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Zusammenfassung

Wir sind an Problemen interessiert, die mit der Existenz, Multiplizitat, Po-
sitivitdt und dem Verhaltnis von Losungen von elliptischen partiellen Diffe-
rentialgleichungen zweiter und hoherer Ordnung zu tun haben.

In allgemeinem erfiillen Probleme in der Form (—A)™u = f in  C R?,
& /(Ov)u = 0 auf 99, mit m > 1, 0 < j < m — 1 weder die Maximum-
prinzipien noch die Positivitatserhaltungseigenschaft. Wir werden zeigen,
dass die Positivitatserhaltungseigenschaft fiir Gebiete erfiillt wird, die zu
einer Scheibe nah sind.

Dann werden wir einige Ergebnisse von Existenz und Multiplizitat von
Losungen des Steklov Problems von zweiter und vierter Ordnung darstellen.

Abschlieend werden wir die singulidren radialen Losungen von A%y = \e*
in der Einheitsscheibe mit den Randbedingungen v = du/0dv = 0 charakte-
risieren. Wir werden zeigen, dass diese Losungen schwach singular sind, das
heiflt, dass lim, o ru/(r) € R existiert.



Abstract

We are interested in questions related with existence, multiplicity, positivity
and behaviour of solutions of elliptic boundary value problems of second and
higher order.

In general problems (—A)™u = fin Q C R? 87 /(0v)’u = 0 on 99, where
m>1,0<j7<m—1 do not satisfy a maximum principle or the positivity
preserving property. We will show that for domains near to a circle positivity
preserving property is satisfied.

Then we will give some results of existence and multiplicity of solutions
of the Steklov problem of second and fourth order.

Finally we will characterize singular radial solutions of A%y = Ae* in the
unit disk, with boundary conditions u = du/0v = 0. We will show that
its radial singular solutions are weakly singular, it means lim, o ru/(r) € R
exists.
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1 INTRODUCTION

1 Introduction

We are interested in questions related with existence, multiplicity, positivity
and behaviour of solutions of boundary value problems of the kind

{ (=A)™u = f(u) inQ,

(%)Ju:o ondf), forj=0,....m—1
and related eigenvalue problems. Here is 2 C R" a sufficient smooth domain
with external normal unitary vector v; n,m € N.

Many techniques familiar from second order equations do not extend even
to biharmonic equations, we just mention any form of a strong maximum
principle. We think that it is this reason that - up to now - the theory of
higher order nonlinear elliptic problems is by far less well developed than the
theory of second order elliptic equations.

On the other hand, significant progress has been achieved in the past
years, as far as e.g. comparison principles [40], positivity preserving proper-
ties, existence for semilinear biharmonic problems [32, 27] are concerned.

Among these questions we shall address the following

e For which domains do polyharmonic problems with homogeneous boun-
dary conditions assume positive solutions?

e When do exist solutions for the Steklov problem?

e Which is the behaviour of critical solutions for the nonlinear biharmonic
eigenvalue problem with exponential growth?

In what follows we sketch in which direction the mentioned questions are

investigated in the present thesis.

1.1 Positivity in perturbations of the two dimensional
disk

Strong maximum principles are known for elliptic equations of second order,
it means, given a linear elliptic differential operator of the form

Lu = a;;(z)Djju + bi(x)Dju + c(x)u

with coefficients a;;, b;, ¢, where 7, 7 = 1...,n defined on a bounded domain
2 C R", with the matrix [a;;] symmetric positive everywhere in 2, which
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smallest eigenvalue is A(z), such that lli\((;“")” < const < oo is satisfied for

every ¢ = 1,...,n, ¢ = 0 and Lu > 0, if v achieves its maximum in the
interior of 2, then w is constant (see [35, Theorem 3.5])

For elliptic equations of higher order, the principle is not more available,
like for the polyharmonic function @ := —|x|*> + 1 shows: on the domain
B = {z € R" : |z| < 1} we have that A?G = 0 on B, but supga = 1 is
achieved in the interior of €.

For more than one century mathematicians are asking, if and when maxi-
mum and comparison principles can be extended to problems of higher order,
for example in order to study the physical problem of the clamped plate: an
elastic horizontally clamped plate  C R? subject to a vertical force f is
described by the system

{ Ay = f in 2, (1)

u:%u:o on 0.

We could suppose that, in reasonable regular domains, with a positive
load on the plate (it means with f > 0), then the complete body should
move up, like conjectured Boggio [12] in 1901 or Hadamard [44] in 1908.
This hypothesis is correct in the case of {2 equal to a ball B, like Boggio [13]
proved. Even in the more general case, with 2 = B C R" and substituting
A? with (—=A)™. In [13] (see also [37]), positivity of the Green function on
the ball B was shown. But in 1909 Hadamard [45] displayed that in an
annulus with small inner radius, the solution u could be negative, also if
f > 0. Even assuming convexity for the domain €2 is not enough to prove
the positivity of the solution. Duffin [25] in 1949 was the first to disprove
this conjecture in an unbounded domain, then were found other examples of
convex domains in which, for suitable f > 0, the solution changes sign, like
in [19, 20], 47, 54, 57, 63, 67]. In [31] is proved that the Green function for
(1) changes sign in oblong ellipses, Coffman and Duffin obtained the same
result in the case of a square.

But the circle is not the only domain that guarantees positivity for the
Green function for the clamped plate, like was explained by Grunau and
Sweers in [42]. Their work proved that if the domain is sufficiently near to
a disk in R? in a certain sense, then 0 # f > 0 = u > 0. In Section 2 we
will relax the required notion of closeness: it will be enough that the two-
dimensional domain has a curvature close to a constant in C%“ and no more
in C2.

Our results are restricted to two dimensions, because we will work with
conformal maps: in R? the conformal maps are the holomorphic functions
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with non-zero derivative in C and we can use a suitable bjiective conformal
function that maps the domain €2 onto a unitary disk. In R", with n # 2,
the conformal functions map balls onto another ball, it means we can’t find
any bjiective conformal function from €2 onto a unitary ball.

1.2 Steklov boundary eigenvalue problems

Elliptic problems with parameters in the boundary conditions are called
Steklov problems from their first appearance in [64]. The system

Ay=g in 2, 9
{u:Au—(l—U)/{ul,zo on 0f2 (2)
is interesting for its physical applications: when € is a planar domain with
smooth boundary, describes the deformation of a linear elastic supported
plate Q under the action of a vertical load g = g(x) is described by , where
Kk is the curvature of its boundary and ¢ € (—1,1/2) is the Poisson ratio,
a measure for the transversal expansion or contraction when the material is
under the load of an external force. The Poisson ratio is given by the negative
transverse strain divided by the axial strain in the direction of the stretching
force. We refer to [51], [69] for more details. There are some materials (see
[51]) which have a negative Poisson ratio. This problem is connected to the
eigenvalue problem

A?u =0 in Q, 3)
u=Au—9d0u=0 on JN.

Moreover, as pointed out by [49], the least positive eigenvalue d; of (3 is the
sharp constant for a priori estimates for the Laplace equation

Av=0 1in €,
v=g on 0,

where g € L*(9).

The boundary conditions of are in some sense intermediate between
Dirichlet conditions (corresponding to 6 = —oc) and Navier conditions (cor-
responding to § = 0). Berchio, Gazzola, Mitidieri in [§] had shown that, for
suitable values of 9, enjoys of the positivity preserving property.

In Section |3| we will study some Steklov problems of second and fourth
order.
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1.3 Semilinear biharmonic eigenvalue problems with
exponential growth

For many years nonlinear second order elliptic problems have been studied
in bounded and unbounded domains, looking for existence and multiplicity
of solutions, using many different techniques, like variational and topological
methods.

The Gelfand problem

—Au = Xe* in (),
{ u=20 on 0f), (4)

where () is a bounded smooth domain in R™ and A a nonnegative parameter,
was first considered in 1853 by Liouville in [53] for the case n = 1, then by
Bratu in [14] for n = 2 and by Gelfand in [34] for n > 1. For this reason is
also known as Liouville-Gelfand problem and as Bratu-Gelfand problem.

It has been deeply studied for its applications, like in the Chandrasekhar
model for the expansion of the universe (see [18]), or for the connection with
combustion problem, for example with the quasilinear parabolic problem of
the solid fuel ignition model

uy = Au 4 A1 — gu)me®/0+ew) = in Q (5)
u=20 on 0f2.

Equation describes the thermal reaction process in a combustible non-
deformable material of constant density during the ignition period, where u
is the temperature, 1/¢ is the activation energy, A is the Frank-Kamenetskii
parameter, a parameter determined by the reactivity of the reactants. The
system answers to the question to model a combustible medium placed in a
vessel whose walls are mantained at a fixed temperature, see [29]. Nontrivial
solutions of arise as steady-state solutions of , with the approximation
e L

Problem (4) may have both unbounded (singular) and bounded (regular)
solutions ([16, [30]) and from the works [15] 23] we know, there exists a A\* > 0
such that for A\ > A\* there is not any solution of (4f) and for 0 < A\ < A* there
exists a minimal regular solution U, for and the map A +— U, is smooth
and increasing.

The study of fourth order equations has often a physical application, as
it is explained in [59]: they can model cellular flows, water waves driven by
gravity and capillarity or travelling waves in suspension bridges.
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In order to gain a better comprehension of the behaviour of fourth order
equations, we study the problem

A?u = Xe* in B, (6)
U= g—z =0 on 0B;

here B denotes the unit ball in R™ (n > 5) centered at the origin and a%
the differentiation with respect to the exterior unit normal, i.e. the radial
direction. A > 0 is a parameter.

In particular, we will characterize the behaviour of critical solution of (@
near the origin, extending the results obtained by Arioli, Gazzola, Grunau,
Mitidieri (J6]), using techniques of Ferrero, Grunau ([27]).

Simultaneously and independently Davila, Dupagne, Guerra, Montenegro
obtained quite similar results by different techniques, in [21].

1.4 Acknowledgment
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patience, time and support they offered to me, in order to pursue this goal.
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should be.

I am grateful to all of those whom I have had the pleasure work with or
only know, during my time spent for my Ph.D., in particular to Marco, the
other colleagues and all the friends that have made my days so nice.

Nobody has been more important to me than my parents and my sister,
whose attachment and support are with me in whatever I pursue. Thank
you to be here.
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2 Positivity in perturbations of the two di-
mensional disk

2.1 Introduction

We are looking for positivity preserving property for the polyharmonic op-
erator of arbitrary order under homogeneous Dirichlet boundary conditions
on domains Q C R%:

{ (—A)™u=f inQ,

%u:O on 0f), 0<j<m-—1.

We ask, which condition do we have to impose on the domain €2, such
that nonnegativity of the right-hand side 0 £ f > 0 implies a positivity of
the solution wu.

The analogous problem with the Laplacian operator is solved by the
strong maximum principle, if the boundary of € is sufficiently smooth.

Looking at the past works, we can find that Boggio [13] in 1905 deter-
mined explicitly the Green function G, ,, for (—A)™ on the unit ball B C R”
and proved the positivity Gy, ,(z,y) > 0 for z,y € B, x # y. Some years ago,
a work of Grunau and Sweers [42] gave conditions for regularity and close-
ness of the two-dimensional domain for polyharmonic operators, such that
the positivity preserving property holds. In particular, 2 has to be close to
a circle. Here, we will improve their results, showing that the property holds
also for domains that differ a bit more from B. In the first subsection of this
work is demonstrated the existence of a biholomorphic function h from B
to Q, while closeness of 2 to B implies closeness of the map to the identity.
In the second subsection we will pull back the differential operator (—A)™
from 2 to B using h. We obtain a new operator, whose principal part is
polyharmonic, such that we can involve results that ensure the positivity of
the solution for such an operator on the disk.

2.2 Perturbation of the domain
In order to estimate the regularity of a domain we recall the following defi-
nition of [35, section 6.2]:

Definition 2.1 A bounded domain 2 C R™ and its boundary are of class
C™Y, 0 <~ <1, if at each point xy € ON) there is a ball By = B(xy) and a
one-to-one mapping Y of By onto D C R™ such that:

10
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i) Y(ByNQ) CRY;
i) ¥(By N osY) C ORY;
i) ¥ € C™7(By), w1 € C™(D).
Here we will explain the meaning of €2 close to a ball:

Definition 2.2 Let ¢ > 0. We call Q e-close in C™7-sense to 0, if there
exists a C™7 mapping g : O* — € such that g (Q*) =Q and

lg = Ldllgma (@r) < &
We are now ready to introduce our first result:

Theorem 2.3 Let 6 be given. Then there is some €y = €o(0,m) > 0 such
that for e € [0,eq9) we have the following:

If the C"™7 domain ) is e-close in C™7-sense to B, then there is a
biholomorphic mapping h : B — Q, h € C™(B),h~!t € C™(Q) with
I = Tdl oy < 6.

Comparing this result with the analogous one by Grunau and Sweers [40],
we gain an order of derivative in the estimate for h — Id. There are some
similar results also in [60] [62].

In order to build the function h, we introduce the following lemma:

Lemma 2.4 Let Q) be a domain -close to a disk B in C™7-sense. Let g be
a map satisfying g : B — O, with ||g — Id||gmom) < €, and let o1(z) = log |z]
on the boundary of 2.

Then there exists a function ¢ € C™7(B) such that p = ¢, 0g on OB
and [|@l|gma(m) < O(e).

Proof: Let
0l0) = or(gleost,sind)),  Gile) = o (\g () D .

So 1, takes the values of ¢, from the boundary of €2 to the boundary of B
and 1); is the radial extension of these values in the interior of B. Namely
if we evaluate the function v;(x) when = := f(6) = (cos(f),sin(0)), that is
when x € 0B:

bile) = élog(gf(ﬁ)ﬂ% |)>

log (g%(cos(@), sin(d)) + 92(008(49), sin(@))) = 1p(0).

11
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Notice that 1; is not defined in the origin and has not a compact support.
For these reasons we choose a function ¢, such that

1 3 <zl <2,
@2 € CO(R?), pa(x) =2 0 |z < 5, |z] > 4,
0 <y <1 otherwise.

Define
P(x) = p2(x)ti(x).
It is the aimed function: on 0B is ¢ = p;0g¢, in Biis¢ =0and¢ € C™(B).
Then, the norm

olenss) = 1l ()
m J ag@ 8m¢
< A A —k + [——] (7
<jz—; (k;z; Orkogi—k 0;Q Origgm= ¥ Q

with polar coordinates (r, f) and a suitable constant C';. Because of ¢ = @o1;,
the regularity of ¢, and all the derivatives of v; with respect to r being zero,

we obtain
i< c. (z ) |
=0 co(Q)

again with a suitable constant C5. Because of the radial indipendence of 1,

then

i i (@ &y
07 ) = g (m) = 0 )
Let g(0) := g(f(0)) = g(cos(#),sin(0)); then

(2) 0 = (&) @od
J |a|

- Z ((D&§01> o g) Z dj,&,ﬁH (%)pl g(ﬁz) 7

|@‘:1 P1+'“+P|d‘:j =1
1<p;

074,
069

"1
oo™

() '

12
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with some suitable coefficients d; 55, 6 =1forl =1,...,a; and 5 = 2 for
l=oa1+1,...,|d| Let go(6) := Id(f(0)). We observe first that

19 = Gollcroqozmy = sup [§(0) = go(0)] + sup [g'(6) — Go(0)]

0€l0,27] 0€[0,27]

< sup |g(f(0)) — 1d(f(9))]
0€l0,27]
+sup sup |0y, (g(f(0)))fi(0) — O, (1d(f(6)))f:(0))]

i=1,2 6€[0,27]

< sup|g(z) — Id(z)|

zeB

7 +sup sup |0 (g(x) — Ld(x))fi(0)|

i=1,2 2zeB
0€(0,27]

sup |g(z) — Id(z)| + sup sup |0,,(g(z) — Id(z))|
z€B i=1,2 2B

= llg = Idllcrom) < Ofe).

IN

And further:
d\’ J ) q )
(@) vy = Y ((D%1) 0§ — (D%e1) 0 o + (D%e1) © o)

|&|=1

< S ﬁ AN e (AN
serlii\ag) * @) P

P1+~“+P|a‘:j
1<p;

d D ~
(&)%)

Observing that ¢1(go(0)) = log|(cos(6),sin(d))| = 0, then all derivatives of
©1(go(0)) are zero. It remains to study

d Pl~ d pl~
<@> g(ﬁl)—(@) géﬁz) (8)

— —

(Da%) °0g— (Da%) ° go- 9)

and

13
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Because of the sufficient regularity of ¢y, it is much easier to estimate @ in

the norm || . [[cro(po,24]), than in || . {[co(jo,24)):
[(D%1) 0§ — (D¥¢1) o §0H01,0([0,2ﬂ)
= sup [(D%:1) o0 g(8) — (D%1) o Go(6)| (10)
0€[0,27]
+ sup |[(D%1) 0 g(0) — (D%) ogo(e)}". (11)
0€[0,27]

The equation ¢ (z) = log(|z|) implies

pi+a <C DaHa <C
S apax, DT @l < s e, [DTen(@)] < Oy
z¢B1_.(0) z¢B1_.(0)

with suitable constants C3 and C4. Then

[I0) < sup max [D%(z)| sup |§(0) — Go(0)]

811651 5 0) 0€[0,27]
< Cs sup [§(0) — go(9)| < O(e); (12)
0€[0,27]
2
@) = sup |D (9, D)0 §(0) - Gi(0)
0el0,2n] |25
—(02,D%01) 0 Go(0) - G (0))] - (13)

We subtract and add 27, [((9., D%p1) 0 §(6)) - Gh; ()] to and recall that
196(0)| = [(=sin(0), cos(0))[ = 1:

2

> {(0.D%1) 2 3(6) - [3(0) — Go(O)];

=1

(13) = sup

0€[0,27]

= [(02,D%p1) © §o(0) — (02, D%p1) © G(0)] - 50;(0) }

< sup max |[D* ()| sup |[g(8) — Go(0)]'
|aj=1 "1+ 0€0,27]
@B _(0)
+sup  max |D*p(2)| sup [[g(8) — Go(8)]]
[@|=2 “EB1+(0) 0€l0,2n]
2¢B)_.(0)
< Cs sup |[[g(0) — go(0))'] + Ca sup [[g(0) — Go(0)]]
0€[0,27] 0€[0,27]
< C30(e) + C10(e) < Ofe). (14)

14
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So, combining and , we have
[(D%p) 0 g — (D*¢) © Gollcr.0(0.24)y < O(E).

It rest to evaluate (8) with respect to the norm || - ||co (0,27

&) 0

< max |D* (g(x) — Id(z)) |
€0 ([0,27]) faiom

g D (9(0) - Td)
lal=m
=D (g(y) — Ld(y)) |- (15)

The maximum, estimated only for elements on the boundary of B is smaller
than the maximum evaluated on B, so

< llg = Idllgm(m) < Ofe).

Now we can proceed with:
Proof of Theorem According to [22], 66], the holomorphic mapping h,
which has the desired qualitative properties, may be constructed in the fol-
lowing way. By Lemma there is a function ¢ such that

1@llcma@) < O(e)-

We know, there exists a solution r for the problem

Ar =20 x € B,
r(z) =¢(x) z€dB

and in view of [35] Corollary 6.7, Paragraph 6.4] we obtain the estimation
|7 (@) || gma @) < O(€). Let G(x,0) be the Green function for —A in B under
homogeneous Dirichlet condition, it means

G(,0) = 5 (log || — r(x)

and set

w(z) :=27G(x,0).
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Then we define the harmonic conjugated function of w

)= [ (—a%w(o s + gwl®) d@) ,

D=

where the integral is taken with respect to any curve from 3 to x in @\ {0}.
The integral is well defined up to multiples of 27 and we can define

h—l (I) — e—w(z)—iw*(m) :

such that its inverse is the function that satisfies Theorem 2.3t A~! is holo-

morphic, A7'() C B. One finds that 27'(0) = 0, h7' (1) € Ry and if
r € 09, then |h~'(z)| = |e7™ @) = 1, it means that h~'(09) = 0B, for
r e Q\ {0}, w(z) >0, |h~!(x)| <1 and then h~}(Q) C B. O

2.3 Pull back of the operator

The purpose of this subsection is to find a property that ensures the positivity
preserving property for the problem

{(—A) w=f inQ,

u=20 on 0f2, 0<j<m-—1. (16)

ovI

In Theorem we have seen, if {2 is sufficiently close to the unit ball B, then

there is a biholomorphic function h that maps B on 2. We can use h to pull

back the polyharmonic operator from 2 to the ball, where we know that the

positivity preserving property applies. We will see in details what happens.

By Theoremlet h:B—Q, h:(&,8) v~ (21,29), h € C™(B). We
compose both parts of the first equation of with h:

(=A)"™u)oh = foh on B, (17)

where A is the Laplacian with respect to © = (x1,z5). Let us denote by
A* the Laplacian with respect to z = & + i&; = (&1, &2), such that we can
identify the real and the complex variables z € C; let v := (v o h) and A/
the complex derivative of h. The Laplacian in complex coordinates can be
rewritten as

0 0

Af=4——.
0z 0z

16
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Let g be a twice continuously differentiable function, g : C — R;

o 1(a .0

527 = 5(7&—2@)9’

o 1[0 .9

5z 5(@*@)
09 _ %Ki_ii) (iﬂi)}
0z 0z 4 |\ 0& 0&s 0& &,

_ i(i L9 )_ii(a L9 )
o6 \oe” " og,7) T 'oe, \ o T "og,
9\’ 9\’
= (= = Ag.
(5) o+ (56) +=
We see that if equation holds in B then

A*(woh) = A% = [(Au)oh][K’;
A*(uoh) = (Au)oh;

foh = (Ih’l2A> (UOh)_(Ih’PA) v

We turn our attention to the operator ( | h,|2A >

E

Lemma 2.5 Let h be a holomorphic function and let v be a function in
C*™(B), then the operator
-1 m
(7F2) @

contains no deriwatives of h of order larger than m. Here h' denotes the
complex derivative of h.

Proof. We identify C with R? and denote z = & + &, for (£1,&) € R%
We proceed by induction: obviously the claim holds for m = 1. In order
to show the underlying idea how to exploit A being holomorphic, we first
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treat the case m = 2:

—1 \? —4 1
el vo= 25 0:0s || s A v
|| || ||

4 1 1V1

- A g -—

T [(a 8=Av) —— e + (8.A0) (a;h/) -
0z

w(0:00) (0.5 ) &+ o (o) (07

1 1 ) h// h// | I/|2
= W [WA v—4 h/h/ (9 Av — W&ZAU—F |h/|4 Av| .

Now, we suppose that our hypothesis is true for some m > 2.

1 \" LI S
(_WI?A) o= (0" DD Fa (AR, REETR, W)

B1,82=1
x 9 9% v, (18)

(m) (m)
where F 5,5,= F g8, (M5 M1k, C1y - -+, Gmy1—) 18 @ smooth function of

both h and h derivatives except for b’ = 0 and with 31, B2 < m. Then we



2 POSITIVITY IN PERTURBATIONS OF THE DISK 19

show that the is also true replacing m by m + 1:

(r;'\12A)mH” =0 () KrhlfPA)m”]

(=n)m* | (m=p+1).  TemT) T
- |h”2 0.0z Z FﬁlﬁQ(h h h : ""’h)
B1,82=1
x@fl(?f%]
m (m)
:4(_1)m+laz Z 0 Fﬁlﬂth B2+2) 4. a FﬁlﬁQ h//
|h/’2 B Bl a<1 a<m+1 —f2
= (m)
x0D0Pv+ | Y Fag 00020; v] }
B1,62=1
m+1 B2 8( m)
—(—1)m =g I 5162 1 i35k | 951 9Py,
112 7% z Yz
|h | 51 Be=1 = agk
Z F,Bl,B2 m+1 h/ h(m~+1= ’62 . h/) 8[31(952&@]}
B1,62=1
4 m
_ m—+1
= (=1) T { > [A+B+C+D]},
B1,82=1
where
m~+1—061 m+1—/02
-\ x X s i k>) oo,
j=1 k=1
m — (m)
B — +i % oF B182 ) (m+3—Ba—k) | HPrt19P2,,
= a(k z z )
m — (m)
C = +i Mo F 818o h(m+3—01—7) aﬁla§2+1v
j=1 onj £ 7

(m)
D= (Fﬂlﬁb) a§1+la§2+lv'

(m)
Note that every F g5, and its derivatives contain derivatives of h (re-
spectively h) of order at most m — (31 + 1 (resp. m — 35+ 1). The derivatives
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(m) - |
of F g5, are multiplied by h(m+3-52=F) and/or h(m+3=F1=3) o the highest

derivatives of h and h have order m + 1. O

We report here a result obtained by Grunau and Sweers, [42] Theorem
5.1], which we will involve in proving our main result:
Let 7 > 1 and B the unit ball in R™. Consider the equation

{ (A" + ADu=f inB,

D,,u=0 on 0B, (19)

where

"4 = Z aa(x)Da7 Dmu - (‘Dku)kEN”,|k|§m—l

|a|<2m

and a, € C(B). The operator A is a lower order perturbation of (—A)™.

Lemma 2.6 There exists ¢ > 0 such that, if ||aa|| < €0 for all o with
la| < 2m, then the following holds.

i) For all f € LP(B) there exists a solution u € W?*™?(B) N W,"P(B) of
(19)-

ii) Moreover, if f € LP(B) and 0 Z f > 0 in B, then the solution of
satisfies u > 0 in B.

Now we can introduce our main result:

Theorem 2.7 Let m > 2,0 < < 1. Then there is some €y = €o(m,y) > 0
such that for 0 < € < gg, the following holds:

If the domain Q C R? is C™Y — smooth and e-close to the disk in C™" -
sense and f € C*(Q), 0 £ f > 0, then the uniquely determined solution

ue C™(Q) of

{ (~A)"u=f inQ,

%u:o on 0X, 0<7j<m-—1

15 strictly positive.

Proof: The existence and unicity of the solution of this problem has been
proved by Agmon, Douglas and Nirenberg, [2, Section 8], cfr. also [35].
Theorem [2.3| ensures the existence of a sufficient regular and close to identity

20
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map h, that we can use to pull back (—A)™ to the unit disk. Here the
differential operator becomes

1 m
(_WA) v

and contains derivatives of order no more than m of h and h, that are next
to disappear. So we can apply Theorem in the case n = 2 and obtain the
positivity of the solution. O

Theorems [2.3] use Definition [2.2] of e-closeness. It needs the knowl-
edge of a sufficient regular map g (W) = Q, that is a quite unconfortable
requireness. It is easier and more natural to define the closeness only with
the boundaries:

Lemma 2.8 Let 9 be given by the curve: o : R — R2%, o 27—periodic,
a € O™, with ||a(t) — (cos(t),sin(t))||cma(o2+) < €. Then § is E-close to
B1(0) in C™7-sense, where € = £(g,m) = O(|¢]).

Proof: Let (x1,x29) = (pcos(p), psin(p)) € B1(0); we set

g : (pcos(p), psin(p)) — (par(p), paa(p)).

Its differential is

-

So we obtain

L [ pcos(p) psin(p)
) p < —sin(p)  cos(yp) )
o (p)sin(p)  ai(p)sin(p) + o) () cos(y) )20>
ay(p) sin(p)  az(p)sin(p) + az(p) cos(p)

g_z = an(p) cos(ip) — o (¢p) sin(e)

= (cos(p) + O(e)) cos(p) + (sin(p) + O(e)) sin(p) = 1 + O(e).

That is

21
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Calculating the second derivatives we obtain

99  _ (0 (aq(p) —«a
Do = <o<%w»—a
L ( peos(o) psin()
p( ) )
sin?(¢p

o ( Siﬂz(sog

We observe, the second derivatives have a discontinuity in the point (0, 0).
In order to solve this problem of regularity in a neighborhood of the origin,
we define a cut-off function ¢ € C* with

) —sin(yp) cos(p)(az(p) + a5 (p))

Y(e) =0 2| <,
0<9() <1 §<|2[ <y,
Yr)=1 |z > 3

g9(x) ] > 3,
g(z) == q g(x)¥(z) +2(1 —¥(z)) |711 ‘S !xl\ <3

We shall now prove that § has the desired properties. On Q \ B 1 (0)

gra,_ PGl )
ax{daxéz o 890{1895%2 o p\j\—ll“bf(go)7 ( )
where
l5]
Nj(@) => Vh,i,j(QD)Uh,i,j(W)a

h=0
niil®) = () (@1(p) ~ cos), ax() —sin());.
Ti#) = 5 nugelcos(o) (sine) .

k1+ko=|jl
kq,ky>0

with some suitable coefficients Criir We imposed

|a(p) — (cos(p), sin(p)) |ema(o.2) < O(e).

(
Emw+wwy—mwMMme+ww»)

22
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So for every 7, such that |j| < m we have

(%) (a1(p) — cos(p), az(p) — sin(p)) < O(¢)

and then (21)) < O(g). We consider only the Holder seminorm of the highest
order derivative, because lower order derivatives are more regular. If we set

w := p1(cos(¢1),sin(pq)) and z := pa(cos(p2),sin(ps)), then

3”'(57—1601-( ) — 3”‘(5—111)1-( )‘

- 8:}0{1 ax;é 6:):{1 6122
[9 - ]d]m, O\B1(0) = sup
PR jg1=m jw— z[
w,z€Q\B 1 (0)
2

s (1) = i (p2)
= sup

lil=m |w - Z|A’
w,2€Q\B { (0)
2

(22)

Applying the notation of , we add and subtract to the numerator the

23
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quantity #/@(gpg):

——t <u;~(901) - u;-(%)) ‘

22) <  sup ‘ &

l7]=m
w,z€Q\B 1 (0)
2

‘(; 1
ot !

w27

) M;(%)

+  sup

l7]=m
w,z€Q\B 1 (0)
2

jw — z[7

IN

IN

14

— hZ—O [Vh,ij(épl) (Uh,i,j‘(‘:pl)

P1

- Uh,i,f(SO?))} ‘

sup
|7|=m
w,z€Q\B 1 (0)
2

w27

I

71n om—T 230 [(Vh,z'j(wl)
+ sup

- Vh,i,j(%))ah,ij(%)] |

lj]=m lw — 2|7

w,2€2\B 1 (0)
2
1 1
(p{”’l p;’“l> ,uj(tpz)‘

jw — 2|7

+ sup

li|=m
w,z€Q\B1 (0)

2

h,i,j‘(@?)) | ]

sup
|7|=m

w,z€Q\B 1 (0)
2

|1
1 ‘ 4, 901)
-1 Z [‘ Vi j(#1 | T w —
h=0

z|Y

l41
1 Z Vhij\¥ i7(p2)

lil= pl lw — Z|’y

w zeﬂ\Bl h=0
2

1 1
pm—l m 1
+ sup !
li|=m |U1
w,2€Q\B 1 (0)
2

o GOl

(23)

(24)

(25)

Studying term by term , and , we can show that they are all
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sufficiently small:

sup  |v,.7(¢1) |
w,zElJS'L;én% (0)

m—1
[7]=m 1Y
w,2€Q\B 1 (0)
2

1]
< sup ! Z[
h=0

N

<om-1 <0(e)
eC'>
g, .= — 0, .=
% sup ‘ h,z,](gol) h,i,j (@2) ‘ < 0(5)7
jil=m lw — 2|7
w,2€Q\B 1 (0)
N ? >
<Cs
€Cco
] a N
1 vV, .= — UV, .=
" S Sup — Sup | h,i,j (801) — }1:;17](802) |
lil=m { lj|=m lw — 2|
w,z€Q\B 1 (0) w,z€Q\B 1 (0)
<om-1 <0e)
eC™>
—
x sup o5 (p2) | | < Ofe),
w,ze‘g\751 (0)
NS ? 7
<€6
eC>
—_——
1 1 .
1 eCc
Tt —_——
@) <  sup sup | pz(p2) | < O(e).
lsl=m jw— 2] lil=m
w,z€Q\B 1 (0) w,z€Q\B 1 (0)
8; TV

<O(e)

It means, < O(g). On A := {z: 1 <|z| <3} we have the same esti-
mate, multiplied with another constant:

g — Id||cm~(a)

lg -9+ Id- (1 —) = Id]|cmaa)
(g — Id) - Y|l cmariay < O(e).

Finally, g on B%(O) is the Id, so

||§ — ]d”c’m,’Y(B%(O)) =0.
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3 Steklov boundary value problems

3.1 Introduction

Let Q C R™ (n > 2) be a bounded domain with 992 € C?, let d,6 € R and
consider the linear problems

—Au=f in €2, Au=g in ,
(P2) {uy—du:() on 0f) , (P4) {u:Au—(SuV:O on 0 ,

where u, denotes the outer normal derivative of u on 9Q and f,g € L*(Q).
If d = 0, then (P2) becomes a Neumann problem.

By solution of (P2) and (P4) we mean, respectively, a function u € H'(Q)
and u € H> N H}(Q) such that

/Vqudyc—d/ uvdS+/fvdx for all v € H'(Q)
Q o9 Q
and

/AuAvdx:5/ uyvde—l—/gvdm for all v € H*> N Hy(Q).
Q o9 Q

We obtain these formulations by multiplying the first equation of (P2) by a
function v € H*(2) and integrating by parts on :

/fvdm = /—Auvdm:—/ uyvdS—F/Vquda:
Q Q o9 Q

= —/ duvdS+/Vqudx.
a0 Q

In the same way, multiplying by v € H* N H{(f2), problem (P4) becomes

/gvdx:/Azuvdx:/VAqudx:/ Auv,,dS—/AuAvd:v.
Q Q Q 80 Q

A crucial role in the solvability of (P2) and (P4) is played by the eigen-
value problems

Au=0 in €2, A%y =0 in €2,
(£2) {uy—du:() on 02 , (£4) {u:Au—éuyzo on 0f) .

We say that d (resp. d) is an eigenvalue of (E2) (resp. (F4)) if the problem
admits nontrivial solutions u # 0, the corresponding eigenfunctions.
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In the following subsection we will study (E2), (E4), (P2) and (P4) in
one dimension: when do these problems admit solutions and their equations.
In the second and third subsections we will describe the spectrum of (E2)
and (£4) in a general domain and in the case of 2 equal to the unit ball B.
In the fourth subsection we will report a result of existence of solution for
problem (P4) when § is equal to an eigenvalue. In the fifth we introduce a
nonlinearity in (P2) and (P4), we will see, there are infinitely many solutions
in this case.

3.2 The one-dimensional case

Dimension 1 is a special case with particular properties. Namely,
Proposition 3.1 System (E2) becomes
u'(z) = 0 on (—1,1),
u'(=1) = —du(-1), (26)
w(1) = du(1)
and it admaits nontrivial solutions only for the two eigenvalues d; = 0 and

dy = 1 with eigenfunctions respectively ¢1(x) = b, for any b € R and po(z) =
ax, for any a € R.
Proof: From u”(xz) = 0 it follows that the solution u is a polynomial of

first order u(x) = ax + b. Consequently the boundary conditions of
become

a = da — db, that i 1—d d a) (0
a = da + db, Al 1-d —d b )~ VLo )

The system admits nontrivial solution only for the eigenvalues, that are d; =
0 and dy = 1. Substituting these values in the boundary conditions, it is easy
to obtain the eigenfunctions. a

Proposition 3.2 System (E4) becomes

uP(x) = 0 on (—1,1),
u'(—1) = —=du(-1),

u’(1) = du'(1), (27)
u(—=1) = 0,

u(l) = 0

and it admits nontrivial solution only for the two eigenvalues 6, =1, dy = 3

with eigenfunction respectively 11 (x) = bx® — b, for any b € R and ¢y(x) =

ax® — ax, for any a € R.

27
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Proof From u®(z) = 0 it follows that the solution u is a polynomial of
the third grade u(x) = az® + bx? + cx + d.
Consequently the boundary conditions of become

—6a + 2b = —3da + 20b — dc,
6a + 2b = 3da+ 20b+ dc,
—a+b—c+d = 0,
a+b+c+d = 0,
that is

—6+30 2—20 6 0 a 0

6—-30 2—20 =0 O b 0
-1 1 -1 1 c a 0 (28)

1 1 11 d 0

The system has nontrivial solutions if §; = 1 or d, = 3. Solving with 4,
we determine the eigenfunctions v (z) = bz? — b for any b € R. In case of
dy = 3, we obtain the eigenfunctions ¥ (z) = ax® — ax for any a € R. a

In the one dimensional case, (P2) and (P4) become

u® =g on (—1,1),

—u" = f on (—1,1), u(—1) =0,
(ODE2){ —u/(~1) —du(-1) =0, (ODE4){ (1) =0,
(1) — du(l) = 0; u’(—=1) + du'(—1) =0,

u’(1) —ou/(1) = 0.
The second order system has the following property:
Proposition 3.3 Let f € L*([-1,1]).
a) If d & {0,1}, then for every f problem (ODE2) admits a unique solu-
tion given by
(L =d—dz) ', |f@O) = d [', () dr] at
2d> —d

—/j _tl f(r)dr dt. (29)

u(z) =

b) If d =0, then (ODE2) admits solutions if and only if

[ swa=o

28
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in such case there are infinitely many solutions given by
T t
u(:v):—/ f(r)ydrdt+C, (CeR).
—1J-1
c) If d =1, then (ODE?2) admits solutions if and only if

/1 tf(T)det: 1f(t)dt
—1J-1 -1

in such case there are infinitely many solutions given by
T t
u(m):—/ f(r)ydrdt—Cz, (CeR).
—1J-1
Proof. We assume that u solves (ODE2). System (ODE2) implies

u'(r) = /f )dt +u'(— /f t)dt —u(—1)d,

u(r) = —/1 » f(r)ydrdt+u(—1)(1 —d — dx). (30)
On the boundary we obtain
u'(1) = _/1f(t> dt — du(—1), (31)
u(l) = —/_1 3 f(r)drdt +u(—1)(1 — 2d).
Imposing
0 = 4/(1) — du(1)
then
O:/1 (f(t)—d/lf(T)dT) dt +u(—1)(2d — 2d%). (32)

a) In case of d ¢ {0,1}, we have
S (e = ft riryar)
2d? — 2d

Substituting this value in (30)) we obtain (29) and indeed, this gives a
solution of (ODE?2).

u(—1) =



3 STEKLOV BOUNDARY VALUE PROBLEMS
b) If d = 0, then v/(—1) = u/(1) =0, so becomes

/ 1 Fydt =0 (33)

and there is no condition on u(—1). Hence we have solutions if and

only if is satisfied and there for any C' € R
T t
u(z) = —/ / f(r)drdt+C.
—1J41

c) If d = 1, condition yields

o= [ (10~ [ sar)a

it means there is no condition on u(—1). Hence becomes

u(r) = — /j » f(r)drdt — zu(—1),

for any u(—1) € R.

Proposition 3.4 Let g € L*([-1,1]).
a) If 6 # {1, 3}, then for every g (ODE4) admits a unique solution given by

ooy = [ [ a@aemaca+ sy

+u'(=1)(1 + ) [1 - g(:v + 1)] : (34)
where
JL I (2ot + S (d9(n) + [, ~09(€) de ) dn) d¢ dny
W"(=1) = —5 s ,
ey — A O+ L oatn) + 7 (39— 5) 9(6) de)dnjdd dy

(6 —1)(6 =3)

30
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b) If 6 =1, then (ODE4) admits solutions if and only if

/1/1< /1 (n)dn) dCdy =0

and the solutions are as in , where

=——/1/1/1/1 ) dé dn dc dy

and u'(—1) is arbitrary.
c) If 6 = 3, then (ODFE4) admits solutions if and only if

/11 /j [Q(C) +/C (—39(77) +/i 39(¢) dé) dn} d¢dy =0 (35)

and the solutions are as in (34) where u'(—1) is arbitrary and

:__/1/1/1/1 €)de dn d¢ dy + 3u/(—1).

Proof.: We assume that u solves (ODFE4). System (ODFE4) implies
@) = [ gty -,
W(z) = / / O)de dy + " (=1)(z + 1) + u"(—1),
—1J-1

u'(x) = /// dnd(dfy—i—#(x%—l)z

Yz +1) +d(—1),

u(r) = /_1/_1/_1/_1 ) dé dnd¢ dy + NI( )<£L’+1)3

1)

D 12 (= 1)@ 4 1) + u(—1),

Then on the boundary we obtain that

u’(1) = /1/1 Q) dCdy +2u"(—1) — du'(—1),
u'(1) = / / / n)dnd¢ dy + 2u" (—=1) + (1 — 20)u'(—1),

u(l) = / s / [ s dsdncar + gur -1 + 2 - 280 (-1).
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Since u(1) = 0 and »”(1) — du/(1) = 0, we obtain the system

(2o 253i§§)(“§§i3)

(L@ denicn "
S e+ 69 )dn| d dy
that is not singular if § # {1, 3}.
a) If § # {1, 3}, solving system (36| we obtain
! _1 — 2 —2
(=1 _153//[9 /(( 3)g(n)
[ 500 - ate) de) an] ac
—1
oy _ L =9(Q) + [, (8gm) + [, (=0)g(¢) dc) dn] dC dy
W) = —2542 '
With these choices, u indeed is a solution.
b) If 6 =1, then implies
L ry ¢
[ [ |0+ [ vt an) dcar o, (37
—1J-1 -1
and
wen=-4 [ / / [ soasanicas, (3)
then there is no condition on u'(—1). Hence, we have solutions if and only if

condition is satisfied and there are

T T ascasce - £50

T+ (=1)(1+2) [1 “gle 1)] |

where u”'(—1) as in and u'(—1) free.

¢) If § = 3, (36) yields
1y ¢
s [ s@acamaca
—-1J-1J-1J-1

4" (—1) — 120/ (1)
_ // [ +/ 3g()dn] ac dv.
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So we obtain condition and u"'(—1). O

3.3 The spectrum in general domains

It is known (see [I7, Theorem 3], that the first nontrivial eigenvalue d; =
d1(Q) of problem (E2) is defined by

d,(Q) == inf M with H(Q) = {uEHl(Q)\Hé(Q),/aQu:O}.

weH(Q) / o2
a0

The inverse of its square root dl_l/ ? is the norm of the compact linear operator
H(Q) — L?(09), defined by u +— u|sq. A lower bound for d;(£2) was obtained
by [48], 58] and extended to more dimensional cases by [26].

In order to characterize the other eigenvalues, we seek solutions of (E2)
in the Hilbert space H'(2), endowed with the scalar product

(u,v) ::/ uvdS+/Vqudm. (39)
20 Q

Consider the subspace

Zy:={v e C®Q): Au=0} (40)

and denote by V5 its completion with respect to the scalar product ([39).
Then we have the following:

Proposition 3.5 Assume that Q C R" (n > 2) is an open bounded domain
with C? boundary. Then problem (E2) admits infinitely many (countable)
eigenvalues. The only eigenfunction of one sign is the one corresponding
to the first eigenvalue. The set of the eigenfunctions forms a complete or-
thonormal system in V,. Moreover, the space H'(Q) admits the following
orthogonal decomposition with respect to the scalar product :

H'(Q) = Vo ® Hy ().

Finally, if v € HY(Q) and v = vy + vy with vy € V3 and vy € H}(Q), then vy
and vy are weak solutions of

Avy =0 in Q, d Avy = Av  in €,
v =0 on 0€Y; an V9 =0 on 0f).

33
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Proof:
Let Z; be as in (40]) and define on Z5 the scalar product given by

(1, 0w, :/ wwdS, Yu,v € Zy
o0

and we denote by W5 the completion of Z with respect to this scalar product.
Then V5 is compactly embedded into the space Wj:

HuHW2:/ u2d5g/ u2ds+/\w|2dxzuu\|v2
o0 o0 (9]

and hence any Cauchy sequence in Z; with respect to the norm of V; is a
Cauchy sequence with respect to the norm of Ws. Since V5 is the completion
of Z, with respect to , it follows immediately that V5, C Ws.

More, the embedding is compact. Let u,, — u in V5, so that u,, — v in
H'. Then by trace embedding and compact embedding we obtain w,, — u
in WQ.

We denote by I; : Vo — W,y the embedding Vo € Wy and I : Wy — V)
the continuous linear operator defined by

(Iou,v) = (u,v)w,, Yue Wy Vv e V.

Let Ly : Vo — Vi be the linear operator given by
(Lou,v) :/ uvdS+/Vu~Vvdw, Yu,v € V.
o0 Q

Then L, is an isomorphism and the linear operator K := L;llgfl Vo=V,
is compact. Since for n > 2, V5 is an infinite dimensional Hilbert space and
K is a compact self-adjoint operator with strictly positive eigenvalues, then
V5 admits an orthonormal base of eigenfunctions of K. Moreover, the set
of eigenvalues of K can be ordered in a strictly decreasing sequence {u;}
which converges to zero. It follows, problem (£2) admits an infinite set of
eigenvalues given by d; = ui and the eigenfunctions of (E2)coincide with the
eigenfunctions of K.

Then we prove that if dj is an eigenvalue of (E3) corresponding to a
positive eigenfunction ¢, then dj = d;.
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Suppose that ¢y is an eigenfunction corresponding to the eigenvalue dj.

Then
" / crprdS — / (ex)ver dS
o0 o0
= /Vgok-Vgoldx—l—/Agpkgoldx
; @
= sosoudS—/soAsodﬂs
/m (1) g
= dl/ o1 dS;
o0
so dp = d;.

Let vy € Zy and vy € H}(2), then Av; = 0 in Q and v, = 0 on 99Q; it

implies

(v,v9) = / UlvzdS—i-/Vvl'VUde
80 Q

= / (v1),v2dS — / Avive dx = 0.
a0 Q

Let now v € H'(Q) and consider the problem
Av; =0 in Q, - —A(v; —v) = Av in £,
v =v  on 0§ vy —v=0 on 0.
By applying the Lax-Milgram theorem to the problem on the right hand

side, we find a weak solution v, € H'(Q), i.e. v; € V. Let vy := v — vy, then
vg € H'(Q), (v9) = 0 on the boundary of Q and vy € HJ (). O

For problem (E4) the first eigenvalue d; is

P
51(Q) := inf with — H(Q) := [H* N Hy(Q)]\ HF(Q).

uEH(Q) /
89 v

The norm of the compact linear operator H* N H(2) — L?(99), defined
by u — u,|aq is 0, 12, Moreover, d; has also the following property: given
© € L*(09) and the Laplace equation

{Av:() in Q,

V= on 0, (41)
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by using Fichera’s principle of duality [28], for the solution v of we obtain

0 DvlZ2@) < llellzo0):

where ¢; is the largest possible constant for this inequality, as proved by
Kuttler in [49].

The eigenvalue d; has also a key role in the positivity preserving property
for the biharmonic operator A? under the boundary conditions u = Au —
du, = 0 on 012, as proved in [8, [33]: if § > d;, then the positivity preserving
property fails while it holds when 9§ is in a left neighborhood of 97, possibly
J € (—00,61). We also refer to [50] for several inequalities between the
eigenvalues of (F4) and other eigenvalue problems.

In the case of problem (F4) we endow the Hilbert space H*N Hy () with
the scalar product

(u,v) := / AulAvdz. (42)
Q
Consider the subspace
Zy:={veC®Q): A’u=0, u=0ondQ}

and denote by V, the completion of Z; with respect to the scalar product in
(42)). Then, we recall from [26] the following two theorems:

Proposition 3.6 Assume that Q@ C R™ (n > 2) is an open bounded domain
with C? boundary. Then problem (FE4) admits infinitely many (countabel)
eigenvalues. The only eigenfunction of one sign is the one corresponding to
the first eigenvalue. The set of eigenfunctions forms a complete orthonormal
system in Vjy.

Proposition 3.7 Assume that Q@ C R™ (n > 2) is an open bounded do-
main with C* boundary. Then, the space H? N HE(Q)) admits the following
orthogonal decomposition with respect to the scalar product (@

H*N Hy(Q) = Vi@ H(Q).

Moreover, ifv € H*NH}(Q) and if v = vy +vy is the corresponding orthogonal
decomposition, then vy € Vy and vy € HZ(Y) are the weak solutions of

A%y =0 inQ A%vy =A% in Q)
v =0 on 02 and v9 = 0 on 0f2
(v1)y = v, on ) (v2), =0 on 05 .
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3.4 The spectrum when () is the unit ball

When 2 = B (the unit ball) we may determine explicitly all the eigenvalues
of (E2) and (F4).

To this end, consider the spaces of harmonic homogeneous polynomials,
see [B]:

Dy = {PeC*R"); AP=0inR",
P is an homogeneous polynomial of degree k — 1}.

Also, denote by gy the dimension of Dy. In particular, we have

D, = Span{l}a 1 = L
Dy =span{x;; (i=1,...,n)}, pu=mn,
D3 = span{z;x;; 3 —23; (i,j=1,...,n, i #j, h=2,...,n)},
_ n’4n—2
M3 = —5—
Dy, = span{p(x) = >, =j_; Car® : Ap(x) = 0},

([ n+k-=3 n+k—4
Mk—( b1 >+< 9 )7 (n>2, k=>2)

where a = (o, Q0,...,04), |a = Y0 0, = (X1, 22,...,2,), Cq =
Conomans T8 = 27125 . 28" with a; nonnegative integers.

Harmonic polynomials of different degrees are orthogonal with respect to
scalar product (39): let Hy(z) and H;(z) be homogeneous harmonic polyno-
mials in n variables of degrees k and j respectively with j # k. Let r := ||
and ¢ := 7. It was shown in [5, subsection 9.4] that, using the fact that the

normal derivative on the sphere is in the radial direction

0 0 0 0

(e79)

5y T@lop = o Hi(rE)lopy = 5~ Hi(r€)lop = - (r*Hi(6))] 5
— KHy(€) = kHy() (43)
and from Green’s Theorem follows that
H;H,dS = 0. (44)
oB

So combining and , we obtain for j # k

0B B

- Hj(Hk)l,dS—/HjAdex
0B B

— k| HH,dS=0
oB
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Let us recall how to determine the eigenvalues of the second order Steklov
problem (E2) when Q = B, the unit ball. In radial and angular coordinates
(r,0), equation Ap = 0 becomes

P n—10p 1
— —A =0,
or? + r 8r 0% =

where —Ay denotes the Laplace-Beltrami operator on dB. It is known by [9,
p.160] the following

Lemma 3.8 The Laplace-Beltrami operator —Agy admits a sequence of ei-
genvalues { Ay} having multiplicity py equal to the number of independent
harmonic homogeneous polynomials of degree k — 1. Moreover, A\, = (k —

1)(n+k—3).

We denote by ei (¢ = 1,..., ) the independent eigenfunctions corre-
sponding to Ay such that
/ leb|2dS = 1.
B

This system can be chosen to be orthonormal in L*(0B) and is complete in
this space. Then, to determine the Steklov eigenvalues and eigenfunctions,
one seeks functions ¢ = ¢(r, ) of the kind

o0 Mk

)= > ¢ilre(d)

k=1 (=1

Hence, by differentiating the series, we obtain

=22 (d () + ) - 2l >) k() =0

k=1 ¢=1

Therefore, we must solve the equations

d? n—14d A

dﬂgoi( )+T%<ﬂi( r)— ’;wi( )=0, k=1,2,..., L=1,...,m.

(45)

With the change of variables r = e (¢t < 0), equation becomes a constant
coefficients linear equation. It has two linearly independent solutions, but
one is singular. Hence, up to multiples, the only regular solution of is
given by o (1) = apr*~! because

2—n++/(n—2)2+4\,
2

=k—1.
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Since the boundary condition in (E2) reads “£¢f (1) = dij (1) we immediately

infer that d = k — 1 for some integer k > 1.

By means of the Poisson integral formula we see directly that the nor-
malized harmonic polynomials form a complete orthonormal system in the
space of the harmonic H' functions.

Summarizing, we have

Proposition 3.9 The number d is an eigenvalue of (E2) with corresponding
eigenfunction ¢ if and only if d is a nonnegative integer and ¢ € Dyyq1. In
this case, the multiplicity of d is pg.q-

By [26] the following results are known:

Proposition 3.10 The number 0 is an eigenvalue of (E4) with correspond-
ing eigenfunction v if and only if ¢ defined by P(x) = (1 — |x|*)p(x) is an
eigenfunction of (E2) with d = 5.

By combining Propositions and [3.10], we infer that the eigenvalues of
(E4) are

op=n+2(k-1).

Theorem 3.11 Ifn > 2 and Q) = B, then for all k =1,2,3,...:
i) the eigenvalues of (E4) are 0y =n+2(k —1);
ii) the multiplicity of o equals puy;

i) for all o € Dy, the function ¥y(x) = (1 — |x]*)pr(x) is an eigenfunc-
tion corresponding to Oy.

Theorem 3.12 Ifn > 2 and Q) = B, then for all k =1,2,3,---:
i) the eigenvalues of (E2) are d = (k — 1);
k—1 k—2

15 the dimension of the vector space Dy, of homogeneous polynomials of
degree k — 1;

i) the multiplicity of dj equals py = ( ntk—3 ) + ( ntk—d ), that

iii) all gy € Dy, are eigenfunctions corresponding to dy,.
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Corollary 3.13 Assume that n > 2 and that 2 = B. Assume moreover

that for all k € N the set {pt : £ = 1,...,ux} is a basis of Dy chosen in
such a way that the corresponding functions ¥ := r*=1¢! are orthonormal

with respect to the scalar product (@) Then, for any u € V; there exists a
sequence {at} € (* (k € N; L =1,..., ) such that

S

u(z) = (1 — |z/?) ZZa,igoi(x) for a.e. x € B .

k=1 (=1

3.5 Solvability of linear problems at resonance

Here we will report an interesting result on the existence of solution for
problem (P4). Before, it is helpful to introduce the following theorem, from
[35, p.84, Theorem 5.11] that we will use for the proof:

Theorem 3.14 (Fredholm alternative) Let H be a Hilbert space, T a
compact mapping of H into itself and T* its adjoint. Then there exists a
countable set A C R having no limit points except possibly A = 0, such that

if A#0, X € A the equations
Ar —Tx =y, e =Tz =y (46)

have uniquely determined solutions x € H for every y € H, and the inverse
mappings (A — T)~Y, (A — T*)~" are bounded. If X\ € A, the null spaces of
the mappings A\ =T, \I —='T* have positive finite dimension and the equations
(@ are solvable if and only if y is orthogonal to the null space of \I —T™*
in the first case and NI — T in the other.

Theorem 3.15 Assume that d is an eigenvalue for (E2) and u its eigen-
function. Then problem (P2) is solvable if and only if f satisfies fQ ufdzx.

Proof: We endow the Hilbert space H'(f2) with the scalar product
and decompose system (P2) with the help of two weak solution operators:

Sy s HY(Q) — H(Q),

Sy :w € HY(Q) — v, € H*(Q) : { —Av; +v; =0 in €,

U1, = W on 0,
Gy : L(Q) — H?*(Q),

Gy: f € IX(Q) — H(Q) - {—Av2+vz=f in Q,

Vg, = 0 on 0f),
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Consider U such that

{ —AU =f in Q, (47)

U,=dU on 09;
it means

U, =dU on 0.
Let U € H*(Q) C H'(Q) given; we define

{—AU+U:f+U in O,

vy = dSoU, = {—Au1+v1:0 in €,

vy, = dU on 0€);
o —Avg +vy=f in €,

v i=Gaf, = { Vg, =0 on 0€;
L —Avg + vy = U in Q,

vg =Gl = { v3, =0 on 09;

It follows that

—A(vr +va +v3) + (1 +ve+v3)=f+U inQ,
(U1 + v + Ug),/ =dU on 0f).

If the solution U of (P2) exists, then

U = Ul+U2+U3
= dSoU + Gof + GoU.

It is equivalent to
(I —dS; — Go)U = Gaf;

the operator dS + G : H* — H? — H' is compact, so defining A := I,
Ty = Sy + éGQ and y := éGgf, we obtain a formulation like 1) and we can
use Fredholm alternative.

We are looking for the dual 75 of T5: if we determine it, then there exists
a solution for (P,) if and only if

~lg feN Lo )
?/—d 2 d 2 .
Let v € H'(Q), we define v := Tyv, then

{ —Aﬁ#—@:év in €,

U, =0 on 0f).
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We will see, T, is selfadjoint in H'*:

(Tov,w) = /f}wd:t—l—/Vwawdx
Q Q

= /ﬁwdaz+/ f),,wdS—/wAﬁda:
Q o0 Q

= /17wdx+/ vwdS+/ (lv—f))wdx
Q o0 o \d

1
= /vwdS—i——/vwdx:(v,TQw), Vo, w € H' ()
) d Jo

because of the symmetry in v and w.

Then N (A1 —T3) =N (21 - T5) ={w e H'(Q): —Aw=01in Q, w, =
dw on 02}, that is the eigenspace of d for problem (£2). We need now to
determine the orthogonal complement of N (11 —T3) in H*(Q). Let u €
N (31 — T3) be arbitrary and y := 2G5 f. Then

0 = (u,y):/uyda:—i-/Vu'Vydx
Q Q

/uydx+/ uy,,dS—/uAyd:E:/u(y—Ay)da::l/ufdm.
Q o0 Q Q d Jo

O

Theorem 3.16 Assume that 0 is an eigenvalue for (E4) and u its eigenfunc-
tion. Then, problem (P4) is solvable if and only if g satisfies fQ ugdr = 0.
When Q = B and 6 = n+2(m —1) for some nonnegative integer m, problem
(P4) is solvable if and only if g satisfies [5(1 — |z|*)pmg dz = 0.

Proof: We endow the Hilbert space H%(Q) N HJ(£2) with the scalar prod-
uct (42) and decompose system (P4) with the help of two weak solution
operators:

Sy HY2(0Q) — H*(Q) N Hy (),
A?v; =0 in Q,
Sy :w € HY2(0Q) — vy € HX(Q) N H() : vy =0 on 0,
Avy =w on 08;
Gy: L*(Q) — H* N Hy(Q),
A%y =g in Q,
Gy:9€ L*(Q) — H>N Hy(Q) : Ve =0 on 09,
Avy =0 on 0f).
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It means,

(v, ) = /QA'UlAgodxzo (Ve € H* N Hy(Q)),

If it exists, the solution U of (P4) satisfies
U = 5S4U1/ + G4g
9\
wv - (r-2)

ov
1 o\ 1
= | =1—S4;— —(G4g.
(5 481/) 5
Defining A := %, T, = 5’4% and y := %G4g, we obtain a formulation like

(46).
The operator Ty is compact. We are looking for its dual T} if we deter-
mine it, then there exists a solution for (P4) if and only if

1 1 A\
y:SG4gEN SI—T4 .

Let v € H*(Q) N H}(Q), we define v := Tyv, then

A% =0 in,
v=20 on 0f),
AU =wv, on 0.

We will see, T} is self-adjoint:
(Tyw,w) = (0,w) = / ADAw dx
Q
= /wAQfJ dx +/ w, AV — wAD, dS
Q o0
= / vw, = (v, Tyw), Yo, w € H?(2) N Hy ()
o9
because of the symmetry in v and w.
Then, N (31 —T;) = N (31 —Ty) = {w € H*(Q) N H}(Q) : A%w =

0in Q, w = 0on JN, Aw = dw,}, that is the eigenspace of § for problem
(E4).
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We need now to determine the orthogonal complement of N (61 — T}) in
H?(Q) N H{ (). Let u € N (I — Ty) be arbitrary and y := 1Gyg:

0 = (u,y):/AuAydm:/ uVAy—u(Ay)VdS—I-/uAdex
Q o9 Q

1
= / u=g dx. (48)
Q
In the special case of the ball Q2 = B, then becomes

0= (u,v) = /BAUAU ds = /B(l — |2 pmg dz. (49)

3.6 Nonlinear problems

Now we consider the nonlinear problems

—Au = |[ufP"lu in Q,
(NL2) { Uy, —du =0 on 012,

Ay = |u|T u in Q,
(NL4) { uw=Au—9dou, =0 on Jf.

In order to prove existence results for problems (N L2), (N L4), we will adopt
a version of the mountain pass lemma of [4] and introduce some concepts:

Definition 3.17 Let E a functional on a Banach space V' such that E €
CH(V). A sequence (u,,) in'V is a Palais-Smale sequence for E if |E(uy,)| < c
uniformly in m, while || DE(u,))|| — 0 as m — 0.

The following condition is known as Palais-Smale condition:

Any Palais Smale sequence

(P.5.) has a strongly convergent subsequence.

It plays a fundamental role for the following theorem (see [65, 6.5 Theorem]|)

Theorem 3.18 Suppose V' is an infinite dimensional Banach space and sup-
pose E € CY(V) satisfies (P.S.), E(u) = E(—u) for all u, and E(0) = 0.
Suppose V.=V~ & VT, where V~ is finite dimensional, and assume the
following conditions:
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i) Ja>0,p>0: |lul| =p,ucVt= FEu) >«

ii) For any finite dimensional subspace W C 'V there is R = R(W) such
that E(u) <0 forue W, ||ul| > R.

Then E possesses an unbounded sequence of critical values.

We will apply Theorem |3.18

Theorem 3.19 Assume that 1 < p < ™2 (n > 3). Assume moreover that
d <0 and Q € C*. Then problem (NL2) admits infinitely many solutions.

Proof: Consider the energy functional of problem (N L2):

1 d
:§/Q]Vu]2d:v—§/ u dS——/|u]p+1dx

in the space H'(Q) endowed with the norm

l|u||3 ::/|Vu|2dm+/ lul? dS.
Q o0

This functional is clearly even, that is Jao(u) = Jo(—u), moreover we have
Jo(0) = 0. Let now {uy, tmen € H'(Q) be a Palais-Smale sequence, that is
there exists a constant C' > 0 such that

1
|2 (tm) —‘ /\Vum|2 a:——/ [t | d.S — +1/Q]um|p+ldx

uniformly in m, while

<C

Jo(U) — 0 in (H'())*  as m — oo,

where (H'(2))* is the dual of H'(€). Then
I () [tm] :/ |Vt |* d — d/ [t |* dS — / [P d = o(|[ul|2)
0 29 0

We can prove that {u,, }men is bounded:

(p+1)C +o0(1) + o([lum|l2) = (p+1)J2(um) — Jo(tm)[tm]

—1
— (/ Vi, |* dr — d / |um|2dS)

D -
Tmm{l —d}Humll3 = Cillunll3,

Y
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with C; = 2t min{1, —d}.

It follows, there exists a subsequence {t,, }jen of {1y, fmen and a function
u € H'(Q) such that w,, converges weakly to u in H'(Q2). Moreover, by
compact embedding, weak convergence in H'({2) implies strong convergence
of U, to u in LPT1(Q), that is

/|umj|p+1d:v—>/|u|p+1dx.
Q Q

By [I, Theorem 5.22], we know that the linear trace operator

v HY Q) — LY09Q), 7 :ur ulgg

is a compact map if 2 < g < 2(71"__21), so it follows that
/ |, | dz — lu|? da.
o0 19)

In order to prove that u is a solution of (VL2), we see that
Ty (um, )] = /Vumj -Vgpdaz—d/ umjcpdS—/ \um|p_1umjgod:1:
Q o0 0
— 0, Yo € H'(Q),
and that
J5 () [0] — / Vu-Vedr — d/ up dS —/ lu[P~ uep d
Q 00 0
= JLuly], Ve e H(Q).
Finally,
O1) =0 = Jo(um,) tm,] = J5(u)[u]
_ / (1Yt 2 — |Vul?) da
0
—d/ (Jtm, * — [uf?) dS
20
_/ (|umj|p+1 _ |u|p+1) dr
Q
— / <‘Vumj|2 — \Vu\2) dz + O(1)
0

— 0
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so that [, [Vu, [?de — [, [Vu|* dz which, combined with weak convergence
implies that u,,, converges to u in H 1(Q) strongly, that is the Palais-Smale
condition is satisfied.

We need now to verify properties i) and ii) of Theorem for the func-
tional Jo. First, we define V'~ := {0} and V' = H'(Q).

i) Let Cy :=min {3, -4} and u € H'(Q), such that ||u||> = p; by Sobolev
imbedding (see [35][Corollary 7.11]) there exists a constant C5 > 0 such that
||| Lrt1) < Csllull2. So

1 d
Jo(u) = §/§2]Vu]2da:—§/mu dS——/]u\pHda:

Cp+1
= a5

> Coull - 5

Defining Cy := CE: and 9y (t) := Cot® — CytP™! we see that Jo(u) >
() N

The function 1 (t) attains a positive maximum M = ((pi%@) P ;1) Cy

p—1 202
(p+1)Cy’

2C. o
(p+1)204 and o := M.

ii) Let W be any finite dimensional subspace of H*(Q2) and let u € W,
such that ||ulls = 1. So

<___ p+1
Jo(u) p+1/|u| dx

at ty = so the functional J, satisfies the condition i) for p :=

and

1—d Pt
Jo(tu) < 2= / (P da.

Since W is finite dimensional, there exists

|u]erl dz > 0.
uEWHqu 1

We define Cg := 1751 and ¥y(t) = C'gt2 — CgtP*!) which is negative for

t > (%2) pj. So we obtain that

Ja(t) < va(t) < 0, W>(9)“,
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1

that is Jo(u) < 0 if |Julls > (g—) and i7) follows. 0

Theorem 3.20 Assume that 1 < g < ”*i n > 5). Assume moreover that

§ <0 and Q € C?. Then problem (NL4) admits infinitely many solutions.

Proof.: We consider the energy functional of problem (N L4):

1 0 1
Ju(u ::—/ AUQdZB——/ u,zde——/ u|ttt dx
=g [isaar =3 [ zas— o [

in the space H%(Q) N Hg () endowed with the norm

Jull2 := / Aup do
Q

This functional is clearly even, that is Jy(u) = Jy(—u), moreover we have
J4(0) =0.

Let now {tm, }men C H2(Q) N HY(Q) be a Palais-Smale sequence, that is
there exists a constant C' > 0 such that

1 )
Up)| = |= | [Aup|*de — = Uy |? dS — g

uniformly in m, while

<C

Ji(up) — 0 in (H*(Q)NHL(Q))*  asm — oo,

where (H?*(Q2) N H}(Q))* is the dual of H*(Q2) N Hi(Q)
Then

Ty () [um] = / | Ay, |* do — / |ty |2 dS — / |ty |7 d
= of[[umll4)
We can prove that {u,, }men is bounded:
(¢ +1)C +0(1) + o([lumlls) = (CJ + 1) Ja(um) = Ji () [tn]

= (/ | Aty |*do —§ / ]um,,\2d5')

q—
Tmm{l —0H 3 = Cullumll3,

v

48



3 STEKLOV BOUNDARY VALUE PROBLEMS

with €} = &t min{1, —4}.
It follows, there exist a subsequence {upm, } jen Of {tn, }men and a function
u € H*(2) N Hy(Q) such that u,,, converges weakly to u in H*(Q) N Hj(€):
By compact embedding H2(Q2) in L7(Q) for every ¢ < £, then weak
convergence in H?(§2) implies strong convergence in L7 (Q) of u,, to u, for
n+4
any q < n—a-

Then we can conclude that

/]umj|q+1dx—>/|u|q+1dx.
Q Q

In order to prove that u is a solution of (INL4), we see that

Tl = [ S Apdo =3 [ (un)(e), d

o0N

—/ ]umlq’lumjgo dr — 0, Yo € H*(Q)N Hy (),
)
and that
B o) — [ Buspdo =3 [ wp,ds— [ tupds
Q o9 Q
— Lw)lgl, Ve HAQ) N HY(Q).

Finally,
Tttt ] — o)) = / (18t [2 — | Auf?) da
‘5/39 (It o — [ ?) dS

—/ (Jtom, |7 = |u]?*) doz — 0,
Q

so that [, [Auy, [*de — [, [Aul? dz which, combined with weak convergence
implies that u,,, converges to u in H*(2)NH{(Q) strongly, that is the Palais-
Smale condition is satisfied.

We need now to verify properties i) and ii) of Theorem for the func-
tional J;. First, we define V'~ := {0} and V" = H?(Q) N H}(Q).

i) Let Co := min {3, -2} and u € H*(Q)N H{ (), such that |Julls = p; by
Sobolev imbedding (see [35][Corollary 7.11]) there exists a constant C5 > 0
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such that [Jul|ze+10) < Csllulls. So

1 ) 1
Jy(u) = —/ Au2da:——/ uidS——/uquaz
) = 5 [ 18 5 [
o

2 Callulli - =l I3

Defining Cy := %’j?: and 1 (t) = Cot? — Cyt?™! we see that Jy(u) >
()

The function 1y () attains a positive maximum M = ( (qi(f)?@) o (qgl) Cy

q—1 202
(q+1)Cy?

_ 2C
qg—1 2 .
Gt 1Cs and o := M.

ii) Let W be any finite dimensional subspace of H*(Q2) N H}(Q2) and let
u € W, such that |lu|ls = 1. So

at ty = so the functional J; satisfies the condition i) for p :=

By < =52 = [ ful e
and
]_ tQ+1
Ju(tu) < q+1/|u|q+1d:€

Since W is finite dimensional, there exists

Cs:= inf / |u|™ dz > 0.

UGW,||U||4=1 Q

We define Cp := gr—f)l and 1(t) := Cot? — Cet?™!, which is negative for
1

t > (g—z) qj. So we obtain that
1
CQ g-1
Ja(tu) < aho(t) <0, VEt> (= ,

that is Jy(u) < 0 if |Jul|4 > <C—2> ~ and i) follows. O
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4 Semilinear biharmonic eigenvalue problems
with exponential growth

4.1 Introduction

Let n > 5, B the unit ball centered at the origin and a% the differentiation
with respect to the exterior unit normal, i.e. the radial direction. We will
study in this section the problem

{ A%y = Ne* in B,

u:g—:j:() on 0B; (50)

where A > 0 is a parameter.

In particular, we try to give a partial answer to a question of Lions, who
in [52, Sectiond.2(c)] asked if it is possible to describe the solution set of
semilinear systems; is a special case of the latter.

Some answers were given by Arioli, Gazzola, Grunau, Mitidieri ([6]).
They proved also the existence of a A\* such that if A < A* problem (50))
admits a minimal regular solution U, and not even a weak solution if A > \*.
Moreover, they gave a characterization of the regular and weakly singular ra-
dial solutions, that is the solutions show, in some sense, a limited irregularity
in the center of the domain. We will show in the next subsections, that any
radial singular solution is also weakly singular i.e. that lim, oru/(r) € R
exists.

The section is organized as follows: in the next subsection a precise for-
mulation of our results is given. In subsection system is transformed
into an autonomous system of ordinary differential equations. Subsection
displays properties of regular and weakly singular solutions. In subsection
[4.5] we will use energy functions in order to obtain more information on the
properties of singular radial solutions.

4.2 Definition and main results

Let p fixed, with p > % and p > 2. According to [6] and using [27] as a guide
to solve the problem, we will use the following definitions:

Definition 4.1 We say that uw € L*(B) is a solution of if e* € L'(B)
and

/ uly = )\/ e“v  for allv € W*(B) N Hi(B).
B B
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We say that a solution u of is reqular (resp. singular) if u € L>(B)
(resp. uw & L>=(B) ).

Regular and singular solutions are all possible radial solutions of the problem.
It follows from elliptic regularity that any regular solution of isin C*°(B).

Definition 4.2 We say that a radial singular solution uw = u(r) of is
weakly singular if the limit lil% ru'(r) ezists.

This definition states that weakly singular solutions blow up with a well de-
fined asymptotic behaviour at 0. However, we prove that any radial singular
solution has this specified behaviour:

Theorem 4.3 Any radial singular solution of 1s also weakly singular.

This result was showed also by Davila, Dupagne, Guerra, Montenegro.

We restrict ourselves study to the ball because of for the proof we need
the positivity preserving property of the biharmonic operator, which implies
in particular [I3], that any solution of is positive. This property holds
on balls but fails in general domains.

Finally, we can give an explicit estimate from below for radial singular
solutions and the corresponding singular parameter, using the energy con-
siderations of subsection [.5]

Theorem 4.4 Assume that us is a singular radial solution of with pa-
rameter As. Then A > A\g = 8(n — 2)(n — 4) and near zero the behaviour of
the singular solution is

A
us(x) = —410g|x\+log)\—0+0(1),
Ao
ug(z) > —410g|a:|+log)\—.

As a direct consequence we can draw a conclusion concerning the regularity
of the extremal solution U* € HZ(B), eV" € L'(B).

Theorem 4.5 If 5 < n < 12, the extremal solution is regular.

This result was obtained independently and by using different techniques by
Davila, Dupagne, Guerra, Montenegro, see [21].
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4.3 Autonomous system

We quote here some results of [6], that we will employ for our next proofs.
Looking for radial solutions, then can be rewritten in the form (as 0 <
r<1)

u(4)(r 4 Z(n_l)u”/(?“) + (n—lzgn—?))u//(,r) . (n—lzgn—?))u/(r) _ )\eu(vﬂ)7
)=0

u(1) =0, (51)
uw'(1)=0
Like in the works [6] and [27], we introduce
= log(r), v:(—00,0] = R, w(s):=u(e),
such that becomes
AMe?@Hs) = W (s) 4 2(n — 4)v"(s) + (n* — 10n 4 20)v"(s)
—2(n* — 6n + 8)v/(s), (52)

with the conditions v(0) = 0 and v'(0) = 0. Using the following substitution

!/

vi(s) ='(s) +
va(s) = v() (n—2)u (5),
vaES; v”’( )1(4—7%) '(s) +2(n — 2)v'(s),

we obtain the autonomous system

= (2 —=n)v1(s) — va(s) +4(n —2),
= ?UQ(S) + v3(s), (53)

together with the initial conditions v;(0) = 4, v4(0) = —A. System has
two stationary points

P =(4,0,0,0) and P, = (0,4n — 8,16 — 8n, —8(n — 2)(n —4)),  (54)

these correspond to v1(0) = 4 and v;(0) = 0.
Near P; we can linearize the problem and substitute the equation

vy(s) = v1(s)va(s) with  vy(s) = duy(s)
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such that the associated matrix to the problem is

2-nmn —1 0 0
0 2 1 0
My = 0 0 4-—n 1
0 0 0 4

Its eigenvalues are p; = 2, o = 4 and the negative us = 2—n and puy = 4—n.
It means, P; is a hyperbolic point and that both the stable and unstable
manifolds are two-dimensional.

In the same way, near P, we adopt the substitution of

vy(s) = v1(s)va(s) with  vj(s) = —=8(n —2)(n — 4)vy(s).

So we obtain the associated matrix M, of the form

2—n —1 0 0

0 2 1 0

M = 0 0 4-—n 1
—8(n—2)(n—4) 0 0 0

Its eigenvalues are the solutions of the equation
(v—24+n)(v—2)(v—4+n)v—8n—2)(n—4) =0,

that is

1
V1234 = 5 (4 —n4+/M(n) £ MQ(?’L)) ,

where M;(n) = n?—4n+8 > (n—2)? and My(n) = 4v/68 — 52n + 9n?. Then

(4 —n— /M (n) + Mz(n)>

y1:1<4—n+\/M1(n>+M2(n>)’ VQ:%

2
are real numbers and 1, < 0 < v for all n > 4.
For 5 <n < 12 it follows that M;(n) — My(n) < 0, while for n > 13 we
have M;(n) — Ms(n) > 0. Then for n between 5 and 12,the eigenvalues

1

vy — % (4=t /A0~ 35(0)), wa= 5 (40— /HL() — V()

are complex conjugate with real part %(4 —n) < 0. In the case of n > 13, 13
and v4 are both real and negative. We can summarize here:

o4
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Proposition 4.6 e For anyn > 5 we have vi,v5 € R and vy < 0 < vy.
o For any 5 <n <12 we have v3, vy R and Re(vs) = Re(vy) < 0.

o For anyn > 13, vs,vy € R and both negative.

Moreover, the point Py is hyperbolic, its stable manifold is 3-dimensional
and the unstable 1-dimensional. There is a direction in the stable manifold,
along this there is no oscillation.

4.4 Characterisation of regular and weakly singular so-
lutions

Here we recall [0, Theorem 3]:
Theorem 4.7 Let u = u(r) be a radial solution of and let
W (t) = (wi(t), wa(t), w(t), wa(t))
be the corresponding trajectory relative to . Then
o u is reqular (i.e. u € L>®(B)) if and only if
lim W(t) = P.

t——o00
o v is weakly singular if and only if

t——o00

In order to prove Theorem which states, that every radial singular solu-
tion is weakly singular, we introduce the function

z:]0,00) = R, z(s) :=wv(—s) —4s +log A — log A, (55)
where )\ := 8(n — 2)(n — 4). Consequently equation becomes
2 —2(n —4)2" + (n® — 10n + 20)2" + 2(n* — 6n 4 8)2' = \o(e* — 1). (56)

The Theorem [4.8] and Proposition [4.10| will give a qualitative description
of the behaviour of z to infinity:

Theorem 4.8 Let u be a radial solution of the Dirichlet problem (H0|) and

define the corresponding function z = z(s) according to (55)). Then z is
bounded from above.
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Proof. i) Assume by contradiction that z is not bounded from above.
Then it can happen that the limit as ¢ — oo does not exist or exists and
equals +00. We assume that the limit does not exist, meaning that

liminf z(¢) < limsup z(t) = +oc.

t—o0 t—o0

Then, there is a sequence t, — 0o of local maxima for z such that for all &,
2'(tx) = 0 and limg_, tx = 0o. We define

5k(t) = Z(t + tk), t e (-tk, OO)
such that, if z(¢) solves (56]), then Zj is an admissible solution too. Let now

tg(r) = Z(—logr) —4logr —log A + log Ao
= z(—logr+t;) —4logr —log A +log \g = u(re ') — 4ty
"(—1 t 4
i) = Z(=logr+t,) 4

r r
When we pull back the function @ on B we obtain that

A4, = el in B,
(1) = z(ty) > 0 on 0B,
Oy =) 14 =450 ondB.

We define Uy (z) = i () — 2(tx) = u(re ) —t, — 2(tx) and A\, = Ae*() | s0
we obtain

A2Uk _ )\keUk in B,
Uk<1) =0 on 8B,
_%(1):@+4:4>0 on 0B.

The boundary problem is solved in weak sense since Uy is a rescaled and
translated version of the original weak solution u. We can observe that there
is a comparison principle in B with respect to the boundary datum —%LV’“,

see [43]. This shows that Uy is a weak supersolution for the problem

2 . .
{Au A€, v >0 in B, (57)

u—gz—() on 0B.

We can infer by standard arguments, like in [7, Lemma 3.3] that for any Ay
problem (57) admits a weak solution. Since A\, — oo, this contradicts the
nonexistence of solutions of , like proved in [6] for large .
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i1) Now, suppose that lim, .., 2(t) = +oo. There exists a T € R such
that Vi > T

f't) = 2W@) —2(n—4)2"(t) + (n® — 10n + 20)2"(t)
+(2n? — 12n 4 16)2/(t) > %ez(t). (58)

By integrating over [T t], for all t > T, we get
ft) = 2"(t) —2(n—4)2"(t) + (n* — 10n + 20)2/(t)

t

A
+(2n% — 12n + 16)2(t) > §/ ") ds + Oy,
T

where

C1 = Ci(T) = f(T)
= 2"(T)—2(n—4)2"(T) + (n* — 10n + 20)2(T)
+(2n? — 12n + 16)2(7).
Because of for ¢t — +oo it follows z(t) — +o0, e*® — 400 and also f(t) —

+00, then there is a 7" > T such that f(7") = C(T") > 0. Since is
autonomous, we may assume that 77 = 0. It is

g/Tt 62(5) ds < Z’//<t) _ 2(n . 4)2//(t) + (TL2 —10n + 20)2’(15)
+(2n® — 12n + 16)=(t)
C1(0) = 2"(0) —2(n — 4)2"(0) + (n2 ~ 10n + 20)2'(0)

+(2n* — 12n + 16)2(0) > 0. (59)

We now apply the test function method developed by Mitidieri-Pohozahev
[55]. More precisely, fix Ty > T' > 0 and a nonnegative function ¢ € C[0, 00)

such that [ |
1 fortel0,T],
plt) = { 0 fort>Ty.

Then p*)(T}) = 0, for all k € N. Hence, multiplying by (), integrating
by parts and recalling yields

/0 " [0(8) + 20n — 9¢"(8) + (0 — 10n + 20) (1)

—(2n® — 12n 4+ 16)¢'(t)] 2(t) dt > % / " eWop(t) dt + C1(0). (60)
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We apply Young’s inequality in the following form: For any € > 0 there exists
Cy = Cy(g) > 0 such that

~

]2

Sp(i 2
<ez®p+ Cy(e) —,
2

1
(p§
Then, provided ¢ sufficiently small, becomes

4 T i 2 T
e@(t)] A/
CE: g > O dt + (0 61

’ z.:1/0 ©(t) 4 ) ‘ +(0), (61

@ _ d'v

.  =1,2,3,4).
dtl7 (Vl 773a)

where C3 = Cs3(g,n). Now we choose ¢(t) = ¢q (%), where ¢y € C2([0,00)),
wo > 0 and

1 0<7<1,
S00(7—):{ 0 7>7m>1.

As noticed in [55], there exists a function ¢ in such class satisfying moreover

1 (4) 2
0 900(7—)

Then, thanks to a change of variables in the integrals and with the right
choose of constants, becomes

4 T
D)
04§ ATV > Z/ W dt + Cy(0), VT >0.
i=1 0

Letting T — oo, the previous inequality contradicts lim; ., 2(t) = +00. O

Proposition 4.9 Let z be a solution of and assume there exists L €
(—00, +00] such that

lim z(t) = L.

t—o0

Then, L = 0.

Proof. For contradiction, assume that L # 0.

It can not be that L = 400 because of Theorem [4.§]

Suppose L is finite positive. Then A\o(e*®) —1) — a = A\g(e” —1) > 0 and
for all € > 0 there exists T' > 0 such that

a—e < 20(t) —2(n—4)2"(t) + (n* — 10n + 20)2"(t)
+2(n* —6n+8)2(t) <a+e, Vt>T. (62)
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Take € < a so that o — ¢ is positive and let

d =sup |z(t) — 2(T)| < 0.
t>T

Integrating over [T, t] for any t > T', we obtain

(a—e)t—T)+Cs—|K|6 < 2"(¢)
—2(n —4)2"(t) + (n* — 10n + 20)2/(¢)
< (a+e)(t—T)+Cs+ |K|5, Vt>T,
where C5 = C5(T) is a constant containing all the terms z(7), 2/(T'), 2"(T)

and 2”(T) and K = 2(n? — 6n + 8). Repeating twice more this procedure
gives

o — € o+ €

t—TP+01t) <) < (t—T)*+0(*) ast— oo.

This contradicts the assumption that z admits a finite positive limit as ¢t —
00.

Let us now suppose that L is finite negative, where we may proceed
similarly. Then A(e*® — 1) — a = A(el' — 1) < 0 and for all £ > 0 there
exists T > 0 such that

a—c < 2W(s)=2(n—4)2"(s) + (n* — 10n + 20)2"(s)
+2(n* —6n+8)2(s) <a+e, Vt>T. (63)

Take € < || so that a + ¢ is negative and let

d =sup|z(t) — 2(T)| < 0.
>T

Integrating over [T, t] for any t > T, we obtain

(a—e)t—T)+Cs—|K|d < 2"(t) —2(n—4)2"(t)
+(n? — 10n 4 20)2/(t)
< (a+e)t—T)+Cs+ K|, Vt>T,

Repeating twice more this procedure gives

LS -Tr o) <2 () < O‘gg(t TR 1O ast — oo
This contradicts the assumption that z admits a finite negative limit as t —
0. O

The boundedness of z has interesting influence on its derivatives:

29
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Proposition 4.10 Assume that z : [Ty, 00) — R exists for some Ty, solves
(56]) and satisfies limg_.o 2(s) = 0. Then for all k € N, we have

lim ¥ () = 0.

§—00

This proposition comes directly from [27, Proposition 1], that we report
here:

Proposition 4.11 Assume that z : [Ty,00) — R exists for some Ty and
solves a constant coefficient fourth order equation

V(1) = Ky2"(t) + K2 (t) — Ki2'(8) = f(2(1), (¢ > To), (64)

where f € CYR) and where the coefficients may be considered as arbitrary
real numbers K; € R. Moreover, let zy be such that f(zy) = 0 and assume

that z satisfies limy_o 2(t) = z9. Then for k=1,...,4, one also has:
lim (1) = 0. (65)

If f € C**1 4n a neighbourhood of zy, then holds true for all k < ko+4.

Proof of Proposition m Equation is equivalent to (64)) if we fix
K3 =2(n—4), Ky = (n?> — 10n + 20), K; = —2(n* — 6n + 8) and f(z(t)) =

>\0<€Z(t) — 1)
We took limy . z(t) = 0; if we fix 29 = 0, we see that f(z9) = A\g(e’°—1) =
0, that is all conditions of Proposition are satisfied. O

Now, we consider the case z is singular.

Lemma 4.12 Let z be a solution of , such that limy_, o 2(t) = —o0,
which corresponds to the solution u(r) = z(—logr) — 4logr + log A\g — log A
of (B0). Then u is regular (at r = 0).

Proof:
0 < A%u(r) = Moe? 718" =4 € (0,1].

The function z is bounded from above in [0, +00), it means z(t) < M for
t € [0,00) and lim; ;1 2(t) = —00. So we can say that Ve > 0, VK > 0
HRl S (07 1] .

0 < A?u(r)<er™, 0<u(r)<—4logr— K, 7€ (0,Ry].
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Making use of the polar form of the Laplacian for radial functions Av(r) =

L=n(pn=1y/(r))’, we obtain

r

Vre (0,R]: 0< (r”’l(Au)’(r))/ <er"®.

Integrating on [0, r| yields with a suitable number C; € R that

vre R 0 (Bu) () 40 < St
€ -3

0 < (Au)(r) +Cir'™ < — "

We integrate this on [r, R;] and obtain with suitable numbers Cy, C3 € R :

£
vre (0. R] s 0<—Aulr) +Cot Cyr® " < oo =™,

0< — n—1_1n"' C n—1 C <Ln73'
< — (") + Cor™ 4 37“_2<n_4>r

Integrating on [0, r), yields with suitable real numbers Cy, Cs5, Cs € R.
~ . 5 -
Vr e (0,Ry], 0< —r""M/(r)+Cy+ Csr* + Cgr"™ < 2(n—4)(n—2)r 2

5
0< —u'(r)+ Curt ™™ + Csr® ™ 4+ Cor < == 2)7’_1.

We integrate a last time on [r, R;] and with suitable numbers C7,...,Cjp € R

log(r).

0< O + Csr? ™™ 4 Cyr ™ 4 Oy < — :

_U(T)+ 7‘|‘ YA + 9T + 107" = 2(%—4)(%—2)
Since for r close to 0 we know from the assumption that 0 < u(r) < —4log(r)
we conclude that Cgs = C9 = 0, so that

elogr

_ _ 2
2 —Dn—2) G

Vre (0,R]: 0<u(R)<-—

This proves that u(r) = o(| log(r)|) for r \ 0.
Hence, for any € > 0, there exist R, > 0 and a constant K, such that

Vre (0,Ry]: 0< A< Kor®,
For our purposes it is enough to consider € = 1:

Vre (0,Ry): 0< A%< Kyr .
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The same procedure as before yields
Vr € (0, RQ] :0 S u(r) + CST2_n + 097’4_n S ClO;

where Cg, Cy € R, Cig > 0. As before we conclude that Cy = Cq = 0, so
that

0 S U(T) S ClO-

This means that wu is regular. a

4.5 Energy considerations

Let u solution of and z the function such that it solves for t > 0.
We introduce the energy functional

Bls) = %z"(s)z - %W 100+ 20)2(s) + A (€9 — 2(s)),  (66)

that is useful in order to prove Theorem

Lemma 4.13 Let u be a radial singular solution of and z : [0,00) = R
the corresponding solution of . Then z is bounded from above and for
k=1,...,4, the functions z*) are bounded in [0, c0).

Proof. By Proposition follows also that e *%2() is bounded from
above in [0, 00). Hence, by local L?—estimates for fourth order elliptic equa-
tions, we infer that for any ¢ > 1 there exists a constant C, such that, for
any s > 1, we have

129 () lwsags—1,s12) < Co(Ae™™* + 1)

Sobolev embedding together with local Schauder estimates give us, there
exists a positive constant C, indipendent of s, such that

129 ()|l cragssiny < Cy(Ae™Z +1).
0

In the next lemmas we will prove some summability property for the
functions z and its derivatives. In what follows we always assume that z
corresponds via to a radial singular solution.
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Lemma 4.14 We have
/ |2'(s)|? ds +/ 12" (s)]?ds < oo
0 0

Proof. Let E(t) be the function defined in (66). For every ¢ > 0, inte-
grating by parts and exploiting, we have

E(t) - E(0) = /0 " B(s) ds
= / t (272" — (n® — 10n + 20)2'2" + Me” — 1)2') ds
- 200 - 200
/ 2 (=% — (n? = 10n + 20)2" + A(e* — 1)) ds
= z’(t()Jz”’(t) — 2'(0)2"(0)
+ /Ot S(=2(n — 4)2" 4+ 2n — 2)(n — 4)2') ds

= 2/(t)2"(t) — 2/(0)2"(0) — 2(n — 4)2'(t)2" (¢)
+2(n —4)2'(0)2"(0)

T / (2(n — 4)2"(s) +2(n — 2) (n — 4)2/(5)?) ds.

_|_

By Lemma [4.13] E(t) and the functions 2/(t),z"(t),2"”(t) are bounded in
(0,00) while around 0 they are smooth. In view of Lemmas and [4.13]
there exists at least a sequence t; " 0o, where z(t;) remains bounded. We
recall that we always assume z(.) to correspond to a singular solution.

So, for t;, /" oo, also the left-hand side of the previous calculation remains
bounded. This proves the claim. O

Lemma 4.15 We have
/ 12" (s)|*ds < oo,
0
Proof: We multiply equation by 2" and integrate over (0,1):

¢ ¢
/ Ae* —1)2"ds = / (2 +2(n — 4)2" + (n® — 10n + 20)2"
0 0
—2(n—2)(n—4)z2") 2" ds
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By Lemma |4.14] and Holder’s inequality we have

< (AW%@»%%)ZQAW/@M%B)Q
o)

ast — oo

[ 2"

By Lemma [4.13] integrating by parts

/Ot(ez(s) —1)2"(s)ds

< (e =12 (1)] + (e = 1)2(0)

—i—/o e*(s)|7'(s)]*ds = O(1)

as t — oo because of e = O(1). By Lemma we have

1 1
< S WP + 51 O)F = 0(1) ast— oo

[ =) as 2

/0 12" (s)|Pds = 2" (t)2"(t) — 2"(0)2"(0) — /0 2B (s5)2"(s)ds = O(1)

as t — oo. All together these inequalities complete the proof of the lemma.
O

Lemma 4.16 We have
/ 128 (s)? ds < oo,
0

Proof: ' We multiply equation by 2z and integrate over (0,00) to
obtain

/0 128 (s)]2ds = /0 (2(n — 4)2"(s) — (n* — 10n + 20)2"(s)

—(2n* — 12n + 16)2/(s) — (2n* — 12n + 16)2/(s)
+A(€*®) —1))2W(s) ds. (67)

It the same way as in Lemma [4.15] we can prove that remains bounded
as t — o0. O

Lemma 4.17 We have

/ le®) — 12 ds < oo.
0
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Proof. Using we obtain

M) —1)2 = [2(4)(3) —2(n —4)2"(s)
+(n® = 100 + 20)2"(s) + (20 — 121 + 16)2/(s)]”

Together with Lemmas [4.14] [£.15] [4.16] the proof is done.

O

Proof of Theorem [1.3} Let W = {wi, w2, w3, ws} be the solution of the
dynamical system , corresponding to a radial singular solution u of ,
and let P, and P, the stationary points introduced in . Because of Lemma
[1.12] there exists a sequence {0}, 0 — 400 such that z(o) is bounded. It
follows that E(oy) is bounded too.

Using Lemmas 4.14 at least one of the following must be true:

Hor}t @ op1 < oy, klim o) = —00,

klim |ok41 — o] =0, klim W(og) =P, (68)
H{O'k} DOk < Ok, khm O = —O0

klim |ok+1 — ok =0, klim W(oy) = Py (69)

Arguing as in [32], we can conclude that

lim W(t) =P, or tlim W(t) = P,

t——o00

respectively in the case or . From Theorem , we may exclude
the case , because we supposed u to be singular. So u must be weakly
singular. O

The energy functional defined in is also useful to understand the
behaviour of singular solutions of when r — 0. Suppose that

lim z(t) = L.
t—o0
Lemma 4.18 Let us be a weakly singular solution of with parameter

As and z : (0,00) — R the corresponding solution to (56). Then it cannot
happen that z'(sg) = 0 for some sq.
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Proof: Assume for contradiction that z'(sp) = 0. Since z/(0) = —4, the
function z is not constant, z’. So, we suppose now sg is a point different from
0, such that 2'(sg) = 0. We use the the energy functional defined in and,
like in Lemma [4.14]

E(t) — E(sg) = 2'(#)2"(t) — 2'(s0)2" (s0) — 2(n — 4) [2'(t)2"(t)
0 o)) + [ (200 - 0P

S0

+2(n — 2)(n — 4)2'(s)?) ds. (70)
If we evaluate for t — oo, then 2/(t),2"(t),2"(t),2'(so) = 0 for
hypotesis, then

E(c0) — E(sg) = 2(n —4) /00 Z"(s)2 + (n—2)2(s)*ds > 0, (71)

S0

It means E(o0) > E(sg), that is
1
A > §Z//(SO)2 + A0 — 2(s0)) > A€ — 2(sp)).

Then 1 > e*(0) — z(sy) > inf,eg € — 2 = 1,which is absurd. O
Proof of Theorem Since lims_, 2(s) = 0, 2/(0) = 4, we have by
Lemma [4.18| that z(s) > 0, i.e.

v(—s) —4s+log A\s —log \p > 0.

When s = 0, we obtain log A\; > log Ag, so it follows A; > Ag.
Moreover, u(e™*) —4s > log % and then with the substitution s = —logr
we obtain

A
u(r) > —4logr + log )\—0

When letting z — 0 we obtain

|v(—=s) — 4s 4+ log Ay — log \o| =

A
u(r) — (—410gr + log )\—0) ‘ — 0.

O Proof of Theorem |4.5 From [6] we know that for A € [0, \*) the minimal
regular solution is stable, i.e.

Vo € C5°(B), /(Agp)2 dx — )\/ e dr > 0.
B B
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4 SEMILINEAR BIHARMONIC PROBLEMS

By taking the monotone limit for A  A\* we find that

Vo € C5°(B), /(Agp)z dx — )\*/ eV p?dx > 0.
B

B

Let us assume that U* is singular. Then

A > 8(n—2)(n—4),

U* > —4log|z|+ log %,
which gives a Hardy-inequality
Yo e CF° /(Agp)Q dx > 8(n —2)(n — 4)/ r~4p? da. (72)
B B

It is well known that fzn?*(n — 4)? is the optimal constant for the Hardy
inequality . So, necessarily it holds that

L 2
8(n—2)(n—4)§1—6n (n —4)°.

For integer n this is equivalent to n > 13. This shows that for n < 12, the
extremal solution is bounded. O
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