. The
solution has been computed at time ¢t = 0.2ms on the domain Q = [0, 1] discretized by 5 x 2L cells
performing L = 6, ..., 12 uniform refinements and time discretization using a CFL number of 0.9. The
performance of the computations is listed in Table 10.6 (left). In Figure 10.3 we show the convergence
behavior for the mixture pressure, the mixture velocity, the mixture density and the vapor volume
fraction. The convergence behavior is similar to the test case (C1).

Robustness and efficiency of temperature relaxation. For the water liquid—vapor expansion
tube problem (C1) computational times are given in [40]: the CPU time was 14.772 hours (4 core AMD
Opteron(tm) 2218, 2.6 GHz, 32 GB Ram) for performing 763,550 time steps were performed on a uniform
grid with 5000 cells. In comparison to our uniform computation (4 core AMD Opteron 8356, 2.3 GHz,
256 GB Ram) for L = 10 (5120 cells) this is a speed up of 41.7. The number of time steps is reduced
by 29.3. Note that the AMD Opteron 8356 is 4-5 times faster than the AMD Opteron(tm) 2218. There
are mainly two reasons for the significant speed up:

(i) Tt is mentioned in [40], p. 74, that “...this test case requires a small time step to obtain a stable
solution ... indicating that there is a stiffness coming from the relaxation”. Therefore he used a
CFL number of 0.03 that is 30 times smaller than we used for our computations. This clearly
indicates that our new temperature relaxation procedure is significantly more robust.
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Figure 10.2: Water liquid—vapor expansion tube problem (C1): convergence study.

(ii) In our new temperature relaxation procedure we avoid an iterative process. Instead we perform an
explicit computation of the equilibrium state. We point out that we perform temperature relaxation
in all cells whereas Zein applies the temperature relaxation only at the phase interface.

Furthermore, the computations are significantly accelerated using local grid adaptation. For this
purpose we also performed the parameter study with multi-resolution based adaptation using a constant
threshold value of 107%, see Table 10.5 (right). As can be observed in Table 10.5 the speed up between
uniform and adaptive computation is increasing with higher number of refinement level L. For configu-

ration (C2a) the grid adaptation does not perform as good and the speed up of about 4 is moderate, see
Table 10.6.

Robustness and efficiency of chemical relaxation. The most important speedup is achieved by
our new relaxation procedure driving the chemical potentials into equilibrium. To our knowledge the only
numerical results accounting for chemical relaxation in a three-component model have been reported in
[42]. There a spherically symmetric cavitation bubble is considered with initial radius R = 0.75mm. The
initial data are summarized in Table 10.7. Due to the high computational cost Zein et al. used reduced
models to simulate three-component flows, see [42]. Nevertheless, the simulation of a collapsing cavitation
bubble (t = 150us, 66000 cells) took about two months on the system 4 core AMD Opteron(tm) 2218,
2.6 GHz, 32 GB Ram. Using our improved numerical method including the new relaxation procedures
and local grid adaptation the computational time is reduced to at most 60 CPU hours on the system
84 core AMD Opteron 8356, 2.3 GHz, 256 GB Ram, although the full model is considered and the
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L | CPU (sec) | # cells | # steps L | CPU (sec) | # cells | # steps | speed up
6 1 320 107 6 1 214 107 1.6
7 5 640 213 7 2 342 213 2.4
8 19 1280 425 8 7 604 425 2.7
9 73 5120 849 9 24 1234 849 3.0
10 293 5120 1698 10 86 2256 1698 3.4
11 1109 | 10240 3396 || 11 290 4068 3396 3.8
12 4374 | 20480 6792 || 12 1017 7674 6792 4.3

Table 10.6: Vapor-liquid—gas expansion problem (C2a): performance for computations with temperature
relaxation for uniform (left) and adaptive (g¢presn = 107%) (right) discretization.

avapor agas T P v
inside the bubble | 1 —e7 — agqs | 0.1 293 | 2339 0
outside €0 €0 293 | 100000 | O

Table 10.7: Initial data for cavitation bubble with e; = 1078, ¢ = 1076

computations have been performed on a four times larger computational domain for a longer time period
(t = 240us) with higher local resolution. For details on the numerical discretization see [17]. Note,
that the simplification in [42] of relaxing Gibbs free energies leads to slightly different (physically wrong)
equilibrium states, what is also avoided in our new procedure.

10.5.2 Physical cavitation

Cavitation induced by expansion is a frequently investigated problem in the literature. For instance,
in [41] an expansion tube filled with liquid water is investigated. For numerical reasons it is necessary
that some amount of vapor exists initially. In [41] a large initial vapor volume fraction, ayapor = 0.01,
was necessary due to the definition of an interfacial region and the constraints for the thermal relaxation
procedures. Here we use qygpor = 10~%. Although the vapor volume fraction may decrease during the
computation it always stays positive. This also holds true for all phases that may be initialized by a
small value. Furthermore, we avoid to introduce technical parameters, e.g., the definition of an interfacial
region or a tolerance range [€, 1 —¢| for the volume fractions. These may trigger oscillations and unphysical
phenomena in the solution, e.g. wave splitting. In the worst case these effects lead to a breakdown of the
simulation. Nevertheless, we are able to simulate cavitation without causing unphysical cavitation. For
illustration we consider two symmetric examples where the pressure, velocity and temperature of each
component is in equilibrium. The volume fractions as well as the pressure and the velocity are constant,
whereas the velocity exhibits a discontinuity. The fluid consists of almost pure liquid water perturbed
by a small amount € = 10~® of the other components. The parameters are listed in Table 10.4.

For all our computations, the computational domain is 2 = [0, 1] m, where for boundary conditions
we set the initial left and right state, respectively. The initial jump is located at * = 0.5 m. The
domain is discretized by Ny = 5 cells on coarsest level and successively refined using L = 10 refinement
levels. The threshold value is set to e/presn = 1074, The temporal discretization is adjusted during the
computation by a fixed CFL number of 0.5. The computations terminate at the final time 7 = 2 x 10~*
S.

In test case (C2a) the almost pure liquid water phase is expanded and the pressure drops. This leads
to cavitation, i.e., water vapor is created due to the phase transition where mass is transferred from
liquid water to water vapor, see Figure 10.4. Thus we can simulate cavitation without having initialized
a significant amount of water vapor.

Next we present the results for test case (C2b), see Figure 10.5. The liquid phase is now compressed.
The water volume fraction remains constant, i.e., no unphysical cavitation occurs. This confirms that
we do not have to introduce an interfacial region but may perform relaxation of chemical potentials
throughout the computational domain.
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Figure 10.3: Vapor-liquid-gas expansion problem (C2a): convergence study.
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Pressure and velocity (left), volume fractions (middle) and temperature

10.5.3 Application: 2d-shock-bubble interaction

For a multi-dimensional application we consider the interaction of a collapsing bubble with a planar

shock wave.

This problem is important for medical applications such as shock wave lithotripsy, as

well as from a more fundamental point of view because bubbles in a cloud are exposed to the collapse
shock waves of neighboring bubbles. This problem has been investigated both by so-called lithotripter
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Figure 10.6: Computational setup.

shock wave (LSW) experiments and numerical simulations. For a detailed review we refer to [1,4] and
references cited therein. Since in this paper the main objective is on the feasibility of multi-dimensional
multi-component simulations the focus is on the numerical simulation rather than the comparison with
experiments, we therefore confine ourselves to a simplified quasi-two-dimensional computational setting
employing rotational symmetry as sketched in Figure 10.6.

Note that a quantitative comparison with the experiments is not feasible due to significant uncertain-
ties in the numerical setup. For instance, the initial data cannot be depicted from the experiment but has
to be guessed. Furthermore, measurement techniques only provide qualitative results using high-speed
cameras that do not allow for quantitative data inside the bubble.

Computational setup. The computation is initialized with a bubble of radius 0.8 mm filled with
liquid vapor and non-condensable gas. Since the state inside the bubble cannot be observed experimen-
tally, we assume that the state is homogeneous and at rest with temperature 293 K and corresponding
saturation pressure 2339 Pa referred to as state Sp. The bubble is embedded in water at rest where the
ambient state Sy is chosen to be the atmospheric pressure 1 bar at temperature 293 K. The computation
is first started without perturbation in the water. Then at time Ty = 37.45 us a pressure pulse with
pressure condition S, of 80 MPa starts propagating from the left boundary. The pressure pulse lasts
0.23 us before recovering the initial water state at rest Sy. The boundary conditions at the left boundary
are thus given by

S(t):{SO, t<Tport>T
Sp, To<t<Ty

with 77 = 37.68 pus. The initial conditions are recorded in Table 10.8.

(10.5.1)
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S So S,
p [Pa] | 2339 1x10° | 8 x 107
T (K] | 293 293 293

v [m/s] | O 0 0
Ayapor 0.1- €2 €1 €1
Qyater €2 1- 261 1- 261
Qgas 0.9 €1 €1

Table 10.8: Initial data with €; = 1074 and e; = 1078. The state inside the bubble Sj, the ambient
water state Sp and the pressure pulse S, are assumed to be in equilibrium.

Discretization. Since the problem is inherently two-dimensional due to rotational symmetry, we
perform quasi-two-dimensional computations where we have to take the change of metric into account
in the fluid discretization (10.4.9) and (10.4.10). For a structured grid in a two-dimensional space with
longitudir}al coordinate z and r.adial coordinate r, i.e., Vi = [2,_1, 2 1] x [rj_1,rj 1] with 4 = (4, 7),
the resulting scheme can be written as

At

()i =)} - il ST (Ve - (Vaw)sy, (10.5.2)
Y jeN)
At n AV on
()T ) — S Syl G+ SVl g (10.5.3)
il 2, Vil
with the volumes [V ;)| = Az Arj = (2iry = 2iop) Ty = 1-), [Vapll i= ryAriAz, vy o=
(rj+% + r-_%)/2 and the interface areas ||I'¢; jy i j+1)l := Az il and ||T(; jy,(ix1,5) || == 75 Ar;. Here

the fluxes and the derivatives of the volume fractions are given by (10.4.11) and (10.4.12), respectively.
Note that u, = o (pr, pr(V2)k, pr(Vr ), Ex)T is now composed of the density, the momentum in longi-
tudinal and radial direction and total energy of component k. The additional metric term is defined by
Sy (w) = (0, axpr,0,0)”. This quasi-two-dimensional scheme can be derived from the three-dimensional
discretization applied to a special grid similar to [6] and, in more details, in [4], Appendix A. For our
problem we choose the computational domain as Q = [0,0.0445] x [0,0.00445] m? to avoid unphysical
reflections from the right boundary and a short distance between the pressure pulse and the bubble at
the left boundary. The domain is discretized by 50 x 5 cells on the coarsest level using L = 7 refinement
levels. The threshold value is chosen as €spresn = 1073, We perform 120000 time steps with CFL number
0.5. The computation is performed with mass transfer.

Numerical results. The initial phase of the computation is characterized by a rarefaction wave
and a shock wave both emanating from the bubble interface and running into the liquid and towards the
bubble center, respectively, see Fig. 10.7(a). The shock wave is focusing in the bubble center where it
is reflected. The reflected shock wave is then interacting with the bubble interface where it is partially
transmitted into the liquid and partially reflected. Thus the shock wave is bouncing between the bubble
center and the bubble interface. Due to the interactions the bubble starts shrinking.

The second phase starts at time ¢ = Ty where the pressure pulse enters the computational domain at the
left boundary, see Fig. 10.7(b). It hits the bubble at about ¢t = 39.5 us with the bubble at a radius of
approximately 0.59 mm, see Fig. 10.8. The LSW is partially transmitted and reflected at the interface,
see Figs. 10.7(c) and 10.7(d). The reflected LSW causes a significant pressure drop in the water causing
vaporization, see Fig. 10.7(e). With advancing time the pressure raises again and the vapor condensates
again causing pressure waves, see Fig. 10.7(f).

In a final phase the bubble interface is significantly accelerated due to the interaction with the LSW and
the bubble collapses, see Fig. 10.7(f). When the bubble collapses at about ¢t = 44.32 us shock waves are
emanated into the liquid, see Fig. 10.8.

An overview of the wave dynamics is given in Fig. 10.8 where we extract data on the symmetry axis
every 50 time steps. The pressure gradient magnitude shows very well the collapse of the bubble and
the emanated shock waves.

Finally we present in Fig. 10.9 a pressure probe taken on the symmetry axis at a distance of 1.88
mm behind the initial bubble center, see probe location in Fig. 10.6. The first peak is the pressure
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measurement, of the LSW and the second one is shock-induced by the collapse.

10.6 Conclusion

A generalized multi-component fluid model has been introduced. This model is thermodynamically
consistent as proven in [29]. It accounts for relaxation of velocity, pressure, temperature, and chemical
potentials.

Opposite to previous work, cf. [30,41], pressure and temperature are relaxed simultaneously. Typically
pressure relaxation relies on an approximation process that can cause numerical instabilities in case of
strong pressure non-equilibrium, cf. [21]. Alternatively, iterative procedures can be used that make
computations very expensive, in particular in multi-dimensions. This is avoided in our new pressure-
temperature relaxation procedure. In particular, we have proven that for particular mixtures the unique
equilibrium state exists such that the equilibrium temperature as well as the equilibrium pressure are
positive and the volume fractions are in the admissible range.

Instead of relaxing Gibbs free energies as in [23,42] we perform relaxation of the chemical potentials
in case of three or more components. Exemplarily for a three-component model consisting of water
vapor, liquid water and inert gas we have verified that either a unique equilibrium state exists or one
phase vanishes. This model is consistent with the two-component model if the inert gas is not present.
We emphasize that determining the equilibrium state only requires a single iteration procedure whereas
in [42] an additional internal iteration is needed. This significantly speeds up the computation.

This model is solved numerically by applying an operator splitting where the evolution of the fluid
and the relaxation to equilibrium are separated in each time step. For the solution of the homogenized
fluid equations we apply a second order finite volume solver based on ENO reconstruction and the
HLLC Riemann solver. Computations are performed on a locally refined grid where grid adaptation is
triggered by advanced multi-scale techniques, cf. [27,28]. We emphasize that local grid adaptation is a
key ingredient to perform the computations in affordable time. Moreover, we apply thermal and chemical
relaxation throughout the computational domain instead of an artificial interface region near the phase
boundary as done for instance in [30,42].

By means of parameter studies for several 1d-Riemann problems we have validated the robustness
and efficiency of the new relaxation procedures. Moreover, we have verified that multi-dimensional
computations are feasible for the model at hand. For this purpose we have considered the interaction
of a collapsing bubble with a planar shock wave. This problem is important for medical applications
such as shock wave lithotripsy. To our knowledge this is one of the first 2D-computations presented
using this type of model besides the two-component simulations in [30]. However, we emphasize that
our computations are more complex due to three components and taking into account also chemical
potentials, but are more efficient and robust due to grid adaptation and enhanced relaxation procedures,
respectively.
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Figure 10.7: Pressure gradient magnitude with bubble interface IF identified by ayater = 0.5, rarefaction
wave RW, lithotripter shock wave LSW, vaporization region V and collapse shock CS.
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Figure 10.8: Pressure gradient magnitude with bubble interface IF identified by ayaier = 0.5, rarefaction
wave RW, shock wave SW, lithotripter shock wave LSW and collapsing shock waves CS.
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Figure 10.9: Pressure probe.



References

(1]

2]

[10]

[11]

[12]
[13]

[14]

[15]

[16]

[17]

M. Alizadeh, Experimental investigation of shock wave-bubble interaction, Phd thesis, Drittes
Physikalisches Institut, Gottingen, 2010.

N. Andrianov, Analytical and numerical investigation of two-phase flows, PhD thesis, Otto-von-
Guericke University, Magdeburg, 2003.

N. Andrianov, R. Saurel, G. Warnecke, A simple method for compressible multiphase mixtures
and interfaces, Int. J. Numer. Meth. Fluids, 41 (2003), 109-131.

M. Bachmann, Dynamics of cavitation bubbles in compressible two-phase fluid flow, PhD the-
sis, RWTH Aachen, http://darwin.bth.rwth-aachen.de/opus3/volltexte/2013/4554/pdf/4554.pdf,
2013.

M.R. Baer, J.W. Nunziato, A two-phase mixture theory of the deflagration-to-detonation transition
(DDT) in reactive granular materials, Int. J. Multiphase Flows, 12 (1986), 861-889.

T. Barberon, Ph. Helluy, S. Rouy, Practical computation of axisymmetrical multifluid flows, In-
ternational Journal of Finite Volumes, 1(1) (2003), 1-34.

R.A. Berry, R. Saurel, F. Petitpas, A simple and efficient diffuse interface method for compress-
ible two-phase flows, 2009 International Conference on Mathematics, Computational Methods &
Reactor Physics, Preprint, 2009.

J. Dalton, A new System of Chemical Philosophy, 3 vols, Manchester 1808.

J. Dalton, A new System of Chemical Philosophy, in: Ostwalds Klassiker der Exacten Wis-
senschaften, Band 3, Leipzig 1889.

W. Dreyer, F. Duderstadt, M. Hantke, G. Warnecke, Bubbles in liquids with phase transition.
Part 1: On phase change of a single vapor bubble in liquid water, Continuum Mechanics and
Thermodynamics, 24 (2012), 461-483.

S.F. Davis, Simplified second-order Godunov-type methods, STAM J. Sci. Stat. Comput., 9(3)
(1988), 445-473.

D. Drew, Mathematical modeling of two-phase flow, Ann. Rev. Fluid Mech., 15 (1983), 261-291.

D.A. Drew, S.L. Passman, Theory of Multicomponent Fluids, Applied Mathematical Sciences,
Vol. 135, Springer, 1999.

P. Embid, M. Baer, Mathematical analysis of a two-phase continuum mixture theory, Con-
tin. Mech. Thermodyn., 4 (1992), 279-312.

T. Flatten, H. Lund, Relaxation two-phase flow models and the subcharacteristic condition, Math-
ematical Models and Methods in Applied Sciences, 21(12) (2012), 2379-2407.

T. Gallouét, J.-M. Hérard, N. Seguin, Numerical modelling of two-phase flows using the two-fluid
two-pressure approach, Math. Models Methods Appl. Sci., 14(5) (2004), 663-700.

E. Han, M. Hantke, S. Miller, Modeling of multi-component flows with phase transition and
application to collapsing bubbles, IGPM Report No. 409, RWTH Aachen, 2014.

263



264

[18]

[19]

[20]

[21]

22]

[23]

[24]

[25]
[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

REFERENCES

F. Harlow, A. Amsden, Fluid dynamics, Technical Report, LA-4700, Los Alamos National Labo-
ratory, 1971.

J.-M. Hérard, A three-phase flow model, Mathematical and Computer Modelling, 45 (2007), 732
755.

A. Kapila, R. Menikoff, J. Bdzil, S. Son, D. Stewart, Two-phase modelling of DDT in granular
materials: Reduced equations, Phys. Fluid, 13 (2001), 3002-3024.

M.H. Lallemand, A. Cinnayya, O. Le Métayer, Pressure relaxation procedures for multi-phase
compressible flows, Int. J. Numer. Meth. Fluids, 49(1) (2005), 1-56.

S. LeMartelot, R. Saurel, O. Le Métayer, Steady one-dimensional nozzle ow solutions of liquid-gas
mixtures, J. Fluid Mechanics, 737 (2013), 146-175.

O. Le Métayer, J. Massoni, R. Saurel, Dynamic relaxation processes in compressible multiphase
flows. Application to evaporation phenomena. ESAIM: Proceedings, 40 (2013), 103-123.

T.-P. Liu, Hyperbolic conservation laws with relaxation, Commun. Math. Phys, 108 (1987), 153
175.

I. Miiller, Thermodynamics, Pitman, London, 1985.

I. Miiller, W. Miiller, Fundamentals of Thermodynamics and Applications, Springer-Verlag, Berlin,
2009.

S. Miiller, Adaptive multiscale schemes for conservation laws, Lecture Notes in Computational
Science and Engineering, 27, Berlin: Springer, 2003.

S. Miiller, Multiresolution schemes for conservation laws, R. DeVore, A. Kunoth (eds.), Multiscale,
nonlinear and adaptive approximation. Dedicated to Wolfgang Dahmen on the occasion of his 60th
birthday. Berlin: Springer, 379-408, 2009.

S. Miiller, M. Hantke, P. Richter, Closure conditions for non-equilibrium multi-component models,
Continuum Mechanics and Thermodynamics, 28(4) (2016), 1157-1189.

M. Pelanti, K.-M. Shyue. A mixture-energy-consistent six-equation two-phase numerical model for
fluids with interfaces, cavitation and evaporation waves, J. Comput. Phys., 259 (2014), 331-357.

K. Saleh, Analyse et Simulation Numérique par Relaxation d’Ecoulements Diphasiques Compress-
ibles, PhD thesis, Université Pierre et Marie Curie, Paris, 2012.

R. Saurel, R. Abgrall, A multiphase Godunov method for compressible multifluid and multiphase
flows, J. Comput. Phys., 150(2) (1999), 425-467.

R. Saurel, R. Abgrall, A simple method for compressible multifluid flows, STAM J. Sci. Comput.,
21(3) (1999), 1115-1145.

R. Saurel, P. Boivin, O. Le Métayer, A general formulation for cavitating, boiling and evaporating
ows, Computers and Fluids, 128 (2016), 53-64.

R. Saurel, O. Le Métayer, A multiphase flow model for compressible flows with interfaces, shocks,
detonation waves and cavitation, J. Fluid Mech., 43 (2001), 239-271.

R. Saurel, F. Petitpas, R. Abgrall, Modelling phase transition in metastable liquids: Application
to cavitation and flashing flows, J. Fluid. Mech., 607 (2008), 313-350.

U. Specht, Numerical Simulation of Mechanical Waves at Fluid-Solid-Interfaces, PhD thesis,
RWTH Aachen, 2000 (in German).

G. Strang, On the construction and comparison of difference schemes, STAM J. Numer. Anal., 5
(1968) 506-517.



REFERENCES 265

[39] E. F. Toro, Riemann solvers and numerical methods for fluid dynamics: A practical introduction,
Berlin: Springer, 1997.

[40] A. Zein, Numerical methods for multiphase mixture conservation laws with phase transition, PhD
thesis, Otto-von-Guericke University, Magdeburg, 2010.

[41] A. Zein, M. Hantke, G. Warnecke, Modeling phase transition for compressible two-phase flows
applied to metastable liquids, J. Comput. Phys., 229(8) (2010), 2964-2998.

[42] A. Zein, M. Hantke, G. Warnecke, On the Modelling and Simulation of a Laser-Induced Cavitation
Bubble, Int. J. Num. Meth. Fluids, 73(2) (2013), 172-203.



266 REFERENCES



Part 111

Particle flows

267






Chapter 11

Bubble evolution models

Bibliographic note: The content of this chapter is published in [H5]: Wolfgang Dreyer, Frank Duder-
stadt, Maren Hantke, and Gerald Warnecke. On phase change of a single vapor bubble in liquid water,
Continuum mechanics and thermodynamics 24 (2012), pp. 461-483.

Abstract: In the forthcoming second part of this paper a system of balance laws for a multi-phase
mixture with many dispersed bubbles in liquid is derived where phase transition is taken into account.
The exchange terms for mass, momentum and energy explicitely depend on evolution laws for total mass,
radius and temperature of single bubbles.

Therefore in the current paper we consider the dynamics of a single fully developed bubble of vapor
and inert gas surrounded by the corresponding liquid phase. The creation of bubbles, e.g. by nucleation,
is not taken into account. We study the behavior of this bubble due to condensation and evaporation
at the interface. The aim is to find evolution laws for total mass, radius and temperature of the bubble,
which should be as simple as possible but consider all relevant physical effects.

Special attention is given to the effects of surface tension and heat production on the bubble dynamics
as well as the propagation of acoustic elastic waves by including slight compressibility of the liquid phase.
Separately we study the influence of the three phenomena heat conduction, elastic waves, and phase
transition on the evolution of the bubble.

We find ordinary differential equations that describe the bubble dynamics.

It turns out that the elastic waves in the liquid are of greatest importance to the dynamics of the
bubble radius. The phase transition has a strong influence on the evolution of the temperature, in
particular at the interface. Furthermore the phase transition leads to a drastic change of the water
content in the bubble. It is shown that a rebounding bubble is only possible, if it contains in addition
an inert gas.

In Part 2 of the current paper the equations derived are sought in order to close the system of
equations for multi-phase mixture balance laws for dispersed bubbles in liquids involving phase change.

11.1 Introduction

Mathematical modeling of fluid flow with phase change between liquid water and its vapor has many
applications in science and technology, such as the study of cloud formation, of bubbles in boiling
water, spray cooling in metal production or damage of ship propellers due to cavitation. For numerical
computations of such flows, via mathematical equations describing the balances of mass, momentum
and energy, one needs appropriate terms modeling the transfer of these physical quantities between the
phases. It is a commonly found situation that one phase is dispersed in the other. Normally we do not
have pure substances but mixtures, for instance in cloud formation or spray cooling we have mixtures of
water vapor and air. Therefore in this paper we also take into account further phases, in particular we
consider vapor bubbles containing some additional inert gas in liquid water.

The subproblem concerning the precise modelling of the evolution of a single bubble is a challenge,
because various different phenomena are involved and strongly couple with each other. For example,
here we meet heat conduction, elastic waves, phase transitions and diffusion.
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The theoretical study of a spherical bubble surrounded by liquid has quite a long history. Much of the
literature is an extension of the 1917 paper of Rayleigh [27] on the pressure during collapse of a spherical
bubble. He considered a constant outer pressure and basically integrated the equations of motion, under
the assumption of complete radial symmetry, of an incompressible, inviscid liquid. The work was then
extended 1949 by Plesset [23] in a study on cavitation considering the case of a non-constant external
pressure P(t) leading to a bubble which grows and then collapses. This was observed in the cavitation
experiments he discussed. Let us consider the density p of the liquid and the pressure of the liquid at the
interface p(R). In his paper he derived the second order nonlinear ordinary differential equation for the
time dependent bubble radius R

RR+%R2+M =0 (11.1.1)

which has become known as the Rayleigh-Plesset equation of bubble dynamics, see also [10], [30], [13], [11]
for further early studies on this topic.

The latter occurs if the initial bubble is created by a laser beam, see e.g. Akhatov et al. [1] and
especially Miiller et al. [20], so that the bubble might contain inert gas, i.e. most probably hydrogen
and oxygen, in the vapor due to the high temperature during the bubble creation process. Experimental
results were obtained by the group of Lauterborn in Géttingen, see Miiller et al. [20]. We will refer to this
as the Gottingen experiment in this paper. In the experiment one observes a collapsing and rebounding
bubble. In fact, the bubble radius increases to a maximum, then decreases to a non-zero minimum, and
hereafter the cycle is repeated, however, an apparent damping is observed. Miiller et al. investigate two
different discretizations to describe the dynamics of the laser induced cavitation bubble without taking
into account phase transitions.

In Akhatov et al. [1] the problem is treated numerically by a full system of coupled partial differential
equations, which obviously is the correct description. However, the objective of our paper is to explore
if a description by a much simpler system of equations than in [1] and [20] is possible with respect to
total mass and radius of the bubble as well as its temperature. The creation of bubbles by nucleation is
not investigated.

The aim of our work is to find evolution laws for the quantities mentioned above. The laws should be
as simple as possible, but should consider all relevant physical effects. The evolution laws obtained will
be used in the forthcoming second part of this paper to close a system of partial differential equations
describing a finite number of well separated bubbles in liquid, taking into account phase transitions.

To this end it is important to determine the influence of the various participating phenomena on
the observed evolution. Thus we describe the problem by a hierarchy of model systems of increasing
complexity. We start out with the model of the undamped oscillation of a bubble immersed in an
incompressible liquid at constant temperature without phase transition, given by the Rayleigh-Plesset
equation [23], [17], [4], [7]. Hereafter we take the liquid-vapor phase transition into account. Next we
consider in addition heat conduction. Finally elastic waves due to the compressibility of the liquid are
incorporated.

In the Gottingen experiment a laser pulse is focussed inside a vessel of water. This leads to the
formation of a plasma and creation of a vapor bubble that collapses and rebounds. If a liquid-vapor
phase transition is allowed, the latter effect is only possible when an inert gas is present in the bubble. A
pure water vapor phase cannot persist beyond the first collapse since the vapor phase is unstable under
the conditions of the experiment. Currently it is not known by measurements what constitutes the inert
gas. The most likely seem to be oxygen and hydrogen. So for this paper we are assuming this to be the
case. We are considering the data described in Miiller et al. [20]. Earlier experimental work on this topic
is described in Akhatov et al. [1,2] and Kurz et al. [15].

Later extensions were summarized by Lauterborn [16] and studied numerically. Next Keller and
Miksis [14] were interested in the acoustics of oscillating bubbles and included the effect of acoustic
radiation by considering compressibility. Also they carried the viscosity term with wviscosity p through
the derivation. Further their derivation involved the speed of sound c in the liquid and the pressure
inside the bubble py(R). They considered a pressure at infinity perturbed by an incoming sound wave
P(t) = pso — Psinw (t + £). Assuming that the interface velocity is equal to the liquid velocity at the
interface, i.e. the phase transition is ignored, this leads to the Keller-Miksis equation [14, (3.9)], [26]
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which in our notation is

(R R\ cP R
+rPE) <1+> Csinw(t+>.
p c) p c

This equation is only valid for small Mach numbers. We simplyfy the equation by setting u = 0. Then
we divide by ¢ and use the Laplace-Young relation py(R) = p(R) + 2% to obtain

s( _ BY_3m (R .po(R) = P(t) [ P(t) = p(R) po(R)
RR (1— C) =5k <3C 1>+R p ( ; >+R s (11.1.2)

Taking the limit ¢ — oo reduces this equation to the Rayleigh-Plesset equation (11.1.1). Prosperetti
and Lezzi [26] have generalized these equations even further using singular perturbation methods. Wu
and Roberts [31] considered a version of this equation coupled to radially symmetric Euler equations in
order to study sonoluminescence. In Akhatov et al. [1] a model for the laser induced bubble experiment
ist introduced. Near the recollapse of the bubble the bubble radius velocity becomes very high, so the
Euler equations of gas dynamics are used to simulate this part of the bubble dynamics. The paper [1]
includes quite extensive citations of the relevant literature.

As a result of our considerations we obtain a hierarchy of models consisting of a system of ordinary and
partial differential equations describing the evolution of the bubble with the main objective to identify
the various driving forces involved. From the numerical computations we can clearly see that the elastic
waves in the liquid are of greatest importance to the evolution of the bubble radius in comparison with
the experiment. Phase transition and heat conduction play no significant role for movement of the bubble
radius. The phase transition has an enormous influence on the evolution of the temperature, in particular
at the interface. Furthermore the phase transition leads to a drastic change of the water content in the
bubble, so that a rebounding bubble is only possible, if it contains in addition an inert gas. For further
investigations we refer to [22], [24], [29], [8], [25], [32], [21], [33].

After this introduction we have organized the paper as follows. In Section 11.2 we first start with the
balances of mass, momentum and internal energy for an inviscid compressible fluid in Subsection 11.2.2,
including the jump relations that describe the conservation properties at moving interfaces. Appropriate
constitutive relations for mixtures are introduced in Subsection 11.2.3 and complemented by the entropy
principle in the bulk and in Subsection 11.2.4 at liquid-vapor interfaces. The entropy principle is exploited
in Subsection 11.2.5 to introduce the interfacial mobility. In Subsection 11.2.6 the constitutive relations
for a vapor phase containing water vapor and oxygen as well as hydrogen as inert gases are formulated.
Next we derive in Subsection 11.2.7 a kinetic equation for the evolution of the bubble mass under
phase transition. The condensation rate may be taken from well established kinetic considerations. An
important point is that the evaporation rate at the interface is derived in a thermodynamically consistent
way. In Section 11.3 we recall the data from the laser induced bubble experiment that we are modelling.

The central part of the paper is Section 11.4 in which we give a hierarchy of models for radially
symmetric bubbles in order to study numerically which physical effects are important to explain the
experimentally observed dynamics of laser induced bubbles. Starting point is the well known second
order Rayleigh-Plesset equation in Subsection 11.4.3. In Subsection 11.4.4 the mass dynamics due to
phase transition is introduced to give a system of implicit first order ordinary differential equations. Then
we add in Subsection 11.4.5 the heat conduction in the liquid. Finally a wave equation for acoustic waves
is coupled to the other phenomena. The details of the derivations of these models are given in Section
11.5. In Section 11.6 we present some of our numerical computations within the setting of these models.
We will present numerical results using four different models in order to give an indication which terms
are important. A comparison of the observed evolution of a bubble with a model is a subtle problem,
because the initial states of all physical quantities involved cannot be precisely measured experimentally.
At this time we have to work with very incomplete experimental data. The paper ends with a short
summary of the main conclusions.
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11.2 Variables, equations of balance and local entropy principle

11.2.1 Basic variables and constitutive quantities

As a starting point we take a spherical bubble B = B(0) = {x € R3||z| < R(t)} of vapor sitting at the
origin surrounded by the liquid. Here ¢ is time and R the time dependent radius of the bubble. However,
later on we also will treat the case of a bounded planar interface between liquid and vapor. For the case
of the bubble we will work in radial coordinates assuming that all physical quantities depend on time
and distance from the origin. All vector fields are then assumed to be radial.

We have one vapor bubble in a closed, very large control volume. One could assume either that the
control volume is subject to a given constant outer pressure pg or that the volume in the control volume
remains constant in time. Note that the physics of phase transition depends considerably on whether the
pressure or the volume is held constant in the control volume. In the first case the phases cannot coexist
in equilibrium, whereas in the second case they may coexist. In nature the gas phase usually consists
of a mixture of several constituents, for example vapor, oxygen, and nitrogen. This again changes the
physics of the phase transition, allowing for fog in the pressure controlled situation found in nature.

In this paper we do not consider the case of constant volume. We only consider the case that the
outer pressure pg of the global control volume is held constant, e.g. in a container with a moveable piston
that is controled by the outer pressure.

11.2.2 Equations of balance in regular and singular points

Here we exclusively consider the gas and the liquid phase as inviscid heat conducting fluids. The gas
consists of water vapor, oxygen, and hydrogen. The appearance of oxygen and hydrogen is due to the fact
that a bubble is created by a focussed laser beam in water. This initially leads to a high temperature
so that some of the water vapor dissociates into Oy and Hy. In the following we will only consider
temperatures under which no further chemical reactions take place. Futhermore, we study short time
bubble evolutions during which hydrogen and in particular oxygen cannot leave the bubble into the
liquid. Consequently the liquid consists of pure water only, thus we describe the liquid by 5 variables
which are the mass density p, velocity v, and temperature 7. In the gas we have as variables three
partial mass densities p,, with a = W, H, O for water, hydrogen, and oxygen. Further, there are the
velocity of the mixture v and the temperature 7. Unless stated otherwise, physical fields are assumed
to depend on the time variable ¢t € R and space variable = € R3.

The determination of the variables relies on the local conservation laws for mass and momentum, as
well as the balance law for internal energy. In regular points of the liquid phase these are

op +div(pv) =0 (11.2.1)

ot
%V +div(pv @ v +p1) =0 (11.2.2)
% +div(puv +q) = —p1-gradv. (11.2.3)

Here we use the second order tensor 1 = (d;5)1<i,j<3 with §;; = 1 for ¢ = j and = 0 for i # j, the
tensor product of vectors ® giving a second order tensor. The divergence of a second order tensor is the
vector of divergences of each row and the product - of two such tensors is the scalar obtained by double
contraction.

In these equations there are further quantities which are not among the basic variables. We call them
constitutive quantities, and these are the internal energy density u, the heat flux q and the pressure p.
The constitutive quantities are related to the basic variables in a material dependent manner, which will
be given in Section 11.2.6.

In the gas phase, the equations for momentum and energy of the mixture have the same structure as
(11.2.2) and (11.2.3). However here we have to consider 3 conservation laws for the partial mass densities

Ipa
ot

+ div(p,ve) = 0. (11.2.4)
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The partial mass densities are defined so that they sum up to the mass density of the mixture, and the
weighted sum of partial velocities gives the (barycentric) velocity of the mixture, i.e.

ap
ot

p= Z Pas v = p—pava which implies with (11.2.4)

a

+ div(pv) = 0.

The constitutive quantities are pressure p, internal energy e, and heat flux q, as before, and the partial
velocities v,, but these are usually substituted by the diffusion fluxes J, = pg(vy — v).

We will use the superscripts L, V and the subscript I to specify physical quantities ¥ in the liquid, the
vapor, and on the interface respectively. The combination of the subscript I with one of the superscripts
denotes the one sided limit W%’V(t, xr) = lim,r.v_,,, U(t, ) of the quantity in the respective bulk fluid
at the interface. The superscript 1 together with I denotes the scalar obtained by projection of a vector
on the chosen normal vector 7 on the surface. We denote vectors, except for the spatial coordinate vector
of a point, and higher order tensors in boldface.

Along the singular surface I between the phases we consider the normal vector m pointing into
the liquid region. It is moving with normal speed w"”. Across this interface we use the jump bracket
[¥] = ¥L — ¥V for any physical quantity ¥. We have the following relations

[pa(vy —w™)] =0 (11.2.5)
p(T —wM[v] + [pn] = 20kmn (11.2.6)
p(v” —w")[[u+§+ %(V_W)Q]] +[q"] =0. (11.2.7)

Here the interface is exclusively equipped with surface tension o. This is the term appearing on the
right hand side of the momentum balance. We ignore for example tangential heat and diffusion fluxes.
Additionally we assume that the interface has no mass and no inertia, and in particular we ignore the
dependence of the surface tension on the concentration of the constituents of the gas and the temperature.
The complete interface relations may be found in Dreyer [5, Sections 5-14] and Miiller [19, Section 2.2.2,
Chapter 3]. The term k,, is the mean curvature of the surface, with k,,, = f% for a sphere and k,, =0
for a plane.

The assumption that there is no oxygen and hydrogen in the liquid phase implies that the equations
(11.2.5) can be written as

vh=v}=w" and  [pw(vyy —w")]=0. (11.2.8)

In contrast to the need of partial mass balances, even for a mixture we only have to take a single energy
balance, as it was given above, because there is only one temperature of the mixture. However, for
a reduction of the necessary numerical data, which are needed to evaluate the energy balance, it is
useful to decompose the internal energy density, the pressure, and the heat flux of the mixture into
the corresponding quantities of the constituents, according to the detailed description in [19] without
quadratic terms of the diffusion fluxes we have

pU = Z Palla, p= Z Pa, and q= Z <qa + (ua + ia> Ja) . (11.2.9)

ac{W,H,0} ac{W,H,0} ac{W,H,0} @

In terms of these quantities the balance of internal energy (11.2.3) in the gas phase now reads

3 (paua + div(qa + Jap“)> =25 (11.2.10)
ac{W,H,0} Pa P

where () = %() +vgrad() denotes the material time derivative. Across the interface the internal energy
balance (11.2.7) assumes the form

L
p Pa

G- Y@=l e - Y e+ 2w, (11.2.11)
ae{W,H,0} P ac{W,H,0} e
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11.2.3 General constitutive model and local entropy principle for the bulk
phases of the two phase system

The general constitutive model for the system under consideration relies on two functions for the specific
Helmholtz free energy
Yv=u—-Ts (11.2.12)

that is a combination of specific internal energy u and specific entropy s. We assume that we have in the
liquid resp. the vapor phase

OF =9M(T,p")  and @Y = V(T pw, pr, po) = 4V (T, pV, X, Xnr),

where the mole fractions are defined by X, = %. The knowledge of the specific free energy allows

in combination with the local entropy principle for the bulk phases to calculate the pressure p, the specific
entropy s, the specific Gibbs free energy g, and the chemical potentials p,, see Miiller [19],

o) oY p dp
2
= - = —— 5 = ) a = . 11.213
P=r%, §= o5 g=v+ ) Ha =5 ( )
Moreover the Gibbs-Duhem equation for the two phases, viz.
Za:W H,0 Navpa
gt =k, gV =ZesHoTelt (11.2.14)

P

is likewise a consequence of the entropy principle, which also gives the entropy flux ¢, and an inequality
that controls the flow of heat

qL

.
o vl
or=T. o=

_ ada 1
z:“—W+OM , q- gradf > 0. (11.2.15)

11.2.4 The local entropy principle across the liquid-vapor interface

The entropy principle holds point wise in a given body, thus we also must have an entropy principle
at the interface. In the current study that principle relies on two basic assumptions: (i) There is no
tangential entropy flux within the surface, (ii) the tangential velocities of the bulk phases at the interface
are zero.

In this case the entropy principle at the interface consists of two parts

[T]=0  p("—wM[s]+ [¢"] > 0. (11.2.16)

The continuous temperature at the interface is denoted by T7. In equilibrium the equality sign holds,
whereas in nonequilibrium the left hand side of the inequality in (11.2.16) must be greater than zero.
The axiom of continuous temperature across the interface can be given up. However, in this case the
subsequent treatment of the problem becomes very involved.

Remark 11.2.1. The energy balance (11.2.7) as well as the entropy balance (11.2.16) also contain
contributions due to the liquid/vapor interface. However, due to two assumptions and a consequence of
the exploitation of the interfacial entropy inequality, the interface contributions drop out. The inequality
implies here that the interfacial free energy density is equal to the surface tension. The two assumptions
are: (i) radial symmetry, (ii) the surface tension is a constant, i.e. it does not depend on temperature
or concentrations of the constituents.

11.2.5 Exploitation of the entropy principle

We introduce the jump of the specific kinetic energy at the interface [ein] = [3(v—w)?] = [4 (v7—w")?].
Next we multiply the entropy inequality (11.2.16) by T', subtract the result from the energy equation at
the interface (11.2.7), and use (11.2.13) to obtain

p(" —w)g+exin] +[ Y. pada] 0. (11.2.17)
a=W,H,O
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Now we assume that oxygen and hydrogen cannot cross the interface from the bubble into the liquid,
i.e. v} = v}, = w". In this case the inequality (11.2.17), using g~ = u%,, can be reduced to

pw (v, — w")[pw + egin] < 0. (11.2.18)

In nonequilibrium the flux pw (vj}, — w") of mass across the interface is driven by [uw + exin]. For this
reason that factor is called the driving force. The left hand side of (11.2.18) is of the form flux x driving
force.

In thermodynamics it can be shown that in equilibrium the driving force must be zero. Thus the
product assumes its maximum in equilibrium. We now assume that there is a relation between the flux
and the driving force in non-equilibrium which usually is called kinetic relation. A consequence of the
existence of the kinetic relation is that

[ew + erin] =0 — pw (v, —w™) =0, (11.2.19)

see [12].
The simplest ansatz to satisfy the inequality in nonequilibrium is to assume that the two factors of
the product are positively proportional to each other. We write

—4rR?pw (v, — w") = 47 R?Bruw + erin] ~ with By >0, (11.2.20)
the quantity By is called interfacial mobility which must be measured or calculated from an underlying
model. Such a model will be discussed in Section 11.2.7. The sign in (11.2.20) is due to (11.2.18).

11.2.6 Special constitutive model for the two phase system

The vapor phase consists of the three constituents water vapor, hydrogen and oxygen. These are described
by the ideal thermal and the caloric equations of state for the partial pressures and for the partial internal
energies, for details see Miiller and Miiller [18]. These are for a € {W, H, O}

kT k
Pa(T, pa) = pa— and  ug(T) = 2— (T — Ty) + ua(Ty) (11.2.21)
Mg mq
with
3/2 for a monoatomic,
za =1 5/2 " diatomic,
3 " polyatomic gas.

The Boltzmann constant is denoted by k, the molecular mass of constituent a is m,. We use the symbol
* to denote arbitrary reference values.
The constitutive laws for the partial specific entropies are also needed here

k. T ok .
log = — —log 2% 4 5, (T., pi). (11.2.22)
P )

5a<T7 pa) = Zami T

a

Likewise to (11.2.9) the entropy density ps for the mixture is given by

ps= Y. pasa. (11.2.23)
ae{W,H,0}

We have already assumed that the vapor mixture is inviscid but we allow heat conduction. From
now on we exclusively consider a bubble with homogenous distributions of matter. Note that this does
not mean that the bubble is homogeneous. For example, a simple integration of the continuity equation
leads for a time dependent p(t) to a velocity field that depends on the radius. Due to this homogeneity
assumption in the bubble we do not need the constitutive law for the heat flux q.

The liquid phase consists only of water which is modeled as a compressible inviscid liquid. We use
the following constitutive laws for the liquid pressure and energy

Pt =p.+ K (p — 1) (11.2.24)
P+
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and
1 1 K
uH (T, p) = o(T — T.) + (ps — K) ( - ) + =L Uk (T, ). (11.2.25)
s P) P Ps
The pressure is related to the density variation by a linear law, and additionally we ignore thermal
expansion and the temperature dependence of the modulus of compression K. Thus the pressure is
assumed to be independent of temperature. For the specific heat capacities we have ¢, = ¢, = c. This

implies that the specific entropy of the liquid does not depend on the mass density, and we have
T
s¥(T) = clog ol + sH(T).

The constitutive law for the heat flux in the liquid is given by Fourier’s law, i.e.
qf = —wkFgradT  with  wx%>0. (11.2.26)

The liquid heat conductivity k" is assumed to be constant.
From the above constitutive equations for the vapor we obtain

kT
1y (T,p, Xo) = ga(T,p) + — In X, (11.2.27)
a
where the terms have been combined, s.t. the chemical potential of constituent a can be written as the
specific Gibbs free energy for the pure substance a under the total pressure of the mixture p¥ plus the
so called entropy of mixing. Thus ¢, (7T, p) is defined by

kT k T

9a(T,p) = ga(Ti,0%) + o In <p*> +(za +1)— {T —T,—TIn (T)] — (T —Ty)sa(Tx). (11.2.28)
a a a *

Recall that the liquid consists of the single substance water. Its specific Gibbs free energy can easily be

calculated and reads

g5 (T,p) = g"(T., p.) + f—*ln <1 +2 Kp*> +c {T ~T,—Tln <§>} — (T —T,)s"(T,). (11.2.29)

*

The incompressible liquid is included here as the limiting case K — oo that gives

1 T
gH(T,p) = g"(Tu,ps) + E(p —ps) Fe [T —T,—Tln <Tﬂ — (T - T,)s"(T.). (11.2.30)

11.2.7 Simple kinetic model for the evolution of a single bubble

In this section we introduce a kinetic model for the case at hand. To this end we consider a bubble with
radius R(t) filled with the vapor mixture from above. The bubble is immersed in the liquid, and the
evolution 7 of the total bubble mass is given by

d d
== —/ pV da = —f p¥ (v —w")dS = —4rR%*pY (v — w"), (11.2.31)
v Qv

dat - dt
where we have used the continuity equation (11.2.1) and Reynolds transport theorem [28]. Now we
calculate 7 by a simple kinetic model. We start from the representation

m = mw(v¥ — %) (11.2.32)

where v¥ and ¢ are the evaporation respectively the condensation rate. The latter results from the
encounters of the gas molecules with the interface of the bubble. We assume that each incoming water
molecule leads to condensation, and furthermore we assume that the two other constituents remain in
the bubble. In this case the kinetic theory of ideal gases gives the condensation rate by the expression

KTt pw

Y [ | — (11.2.33)

C 2
R, Ty, =41 R .
7 1 pw) 2rmw mw V2rmw kT
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This expression is well-known. It results from the Maxwell distribution, see Dreyer and Duderstadt [6].

The relation (11.2.32) is usually called kinetic relation, but it is also known as the classical Hertz-
Knudsen-theory, see Struchtrup [3].

Next we calculate the evaporation rate y¥. At first we calculate v in equilibrium, and according to
(10.3.43) and (11.2.31) we have here 7 = 0. As stated in (11.2.32) this is equivalent to 7% = 5%, where
“indicates an equilibrium state.

The necessary condition can be read from (10.3.43); with eg;, = 0. At the interface it states that
ph (Tr,pt, XE) = ul (Tr,pY', Xw). In the liquid we have XL = 1. For the vapor we insert into
(11.2.27) the relation Xy = pw/pY, which holds for ideal gases. Thus we obtain from (11.2.28) that
= (T, p¥) = gw (T, pw). Thus for given T; and p¥ we may solve this condition for py = p(Tr,p¥), so
that the condensation rate in equilibrium can be written as

59 = (BT, 5(T1 o)) = AmRR—LLPE)

’ ’ e 27mek‘TI ’
Next we introduce a trick to represent the function py = p(T I,p%) by a form that does not explicitly
refer to equilibrium. To this end we introduce the saturation pressure p, which denotes the equilibrium
pressure at a planar interface between the vapor and the liquid phase of pure water. In such a situation
the equation g~ (77, p) = gw (Tr,p) holds for the equilibrium pressure p. Consequently for a given Tr we
have p = p(T7).

Using (11.2.28) we calculate gw (17, p) and gw (17, p) to obtain the difference

kT
—1In
mw

(11.2.34)

gw (T1,p) — gw (T1,p) = % : (11.2.35)

From g% (T, p¥) = gw (T, p) we conclude

kT p
9" (Tr,p¥) = gw (Tr, p(T1) + ——In 2, (11.2.36)
mw P
thus we get
LTy, pk) — T, D

In equilibrium we have 4% = 3¢, so using (11.2.37) the evaporation rate in equilibrium can be calculated
according to

B _ o D o p(T1) ( 9" (Tr,pf) — gw(Tz,p(TI))>
= =4T R ———— =4nrR*"——————exp | m . (11.2.38
K K vV 27mekT[ vV 27rka:TI P W kT[ ( )
Analogously to (11.2.35) we obtain from (11.2.28)
kT
ow(T1,p) = gw(Tr,pw) — — 2% (11.2.39)
mw

p

Using this expression the equilibrium evaporation rate can be given in the following form

L L
-E s Pw 9" (Tr,pr) — gw (Tr,pw)
v =47 R ————=exp | mw . (11.2.40)
\/27T’I7’LW}{?T[ ( kT]

Finally, due to ¢*(Ty,pr) = u*(T1,pr, 1) and g% (T, pY,) = uly (T, pv, Xw) using (11.2.33) we obtain

~ m
FE = exp (- [puw] ) - (11.2.41)
KTy

It is important to note that the equilibrium evaporation rate is now given in terms of non-equilibrium
quantities. This fact motivates to assume that the condensation rate 4¥ in non-equilibrium is given
by the same expression as 7. However, the presented motivation has ignored the contribution of the
kinetic energy to the chemical potential. A more careful study leads to

7P = exp ( " [uw + exinl ) - (11.2.42)
kT
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For small deviations from equilibrium the expression
m
vE =9 (14 - [uw + exin] (11.2.43)
kTt

gives a good approximation. A comparison with the phenomenological ansatz (11.2.20) identifies the
mobility By as

bw mw
Br=m . 11.2.44
LW ormw kT KT} ( )
As the final result we use
. pw mw
m =47 R*m + egin] - 11.2.45
W vV QﬂmwkT[ kT[ [[MW k H ( )

Here we would like to make two remarks. (i) If the liquid were incompressible, a case that we do not
consider here, the relation (11.2.42) can be derived without the assumption from above. (ii) If we were
to ignore the kinetic energy the same result can also be obtained by the principle of detailed balance.
However, that principle must be handled with care. An important counterexample is given by Dreyer
and Duderstadt in [6].

11.3 The Gottingen laser induced bubble experiment

Our objective is to apply the developed model to a single spherical bubble that is produced by laser
pulses. The bubble is created in a cuvette filled with clean destilled water. The temperature and the
pressure far from the bubble are kept constant at 20°C and 1 bar. Everything that is seriously known
from the experiment can be read of from the Figure 11.1 that gives the bubble radius versus the time.
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Figure 11.1: Evolution of bubble radius, experimental data from [20].

Aparently there is a growing bubble that reaches its maximum radius Ryay = 7.469 - 1073 m at 70.7
s and collapses hereafter to a minimal radius Ry, = 12.467 um which is assumed at 140 us. Hereafter
the bubble starts to grow again, however, the new maximal radius is very much smaller than the first
one, so that one may conclude that a large damping mechanism accompanies the observed process. The
experimental researchers in Gottingen report that the second cycle is followed by further cycles that
almost show no damping. It is also reported that presumably there is plasma in the bubble, which
is created by the laser, which has completely recombined at time ¢ = 0. Further observations and in
particular data, that give information on the thermodynamic state of bubble and liquid, are not available.
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Obviously, on this slim data basis a serious simulation of the described process is not possible without
further speculations. We do not describe here speculations that are given in [20]. Instead from now on
we present our point of view to formulate at least the necessary initial conditions. For simplification we
start the simulation at the first maximum radius so that we need to know the thermodynamic state of
the bubble-liquid system at that instant.

According to our point of view the main assumption to reach coincidence between measured and
simulated data concern the permanent existence of an inert gas in the bubble. We believe that oxygen
and hydrogen molecules have survived the dramatic period that followed the bubble creation by the
laser, and we properly adjust their amount at the first maximal radius of the bubble, so that the first
subsequent minimal radius is met. Thus the initial data for our simulation are given by

T=29315K Ny =75-10"" Np=25-10" implying Ny =2No py(t=0)= 17350 Pa

The temperature is assumed to be homogeneous in the bubble-liquid system at ¢ = 0 and is equal to the
liquid temperature far away from the bubble. Initially we take R(0) = Rpax and vl =0.

We already mention here that agreement with the experimental data can only be achieved if the
bubble-liquid system enters a single phase state for a finite period of the evolution. This happens if the
interfacial temperature 717 exceeds the critical temperature. In the above model the single phase region
is characterized by m = 0.

11.4 Special cases

11.4.1 Introduction of special cases

The evolution of the bubble radius is accompanied by three damping mechanisms which are due to:
phase transition, heat conduction and generation of waves in the liquid. In order to see their influence
on the damping of the bubble radius we separately consider the three phenomena.

In this section we give only the main results for the bubble dynamics. The detailed derivation of the
formulas is given in Section 11.5.

11.4.2 Spherical symmetry and homogeneous bubble

We consider exclusively a bubble-liquid system with spherical symmetry which implies that the conser-
vation laws assume in the bubble as well as in the liquid the following form

dp 1 9(r?pv)
L S5 g (11.4.1)

opv . 1 0(r*pv?)  Op
opu 1 9(r?puv) 1 9(r?q)  p 9(r?v)
ot o e a2 e (11.4.3)

The corresponding constitutive equations will be separately inserted for the various special cases.
The interfacial conservation laws (3.2.3), (11.2.6) and (11.2.7) in spherical coordinates are with w” =

R
vi'(t) =of () = R(t)  and  [ow(ow — R)] =0, (11.4.4)
o(or ~ B[] + [l =~ (11.4.5)
—p(v—R)[[u—i—%-i—%(v—R)z]]—&-[[qﬂ =0. (11.4.6)

The total mass of the spherical bubble B is given by m(t) = 4n fOR(t) r2pY (t,7)dr. From now on we
exclusively consider a homogeneous bubble, thus we have

4 . 4
m(t) = gwR(t)ng (t)  implying 1 =47R?Rp" + g7TR3p'V . (11.4.7)
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We eliminate 7 by means of the mass balance (11.2.31) and obtain

) 3pVUV
\% I
=—— 11.4.8
R ? ( )
so that (11.4.7)3 can be written as
= 4rR?pV (R —v}) = 4nR*p¥ (R — vF). (11.4.9)
Now (11.4.9)5 is used to calculate the liquid velocity at the interface
L _ 1 m
=R-———+. 11.4.10
Uy 47TR2,0% ( )

The assumption of a homogeneous gas phase means, that the processes of diffusion and heat conduction
are much faster than the adjustment to mechanical equilibrium. In the homogeneous case from (3.3.2);

and (11.2.23); we obtain
V() = 3N(t)kT
! 4T R(t)3

where the quantity N(t) = Nw (t) + Ng + No gives the total number of particles in the bubble. With

(11.4.11)

m(t) = Nw (tymw + Ngmg + Nomo (11.4.12)
we have

m=mwN . (11.4.13)

11.4.3 Case 1: The undamped oscillation of a bubble immersed in an incom-
pressible liquid at constant temperature without phase transition

In this case the evolution law for the bubble radius can be reduced to a single ODE that reads

R+ — = 11.4.14
+ + PO RS + R ( )

3R 1 SNKT | 20 _
2R pLR -

which is known as the Rayleigh-Plesset equation. The total number of particles in the bubble N is
constant, because in this case the number of water molecules in the bubble does not change. The equation

describes an undamped periodic oscillation around the equilibrium radius R., with pg + é—" = 27]:[14‘; .
eq leq

With the initial conditions R(0) = Ry > 0 and R(0) = Ry integration of (11.4.14) leads to two solutions
for the interfacial velocity

. 1 . 1 /2 3NET . R

which describe a closed curve, see Subsection 11.5.1.

11.4.4 Case 2: The oscillation of a bubble immersed in an incompressible
liquid at constant temperature with damping due to phase transition

Next we take into account phase transition, that means N # 0. This case can be described by three
ordinary first order differential equations

. ArR%pyw mw | 1 I kKT~ pw 1 1 1 mWN 2

N=————— | —p)——In—+4+— — 11.4.16
V2emw kT KT | p& (b1 = p) mw " D +2 (pF)?2  (pV)? )\ 47 R? ( )

R= = + R (11.4.17)

. F? R
F= R pj(po -7, (11.4.18)
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where the explicit representations of p"V,p¥, pV are given in Subsection 11.5.2. The resulting system
describes a damped oscillation.

The system is implicit with respect to N. We are interested in solutions that lie in the domain
of positive R and Ny, i.e. (R, Nw,F) € ]0,00[ x ]0,00[ x R. The system is solveable for the initial

conditions R(0) = Ry, R(0) = Ry and N(0) = Np.

Case 1 is included here by replacing equation (11.4.16) with N =0.

11.4.5 Case 3: The oscillation of a bubble immersed in an incompressible
liquid with damping due to phase transition and heat conduction

In contrast to the previous cases the temperature field is unknown and controlled by heat conduction.
Therefore we now have to consider the energy balance equations.

The resulting ODE system is almost the same as before but coupled to the energy balance equation
in the liquid and to the corresponding interfacial boundary condition

N R (o — () - S 1 2
V2rmw KTy KTr | p*(To) br— P mw  p(To)
1 1 mw N\ >
2\ (pH(To))>  (pV)? )\ 4mR?
T
+(c* = ew ) (T — Ty — Ty In ?’) — (8% = sw) (T — Tp) (11.4.19)
0
ot 11.4.20
R R (Ty) ( )
F= 2R3 m(po = p7) (11.4.21)
oT kT Rp kTN Amy N
— = — Nozg + — — 11.4.22
or 4w R2kL Z Fa kL ArR2kL  AnR2kL ( )
r=R aE{W,H,O}
or (T 20T\ FOoT
S (Rt B 11.4.23
ot < or2 r 8r) r2 Or ( )

In addition to R(0) = Ry, R(0) = Ry and N(0) = Ny we need for the temperature the initial condition
TE(0,7) = TE(r) and at the outer boundary r = R, we choose %—z = 0 for R, sufficiently large.

11.4.6 Case 4: The oscillation of a bubble immersed in a weakly compressible
liquid with damping due to phase transition, heat conduction and
acoustic waves

In the previous cases the liquid was assumed to be incompressible. This assumption is too restrictive
for the experiment at hand. Thus now we take weak compressibility of the liquid into account. The
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necessary modifications lead to the following system

N AT R%pw  mw [ K n (1+ p¥ —p(To)> KTy Iy 2w
V2mmw kT KTr | p™(Th) K mw  p(To)

%<(pL(1To))2 - (pé)2><73117§5>2

+(cF —ew) (T — Ty — Ty In %) — (s* — sw)(T7 — TO)} (11.4.24)
0

O(2R, — R~ cot) = (R~ cot) | ¢/ (2Rs — R~ cot) + &'(R — co)

R= 2 v

*% (11.4.25)

pL(iZ)%(pf —po) = ¢' (R~ cot) = ¢'(2Ra — R — cot) (11.4.26)
%:tr =a (?925 + ig::) - ”L%::- (11.4.28)

The newly introduced function ¢ describes in- and outgoing waves.

11.5 Detailed derivations

11.5.1 Case 1: A bubble immersed in an incompressible liquid at constant
temperature without phase transition

In the isothermal case the temperature T is given and considered to be constant. Therefore we do not
need the energy balance equation, we merely have to solve the mass and momentum balance equations.
The liquid is assumed to be incompressible, i.e. we require that the liquid mass density p” does not
depend on pressure. Then mass conservation of the liquid (11.4.1) simplifies to

d(r2vh)
=0 11.5.1
5 ( )
and leads to the liquid velocity
F(t)
L —
v (t,r) = - (11.5.2)

with the time dependent function F. For an incompressible liquid the momentum balance equation
(11.4.2) reduces to
ot 9 Ly2 1 opt
CLA ( Cib IR S (11.5.3)
ot or 2 pt or
Using (11.5.2) we replace v” in the time derivative and obtain

F o ((UL)2> _ 1ot

2 or \ 2 ol or

We integrate the equation over [R(t), oo assuming the velocity v* to vanish at infinity and here the
pressure p becomes the outer pressure. The result is

. F? R
F= o pr(pO —pk). (11.5.4)

Without phase transition the mass balance (11.4.4), at the interface I simplifies to
vE(t) =) (t) = R(t). (11.5.5)
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This implies

vF(t) = ol (t, R(t)) = ]5((5)2 = R(t) ie. F=RR?. (11.5.6)
The velocity field in the liquid domain is given by
vl (t,r) = R(t) (ant)y . (11.5.7)
Using (11.5.6) in (11.5.4) we end up with
RR + SRQ = fpiL(p0 —ph). (11.5.8)

The momentum balance (11.4.5) at the interface can be written as

20 SNET 20

L %
t) = t) — = — . 11.5.9
Pr(t) =pr (1) R(t) ~ 4nR(1)?  R() ( )
We replace p¥ in (11.5.8) and obtain the oscillation equation
. 3RPR? 1 3NKT
3 2 =
RR° + 5 + s <p0R R +20R) 0. (11.5.10)

This ordinary second order differential equation describes an oscillation around the stationary radius
Rgiat, that solves the equation poR® + 20R? = 30FL  The left hand side of this equation is monotone
increasing in R and it is zero for R = 0. The right hand side of the equation is positive. Thus there is a
only one real positive solution Rgq;.

Obviously we have

. 3RZR?\ . 1. .
<RR3 + ) R= §(R2R3) : (11.5.11)
and by integration of (11.5.10) we derive
Lip2ps  p2ps L1 3 3y _ SNAT R 2 2
SUER = RERS) + - gpo(RY — ) = == In -+ o(R* — i§) ) =0, (11.5.12)

where the integration constant is determined by the initial condition. This is a quadratic equation in R
with two solutions (11.4.16), which only depend on R and the initial conditions Ry, Ry. Together these
solutions describe a closed curve. We conclude, that (11.5.10) describes an undamped oscillation.

11.5.2 Case 2: A bubble immersed in an incompressible liquid at constant
temperature with phase transition

In the case of phase transition we have to make some modifications in the interfacial mass and momentum
balance. We already derived the formula vi = .F/Rz in Subsection 11.5.1. Using the mass balance
equation (11.4.10) at the interface and m = my N we obtain

F—gep_ MWl

yrong (11.5.13)

The momentum balance equation (11.4.5) at the interface gives

3NKT 20 1 1\ /mwN\>
L w
_ _20 (L Ly (mwNAT 11.5.14
Pr="ors "R (pL pv)<47rR2> (11.5.14)

For convenience we define the number of particles of the inert gas IV; := Ny + No and the corresponding
mass m; := Ny - myg + No - mo. This notation allows to apply all the formulas to any arbitrary inert
gas. Then the density of the gas phase assumes the following form

oV 3(mw - (N — N;) + my)

= . 11.5.1
4 R3 (11.5.15)
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We replace p¥ in (11.5.4) and obtain

. F? R 3NKT 20 1 4w R3 mw N\ >
A LA (S A (N . (11516
9R3 oL <p0 e TR (pL 3(mw - (N — N;) + mi)) ( ATR? ) ( )

The evolution of the water particles in the bubble is described by (11.2.45). Here we replace rh = mw N,
choose T* = T and calculate [uw + egin] using (11.2.27), (11.2.28), (11.2.30) and (11.4.4). The partial
pressure pyy is given by

3(N — N))kT
4T R3

Finally we have to replace the liquid pressure at the interface p¥ and the vapor density p" as in the
previous subsection, using (11.5.14) and (11.5.15). We thus obtain

N 3 = Nomw (1 (3NKT 20 (1 ATR3 mwN\?
 RV2rmwkT \ pE \ 47R3 R pl 3(mw - (N — N;) +my) 47 R? p

() 337 ey ) (228 )

which can be simplified to

pw =

X _ 3 = Nomw ( 1 (3Nk:T 20 p) kT 1n(s(zv-zxg)m)

RV2rmwkT \pt\ 4rR® R mw AT R3p
1L Ar R (N (11.5.17)
2 pL 3(mW . (N — Nl) + mz) 47TR2 ' e

This equation together with (11.5.13) and (11.5.16) gives the resulting system in the considered case.

11.5.3 Case 3: A bubble immersed in an incompressible liquid with phase
transition and heat conduction
Now we take heat conduction into account, so that the temperature field is determined by the energy

balance equations of the phases and at the interface.
The energy balance of the phases can be written in the general form

p (?;: + vgradu) +divg = % (Zi + vgradp) . (11.5.18)

In the liquid phase this can be reduced, with temperature independent compressibility K and using
(11.2.12), (11.2.13); as well as (11.2.13)2, to

L

oT
ptel <8t + vt gradTL> +divgt =0,

which holds for the incompressible as for the compressible case. Here ¢~ is determined by Fourier’s law
(11.2.26) and with the thermal conductivity a® = k' /(pLcl) the heat conduction equation reads

(11.5.19)

ort | nLOTt _ L (9T 20TF
ot v or Oor? r or )

In the gas phase we also start from (11.5.18) and replace the internal energy respectively the pressure
by the constitutive laws (3.3.2) and (11.2.23) and after some rearrangements of terms we obtain

duq : )
Z pa(a—ljf + v, grad ug) + div Z (Qa + (Vo — V)pa) = P (0% +vgradp).  (11.5.20)
ae{W,H,0} ae{W,H,0} P
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We use (3.3.2) to substitue 2% + v, grad u,, integrate (11.5.20) and get

ot
kT . kTN
I
= —— Nyzo — R —_—. 11.5.21
> = 2. Nem— Rt (11.5.21)
ae{W,H,0} ae{W,H,0}
From the balance of internal energy at the interface we obtain
Ay N

L I w
— =——. 11.5.22
ar Z qq 47TR2 ( 5 )

ae{W,H,0}

We use Fouriers law (11.2.26) on the liquid side of the interface to get

or kT Z Nzt Rp kKTN Amy N (11.5.23)

or  4nR%k k  4AnR%2k  ATR2k
ac{W,H,0}
The equations (11.5.13) and (11.5.16) remain the same as before, when we ignored heat conduction. In
the equation (11.5.17), which describes the mass transfer across the interface, the temperature dependent
function pu(T) = (¢ — ¢y (T — To — Tln Tlo) — (s — sw)(T — Ty) does not drop out any longer here,
and we set therein the reference temperature T* = Ty. This leads to

5 3OV — Nyymw <1<3NkT 20 _) kT 1n<3(1\f— Nf)kT>
R\2rmwkT \pl\ 47R® R mw AT R3p
1( 1 A7 R3 )2(mWN)2
2\ pt  3(mw - (N —Ny)+my) 47 R?
+(c* = ep (T — Ty — Tln TZO) —(s* = sw)(T — T0)> : (11.5.24)

Finally we couple the system (11.5.13), (11.5.16), (11.5.24) with the energy balance equation (11.5.19)
and (11.5.23). In (11.5.19) we substitute vl (¢,7) by (11.5.2) and get

ort Fort  , (0*TF 20Tk
Bt = (e ) (11529

11.5.4 Case 4: A bubble immersed in a weakly compressible liquid with
phase transition and heat conduction

The model from the previous subsection leads to a damping of the bubble oscillations that is not suffi-
ciently strong to describe the experimental data. A further damping effect is related to the propagation
of waves in the liquid, which are induced by the motion of the bubble. In this case we must skip the
assumption of an incompressible liquid. For this reason we now consider a weak compressible liquid and
in order to avoid extreme difficulties we linearize the mass conservation law and the momentum balance,
which then read

ap ov
—_— — 1.-
8t+p06‘r 0 (11.5.26)
ov Op
—+ — =0. 11.5.
p03t+8r 0 (11.5.27)

With the definition v := % and g—’; = ¢ we can rewrite these equations in the following form

1 0p B

%aeroAffo (11.5.28)
o ( of  \_
5 (poat -I-p) =0. (11.5.29)

Integration of (11.5.29) leads to

_ 9
P=Po=—pPog, (11.5.30)
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Thus for the potential f we obtain the wave equation

1 0*f
ZoE = Af. (11.5.31)

For radial symmetry its general solution is known to be

ey = 2 - cof) 4 olr J; cot) (11.5.32)

where ¢ and ¢ describe outgoing respectively ingoing waves. We consider p = py at the outer boundary
r = R,. This leads to the reflection condition ¢(r + cot) = —¢(r + cot —2(Ry — 1)) = —¢(2Rq — r — cot).
We calculate

"(r — cot '"(2R, —r — cot
p(t,r) =po+ poCoM - P(]Co¢ ( . o) and (11.5.33)
— cot '(r — cot 2R, — 1 — cot (2R, — 1 — cot
oityr) = ~ Aot S eol) | PR Zrmeol) | SRR TG0l g5
r r r r
Using the balance of mass at the interface we end up with
#(2R, — R — cot) — ¢(R — cot) N ¢'(2Ra —R—cot) + ¢ (R—cot) _ ;,  mwhN
R? R N 4w R2pq
(11.5.35)
"(R—cot) — ¢' (2R, — R — cot
and  py =po+ poco¢ ( %t) — ¢/ cot) . (11.5.36)

R

Unlike (11.5.13) and (11.5.16) we now get two differential equations including the unknown function ¢
which depends on time explicitely and on the unknown time dependent bubble radius R.

The consideration of weak compressibility leads to a small modification in the derivation of the
equation to describe the mass transfer. In contrast to the previous cases in Subsection 11.5.2 and 11.5.3
we have to use (11.2.29) instaed of (11.2.30) to calculate [uw + ein]. Equation (11.5.24) modifies to

-~ 3(N=Npmw [ K 3SNET 20 1 1\ /mwN\>
N=20 W 2 e (e -2 (- ) () —p)/K
R\2mmw kT (pL " ( + ( 47R3 R (pL pv> ( 4 R? ) p)/

KT | (BN = NpkT\ 1(1 ArR? > mwN\*
ILENE B
mw A7 R3p 2\ pt  3(mw - (N —Ny)+my) 47 R?

+(c* = epw)(T — Ty — T'n Tzo) — (s¥ — s )(T — T0)> . (11.5.37)

The now more complicated resulting system consists of the ordinary differential equation (11.5.37), the
delay equations (11.5.35) and (11.5.36) which are coupled to the partial differential equation

TL L 2L 99Tk
I L(a 0 ) (11.5.38)

ot v or Oor? +; or

and to the corresponding interfacial boundary condition (11.5.23). The liquid velocity v* in (11.5.38)
can be calculated with (11.5.34).

11.6 Numerical results

In this section we will discuss the four described cases on the basis of the numerical computations for
the corresponding systems of equations.

For all computations we choose the external pressure py = 101300Pa, initial radius Ry = 0.00075m,
initial interface velocity R= 0, initial particle numbers No = 2.5-10'3, Ny = 5-10'3, Ny = 7.5-10'°,
and initial temperature T = 293.15K.

The cases 1 and 2 are concerned with isothermal evolution, i.e. the temperature does not change.
However the given initial value determines the reference values for those quantities that are listed in the
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table below. Such values may be found in Grigull et. al. [9]. The composition of the gas in the bubble
plays no role in the dynamics of the first case. The sum of the three particle numbers is used in order to
determine the initial pressure.

Case 1: A bubble immersed in an incompressible liquid at constant temperature without phase
transition.

Radius in mm

o 2 w0 50
Time in ps

Figure 11.2: Calculated bubble radius according to Case 1. Dots: Experimental data, solid line: Com-
putation.
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Figure 11.3: Calculated bubble radius, bubble mass, liquid velocity and temperature at the interface
according to Case 2. Dots: Experimental data, solid line: Computation.

The numerical solution of the second order ordinary differential equation is obtained by solving the
corresponding first order system with one of the second order Runge Kutta methods.

As was shown above, the bubble radius oscillates without damping in this case. This result is
compared in Figure 11.2 with experimental data. We observe that computational oscillation period is
longer than the experimental one.

Case 2: A bubble immersed in an incompressible liquid at constant temperature with phase transition.
Again a second order Runge Kutta method is used for the system of three ordinary first order equations,
including a standard step size control. Due to stability restrictions on the numerical scheme this is
needed in the vicinity of the minimal radius.

The incorporation of the phase transition leads to a damping, that however is too small to describe
the experimental observations. Moreover the comparison of this case with the experimental data in
Figure 11.3. The computational oscillation period is smaller now than in Case 1.

Case 3: A bubble immersed in an incompressible liquid with phase transition and heat conduction.
The non-isothermal evolution is described by a system of three first order ordinary differential equations
that are coupled now to the partial differential equation for the evolution of the temperature. The latter
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Figure 11.4: Calculated bubble radius, bubble mass, liquid velocity and temperature at the interface
according to Case 3. Dots: Experimental data, solid line: Computation.

equation is solved numerically by the method of lines. The resulting large system of ordinary differential
equations is again solved with a second order Runge Kutta method. For the spatial discretization finite
differences of second order are used.

In this case we observe an enormous variation of the temperature. However its influence on the
evolution of the bubble radius can be ignored, in particular there is only a small additional damping in
comparison to Case 2, see Figure 11.4 and Figure 11.3 for comparison.

The temperature variation has large impact on the phase transition. At the minimal radius there
is a large increase of temperature that leads to a change of the gas-liquid phase transition. In fact,
we observe here evaporation leading for some time to a reduction of the released latent heat. During
that period where the temperature exceeds the critical temperature we turn off the phase transition, by
setting N = 0. Note, that in addition to the initial data from above we start here with v = 0 at t = 0 in
the whole liquid domain.

Case 4: A bubble immersed in a weakly compressible liquid with phase transition and heat conduction.
Recall that in the cases 1 - 3 the momentum balance is reduced to an ordinary differential equation.
This is not possible anymore if the compressibility of the liquid is taken into account. In order to reduce
numerical complexity we restrict here to the case where the momentum balance becomes a linear wave
equation, that is now coupled to a modified version of the equations of Case 3. The wave equation is
solved by means of in- and outgoing waves and the resulting system of two delay equations is likewise
solved with a second order Runge-Kutta method. Note, that we meet a free boundary here, and in Case
3, i.e. at constant cell number we have a variable spatial mesh size.

Figure 11.5 reveals a sufficiently strong damping now, so that we can observe good agreement with the
experimental data. On the other hand the oscillation period is slightly smaller than in the experiment.
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Figure 11.5: Calculated bubble radius, bubble mass, liquid velocity and temperature at the interface
according to Case 4. Dots: Experimental data, solid line: Computation.
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Figure 11.6: Calculated bubble radii according to Cases 1 - 4. Dots: Experimental data, dashed line:
Case 1, dash-dotted line: Case 2, dotted line: Case 3, solid line: Case 4. (Remark: Case 2 and Case 3

are nearly the same.)

o = 0.07274N/m
7= 2330Pa

p = 998.2kg/m3

ck = 4183 /kg/ K
Cpy = 1882J/kg/K
sl =296J/kg/K
sw = 8665.J/kg/K
r = 2453300J/kg

A =0.5984W/m /K
c=1482m/s

surfacial tension
saturation pressure
liquid density

specific heat capacity of liquid water at constant pressure
specific heat capacity of water vapor at constant pressure

specific entropy of liquid water
specific entropy of water vapor
specific heat of evaporation
heat conductivity

speed of sound in liquid water

mpy = 2-1.0079g/mol
mo = 2 -15.9994g/mol

molecular weight of hydrogen
molecular weight of oxygen

Table 11.1: Thermodynamic data at reference pressure py = 101300Pa and at reference temperature

T =293.15K
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11.7 Conclusions

The main conclusions of this study concern the evolution of a laser induced bubble as it is described in
Section 3, and can be summarized in five statements.

Isothermal treatment of liquid-vapor phase transitions is not appropriate if the two phase system
is exposed to atmospheric pressure.

The modelling of the liquid as an incompressible body ignores the crucial effect that controls the
damping of the bubble oscillation.

The exclusive description of the evolution of the bubble radius, as it is done in the framework of
Keller-Miksis type approximation like (11.1.2), where the phase transition is ignored, is possible.
However, if the obtained data are used we calculate presssures and temperatures in the bubble as
well as in the liquid, one observes unplausible values for those quantities. This is related to the
fact, that the Keller-Miksis approximation relies on a small Mach number expansion, that becomes
unrealistic in the region of minimal bubble radius.

If a liquid-vapor phase transition is allowed, the rebound of the bubble is only possible when an
inert gas is present in the bubble. A pure water vapor phase cannot persist beyond the first collapse
since the vapor phase is unstable under the conditions of the experiment.

Surprisingly, the non-isothermal treatment including phase transition has no large impact on the
evolution of the bubble radius but on the other variables of the thermodynamic states of the
bubble-liquid system. However, the bubble radius is the only quantity, that currently can easily be
measured.

Finally we have collected the evolutions of the bubble radius corresponding to the four cases considered
in a common plot, see Figure 11.6.

In the second part of this paper, which is in progress, we will use the models developed in this paper
for the derivation of two-phase mixture conservation laws with phase transition. These are obtained
using averaging procedures.
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Chapter 12

Mixture theories for dispersed
particles

Bibliographic note: The content of this chapter is published in [H14]: Wolfgang Dreyer, Maren Han-
tke, and Gerald Warnecke. On balance laws for mixture theories of disperse vapor bubbles in liquid with
phase change, Continuum mechanics and thermodynamics (2013). DOI 10.1007/s00161-013-0316-7

Abstract: We study averaging methods for the derivation of mixture equations for disperse vapor
bubbles in liquids. The carrier liquid is modeled as a continuum, whereas simplified assumptions are
made for the disperse bubble phase. An approach due to Petrov and Voinov is extended to derive mixture
equations for the case that there is a phase transition between the carrier liquid and the vapor bubbles
in water. We end up with a system of balance laws for a multi-phase mixture, which is completely in
divergence form. Additional non-differential source terms describe the exchange of mass, momentum
and energy between the phases. The sources depend explicitly on evolution laws for the total mass, the
radius and the temperature of single bubbles. These evolution laws are derived in a prior article [4] and
are used to close the system. Finally numerical examples are presented.

12.1 Introduction

The aim of the paper is to derive mixture balance laws for fluid flows with phase transition. We derive
balance laws for mass and momentum as a first step. Analogously, we derive balances for the energy of
the phases.

We are considering a mixture of a disperse phase of small ball shaped bubbles of water vapor, immersed
in a carrier fluid of the corresponding other liquid phase. The advantage of considering a dispersed phase
is that one may use a simpler specific averaging technique to describe it. In a more general approach for
two phase mixtures one would use for both phases the averaging that we use only for the carrier fluid.

There are many techniques available to go from some microscopic modeling to macroscopic models.
All of them involve a form of averaging in some sense. There is the theory of homogenization which
mostly considers periodic structures, see Bensoussan et al. [3], and does the averaging by considering
weak limits of periodically fluctuating physical states. There are the methods of moments, which may be
seen as weighted global averages, such as those described in Miiller and Ruggieri [14] or local averaging
techniques such as those we want to consider. There are a number of such local averaging techniques,
namely ensemble averaging, time averaging and spatial averaging, see Drew and Passman [5]. Also we
want to mention Ishii [10], Stewart and Wendroff [19], Nigmatulin [16] among many other publications.
All forms of averaging lead to the same type of macroscopic equations. We pursue spatial averaging.

It is not too difficult to arrive at averaged equations, but most approaches lead to additional variables
which need closure relations in the form of state equations. This is not so surprising, since most theories at
the level of continuum mechanics need such closure relations to completely determine the mathematical
model equations. In the case we consider here, already the microscopic equations for the continuous
phase used for the averaging come with equations of state.

There are also some numerical techniques along this line, see for instance Engquist and Hou [6].

293



294 CHAPTER 12. MIXTURE THEORIES FOR DISPERSED PARTICLES

Our approach is based on volume averaging techniques due to Voinov and Petrov [23] for the same
problems which were studied in detail in a diploma thesis of Rydzewski [17]. In our approach we aim
at taking the compressible Euler equations to describe the microscopic flow in the carrier phase whereas
Voinov and Petrov [22-24] assumed a potential flow field and made explicit use of the known solution of
potential flow around a sphere. Our results are therefore more general than those. But we do take up the
idea to use a potential flow in order to determine the interfacial terms on the spherical surfaces between
the phases. The remarkable difference to other two phase models is, that our model is completely in
divergence form.

We average by using a type of sliding average over a ball of radius a > 0 in space. The diameter of
the ball d = 2a is the scale at which we want to derive macroscopic equations for the mixture of a liquid
phase L occupying most of the space and a dispersed phase consisting of bubbles B consisting of small
balls with radii considerably smaller than a.

This averaging is a specific case of volume averaging as described in Drew and Passman [5], though
our notation is different and taken from Voinov and Petrov [23]. Drew and Passman argue at the end
of Chapter 10 that ensemble averaging, i.e. an approach of statistical physics, is the preferred form of
averaging to be used for multi-component fluids. We believe that we are considering a mere change of scale
and therefore a fixed scale d introduced by the size of the balls is more adequate to describe the micro-
macro transition in modeling. We are assuming that we have a deterministic microscopic model with
a given unique dynamics, though existence and uniqueness currently cannot be proven mathematically
rigorously for the model equations we are using.

For the microscopic phases we assume that they are not in equilibrium with each other and we want
to focus on modeling their interacting dynamics including phase changes between them.

The paper is organized as follows. In Section 12.2 we introduce the averaging procedures and obtain
meaningful averaged quantities. We prove a bubble and a general transport theorem. In the next section
we derive balance laws for the carrier and the dispersed phase. In Section 11.4 we obtain closure relations
for the sources to describe the exchange of mass, momentum and energy between the phases. In Section
12.5 we give some mathematical properties of a radial symmetric submodel. We recall the evolution laws
obtained in [4] in Section 12.6 and give some numerical examples in Section 12.7. Finally, some detailed
calculations for the proofs can be found in the appendix.

12.2 Local spatial averaging techniques

We assume that the space R? contains a mixture of two separated fluids. In this study we consider an
ensemble of A bubbles immersed in a liquid, thus forming the dispersed phase resp. the carrier phase.
Further we require that the number of bubbles is constant. In order to take care of nucleation and
dissolution of bubbles, we allow for bubbles with zero radius. The merging or breakage of bubbles are
excluded in our approach since this would require an additional evolution law for the number of bubbles.
The number A thus gives the maximal number of real bubbles in the system.

Both phases are represented here by different types of averaging operators. Mean values of properties
of the dispersed phase consisting of bubbles, indicated by B, are given by sums over the bubbles, whereas
in the liquid, indicated by L, we will have integrals over the liquid domain.

For the averaging we take a ball B,(0) of radius a > 0 at the origin, i.e. for a general ball we set
B.(x) = {x' € R®| |x' — x| < a}, and denote its volume by V, = 4Ta®. Thereby we define the volume
averaging characteristic function or window function

Xo(x) = { e Fl®

0 otherwise.

Note that by standard smoothing techniques with Friedrichs mollifiers one could also take a smoothed
approximation of the characteristic function over B,(0). If we consider derivatives of non-smooth func-
tions to be taken in the sense of distributions we may avoid this. Either way, it should be noted that
there is a mathematical theory making all the arguments below completely rigorous, but care has to be
taken in each step. Since we want to concentrate on basic properties of the resulting system of differen-
tial equations, we leave out these technical details. They would only obscure the theory without giving
additional insight.
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Further, we assume that any bounded subset of R? contains at most finitely many balls B, () of
radius R, (t) > 0 with R, (t) < a, with midpoints at q,(t) € R?, and volume V,(t), i.e. B,(t) = {x €
R? | |x — qa(t)] < Ra(t)} and Vo (t) = 4 Ra(t). Let n, be the vector field of outer unit normals
to the surface of B,(t). To describe the surface points of the balls, we introduce the radial vectors
R.(t,Mm0) = Ra(t)ne such that the points qq(f) + Ra(t,7m4) lie on the surface of the respective ball.
For the surface area we set O, (t) = 47R,(t)?. We denote by m,(t) the mass of the ball B,(t), by
Vo (t) = qa(t) the velocity of its midpoint, by we (£, 17a) = da(t) + Ra(t, na) the velocity of its boundary,
and by pa(t) = ma(t)/Va(t) its mass density. For notational convenience we will not always explicitly
write out the dependence of the radial vectors and velocities on the unit normals.

The balls just described contain solely the dispersed bubbles B whereas their complement Qr,(¢)

Qu(t) =R\ J Balt)

is filled completely with only the carrier fluid L. Then we define the volume fraction of the disperse
phase as

c(t,x) = Z Xa(x = qa(t))Va(t). (12.2.1)

The sum is finite for each x € R and is taken over all small balls containing the dispersed phase that
have their midpoint within a distance a of x. The volume fraction of the carrier fluid is then set to be
1 — ¢(t,x) in order to preserve volume. These volume fractions are step functions, i.e. not smooth.

Note that we are purposely making a small error by taking the full volume of any ball with its center
in B, (x), even if it is not contained completely in B, (x). At the same time we neglect the volume of some
balls that have their center outside and cut it. Otherwise we could have replaced in (12.2.1) V,,(¢) by the
volume measure |B, () N By (x)|. This would add a notational complication to the averaging formula of
the dispersed phase without leading to any substantial changes in the outcome of the averaging. Note
that our definition implies that the function ¢ is not continuous where the midpoint of a dispersed phase
ball B, (t) leaves or enters the averaging ball B, (x).

The dispersed phase is assumed to consist of well separated very small balls. We are aware that in
reality a dynamic dispersed phase will not come in spherical shapes, but do not wish to complicate the
averaging procedure unnecessarily at this point. So we further assume for simplicity that certain physical
properties ¥, namely density, pressure and temperature are spatially constant and only time dependent
within each ball, but may be different in neighboring balls. Note that the velocity must then be radially
dependent in order to guarantee local mass conservation. We generically denote these quantities by
U, (t). In the carrier fluid any field quantity ¥ depends on ¢ and the spatial point x" € Q(t).

Next we define the spatial liquid average for extensive physical variables by

(1 —¢c)U(t,x) = /Q U(t,x") Xo(x —x) dx’. (12.2.2)
L(t)

Extensive variables describe those quantities that double in case the system size is doubled. In case that
no bubble is cut by the averaging ball B, this is equivalent to the definition

fQL(’ﬁ) U(t,x") X,(x — x') dx’
Jo V) i

U(t,x) =

(12.2.3)

In this study we need both averages, where (12.2.2) is used for establishing the evolution equation, while
(12.2.3) is more convenient for numerical calculations.

Correspondingly we define the spatial average of the dispersed phase for extensive physical variables
as

C\Pia(ta x) = Z Vo (t) Xa(x = qa(t) Va(l) (12.2.4)

Note that the form of spatial averaging in (12.2.4) is somewhat different from taking (12.2.2) and assuming
that U has piecewise constant values W, on subsets of volume V, containing representative points
x' = qo. The spatial average (12.2.4) leads to step functions whereas the integration in (12.2.3) leads
to continuous functions in this case. Also there is a slight deviation due to the fact that (12.2.4) is
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taken only over the balls with at least their center point in B,(x) and we take their full volume, not
just their intersection with B,(x) as a precise application of (12.2.2) would require. On the other hand
balls with an intersection having their center outside the averaging domain are completely neglected.
This small error is carried through all the arguments. It does not have any influence on the form of
the averaged equations to be derived. There is only an imprecision for quantitative predictions. Also
note, that our averaging procedure is similar to, but slightly different from the procedure in the book of
Nigmatulin [16, p. 28], who also uses spatial averaging techniques.

Further, we point out that in the spatial averaging (12.2.2) we do not have the property ¥ = W. The
double average involves integration over a ball or radius 2a. Such a property is only true for ensemble
averages or periodic functions averaged over their periods. For our discrete average (12.2.4) a double
average is not meaningful because it gives a density that is independent of «. We only use the notation
W, to point out that the averaged variable is related to the dispersed balls. Microscopic quantities for
the carrier fluid have no index.

Quantities related to the interfaces

Io(t) = 0Ba(t) = {x € R* | |x — qa(t)| = Ra(t)}

will have an index I,,.

Next we consider special choices for the properties ¥, resp. ¥ for the bubbles and the liquid. The
only meaningful choices are densities of additive quantities. See Section 11.4 for more details. Note that
Nigmatulin [16] did not discuss this point

The simplest choice is ¥ = 1. This results in representation (12.2.1) of the concentration of the
bubbles which is the local mean value of their volumes. The mean values of my/V4, 1/V,, Mmada/Ve and
Maea/Va give the mass density pp, the number density n, the momentum density ppvp and the total
energy density ppep of the bubbles. The latter is assumed to be the sum of the internal and the kinetic
energy

cpp(t,x) =Y ma(t) Xo(x — qa(t)), (12.2.5)
en(t,x) = Xa(x — qa(t)), (12.2.6)
cppvE(t,x) =Y ma(t)da(t) Xo(x — aa(t)), (12.2.7)

cppen(t,x) = Y ma(t)ea(t) Xolx — dalt)). (12.2.8)

In the liquid we only have to define the mass density, the momentum density and the total energy density
by the corresponding formulas

(1—=2¢)pr(t,x) = fQL(t) p(t,x") Xo(x — x') dx/, (12.2.9)
(1—c)prvp(t,x) = fﬂm) p(t, x")v(t,x") X (x — x') dx’, (12.2.10)
(1—-c¢)prer(t,x) = fQL(t) p(t,x"e(t,x") Xo(x —x') dx’. (12.2.11)

Note that now we have at each point in space a partial density cpp of the bubbles and a partial density
(1 = ¢)pr, of the liquid. The same is true for the momentum and the energy. All further quantities have
to be obtained from the above variables using an equation of state or other closure relations.

Now we study the most important properties of the averaging.

Lemma 12.2.1 (Preservation property). Let U(t,-) € L'(QL(t)) and U, for finitely many bubbles be
any extensive variable, then we have

/Qm W) et Za: Palt)Volt) = /Rs(l — )W (t,x) + Uq(t, %) dx.

Proof. Using the definitions (12.2.4), (12.2.2), the Fubini Theorem as well as the fact that [p, X, dx =1
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we find
/ (1—e)U(t,x) + c¥,(t,x) dx
R3

= /]R3 [/SzL(t) ‘Il(t,xl) Xa(X — X/) dX/ + za: \I’a(t) Xa(x — Cla(t))Va(t) dx

:/QL(t)\I/(t7x’) /R3 Xa(X—x’) dx dx’' +Za:\lla(t) /RS Xo(x — qu(t)) dx Vu(t)

_ /M) U(t,x') dx' + 2 W (1)Valt).

Next we derive the transport theorems that describe the dynamics of the averaged quantities.

Lemma 12.2.2 (Bubble transport equation). We consider any extensive quantity W, (t) describing the
bubble. We use the notation Vi = ( o 90 0 ) for the spatial gradient. Then the averaged quantity

Ox1’ Oxa’ Oxz

W, satisfies the transport equation

Ocl,,
ot

(£,%) + Vi - (c Do (t, %)) = (W) (t,%). (12.2.12)

Proof. Using the definition (12.2.4) we find by differentiation in the sense of distributions, see also
Appendix B, and again use of (12.2.4)

O W13 = Y o (Walt) X — (1) Val1)

= Z {\Ija(t)vqa Xa(x - qa(t)) : Qa (t)va(t) + \ila(t) Xa(x - qa(t))voz(t)
W t) Xalx — da(6)Valt)]

== Vi ) Walt) Xal(x = da(t))Va(®)da + D Palt) Xa(x = qa(t))Va(t)

+D_ Valt) %8 Xa(x = qa(t))Val(t)

= — vx . (c\I/aqa(t,x)) +c <\I/ava> (t’X) +c <\I/ava> (t’X)-

Va Va
O
Note that from the proof we have
- _ . Ny
cU,(t,x) = %(C\IIQ(LX)) + Vy - (c \I'aqa(t,x)) —c ( {O}Va> (t,x).
Taking ¥, =1 in (12.2.12) we obtain
%(t,x) + V- (cqa(t,x)) =c (KZ) (t,%). (12.2.13)

This result states that the volume fraction of the bubbles gets transported by the local average
velocity of the balls ¢,. According to (12.2.13) the volume fraction can also be produced by the source
term of the right hand side. This fact indicates that we allow liquid-vapor phase transitions. Note that
in Drew and Passman [5] this equation is replaced by the so-called topological equation for the averaged
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characteristic function of the set microscopically occupied by one phase. But they have not accounted
for the phase transition term.
Since we are assuming a spherical shape of V,, note that
Vo R,
— =3—. 12.2.14
Va Ra ( )
The next equation of our hierarchy describes the evolution of the number density of bubbles. Taking
(12.2.6) and ¥, = 1/V,, gives
acn —_—
E(t,x) + Vi (cqa/Va(t,x)) =0. (12.2.15)
Note that the total number of bubbles in the system does not change. Taking ¥, = p, resp. ¥, = pafa
we obtain the transport equations for mean bubble mass

dcpp
ot

(t,x) + Vx - (eppvp(t,x)) =c¢ (73‘1) (t,x) (12.2.16)

e

and mean bubble momentum

P 1) 4 V- (e St x) = o (LYY g <o (o8N 0 12200

Further we obtain with ¥, = p,e, the transport equation for the mean bubble energy

0 - )
PBEB (t,x) + Vx - (¢patala(t,x)) =c (Mata) (t,x). (12.2.18)
ot Va

In order to obtain the corresponding transport equations for the liquid phase we will need differentiation
in time of integrals with time dependent integrand and domain of integration of the form

d

- U(t,y) dy.
dt Q(t)

This is achieved by the well known Reynolds Transport Theorem assuming that we know a continuously
differentiable family of continuously differentiable transformations X* : Q(0) — Q(¢) whereby for each
point yo we have a trajectory y(t) = X'(yo) leading to a velocity field u(t,y) = y(t).

Theorem 12.2.1 (Reynolds Transport Theorem). Let ¥ : R x RN — R be a continuously differentiable
scalar field and the transformations Xt : RN — RN also continuously differentiable with the velocity field
u as defined above. Then for any bounded control volume (t) the transport equation

d

- U(t,y dy:/

Q(t) [&I’(t’y) TV (\I’(t,y)u(t7y)):| dy (12.2.19)

ot

holds, where n(t) is the velocity of the boundary.
Proof. A proof can be found in Serrin [18] or Warnecke [21]. O

Also see Drew and Passman [5, p. 102] for the topological equation. For our purposes we will modify
the equation (12.2.19) using the Gauss theorem with the outer unit normal field n(t) on the boundary
0Q(t) giving

d ov
t Jaw Q@) Ot a9(t)

Lemma 12.2.3 (General transport equation). Let us assume that a physical quantity ¥ for the carrier
fluid satisfies a microscopic balance law

%\I/(t,x’) + Ve -F(t,x") = G(t,x") (12.2.21)
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for some given flux function ¥ and right hand side G, e.g. an external force or a source. We set
I,(t) = OB4(t) and take m, to be the outer unit normal vector of these balls on their surface. We further
denote by Ry (t) = Ro(t)na the vector of length Ry (t) so that qq(t) + R (t) gives an arbitrary point on
OB, (t). We set Wo = (o + Ra. Further, we assume that the boundary O of the ball B,(x) does not
intersect any of the small balls B, (t). Then we have by averaging

%(1 S0 (R (12.2.22)
= Z () [F(t,x/) - \I’(t,x’)wa} *Na Xa(X — X’) ds + (1 — C)é(t’x).
an%a(x) ol

The summation is finite and by assumption the quantities qq, R, are constant with respect to integration
on each sphere.

Proof. We have to take into account that our general averaging integral in (12.2.2) has a time dependent
domain of integration and use (12.2.20). The unit normals 7, are inner unit normals to Qp, ), so we
obtain

%(1 —o)U(t,x) = %/Q U(t,x") Xo(x — x") dx’ (12.2.23)
L(t)

ov
B /Qm 5 (%) Xo(x =) dx’ ~ Z f}a@) U (t, X YW - 1 (t) Xo(x — x) dS.

The summation is taken over all balls with their center in the support of X, (x — x’). Now we use the
conservation law (12.2.21) and (12.2.2) as well as the shift of differentiation formula for the distribution
Vi Xq(x — x') given in Appendix 12.B to obtain

g(l —o)U(t,x) = — / Vi - F(t,x') Xo(x — x) dx' + G(t,x) Xo(x — x) dx’
ot QL) Qre)

-2 ]€ (t)‘I’(f»X’)Wa'na(t) Xo(x —x') dS

=— / Vi« [F(t,x") Xo(x — x')] dx’ Jr/ F(t,x')Vyx Xo(x —x') dx’
Qrt) Qr(e)

X X malt) Xl X) S (1= T )

[0

Using the shift of differentiation formula from Appendix 12.B this gives

g(l —o)U(t,x) =— Vi - [F(t,x’) Xo(x — x/)] dx' — V- F(t,x") X,(x —x') dx’
ot QL) Qr(t)

— U(t,x YWq - Na(t) Xo(x —x') dS + (1 — c)G(t,x
Ea %Ia(t) ( ) Na(t) Xa( ) ( )G(t,x)
= F(t,x' *Na t,x') Xo(x —x')dS — Vi - (1 —c)F(t,x
Ea %Ia(t) ( ) ( ) Xal( ) ( F(t,%)
— U(t,x YWqo - Na(t) Xo(x —x') dS + (1 — ¢)G(t, x).
Ea %Ia(t) ( ) Na(t) Xa( ) ( )G(t,x)

All terms involving derivatives of X, have to be interpreted in the sense of distributions, see Appendix
12.B. O

For the case that small balls B, () intersect 0B, (x) we take the same formula (12.2.22) and again
make a small error, as in the definition of c.
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For a first illustration we consider the special case ¥ = 1 to obtain an equation for the concentration
¢ in the liquid setting. We have
Oc 0]

= Xo(x —x') dx’

0
(I1-0o)(t,x) =— a(t,x) ~7

ot Qpen

=_ Z f; o Wo - N (t) Xo(x —x') dS
-3 f ) (6o +Ra) - 7a(t) Xulx —x') dS

=-> / Vs« [ Xa(x = x)] dx' = > Ro Xo(x —x') dS.
o B, (t)

@ Ia(t)

:V:v : Z /B [qa Xa(x - X/)} dxl - Z Ra Xa(X - X/) dS

a(t) a Jla(t)

Now we may set X, (x — qqn(t)) =X, (x — x), because we note that in case a > 2R, (t) for all «, which we
assume throughout, we have B, (t) C By(qq(t) + Ra(t)). So for x € B,(qua(t)) N Ba(qa(t) + Ra(t)) we
have using x’ = qq(t) + Ro(t) € I4(t)

1

Xa(x = Ga(t) =Xa(x = (qu(t) + Ra(t) =Xa(x —x) = 3 (12.2.24)

This gives

%(t,x) + Vx - (c(t,x)qa(t,x)) = 30(2) _

Here we refer the reader to the corresponding equations (12.2.13) and (12.2.14) for the concentration in
the bubble setting, which gives the same result.

12.3 Mixture balance laws

12.3.1 The microscopic conservation laws within each phase

The liquid is assumed to be described by the inviscid, compressible balances for mass, momentum and
energy for the microscopic variables mass density p: R x R? — R, velocity v : R x R?* — R? and energy
e:RxR3 =R

% + Ve (pv) =0, (12.3.1)
XV) 4 Vallov @) +ple)1) = g, (1232)
% +Vx-((pe+p)v+Q)=pg-v. (12.3.3)

The pressure p : R x R? = R is given by the equation of state due to Hooke’s law applied to an isotropic
liquid

p
Pref
where K is the liquid bulk modulus. This means, that the liquid density does not depend on temperature,
we neglect thermal expansion. Corresponding to equation (12.3.4) the speed of sound ay, of the liquid is
given by

P = pres + K( -1), (12.3.4)

K
ar = (12.3.5)
pref
and is obviously constant. The gravitational acceleration is given by g = —g(0,0,1). For the energy we

have 1
= —|— — s
e=1u 5 v
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where we use the following constitutive law for the internal energy u

1 1 K
w(T, p) = cs(T — Trep) + (Pref — K) < - ) + n—2 W(Tref, Pref) (12.3.6)
Pref P Pref Pref

with the specific heat capacity c,. Further we have Fourier’s law the constitutive law for the heat flux
Q=—rVT

with the heat conductivity k.
We assume that the content of the bubbles behaves as an ideal gas. It is described by the ideal
thermal and the caloric equation of state for the pressure and the internal energy
ok Ty k
Pa = P and Ua(To) = 2—(To — Tres) + w(Trey) (12.3.7)

mo mo

where my is the molecular mass, k is the Boltzmann constant and z = 3 for a polyatomic gas.

The thermodynamic states inside the bubbles are assumed to be homogeneous in space. For this
reason we do not need local balance laws here. Instead we take Newton’s law of motion for the evolution
of the bubble centers q,, which concerns a moving bubble with changing bubble radius that may gain
or lose mass -

(a0 = = § pridS + mag’ + 4;’;;;(2)2 f o (£, X)dS (12.3.8)
for j = 1,2,3. The first term on the right hand side is the pressure exerted by the fluid onto the particle,
the second is the gravitational force and the third term is a momentum change due to mass being lost
to the carrier fluid. The special form of these equations is explained in Appendix 12.A.

Further, we have the respective mass, momentum, and energy balance at the interface

a4

[p(v" —w™)] =0, (12.3.9)
p(" —wM[v] + [pn] = 20kmn , (12.3.10)
"~ w)fu+ 2 ¢ v w0, (12.3.11)

where the jump brackets denote [¥] = WL — W! for any physical quantity ¥, o denotes the surface
tension and k,, denotes the mean curvature.

For a simplified study one can ignore the energy equation. In that case one has to introduce a rule
that controls the variation of temperature. For instance we can consider either the isothermal or the
adiabatic case. In this paper for simplicity we only investigate the isothermal system mathematically, see
Section 12.5. Moreover we illustrate how to deal with source terms resp. evolution laws for the isothermal
system, see Section 12.6 and Section 12.7.

12.3.2 Macroscopic mass balances

We first use for the liquid phase (12.2.22) with ¥ = p, F = pv and the definition (12.2.10) to obtain
from (12.3.1)

0
S 10— )pul 304V - [(1 ~ )puval(t,) (12.3.12)
=Y f bR ()~ walt)] - Xalx— x) S
o J1a(t)
For the bubbles we take (12.2.12) with ¥, (t) = mq(t)/Va(t), the definitions (12.2.7) and obtain

d(cpp)
ot

(t,x)+ Vx - (cppvp)(t,x) =c (?) (t,x). (12.3.13)

[e3%

Overall the total mass of both phases must be conserved. Therefore, we must have a mass balance
across the interfaces. The terms on the right hand side must cancel when both equations are added
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together. In fact this happens because we conclude: For x' = qq(t) + Ra(t) € I,(t) we have using
(12.2.24) for the right hand side of (10.3.48)

c ( ) Z Mo Xo(x — (qalt) Z e Xa(x —x').
Now for x’ € 0B, (t) and x € B, (qa(t)) N Ba(da(t) + Ra(t)) we obtain the relation

f} (t) p(t,x") [v(t,x') = wa ()] - Mo Xa(x —X') dS = —1itg Xo(x —x')

for the liquid phase. This equation relates the rate of mass change i, to the flow and boundary velocities.
We use the rate of mass change

Mo = —7{ p(t,x") [v(t,x") — wa(t)] - Ma dS . (12.3.14)
In(t)
The total rate of change of mass in B, (t) equals the mass flux at the moving fluid boundary. A change
of bubble mass corresponds to a positive (gain) resp. negative (loss) boundary velocity wa = Wq - 10 =
(da +Ra) M

Therefore, summation over « gives identical right hand sides of equations (12.3.12) and (10.3.48), i.e
total mass conservation.

12.3.3 Macroscopic momentum balances

For the liquid phase we use (12.2.22) with ¥ = pv, F = pv ® v + pl, set G = pg and take p given by
the equation of state (12.3.4) to obtain

D10 = peval(3) + V- (1= v @V + (1= pr) — (1~ o (12.3.15)

- za:f} (t [pV(t’X/) ® [V(t’X/) o Wa] +p(t7xl)1] * N Xa(X - X/) ds
— X v(t,x') — Wal - a Xo(x — x') dS
Z (% (t) Vit )® [v(t,x) ] m ( )

+ f p(ta X/)na Xa(X - XI) dS) .
I, (t)

For the disperse phase we now take (12.2.12) with U, (¢) = pa(t)Qa(t). This gives

DBV 1)+ Vet 10 = o (2T g g = o (e8] )

Now we may consider (12.3.8) on the right hand side. We obtain using (12.2.4)

CW(LX) = —0(7{ pnadS/Va> + c(@j)g + c<47r”'§;<2)2 ]ga vdS/Va)
= g (‘]{ PnadS + 0 (Z)) 7{ dS) Xa(x — qa(t)) + cppg. (12.3.16)

Again the momenta must balance across the interfaces. In analogy to the above arguments for the mass
balance, we obtain the momentum balance on the interfaces

Ciing(t) % .
IdS — —2 ¢ vdS
f[}p” AT Ra (1) 1,

:]{ pvj[vfwa]~nad5+f pnd, dS. .
I

o I

This equation obviously holds, because of the mass balance at the interface

_ M) ids — iy — wal -
InRa(1)? -72 v'dS = a pUl v —wy] - mq dS. (12.3.17)
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12.3.4 Macroscopic energy balances

To obtain an energy balance equation for the liquid phase, we again use (12.2.22) with ¥ = pe, F =
(pe+p)v+Q and G = pg - v. We get

g(l —c)prer + Ve - (1—c)(pe+p)v+Q — (1 —¢)prg - vi

ot
= Z% ((pe+p)v — pew + Q) - 1xa (X — Ga) dS
= Zj{ (p(v—w)e+pv+ Q) nxe(x—da)dS (12.3.18)

Again we take for the disperse phase (12.2.12) with ¥, () = p,(t)eq(t) to obtain

ac"gff’ F V- (Cratata)(t,x) = c<(m‘(;ea))(t,x) : (12.3.19)

For the right hand side of (12.3.19) we have

c(%jo‘)‘) (t,x) +cppg-vp = —;y{a(p(v —w)e+pv+ Q) nxa(x —qa)dS.

This implies energy conservation at the interface.

12.4 Closure relations

The PDE system, we are interested in, relies on the balance equations that were derived in the last
section. In these equations several quantities appear that must be related to the variables of the model,

namely
Ao Rq Ma) e 1 [
Y7 S T t Y5 « ) b
<Va>’ (Ra>’ <Va>’ Pa(t)da ® das A ]ipn ds, (pe+p)v+Q

- 4 - -
(m jé[; ’UJdS/Va)» PV RV,  patala, E%(p(v—w)e—‘,—pv-FQ) -nds.

Now we will modify these expressions in order to obtain a closed system of equations. At first we
introduce the cold closure assumption to simplify the first and fourth term. To this end we decompose
the bubble velocity g, as qo = v + C,. The cold closure assumption ignores the excess velocity Cg,
this means we ignore any stochastic motion of the bubbles. Using (12.2.6) and (12.2.5) this assumption
leads to

<Va) =nvpg and Pa(t)qa ® Qo = pVB R VE. (12.4.1)
«
Alternatively one could introduce a Reynolds stress tensor. This requires additional modeling in order
to close the system. It is no easy task, see e.g. Drew and Passman [5].
Similarly we set

PVRV=pLVvL ®VL , pPaCala = ppvpep and (pe+p)v = (preL +pr)ve
and define the averaged bubble resp. liquid internal energy

1 1
up = erisz and uy, = €L*§V%~

Further we define the averaged temperatures of the phases

Mo

Tre d
k + f an

TB = (UfB - uref(Tref))
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) 1 1 K p
T = — <UL — Ure (Tre ) Pre ) - (pTe - K ( B ) B o ) e
o f f f ! ) p'r‘ef PL pref pref !

with the same reference data as in (12.3.6) and (12.3.7). With this definition we set

Q = —K,VTL .

Next we calculate the second and third expression of our list. At first we have by definition
Ra Ra(t) T _
<R> (30 = X2 e a0Vl o )00 = et~ ().
The evolution of R, (t) and m4(t) was studied in [4] for a single bubble. There we considered various

model equations without and with phase transition. These equations are used here to determine R= Ea
and m = m, by the simplifying assumption that we set

R, R e\ 1
== d — | == 12.4.2
<Ra> r M ( Va ) v’ (1242)
where R and V denote the mean bubble radius resp. the mean bubble volume. These quantities are
related to the volume fraction ¢ and the number density cn. We have

12.4.3
cn n 3 ( )

The right hand sides of (12.4.2) are calculated by means of the models from [4], see Section 6 for more
details.

Further, we now replace the fifth term and the seventh term of the list. We use equation (12.3.17)
and the interfacial momentum balance equation (12.3.10). For the spherical bubble with index « the
mean curvature is given by —1/R,. Therefore we have

. . i 2 .
]{ (pv’[v — wo] ma +pnl,) dS = j{ (pavé[va —Wal Mo + (Pa — Ri)niy ) ds
I Io «
__ Ma de:—m“]{'de
AnR2 %”“ iRz

= —r1hadl . (12.4.4)

This expression is zero in the radially symmetric case of a single spherical bubble.
In order to modify the last expression of the list, we use the interface balances for energy (12.3.11)
and momentum (12.3.10) as well as the mass balance at the interface (12.3.9) to obtain

1 1
v %(p(v - W)e + pv + Q) ‘nds = v %(pa(va - W)ea +Pava + Qo + 20'ka) ‘nds

Va Pa Va Ra

GO'Ra 1
S $Qu s

with ;
1 3Q%,
E%Qa-ndS— —Ra .

Integrating the energy balance equation for a radial symmetric homogeneous bubble

. T? 0rQa

2 [e%
o= In —= =0
" ot . Do + or
over the whole bubble domain we obtain
SQé _ - kz DaMla SpaRoz

- aT(x _
R, P mo Pa Va R,
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As above, we set II,,, = II,,, with

I, = CZ:ES (12.4.5)
3
Similarly, we define
R m mep . kz oR
Hc = 3C§ s Hp = Cﬁ and He = C% + CPBTmio + 66@ . (1246)

Thus we end up with 8 partial differential equations for the determination of the variables number density
n, volume fraction of the disperse phase ¢, densities of the phases pr,, pp, velocities of the phases v, vp
and energy of the phases ey, eg. In summary the system of partial differential equations can be written
as

%Ltn + Vi - (envg) =0,

% + Vx - (evp) =1L,

%[(1 —)pr] + V- [(1 = )prvi] = — 1,

6223 + V- (cppvp) =11, (12.4.7)

2 purd] 10— il + QD=
a(cgiv%)(t, X) + Vi - (cppvive) — cppg’ =11, ,

%(1 —c)prer +Va - (1 =) ((prew +pr)ve +Qr) — (1 —¢)prg v = — 1l
Bcp;;eB + Vx - (cppepvp) —cppg-vp =Il, .

Using (12.4.3), the balance equation for the number density can easily be rewritten in terms of the
more descriptive quantity R. We obtain

OcR 4
— +Vx-(cR = —RII,.

g T Ve (eRvp) = SRIL
With the definition g := 4cR, we give the alternative system (12.4.8) of 8 partial differential equations
for the determination of the variables mean bubble radius R, volume fraction of the disperse phase c,
densities of the phases pr, pp, velocities of the phases vy, vp and energy of the phases ey, ep

85*5 +Vx (cRvp) =Ilg,
% + Vx - (cvp) =I,
%[(1 —o)pr] + Vx - [(1 —c)prve] =—1,,
aca,ZB + Vs (cppvp) =II,, (12.4.8)
%[(1 — Q)prvh] + Vi [(1 = )prvive] + W - Opag ——TE.
W(@ X) + Vx - (cppvhvp) — cppg’ =11, |
D (1= prer+ V.- (1= ) (pres +p)ve +Qu) — (L—prg-vi =~ 1L,

ot
dcppep
ot

+ Vx - (cppepvp) —cppg-vp =Il..
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Finally it remains to give the equation of state for the liquid pressure. The averaging process is simple
here. It relies on the corresponding microscopic equation of state (12.3.4)

(I =c)pr = (1 = O)pres + K(p/pres = V)] = (1 =€) [Pres + K(pr/pres —1)]

since pref, K and p.; are constants giving a linear relation between p and p.

The volume fraction of the carrier phase is always taken to be 1—c and does not need to be determined.
To solve the system presented one needs a complete set of initial data. In addition to the initial data for
the unknowns in (12.4.7), we need initial data for R. Analogously to previous calculations these data
can be found using

_ Za Ri(t)Ra(t) Xa(x B qa(t))
N ¢/R(t,x)
at t = 0, which results from the averaging of the change of volume density, see also the following sections.
Next we will explicitly study four problems, in which simplified flows are involved. To illustrate
clearly, how to deal with the source terms resp. evolution laws, we restrict ourselves to the isothermal
subproblem for a single spherical bubble. First we investigate the mathematical properties of the resulting
model in Section 12.5. Several evolution laws are available for the computation of R, ri and T, see [4].
In Section 12.6 we summarize the results of [4] and we explain their application to the system (12.4.7).
Numerical results are then presented in Section 12.7.

R(t) (12.4.9)

12.5 Mathematical properties of the radial symmetric system

Considering spherical symmetry and assuming an isothermal process we get the simplest case. This
means that we have a bubble with its center in the origin which gives us some test cases for comparisons
with the results of our paper [4].

As already mentioned, the gravity terms drop out, further I1,, = 0 and the energy balances become
redundant. The system corresponding to (12.4.7) consists of 6 equations of the following form

% N 821713 _ _%ch LI (12.5.1)

% N 60;:3 _ 7%CRUB (12.5.2)

3;{;3 n 30/;?3 _ *%CPBUB I, (12.5.3)

ac%ivB ﬁc%iv% _ *%CPBU%; (12.5.4)

a(1 ;tc)pL N o(1 —aC:pLUL _ _g(l — &)ppor —1I, (12.5.5)

a(1 _;t)pLUL L oa _3(;)va% L aa ;Tc)pL _ _g(l — Oprv’. (12.5.6)

Due to the radial symmetry, one obtains additional geometric source terms on the right hand side of the
equations. All sources are non-differential, this means, that the system is in divergence form in contrast
to other two-phase models, see for instance Baer and Nunziato [2] or Stewart and Wendroff [19].

For a single bubble in the origin it must hold that vg(¢,r) = 0 for all ¢. Indeed, this is the unique
solution of the above system with the initial data vp(0,7) = 0. With vp(t,r) = 0 for all ¢ equation
(12.5.2) reduces to aact" = 0 and becomes redundant for given initial data n(0,r). Further, the equation
(12.5.4) drops out. The system (12.5.1-12.5.6) reduces to a system of only 4 equations of the much more

simple form

dc

X _n, (12.5.7)
82123 = (12.5.8)

a(1 5tc)pL N a(1 —acr)pLUL _ _%(1 —&)ppur — 10, (12.5.9)

o1 —a(;)vaL Lo —a(;)va% L oa ;TC)pL _ _g(l —pru. (12.5.10)
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The non-differential sources on the right hand side do not influence the mathematical type of the system.
2
Therefore it is sufficient to investigate the homogeneous system. Using gﬁﬁ = Z—i with the sound speed

ay, of the liquid for convenience we write the homogeneous system in primitive variables

du Ou

where u = (¢, p, pr,vr)T denotes the independent unknowns. The matrix A is given by

0 00 0
0 00 O
A = _PIL:)CL O VL PL (12511)
2

_pPL__ (%L
_(1—CL)PL 0 pi vL
with pr, = pres + K(pres/pr — 1). After some simple calculations one gets the eigenvalues of A as
Al =vp —ay, )\2:)\3:0(: ’UB) A =vp +ar. (12512)

and 4 corresponding linearly independent eigenvectors

a2 7712
—L—L_(1—c¢)

0 0 PL—PLVT, 0
0 1 0 0
1= _p | 2= || ©7= 1 er=| po (12.5.13)
ar ) ar,
1 0 vy PLAp —PL 1

PL PL—PLVL

Obviously, the system is non-strictly hyperbolic.

Considering a Riemann problem one obtains the Riemann invariants ¢, pp of a 1-wave and the 4-wave.
This means, that these quantities do not change across the 1- and 4-wave. For the double eigenvalue
A = 0 one has a contact discontinuity. Here all quantities change. The Riemann invariants are given by

(1 —¢)prvr, = const and (1 —¢)(prv? +pr) = const . (12.5.14)

Remark 12.5.1. If one further excludes phase transition, then we have I, = 0 and the bubble mass
balance becomes redundant as well for given initial data pp(0,7). The system reduces to the equations
(12.5.7), (12.5.9), and (12.5.10). In the Jacobian matriz A the second row and column drop out and
one obtains the eigenvalues

A\ = —ay, )\QZO(ZUB) A3 =vp, +ar,

and the corresponding eigenvectors

2 2
ar—vrL _
Op PL—pLVE (1-¢) pO
_ __PL _ _ L
e = aL €9 = 12 €3 = ar
1 L PLAL—PL 1

2
PL PL—PLYVT,

The system is strictly hyperbolic with the Riemann invariant ¢ of the 1- and 3- wave. For the eigenvalue
A =0 one has a contact discontinuity with the same Riemann invariants as above, see (12.5.14).

12.6 Production terms

In order to calculate the production terms (12.4.6)1, (12.4.6)2, and (12.4.5), we need evolution laws for
the radius R as well as the total mass 7 of a single bubble. In [4] several models for a single bubble
system were derived. These models take into account resp. neglect the effects of mass transfer, heat
conduction, and compressibility of the surrounding liquid according to various choices one can make.
To model the production terms in the paper at hand we use isothermal models for a pure water vapor
bubble, see [4]. To derive such a model one assumes a single pure water vapor bubble in a sufficiently large
domain, surrounded by pure liquid water. For simplicity we assume spherical symmetry and homogeneity
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in the vapor phase. This means that the density pp, and consequently the pressure, depends only on
time and is constant in space.

The mass transfer is described by a kinetic relation, based on the classical Hertz-Knudsen theory.
For details we refer to Section 2 in [4]. With the further assumption of incompressible liquid water, the
evolution of the bubble can be described by the following system of ordinary differential equations

 47R%ppmo | 1 (ppkT 20 KT pphT 111 20 m o \?
pL . mg rR 7 myg  pmg 2\prL pB 47 R?

 \2rmokT

: (12.6.1)
. F2 R pskT 20 11 mo\?
po & Y (N I (R 12.6.2
2R pr (po mo R (pL PB <47TRQ) ’ 1262
. F mh
_£ . 12.6.
R=—5+ pry (12.6.3)

This is a special case of Case 2 in [4]. There a mixture of water vapor and an inert gas is assumed. The
dot " denotes the time derivative.

Using (12.6.1) one can calculate 7. The equation (12.6.1) is quadratic. The positive root gives the
solution. To solve this system of ordinary differential equations one needs values for R, pp and pr. The
values pp and py, are given by the values of the system (12.5.7-12.5.10) of partial differential equations.
As mentioned before the averaged volume V is given by V' = 1/n. Therefore, the averaged radius R can

be calculated using R = ¢ %. In our case we have agf = 0. This means that

/3
R:R()3 £ with R(): J —_—.
co 4mng

Further one needs the mass of a single water molecule mg, the Boltzmann constant k, the outer
pressure pg, the temperature 7', and the reference values for the surficial tension o of water as well as
for the saturation pressure p corresponding to T'.

For a complete set of initial data one needs initial values for R, see (12.4.9). Alternatively one can
assume the system initially to be at rest and set F'(0) = 0. This implies initial data for R.

For F we have F = vl - R% see [4]. Using (12.6.2) and for instance a Runge-Kutta method one gets
values for F' in a new time step. Using (12.6.1) together with equation (12.6.3) gives values for R.

In [4] it was shown, that for large pressure differences the compressibility of the liquid plays an
important role. Taking into account compressibility of the liquid in a weak sense, one starts with the
linearized Euler equations and obtains a wave equation. Its solution we denote by ®. Assuming that the
domain is large enough that the bubble is not affected by reflections at the outer boundary, one derives
instead of (12.6.2) and (12.6.3) the following equations

R [pskT 20 ( 11 ) ( T )2
( rt) pLar ( mo R PL  PB 47 R? Po ( )
. CI)(R— aLt) ‘I)/(R— aLt) m
R=- 72 + G + poy (12.6.5)

where aj, denotes the speed of sound in the liquid. As before * denotes the time derivative, whereas ’
denotes the derivative for the argument.
Instead of (12.6.1) one gets

2 pkT 20 _ (1 _ 1 (2 )2
. 4R PBMO K 1 14 mo R PL PB 4w R?
= ——— | — In
V2rmokT | prL K

kT ppkT 11 mo\?2
e |y o ) s
mo mop PL  PB 4T R
with the liquid bulk modulus K. Because of the logarithm term this equation is transcendent. The
calculation of 7 by an iterative method is expensive. Further one has to discuss the non-uniqueness,

(12.6.6)
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what is unnecessarily complicated here. By linearization of the logarithm term one obtains equation
(12.6.1), which is a sufficiently good approximation.

Therefore for a compressible model we use the equations (12.6.1), (12.6.4) and (12.6.5). In that case
we need initial data for ®.

Now we have two models taking into account phase transition to calculate the production terms in
(12.5.7-12.5.10). If we exclude mass transfer we have i = 0. The equations (12.6.2) and (12.6.3) resp.
(12.6.4) and (12.6.5) then simplify.

12.7 Numerical results

For the current section we choose specific initial data. For these data we give numerical results for the
two systems (12.6.1), (12.6.2), (12.6.3) resp. (12.6.1), (12.6.4), (12.6.5) of ordinary differential equations,
in each case with and without phase transition. This gives us four test cases.

With the same initial data we solve the system (12.5.7-12.5.10) of partial differential equations for
the radial symmetric case numerically and compare these results with the previous for all the four test
cases.

12.7.1 Initial data

Let us assume a pure water vapor bubble in the origin surrounded by pure liquid water. This means, for
the midpoint of the bubble we have r = 0 where r denotes the space coordinate. The outer boundary
is chosen to be at r = R4 = 0.3m. This guaranties that the bubble is not affected by reflections at
the outer boundary during the computation time. The temperature T is assumed to be T = 293.15K
and the outer pressure pg is the atmospheric pressure, pg = 101300Pa. Corresponding to 1" we give the
reference values for the surficial tension o = 0.0725N/m and the saturation pressure p = 2330Pa, see [§]
or [25]. The mass of one water molecule is given by my = 2.9915 - 10~2%kg and the Boltzmann constant
by k = 1.380658 - 10~22J/K. Beside this we need the liquid bulk modulus K, which we chose to be
K =2.08-10°Pa.

We choose the initial radius R(0) = Rg = 6 - 10~*m and assume that the bubble contains 1016 water
molecules. Therefore the initial bubble mass is given by m(0) = 2.9915 - 1071%%g. Whereas, the initial
bubble density is given by pp(0) = 0.3306kg/m3.

Further, in the beginning the system is assumed to be at rest. This means that the liquid velocity
vr,(0) equals to zero everywhere.

Especially at the interface, we have v (0) = 0. For the incompressible case vL = F/R? holds, see [4].
We have F(0) = 0. According to the compressible case we have ®(R(0)) = 0.

12.7.1.1 Initial data for the averaged system (12.5.7-12.5.10)

The derivation of the corresponding initial data for the system (12.5.7-12.5.10) of partial differential
equations for constant or piecewise constant data is quite simple. For that we need the formulas (12.2.3)
and (12.2.4) as well as the radius R, of the averaging ball. We choose R, = 5- Ry = 3-10~3m. For the
concentration we get ¢ = 0.0008 for 0 < r < 3-10"3m and ¢ = 0 otherwise. For numerical aspects we
choose ¢ = 1078 instead of ¢ = 0.

The computation of the initial data for the densities pp, pr, and the velocity vy is trivial. We
summarize the initial data in the neighborhood of the bubble in Figure 12.1. Besides the plots for the
four unknowns ¢, pg, pr,vr, we give plots for the averaged radius R and the liquid pressure py .

12.7.2 Numerical results for the ODE-systems

For the initial data given in the previous subsection we now want to calculate numerical results for the
four test cases. We use a Runge-Kutta method method and obtain for the two cases without phase
transition the results presented in Figure 12.2. In the case of an incompressible liquid one obtains an
undamped oscillation for the evolution of the bubble radius, for a compressible liquid the oscillation is
damped.
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Figure 12.1: Initial data for (12.5.7-12.5.10) in the neighborhood of the bubble
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Figure 12.2: Bubble radius vs. time without phase transition, ODE-system

Taking into account mass transfer, it is clear from the physics of this situation that the bubble

vanishes, see [4]. The numerical results for the test cases with phase transition are given in the following
Figure 12.3.

12.7.3 Numerical results for the averaged system (12.5.7-12.5.10)

To solve the system (12.5.7-12.5.10) numerically we use Godunov operator splitting, see Toro [20], and
further a Roe type Riemann solver for the homogeneous part of the system. For the latter finite volume
method we follow the procedure in [1] resp. [7].

We denote the conserved variables ¢, cpp, (1—c)pr, (1—¢)prvr by v. Then the system (12.5.7-12.5.10)
can be written in the form

vi+F(v), =S(v) with v(t",r)=v".
The vector S(v) denotes the sources. By the splitting procedure one first solves the homogeneous part
vi +F(v), =0 with v(t",r)=v", (12.7.1)
to obtain ¥" 1. In a second step one determines

d
V= S(v)
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Figure 12.3: Bubble radius and bubble mass vs. time with phase transition, ODE-system

with initial data ¥"*! to obtain the data for the new time step v**1.

To solve the homogeneous system (12.7.1) numerically, we again as in Section 12.5 rewrite the system
in primitive variables u
Ju ou

— +A(u)—=0 12.7.2
2 aw S =0, (12.7.2)
where A (u) is given in (12.5.11) and u = (¢, pp, pr,vr)". At each cell boundary r;,1/> we consider the
Riemann problem for (12.7.2) with initial data
u(Oﬂ“) = {u'] r S Tj+1/2
W1 7" >Tjp1/2-
We calculate the Jacobian A (1) in the average state U;;1/2 = (u; +u;11)/2. By eigenvector decompo-
sition of w11 — u;
4
Au=u1 —u; = Z Tn€n
n=1
we determine the coefficients z,, to find the intermediate state
W=+ Y Tl
An <0

in the solution of the above Riemann problem, where the eigenvalues A,, resp. eigenvectors e, of A are
given in (12.5.12) resp. (12.5.13). We get

_ pL Ac 1 pr—prapvr
A'DL + ar, AUL + l—cap ar—vy,

xr1 =

2pr/ar
T2 = App
2
- Ac pg — PLVT,
r3 = 2 2
1—c a3 —v;
PL _ Ac 1 pr—prarvy
T4 = APL + ar AUL l—car ar—vp

2pr/ar,

*

. . o . . n+1 —
Using the values u* in a Finite Volume method we calculate approximations V' for vt

—n+1 —n At n *\N
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Remark 12.7.1. If we exclude phase transition the above calculations simplify according to Section 12.5.

Finally, for the source term integration we again use the explicit Euler method. For our calculations we
chose a CFL number of 0.9 and a spatial step size of Ar = 1.2-10~5m and compute the following results.
Note, that we do not plot the whole computational domain but only the bubble and its neighborhood.
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Figure 12.4: Numerical solution for ¢ = 40us, incompressible liquid without phase transition

Obviously the solutions for the radius evolution of the ODE systems are in very good agreement with
the solutions of the averaged system with the corresponding sources.

12.A Appendix: Newton’s second law with non-constant mass

Most textbook examples in classical mechanics deal only with the dynamics of bodies with constant
mass. The following argument is taken mostly from Miiller [15, Subsection 1.4.6]. Consider a closed
system of a rocket R emitting burnt gases B. The masses mpg of the rocket and mp of the burnt gas
are changing in time. The burning rate is —mp. Let v be the constant speed relative to the rocket of
the gas emitted in the direction of an axis chosen parallel to the movement of the rocket. Let vy be the
speed of the rocket along this axis. The speed of the burnt gas in the resting frame satisfies vg = v —v.
We have mass conservation mpg(t) + 1 p(t) = 0. The total momentum of the burnt gas is given as

mpvp = — ; mR(T)(UR(T) — 1)) d’T.

Momentum conservation states that
d . . d ['.
0= %(mRvR +mpup) = MRUR + MRUR — 7 mp(7)(vr(T) —v)dr
to

The fundamental theorem of calculus gives

0 =mpgrvr + MRUR — mR(t)(UR(t) —v) = mgRUR + Mpyv.

This implies
mg(t)or(t) = —rg(t)v
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Figure 12.5: Numerical solution for ¢ = 40us, compressible liquid without phase transition

i.e. the thrust of the rocket is © = —rmgv. The above equation leads to
d . . . .
dt(mRvR) mpvr + mrop = mgr(vg —v) = MRVE.

Identifying the particles with the rocket and the carrier phase with the burnt gas the term on the right
hand side motivates the last term in (12.3.8).

12.B Appendix: Distributional derivatives

For the definition of distributional derivatives see e.g. Hormander [9, Chapter 2], Warnecke [21, Appendix
C]. Here we first consider the case of superposition of functions f € Li, (R3) with f(x — q(t)) for a
smooth vector field q € R? needed in proofs of Section 2. We consider this as a distribution in R*. Take
¢ € C5°(R*) then

(i —at), 6) =~ (¢ —a(), %w
= / flx ¢(t, x) dt dx
—— [ Fw gty a) drdy
- f/ ) [jtﬂt v+ a(t) ~ Vyolty+ ab)-al didy
]RAL
= [ 1)Vt +ate) - a dedy
- - f(X - q(t))q : Vx¢(t7 X) dtdx

= <f( —Q(t)>q, V¢>

The derivative Vx X, (x — x’) has to be taken in the sense of distributions on R?® and is a singular
signed vector measure pyp, (x) on the boundary 9B, (x) with mass —n given by the outer normal. Take
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Figure 12.6: Numerical solution for ¢ = 40us, incompressible liquid with phase transition

¢ € C(R?) then

(55 Xl =) 0) = = (Xl =) 50} = = [ Xalx =) 500) dx

0 .
=— —o(x dx:—/ Jp(x) dx
/B o 3 o T

:/]R3 é(x) d/lfaga(x/)

Now we derive the shift of differentiation formula that we needed in the proof of the general transport
equation in Lemma 12.2.3. We consider arbitrary test functions ¢*,¢* € C§°(R?), use a change of
variables and integration by parts to get

o 47 ) = [ )5 D ) a0
- /R /R Xa(wi X (x —y) dy ¢*(x) dx
/RS /R @W‘ — y)¢*(x) dx X,(y) dy
= [ [~ $j®wmm@
/Rs /R3 Xa(y)0™ (x —y) dy %qﬁ"(x) dx
/ / Xa(x = x )™ (x )dxl%d)x(x)dx
(L e,

<ﬂ]é3a(x/) ,0).

12.C Appendix: Exterior potential flow

We take a flow domain around one ball Bg(q) of radius R centered at the the moving point q with
velocity q at time ¢. Note that in this appendix R is not identical to the macroscopic field for the radius
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Figure 12.7: Numerical solution for ¢ = 40us, compressible liquid with phase transition

equation and here we have R = %. We want to use this notation to conform with presentations of

the exterior potential problem such as in Landau and Lifshitz [12] or Michlin [13]. We introduce the
coordinates x to be at rest and r = x — q the moving coordinate for which we will formulate a potential.
We consider a flow potential ® satisfying the linear potential equation A® = 0 and v, - r at infinity.
Since ®(r) = |r|7! = r~! is a solution to this equation outside any ball around the origin, so is any
derivative. Due to Maxwell is the ansatz using derivatives of =1, see Lamb [11, Section 82|, using the
summation convention where indices appearing twice in a term are summed over 1,23,

01 .0 1

o 1 A
d(t,r) =0 "+ A-+ B"— CY—rn——
(,r) = voor’ + r + oxt r + 0xt0xi r +

We will truncate the series after the B?
01
ozt r

o 1
¢=v, r"+A-+B
T

We will see that then we have enough terms to pose appropriate boundary conditions on the ball. We

use 5 _ ) ) o1 ) . )
r b — q’L i r— Izt — qz 7t

- = = — and thereb — = — - = ——

ozt r r Y ozt 73 73

to obtain ,
3

. 1 .
O=viri+A-—B .
T r

We denote by R with R = |R| the coordinates on the surface of the ball. Then the velocity components
for j = 1,2, 3 there are given as

L

J
v = —
oxI

(12.C.1)

. R [3RR 5y

Using the assumption that all quantities are constant on the surface (12.3.14) gives

= pr §v(tx) = wlt)] mdS = ~4x By v - w(t) -
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Figure 12.8: Radius vs. time, compressible and incompressible liquid, with and without phase transition,
grey: solution of the PDE-system, black: solution of the ODE-system

Note that w = R+ ¢, n = R/R, and then R = 1 - R giving

™ . q-R
——+ R+ ——. 12.C.2
47TpLR2 + + R ( )

Multipying n/ = R7/R to (12.C.1) and comparing the result with (12.C.2) we have

v-n=

o 0o . vl RI A 2
ipd| = 2= i = 2 L, pipi 2
T TawT| TR e TP R
. ™ "RI

Sy - S (T fy

e TUR

There is a unique solution to the exterior Neumann problem for the potential equation that decays to
Voo - T like 771 see e.g. Michlin [13, Satz 13.2.2]. It can be expanded uniquely by spherical harmonics,
see e.g. Michlin [13, Section 15.4]. This implies that the coefficients in our case are

m

A:

. . 1 . .

— RR? Bl = —R3(¢7 — vl
drpy, : R =)
leading to )

RR? 3 R37r3 (g7 — vl)

Pt — ad pd _
(%) = var? + dmprr r 273

(12.C.3)

We take the Bernoulli equation, see Lamb [11]

9o 100 90 p ,
= — +-o——+— +g2t

1) = ot 2029 07 pp

The aim is to determine the pressure. Using (12.D.1) we obtain

1 X 100 00 0P )
. P’dS=—]{ <—ft +,,++g:c3> ds
PL JoBR(0) K OBRr(0) *) 2 0xJ OxI ot "

_ 100 00 00 3\
- ]gBR(o) <2<9scjaa;j + ot +gx > n'dS. (12.C.4)
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Now we compute the derivative terms of the potential needed in the Bernoulli equation

o0d 09 3R'R?  §; RI
o 77 R 2731 Y A Y, VY B e
9u7 027 | eoloo ( R R3> e
3R'RT 6 3RFRI 6y R
2 k i kj i
A——i—BB ( Jo R3)< Jo _R3>_4ABR6
We turn to the time derivative and note that
ori 0 ;
Y — i
o = 5@~ @) =4
This gives
ar ri
A |
ot rq
and we obtain
0P 0 o 1 ]
Tl i A —pil
ot ot <v°°T * r 7“3)
R R
1 1 or .. RI o1 Ord 1 Or
LA A _pitt _pi - Y BRI — L
e’ T AR Rot| B R38tR+3 RR46t
| R . .ARJ’ 1L |
= 7'1)?)0(]] +AE +Aﬁqj — Bjﬁ + Bjﬁqj — 3BJRJR q ﬁ

The derivatives obtained are now inserted into the formula (12.C.4) for the pressure. We make use of the
fact that formulae (12.D.1-12.D.3) imply that we only have to retain terms where the integrand contains
a constant times the product of two normal components i or depends on a space variable, as in the
gravitational term,

1 | R R .
- ids = A oA B4R s
oL Jonao) aBR()(UOO R3+ R6 RB i R?’ gw)” ¢
4
_4 iA+4A(" l) A'Z+4BZ Sy R
= 37TUOO 37'(' q Voo 37'(' q 37T g 13371'
4 .. 4
= gﬂ'BZ — géiggﬂ'RB

giving

, 4 .. 4
j{ pn'dS = pr, (wBl — gdigﬂRB)
0Br(0) 3 3
2 3 i - 2P, 4 3
=pL 3" (R q ) —2nR°Rv., — géiggwR .
With v, = 0 we obtain

}{ pn'dS = pL( 7 (R*q") — gdis = WR?’) (12.C.5)
9BRr(0)

We compute the v term in (12.3.8). Note that A and the B’ are constant and contain no normal
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components 7' = R*/R. Therefore we can use (12.D.1) and (12.D.2) to obtain

. 0P
7{ v dS = —dS
9Br(0) 0Br(0) O

) RI C/(3R'RI ..
= véo—A—I—Bl(—”)) ds
j({?BR(O) < R3 Ro R3
; . (3R'RT 6
= 47 R*v7 +?§ B’ ( - f) ds
9BRr(0) ko R?

) ( 32
= 47TR2UgO + 2 (3M — 5”) ds
9BRr(0)

R3 R?
2i o B (a4 2 2, j
= 4nR*vl + V3 3§7TR —4nR* ) ;5 = 4rR*v], = 0. (12.C.6)

12.D Appendix: Surface integrals

In Appendix C we had to evaluate a number surface integrals for integrands consisting of one, two or
three components of the exterior normal vector on dBg(q). For an arbitrary domain Q allowing the use
of the Gauss theorem we have

f n'dS = / Oyildx = 0. (12.D.1)
o0 Q
We extend the vector field n = R/R by (x — q)/R to the interior of Br(q)
i ; dij 4
n'n? dS = Opin? dx = — dx = -mR"0;;. (12.D.2)
9Br(a) Bn(a) R Jpn(a 3

Noting that the functions 7’ are odd with respect to a plane through the center of the ball we obtain

}{ ninin* ds = / Dpi (') dx
9Br(q) Br(a)

= / 7 0in® + 0y ()" dx
Br(q)

1 .
= E njéik + ’l7k(5ij dx
Br(a)
0; . Ois
= fk 0 dx + —L n* dx
Br(q) Br(q)

= 0. (12.D.3)
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