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1 Introduction

The question of a sustainable use of fossil fuels becomes nowadays more and more impor-
tant due to the shrinking natural resources. The modern reactor chemistry takes advantage
of using catalysts in order to increase yields, selectivity of products or to achieve the better
control over reaction processes. In the last decade computational fluid dynamics turned
out to be a convenient method for development of more efficient chemical reactors and for
prediction of their behaviour. We present in this work a mathematical model for flows
in packed bed membrane reactors and a simple model equation of convection-diffusion-
reaction type.

The aim of this work is to elaborate robust numerical schemes which can be applied to
subproblems resulting from models of chemical reactors, like flow or transport equations
of diffusion-convection-reaction type. Moreover, we provide rigorous numerical analysis of
our new schemes and test them by solving academic problems as well as by simulating
flow behaviour in the packed bed reactor. A good source for readers more interested in
questions of reactor modelling and in new trends in the membrane reactor engineering is a
practical approach book [71].

The underlying work is devoted to mathematicians interested in scientific computing
and finite element analysis of problems related to mass or heat transfer in chemical re-
actors as well as to engineers dealing with simulations of chemical reactors. The novel
methods presented in this work are addressed also for graduates being engaged in scientific
computing.

All of the chapters which deal with the numerical analysis are complemented by com-
putational results. Our new schemes have been successfully implemented into the object
oriented in-house finite element package MooNMD, see [10], and the computations have
been performed on an ordinary Linux workstation.

Notation Throughout the work we use the following notations for function spaces. For
m € Ny and bounded subdomain G C Q let H™(G) be usual Sobolev space equipped with
norm || - ||n.¢ and seminorm |- |,,, . We denote by D(G) the space of C*°(G) functions with
compact support contained in G. Furthermore, HJ"(G) stands for the closure of D(G) with
respect to the norm || - ||,,,¢. The counterparts spaces consisting of vector valued functions
will be denoted by bold faced symbols like H™(G) = [H™(G)]" or D(G) = [D(G)]".
The L? inner product over G C Q and G C 9 will be denoted by (-,+)¢ and (-, )aq,



9 Introduction

respectively. In the case G = () the domain index will be omitted. Throughout the paper
we denote by C' the generic constant which is usually independent of the mesh and model
parameters, otherwise dependences will be indicated. o

The following two examples are intended as small appetisers illustrating the problem of
ensuring stability and accuracy of numerical solutions.

1.1 Why to stabilise (Galerkin scheme?

Let us consider the two-point boundary value problem for singularly perturbed one-dimensional
convection-diffusion equation which has been discussed in [6¥]

—eu" +bu' =0 inQ=(0,1),
u(0) =0, (1.1)
u(l)y=1,

whereby the perturbation parameter is ¢ > 0 and the convection field b > 0 is constant.

The exact solution of (1.1)
ebm/e -1

u(z) = T

exhibits a boundary layer of width O(e/b) near to x = 1 if 0 < ¢/b < 1. Galerkin
discretisation by piecewise-linear finite elements over a uniform grid

1

zj=jh, 7=0,....M, MecN, h::M,

leads to the following tridiagonal linear system for the unknown nodal values of the discrete
solution wuy,

e b 2e e b )
(<5 -5)mor s () —0. i,

whereby u; 1= up(x;), uop = 0, upy = 1. Assuming that 2 # bh, the solution vector is given

by A
<1—|—Pe)z .
1 - Pe i=1,.

1+ Pe M 17
1— Pe

Pe := —
¢ 2e

M1, (1.2)

where
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is the Péclet number. Pe > 1 implies }J_r—llzi < 0 and consequently the discrete solution wuy,

exhibits unphysical oscillations. They can be eliminated if the mesh size h gets small so
that Pe < 1. If £/b < 1 the mesh refinement leads to big systems which are, especially in
higher dimensions, infeasible from the numerical point of view.

1.2 Taking advantage of superconvergence phenomena

The following small example illustrates the superconvergence phenomenon that has been
discussed in [72]. Let us consider the two-point boundary value problem

—u"=f inQ=(01),
u(0) =0, (1.3)
u(l) =0,

whereby f is assumed to be sufficiently smooth. We use the same equidistant grid as in
the example (1.1)

1
ﬂ:{K:(a:i,xiH), ’ZIO,,M—l}, hi:xiJrl_'Ti:h:M; VZZO,,M—l,

and look for the discrete solution uy in the space of continuous piecewise linear polynomials
over 7, and with zero boundary conditions

Vh:{UhEC(Q> . 'Uh’K 6P1(K>, Uh(()):Uh(l):O VKGZL}
The finite element discretisation of problem (1.4) reads as follows

Find uy, € V},, such that

(U;L,’U;l) = (f7 Uh)v vUh € Vh . (14)

In the space H}(Q) the semi-norm |u|; = /(v/,u') becomes a norm due to Poincaré
inequality. Furthermore, we define by ¢,u the finite element interpolant of the weak solution
u €V = H}(Q). Employing the Galerkin orthogonality, one can easily show that the error
between the finite element solution and the finite element interpolant satisfies

lipu — uply = sup (<Zhu —u) U;L) )
v EVR |UI’L|1

(1.5)

Employing Cauchy—Schwarz inequality and interpolation estimate, we obtain for u € H?(QQ)
the estimates

((tpu =)', vp) < liyu —uly [y < Chluli|va]y
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and due to (1.5)
liju — up|y < Chlugls . (1.6)

Now, we improve the bound of the term ((zhu —u), U;L) using the nodal interpolation

operator i} : V — Vj, with

(1.7)

_q Tt
((ipu —w)',vp,) = Z (ipu — u)'v),d
i=0 7
M-1 Fit1
On(Tit1) — vn(2:) 1 /
= —u)'d
: ; (i,u —u)'dx
1=0 -~ 5
_U;l (z3,®;41)
M—1 ;
_ Uh(szrl) Uh<x2) (Z}Lu B u) Tit1
=0 h T
M-1

and from (1.5) we infer

liju —upl1 = 0. (1.8)
Thus, the nodal interpolant i}u coincides with the conforming piecewise linear discrete
solution wy, see Figure 1.1.

Using the fact that the error |iju — uyl; is superconvergent, we can post-process our
discrete solution in order to obtain the higher accuracy. Let 7 = (x;,z;12) € To, be
a macro—cell consisting of two child—cells K; = (z;,2;41) and Kip1 = (41, Tiga), @ =
0,...,M — 1, which originate from the regular refinement. We denote by P»(7) the space
of quadratic polynomials over the macro—cell 7. Our aim is to construct a global post-
processing operator

IZZh V- Szzh ={ve H&(Q) 2|, € Po(T)}
which satisfies

Biju=1Iu YueV, (1.9a)
|Gyul <Cluly, YueV,. (1.9b)



1.2 Taking advantage of superconvergence phenomena 5)
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Figure 1.1: The piecewise linear conforming finite element solution w; coincides with the
nodal interpolant 7} u.

The post-processing interpolant can be defined on each 7 € 75, in the following way
IZu|, € Py(7),

2 , e RO (110)

Lypu(m) = u(x;),  Iyu(@ivn) = w(wip1),  Lpu(zice) = u(wie).

The operator I3, is then globally well-defined due to the continuity of u. The post-
processing interpolator from (1.10) satisfies obviously (1.9a). Moreover, we have

Lou=u Yué€ Py(7).

Let 7 = (—1,1) and F, : 7 — 7 denote the reference cell and the affine reference mapping,

respectively. Furthermore, we denote by v the space of continuous, piecewise P functions
on 7. Setting 4 = ul, o F, and (lypu)|, = (lopt) o F-1, it holds

’fzhﬁh,f < Clal1 7 VaeV

since |Iop, - |14+ and | - |1+ are norms on the finite dimensional factor space V /R and since

constant functions on 7 are exactly reproduced by the interpolator Is,. Using scaling
arguments, we obtain

|122hU’1’7— < C‘UJ|1’7— Yue Vh .
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Property (1.9b) follows by summing up over all macro—cells 7. From Bramble-Hilbert
lemma we obtain
lu — 122hu|1,T < Oh2|u|3ﬁ ’

due to scaling arguments, and thus we get
lu — I5ul, < Ch?|luls Yu e H*(Q). (1.11)
From (1.9a) it follows
u— I u, =u— Ihu+ I3 (ihu —up) .
Then, the triangle inequality implies
Ju — yunly < Ju— Dyuly + [ 13, (i — un) (1.12)
Collecting (1.11), (1.9b) and (1.8), we get from (1.12) the global superconvergence
lu — I upli < Ch?|uls. (1.13)

The error between the post-processed solution and the weak solution u € H?(Q) is with
respect to the H! semi-norm one order better. Applying post-processing to the piecewise
linear elements, we can obtain the accuracy of piecewise quadratic elements.



2 Reactor flow problem

2.1 Mathematical model

In this section we introduce the mathematical model describing incompressible isothermal
flow without reaction. The considered equations for the velocity and pressure fields are
related to those of fluid saturated porous media. Most of them use the Darcy law as a
suitable model. However, there are restrictions of Darcy model, e.g. closely packed medium,
flows at slow velocity. They can be circumvented with the Brinkman—Forchheimer-extended
Darcy equation. Let 2 C R", n = 2,3, represent the reactor channel. We denote its
boundary by I' = 0€2. The conservation of volume-averaged values of momentum and
mass in the packed reactor reads as follows

—div (evVu —cu®@u) + %Vp +o(u)=f in Q,
div(ew) =0 in Q,

(2.1)

where u : Q2 — R", p : Q — R denote the unknown velocity and pressure, respectively.
The positive quantity ¢ = (&) stands for porosity which describes the proportion of the
non-solid volume to the total volume of material and varies spatially in general. The ex-
pression o(u) represents the friction forces caused by the packing and will be specified later
on. The right-hand side f represents an outer force (e.g. gravitation), ¢ the constant fluid
density and v the constant kinematic viscosity of the fluid, respectively. The expression
u ® u symbolises the dyadic product of w with itself.

The formula given by Ergun [22] will be used to model the influence of the packing on
the flow inertia effects
(1—¢)? l1—¢

———u+ 175
exd? wr ed,

o(u) = 150v ulu| . (2.2)

Thereby d, stands for the diameter of pellets and |-| denotes the Euclidian vector norm. The
linear term in (2.2) accounts for the head loss according to Darcy and the quadratic term
according to Forchheimer law, respectively. For the derivation of the equations, modelling
and homogenisation questions in porous media we refer to e.g. [9, 33]. To close the system
(2.1) we prescribe Dirichlet boundary condition

ulr=g, (2.3)
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whereby

/5g-nds—0 (2.4)
ry

has to be fulfilled on each connected component I'; of the boundary I'. We remark that
in the case of polygonally bounded domain the outer normal vector n has jumps and thus
the above integral should be replaced by a sum of integrals over each side of I'.

The distribution of porosity € is assumed to satisfy the following bounds
O0<eg<ex)<e <1l Vxe, (A1)

with some constants 0 < gy, €; < 1. In the next section we use the porosity distribution
which is estimated for packed beds consisting of spherical particles and takes the near wall
channelling effect into account. This kind of porosity distribution obeys assumption (A1).

Let us introduce dimensionless quantities

ut = 2 p*zi ot = L g*:g

Uo’ oUs
whereby Uy denotes the magnitude of some reference velocity. For simplicity of notation we
omit the asterisks. Then, the reactor flow problem reads in dimensionless form as follows

—div (iVu —cu® 'u,> +eVp + Lt Bulul] = f in Q,
Re Re
div(ew) = 0 in Q, (2.5)
u = g on I,
where
a(z) = 150x*(z), B(x) = 1.75k(x) (2.6)
with |- ()
—e(x
==/ 2.
@)= o 27)
and the Reynolds number is defined by
Uy d,

Re =

v

The existence and uniqueness of solution of nonlinear model (2.5) with the constant porosity
and without the convective term has been established in [47].

Remark 2.1 (2.5) becomes a Navier-Stokes problem if ¢ = 1.
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2.2 Existence and uniqueness results

In the following the porosity € is assumed to belong to W3(2) N L>°(2). We start with
the weak formulation of problem (2.5) and look for its solution in suitable Sobolev spaces.

2.2.1 Variational formulation

Let
L) == {v e L*(Q): (v,1) =0}

be the space consisting of L? functions with zero mean value. We define the spaces
X =H'(Q), Xo:=HyQ), Q:=LQ), M:=LQ),

and

VI:XQXM.

Let us introduce the following bilinear forms
1
a: X xX—1R, a(u,’u):R—(ev'u,V'v),
e
b: X xQ — R, b(u,q) = (div(eu), q),

c: X xX—1R, c(u,v):Ri(ozu,v).

(&

Furthermore, we define the semilinear form
d: X xXxX—-1R, d(w;u,v):(mwlu,v),
and trilinearform
n: X xXxX—-R, n(w,u,v) = ((cw- V)u,v).

We set
A(w; u,v) := a(u,v) + c(u,v) + n(w, u,v) + d(w; u,v).

Multiplying momentum and mass balances in (2.5) by test functions v € X, and ¢ € M,
respectively, and integrating by parts implies the weak formulation:

Find (u,p) € X x M with u|r =g such that
A(u;u,v) = b(v,p) +b(u,q) = (f,v) V(v,g)eV. (2.8)

First, we recall the following result from [3]:



10 Reactor flow problem

Theorem 2.2 The mapping u — eu is an isomorphism from H'(Q)) onto itself and from
H () onto itself. It holds for all uw € H'(2)

Uu
leul < Cler + lehiat il and | 2| < € {egt +55 lehal Null

In the following the closed subspace of H(2) defined by
W={wecHQ): bw,q =0 YqgelLiQ)})

will be employed. Next, we establish and prove some properties of trilinear form n(-,-,-)
and nonlinear form d(-; -, -).

Lemma 2.3 Let u,v € H'(Q) and let w € H'(Q) with div(ew) = 0 and w - n|r = 0.
Then we have
n(w,u,v) = —n(w,v,u). (2.9)

Furthermore, the trilinear form n(-,-,-) and the nonlinear form d(-;-,-) are continuous, i.e.
0, 0,w)] < Celulls ol [wll, ¥ u,v,we H(S), (2.10)
ld(u, v, w)| < C [lull[Jv]i[w]i YV uvwe H(Q), (2.11)
and for uw € W and for a sequence u* € W with klim |uf — ullo = 0, we have also

lim n(u®, u* v) = n(u,u,v) YvecW. (2.12)

k—o00

Proof.  We follow the proof of [30, Lemma 2.1, §2, Chapter IV] and adapt it to the

trilinear form
n

n(w,u,v) = ((cw- V)u,v) = Z (sw;0ju;, v;)

ij=1
which has the weighting factor €. Hereby, symbols with subscripts denote components of

.....

by parts and employing density argument, we obtain immediately (2.9)

Z (ijajui, Ui) = — Z (@J (ElUjUZ‘) ,UZ‘) + Z <ijnjui, UZ‘>

ij=1 ij=1 ij=1

= — Z (ew;0;v5,u;) — (div (ew)u, v) + ((ew - n)u,v)
ij=1

= —n(w,v,u).

From Sobolev embedding H'(Q) — L*(Q) (see [1]) and Hélder inequality follows

‘(ijaj%%” < lelo,oo lw;lloa 105uillo [[villoa < C'lelooo lw;ll [wily l|vill1
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and consequently the proof of (2.10) is completed. Since klim |ufuf — wsusllor = 0 and
e0;v; € L*(§2), the continuity estimate (2.10) implies

n

lim n(u®, u* v) = — lim n(u*, v,u*) = — lim (euf 0;0F, uf)
k—o0 k—oo k—»ooi —
7.]_
n
=— Z (gujﬁjvi,ui) = —n(u,v,u) = n(u,u,v).

ij=1

The continuity of d(-; -, -) follows from Hélder inequality and Sobolev embedding H'(2) —
L) (see [1])

|d(w; v, w)| < |Bloo [[wflos [[v]loallwllo < Cefluly [[ofly [[wl]s -

U

In the next stage we care about difficulties caused by prescribing inhomogeneous Dirich-
let boundary condition. Analogous difficulties are already encountered in the analysis of
Navier—Stokes problem. We carry out the study of three dimensional case. The extension
in two dimensions is constructed analogously. Since g € HY ('), we can extend g inside
of €2 in the form of

g=c tcurlh

with some h € H?(2). The operator curl is defined then as
curlh = (82h3 - 83h2, 83h1 - 81h3, 81h2 - 82h1> .

We note that in the two dimensional case the vector potential h € H?*(Q) should be
replaced by a scalar function h € H%(2) and the operator curl is then redefined as curl h =
(Ozh, —01h). Our aim is to adapt the extension of Hopf (see [37]) to our model. We recall
that for any parameter y > 0 there exists a scalar function ¢, € C?(Q) such that

e ¢, = 1in some neighbourhood of I' (depending on ), )

o ¢,(x)=0if dp(x) > 2exp(—1/p), where dr(x) := ?IJI€1£ |z — vy

(Ex)
denotes the distance of @ to I,
o 10ipu(@)] < pfdr(@) i de(@) < 2exp(-1/p), j=1,...,n. |
For the construction of ¢, see also [30, Lemma 2.4, §2, Chapter IV].
Let us define
g, =¢ 'curl(p.h). (2.13)

In the following lemma we establish bounds which are crucial for proving existence of
velocity.
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Lemma 2.4 The function g, satisfies the following conditions
div(eg,) =0, g,r=g V>0, (2.14)

and for any 6 > 0 there exists sufficiently small > 0 such that

d(u+9g,:9,,u)] <0|Bllos [uli(Juh +lg.llo)  Yue X, (2.15)
In(u, g, u)| <0ul; VueW. (2.16)
Proof. The relations in (2.14) are obvious. We follow [17] in order to show (2.15). Since

h € H?(Q) Sobolev’s embedding theorem implies h € L*(€2), so we get according to the
properties of ¢, in (Ex) the following bound

<Ce' {|Vh|+ L n|b <0 {-L +|vn|}.

Defining
Q, ={xeQ: dr(x) < 2exp(—1/p)}

we obtain from Cauchy-Schwarz and triangle inequalities

[(Blu+g,l.9, - ) < [1Bllos lullo 1w - gpllos, + [1Bllos llgullollw-g.llog, . (2.17)

a9, < [ lullg, e
Qp
< C [ 1l { (u/de(@))” + 20/ de(a) VB + (VP
Qp

< ¢ {tlw/dr o, +2ulw/drloo, [wloac, [IVRl 40, + Tl an [IVRIG 0, }
2
<C {/LHU/CZI‘HO,QH + HUHOAH‘VMHOA,QH} !

and consequently

- gylloss, < € {ulufdrlos, + lullod[FA, 0 } (2.15)
Applying Hardy inequality (see [1])
|v/drllo < Clvly VYo € Hy(Q)
and using Sobolev embedding H*(Q2) — L*(2), estimate (2.18) becomes
- g,llo0, < CA(w)llull, (2.19)

where
Ap) == max{p, [[[VR[[,, o }-
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From (2.17), (2.19), Poincaré¢ inequality and from the fact that hH(l) A1) = 0 we conclude
n—
that for any 6 > 0 we can choose sufficiently small > 0 such that

(8w + g,lg,, w)| < 0 11Bllo.co [uli (Jul1 + [1g,llo)

holds. Therefore the proof of estimate (2.15) is completed. Now, we take a look at the
trilinear convective term

n(u,g, u) = ((eu-V)g,, u)QM = ((su V) {e ewrl (g, h)} ,u)

Qu

- ((u - V) {curl (p,h)}, 'u,) — ((U -Ve)g,, u)Qu :

QM
The first term of above difference becomes small due to [30, Lemma 2.3, §2, Chapter IV]
)((u V) {curl (gpuh)},u)m’ - ‘((u . V)(agﬂ),u)m) < Olul? (2.20)

as long as p > 0 is chosen sufficiently small. Using Holder inequality, Sobolev embedding
H'(Q) — L5(Q) yields

(- Vo) g,ou) | < Cllellis lig, - wllo ull
which together with (2.19) implies for sufficiently small x4 > 0 the bound
’((u -Ve) g, u)QH’ < 0|ul?. (2.21)
From (2.20) and (2.21) follows the desired estimate (2.16). O

While the general framework for linear and non-symmetric saddle point problems can
be found in [3], our problem requires more attention due to its nonlinear character. Setting
w = u — g,, the weak formulation (2.8) is equivalent to the following problem

Find (w,p) € V such that
Alw+g,,w+g,,v) —bv,p) +blw+g,q9=(fv) YV(vgeV. (2.22)
Let us define the nonlinear mapping G : W — W with

[G('w), v} =a(w + gu,'v) + c(w + gu,v) —(f,v)

2.23
+n(w+g,w+g,v)+dw+g,w+g,v), (2.23)

whereby [+, -] defines the inner product in W via [u,v] := (Vu, Vv). Then, the variational
problem (2.22) reads in the space of e-weighted divergence free functions W as follows

Find w € W such that
[G(w),v] =0 VveW. (2.24)
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2.2.2 Solvability of nonlinear saddle point problem

We start our study of nonlinear operator problem (2.24) with the following lemma.

Lemma 2.5 The mapping G defined in (2.23) is continuous and there exists r > 0 such
that
[Gu),u] >0 VueW with |u|, =r. (2.25)

Proof.  Let (u")ien be a sequence in W with Jim |uf — wu|l; = 0. Then, applying

Cauchy—Schwarz inequality and (2.16), we obtain for any v € W

k 1 k 1 k
|[G(u") — G(u),v]| < Te |(eV(u* —u), Vo) +§ |(a(u® —u),v)|

+ | (Blu” + g,/ (u* —u),v) |+ [(B(Ju* +g,| = u+g,)(u+g,)v)
+ |n(uk,uk,v) - n(u,u,v)‘ + |n(uk — u,gu,v)| + ‘n(g#,uk —u, ,v)|

1
< Lt — ulsfols + o llalollu* — ullollvl

+ 18lloollu” + gulloallu® — ullolvlloa + 18llocclle + g, lloalln® — wlollvllo

+ [n(u®, u, v) — n(u, u,v)| + Cllu® —ulllg, vl

The boundedness of u* in W, (2.12) and Poincaré inequality imply
|[G(u") = G(u),v]| 20 as k—>o00 VveW.

Thus, employing

we state that G is continuous. Now, we note that for any u € W we have

[G(u),u] = é(aV(u +9,),Vu) + é(a(u +9g,),u)

+ (Blu+g,lutg,) u)+nutg,utg,u)—(f u)
€o 2 &1 1
Z Te uli — @!(VSJWVU)! + E(Ofuau)
+ (Blu+g,| [ul’) — |(Blu+g,lg,, u)|
+ n(u7gu7u) + n(Q/.L’gu?u) - HfHOHU’HO
a2~ “Lg,ilul
~ Re Re'#

1
— pollallosclig,lloliello = |(Blu +g,1g,, w)|

1
~ —l(ag,, )

(2.26)

— |n(u,g,, u)| = Cllg,lIFlwls = [1fllollllo-
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From Poincaré inequality we infer the estimate
lvlls < Cloly Vv € Hy(Q),
which together with (2.15), (2.16) and (2.26) results in
(Gl u] = {7 =61+ [Bllos) | lul
e

0,00/1G .10 + 011 Bll0.0cllg,ullo + Collg,lIT + 03||f||0}|u|1-

S 1
1=t O, —
{Re|gu|1Jr 1R6||a|
Choosing ¢ such that

IS0 -1
0< 8 < b= (14 8n)

and r > rg with

€1 1
E'g“h + EQHQHO,mHQuHO +6][Blo,c0llg,ullo + Callg,IIF + Csll £1lo

ro T . (227)
20 5(1+ 18llo-0)
leads to the desired assertion (2.25). O

The following lemma plays a key role in the existence proof.

Lemma 2.6 Let Y be finite-dimensional Hilbert space with inner product [-,-] inducing a
norm || - ||, and T : 'Y — Y be a continuous mapping such that

[T(z),z] >0 for |z||=ro>0.
Then there ezists x € Y, with ||z|| < ro, such that
T(xz)=0.
Proof. See [79]. O
Now we are able to prove the main result concerning existence of velocity.
Theorem 2.7 The problem (2.24) has at least one solution u € W,

Proof. We construct the approximate sequence of Galerkin solutions. Since the space
W is separable, there exists a sequence of linearly independent elements (wi)ieN cCW.
Let X, be the finite dimensional subspace of W with

X, :=spanfw’, i=1,...,m}
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and endowed with the scalar product of W. Let u™ = i a;w?, a; € R, be a Galerkin
solution of (2.24) defined by ~
[Gu™),w’] =0, Vji=1,....m. (2.28)
From Lemma 2.5 and Lemma 2.6 we conclude that
[Gu™),w] =0 VYweX, (2.29)

has a solution u™ € X,,. The unknown coefficients a; can be obtained from the algebraic
system (2.28). On the other hand, multiplying (2.28) by a;, and adding the equations for
7 =1,...,m we have

0= [G(u™),u"]

P ELI ||5||0,oo)} 2

e
1 1 -
~ \Rel9ul + Crplladloscligullo + dll5lo.collgullo + Collg, i + C3HfH0}|U 1.
This gives together with (2.27) the uniform boundedness in W
|um|1 S To,

therefore there exists u € W and a subsequence m; — oo ( we write for the convenience
m instead of my, ) such that
u” —u in W.

Furthermore, the compactness of embedding H*(Q2) — L*(Q) implies
u™ —u in LYQ).
Taking the limit in (2.29) with m — oo we get
[G(u),w] =0 YweX,,. (2.30)

Finally, we apply the continuity argument and state that (2.30) is preserved for any w € W,
therefore w is the solution of (2.24). O

For the reconstruction of the pressure we need inf-sup-theorem
Theorem 2.8 Assume that the bilinear form b(-,-) satisfies the inf-sup condition

>~ > 0, 2.31
S ol Tl (2:31)

Then, for each solution w of the nonlinear problem (2.2/]) there exists a unique pressure
p € M such that the pair (u,p) € V is a solution of the homogeneous problem (2.22).
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Proof. See [30, Theorem 1.4, §1, Chapter IV]. O

We end up this subsection by constituting existence of the pressure.

Theorem 2.9 Let w be solution of problem (2.24). Then, there exists unique pressure
pe M.

Proof. We verify the inf-sup condition (2.31) of Theorem 2.8 by employing the isomor-
phism of Theorem 2.2. From [30, Corollary 2.4, §2, Chapter I] follows that for any ¢ in
L%(9) there exists v in H($) such that

(dive, q) = 7"[lv[l1llqlo

with a positive constant v*. Setting uw = v/e and applying the isomorphism in Theorem
2.2, we obtain the estimate

b(w, q) = (dive, q) = ¥ [lv]l1llgllo = vellull1llgllo

*

Y
Cley' +&5° ehis}
tion (2.31). O

where . = From the above estimate we conclude the inf-sup condi-

2.2.3 Uniqueness of weak solution

We exploit a priori estimates in order to prove uniqueness of weak velocity and pressure.

Theorem 2.10 If ||g,|[1, [|fl|-1:= sup (f.v) are sufficiently small, then the solu-

0£ve H(Q) [v]1
tion of (2.24) is unique.
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Proof. Assume that (uq,p;) and (ug, p2) are two different solutions of (2.22). From (2.9)
in Lemma 2.3 we obtain n(w,u,u) =0 Vw,u € W. Then, we obtain
0= [G(u1) — G(uz), u; — us]
= a(u; — ug, u; — Us) + (U — ug, w1 — uz) — (f,u; — us)
+n(ur +g,u1 +g,,u —uz) —n(uz +g,,us +g,,u — up)
+ (Blur + g,l(ur +g,,), w1 — uy)
— (Bluz + g, l(u2 + g,), w1 — u2)

€0
> Eml —wsl; — || fll =1l — us)

+n(ur — ug, ug + g, ur — uy) (2.32)
+ (Blw +g,l(u1 —uz),uy — uy)
+ (B(ur + g,| = luz + g,])(us + g,), ur — uy)
> =Lur— wf} = || £l = wsy
— |n(uwy — ug, ug, uy — ug)| — !n(ul — U, g, U — ug){
—1Blloce [ (Jur + gl - w1 — o, [y — wal) |

~18llo.co | (|lw1 + g, = |2 + g, l| - Jua + g,], [ur — ual)| -
From Cauchy-Schwarz inequality and Sobolev embedding H*(Q2) — L*(Q2) we deduce
[([wr + g, - w1 — ol Juy = wal)| < C{llwillo + llg,llo} llur — a3 (2.33)

([l + gl = Tuz + g,l] - [uz + g,.], [ur — )|

(2.34)
< C{luzllo + llg,llo} llur — w3,
and according to (2.10) we have
(w1 — g, ug, ur — us)| < Cllug i [lur — uslff, (2.35)
and by (2.14) we can find g such that
In(uy — ua, g, ur —ug)| < 8—0||u1 — w2 (2.36)
TR ~ 4Re

Now, we find upper bounds for u; and uy. Testing the equation (2.22) with u results in

o 2 o
@Hqu < [ Fll-allll + EHQMHlﬂqu + Clig,llollullo
+Cllg,llillull + CllBloccllgullollully + CllAlloccllgulloallul: -
From Sobolev embedding H'(Q2) — L*(€2) we deduce for sufficiently small ||g,,||1

|£ll-1 + Cillg,ll + Callg I3 _

€o
B C [e%s)
e 3118l0,00l19,.111

[l <

:C(llgull 1£11-1)- (2.37)
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Putting (2.33)-(2.37) into (2.32) and using the inequality
2Re

[Fll-1llwr —uafls < 4R — g — uof} + —||f||2
we obtain
2Re
> 2R |y — || - —||fH2 — C(llgulli 1F1=1) 181000 lltar — wal|F
(2.38)
||U1 wol|T = C (gl 1 F1=1) llur — walf7 .

For sufficiently small ||g, |1, || f]|-1 the constant C(||g,,[l1, || f]|-1) in (2.37) gets small and
consequently the right hand side of (2.38) is nonnegative. This implies u; = uy and ac-
cording to Theorem 2.9 is p; — py = 0. ]

2.3 Finite element analysis

2.3.1 Discrete problem

For the finite element discretisation of (2.8), we are given a shape regular family {7 }n~0
of decompositions of €2 into quadrilaterals (n = 2) or hexahedrons (n = 3). The diameter
of the cell K will be denoted by hx and the mesh size parameter h is defined by h :=
maxger, hi. Let Fg K — K be the multilinear reference mapping acting on the
reference cell K := (=1,1)". Now, we pay more attention to the strengthened shape
regularity assumption given in [61]. Expanding F'x we get

Fg(z) =bg + Bz + Gg(x)
where

Let S C K be the reference n-simplex having the following vertices (0, ...,0), (1,0,...,0),

., (0,...,0,1). Its image via the affine mapping & — BgZ + by is denoted by Sk.
Furthermore, we denote by hg, = diam(Sk) and pg, the diameter of Sk and the diameter
of the largest ball inscribed into Sk, respectively. For each cell K € 7}, we define

VK = sup |BDF (&) — I (2.39)

zeK

which is a measure of the deviation of K from a parallelogram (n = 2) or a parallelepiped
(n = 3) with respect to the matrix norm || - || induced by the Euclidian vector norm. We
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note that yx = 0 holds iff F'i is affine. We call a family of triangulations 7, shape regular
if the conditions

h
2K < (2.40)
PSk
and
YKk < v <1 (2.41)

hold for all K € 7}, . For this type of mesh the mapping F i exhibits following properties
|Bk|| < Chs,e < Chk, |Bg'||<Chgl, VKEeT,, (2.42)

sup [DF k()] < (14 vx)[|Bxkll, sug\|DF%1(w)\|S(l—w)’lllB;}lH VK eT,
zeEK xTE

(2.43)

and
Ch2 < nl(1=7k)" |Sk| < |det(DF k(&) < nl(1+vx)" |Sk| < C'hY% V@ e K. (2.44)

Moreover, the reference mapping F'i is bijective. We note that the above condition is
more restrictive than the usual one for simplices

hK/pK<C VKG%

where pg denotes the diameter of the largest ball inscribed into K. We mention also that
there are further variants of shape regularity condition which are frequently used in the
literature, see the review articles [66, (5] for quadrilateral meshes.

Now, we want to prepare definitions of finite element spaces which will be used in the
following. We denote discrete velocity and pressure finite element spaces by X, and @y,
respectively. Furthermore we define

XhO :XhﬁH(l)(Q), Mh:thLg(Q),

and
VhithXMh, Vh()I:XhOXMh.

In the following we consider conforming finite element spaces, i.e. V, C X x M. We set

A(wp; up, vy) = a(up, vy) + c(up, vy) + n(wp, uy, V)

+ d(wp; up, vy),

where

. 1
n('whauhavh) = §[n(whauhavh) - n(wm'vhauh)] .
We remark that according to Lemma 2.3 we have

n(w,u,v) = n(w, u,v) if  div(ew)=0 and wve X,. (2.45)
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The finite element discretisation of equation (2.8) leads to the following nonlinear problem

Find (wup,pn) € V), with up|r = g,|r  such that

A(up; up, vp) — b(vn, pr) + b(un, qn) = (F,vn) V (Vn, qn) € Vo - (2.46)

Here g, € X} is some approximation of extension of g, e.g. g, = t,g with 2,9 being an
appropriate finite element interpolant of g.
First, we pay attention to the fixed point linearisation

For given u$'? € X, find (up,pp) € Vi, with wy|r = g,|r  such that

A(w'; un, vn) — b(vn, pr) + b(wn, @) = (F,vn) ¥ (Vn,qn) € Vino - (2.47)

We want to study its solvability in the spirit of mixed finite elements, see [30]. To this end,
we define the space

Wi ={wy € Xy : blwp,qn) =0 Vg€ Qr}

of finite element functions satisfying the modified divergence constraint in the discrete
sense. Note that in general W, € W. The linear saddle point problem (2.47) formulated
on the subspace W, C X, simplifies to an elliptic one. Then, the existence and uniqueness
of the discrete velocity follow obviously from the Lax-Milgram Lemma.

2.3.2 Verifying the discrete inf-sup condition

It is well known in mixed finite element method for incompressible fluids that velocity and
pressure have to be approximated by suitable finite element pairs which satisfy the Babuska-
Brezzi compatibility condition, otherwise the pressure approximation can be deteriorated
by unphysical oscillations. One can expect similar difficulties when solving the discrete
saddle point problem (2.47). The general result concerning this issue is established by the
following lemma.

Lemma 2.11 Let the pair (X o, My) satisfy the discrete inf-sup condition

b
El ,y > O : lnf Sup M
q}LEMh 'UhEXhO |’ljh|1 ||q}l||0

>~  Vh>0. (2.48)

Then the discrete problem (2.47) has a unique solution (wp,pp) € X X M.

Proof. See the proof of [30, Theorem 1.1, §1, Chapter I1]. O



22 Reactor flow problem

Remark 2.12 The inf-sup condition (2.48) can be reformulated as follows

E|’Y>O thEMh dv, € Xy -

1 (2.49)
b(vn, an) = llanll§ . [vp]1 < ;HQhHO Vh>0.

Remark 2.13 In the case of v = vy(h) > 0 the existence of discrete pressure can be also
guaranteed. However, the optimal error bounds can not be derived using such type of inf-sup
constant.

Let ﬁk denote the space of polynomials of degree at most k£ > 0, and @k be the space
of polynomials of degree at most k£ > 0 in each variable separately. In the following we
consider a family of mapped finite elements with discontinuous pressure. Let

PuK) ={v=00Fg :0e P} and QuK):={v=00Fg o€ Qs}

be the local finite element spaces defined on a given cell K via reference mapping F'i. The
vector valued counterparts of them we denote by bold faced symbols Q. (K) := [Qx(K)]".
For k£ > 2 we look for the pressure and velocity approximations in the following finite
element spaces

X, ={veC’ Q) :vlx € QLK) VKEcT,}

and
My :={q€ L§(Q) : qlx € Pe1(K) VK €T},

respectively. Note that the inf-sup condition for this finite element pair in case of the
Stokes-Problem in two and three dimensions has been proved in [64] by means of the
macro-element technique of Boland and Nicolaides [10]. We extend these results in order
to prove the inf-sup condition for the bilinear form corresponding to the modified divergence
constraint of model equations (2.5). Let the domain €2 be decomposed into non-overlapping,
open domains €2, r = 1,..., R with Lipschitz continuous boundary,

R
Q=J%, QN0 =0, r#s.
r=1

Furthermore we define the following finite element subspaces on the subdomains 2,

Xn(2):={v]g, : vE€ Xp, v=0in 2\ Q,.}

Qn(2:) 1 ={qla, : ¢ € Qn}
Mh(QT) L= Qh N LS(QT)

and
My, ={qe€ L) : qlo, =const, r=1,...,R}.



2.3 Finite element analysis 23

Let us formulate the local inf-sup condition

INS0Vr=1,....R,

2.50
Y qn € Mp(82,) : sup ( )

> Mlanllo,e, -
v, €X () !Uh\l,ﬂr

The following lemma gives a connection between the local and global inf-sup conditions in
order to establish stable finite element pairs.

Lemma 2.14 Assume that the bilinear form b : Xo x M — R is continuous and satisfies
b(gn,vn) = 0 for all piecewise constant pressures q, and vy, € Xpo with vy|o, € Xn(Q,),
r=1,...,R. Let the local inf-sup condition (2.50) be satisfied with a constant A > 0
independent of v and the mesh size parameter h. Furthermore, we assume that there exists
a subspace X, C X o such that (X, My,) is globally inf-sup stable with a constant 5 > 0
independent of h. Then, there exists a constant v > 0 independent of h such that the pair
(X ho, My) satisfies the global inf-sup condition (2.48).

Proof. We follow the proof of [30, Theorem 1.12, §1, Chapter II] and adapt it to
the abstract continuous bilinear form b(-,-). From the local orthogonal decomposition
Qn(Q) = Mp(Q2,.) & R we deduce that each function ¢, € M}, can be split 2, as follows

qn = qn + qn

(qh’ 1)Q7"
| [
obviously the global relation

where @lq, = and Gpla, € M(2.). From the orthogonal decomposition follows

lanll = 11115 + 112115 (2.51)

Now, we reformulate the local inf-sup condition (2.50) by analogy to Remark 2.12 and
state that there exists a function ¥, € X(€2,.) such that

- - - L.
b(@r, @) = 6o, and  [Brfia, < Tl oo, (2.52)

where ¢, = Gx|o,. Applying the same argument to the globally inf-sup stable pair (X, M)
we conclude that there exists a function v, € X such that

_ _ _ L,
(O, @) = anll;  and  |oai < §th|lo- (2.53)
Let us define for £ > 0 the function v, € X defined by
Uy = ’l~)h + t’l_)h

where t > 0. We adjust the parameter ¢ > 0 such that the pair (v, q,) obeys the global
inf-sup condition reformulated in Remark 2.12. To this end, we evaluate

b(vn, qn) = b(Vn, Gn) + b(Vn, @n) + tb(Vn, Gn) + tb(Vh, Gn) - (2.54)
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We have
b(Vn, qn) =0

due to the assumptions on b(+,-). From (2.52) and (2.53) follows

b(On, ) = 14l
and

b(n, Gn) = [|nlls -
The continuity of the bilinear form b(-,-), i.e.,

|b(’an)| SMb|'U|1||Q||O V'vG-XO V(16]\47
and (2.53) implies
L My, . _
b(vn, Gn) < 7”%”0 1@nllo -

Collecting (2.54)-(2.58) and employing the inequality

- _ - 1.
lanllollaallo < Wllaall§ + s llaals v >0,

we get for all ¥ > 0 the lower bound
Mbtﬁ _ Mb _
b ><1— 2yl - —2 2
(Vn; qn) = { 5 } gnllo + { 4197} 1 l5
ol

Choosing 9 = AT and t = Mi,, in the above estimate, we obtain

v min .
hydh) = 2a 2] [b drllo

Furthermore, the following bound

1/2
3 B 1 3 ”_}/ B 1 2 ’_Y 2
< t < = L < it L .
[nlt < |Only + tlonlr < SllGnllo + MbHCIhHo < {()\) + (Mb> llanllo

holds according to (2.51)-(2.53). From (2.60) and (2.61) we conclude

b(vh, Qh)

>vlanllo Vh>0
|’Uh|1

15
mim-< —, ——
27 2,

(-

with the inf-sup constant

’y:

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)
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Remark 2.15 We observe that the bilinear form b(v,q) = (div(ev),q) satisfies assump-
tions of Lemma 2.1/. Indeed, b(-,-) is continuous with the constant M, = C{e1 + |el13}v/n
since

(v, q)| < Vnlevly |lgllo < Cler + [elisvn|vlillall

due to Theorem 2.2 and Poincaré inequality. It holds also b(vy, qy) = 0 for all piecewise
constant pressures qn, and vy, € Xpo with vy|a, € Xn(2.), r=1,..., R, since by virtue of
Gauss theorem we have

b(vh, qn) = (dw<5vh)>Qh) = qnla, /div(evh) dx

Qr

Q. / evy -nds =0
0,

= dqn

whereby n. denotes the outer normal vector on €.

Now, we want to find a pair of subspaces (X, M}) which satisfies the global inf-sup
condition. We recall the notation given in [6-] in order to establish appropriate enrichment
of @Q)1-velocity which together with the piecewise constant pressure results in an inf-sup
stable pair. Let £(K) be a set of all (n — 1)-dimensional faces of an element K € T
and nf the unit normal vector to the face E € £(K). Furthermore, we denote by € the
set of all faces £ € £(K) of all elements K € 7, by £(I') we denote the set of all faces

located at the domain boundary I'. The reference cell E= F ' (E) corresponds to the face
E € £(K). We denote by n% = ng(mg) the unit normal vector ng at the point mg being
the image of the barycentre of the reference face E under the reference transformation F K,
ie. mg = Fg (ThE) Note that the above definition is justified by the fact that the unit
normal vector in three dimensions is in general no longer constant. Let us introduce the
scalar function ¥ € Q9(K) which is uniquely defined on K = K(F) (adjacent cell to the
face E) by nine nodes a; € K

ve(a;) = {(1) fth:rlivisefr.nE’
We define the face bubble function by

®p(x) = Yp(x)n’ Ve,
Within the extended local finite element space

Qi (K) = Q,(K) +span{®p, F € E(K)}
we define the subspace
X, ={veC’Q): v|geQ(K) YKEcT, vljpn=0}. (2.63)

The proof of global inf-sup stability of the pair (X, M}) involves the following lemma.
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Lemma 2.16 The global inf-sup condition (2.48) holds if and only if there exists an op-
erator I1, € L(X o, X o) satisfying:

b(v,qn) = b(ITv,qn) Vg€ My VYve X, (2.64)

]Hhv|1 §C|’U|1 V'UEXQ (265)
with a constant C' > 0 independent of h > 0.

Proof. See the proof [30, Lemma 1.1, §1, Chapter II] for an abstract bilinear form b(-, -).
O

Remark 2.17 From the proof of [50, Lemma 1.1, §1, Chapter 1] follows that the discrete
inf-sup constant in condition (2.48) is determined by

v =1./C

where C' > 0 is the stability constant in (2.65) and ~. > 0 is the inf-sup constant in
condition (2.31) for the continuous spaces.

Now, we construct the H' stable operator ITj, explicitly. To this end, let i), : H'(Q) — X
be the interpolation operator of Scott—Zhang type. This type of interpolation operators
defined for non-smooth functions on affine equivalent meshes and preserving Dirichlet ho-
mogeneous boundary condition was introduced in [70], and extended in [35] to the case of
shape regular meshes including hanging nodes. A good source which supplies construction
principles of Scott—Zhang operator for higher order elements is the text book of Ern and
Guermond [24]. Following ideas therein we explain briefly the construction of Scott—Zhang
operator i, : H'(Q2) — X, for vector valued functions. Let {a,,...,ay} be the Lagrange
nodal points and let {¢,..., @y} be the set of the global shape functions of X . With
each node a; we associate

K; if a; is in interior of K; € 7}, ,
o, =<K E; if a; ¢ 02 and a; is on the face F; € &, ,
E;, C 00, if a; € 99 and a; is on the face E; € &, .

We note that the choice of E; in the definition of o; is not unique. Let n; be the number of
nodes belonging to o;. We denote the local shape functions restricted to o; and associated
with the nodes lying in o; by {¢;,...,,,,}, and set conventionally ¢;, = ¢,, i =
1,...,N. For each such set of nodal functions on o; we construct a dual L?(c;) basis

{lpi,la s ’T’bl:”i} with
/Soi,qwiw = 5qr7 1 < q,r < n; .

i
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Furthermore, we define nodal functionals N; : H'(Q2) — R by

Nifo] = /wi.

Then, the Scott-Zhang interpolation operator is defined for v € H'(2) by the condition
Nilv—iv]=0 Vi=1,...,N

which implies the following representation

N

(in0)(2) = Y Ni[v] pi(z)

i=1

Obviously, the Scott—Zhang operator preserves homogeneous boundary conditions, i.e.,
V|go = 0 = (ipv) |sgo = 0, and furthermore satisfies ¢,v;, = vy, for all v, € X,. It has
been proven that this kind of interpolation operator is H' stable

lthv)ix < Clv|iwk) VveE H'(Q) (2.66)
and satisfies on each K € 7, the approximation property
H’U_ihUHO,K‘i_hK‘U_ih'U’l,K gCth"U‘l’w(K) Vo EHI(W(K)) 1 Sl Sk—i—l, (267)

where w(K') denotes a certain local neighbourhood of K. Furthermore we define the global
operator I, : Xqg— X, by

I,v= Z <<v'n—E’>q)E

b -n
Tee E E>5>E

Integrating by parts for q, € My, qx = qn|x and taking into account the fact that the
bubble function ®p vanishes on £(K) \ E, implies

(div(eIyv),qn) = Y _ (div(eIyv), qx)

KeTy,

=Y D> axllw - ni,e)p

KeT, Ee&(K)

U'?’LE/,Z‘:)E/ 268)
— (I)/ (
> S ey afs

KeT, EcE(K) E'eE

Z Z vong,eqr)p = Z(diV<5v)>QK)K

KeT, EcE(K KeTy,
= (dlv(sv),qh) )
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Employing the estimates from [30]

(®p-np,e)p>Ceoht  VEcEK), (2.69)
[vllo.e < ChZ{htvllox + vk} Vve HY(K) (2.70)

and
®plix <CRY*'  VEKEeT, (2.71)

yields for shape regular meshes

’Ih”‘%,g <C Z {hz}zl\vllg,x + |”‘%K} Vve Hé(Q) . (2.72)
KeT,

Now, we define the interpolation operator ITj, : Hy(Q2) — X by
II,v .= 1,v + Ih(’U — ’l:h’U) Yove H(IJ(Q) . (273)
Its main properties are summarised in the following lemma.

Lemma 2.18 For the shape reqular meshes the operator I}, defined in (2.73) is H' stable
in the sense of (2.65) and satisfies the condition (2.64) .

Proof. From the stability of 4, in (2.66) and of I} in (2.72) we obtain for the operator
IT;, defined in (2.73) the following estimate

IT,0(5 o < 2[8v]T g + 2[Th(v — 4v)]7
< c{\v\ig £ {h2lo — il + o z'hvﬁ,K}} (274)
KeT,
< C’U’%,Q'

In (2.68) we have already shown that the operator IT, satisfies the condition (2.64). O

The main result concerning the global inf-sup stability of the pair (X, M},) is established
by the following lemma.

Lemma 2.19 The global inf-sup condition (2.48) holds for the finite element pair (X, M},)
on shape reqular meshes.

Proof. Apply Lemma 2.16 and 2.18. U

Now, we are able to state our main result.

Theorem 2.20 Let T;, be shape reqular. Then, the pair (X, My) of mapped (Qr, PY5¢)
finite element spaces satisfies the discrete inf-sup condition (2.48).
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Proof. Let the partition of 2 be 7, itself. Therefore each subdomain 2, is a certain cell
K € T,. From the previous lemma follows that the pair (X, M},) satisfies the global inf-
sup condition (2.48). In view of Lemma 2.14 it remains to prove the local inf-sup condition
(2.50). To this end, we define for the arbitrary pressure ¢ € M,(K), ¢ # 0, the velocity
9K >R by R R

o(z):=—-By - (V(go Fg))(z) - b() (2.75)

where F'i is the multilinear reference transformation explained in Subsection 2.3.1,@ =

a T
(a—A, ceey a—A) denotes the column nabla operator with respect to the reference coor-
T Tn
dinates z1,...,Z,, and
n
=J[ (-4 (2.76)

=1

stands for the bubble function which is positive in the interior of K. Obviously, we have
¥,z =0, © € Q, due to V(qo Fr) € Pj_», and therefore v = 9 o Fii' € X,(K). By
virtue of the chain rule we have

(V4)(@) = BE - {I + B! DGk (&)} - (Vq) (Fk()) (2.77)

where § = qoF'i. Then, integrating by parts, using reference transformation and employing
(2.75) yields

(diV(E’U), Q)K = —(E’U, VQ)K
= —/5(FK(§:)) o7 (2) - (Vq) (Fr(2)) - |det DF ()| d

K

~ [e(Fu@) -4@)- (V0)' (Fil@) - {T + B DGx(@)} - (Va) (Fi(@) - det DF (@)

K
(2.78)
Next, the shape regularity assumptions (2.40) and (2.41) imply
2" {I+B'DGg(z)}z > (1 — ) ||2| VzeR".
Consequently, we obtain for b > 0 and £ > o > 0 the lower bound of (2.78)
(div(ev),q) . = (1 —0)e0 /E(ﬁ;) |(Vq) (Fr(@))|* - | det DF (&) dd . (2.79)
B
From (2.77), (2.40) and (2.41) we get for the shape regular meshes
1 SUNPANT 2o IBEIP 1o
@@ < |(Vo) Fx@)] < B 1eh@p. (s

(14%)? B |? (1=10)°
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Then, we infer from (2.44) and (2.42) that

Jb@) - [(Va) (Fr(#)) > - | det DF i (&)| di

[1(Vq) (Fx(@))| - | det DF ()| d

’ [b(@)|(Va@)| (250
b(z)|(Vi(e)|” da
(1_70)2+n e
T (1402 BeIPIBL? [|(Vi(a)| di
K

Collecting (2.79),(2.81) and (2.42) implies

. 1 _ 24-n
(div(ev).q) . > Cieo (1 . j) (10 o (2.82)

Hereby C; > 0 is the constant satisfying

IVo¥illoz > VO Vil 2

due to the equivalence of the norms || Vb @() Ho 7 and ||@() |0, on the finite dimensional
factor space P,_1/R. Next, we deduce from v = % o F! and (2.77)

o(2) = —b(@) - {I + B'DGx(®)}" - (Vq) (Fk()),
and therefore we obtain with b < 1 the estimate

v]lo.x < (14 70) |g],x - (2.83)

Employing twice transformation rule, (2.44) and

(Vo) (Fg(2)) = {I + By'DGx (&)} By - (Vo)(@),

we get
o < (=20 2B [(99)(@) s (Vo)(@) | det Fic(@)] da
K
< nl(1+90)" [Sk| (1= 70) 72 |1 BE|* 0]} ¢ -
From the fact that the norms |- |, z and || - || z are equivalent on the finite dimensional

space @kﬂHé(lA() follows the existence of a constant Cy > 0 such that |0], z < VCa|0]| &
Then, using again transformation rule, (2.43) and (2.42), we get

1+
lv|1,x < Cy <1 gL

n/2
> (1=7) " hgt vllox  VveXu(K). (2.84)
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Analogously, we can state
1+ n/2
lgllox < Cs (1 70) (L+70) hse lahx Vg€ Mu(K), (2.85)
— %
where the constant Cs5 > 0 satisfies
ldlloz < Csldly g Vq€ Pea/R
due to the fact that the norms || - [|) z and | - [, z are equivalent on the finite dimensional
factor space P,_;/R. Finally, using (2.82)-(2.85) we state the estimate
' 1— Y 24n )
d > C 1-—
( lV(ﬁ’U);Q)K = Ui1&o <1 —l—%) ( 70) ‘Q|1,K
1=7%\"" 1=
> Che v
>0 (1520) 152 ol bl
1= ’
> C1C5C —
> CinCaeo (1522 ol el
from which we conclude immediately the local inf-sup (2.50) condition with
A= C1CyCye (1_7())2
12080 \ )
U
Remark 2.21 The inf-sup constant in (2.48) satisfies
min {1 i }
2" 2M,C?
= b (2.86)

1/2
1 L\ (e )
2092072 2 +

due to (2.62) and Remark 2.17. The constant C' > 0 in the above relation corresponds to

the stability constant in (2.65).

Combining results of Theorem 2.20 and Lemma 2.11, we deduce

Theorem 2.22 Let T;, be shape reqular. Then, the discrete problem (2.47) has a unique

solution (uy,pp) in the space of mapped (Qy, PE5¢).
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2.3.3 Solvability of nonlinear discrete saddle point problem

Let g; be the extension of g, such that

g, =7rrg, and gplr = (ag,)Ir

where 7, : W — W, denotes the special interpolation operator which satisfies the mod-
ified divergence constraint in discrete sense and has the usual approximation properties.
We consider mapped elements (Qy, P¢). The existence of the interpolation operator
r,: W — W, guarantees the following lemma.

Lemma 2.23 There exists an interpolation operator vy, : W — W, such that
v —rpl, <CRTHol, Yoe WNHY(Q) 1<I<k+1, (2.87)
and
b(ryv,qn) =0 Yg, e M, YveW. (2.88)
Proof. Let B, : W), — M] be the linear continuous operator defined by
(Brvn, qn) v, = b(vn, qn) Vo,e Wy, Vag,e€M,.
After [30, Lemma 4.1, §4, Chapter I, the operator By, is an isomorphism from Wﬁ onto
M, with
y |’Uh‘1 < HBhvhHM}/L Yo, € Wﬁ (289)

if and only if the inf-sup condition (2.48) holds. Here, M, denotes the dual space of M,
and Wﬁ is L? orthogonal complement of W, in X 9. Then, for each v € W there exists
a unique z,(v) € Wi such that

(Brzn(vn), an)m, = b(zn(v), qn) = —b(ipv,qn) YV qn € My, (2.90)

where 4, : H'(Q) — X is the interpolation operator of Scott-Zhang type with the usual
stability and approximation properties (2.66) and (2.67). Thus, for all v € W holds

b(zp(v),qn) = —b(épv —v,q,) Y qn € My, (2.91)
and according to (2.89) we obtain

Ce .
|zn(v)]1 < - linv — |y, (2.92)

Taking
TRV = 4,V + 2, (V)

and using (2.67), we obtain

C: ,
|lv —rpof; < <1 + —) v —dpv|1 < CH7Y ol
g
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forallv € W and 1 <[ <k + 1. The property (2.88) follows from the definition of r,v
and identity (2.90). O

We can state discrete estimates.

Lemma 2.24 Let g, be the extension of g defined by (2.13) and gj = rng, . For any
0 > 0 there exist sufficiently small parameters h > 0, pu > 0 such that

|d(un + g1,; ghs un)| < 6 [|Bllo,co |Uh’1(|uh\1 + HQHO) Vue Xy, (2.93)
]ﬁ(uh,g’,‘l, 'U,h)| <9 |uh|f Vu, € Xy (294)

Proof. Let u;, € X}. Employing stability of interpolation and extension operators
Irrgullo < ll7agplls < Cligulls < Cligllo, (2.95)
implies
[d(un + g3; gh,, un)| < |d(un + g, gy — G, un)| + [d(un + gy, 9, un)|
< 1Blo,co (luenllo + llgllo) llgn — gpllo [lwnllo
+ [18llo.00 (leenllo + llgllo) lluen - gullo -

The bound of the interpolation error follows from the properties of extension g, |r = g
lgh — g,ll < Chlg, [y < Chligllo, 1=0,1 (2.96)

Then, according to Lemma 2.4 we can state that for each § > 0 there exists p > 0 such
that

|d(un + g3, g, wn)| < 0 118]lo.co [wnlr (1wnllo + [lgllo)
holds for sufficiently small A > 0. For the trilinear term we have the estimate
|ﬁ(uhagz7uh)| < |ﬁ(uhvgz - gu7uh)| + |ﬁ(uh7gw uh)| : (297)

Using (2.10), (2.96) and Poincaré inequality, we obtain for sufficiently small 2 > 0

|7(un, g5, — G, un)| < Chllgllo [lunllf < 0 llgllo [lunllt - (2.98)
Next, we have
. 1
n(umgwuh) = §[n<uhagwuh) - ”(Uh,umgu)} : (2.99)

The first term in the above square bracket gets small due to Lemma 2.4 and the smallness of
the second one follows from the Cauchy-Schwarz inequality, (2.19) and Poincaré inequality

n(wn, up, g,) < Clluglli|lun - g,llo < Coluyl; . (2.100)
Collecting (2.97)-(2.100), we deduce the estimate (2.94). O



34 Reactor flow problem

Remark 2.25 The extension gj, is used only for the sake of error analysis and does not
need to be constructed during numerical calculations.

Let G, : W — W, be the operator defined by

(Gh(wh), vi] ==a(wy + g5, 1) + c(wy, + gj, vn) — (f, vn)

! (2.101)
+ n(w, + g5, w, + g5, vp) + d(wy, + gr; wi + gr,vn) -
Then, the discrete problem (2.46) can be rewritten as operator problem
Find w;, € W, such that
[Gh(wy),v] =0 Vv, € W, (2.102)

Now, we show that the discrete anologon of Lemma 2.5 holds.
Lemma 2.26 The mapping Gy, defined in (2.101) is continuous and there exists r > 0 s.t.

[Gh(uh),uh} >0 Yu,e W, with |’U,h’1 =r. (2103)

Proof. The continuity of the operator GG, can be shown in the same way as in the proof
of Lemma 2.5. From Lemma 2.24 we deduce by analogy to the proof of Lemma 2.5

9
[Glwn)un) = {2 = 51+ 18llo.e) } s
€ 1
- {R—LHQHO + Cpllalloscligllo + 010 llgllo + Cllgll + ClIf o flunls.

The choice
0<68<dy:= R—O(l +118lloe)

and r > ry with

—||9||o + —CllozllooollgHo +0]Bllo.sllgllo + Cligll + ClI £llo
ro = , (2.104)

= — 31+ [1Bllocc)

yields the assertion (2.103). O

Now, we can state the main result concerning solvability of the discrete nonlinear problem
(2.46).

Theorem 2.27 The discrete nonlinear problem (2.46) has at least one solution belonging
to the space of mapped (Q, PE5¢) elements.
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Proof.  Employing results of Lemma 2.26, the existence of the discrete velocity is a
straightforward consequence of Lemma 2.6 applied to the operator G;,. The reconstruction
of the discrete pressure can be proceeded in the same way as in the continuous problem.
From the inf-sup condition satisfied due to Theorem 2.20 we deduce the existence of the
discrete pressure. O

For sufficiently small data we can also show that the discrete solution is unique.

Theorem 2.28 If ||gllo, ||fll-1 are sufficiently small, then the solution of the discrete
problem (2.46) is unique.

Proof. We follow the proof line of Theorem 2.10. Assume that (wp1, pr1) and (wpe, pro)
are two different solutions of (2.46). Then, we obtain

0= [G(uhl) — G(up2), up — uhz}
= a(Up1 — Up2, Up1 — Up2) + c(Up1 — Wp2, Wpy — Up2) — (f, Up1 — Up2)
+ 7(un + gp, Un1 + gh, Un — Unz) — (W2 + G, Wn2 + G, Un1 — Un2)
+ (Blun + gyl (unt + gj,), wn1 — un2)

- (5\”112 + g5 (un2 + g3,), wn — wn2) (2.105)
€

> e
— |(wn1 — Wn2, Un2, Upy — Up2)| — [2(Un1 — Un2, G, U1 — Un2)|
— 118000 | (lun1 + gl (wn1 — wna), wn1 — o) |

— 181l0,00 ‘((|Uh1 + il — |une + gpl) (unz + gj,), wn1 — th)} .

lun — whalli — | £l =1 lwn — wn2llr

From stability estimate (2.95) and Cauchy-Schwarz inequality we deduce
|(|uh1 + 92’ (uhl - uhz),um - uh2)| <C {Huh1||0 + HQHO} Huhl - 'U/h2H%7 (2-106)

|((|wnt + g3 — [wn2 + g3)) (w2 + g;,), wn1 — wpa) |

(2.107)
< C{llunzllo + llgllo} [ltn1 — wnz]¥-
According to (2.10) we have
|7 (Un1 — Una, Un2, Uy — Upa)| < Clluna|1l|un — wrell3, (2.108)
and by (2.94) we can find p such that
N § £
|2 (n1 — U, G unt — Un2)| < o [|ns — wps 3. (2.109)

4Re

Employing stability estimate (2.95) we find by analogy to the continuous case the upper
bound for the discrete solution

1£1-1 + Cillgllo + C2llglls

€0
Y C o)
R@ 3H6H07 HgHO

Junl < =C(llgllo. I fll-1) Y une Wy. (2.110)
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Combining (2.105)-(2.110) and using the inequality

2Re

I Fll-1llwn — un2lls < 4R 2l — wpalf? + —||f||21 ,
we state
2Re
0> ﬁ”uhl wpel|] — —||f|\2 — C(llgollo, 1£11=1) 181lo,00 luen1 — w23
(2.111)
4R % Nun — wna|l? = C(lgllos 1 F1]=1) lJwnn — wasl? -

The upper bound C(||g|lo, || f]]1) in (2.110) gets small for sufficiently small ||glo, ||f]|l:-
Consequently, the right hand side of (2.111) is nonnegative. This implies w,; = wp2. From
Theorem 2.20 follows immediately pn1 — pro = const. O

2.3.4 Error estimates
Let &, € W,. Combining equations (2.8) and (2.46) we deduce

0=a(up —u,§,) +c(un — u,§),)
+ i(wn, un, &) — n(u, u, &)
+ d(up; un, §),) — d(u;w, §),)
—b(&,,pn — D) -

Choosing &;, = u, — v, with vy, such that v, — g; € W, we obtain the identity

a(§h, &) + c(€n, €n) = alu — vy, &) + c(u —vp, §),)
+ {n(u,u,&,) — (v, vi, &) }
+ {7(vn, wn, &,) — n(wn, up, &) }
— (vn, &4, &)
+ {d(u; w, &) — d(un; un, &) }
+0(&p,pn — D) -

(2.112)

The first two terms on the right hand side we estimate by using Cauchy-Schwarz inequality
a(u —wvp, &) < [lellooo [ — valy [€41 (2.113)

c(u—vn, &) < Cclu—onl1 [[€4]]1 - (2.114)
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We denote by j, @ LZ(Q) N H*(Q) — M, the finite element interpolation operator for
the pressure. Applying Holder inequality and the optimal interpolation estimate for the
pressure, implies
b(éhvph - p) = b(éhajhp - p)
< (lefrs + llello.oo) [1€x 111 1inp — pllo (2.115)
< C "€ Ipl -

Employing a priori estimate and the continuity of the trilinear form n(-, -, -), we obtain for
the difference in the first brace

n(u7u7£h) - ﬁ(vhvvhvéh)
=n(u,u — v, &,) +n(u — vy, v, —u,§,) +n(u —vp,u, &) (2.116)
< Ccllulh [lw — vall (1€l + Cellu — vallF 1€4ll1 -

From the a priori estimate for the discrete velocity we deduce the bound for the difference
in the second brace

n(vn, wn, &) — n(wn, up, &) = —1(&),, un, &)
< C(llgllo, 1F1-)11€RIIT -

From the definition of n(-, -, -) follows immediately

n(vp, &,,&,) =0. (2.118)
We rewrite the third difference in the brace
d(u;w, &) — d(up; up, &)
= d(u;u — vy, &p,) + d(u; v, — up, &)
+ d(w;up, &) — d(vp; un, &)
+ d(vn; un, §),) — d(un; up, &) -

Employing continuity of d(-; -, ), a priori estimate (2.110) and the inverse triangle inequal-
ity, implies

(2.117)

(2.119)

d(u;w, &) — d(wp; up, &)

< Celulls luw — vl |€4]1
+C(llgllo, 1 F1l-1) 14117 (2.120)
+ Ccl|u — vp |1 |lwl]y

+C(llgllo, [1F11-0) 1€ 117 -
Collecting (2.113)-(2.120) and using Poincaré inequality, we obtain the estimate

£
{R—l ~ (gl ||f||_1)} €41 < lellooe [ = vls + Cllu = vy

(2.121)
+Cllulli luw — vl + Cllu — vall7.

Now, we are able to state the error estimates for finite element discretisation of nonlinear
reactor flow problem.
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Theorem 2.29 Let (u,p) € X x M be solution of the weak problem (2.8). The discrete
solution (up,py) € X5, X My, belonging to the space of mapped (Qr, PY5¢) elements satisfies

the following error estimates

lu —up|y < ChF and ||p —pullo < CHF, (2.122)

provided that Re > 0, ||gllo, ||fll-1 and h > 0 are sufficiently small.

Proof. Let u=w+g, € X and p € M be the weak solution of problem (2.46) where
w € W solves (2.24) and g,, is the extension defined by (2.13). We consider the solution of
discrete problem (2.46) in the mapped space pair (Qy, P¢). We set as usual u;, = wy, +g;
where wj;, € W), solves (2.102) and g; = r1,g,, as in Lemma 2.24. The weak solution can
be interpolated by r,w + g; where 7w is the finite element interpolant established in
Lemma 2.23. Setting &; = w;, — r,w € W, and using triangle inequality, implies

[u—uply < |w—rpwy + (g, —Trg, )1 + €L

Taking v, = 7w + g in (2.121) and employing interpolation estimates (2.87) and (2.67),
we obtain for sufficiently small data and mesh parameter h > 0

€, < ChE. (2.123)

Consequently, the error bound for velocity holds. In the next stage we estimate the pressure
error. To this end, we taking q;, = pr —jpp. The bound for the pressure error can be derived
from the following identity

—(&ps an) = =&, 0 — Jnp) + alu —up, &) + c(u —up, &)
+ n(’u, u, €h> - ﬂ(,u’ha Uhp, Eh)
+ d(u;u, &) — d(up; up, &) -

Again, using the continuity of bilinear form b(,-), the interpolation error estimate for
the pressure, exploiting bounds in (2.113)-(2.120), applying the discrete inf-sup condition
(2.48), we get from (2.123)

C C
lanllo < ;h’“ + ;h’“!ghh < Ch*.

Taking g, = pr, — jnp and invoking interpolation error estimate, we deduce from the triangle
inequality the error bound

P = pullo < llp — jupllo + llgnllo < CR*

which completes the proof. U
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Remark 2.30 The construction of ryg,, is not required during the numerical computa-
tions. Theoretical results stated in [20, 53] and our numerical tests indicate that the re-
striction ('rhgu) Ir can be replaced by the usual Lagrange interpolant of g.

Remark 2.31 Results stated in [5] can be applied to our model problem. The error analysis
done for the nonsymetric saddle point problem involves more sophisticated techniques and

gives not optimal order of convergence since the order of L* interpolation error for the used
pressure elements is suboptimal.

2.4 Numerical results

2.4.1 Problem with smooth solution

We start our numerical investigations solving a two dimensional problem which is posed on
the domain © = (0,1)2. We apply stable (Q,, PY*¢) and (Qs, Ps%¢) elements on cartesian
meshes. The coarse mesh consists of 2 x 2 squares and will be uniformly refined. The

Table 2.1: Total number of degrees of freedom (dof) for velocity and pressure.

level dofs

QQ Pldisc Q?, P2disc
0 50 12 98 24
1 162 48 338 96
2 578 192 1,250 384
3 2,178 768 4,802 1,536
4 8,450 3,072 18,818 6,144
5 33,282 12,288 74,498 24,576
6 132,098 49,152 296,450 98,304

corresponding numbers of degrees of freedom for velocity and pressure are shown in Table
2.1. First, we report results for Stokes-like problem

Find (u,p) € X x M, with u|r = g, such that
a(u,v) —b(v,p) +b(u,q) = (f,v) V(v,q) €V. (2.124)

The right hand side f and boundary condition g are chosen such that

w(ey) = —— <sin<m>sin<wy>)

e(x,y) \cos(mx) cos (1y)

(2.125)
p(z,y) = 2cos(mx) sin(7wy)
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is the solution of the problem. The fictitious porosity distribution is defined as
1, :
e(z,y)=1- 5 sin (mx) sin (7y) . (2.126)

The velocity and pressure error measured with H! seminorm and L? norm, respectively, are
presented in Table 2.2 and Table 2.3. Additionally, we report the velocity error measured
with Lo norm.

Table 2.2: Stokes-like problem: velocity and pressure errors with rates of convergence for
(Q2, P elements

level |u—wplt rate |[p—oprllo rate |Ju—wupllp rate
0 1.070e+4-0 3.143e—1 7.765e—2
1 2.777e—1 1947 6.969e—2 2.173 1.038e—2  2.903
2 6.528¢—2 2.088 1.568e—2 2.153 1.243e—3  3.062
3 1.642e—2 1991 3.828e—3 2.034 1.579e—4 2977
4 4.113e—3 1998 9.520e—4 2.008 1.981e—5 2.994
5 1.029e—3 1999 2.377e—4 2.002 2.479e—6 2.999
6 2.572e—4 2.000 5.940e—5 2.000 3.100e—7  3.000

Table 2.3: Stokes-like problem: Velocity and pressure errors with rates of convergence for
(Q3, Pss¢) elements.

level |u—wup|; rate |p—opnllo  rate |Ju—wunllp rate
0 2.53%e—1 6.894e—2 1.349e—2
1 3.061le—2 3.057 8.06le—3 3.096 7.720e—4  4.127
2 5.639e—3 2436 9.939e—4 3.020 7.410e—5 3.381
3 7.16le—4 2977 1.219e—4 3.028 4.713e—6  3.975
4 8.983e—5 2.995 1.51le—5 3.012 2.957e—7 3.994
5 1.124e—5 2999 1.881le—6 3.005 1.850e—8  3.998
6 1.405e—6 3.000 2.348e—7 3.003 1.157e—9  4.000

Next, we report in the same way results for Brinkman—Forcheimer problem with Reynolds
number Re = 1. We stop the fixed point iteration (2.47) if two successive solutions of
algebraic systems differ less than le — 8 with respect to the Euclidian norm. In Table 2.4
and 2.5 results are presented for (Q,, PI*°) and (Qs, Ps*¢) elements, respectively. The
calculated rates of convergence are in good agreement with theoretical results from Section
2.3. The asymptotic behaviour of total error |u — wy|1 + ||p — pallo is shown in Figures 2.1
and 2.2 for Stokes-like and Brinkman problem, respectively.
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Table 2.4: Velocity and pressure errors with rates of convergence for (Qo, P5¢) elements.

level |u—wuplt rate |[p—oprllo rate |Ju—wupllp rate
0 1.114e+0 1.886e+-0 6.949e—2
1 2.799e—1 1.992 1.257e—1 3.907 9.508¢—3  2.870
2 6.532e—2 2.200 1.663e—2 2.918 1.219e—3 2.964
3 1.642e—2 1991 3.845e—3 2.113 1.572¢—4  2.955
4 4.113e—3 1998 9.523e—4 2.013 1.979e—5 2.989
) 1.029e—3 1.999 2.377e—4 2.002 2.479e—6  2.997
6 2.572e—4 2.000 5.940e—5 2.001  3.100e—7  2.999

Table 2.5: Velocity and pressure errors with rates of convergence for (@3, Ps*¢) elements.

level |u—wup|y rate |p—opnllo rate |Ju—wunllp rate
0 2.512e—1 8.567e—2 1.277e—2
1 3.047e—2 3.043 8.329¢e—3 3.363 7.614e—4  4.068
2 5.638¢e—3 2.434 1.005e—3 3.051 7.334e—5  3.376
3 7.160e—4 2977 1.221e—4 3.041 4.697e—6  3.965
4 8.983e—5 2.995 1.51le—5 3.014 2.954e—7 3.991
5 1.124e—5 2999 1.882¢—6 3.006 1.850e—8  3.997
6 1.405e—6 3.000 2.348e—7 3.003 1.157e—9  3.999

2.4.2 Channel flow problem in packed bed reactors

Let the reactor channel be represented by €2 = (0, L) x (=R, R) where R =5 and L = 60.
In all computations we use the porosity distribution which is determined experimentally
and takes into account the effect of wall channelling in packed bed reactors

e(z,y) =e(y) = o {1 + 1w 66(R|y)} . (2.127)

€co

We distinguish between the inlet, outlet and membrane parts of domain boundary I', and
denote them by I';,, I'y: and T'y,, respectively. Let

Fin = {(IL‘7y)€PZ ZL’ZO},
Loww = {(z,y)el: z=1L},
I'v = {(x,y)el': y=-R, y=R}.

At the inlet I';, and at the membrane wall we prescribe Dirichlet boundary conditions,
namely the plug flow conditions

= Win = (Uin, 0)7

u

and

(07uw)T for Yy = _Ra
Ulr, = Uy =
(0, )" for y=R,
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total error

Figure 2.1: Stokes-like problem: discretisation error.

whereby u;, > 0, u,, > 0. At the outlet I',,; we set the following outflow boundary
condition

where n denotes the outer normal. In order to avoid discontinuity between the inflow
and wall conditions we replace constant profile by trapezoidal one with zero value at the
corners. Our computations are carried out on the cartesian mesh which on the coarse level
consists of 20 stretched rectangular cells (see Figure 2.3) and will be three times uniformly
refined. The plots of velocity magnitude in fixed bed reactor (u,, = 0) are presented along
the vertical axis x = 50. In the investigated reactor the inlet velocity is assumed to be
normalised (u;, = 1). Due to the variation of porosity we might expect higher velocity
at the reactor walls I',. This tunnelling effect can be well observed in Figure 2.4 which
shows the velocity profiles for different Reynolds numbers. We remark that the maximum
of velocity magnitude decreases with increasing Reynolds numbers. Next, we investigated
the effect of dosing through the reactor wall I',,. This configuration corresponds to the
packed bed reactor (u, > 0). The uniform dosing becomes manifest in self-similar velocity
profiles which are presented in Figure 2.5. The self-similarity of velocity profiles in packed
bed reactor can be also confirmed by Figure 2.6 which shows the maxima of velocity
magnitude

Umas (%) = 12X _|u(2,y)|.
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total error

Figure 2.2: Brinkman problem: discretisation error.

Figure 2.3: Initial mesh for reactor flow problem.

The considered maximal values of velocity grow almost linearly. The slopes given in the

legend of Figure 2.6 correspond to the ratio of the wall velocity to the inlet velocity. We call
the flow in fixed bed reactor developed if the vertical component of velocity vanishes and
the horizontal component of velocity depends only on the vertical direction, i.e. u(x,y) =
(u(y),0)T. In this case one can show that the pressure depends linearly on the length
coordinate. The short developing zone which is characteristic of this type of reactors can
be recognised in Figures 2.7 and 2.8 whereas the linear distribution of the pressure is
demonstrated in Figure 2.9. We refer to [70] for discussion concerning a short length of
developing zone in fixed bed reactors.

The effect of dosing through membrane wall in packed bed membrane reactors can be
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Figure 2.4: Flow profiles in fixed bed reactor at x = 50.

observed in Figure 2.10 which shows the magnitude of velocity. The inlet velocity is set to
be u;, = 0.1 and the wall velocity w,, is chosen such that the total mass flux (cu) - n at
the position z = 50 is equal to that in the fixed bed reactor without dosing. The vertical
component of velocity and its depth of penetration is presented in Figure 2.12. We remark
that the pressure in packed bed membrane reactor seems to be superlinear, see Figure 2.11.
The impact of dosing onto the pressure distribution can be observed in Figure 2.13 which
shows pressure profiles along the axis y = 0 for different Reynolds numbers. Next, we
present results for fixed bed reactors with constant porosity

5
1
=3 e(y)dy .
-5
In contrast to reactors with varying porosity the velocity is almost constant with the
exception of a small boundary layer near the reactor walls, see Figures 2.14 and 2.15.  The
linear character of pressure in fixed bed reactors is once again demonstrated in Figure 2.16.
In Figure 2.17 we can see how the varying porosity affects the velocity maxima and how fast
the velocity gets developed. The porosity € = 1 corresponds to reactors without packing.
It is well known that in this case the constant inlet velocity develops a parabolic profile.
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Figure 2.5: Self-similar flow profiles in packed bed membrane reactor, Re = 10.
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Figure 2.6: Distribution of maximum of absolute velocity along z-axis.
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Figure 2.7: Absolute velocity in fixed bed reactor, Re = 10.
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Figure 2.8: Vertical velocity in fixed bed reactor, Re = 10.
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x 10 | X104

Figure 2.9: Linear pressure in fixed bed reactor, Re = 10.
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Figure 2.10: Absolute velocity in packed bed membrane reactor, Re = 10.
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Figure 2.11: Superlinear pressure in packed bed membrane reactor, Re = 10.
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Figure 2.12: Vertical velocity in packed bed membrane reactor, Re = 10.
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Figure 2.13: Profiles of pressure in fixed bed (solid line) and packed bed membrane reactors
(dashed line) along x-axis for various Reynolds numbers.
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Figure 2.14: Flow profiles in fixed bed reactor with constant porosity € = 0.4683 at x=>50.
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Figure 2.15: Absolute velocity in fixed bed reactor with constant porosity £ = 0.4683 and

Re = 10.
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Figure 2.16: Linear pressure in fixed bed reactor with constant porosity &€ = 0.4683 and
Re = 1.
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Figure 2.17: Entrance zone for Re = 10.



3 Stabilisation by local projection for
linearised problem

3.1 Oseen-like Problem

Let us consider the linearisation of (2.5) in the form of the homogeneous Oseen—like problem

_div (iVu—ab®u)+gvp+<ﬁ+ﬁ|b|)u — f in Q.
Re Re
diview) = 0 in 9, (3.1)
u = 0 on I,

whereby we assume b € W'(Q) and div(eb) = 0. For the sake of abbreviation we
introduce on V' the bilinear form A given by

A((u,p), (v,q)) = a(u,v) + (b, u,v) + (su,v) — b(v,p) + b(u,q).

Hereby, we set

1
= — bl >0.
5= ot bl 2

Then, the corresponding weak formulation of (3.1) reads as follows

Find (u,p) € V such that for all (v,q) € V :
A((u,p); (v,9)) = (f,v).

We note that if ¢ = 1 then o = § = 0 due to (2.6)-(2.7), and consequently s = 0. Then,
(3.1) has the usual form of Oseen equation. The property

(3.2)

n(b,u,u) =0

which holds due to (2.9) allows us to apply the Lax—Milgram Lemma in the subspace W
and to establish a unique velocity field w. A unique pressure p € M such that (u,p) € V
solves (3.2) follows from the inf-sup condition (2.31).
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3.2 Galerkin discretisation

For the finite element discretisation of the Oseen problem (3.1), we use a shape regular
decomposition 7}, of € into n-dimensional quadrilaterals or hexahedrons from the previous
chapter. Let Y, € H'() be a finite element space of continuous, piecewise polynomial
functions defined over 7;, in Subsection 2.3.1.

Assumption A1l: There exists an interpolation operator i, : H'(2) — Y} such that
in . HY(Q) — Y, N HY(Q) and

H’LU — ih’LUHQK + hK|’LU — ihw]LK < Chl[{Hle,w(K) Ywe Hl(w(K)), VKe ,];Z,

(3.3)
1<1<k+1,

where w(K') denotes a certain local neighbourhood of K which appears in the definition of
these interpolation operators for non-smooth functions, see [19, 70] for more details. [

We will also apply this type of interpolation operator to vector-valued functions in a
component-wise manner. In this case we use boldfaced symbols like 25, : Xy — Y, N X,.
The construction of such an interpolation operator has been explained in Subsection 2.3.2,
see also [3, 19, 70]. In the following, we consider the case of equal-order interpolation, thus
assuming

X =Y"NXy, and M, :=Y,NLN).

We set
Vh = XhO X Mh.

Now, the standard Galerkin discretisation of (3.2) reads:

Find (wup, py) € V', such that for all (vy,q,) € V-
A((wn, pn); (0n,qn)) = (f,vn).

It is a well known fact that the discretisation of the Oseen-like problem by finite element
methods may suffer from two reasons:

(3.4)

e the violation of the discrete inf-sup condition (2.48)

4
3050:  inf sup \Wv(Evn) o)
mEMn vpeXyy  |anllo [vali

Vh>0, (3.5)

e the dominating advection in case of Re > 1.

In general, these two shortcomings of Galerkin discretisation lead to unphysical oscillations
of the discrete solution.
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3.3 Local projection stabilisation

The local projection method has been originally designed for equal-order interpolation for

the Stokes problem in [5], extended to the transport equation in [6], and analysed for
low order discretisations of the Oseen equations in [I1]. It allows to stabilise pressure
and velocity by separate terms. In [I1], the case of low order Qg-elements (k = 1,2)

on quadrilaterals (n = 2) and hexahedrons (n = 3) has been considered. There, the
projection onto the large scale finite element space has been chosen to be the L?-projection
onto the space of discontinuous @Q;_i-elements on a coarser mesh. Unfortunately, this
two-level approach leads to a stencil being less compact than for the SUPG/PSPG-type
stabilisation. We propose to handle both instability phenomena by the local projection
technique based on enrichment. It is well known that stabilised methods can also be derived
from a variational multiscale formulation [39, 41, 12, 75]. Based on a scale separation of
the underlying finite element spaces, it has been shown that it is sufficient to stabilise
only the fine scale fluctuations. This results into a stabilising term which gives a weighted
L2-control over the gradient of fluctuations instead of the fluctuations of gradients [23, 32].

In the following, we apply results of [62] to the Oseen-like problem (3.1). Our analysis
is restricted to the method based on enrichment of velocity spaces. The extension to the
approach based on projection onto the coarser meshes will be not discussed in this work.
Now, we want to explain the main ingredients of the local projection scheme.

Let Dj, denote a discontinuous finite element space defined on the decomposition 7;, and

Du(K) :==A{aqn|, = qn € Da}.

Further, let
i L*(K) — Dp(K)
be a local projection which defines the projection 7, : L?(Q) — Dy, by (m,w) |K = 7TK(’lU|K).
Associated with the projection 7, is the fluctuation operator sy, : L2(2) — L*(Q) defined
by
Rp = id — Th

where id : L*(2) — L*(Q) is the identity. As in the previous subsection, we apply these
operators to vector-valued functions in a component-wise manner and indicate this by using

boldface notations, e.g. my, : L*(Q) — Dy, and &y, : L*(Q) — L*(Q).

Assumption A2: Let the fluctuation operator k;, satisfy the following approximation
property:

ok <Chyladixk VYqe H(K), VK €T, 0<1<k. (3.6)

|knq

g
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In the following, we define 7, as the L2-projection in Dj. In the case of Dy (K) con-
taining the space Py_1(K) of polynomials of degree less than or equal to k — 1, k > 1, we
have

(mhw — w,wp) =0 Y wy, € Dy, w € L*(), (3.7)
and
P Pi-i(K) C Dy (3.8)
Since Dj, is discontinuous over the element faces, (3.7) can be localised and 7x : L*(K) —
Dy (K) is locally defined by
(rew —w,wp)g =0  Yw, € Dy(K), we L*(K). (3.9)

In this case, the L*-projection mx : L*(K) — D, (K) becomes the identity on the subspace
P, 1(K) c HY(K). Now, the Bramble-Hilbert lemma gives the approximation properties
for K, = id — ), stated in assumption A2.

We will modify the discrete problem (3.4) by adding the stabilisation term

Sh((wn, pn); (Vn, @) == Z {TK (kn(Vun), kn(Von)) o + ak (kn(Vpr), 'fh(VC]h))K},
KeT,
(3.10)
where 7 and ag are user-chosen constants. Their optimal mesh-dependent choice will
follow from the error analysis of the method. Now, our stabilised scheme reads:

Find (wp, py) € V), such that for all (vp, q) € Vi
A((wn, pn); (0, an)) + Su((wn, pn); (Vn, @) = (f,vn). (3.11)

Existence, uniqueness, and convergence properties of the solutions (uy, pn) € V), will be
studied in the next section.

3.4 Convergence analysis

3.4.1 Special interpolant

The key ingredient of the error analysis of the local projection method is the construction
of an interpolant j; : H'(Q) — Y}, such that the error w — j,w is L?-orthogonal to Dy,
without loosing the standard approximation properties. Let us define

Yh<K) = {wh\K : whEYh, wyp, = 0 on Q\K}
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Assumption A3: Let the local inf-sup condition

161 >0, Vh>0 VKeT,: inf sup (vn, qn) K¢

an€DL(K) v, ey, () |Vnllo.x [1gnllo.x

be satisfied. O

We note that a necessary requirement on the spaces Y, (K) and Dy (K) is

Since the spaces Y} (K) and Dy (K) are defined on the same mesh, D, (K) will be chosen
such that A2 holds and Y}, (K) will be enriched by additional functions to fulfil A3.

Now, we recall the main theorem concerning the existence of the special interpolation
operator.

Theorem 3.1 Let assumptions Al, A3 be satisfied. Then, there are interpolation oper-
ators jn, : HY(Q) — Y, and 3, : Xo — X satisfying the following orthogonality and
approrimation properties:

(w — jpw,qn) =0 Y, €Dy, Ywe H(Q), (3.14)
lw = jrwllox+hilw = jnwh,x < C higllwlw) (3.15)
Vwe H(Q),1<I<k+1, YKeT,, '
(w_jhquh>:O vqheD/hvweVa (316)
|w — Frwllox+hk|lw — Jw|i k < CthH'le,w(K) (3.17)
Vwe XoNH(Q), 1<I<k+1,VKEeT,. '
Proof. See the proof of Theorem 2.2 in [62]. O

Projection spaces based on mapped finite elements

Let us introduce
P ={ve L¥Q) : vlxoFx e Poy(K) VK eT}

finite element spaces for the projection space Dj,. In order to obtain the optimal order of the
interpolation error for the mapped projection space, families of uniformly refined quadri-
lateral /hexahedral meshes are required, see again [1, (60]. We extend the approximation



3.4 Convergence analysis 57

spaces in order to ensure the local inf-sup condition A3. To this end, let

n

b(a)=[(1 - &) € Qu(K), &= (d1,....0,) €K, n=23, (3.18)

=1

be a bubble function associated with the reference cell K = (—1,1)™. The enriched finite
element space is set to be

Qf (K) = Qx(K) ®span {bif™, i=1,...,n}.
We define a pair of finite element spaces
(Yha Dh) = (er,ha Pk(:iisih)

via the reference mapping
Qf,:={veH(Q) : v|[xoFx € Qf(K) VKEeT}.

We note that in general the functions of spaces Q;;h, P,fi_sih are not polynomials. Since

Qk(f( ) C Qz(f( ), the assumption Al is satisfied. Assumption A2 holds on uniformly
refined meshes, see [1, 60].

Lemma 3.2 Let the local projection scheme be defined for the pair (Y, Dy) = (Qz’h, Pdise)
with an arbitrary but fixed polynomial degree k € N. Then, the local inf-sup condition A3
holds with a constant (3, independent of h.

Proof. For an arbitrary ¢ € Dj(K) we choose v(x) := (§ - b) o F3 () where b > 0
is the nonnegative bubble function from (3.18), ¢ € Py 1(}?) Since ¢ = o + ¢1 Wlth
o € span{zf™', i=1,.. n} and ¢, € Qg_o, we have 0(z) := §(&)b(z) € QF (K K).
Moreover, we have v(&) € (K ), since b| o = 0. Then, it follows from the estimate (2.44)

K

Y
(¢:0)x = / o(@)o(x) da — / §(2)i () | det DF (&) di
/

The equivalence of norms on the finite dimensional space Qk_l(f( ) implies

lg-Voloz > Clillyg ¥ deQua(K)
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and hence
(q,0)k = Cnl(L = k)" Wi (|l - (3.19)
Using |b(2)| <1 V& e K, we get
Iolix < [ @(@) |det DFy(@)]d < ol 4300 Wil (320)
K
Evoking (2.43), we obtain
lallg xc < Ol + )" B lldlls z Vo € Du(K). (3.21)
From (3.19)-(3.21) it follows immediately
(¢,v)x <1—7K>" (1—7)”
Vge Dy(K) FveYy,K): —>C(—) >2C|—— | =/.
B 3v e vl = T ity) =7
This implies the local inf-sup condition A3. U

Remark 3.3 A comparison of the dimensions of the spaces Y, (K) and Dp(K) shows that

k—l—l—n) N

dim?(f():(k—munz( =dimP, 1(K) VkeN VneN.

n

In particular, the enrichment is optimal for biquadratic and bicubic elements on quadrilat-
erals and for triquadratic elements on hexahedra.

Remark 3.4 Note that the space QZ(E) has for k > 2 exactly n basis functions more
than Qx(K), independent of k.

3.4.2 Stability

Let us introduce the mesh-dependent norm on the product space V' by
- - 1/2
(v, @I == (Re HVevollg + [IVsvllg + (Re™ + [Isllo) llall3 +5h((”aCI)§(’UaQ))>
(3.22)
We show that the bilinear form (A + S;,) satisfies an inf-sup condition on V7,

Lemma 3.5 Assume Al, A3, ¢ € WH*(Q) and max(Re™, ||s]l0.00, Tic, M3 Jarc) < C for
all K € T;,. Then, there is a positive constant (35 independent of Re™t and h such that

. (A+ Sk) (v, qn); (wh,4))
inf sup
(Vhsa)EV RO (wy,,rn)EV o [ (on, gl [][(wn, 74)]]|

> 3y >0 (3.23)

holds true.



3.4 Convergence analysis 59

Proof. Let us consider an arbitrary (v, qn) € V. Choosing (wp, 1) = (v, qn), we
have

(A+Su)((vn, n); (Vn, qn)) = Re™H IVeVor|lg + [Vsvnllg + Su((vn, an); (vn, qn))  (3.24)
due to property (2.9).

Now we consider another choice to generate an L?-norm control over the pressure. For
any g € My, the continuous inf-sup condition (2.31) guarantees the existence of a function
v,, € X such that

(div (evg,), an) = —(an.an), v, lh < Cllanllo- (3.25)

We choose (wp, ry) = (J,vq,,0) where 7, is the interpolant of Theorem 3.1 satisfying (3.16)
and (3.17). Thus, we obtain

A((”h,Qh) (Fnvq, )) = HQhH(ZJ - (QhadiV (e(Fnvq, — Uqh))) + ((d’ : V)Uh»jthh)

. . 3.26
+ Re‘1(5V'vh, Vinvg,) + (svn, 3,v,,) - ( )

We estimate the last four terms on the right hand side. Starting with an integration by
parts of the first term, we get

(thdlv( ( InVq, — v%))) (nghv ( InVq, — v%)) = (I’ih(€th), (jhv% - U%)) : (327)

Now, let € be the L2-projection of € in the space of piecewise constant functions with
respect to the decomposition 7;,. Using the L2-stability of p, Bramble-Hilbert lemma, an
inverse inequality, k,(EVqn) = ki (Van), we get for e € W (Q)

Ik (=Van)lo i < llwnl(e =2 Vanllq  + [[RaEVal],
< Chilelioo [ Vanllox + [1€lloor [|61(Van) || (3.28)
< Clehellanllor + [[n(Vanlly i
due to the model assumption (A1l). Then, from (3.27) and (3.17) we deduce

1/2 1/2
: , I
|(Qh7 div (8(-7hv% - th))) ‘ < ( Z OCKHRhVthﬁ,K) ( Z EHthlIh — Vg, “3,[()

KeTy, KeTy,
1/2
+ Clel 100l nllo (Z 1dhva, — vqhHaK)
KeTy,
1/2
((Vny @1); Wy 1)) vgnllt + Chlelisollanllollva, Ih

1/2

(Sn((ny @n); (0n, @) lanllo + Chle]1oollgnll

C
C

1 9

— + Chle|ioo ) lallz + C Sh((vn, qn); (vn, an))
1

IN

(S

IN

IN

16

§||Q||o + C Sh((vn, qn); (Vn,an))
(3.29)
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provided that Clel;oh < 1/8 holds. Integrating by parts, using the H' stability of jj
which follows from Theorem 3.1, and (3.25), we obtain for the third term in (3.26)

((eb - V)i, 3,04,)| = [(vn, (€b- V)5,0,,)| < Cllonllo [3404,]0
llanll3 2 (3.30)

For estimating the remaining terms in (3.26), we use max(Re ', ||s]|0.00) < C to get

< (Re ! |[VeVorllo + [IVsvnll0) 131V 1
< C{Re™?|VEeVurllo + [IVsvhllo }lanllo

2
q _
llaxllo g“o + C{Re ' |[VeVuu |5 + [[Vsvnlla} - (3.31)

‘Re’l(evah, Vinvg) + (svp, jthh)|

IN

The Cauchy-Schwarz inequality and the L?-stability of K, give
. 12 .
}Sh((’uha%); (Jh’v(HmO))} <C (Sh((vhao); (vh,O))) 71Yq, 11
< C (Su((vn, qn); (vhth)))1/2 llanllo

2
<1986, 5, (w0 (01 a0) (3.32)

Let
1/2

X = (Re’lllx/EVthIS + [|Vsvnllg + Sh(('vha qn); (O, Qh>))

denote the part of the triple norm without L?-control over the pressure. Using (3.29)-
(3.32), we get from (3.26)

lgnlls — € X* = C'llvallg (3.33)

DN | —

(A+Sh) ((’Uha qan); (JnVg, 0)) =

Now, we multiply (3.33) by ¢ := 2(Re™" + [|s]|o.o) and use the Poincaré inequality and
properties of € and s to estimate

tloalls < C(Re™H[VeVunlls + [[Vsvall5)-
Hence, we obtain
(A + S) ((Vns 1) 131 04,, 0)) = (Re™ + [|s]lo0) llanlls — C1 X (3.34)

with a suitable constant C;. We define for an arbitrary (vp,qn) € Vi,

(jh'vqh, 0) E Vh.

t
(wn,7h) = (Vn, qn) + 110,
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Then, we have

(A+ S0 (v, qn); (wh, 7)) > (Re1—|—||S||0,oo)||qh||(2)+(1_ C )X2

= L wm i |
= ) hsy dh
and
1 < 1 ns a1+ 1 O
< lwn alll = CLRe™ + Isllon}3wva (3.36)
< lwn a)lll + CRE™ + 1sllo Hian o

< Coll[(wn, gn)lll-

From (3.35) and (3.36) we state (3.23) with the inf-sup constant Gy = 1/(Co(1 + C4)). O

Remark 3.6 The unique solvability of the stabilised discrete problem (3.11) follows directly
from Lemma 35.5.

3.4.3 Approximated Galerkin orthogonality

In contrast to residual-based stabilisation schemes [12], we do not have the Galerkin or-
thogonality. Therefore, we estimate the consistency error.

Lemma 3.7 Let (u,p) € V be the solution of (3.2) and (un,pn) € Vi be the solution
of (3.11), respectively. Then,

A((w = wn, p — pr); (Va, an)) = Su((wn, pr); (Vn,qn))  Y(Vn,qn) € Vino . (3.37)
Proof. We get (3.37) simply by subtracting (3.11) from (3.2). O

Next, we estimate the consistency error.

Lemma 3.8 Let the fluctuation operator ky satisfy A2. Then, for (u,p) € Hk+1(Q) X
HM1(Q) we have

1/2
}Sh«u,p);(vh,qh))}w(Zh%?[(muuuzﬂ,K+aKnpr|z+1,K]> llwn, )l (3.38)

KeT,

for all (vp,qn) € V.
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Proof. From the definition of the stabilising term we get

1/2

150 (w.): (01,00))| < (S0 () (S (01000t (01.0) )

< (S e ) )

Using the approximation properties of kj, we see that

Sn((w,p); (w,p)) < C Y Wi (x| Vuli i + ax|Voli k)
KeTy,

(vn, an)l|]-

and (3.38) follows. O

3.4.4 A-priori error estimate

We get from stability and consistency an a-priori error estimate in the usual way. We
derive error bounds with constants, which will be independent of the Reynolds number Re

and h.

Theorem 3.9 Assume A1-A3. Let (u,p) € (Hy(Q) N H*'(Q)) x (L3(Q) N H1(Q))
be the weak solution of (3.2) and (wp,pn) € Vo be the solution of the local projection
method (3.11). Then, for s > 0 there is a positive constant C independent of Re such that

|||(’Uf—uh,p—Ph)|||

< C( > hE [Re_l + hie lIsllo.co.rc + i llsllo o i {1BIY o e + |13 oo, el 1B1IG o i + 1}
KeTy,

1/2
T IR e+ P 0+ i+ ] (el iy + Hpuiﬂ,wm))
(3.39)
holds true for sufficiently small h > 0. The choice
T ~ hy and o ~ hi
1s asymptotically optimal and leads to

1/2
11 = w0 = pr)|| < cz( > (Re™ + hue) 3 (el iy + ||pr|i+1,wm)> (3.40)
KeTy,

with a constant C independent of Re but depending on s.
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Proof. Starting with Lemma 3.5, we get for sufficiently small ~ > 0 an estimate for the
error to the interpolants:

|[(Fpw — wn, jnp — p1)l||
< 1 sup (A+ Sp) ((Frw — wn, jnp — p1); (Wi, 1))
" B2 (wnrn)eVao [ (wn, )|

< 1 (A+Sh)((U—Uh,p—Ph);(wh,Th)) (3.41)
< —  sup
B2 (whrn)eVio [[[(wn, ra)]]]

1 (A+Su)((Fpw — w, jnp — p); (wp, 7))

+ = sup
52 (Wh,Th)EV o ’H(wharh)m

Using Lemmata 3.7 and 3.7, we estimate the first term by
(A+Sh) ((U — Up, P — Pn); (Wh, ?”h)) = Sh((u,p); (wp, Th))

V2 (3.42)
< c( > n rclulf i + aKnpniH,K}) 1 (wn, I

KeTy,

For the estimation of the second term, we consider each individual term in
(A+Su)((Fru — u, jwp — p); (wh, 1))
separately. The estimation of
Re™! (EV(jhu —u), Vw,,) + (s(Fu — u), wy)

V2 (3.43)
< C( > hE(Re™ + s]lo o h%(>||u||z+1,w(K)> [[[(wn, )]
KeT,

is standard. When estimating the next three terms, we use the interpolant constructed in
Theorem 3.1. Integrating by parts, we get

‘((eb V) (g u — u),wh>‘ = ’(jhu —u,(eb- V)wh)‘

= |[(4pu — u, ku(eb - V)wy)| (3.44)
<O 37 Wl o [[mn(eb - Vywally
KeT,

Now, let b be the L?projection of eb in the space of piecewise constant functions with
respect to the decomposition 7,. Using the L?-stability of K, an inverse inequality, and
kn(eb - V)wy, = eb - K, (Vwy,), we get for e € WHe(Q)

[ (b - V)wnl|, o < [[n((eb —€b) - V)wp | o + [|#n(eb - V)wn]|,
< Chilebli oo,k || Vwillox + ||bl]o,00,x ||K3h(v'wh

< C{lg‘l,oo,KHbHO,oo,K + \b|1,oo,K}HwhHo,K
+ HbHO,oo,K th(th

)HO’K (3.45)

Mo r
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Assuming s > 0, we conclude from (3.44)

|((5b V) (7w — u),wh)’

<O Y h ke wm) *
KeT,

% (el o sc1Blloesic + 1B10c,ic} 1wl sc + 1Bt 1 (Tl )

1/2
< c( > n [ Pclislahe {18 s + 1212 e 1Bl i} + e 7 1B x| Huuzﬂ,wm> x
KeT,

< (15wl + S (w00 (a0, 0)))

Analogously, we can estimate the next term by using (3.28)

|(p = jnp, V- wh)| = | (p = jnp, 61V - (cwy))|

<CO B Ipllesrwi {lehsor lwnllos + 151V - wi) ok }
KeTy,

1/2
< c( S 0 [l + ] ||p||z+1,wm) .
KeTy,

< (Vw3 + Sy (. 0): (w3 0)))
Obviously, it holds
|(rn, V- (e(Gpu —w))| = |(Vrn, e - (Gru —w)) | = [(ka(Vra), e - (Fhu — u))]

1/2
< C( Z h%ﬂﬂ ag! ||u||i+1,w(K)> (Sh(mvrh); (O’Th))>

KeT,

1/2

Finally, we obtain

‘Sh((jhu — u, jup — p); (Wn,74)) ‘

< (Su((Gpu —w, jwp — p); (Fru — w, jup — P)))Uz (Sh((wh, 7h); (wp, m))>1/2

1/2
< c( S [l + e Hpuzﬂ,w(m}) lawn, )l
KeT,
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Collecting all estimates above, we have shown

11w — wn, jnp — pa)lll

< C( > hiE [Re_l + hic llsllo.co.rc + P l13llo oo, i {1BIT o i + 1217 oo, i 1B oo 1 + 1}
KeT,

1/2
o R TR BB e + P 0+ i+ | (1l iy + ||p||z+1,w(m)> .

By using the triangle inequality
1w = wn, p = p)ll] < [l[(w = Fpw,p = Gp)[|| + [[[(Gnee — wn, jap — pa)ll|
and the approximation property

[(w — gpu,p— jup)||

< c( > hi [Re—l + 12 I8llo.coic + (Re™ + ||s]lo.00) % + 75 + ozK] X
KeTy,

1/2
X (HuHiJrl,w(K) + HpHi+1,w(K))> ;

we get

1w = wn,p = pu)lll

< o( SR+ B sl + Al 68+ I Bl 1)
KeTy,

1/2
T NI e + P o i+ | (1l iy + ||p|ri+1,w(m)>

which proves (3.39). Minimising the upper bound results in the choice 7 ~ hg, and
ans ~ hg, which implies (3.40). O

3.5 Numerical results

3.5.1 Problem with smooth solution

We proceed our numerical investigations with solving a two dimensional problem (3.1)
which is posed on the domain © = (0,1)? and has the exact solution (u,p) from (2.125).
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The porosity distribution is chosen as (2.126) and the convection field is prescribed by

- 1 sin (mz) sin (7y)
ble,y) = ulw,y) = e(z,y) <COS (mz) cos (7ry)> ' (3.46)

The right hand side f and boundary condition g are chosen such that (3.46) is the solution
of the problem.

We apply equal order elements @, k¥ = 1,2,3 on cartesian meshes and choose for
projection spaces P, Plis¢ and Pgi*¢, respectively. The coarse mesh consists of 2 x 2

Table 3.1: Total number of degrees of freedom (dof) for enriched spaces

level dofs

QF Q5 Qs
0 13 33 57
1 41 113 201
2 145 417 753
3 545 1,601 2,913
4 2,113 6,273 11,457
5 8,321 24,833 45,441
6 33,025 98,817 180,993

squares and will be uniformly refined. The corresponding numbers of degrees of freedom
for one scalar solution component (velocity component or pressure) are shown in Table 3.1.
We report errors for Oseen-like problem using a stronger triple-norm

_ _ 1/2
(v, @[« = (Re Holf + [Isllo.coll0ll5 + (Re 1+||S||o,c>o)||41||?>+Sh((v,cz);('Ml))) :

In our computations we set the Reynolds number to Re = le4+ 6. The calculated rates of

Table 3.2: Oseen-like problem: LPS-error for (Qf, P¢) stabilisation

level |||[(w —wn,p—pn)l|l« rate
0 4.078e+-0
1 1.304e+4-0 1.645
2 3.697e—1 1.818
3 1.271e—1 1.541
4 4.484e—2 1.503
) 1.585e—2 1.500
6 5.605e—3 1.500

convergence are in good agreement with theoretical results from Section 3.4, see Tables 3.2-
3.4. The asymptotic behaviour of the LPS-error |||(uw — wp,p — pr)l||« is shown in Figure
3.1.
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Table 3.3: Oseen-like problem: LPS-error for (Qy, P{¢) stabilisation

level [[I(w—un,p—pu)[l._rate
0 1.284e+0
1 3.051e—1 2.074
2 5.514e—2 2.468
3 9.529e—3 2.533
4 1.589¢—3 2.584
5 2.602e—4 2.611
6 4.127e—5 2.656

Table 3.4: Oseen-like problem: LPS-error for (Qy, Psi¢) stabilisation

level |||[(w —wn,p—pn)l|l« rate
0 7.147e—1
1 6.933e—2 3.366
2 6.162e—3 3.492
3 5.452e—4 3.498
4 4.800e—5 3.506
5 4.233e—6 3.503
6 3.738e—17 3.501

LPS error

Figure 3.1: Oseen-like problem: LPS error.



4 Enhancing accuracy of numerical
solution

Several types of superconvergence in finite element methods, as indicated by Brandts and
Kiizek [13], have been studied in the last two decades. We consider a superconvergence
property of post-processing type [57] which increases the order of convergence of the orig-
inal finite element solution in case of the Stokes-like and Brinkman—Forchheimer problem,
respectively. Such a post-processing is nothing but a higher order interpolation on a coarser
mesh of the original finite element solution. For proving the superconvergence property we
need two main ingredients:

e An interpolation (in the same finite element space) approximating the finite element
solution of higher order. Often such an interpolation does exist if the underlying
mesh has a special construction, cf. [67]. This special interpolation is called to satisfy
a superclose property, cf. [30].

e A higher order interpolation of the original finite element solution to achieve higher
order accuracy. The interpolated finite element solution resulting from the post-
processing is called to satisfy a superconvergence property, cf. [13].

The two steps above have been examined for many different conforming finite elements
including mixed finite elements (cf. [53, 56]). For nonconforming finite elements applied to
the Poisson equation we refer to [53].

The superclose phenomena for the Stokes problem in the two-dimensional case have been
already reported in [54, 55]. In [54] the (4 x @1, Q1) element has been studied whereas
in [55] the Bernardi-Raugel element [7] and the (Q, P{¢) element are considered. The
estimates in both papers are based on exact integral identities where some details are
missing. Unfortunately, the post-processing operators in [55] are not unisolvent and cannot
be used to derive a superconvergence result. This lack has been overcome in [01]. The
superconvergence results have been stated therein for Stokes and stationary Navier—Stokes
problems in three dimensions by using (Qo, P{¢) conforming elements.
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4.1 Superconvergence of finite elements applied to
Brinkman—Forchheimer problem

In this section we recall the general principle of superconvergence applied to saddle point
problems for conforming finite element pairs satisfying the discrete inf-sup condition.

We denote by 7j, a shape regular decomposition of Q2 = (0,1)? into (open) cells K such
that

We denote by i), : H*(Q) — X, and j, : M — M, appropriate interpolation operators.
We assume that 2,ulgq depends on g = u|sq only and set g, := ¢,ulsq.

We start our analysis with the following discrete stability result from [30]:  There is a
positive constant C' independent of h such that

) ) - b y + b )
% lwnls + rallo < C sup a(wp, vy) + c(wp, vy) — b(vi, T4) + b(wh, qn)
(S

(Vh,qn) € X hox Mp |vh|1 + ”q}lHO
(vh7Qh)¢(070)

)

holds for all (wy, ) € Xpo X My, see also [72, Chapter 5.1] for detailed proof for abstract
saddle point problems. Setting wy := wp — tpu € Xy, 75 := pp — Jup € M}, and using the
Galerkin orthogonality

0= CL(’U,h —u, 'Uh) + C(’U,h - 'l,l,,’Uh) - b(vhaph _p) + b(“’h —u, q}l)

+ n(up, up, vy) — n(uw, u, v) (4.1)
+ d(up; up, vp) — d(u; u, v) V(Vn, qn) € Xpo X My,
we obtain
0 Jaay, — iuly + [|pn — jup
Re h rU|1 Pn — JnPllo
<C  sup E(u, p;vp, qn) + n(uw, w,vy) — 2wy, wp, v5) + d(u; w, vy) — d(up; wp, vp)
(Vh,qn)EX ho X Mp, ‘vh,l + HQhHU
(vh7qh)?ﬁ(070)
(4.2)
with
E(w,p;vn, qn) = a(u — tpu, vp) + c(u — tpu, vp)
—b(vp,p — Jup) + b(u — tpu, qp) . (4.3)

Remark 4.1 Standard error  estimates are based on  the continuity  of
E(u,p;-,-) on X x M resulting in

[E(u, p;on, qn)| < C (Ju = dnuly + [p = japllo) ([vrly + llgnllo) - (4.4)
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For a pair of finite element spaces of k-th order, which means that there are interpolation
operators i, and jp such that

lu — gyl + lp — japllo < C A (Julisr + ple)

we conclude
|E(w, p; v, qn)| < C R (Jtligr + 1plk) (alt + llanllo) -

Howewver, in the next section we will show that for a special finite element pair of order k
and suitable chosen interpolation operators the estimate

B (w, 5 vn, )| < C B ([l + [plisr) (lonls + llanllo) (4.5)

can be established for all (vy, qn) € Xpno X My,. Thus, in view of (4.2) the supercloseness of
the discrete solution (wy, pp) to the interpolated solution (i, jpp) can be shown if it holds
also

|72 (w, w, 1) — A(wp, wy, vy) + d(u; w, vy) — d(ug; up, vy)| < ChF! (4.6)

Now we consider a coarser decomposition 7y, of 2 into patches P such that

a=\J P

PeTy,

and each closed patch P consists of a fixed number of closed cells K. Often the decompo-
sition 7, can be generated from 7y, by a regular refinement, i.e., a patch consists of 8 cells.
On this new decomposition, we introduce finite element spaces Y, and Ny, and corre-
sponding interpolation operators I, : C(Q) — Yo, and Jyy, : M — Ny, respectively. For
a pair of k-th order finite element spaces X, M), we assume that the following conditions
are satisfied:

(A) Iyipu = Ipu Vu € C(Q),
Jonjnp = Jonp Vp € M,
lu — Topu|y < O ufpys Yu € H"2(Q),
®) lp = Janpllo < C R plisa vp € HH(Q),
(©) [Topunli < C lugly Vuy, € X,
| J2npulo < C'lprllo Vpn € M.

Then, we can also derive a superconvergence result for the error of the post-processed
solution (Ispup, Joppn) to the solution (w,p) of (2.8) which is assumed to belong to
H""2(Q) x H*(Q). More precisely, the estimates

lu— Iopuply < |u— Igpipul; + [Tontpw — Iopup |y
|lu — Ipuly + C |ipu — upy,

<
< ChHt! (|wlps2 + [Plr+1) (4.7)

\u - IQhuhh
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and
lp — Janprllo < lp — Jongnpllo + || J2ngnp — J2nprllo
< |lp = Janpllo + C ||7np — pllo;
Ip = Janpullo < CR* (Jufers + ples) (4.8)

hold true. Note that in general all interpolation operators are nonstandard.

disc) element

4.2 Supercloseness of the (Qs, P

In this section we specify the finite element spaces X, and M) and prove an estimate of
type (4.5) for k = 2 and appropriate interpolation operators on a family of quadrilateral
meshes. We assume that the edges of each cell K are parallel to the coordinate axes and
that K is a rectangle with sides of length 2h, x, 2h, k. We suppose that the family of
meshes is shape regular in the following sense: there is a positive constant C' such that

Cy/h2 i + D2 <min(hg i hyx) VK €T,

Furthermore, we set hyx = diam K = 2, /h%K + hi}K and h = maxger, {hi}

We use the space of continuous, piecewise biquadratic functions for the velocity, and
and the space of discontinuous, piecewise linear functions having mean value zero for the
pressure. From Theorem 2.20 it is known that this finite element pair fulfils the discrete
inf-sup condition (2.48). Due to the interpolation properties of the standard interpolation
operators we get from (4.4)

|E(w, p;on, qn)| < Ch? (Juls + [pl2) ([oal1 + llanllo)

We want to show that for nonstandard interpolation operators a stronger result can be
obtained.

The interpolation operators 2; : H 2(Q) — X and Jn + M — My, are locally defined on
each cell K by mappmg K onto the reference cell K = (—1,+1)? via the affine, bijective
mapplng F/ K — K. We denote the 4 vertices of K by a;, 1 =1,...,4, the 4 edges of

K by lz, i =1,...,4. On the reference cell K we define first a scalar mterpolation operator
ip: H*(K) — Q2 by the 9 nodal functionals

1 1
nl(ﬁ) :?A}(CLZ'), 1= 1,...,4, ni+4(@) = 5/@d§, 1= 1,...,4, ng(’l}) = Z/'f]dgd?],

; K
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such that
nj(zkf)):n](@), j:].,,g

Now the scalar interpolation ij, : H*(Q) — X, is piecewise defined by

in(v) o= (iz(v]k o Fi)) o Fi,

and for v = (v1,v5) € H?*(Q) the vector-valued interpolation i,v is given by

in(v) = (in(v1),in(v2)).

Note that the piecewise defined interpolation iy (v) fits to a global continuous function be-

cause the restriction of a function of ()2 onto a face of K isa quadratic function of one
variable which is uniquely defined by the subset of 2 vertex and 1 edge nodal functionals
living on this edge. In addition the property that i,u|sq depends only on wulgq is satisfied.

The nodal functionals for the pressure space on the reference element K are defined by

1
K
where 7 = 1, 7o = &, 73 = 1. The canonical interpolation jz : LQ(IA() — Py is the

L?-projection given by
mi(zd) = mi(q), 1=1,...,3,
resulting into the global interpolation j, : M — M), with
jh(Q)’K = ((jplgo Fk)) o Fi.

In the following we shall use the abbreviations
oW :={0,w : we W} and W :={0w:weW}.

Lemma 4.1 Let ¢ € WH®(Q), u € H*(Q) and let iyu be the interpolant defined above.
Then, on a family of rectangular meshes we have

|(€V(’LL — ihu),Vvh)‘ S Ch3<|’LL|3 + |’U,|4) |’Uh|1 V’Uh € Xh (410)
| (div(e(w — i), qn) | < CR*(luls + uld) lanllo Van € My. (4.11)
‘(a(u — ihu),vh)‘ < OR*|uls|vn]i Vo, € X (4.12)

Proof. Let  be the L?-projection of ¢ in the space of piecewise constant functions with
respect to the decomposition 7,. We set

g’KIEKER VKeT,. (413)
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Furthermore, let us assume ¢ € Wh*°(€)). We have

|(eV(u — dpu), V)|
< S (e —en)V(u — i), Vou) | + 3 lexl|(Viu — dpu), Vo) | . (414)

KeTy, KeT,,

The first sum from the above splitting can be bounded by using Holder inequality, Bramble—
Hilbert lemma and interpolation estimate

’((8 —ex)V(u —tpu), Vvh)K <le — ekloco.x|U — tr|1 K |VR|1K

(4.15)
< Ch le|i ook |03 VR |1 K

The second sum from (4.14) can be estimated using the fact |ex| < ||€]|0.00,x and employing
the supercloseness of 5, see [71, 72, 57] (n = 2) and [01] (n = 3). To this end, we consider
the scalar case and for each mesh rectangle K define Fg, Fx : K — R with

Ex(z) = 5 [(x —2x)? — B2 &)

[(3/ - ZUK)2 - h;,K] )

(4.16)

N~ DN~

Fr(y) =

whereby (zk,yk) denotes the barycentre of K, see Figure 4.1.

ls

Nk
I3
ly
né‘é (Tx,YK) n?‘;
- o —————————»
K |
I
Y
i
0 X

Figure 4.1: Mesh rectangle cell K, || = |l3] = 2h, i, |lo| = |l4] = 2hy k¢
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After [57] it holds

. 1
(0u(w — i), D) = — = / F2.(5) Py (9) Dy 0, 9)Dsyon (2, yic) dardy
f (4.17)
=5 | FRW)Pryyyw (@, 9)Duyon(w, yic) dwdy
K
for all w € H*(K) and v, € Q2(K). Using the facts that
h2 e\’
PR < ("5) o 1FR) < by (4.18)
azyyvh(x7 yK) = axyyvh(x7 y) v’Uh € Q?(K) )
0xyvh (27, yK) = aﬂﬁyvh(xv y) - (y - yK)aa:yyvh<x> y) V’Uh € QZ(K)
as well as the inverse inequalities, we get the superclose bound
|(8m(w - ihw)a 8$Uh)K| < Chz,K”awyyywHO,K Haa:UhHO,K ) (4-19)
and by analogy
|0y (w — inw), Byon) | < O || Oaamywllo i [|Byvnllo s - (4.20)
Therefore, we obtain
(V(’LL - ihu), V’Uh)K S C’hﬁ(\u|47K |'Uh|1,K . (421)
Collecting (4.14)-(4.21), we deduce (4.10). Now, we have
(div (e(u — tpu)), qn) = (u — tpu, ¢, Ve) + (ediv(u — tpu), qs) . (4.22)
Applying Holder inequality and interpolation estimate, we get
| (w — ipu, nVe) | < Cleli oo xchiculs i llanllox
and consequently
|(u = 4w, ¢, Ve) | < ChPluls|lgnllo - (4.23)

Now, we get from the triangle inequality
|(5 div (u — ipu), qh)| < |(€ Oy (U — ipuq), qh)| + }(8 Oy (u2 — thus), Qh)‘ .

Approximating ¢ by piecewise constants with respect to the triangulation 75, taking into
consideration the fact

Qh|K S Pl C axQZ N ayQZ
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and using the local estimates (4.19) and (4.20), we conclude by analogy to the proof of
(4.10) the global bound

| (e div (w — ipu), gu) | < CR3(Juls + [uls) [|gallo (4.24)

Collecting (4.22)-(4.24) gives the assertion (4.11). Finally, the Holder inequality, interpo-
lation estimate imply the local bound

|(a(w —ipu),v1) .| < Cllalloxlw — inulloxllvalox

(4.25)
< Clallo,oo,x P [ul3,k [vn o -

Employing Poincaré inequality, yields the global bound (4.12). O

Next, we bound the term b(vy,p — jpp). To this end, we assume that the mesh is quasi
uniform in each coordinate direction, i.e., for two cells K and K’ with a common face let

maX(|hK—hK/\,|kK—kK/|) SChZ (426)

Lemma 4.2 Let p € H*(Q), ¢ € W*(Q) and let the mesh be quasi uniform in each
coordinate direction. Then, we have for each v, € X

(div(c0),p = jup)| < CB [pllslonl:. (4.27)

Proof. First, we observe
(div (evn),p — jnp) = (Ve - vn,p — jnp) + (e div (va),p — jup) - (4.28)

Using the fact that due to (4.9) jj, is Ly projection onto My, employing Cauchy—Schwarz
inequality, interpolation estimates, we obtain

(Ve - v, p — jwp)k| = }(V€ ~vp — jn(Ve-vn),p — jhp)K‘
< |IVe - vn — ju(Ve - vn)llox |l — jnpllo.x
< Ch3|Ve - vnl1.x|plox

< Chicllello,cox Plox 10R 1,k -
From Poincaré inequality follows then the global bound
(Ve - vn,p = jiwp)| < CR|el200lpl2lvnl: - (4.29)

Next, we get for ex from (4.13)

(5 div (vh)a p—= .]hp)
= (e =ex)div (vn),p — jup)  + Y exc(div (va),p — jap) . - (4.30)

KETh KETh



76 Enhancing accuracy of numerical solution

The first sum can be estimated by employing locally Holder-inequality, Bramble-Hilbert
lemma and interpolation estimate

|((e — ex)div (v1), p — jnp) | < Chiklelioox|Plox VRl K - (4.31)

Let us recall the supercloseness result from [72] (n = 2) in order to get a bound for the
second sum from (4.30)

(E0zvn1,p — jnp) = Z €K [

KeT,

1
T 36 /{ ((FIQ()/(EIQ()” - th,K(FIQ()/)axyyp - 2h (E2 zxyp}amyvhl dxdy

1
25 [T (B2 = 202 (2 — 21 (LY D} Fi Dy iy

4

~ 36 hi Kh / OryyPOrzVn1dxdy

(4.32)

+36

Kh /&Eypf)mvhldx ~ 3

Kh / Oy POpgVp1dx

%hi KhyK/FK@cyypamyyvhldxdy
K

1

- 6/8mypr]2(8yyvh1dxdy

K

1 1
+ 6 / 8ypr[2(8yyvh1dy ~ 5 /Oyprf(ayyvhldy

whereby vy, stands the first component of v, € X} and [y, I3 and [y, [, denote horizontal
and vertical edges of the cell K, respectively (see Figure 4.1). The formula (4.32) can be
derived using the expansion of v, € Q2(K)

amvhl (SC, 3/) = aﬂﬁvhl (.ZC, yK) + F[/{aryvhl (.Z'K, yK) + E}(F;(amcyvhl(xa yK)

1
+ 6((F[2()” + h;K)amyyvhl(xa y) )

integrating by parts and employing the properties of the pressure interpolation operator jj
and functions Fx, Fk. The estimates of the cell integrals from the above sum follow from



4.2 Supercloseness of the (Q,, PH°) element 7

the Holder and inverse inequalities and properties of functions Ef, Fx and ¢, e.g.,

g
- LR B = 202 FY) D — 202 R Dunp Dy
K

< Cllello e ll!(Fi)’Ho,oo,KH(E%)”Ho,oo,x + 2hi,KII(F?<)'Ho,oo,K] 102y llo, i || Dueyna llo,x

+ Cllello,co.i Py i [ICEE) No.00,5 | Oyl 0.1 102y v [l ¢

< Cllellooo,x (73 xch i + 13 ey )| Oayyllo,ic iy iy 1 10201 o, 5
+ Cllellose sl el i l|Oaaypllo.schiy 1oy 1110w lo.x

< Ollello,co D lpls i lon |1k -

Let K and K’ denote two neighbour cells. On the common vertical edge Iy = I (or Iy = 1})
we get from Holder and inverse inequalities, Bramble-Hilbert lemma and properties of Fk

1 1
‘68[( / 8ypr[2(8yyvh1dy — 66[(/ /nypr(,ayyvhldy‘
l2 A

1

1
= ’6 /(EK — €)0yyPF Oy vmdy — 6 /(gK’ - 5)ayprl2(’ayyvh1dy’ (4.33)

l2 A
< C{lex — elocoor + lexr — locoorr} 0yyplloox Pic [10yyvnlloox
< Ch? |e|1.00. 50K |D]]3, 5| VR|1, K

according to the continuity of F and 0,,v, at Iy (or ly), the trace theorem and scaling

argument
Irlloox < CA™Y2(Irllo.x + hlrlix) — Vr € H'(K) (4.34)

and due to £ € H%(Q) — C(Q). Similarly, it holds on the common horizontal edge [; = I}
(or 13 =1))

4 4
%hi’Kh§7K5K/azyp8xxvhldx — %hi[(,h;wam/&Cypamvhldx
I3 I
4 4
< %|SKHhi’Kh;K — hiK/h;KJ /@cyp@mvhldx + %hi,mhz,m /(6 — €k ) OpyPOyzUp1d
l3 l3

4 2 2
+ %hx,K’ hny/

/ (e — €)OpypOppvpid

Iy

< Ch? €100, 50K ||D]3,5 |VR1 1,5
(4.35)

due to assumption (4.26). Summing up and taking into consideration that v;; vanishes on
the boundary 02, we conclude the global bound

|(€0svn1, p — jap)| < Ch?|lell1cclpllslvnls - (4.36)
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The estimate
|0y vm1,p — Jnp)| < CP?[|ell1 0ollpllslvnls (4.37)

can be obtained analogously. Collecting (4.28),(4.29),(4.30),(4.31) and (4.36) implies the
assertion (4.27). Using expansion techniques from [01] one can show in analogous way the
superclose estimate for n = 3. U

Combining above superclose estimates, yields

Theorem 4.2 Let the weak solution (w,p) of the Stokes-like problem (2.124) satisfy the
regularity assumption (w,p) € H*(Q) x H3(Q) and let the mesh be quasi uniform in each
coordinate axis. Let j, be the L*-projection onto My and t,u be the nonstandard interpo-
lation onto X, defined above. Then, for the (Qq, P¢) finite element solution (uy,pp) we
have the superclose estimate

= dnuly + [lpn — gupllo < CR° (Juls + [uls + [Iplls) , (4.38)

provided that e € W>(Q).
Proof. Use (4.2) and the estimates of the Lemmata 4.1 and 4.2. O

Let us assume that we have the standard error estimate
lu —wpllo+ b (Ju—upli + [[p = pallo) < CHF, (4.39)

with C' = C(Re ', ||u||xs1, ||p|lx) and a superclose property for the corresponding linear
problem based on
| E(w, p;on, an)| < Ch*H(Jowl + llanllo) (4.40)

where C' = C'(||wl||xs2+||p||x+1). Sufficient conditions that (4.39) holds true can be found in
[30] for € = 1. The numerical tests from Chapter 2 indicate that (4.39) holds. In Section 4.2
the validity of (4.40) for k = 2 has been shown in case of the (Qs, PH¢) element pair and
appropriate interpolation operators.

Lemma 4.3 Let the weak solution (u,p) of the Brinkman—Forchheimer problem (2.5) sat-
isfy the regularity assumption w € H*™(Q), k > 1, and let the discrete solution (wp, pp)
satisfy (4.39). Then,

172w, w, vy) — 2w, wp, vy)| < C R o, Vo, € X o (4.41)
and
|d(w; w,vy) — d(wp; wn, v)| < C R Blo.0ollVn Vo, € X . (4.42)
Proof. Following the proof of Lemma 4.1 from [(1], we split the difference into

n(w, w,vy,) — n(up, wp, vy) =
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ﬁ(u — Up, U, ’Uh) + ﬁ(uh — U, U — Up, 'Uh) + ﬁ(’% U — Up, Uh)

and estimate term by term. Applying Poincaré and Holder inequalities, the fact ||e]|p.0 < 1,
the continuity of the embeddings

H'(Q) = L°(Q), H"(Q) = W(Q), H"(Q) < L¥(Q), (4.43)
(4.39), (2.10) and (2.45), we get for all v, € Xy

7w —un,u,vn)| < Cllu—wunllo (Julislvnllos + lullocolvalr)
< Ch* o)y
7(un —w,w —up, vp)| < Cllu =y flu = wunfly fJonlh
< Ch* oy
n(w,u —up,vy)| = |(eu- Vo, u—up)|
< Clluflose lvnly lw —unllo < C B ol

Summarising all estimates we conclude (4.41).
Next, we estimate the following splitting
d(w; w,vy) — d(up; up, v
( ) dlain; un, on) (4.44)
= d(u;u,vy) — d(up; w, vp) + d(un; w, vp) — d(ws; up, vp) -
Using the Holder inequality, Sobolev embeddings (4.43), Poincaré inequality and (4.39),
we get

|d(w; w, vy) — d(up;w, vi)| < |80l — wnllollwlos|vnllos

4.45
S Chk+1|’0h|1 ( )

due to ||Blloo < 1.75(1 — &g)/eo. From the Holder inequality, a priori bound (2.110),
Sobolev embedding H*(Q2) < L°%(€2) follows also

|d(wn; w, vi) — d(wp; wp, vp)| < |’5||0,6||uh\|0,6||u - Uh||0||’Uh||0,6

4.46
S Chk+1|vh|1. ( )

The assertion (4.42) follows from (4.44) by applying triangle inequality and using (4.45)
and (4.46). O

As a consequence we have the superclose property for the Brinkman—Forchheimer problem:

Theorem 4.3 Let the weak solution (w,p) of the Brinkman—Forchheimer problem satisfy
the regularity assumption (uw,p) € H*(Q) x H*Y(Q), k > 1, let the discrete solution
(wp, pr) satisfy (4.39), and let the interpolation operators iy, jn fulfil the estimate (4.40).
Then,

un = dnuly + lpn = gupllo < C(Re™",u,p) A*FL, (4.47)
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Proof. The theorem follows directly from (4.2), (4.40), and Lemma 4.3. O

Remark 4.4 In particular, if e € W»*°(Q) and the weak solution (wu,p) of the Brinkman—
Forchheimer problem satisfies the regularity assumption (w,p) € H*(Q) x H3(Q) we get
the superclose estimate

lu, — ipuly + [|pn — Jnpllo < C(Re ' u,p) h?

for the (Q, P¥*¢) element pair to the nonstandard interpolants defined in Section 4.2.

4.3 (Qs, Pssc) Post-processing

In this section we will define the interpolation operators I, and Jy, which fulfil the prop-
erties (A), (B), and (C). In the following we assume that the triangulation 7, was obtained
from the triangulation 73, by regular refinement, i.e., each patch P € 75, consists of 4
congruent child cells K; € 7, i =1,...,4.

In view of property (B), a suitable candidate for post-processing the discrete solution
(wn, pr) obtained with the finite element pair (Qs, P{°) is the finite element pair (Qs, Ps™°),
i.e., the space Yo, consists of vector-valued function where each component is a continu-
ous, piecewise ()3 function while the space Ny, contains functions which are piecewise P,
polynomials with no continuity requirements across cell borders.

To ensure property (A), the nodal functionals which define the operators I, and Jo,
are built by using linear combinations of the nodal functionals from ¢, and jj, respectively.
Note however, that arbitrary linear combinations may lead to interpolation operators which
are not unisolvent.

Our aim is to construct the operators Iy, and Jy, by

Iy (v)|p := Ion (v|p), Jon(q)|p := Jon (qlp) ,

i.e., the interpolation operators Iy, and Jo, act patch-wise locally.

The ‘construction of the restrictions of I 2 and Jy, on P will be done via the reference
patch P = (—1,+1)% To this end, let Fp : P — P be a bijective reference mapping. Then
we define

Iy(v)|p = Ion(0p) o Fp', Jon(q)|p == Jon(dp) o F5!,

where vp = v|p o Fp and ¢, = ¢q|p o Fp.

Since the child cells K are obtained by regular refinement of a patch P € Ton, they are
images of child cells K; of P.
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On P let X denote the space of continuous, piecewise ()5 functions and M the space of
piecewise P; functions.

4.3.1 Velocity post-processing
For © = (01, 09) we define I, by
j2h(v) = (th(U1),f2h(02))-

The scalar interpolation operator Iy, is defined by

Nj(Ln(@)) = Nj(w),  j=1,...,16,

where the nodal functionals Nj, j=1,...,16, are given by
N;(w) := w(ay), j=1,....4,
N g(i ):’;/Adé, j=1,...,8,
Nijp1a() = 7/ wdcdn, i=1,...,4.
K,
Here, a;, j = 1,...,4, are the vertices of ﬁ; l;-, 7 =1,...,8, are all outer edges of children

of 13, ie., l} - 8?; and [?i, 1=1,...,4, are the children of 13, see Figure 4.2.

n
ay ls ar s as
@ : — 9

l7 K, I K Iy
as l12 ayg l1o ag
L, BEEEEEEEEEEEEE @ oo o—g
ls K1 | [9 KQ ls

A ‘ > A : -~ '/\

a; Iy as lo az

Figure 4.2: Macro-cell P = (—1,1)?
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Note that due to the embedding H?(Q2) — C°(Q) all nodal functionals are well defined
and that the locally on each patch P defined interpolations Iy, build a continuous global
interpolation, which we denote again by I.

Since the nodal functionals Nj, j =1,...,16, are suitable linear combinations of nodal
functionals for i, the property (A) is fulfilled. It is easy to check that Iy, is Qs-unisolvent
and any 3 function on Pis reproduced. Thus, the property (B) follows from the Bramble—
Hilbert lemma together with the standard estimates for the reference mapping F'p. Since
| Lo, - .5 and |- |, p are norms on the finite dimensional space X /R we have the equivalence

Ln(0:)], p < Cligl,p Vv €X,i=1.2.
Using the estimates for F'p we obtain
[Lon(vp)|1,p < Cloplip Vo, € Xy,

with a constant C' independent of P. Property (C) follows by summing up over all patches
P.

4.3.2 Pressure post-processing

We define the following unions of child cells K;, see Figure 4.3. Let ﬁj, j=1...,2
denote the union of each two diagonally lying children. Let Aé and Ag be the union of

those children which lie in the half space £ < 0 and £ > 0, respectively. The unions /1,17, 121727
are defined in an analogous way.

We define the interpolation operator Jon according to

M'L(th((j)) :M’L<qA)7 1= 17767

where

~ . 1 .
o) = — /5-qd5dn, i=1.2.
ey
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n
ay le ar ls as ay le az ls as
[ 2 4 9 [ 4 4 9
lz Ky l11 K3 I l7 K, l11 K3 la
as l12 ag lo ag as l12 ag lo ag
[ 2 @ 9 —@ L L 2
3
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Figure 4.3: Examples of union cells required for pressure-postprocessing

One can check that these nodal functionals are Pr-unisolvent and that the interpolation
operator Jon reproduces P, polynomials on P. Together with the estimates for the reference
mapping F'p and the Bramble—Hilbert lemma this results in property (B). Furthermore,
the above given nodal functionals are linear combinations of the nodal functionals used for
defining j,. Thus, property (A) is fulfilled. For the proof of property (C) we use the fact
that Jop, is a linear and unisolvent interpolation operator. Furthermore, we apply again
estimates for the reference mapping and its inverse and we exploit the equivalence of the
norm ||Jy, - lo.z and | - ||,z on the finite dimensional space M/]R

Remark 4.5 Due to the construction of Jon, we get that p, € L3(QY) implies Jon(pn) €
L3(92).

4.3.3 Superconvergence result

Now we can formulate our superconvergence result.

Theorem 4.6 Let (u,p) be the solution of the Stokes-like or Brinkman—Forchheimer prob-
lem which fulfils the regularity assumption w € H*(Q) and p € H*(Q). Furthermore, let
(un, pr) be the discrete solution of the corresponding problem with the finite element pair
(Qa, Ps¢). Then, we have the estimate

]u - I2huh|1 + HP - thphﬂo < C(Refla ’Uup) h? ) (4-48)

provided that e € W>(Q).
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Proof. The proof follows directly from the superclose estimates (4.38) and (4.47), re-
spectively, and the properties (A), (B), and (C). O

Remark 4.7 In order to post-process the discrete solution (up,pp) € X X My we need
only the action of the locally defined operators Iy, and Jop, on discrete functions. These
mappings can be represented by local matrices which describe the action of Iy, and Jop, on
vy, and qp, respectively, in terms of appropriate bases.

4.4 Numerical results

The test problem from Chapter 2 with the smooth solution (2.125) was computed on a
family of uniform meshes. Level 0 corresponds to a partition of the unit square Q = (0,1)?2
into 4 subcubes. A refinement step divides each mesh cell into 4 congruent cells.

Table 4.1: Velocity errors in the Brinkman—Forchheimer problem, Re = 1.0, discretised
with (Qa, P, post-processed by (Qs, Psisc).

|lu —up|i order |up —dpuly order |u — Ipup/li  order
1.114e4-0 5.157e+0 2.493e—1

2.799e—1 1.992 6.086e—2 3.083 3.015e—2 3.048
6.531le—2  2.100 5.463e—3 3.478 5.090e—3 2.431
1.642e—2 1.991 6.334e—4 3.108 7.097e—4 2.978
4.113e—3 1.998  7.838¢—5  3.015 8.90le—5 2.995
1.029e—3 1.999  9.808e—6  2.998 1.114e—5 2.999
2.572e—4  2.000 1.229e—6 2.997

DU W= O

The errors for the Brinkman-Forchheimer problem (with Re = 1.0) are shown in Ta-
bles 4.1 and 4.2. Note that in order to determine the post-processed (Q3, P5i*¢) solution
(Inwn 2, Jupny2) on the level [ the discrete (Q2, P{°) solution (wp /2, pp/2) on the next finer
level [ + 1 has to be calculated. The convergence rates are in good agreement with the
theoretical rates given in Theorem 4.6. This can also be seen in the Figure 4.4. The
benefit of the post-processing is visible in this figure. In order to achieve the accuracy
of the (Qg, P) solution on level [ = 5 it is sufficient to determine the post-processed
(Q3, Pis) solution on 2-3 level coarser. In Table 4.3 we compare the errors of two third
order methods, namely the post-processed (Q,, P{*°) solution and the (Qs, P5™) solution.
The two discrete solutions are compared on the same mesh, which means that the lower
order solution has been determined on the next finer mesh. Since the errors are approxi-
mately of the same size and the number of degrees of freedom for the (Qy, PH¢) solution
on the next finer level is higher compared to those for the (Qs, P&¢) solution, it seems
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total error

100 1 2 3 4 5 6

level

Figure 4.4: Convergence rates for the Brinkman—Forchheimer problem, Re = 1.0.
—o— (Qq, P{=°) finite element error |u — uyl; + ||p — pallo,
—x— superclose error |u, — tpuly + ||pn — jnpllos
—o— post-processing error [u — Ipwp oy + ||p — Jnpny2llo-

Table 4.2: Pressure errors in the Brinkman-Forchheimer problem, Re = 1.0, discretised
with (Q2, Pldisc), post-processed by (Q3, PzdiSC)'

lp —pnllo order ||pn — jupnllo order |[p— Jupnsallo order
1.886e—0 1.873¢+0 1.286e—1

1.257e—1  3.907  1.108e—1  4.079  1.183¢—2  3.443
1.663e—2 2918  6.94le—3  3.997  1.35le—3  3.130
3.845e—3 2113 6.147e—4  3.497  1.64le—4  3.041
9.523¢—4 2.013  6.684e—5  3.201  2.040e—5  3.008
2.377e—4 2002  8.019e—6  3.059  2.547e—6  3.002
5.940e—5 2.001  9.926e—7  3.014

DU W= O

to be inefficient to use the post-processing technique. But the opposite is the case: when
solving the discrete systems by a multilevel approach the costs to solve the discrete system
for the (Q3, P{°) solution is much higher than those for the (Qo, P{¢) solution on the
next finer mesh, which means that the size of the system (number of degrees of freedom) is
not an appropriate measure for the solving complexity. Indeed, if different discretisations
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Table 4.3: Errors of the post-processed (Qs, P) solution (I hWh/2, JpPrs2) and the
(Q3, Ps=¢) finite element solution (wy, ;) for the Brinkman-Forchheimer prob-

lem, Re = 1.0.
L Ju—Tpuppli |u—wili |lp—Jnpnszllo [P —rallo
0 2.493e—1 2.512e—1 1.286e—1 8.567e—2
1 3.015e—2 3.047e—2 1.183e—2 8.329e—3
2 5.590e—3 5.638e—3 1.351e—3 1.005e—3
3 7.097e—4 7.160e—4 1.641e—4 1.221e—4
4 8.90le—5 8.983e—5 2.040e—5 1.511e—5
5 1.114e-5 1.124e—5 2.547e—6 1.882e—6

are compared, the costs for generating and solving the local systems in the smoothing pro-
cedure are more important. Thus, although there are more unknowns to be determined for
the (Qq, PY°) solution on the next finer level, we can solve the system cheaper and obtain
by post-processing the same accuracy with less overall effort.



5 Physically reliable stabilisation
method for scalar problems

Convection-diffusion-reaction equations occur for instance in chemical engineering. De-
pending on the problem, different types of boundary conditions are applied on different
parts of the domain boundary. A common feature of these problems is the small diffu-
sion coefficient, i.e., the process is convection and/or reaction dominant. Since standard
Galerkin discretisations will produce unphysical oscillations for this type of problems,
stabilisation techniques have been developed. The streamline-upwind Petrov—Galerkin
method (SUPG) has been successfully applied to convection-diffusion-reaction problems. It
was proposed by Hughes and Brooks [10]. One fundamental drawback of SUPG is that sev-
eral terms which include second order derivatives have to be added to the standard Galerkin
discretisation in order to ensure consistency. Alternatively, continuous interior penalty
methods [2, 15], residual free bubble method [27, 28, 29], or subgrid modelling [23, 32] can
be used for stabilising the discretised convection-diffusion-reaction problems.

Despite of well investigated stabilising effects of the local projection method (LPS) for
scalar convection-diffusion problems and its relations to other stabilisation methods like
SUPG and continuous interior penalty methods (CIP), see [63, 69, 51], the problem of spu-
rious oscillations at the boundary layer arises. This lack of numerical stability can lead to
solutions which do not preserve physical properties, e.g., non-negativity of concentration of
chemical species. Expressing this issue mathematically, we can say that numerical solutions
do not satisfy the maximum principle in the certain sense. The pioneering work on the field
of discrete maximum principle for finite elements is [18]. Authors established there that
the solution with continuous piecewise linears satisfies the discrete maximum principle for
Poisson equation on weakly acute triangular meshes. Since then many many improvements
and extensions have been done. We mention [13, 81, 21, 79, 78, 77,73, 50, 14,49, 34, 48, 52]
as the most important results of the last decades. Undesired spurious oscillations can be
also reduced or even eliminated by employing a suitable choice of stabilising parameters
in order to get a nodally exact solutions, see [(69]. Another possibility of satisfying the
discrete maximum principle is the use of additional terms, see review article [11] and [15]
for the detailed discussion of the optimal choice of stabilising parameters. It has been
proved that the first-order artificial viscosity scheme of [20] and nonlinear artificial scheme
of [16] produce solutions which satisfy the discrete maximum principle. The rigorous proof
for discrete maximum principle for CIP scheme perturbated by shock capturing term has
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been established in [I7]. Since our proof techniques do not involve algebraic arguments
and the behaviour of the discretised Laplace operator is well studied for triangular meshes,
we decide to change our mesh topology into triangles.

Our aim is to establish a discrete maximum principle of the local projection scheme mod-
ified by shock capturing (LPSSC) and to provide the convergence theory of this method
applied to convection-diffusion-reaction problems with Dirichlet boundary conditions. Fur-
thermore, several test problems with different types of interior and boundary layers will be
presented. They show that the local projection stabilisation with the edge oriented shock
capturing allows to obtain numerical solutions which are physically reliable.

5.1 Model problem and local projection method with
shock capturing

5.1.1 Weak formulation

We consider the following Dirichlet problem for the scalar convection-diffusion-reaction
equation in two dimensions

—DAu+b-Vu+ecu=f inQ, } 51)

u=g onl =00,

where D > 0 is a small diffusion constant. We are looking for the distribution of concen-
tration or temperature v in a polygonally bounded reactor domain 2 C R2. The reaction
coefficient ¢ € L>(Q) is assumed to be non-negative. Let f € L*(Q), g € H/?(T') be given
functions. Furthermore, we require that the convection field b € (Wl’OO(Q))n, n = 2, and
the reaction coefficient ¢ fulfils for some ¢y > 0 the following condition

c(x) — %V b(r) >cg>0 Vel (5.2)
We define the function spaces
V=H'"(Q) and Vo={veV: vp=0}
A weak formulation of (5.1) reads
Find v € V' with u|r = g such that
a(u,v) = (f,v) Yv eV, (5.3)
where the bilinear form a : H'(2) x H'(2) — R is defined by
a(u,v) = D(Vu,Vuv) 4+ (b- Vu,v) + (cu, ). (5.4)
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The condition (5.2) guarantees the Vj-coercivity of the bilinear form af(-,-). The existence
and uniqueness of a weak solution of problem (5.3) can be concluded from the Lax—Milgram
lemma. In the following we assume that the weak solution is H? regular. The higher
regularity of the weak solution of Dirichlet problems on convex domains is a well known
fact, see [31].

5.1.2 Stabilisation by local projection

For the finite element discretisation of (5.3), we are given a shape regular family {7,} of
decomposition of 2 into triangles. The diameter of the triangular cell K will be denoted
by hx and the mesh size parameter h is defined by h := maxge7, hi. For 7y, let &, denote
the set of all interior edges E of cells K € 7, which belong to 2.

It is a well known fact that the standard Galerkin discretisation of (5.3) can fail in the
convection dominated regime D < 1. In the following, we use stabilisation method by
local projection.

Let K denote a reference cell and F K K — K the affine mapping from the reference
triangle onto an arbitrary cell K € 7;,. Furthermore, let

be the normalised bubble function which achieves the value 1 at the barycentre of K. In
the above definition \;, i = 1,2, 3, are barycentric coordinates on K. The local linear space
enriched by the cubic bubble b is denoted by

~

PH(K) = Pi(K) @ span{b} .

Let
(Vi, Dy) := (Pf,, Pg{l,jC) (5.5)

be the pair of finite element spaces defined via the reference mapping

P ={ve H(Q) : v|xo Fx € P (K) VK €T},
Pl = {ve L¥Q) : v|xo Fx € P(K) VK €T}

Furthermore, we introduce the linear finite element space
Pp={ve H(Q) : v|go Fx € P(K) VYK €T,}.

and set
VhL = PLh .
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The following approximation property of fluctuation operator can be stated
lkngllox < Chlghx Yqe H(K), VK €T,. (5.6)

Moreover, the pair of enriched continuous piecewise linears and discontinuous piecewise
constants fulfils the compatibility condition (3.12), see [(2, Lemma 4.1]. Then, the existence
of special interpolant j, : H?*(Q) — V}, satisfying the orthogonality condition (3.14) and
approximation properties (3.15) is provided according to Theorem 3.1.

We define the stabilising term S;, : V x V' — R in the usual way

Sh(uh,vh) = Z TK(/Qh(V’LLh),/Qh(V’Uh))K (57)

KeT,
where T = Tohgi, 790 > 0, K € T}, denote user-defined parameters. Let
Vio ={v €V}, : w|r =0}
be the discrete test space and
Vik ={veViF: ulr =0}

its part containing piecewise linears. The local projection stabilisation of the discretisation
of (5.3) reads as follows

Find u;, € V), with us|r = g5 such that
a(uh,vh) -+ Sh(uh, Uh) = (f, Uh) Y, € Vi (58)

where g;, denotes a suitable approximation of g, e.g. g, = jng. For the associated local
projection norm

2
llolll == {Dlval? + collvnll + S (vn, vn) }/ (5.9)

the following error estimate holds

1/2
[l = wnll] < C (Z(D+hK)h?< |IUI|§,K> : (5.10)

KeTy,

see [63].

5.1.3 Edge oriented shock capturing scheme

The numerical examples given in [63] lead us to suspect that the discrete solution exhibits
in general undesired spurious oscillations at boundary layers. The effect of non-uniform
pointwise convergence is also known for discrete solutions obtained by SUPG method and
in general can be explained as manifestation of Gibb’s phenomenon, see [23]. To circumvent
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this shortcoming we propose the perturbation of the stabilised bilinear form a(-, )+ Sy(-, )
by the semilinear shock capturing operator j, : V;, xV,, — R which adds a lot of dissipation
in the regions where the discrete solution is oscillatory and does not act in the regions
where the solution is constant. Let us decompose the finite element solution w, € V}, in
the following way

up, = up + up (5.11)
where ul € Vi and u? € Vj, \ V;I' denote linear and bubble part of uy,, respectively. In the
spirit of [I7] we define the edge oriented shock capturing operator

Jn(up;vp) == ¢, Z ve(b, ¢) hysign [ — ‘[[Vuh]]E —, (5.12)
= Ot Otg

where ¢, > 1 is a user-defined parameter, the constant vg(b,c) > 0 will be exploited in
8’Uh

the next section, hg denotes the length of the edge E, and T
E

stands for the tangential

derivative of v,. We define by

[Vunls = (Vup)|x - nc + (Vun) s - ) ‘E

the scalar jump of Vuy across the edge £ = K N K'. For x € R we set sign(z) := é—| for

x # 0 and sign(0) := 0. We note that the operator j is nonlinear in the first argument and
it holds

Jn(=un;vn) = —Jjn(un; vn) - (5.13)
Our discrete shock capturing scheme reads as follows
Find uy, € V}, with uy|r = g5 such that
a(uh, Uh) + Sh(uh, ’Uh) + jh(uh; Uh) = (f, Uh) Yo, € Vig. (514)

In the next section we want to answer the question whether the scheme (5.14) with the
edge oriented shock capturing operator obeys the discrete maximum principle.

5.2 Discrete maximum principle

5.2.1 Maximum principle for continuous problem

First, we recall results concerning maximum principle for the classical solutions of contin-
uous problem (5.1). Following the textbook of Evans [25], we state

Theorem 5.1 Let u € C?(Q) NC(Q) be a classical solution of (5.1). Then, it holds

f<0 in Q = max u(x) < max{0, max u(x)} (5.15)
z€Q €N
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and

f>0 in = min u(z) > min{0, min u(x)} . (5.16)
2€Q €002

Theorem 5.1 tells us nothing else than that the solution achieves extrema on the boundary;,
provided that the right hand side f and ¢ are properly signed. From the numerics of
elliptic partial differential equations we know already that many properties of the elliptic
operators are transferred to their discrete counterparts. The natural question which now
arises is whether the solution of (5.14) can satisfy the maximum principle in the certain
sense.

5.2.2 Discrete maximum principle (DMP)

Let P, o =1,...,N and P, © = N + 1,..., M denote interior and boundary vertices
resulting from the triangulation 7}, respectively. We confine ourselves to study the principle
of discrete minimum. By analogy to (5.16) we want to show that the discrete solution of
(5.14) satisfies

fz0 m @ = minw(P)2min{0, min uy(P)}. (5.17)

Let us assume that the following abstract semilinear scheme is solvable.

Find uy, € V}, with up|r = g5 such that
Alup;vn) = (f,on) Yun € Vig . (5.18)

Hereby, A(+;-) : Vi, x Vj, — R is linear in the second argument.

We denote by €;, for i = 1,..., N, the union of all cells K € 7, which share the vertex
P;. Furthermore, let nx be the outer unit normal on 0K, and let £(P;) denote a set of all
edges F to which a vertex F; belongs. We define the set of all indices j of vertices p; that
are neighbours of p; by A; :=={j #i: I K €7, with p;, p; € K}.

Now, we define the discrete minimum principle property of schemes with a semilinear
form A(-;-).

Definition 5.2 A semilinear form A(-;-) satisfies discrete minimum principle property
(DMPP) if for all up, € Vi, up|r = gn and for all interior vertices P;, 1 = 1,..., N the
following holds:
If uy, takes at P; a negative local minimum over the corresponding patch );, then there exist
ag > 0 such that

Alup; i) < — Z ap | [Vur]e

Ec&(P)

, (5.19)

where p; € Py denotes a nodal Lagrange base function associated with P;, i.e., @;(P;) = 0;;
forallje{l,...,N+ M}.
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The following theorem can be applied to the general framework of shock capturing schemes.

Theorem 5.3 Let a semilinear form A(-;-) satisfy DMP of Definition 5.2 and (f, ;) > 0.
Then, for the finite element solution of (5.18) it holds:

un(Py) > j:Nn-i}il?_.,M {0,up(Pj)} Vi=1,...,N+ M. (5.20)

Proof. We observe, that if u; attains a nonnegative minimum, or a negative minimum at
a boundary vertex, then the assertions follows immediately. Let u; take a global negative
minimum at P;, i € {1,..., N}. Due to assumptions we get from (5.18)

0 < (f, i) = Alun; i) < — Z ap ‘ [Vurle ‘
EE(‘J(PZ)

which implies that u} is already constant over ; and the minimum is attained also at a
boundary node of €2;. Next, we proceed the same on the patch containing the boundary
vertex of €);. Repeating this argument we reach some boundary node of 0f). O

Remark 5.4 The relation (5.17) with the changed sign holds for the discrete mazimum
property.

Now, we prove DMP for the semilinear form

A(uh; Uh) = a(uh, Uh) + Sh(uh, Uh> + jh(uh; Uh)

by estimating all appearing terms separately. We start with the estimate of the Laplacian.

Lemma 5.5 Let ¢; be the piecewise linear Lagrange basis function that satisfies p;(P;) =
0ij. If up, achieves a local minimum at an inner vertex P;, i.e.,

un(Py) > up(P;) Ve,

then
(Vun, Vi) <0 (5.21)

Proof. Let ¢¥ denote the bubble function on K. Then, the bubble part of the solution
up|x can be represented as uf|K = qupﬁ, ug € R. First, we observe

0o;
(Vuy, , Vi) = (Vuy , Vi), E ur (Vor, Vo) i E uK/goK o ds =0 (5.22)

KCQ; KCQ; oK



94 Physically reliable stabilisation method for scalar problems

due to the integration by parts and p%|sx = 0. Then, following [69], we get for uj, = uf+u?
h
(Vun, Vi) = (Vui, Vo) = Vil
Eeé’h(Pi)

and it holds for an inner vertex P;

h
(Vup, Vi) = — Z 7]5 [Vurls|

EEEh(Pi)

provided that u;, has at P; a local minimum. O

Now, we estimate |(Vuf)|x| by the certain sum of jumps |[Vui]g|.

Corollary 5.6 If wy, € Py with wy|r = gn, has a local minimum at the vertex P;, then

(Vun)lk| < D0 IVwnlel VK CQ. (5.23)
Ee&n(F;)

Proof. See [I7, Lemma 2.7]. O

In the following, we assume that the family of meshes {7},},~0 is shape regular. This
implies that there exists a positive constant p such that

K| < in h? 5.24
;{ngé\ ‘—pEIS?(%) R (5.24)

and that the maximum number of cells contained in €2; is bounded independently of the
mesh size h. Then, we can estimate the convection and reaction term.

Lemma 5.7 Let f = 0. If uy, takes a local minimum at an inner vertex P;, then

h
(b Vup, Vi) + (cun, pi) + Splun, i) < Z 71,5(b, C)7E INAFL (5.25)
Ee&n(Pi)
whereby p; 1s the piecewise linear Lagrange basis function that satisfies goZ(P]) = 0;; and

the positive quantities 1 (b, c) depend on the data b and c.

Proof. Let u, take a negative local minimum at the inner vertex P;. Using Corollary
5.6, we get for the piecewise linear Lagrange basis function ¢; with ¢;(P;) = d;; and for
the family of shape regular meshes {7} },~0, the following estimate

K
b Vufo) = 3 - Tuf g € 30 bl ] (V)

KeQ, KCQ;
< h2| [V ur 4] b 5.26
< > hpl[Vurle| | D ?WH 0,00, (5.26)
Ee&(Py) Kco, ~ F

Y

<G Y h|bllosw [[Vur]e
E€E(P)
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whereby we set w(E) = Q,UQ; if the edge E joins the vertices P; and P;. Now, we consider

the reaction term for K C ;. If u? changes the sign in K, then ||uf]lo.co.x < hi||[Vunllo.co.x

and we get

5]
3

If uf < 0 on K, then (5.27) holds true, since the left-hand side is negative. Thus, repeating

arguments from (5.26), we obtain

(cu, o)k < Co Y hhlcllocows [[Vurls| - (5.28)
EGS(P-L)

(cu, 1) i < Nlellosoo i U000, |3 ll0,1, 5 < lello,00,i | (Vg x| - (5.27)

Now, we consider the bubble part of u;. To this end, we test (5.14) with & € V}, and get
for f=0

D(Vufv v@lg)K + (b ’ VUE, QPIB;')K + (CUE, QOIB;')K + Sh(uf’ cpllé')

= —D(Vuy, Vo )k — (b- Vuy, o )i — (cuy, o3 )x — Sh(uy, 9%)

= _(b ’ VU%, @IB;)K - (Cuﬁa QOIB;)K
since (5.22) and kp,(Vul) = 0 are satisfied. Consequently, we obtain for u?|x = uxp? by
integrating by parts

(b- Vg, o) + (cuy, ¢i)
(D + 1) |90K|1,K + (C -5V :-b, (%) )K

which together with (5.26), (5.28) and |pZ|1 x ~ 1 yields

I

- |(Vuy)|k| - (5.30)

lug| < Cs(b, C)D
Taking 7 ~ hg into consideration, we end up with

(b-Vuy, o) = > uk(b- Vo, o)k < Y Ci(b,o)hy|[Vuy]

)

KCQ; EEE(PZ)
(5.31)
(cup o) = Y ur(epi,vi)x < Y Cs(b,e)h|[Vug]|.
KcQ,; EES(PZ-)
Finally, we have for the stabilising term
Sh(uh, gOi) =0 (532)

since k,(Vi;) = 0. From (5.26), (5.28), (5.31) and (5.32) we conclude the assertion (5.25).
U

Now, we are able to state the main result concerning the discrete minimum principle
property (DMPP).
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Theorem 5.8 Let f = 0. Then for sufficiently large c, > 1 the semilinear form
A(up; vn) = alun, vn) + Sp(un, vr) + n(un; vn)

satisfies discrete minimum principle property from Definition (5.2).

Proof. Let u; attain a negative local minimum at an inner node P;. Then we have

Jnlun; o)) = =cp Y .e(b )b [Vuplsl. (5.33)

Then, it follows from Lemma 5.5 and 5.7 the estimate
D
Alups ) < = Y {EhE + (¢p — Dy1(b, c)hg} [Vur]s| - (5.34)
Ec&(P)

Setting
D
ap = ghE —|— (Cp - 1)71,E<b7 c>h'2E’

we get ap > 0 for sufficiently large ¢, > 1. Thus, A(-;-) satisfies the discrete minimum
principle property from Definition 5.2. U

5.3 Linear convergence of edge oriented shock
capturing scheme

Lemma 5.9 Let uy, be the solution of (5.14) and let u € H?(Q) be solution of (5.4). Then,
it holds for 7, ~ hx, D ~ 1 and sufficiently small h

e — upl|| < Ch. (5.35)

Proof.  Let 1, be solution of linear scheme (5.8). Starting with Vj,-coercivity of the
bilinear form a(-,-) + Sp(-.-), we can follow

llin — unlll < sup a(tin — un, ) + Sp(ln — tn, vn) _ <1 Jn(un; vp)
T Vo [lvalll oneVio |llvall (5.36)
Jn(un; vp) '
= sup =

onevisy  llvalll
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due to the fact that gtig = 0 holds for all v, € Vi \ Vi%. Next, we apply Cauchy-Schwarz
inequality in order to bound jj (up; vp)

1/2 1/2

. 2

o) <€ ( ZRITAIF) (5 hinfin)
Ec&, Ee&y

Employing scaling arguments and using the fact (Vul, Vu?) = 0, we get consequently
J(un, vn) < Chlup|i|vsl: -

Combining this with (5.36), we conclude from |||v||| > D?|vp|; and (5.10) the estimate

llan = unll] < C—=lunls < C—Hluh — apl| + C—H|u — | + C—IHUIII

|Uh|1
\/_

< C—IIIUh — | + s IUb + C—IIIUIII

75

from which we infer for D ~ 1 and sufficiently small h
| — unll| < Ch. (5.37)
Using the triangle inequality
1w = wnlll < lllan — wnlll + lllw — aall
and a priori estimate (5.10) together with (5.37), we end up the proof. O

Our numerical tests show that the solution uy, of the scheme (5.14) converges to the solution
u of (5.4) linearly also in the convection dominating case D < |b| and for D < h.

5.4 Numerical tests

In this section we present some numerical result for the shock capturing method for local
projection stabilisation applied to convection-diffusion-reaction problem.

We perform computations on the unit square 2 = (0, 1)%. The coarser triangular mesh is
refined regularly. The discretised nonlinear problems are linearised by fixed point iteration.
Let u) € V}, be some prescribed initial solution. In each iteration step k € N we solve the
following discrete problem

Find u{*™ € V, with u*™ |1 = g, such that

a(uf™ o) + Sl o) = (f, o) — Ja(ul?, vn) Y vn € Vig (5.38)
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The operator j, stands for the smoothed nonlinear shock capturing operator j, which is
created by the following approximation of the discontinuous function

sign(t) ~ tanh (t/p)

where ¢ > 0 is a suitable chosen regularisation parameter. The above procedure results in
the sequence of the linear systems

Az — @), k=0,1,2,...

where the stiffness matrix A;, corresponds to the Galerkin and LPS parts, the right hand
side F', corresponds to the right hand side of (5.38) and is updated in each iteration step.
The solution vector in the iteration step k is denoted by a:gﬂﬂ). In our computations
we set 4 = 1.0 and abort the nonlinear iteration process if the euclidian norm satisfies
ngkﬂ) - m,(lk)H < le — 6. For small values of perturbation parameter D > 0 we use

damping procedure in order to enforce the convergence of the iteration (5.38).

5.4.1 Numerical study of convergence for smooth solution

At first, we investigate the rate of convergence for the problem with
b= (01,007, c=1

in the diffusion dominating (D = 1.0) and convection dominating (D = le —7) cases. The
right hand side f is such that the exact solution is given by

u(z,y) = exp (_ (x—0.5)%  3(y— 05)2) |

o o

with parameter a,, = 0.2, see Figure 5.1.

The coarsest mesh of Friedrichs-Keller type consists of 8 triangular cells and the number
of degrees of freedom (dof) on each level is given in Table 5.1. In Tables 5.2 and 5.3

Table 5.1: Total number of degrees of freedom.

level | O 1 2 3 4 5 6 7
dofs | 17 57 209 801 3137 12417 49409 197121

we report errors and rates of convergence for D = 1.0. For both methods the orders of
convergence are almost the same.
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Table 5.2: Errors and rates of convergence for LPS solution, D = 1.0.

2.87

2.6

2.4

2.2

/
),
=7
¢

Figure 5.1: The Gaussian as exact solution.

level

[l — anlo

error and rate
\u — ’l]h|1

[l — @]

N O Ut W= O

1.082e-1
6.092e-2
1.857e-2
4.819e-3
1.216e-3
3.048e-4
7.624e-5
1.906e-5

0.829
1.714
1.947
1.986
1.997
1.999
2.000

9.902e-1
7.526e-1
4.310e-1
2.196e-1
1.103e-1
5.522e-2
2.762e-2
1.381e-2

0.396
0.804
0.973
0.993
0.998
1.000
1.000

9.988e-1
7.558e-1
4.316e-1
2.197e-1
1.103e-1
5.523e-2
2.762e-2
1.381e-2

0.402
0.808
0.974
0.994
0.998
1.000
1.000

Table 5.3: Errors and rates of convergence for LPS solution with shock capturing, D = 1.0.

level

[[u — unllo

error and rate
lu — upl1

[lw = un]l

N O Uk W N~ O

1.083e-1
6.092e-2
1.858e-2
4.819e-3
1.216e-3
3.048e-4
7.624e-5
1.906e-5

0.829
1.714
1.947
1.986
1.997
1.999
2.000

9.902e-1
7.527e-1
4.310e-1
2.196e-1
1.103e-1
5.522¢e-2
2.762e-2
1.381e-2

0.396
0.804
0.973
0.993
0.998
1.000
1.000

9.988e-1
7.559e-1
4.316e-1
2.197e-1
1.103e-1
5.523e-2
2.762e-2
1.381e-2

0.402
0.808
0.974
0.994
0.998
1.000
1.000
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Table 5.4: Errors and rates of convergence for LPS solution, D = le — 7.

level error and rate
= in o ju — in s Ilu — @l

0 8.501e-2 1.116e+0 1.166e-1

1 3.909e-2 1.121  9.306e-1  0.262 5.470e-2 1.092
2 8.833e-3 2.146 5.011le-1 0.893 1.770e-2 1.628
3 2.023e-3  2.126  2.46le-1  1.026 5.932e-3 1.577
4 4.936e-4 2.035 1.227e-1 1.005 2.053e-3 1.531
5 1.226e-4 2.010 6.134e-2 1.000 7.187e-4 1.514
6 3.059¢-5 2.003  3.069e-2  0.999 2.529e-4 1.507
7 7.641e-6 2.001 1.535e-2  1.000 8.923e-5 1.503

Table 5.5: Errors and rates of convergence for LPS solution with shock capturing, D =

le — 7.
level error and rate
[u—unllo lu —up |y [ — uall

0 1.981e-1 1.307e+0 2.150e-1

1 1.473e-1  0.427 1.267e+0 0.044 1.519e-1 0.5012
2 6.834e-2 1.108  7.545e-1  0.748 6.980e-2 1.122
3 3.490e-2 0.969 3.913e-1 0.947 3.528¢-2 0.984
4 1.750e-2  0.996 1.987e-1 0.978 1.760e-2 1.004
5 8.754e-3 0.999 1.06le-1 0.905 8.780e-3  1.003
6 4.380e-3  0.999 6.058¢-2 0.809 4.387e-3  1.001
7 2.174e-3 1.011 3.678e-2 0.720 2.176e-3 1.012

The results from Tables 5.4 and 5.5 indicate that the order of convergence for the errors
in L? and LPS norm are reduced in the convection dominating case (D = le — 7) by one
and by one half compared to the LPS method, respectively.

In the following we plot usually only the linear part of solutions, otherwise we specify

the plotted values.

5.4.2 Skew flow problem with exponential and internal layers

We start our numerical study for problems possessing boundary layers of different kinds.
First, we apply LPSSC method to the skew flow problem with the following constant data

b= (—sina,—cosa)’,

c=0,

f=0
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and discontinuous boundary condition

0 for 0<z<1,y=0
gz,y) =120 for z=1, 0<y<0.75
1 otherwise.

The discontinuity at the boundary is transported in the direction of the convection field b
until reaching the boundary part with zero condition since the diffusion parameter is very
small. The solution possesses a steep gradient and thus exhibits a boundary layer in the
region of discontinuity and at the part of the outlet boundary

{(z,y): 0<z<1, y=0}CTl.

We observe that the solution stabilised by the local projection method is stable away from
the boundary layers. However, it exhibits still spurious oscillations in the region of the
exponential boundary layer at the part of the outflow boundary which has been mentioned
above, see Figures 5.2-5.15.

s iz
i

il

1

Figure 5.2: Solutions of skew flow problem obtained by LPS (left) and (right), 7x = 0.01h,
a=45".
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1 1
1 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2

0 0.2 0.4 0.6 0.8 1
X

Figure 5.3: Contour lines of solution obtained by LPS (left) and LPSSC (right), 7 =
0.01hg, a = 45°.

1.2 : : : : 1.4 ‘ : ; :
LPS LPS
1 - - -LPSSC|] 1.2 - - -LPSSC|]
0.8
0.6
0.4
0.2
0 0.2
-0.2 : : : : 0 : : : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

X y

Figure 5.4: Profiles of solution at y = 0.25 (left) and = 0.125 (right), a« = 45", 7 =
0.01hgk.

In Figure 5.8 we plot sections of the whole solutions w; and wu; obtained by LPS and LPSSC
methods, respectively. The smoothing effect of the jump operator j, can be well observed
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Figure 5.5: Solutions of skew flow problem obtained by LPS (left) and (right), 7x = 0.1h,

a=45".
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Figure 5.6: Contour lines of solution obtained by LPS (left) and LPSSC (right), 7 =

OlhK, a=45".

for « = 45° and o = 55" . The choice of the stabilisation parameter 7, = 0.01hx seems
to be quite good if no additional edge stabilisation is applied, see Figures 5.2 and 5.4 for
a = 45" and Figures 5.9 and 5.11 for a« = 55" . The discrete maximum principle is much
more violated if 7, = 0.1hg, see Figures 5.5 and 5.7 for a = 45" and Figures 5.12 and

5.14 for a =55 °.
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Figure 5.7: Profiles of solution at y = 0.25 (left) and = 0.125 (right), a = 45", 7, =

0.1hg.
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Figure 5.8: Full profiles of iy (z, 5—3) and up(z, %) onlevel 2, o =45° ) 7x = 0.01hg (left),

Tk = 0.1hg (right) .
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Figure 5.9: Solutions of skew flow problem obtained by LPS (left) and (right), 7x = 0.01h,
a=55".

Figure 5.10: Contour lines of solutions obtained by LPS (left) and LPSSC (right), 7x =
0.01hs, o = 55° .

5.4.3 Rotating flow problem with exponential and interior layers

Our next problem is a benchmark for problems with an interior layer and an exponential
layer. It has boundary conditions of mixed type. Let

D=10"7, b= (8ay(1-x), 42z - D1 -4»))", ¢=0



106 Physically reliable stabilisation method for scalar problems

1.2 ‘ ‘ : : 1.4 : | : :
LPS LPS

1 /|l |---LPssc|| 1.2} -~ -LPSSC}y

0.8¢

0.61

0.4

0.2r

0 012 014 016 018 1 0 0.2 0.4 0.6 0.8 1
X y

Figure 5.11: Profiles of solution at y = 0.25 (left) and x = 0.125 (right), a = 557, 7 =
0.01hgk.
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Figure 5.12: Solutions of skew flow problem obtained by LPS (left) and (right), 7x = 0.1h,
a=>55".

and
FN:{(x,y)E(?Q1/2<:ic<1,y:0}, FD:8§2\FN

We prescribe on the Dirichlet boundary I'p the piecewise constant function

1 for1/4<z<1/2,y=0,
gp(z,y) =<1 for 0<y<1, z=1,

0 otherwise,

while the homogeneous Neumann condition gy = 0 will be used on I'yy. The right hand
side in (5.1) is given by f = 0. The streamlines of the convection field b are shown
in Figure 5.16. We observe that the unstabilised Galerkin solution exhibits non-physical
oscillations over the whole domain 2 and therefore is completely useless, see Figure 5.17.
Applying a first order upwind stabilisation, we obtain a stable solution. However, the
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Figure 5.13: Contour lines of solutions obtained by LPS (left) and LPSSC (right), 7 =
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Figure 5.14: Profiles of solution at y = 0.25 (left) and = 0.125 (right), « = 55", 7 =
0.1hk.

sharp inflow profile at {(x,y) : =« > 1/4, y = 0} is smeared out, see Figure 5.21. The
discrete solution obtained by LPSSC method satisfies the discrete maximum principle, see
Figures 5.18 and 5.20.



108 Physically reliable stabilisation method for scalar problems

1.4 : : : : 1.4 ‘ : ; :
LPS LPS

- - -LPSSCH 1.2f ---LPSSC|]

-0.2 : : : : -02 : : : :
0 0.2 0.4 0.6 0.8 1 0 02 0.4 0.6 0.8 1

X X
Figure 5.15: Full profiles of @y (z, 33) and u,(z, £2) on the coarse level 2, o« = 557, 7 =

5.4.4 Solution with parabolic layer

The solution of our last example exhibits two parabolic boundary layers. Let
D=10"7", b=(0,1+2%)", ¢c¢=0
and
Py:={(z,y) €00 : 0<z<1,y=1}, [p:=00Q\ Q.
We use homogeneous Neumann condition gy = 0 on I'y while the Dirichlet boundary
condition gp on I'p is given by
1 for0<z<1, y=0,
9o = .
1 —vy otherwise.
Furthermore, the right hand side of (5.1) is f = 0. The solution of (5.1) exhibits parabolic
layers at the vertical walls x = 0 and = 1. The discrete solution obtained by LPS violates

the discrete maximum principle whereas the discrete solution obtained by LPSSC satisfies
it well, see Figures 5.22 and 5.24.
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Figure 5.16: Streamlines of the convection field b

Figure 5.17: Galerkin solution obtained without any stabilisation
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Figure 5.19: Contour lines of solution obtained by LPS (left) and LPSSC (right), 7 =
0.01hk.

1.2 " " " " 12 ; : . .

LPS
1 - - -LPSSC|

0.8

0.6

0.4

0.2r

LPS H Or
---LPSSC
-0.4

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X y

-0.2

Figure 5.20: Profiles of solution, at x = 0.5 (left) and at y = 0.25 (right) obtained by LPS
and LPSSC, TK — 001]1](
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Figure 5.22: Solution of parabolic flow problem, LPS (left) and LPSSC (right), 7x =

0.01hk.
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Figure 5.23: Contour lines of solution obtained by LPS (left) and LPSSC (right), 7 =
0.01hk-.
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6 Summary

The question how to establish stable and accurate discretisation methods for singularly
perturbed problems belongs to the challenging problems of numerical mathematics. This
work deals with a stable finite element discretisation of Dirichlet problem for extended
Brinkman—Forchheimer equations in two and three dimensional domains. The governing
equations describe flow dynamics in fixed bed reactors. This type of reactors is widely
used in chemical engineering. Since the considered model problem is rare, it has not been
intensively studied until now. Its nonlinear character and nonstandard form of differential
operators occurring in the equations require a special handling. There are three “daemons”
which we have forced to get back:

e nonlinearity
e inf-sup instability (improper choice of approximation spaces)
e high Reynolds numbers (convection dominance)

We present analytical results concerning the existence of solution in suitable Sobolev
spaces using abstract theory of saddle point problems. To this end, we adapt Hopf extension
known from the theory of Navier—Stokes equations and apply a version of Schauder’s fixed
point theorem.

After the analytical part, we establish stability and a priori estimates for finite element
solutions. The key point in the proof of stability is the discrete inf-sup condition for the
bilinear form which is nonstandard in our case. This is the second daemon which occurs
when the approximation spaces for the velocity and pressure are improperly chosen. Em-
ploying the patch techniques of Boland—Nicolaides, we show that the choice of a certain
family of finite element pairs with discontinuous pressure approximation leads on quadri-
laterals/hexahedrons to stable and accurate solutions in the case of low Reynolds numbers.

Another “daemon” in the fluid dynamics is the case of high Reynolds numbers. We
present a stabilisation method for equal order elements which are not inf-sup stable. Using
the one-level variant of the local projection stabilisation, we are able to obtain stable
solutions for the velocity and pressure. Based on the published results from the unified
convergence analysis for Oseen equations, we prove again the optimal order of convergence
for the linearised model equations.

After controlling three “daemons”, we present a method for enhancing the accuracy of
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the finite element solution. Using the fact that the error of the special finite interpolant
to the finite element solution is of one order better on the axis parallel grids, we can apply
sophisticated extrapolation techniques in order to increase the accuracy of the computed
finite element solution. The already published superconvergence results for three dimen-
sional Navier—Stokes equations can be successfully applied to our model. We show that
the superclose estimates for the nonstandard bilinear forms hold in two dimensions and
we estimate errors caused by the nonlinear terms. Applying post-processing to the inf-sup
stable pair of the continuous piecewise biquadratic velocity and discontinuous piecewise
linear pressure, we get a numerical solution which is convergent of one order better.

Plenty of numerical tests and simulations of flows in fixed bed and packed bed membrane
reactors are performed in order to verify our theoretical results. The proposed schemes pro-
duce stable and accurate solutions and can be successfully applied on desktop computers.

In the last part of our work we enhance the stability of the low order local projection
scheme for scalar convection-diffusion-reaction problems. While the solution obtained by
the local projection method is stable away of boundary layer, it can still exhibit spurious
oscillations at the boundary layer. This can be called as “the last revenge” of the third
daemon. To avoid the undesired instability we propose an edge oriented shock capturing
scheme for triangular meshes. Here we let the first and the third daemon clash with each
other. Finally, the nonlinear “daemon” hidden in the shock capturing term can be banished
using a simple fixed point iteration. We prove that the finite element solution obtained
from our scheme satisfies a discrete maximum principle and is at least linearly convergent
in the diffusion-dominated case. Our numerical results are in a good agreement with the
developed theory.
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