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1 INTRODUCTION

7 Conjoint analysis” is concerned with understanding how people make choice between prod-
ucts or services or a combination of product and service, so that businesses can design new
products or services that better meet customers underlying needs. A key benefit of "conjoint
analysis” is the ability to produce dynamic market models that enable companies to test out
what steps they would need to take to improve their market share, or how competitors behavior
will affect their customers. ”Conjoint analysis”, also called multi-attribute compositional mod-
els, is a statistical technique that originated in mathematical psychology. Today it is used in
many of the social sciences and applied sciences including marketing, product management, and
operations research. The objective of ”Conjoint analysis” is to determine what combination of
a limited number of attributes is most preferred by respondents.

Discrete choice experiments play an important role in psychology and market research for
measuring the consumer’s preferences. Usually, the choice behavior is modeled by a multinomial
response, where the probabilities of preferences are given by a logistic model.

(Thurston 1927) has introduced his law of comparative judgment, a model based on utility
function U;; = v;; + €;; with a normal error where ¢ and j denote individual and alternative.
He has also showed that the probability F;; ;. that alternative j is chosen over alternative j’
has a form that now it is called binomial probit. (Marschak 1960) generalized Thurston’ law
of comparative judgment to stochastic utility maximization in multinomial choice sets which is
called the Random Utility Maximization (RUM) model. (Luce 1959) introduced an axiomatic
treatment of choice behavior that the ratio of choice probabilities for 7 and j’ not depends
on the other alternatives (in every choice set) which is called Independence from Irrelevant
Alternatives (ITA). In continuation, the strict utilities in Luce model has been parameterized
in a form suitable for econometric applications which is called conditional logit, now known as
multinomial logit (MNL) (McFadden 1974). Also, (Williams 1977), (Daly and Zachary 1978)
and (Ben-Akiva and Lerman 1985) have developed RUM justifications for the Nested MNL
(NMNL) model. The decade has seen extensive development and use of open (Multinomial
Probit (MNP)) and closed form choice models consistent with RUM, including General Extreme
Value (GEV) models and mixing in the parameters of MNL and NMNL models. These models
belong to a family of models which are called discrete choice models. From these models are used
to analyze data in classical discrete choice experiment, where the respondent is asked to choose
an alternative with the highest utility among alternatives in a choice set. But there is the other
experiments from discrete choice experiments that the respondent is asked to rank a number
of alternatives instead of preferred one which are called Rank-Order experiments. Data from a
rank-order experiment can be analyzed by the rank-ordered exploded Logit models (Beggs, et
al. 1981), (Hausman and Ruud 1987).



1 INTRODUCTION

Discrete choice models have been applied in divers fields and are increasingly employed in
the social sciences. Of the existing discrete choice model, the Probit, Logit and the Nested logit
models are the most commonly used in practice. The logit and the Nested logit models belong
to the family of generalized extreme value (GEV) models. The Probit model, although allow-
ing for flexible covariance structures for the disturbance terms, is computationally burdensome
for problems with more than a few alternatives because it requires the evaluation of multiple
integrals. Such that until recently, the model was not feasible for choice problems with more
than three alternatives. The GEV class, unlike the Probit model, is computationally manage-
able for large choice sets because it involves at most one dimensional integration regardless
of the number of choice alternatives in the model. However, it suffers from the restriction of
Homoscedastic disturbance. Homoscedasticity is a troubling assumption, since choice models
are most often used with micro-level data that are frequently Heteroscedastic.

The error distribution function of the GEV class in particular is less familiar than the normal
distribution for the Probit models, and the fact that the distribution imposes Homoscedasticity
is not readily noticed. The effect of Heteroscedasticity in choice models is for more serious
than in linear models. In a linear model, if Heteroscedasticity is ignored, the least squares
estimate is still unbiased and consistent, although inefficient. In a choice model, the maximum

likelihood estimators are not only biased and inefficient but even inconsistent (Yatchew and
Griliches 1985), (Greene 1997).

(Zeng 2000) has explained a technique to relax the restriction of homoscedasticity in the
entire GEV class of models to allow for heteroscedasticity across alternatives as well as across
decision makers.

Optimal design for conjoint analysis is the topic of this thesis. The design of a choice exper-
iment comprises a select number of choice sets administered to each respondent. The aim of
a choice experiment is to estimate the importance of each attribute and their levels based on
the respondents preferences. The estimates are then used to mimic real marketplace choices
by making predictions about consumer future purchases. At present, two design approaches
are prevalent; (i) The Linear design approach and (ii) The Baysian design approach. Bayesian
choice designs have so far been constructed for the Logit models. Since the Logit models are
nonlinear in the parameters, the quality of a given design depends on the unknown parameter
vector. The Bayesian design approach deals with this problem by assuming a prior distribu-
tion of likely parameters. To date, most of the Bayesian research focus has been on designs
for main-effects models. (Sandor and Wedel 2001) were the first to introduce the Bayesian
design procedure in the choice design literature. They generated Bayesian designs using the
D-optimality criterion for the MNL model. This design criterion seeks to minimize the determi-
nate of the variance-covariance matrix of the parameter estimators. In the Bayesian framework,
it is referred to as the Dj-optimality criterion. Of course, four optimality criteria are used in
the Bayesian context which are labeled the Dy- ,A,-,Gy- and Vi-optimality criteria. In this the-
sis, we use D-optimality criterion, since, (Yu, et al. Preprint) have written that D-optimality
criterion is invariance to the scale or coding of the attributes. Also, the relative efficiency of the
designs does not change when different codings of the attributes are used (Goos 2002). Also,
(Kessels, et al. 2006b) have denoted that D-and A-optimal designs are nearly as good as the

10



G-and V-optimal designs in terms of prediction quality but much faster to compute compared
to G- and V -optimal designs.

The thesis is organized as follows.

In chapter [2 two kinds of logit models will be discussed, which are called Multinomial logit
(MNL) and Nested MNL model. According to similarity between alternatives in a choice set,
the Nested MNL model may be Two-level, Three-level,... . Of course, in this thesis we have
just discussed about Two and Three-level NMNL model.

Optimal design and some of optimal criteria like D- and A-criterion are explored in chapter
Bl In this chapter, we concentrate of D-criterion which is a function of the determinant of the
information matrix. Bayesian criterion, which is one of the suitable criteria to obtain optimal
design in nonlinear model (specially), is introduced in this chapter. In addition, in Subsection
[3.7.1] of chapter three have been discussed about optimal design in the MNL model.

The three remaining chapters are the principle chapters of the thesis. In chapter [4] we cal-
culate the information matrix for the two-level NMNL model with M nests. Afterwards, we
illustrate two examples based on the local D-optimality criterion. In Chapter [5| the information
matrix for a three-level nested MNL model will be calculated. With respect to Random Utility
Maximization (RUM) conditions and D-optimality criterion we obtain the locally D-optimal
design based on experiments 23/5/6 (there are three attributes each with two levels, where six
choice sets each with five alternatives has been selected from population). In chapter @, we
introduce a model of the logit family, which also includes the probabilities of choosing alter-
natives with lower utility, in a choice set. In this situation, the alternatives with upper utility
(Ranking) are removed when we want to obtain the choice probabilities of the alternatives with
lower utility. This model is called Rank-Order logit model. In this chapter [6] we have intro-
duced the likelihood function of the Rank-Order Nested MNL model, then we have calculated
the information matrix for this model. Also, we have obtained Locally D-optimal design for
this model.

11



1 INTRODUCTION

12



2 MODEL SPECIFICATION

Modeling the individual behavior of consumers is one of the main topics in marketing research.
This individual behavior is influenced by socio-economic characteristics, marketing instruments
or latent variables. The connection between these influencing variables and the choice of a
product is typically studied by using a statistical choice model for disaggregated data.

A classic choice model is the conditional logit model of (McFadden 1974). It is widely dis-
cussed and a standard in marketing (Guadagni and Little 1983). This model however has some
disadvantages in particular the ITA (Independence of Irrelevant Alternatives) and a very restric-
tive assumption about the errors. This led to many approaches for relaxing these assumptions.
For overviews see (Ben-Akiva, 1975) and (Horowitz, et al. 1994).

All these approaches present alternative ways for modeling consumer purchase and obtain
results which adapt better to the data than the classic approach. How ever, to our knowledge
no general statistical test to check adequateness of the logit model was applied to marketing
data until now.

(Bartelts, et al. 1999)) have introduced a test procedure which will help in finding an ap-
propriate consumer purchase model. The test is based on a nonparametric test statistic which
makes it a very flexible and general tool.

The simplest model in logit family is Multinomial logit model. But this model has a retraction
that all of alternatives are independent in choice set and it is called IIA. In logit model family
there are other models that this property dose not hold between all of alternatives like Nested
MNL model which hold just between alternatives in each of nests. And there are some models
in this family that ITA dose not hold between all of alternatives like Probit logit model. But,
we concentrate on two models of logit model, multinomial and nested logit models.

2.1 Multinomial Logit Model

Many researchers use data on individuals to analyze postsecondary attendance behavior. With
these data the enrollment choices of the individuals are made over a limited number of ”discrete”
alternatives that constitute the exhaustive set of available education options. It is now well-
known that using ordinary least squares (OLS) to analyze relationships in which the dependent
variable is discrete or qualitative is not appropriate. If there are just two alternatives in the
choice set, logit or probit analyzes are often used to estimate the relationship between the
option selected and the characteristics of the alternatives and of the individuals in the data
sample. In analysis of enrollment choices these methods have been used to explain the choice
between attendance and nonattendance or between attendance at a particular institution and
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2 MODEL SPECIFICATION

not attending that institution.

It is clearly of interest to extend the analysis to choice among several types of attendance
options or even to a limited number of individual institutions. When there are more than two
alternatives in the choice set, the most widely used approach is multinomial or conditional logit
(MNL). This method is computationally simple with today’s software and computers and also
has another desirable property: It is easy to use the estimated results to forecast choices when
a new alternative is introduced or when an existing one is eliminated so long as no parameters
are added or deleted as a result. This is a useful property, for example, in estimating the effects
of either opening or closing a postsecondary educational institution. However, MNL also has a
distinct limitation, a property known as ”independence of irrelevant alternatives” (ITA), which
implies that the odds of choosing alternative j relative to alternative j’ are independent of the
characteristics of or the availability of alternatives other than j and j’. This is clearly a very
restrictive property when the alternatives being studied have different degrees of ”"nearness” or
similarity.

Now, here, we consider choice models based on the assumption of stochastic utility maximiza-
tion. Under this assumption, a decision maker chooses the alternative that maximizes his or her
utility function, which has both a deterministic component and a stochastic component. In for-
mal notations, assume a sample of Z decision makers, each choosing among C choice sets which
each of them include J. discrete alternatives, where J. > 1;Ve € C. Now, if we suppose that C
is choice set, which consists all of alternatives,J, (C = {as,...,a;,...,as}) and C. is a choice
set which includes J. alternatives then we can write that USZI C.=C: Je,d; C.NCu # 9,
where 27 — (J + 1) is the number of choice sets in set C (C is the set of all of choice sets each
with J. > 1; Ve alternatives). Here, it has been used notation C. to denote a choice set with J,
alternatives, where C. = {ai, ..., aje, ..., a ..} (a;. denotes the 5™ alternative of choice set c).
In this situation, it has been supposed that there are K attributes each with Ly;k=1,2,..., K
levels. Consequently, it has been considered S choice sets each with J alternatives to fit model.

Obtaining the probability related to choosing an alternative with the highest utility is prin-
ciple aim in the MNL models. In this thesis, for each individual i, each alternative j provides
utility (ignoring index 7):

ch = ’ch + gjc- (21)

In above function, vj. is a deterministic component, usually specified as a linear function of
observed independent variables, such as:

where:
. /6T = (,3,{, s 7/6%17' . 7/37;()? /65 = (ﬁk,la- .- aﬁk’,@a s >ﬁk,Lk)a

o f(aje) = (F (aze), . B (aje), - - Ti(ae)™s frlaje) = (fralaze), s frelage), - -, frn(@e))"

14



2.1 Multinomial Logit Model

In this case, 3] and ] (a;.) denote the part-worth parameter and the characterizes of attribute
k in choice set C.. The €. is an unobserved, stochastic disturbance (i.i.d) with mean zero and
variance o2 (for each choice set), thus:

2

.
COU(chan’c) :{ o~ J =175

0, J#j"
Thus the variance-covariance matrix for the vector U. = (U, ..., Ui, ..., U JCC>T is as below:
o> 0 ... 0
0 o2 ... 0
V(Us) =Xy, = L ) =0?1;..
0 0 ... o2

Under stochastic utility maximization, an individual ¢ chooses alternative j (in choice set C.)
if and only if U;. > Uj, Vj # j":
ch = max Uj/c, (22)

j'€Ce
where C. denotes a choice set with .J,. alternatives.

Here, we are going to calculate the probability of choosing alternative j which has the highest
utility among the other (in the choice set). Therefore, the observation variables to calculate
the choice probabilities are defined as follows:

Y

v, = 11 Uje=maxjec, Uje;
J 0, otherwise.

where:

Djc = P(Y;c = 1) = P(ch = Inax Uj’c) = P(ch > Uj’c;vj, 7é] S (Cc>’ (23)

7'€Ce
where P(A) denotes the probability related to occur event A. In this situation, E(Yj.) = pj.
and

pje - (1 =pje), J=174";
cov(Yie, Vi) =< 77 J o
( J J ) { —Pjc " Pj'ec, J 7é.]/'
Thus the variance-covariance matrix for the vector Y, = (Yic,...,Yje, ... Y5 )T is calculated
as follow:
Pic - (1 - p1c) ce —Pic - Pje T —Pic Piec
V(Yc) =Xy, = —DPjc * P1c o Dje (1- pjc) T —DPjc " PJec
—PJ.c * P1e e —DPJ.c pjc o Diee (1 - chc)
= Pc - pcp§7
where:
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2 MODEL SPECIFICATION

° Pc = diag[pla <5 Djes - - 7chC]7

® P = [plc: -y Pjey - - 7chC}T

According to (2.1 we rewrite (2.3)) as follow:

Pje = P(gj’c < (ch — Uyre + E‘:jc);\v/j/ 7&] € (Cc) (24)

” 0

For calculating this probability, we need to know the distribution of ”¢”s. There are two
important criteria for choosing the error distribution function are functional flexibility and
computational efficiency. The Probit model is obtained by assuming the multivariate normal
distribution for the disturbances. Because, there are no prior restrictions on the form of the
covariance matrix of a multivariate normal distribution, hence, the probit model is functionally
flexible (Hausman and Wise 1978). However, under the multivariate normal distribution there
is no closed form solution to (2.4) when there are more than three alternatives. With the
recent development of simulation methods (McFadden 1989), has made it theoretically possible
to apply the model to a large number of choice. Due to problems of fragile identification,
however, in practice it is still rarely used for more than three or four alternatives. Because
many theoretically important decisions involve more than a few alternatives, researchers must
often turn to alternatives models, usually the Generalized Extreme Value (GEV) class, which
includes the familiar logit and nested logit model. Now, we first introduce the GEV classes
then the MNL model will be obtained.

2.1.1 The Generalized Extreme Value(GEV)

In this section, it is introduced a family of choice models derived from Stochastic Utility Max-
imization (SUM) or Random Utility Maximization (RUM), which includes multinomial and
nested logit model.

GEYV distributions have application in the study of discrete choice behavior, and were initially
studied by (McFadden 1978a), (McFadden 1981), (McFadden 1984), (McFadden 2001) with the
following result, which characterizes this family (ignoring index i for simplicity and considering
a choice set (C,.) with J. alternatives).

Theorem 2.1. (McFadden 1981)) Suppose that G (1c, ..., Zjes - - -, 2J,c) 1S non-negative, ho-

mogeneous of degree one function of (zic,. .., Zje, - - -, Z.c) > 0 such that;

lim Gy (Z1es -y Zjes ooy 20e) = 003V =1,2,..., J,

Zje—+00

where G ;, : R — R. Also for any distinct (jy,...,jn) from {1,..., J.} have that:

8”GJC(210, ceey Zjey e ZJCC) { > O, an be Odd,'

0zj,,...,0zj, <0, ifn be even.
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2.1 Multinomial Logit Model

. Z 'jS(zl s Zies 2] ) . Elel
In this case: pj, = S fe—E0lyhere G = A
G(21¢yZjcsesZdce) -

zlcw“azjcr“:'z]cc)
0zjc

and with assumption

Zje = exp(vje) will be:

b — exp(vje) - G (exp(vie), - - ., exp(vje), - . ., exp(vy,.))
e GJ.(exp(vie), - .., exp(vjc), ..., exp(vy.c))

(2.5)

Example 2.1. suppose that:

Je

G(2) = G (Z10r- s Zjey - o5 Zdoe) = szc,

=1

where G(az) = aG(z) is a generating function with the homogeneous of degree one. According

to assumption zj. = exp(vj.), we will have:

0G . (exp(vic), - - ., exp(vjc), . .., exp(vye)) L exp(vje)
0 exp(vje) Z;.]f:l exp(vje)

(2.6)

Consequently, the model (2.6) is called the MNL model. Under the assumptions of Theorem
, the expectation of maximum utility is calculated as follow (McFadden 1984):

E(r]%%x Ujc) =1og G, (exp(vic), - .., exp(vjc), - . -, exp(vy.c)) + 7, (2.7)
where 7 is Euler’s constant and log G (exp(vic), - . ., exp(vjc), . . ., exp(vy,c)) is called inclusive

value, IV, (the expected utility for the choice of alternative within choice set C.). In this
situation and by noting to Equation ([2.7)) and Theorem we will have:

0G . (exp(vic);--,eXP(Vjc),-,eXP(VJcc))
OE(maxjec, Uje) ;e

0vje G.(exp(vie), - .., exp(vjc), - - ., exp(vy.c))

exp(vje) - G% (exp(vie), . .., exp(vje), - - ., exp(vy,c))
G.(exp(vie), - .- exp(vje), ..., exp(vy.e))

= pjc
Now, since (based on Euler’s Law):

Je

Z exp(vjc)-Gﬂi (exp(vic)s - - -, exp(vje), ..., exp(vy.c)) = G (exp(vic), - .., exp(vjc), .. .,exp(vy,.e))
j=1

thus:
J

J.
OE(maxjec, Uje) _ P —1.
i=1

8ij

J=1

17



2 MODEL SPECIFICATION

A Special Case: According to the utility (2.1), it has been assumed that ¢;’s have i.i.d
extreme value distribution type(Il) (g1, ..., .. have i.i.d EVD type II), so that:

F.,(t) = exp(—exp(—t));t € R. (2.8)

With regards to the definition of the choice probability related to choosing alternative j (in a
choice set, C.) will be:

Pje = P(ch > Uj/C;Vj/ #] € CC) = P(ch +5jc > Vjie + Ej/C;Vj/ %j € (Cc)

+00
= / P(flc < Vje — V1e + €jcy - -3E€Jee < Vje — VUJee + gjc)fajc(ejc)dejc

—0o0 v
without j** component

—+o0
= / ey (Vje = Vie + €je) - ey (Vje = Ve + €5e)) fo ) (€5e) deje.

>
o0 N~

without j* distribution function

By noting Equation (2.8)) the solution of the above integral is obtained as follow:

exp(vjec) .
T ,
> i exp(vje)

Model (2.9) is called standard multinomial logit model. Since, the variance of this model for all
of decision makers are as the same, then this model is also called Homoscedastic MNL model.

Die = i=1,2,..., . (2.9)

2.1.2 Consistency with Random Utility Maximization (RUM)

(McFadden 1981) has showed that any set of choice probabilities that satisfies a set of com-
patibility conditions defines a stochastic utility maximization model (based on the maximum
utility of alternatives) with an implied joint distribution of the stochastic utility components.
These compatibility conditions are as follow (ignoring index i and with respect to a choice set
with J, alternatives):

Je
Pie = Di(Ve) 2 0, pi(ve) =1, pi(ve) = pj(ve +71),Vr € R, (2.10)

=1

Opj(ve) _ Opj(ve)
- 2.11
81}]-/0 8ch ’ ( )
8(”)pj(vc) >0 n1iseven

31)10(%26 s [aij] s avnc { <0 nisodd ’ n<J, (212>

~
is not with respect to vje
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2.1 Multinomial Logit Model

where p;. : R’ — [0,1]. Here, vj. is the mean utility of the alternative a;. and v, =
(V1 «+ s Vjes o+ o3 Ugpe) T

Condition ([2.10) represents the basic requirements of non-negativity and adding-up of the
J. choice probabilities as well as the dependence of the comparison only on the difference in
utilities (translation invariance).

Condition ([2.11) guarantees the integrability of the p;. and is a straightforward analogue to
the (Slutsky 1952) condition in continuous demand analysis (integrability).

Condition ([2.12)) is the essential requirement for the implied distribution function to be
property defined, to have a non-negative density function, mean that p;. must have non-negative
even and non-positive odd mixed partial derivatives with respect to components of v, other
than v;. (nonnegative density function).

Three above conditions have been proved by (Koning and Ridder 2002), completely.

Example 2.2. According to the MNL model (2.9)), three conditions (2.10)), (2.11)) and (2.12))

are held out, so that:

Je %]i exp(vie .
«pi(v) 20 Ty pylve) = Sy,

exp(vj. + 1)

pj(ve+1l) = T
> iy exp(vjre + 1)
exp(Vie
_ - p( J ) :pj(vc)7V’[“ cR.
Zj’:l exp(vjre)
. Op;(ve) _ _eXp(ch)’eXP('Uj’c) _ _eXP('Uj/C)'eXP(’ch) _ Opjr(ve)
0vjre (72, exp(vie))? (7%, exp(vic))? vje

aJC_lpj(vc) (=1)Te=1(J,—1)! 2 0, Jc —1 s even,
[ ] =
?’Ulc: cee [8vjc], .. ,81)]65 (22]21 exp(vyc))Te1 < 07 Jc — 1 18 odd.

~~
without jth

Hence, the MNL model (2.9) is consistency with RUM.

2.1.3 Independence from Irrelevant Alternative (I1A)

The MNL model is the most widely used discrete choice model due to its closed-form choice
probabilities and consistency with random utility maximization. But there exist a problem in
this model. The problem arise with the standard MNL because it is derived from random utility
maximization, based on the assumption that the error terms are independent across alternatives,
choice set, and subjects. This leads to the property of Independence from Irrelevant Alternatives
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2 MODEL SPECIFICATION

(ITA). This property (at really restriction), which arises from the assumption of independent
random errors and equal variance for the choice alternative mean that; for any two alternatives,
the ratio of probabilities is independent of the attributes or existence of all other alternative:

fxp(vjc) ( )
ic <. exp(vie €
Pje _ Zg{l (vp()l) _ &P V5,7 € C.; Ve e,
pjlc Jp—ch eXp( )
lecl exp(vlc)
where v, = v.(a;); C. = {a1c, ..., Qjc, ..., ay.c}. According to the IIA property we consider
the two following corollary.

Corollary 2.1. If A be a subset of C., (A C C.), In this case:
Pir _ DIt g ' e A,
Pjra Pjc,
where pjc = pjc..-
Corollary 2.2. If C. = {aic,...,ajc, ..., 0.} is a choice set and A is a subset of C. with
element exclusive mutually then pjc = pjc, = Pja-Pac. = Dja - Pac and with respect to the MNL

model pjc = pja - Pac, where pa. = ZaeA Dac- In this situation, we will have:

Pje = ij'Zpac

acA
N ST
Y e, exp(vie)
thus pja = —Zangg()vac)'

Then it can be told that the probability of choosing alternative j by individual ¢ in choice
set A is independent of the other alternatives in choice set C..

2.1.4 Likelihood Function and Parameters Estimator

It was defined that the observation y;;. of the variables Y;;. equals 1 if the it" individual selects
the j' alternative (in choice set C.) and 0, otherwise, where:

V. — 1, if Uijc > Uij’cavj, 7é] € CC,
Y871 0, otherwise

Now, for a random sample size Z of the population of individual and with regards to p;j., which
denotes the probability of choosing alternative j by individual ¢, the log-likelihood function
based on choice set C, is defined as follow:

t(Ce, B) = In(L(C., B)) ZZ?J] n(pij(ve)), (2.13)

i=1 j=1
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2.2 Nested Multinomial Logit Model (NMNL)

where v, = (Vic, -+, Vjes - -+, Vge) 5 vje = £7 (aje) B (see Section . The parameters of a MNL
model can be estimated by standard maximum likelihood techniques. Substituting the choice
probabilities of expression ([2.9)) into the log-likelihood function gives an explicit function of the
parameters of this model. The values of the parameters that maximize this function are, under
fairly general conditions, consistent and efficient (Brownstone and Small 1989).

(Manski and McFadden 1981) and (Cosslett 1981) have described estimation methods un-
der a variety of sampling procedures. (Train 2003) has discussed estimation under the most
prominent of these sampling schemes. He has first described estimation when the sample is
exogenous and all alternatives are used in estimation. He has then discussed estimation on a
subset of alternatives and with certain types of choice-based (i.e., non-exogenous) samples.

Now, based on Equation the estimator is the value of B, which maximizes this func-
tion. (McFadden 1974) has showed that (C denotes the number of choice sets each with J.
alternatives, see Section [2.1)):

C

((B) =((Cy,...,C.,...,Ce;8) = Y _UC., B)

c=1

is globally concave for linear-in-parameters utility, and many statistical packages are available
for estimation of these models. When parameters enter the representative utility nonlinearly,
the researcher may need to write her own estimation code using the procedures which were
described by (Train 2005), Chapter 8.

Maximum likelihood estimation in this situation can be reexpressed and reinterpreted in a
way that assists in understanding the nature of the estimates. At the maximum of the likelihood
function, its derivative with respect to each of the parameters is zero (if maximum exists):

oL(B)

op
the maximum likelihood estimates are therefore the values of 3, which satisfy this first-order
condition. For convenience, let the representative utility be linear in parameters as Equation
(2.1). This specification is not required, but makes the notation and discussion more succinct.

Using the log-likelihood function (2.13)) and the formula for the logit probabilities, we show at
the end of this subsection that the first-order condition ([2.14)) becomes:

— 0, (2.14)

c I J

%ﬁ? =D > a0 Wige — pige) = 0. (2.15)

e=1 i=1 j=1

2.2 Nested Multinomial Logit Model (NMNL)

The standard logit model (MNL) exhibits ITA, which implies proportional substitution across
alternatives. As already was discussed, this property can be seen either as a restriction imposed
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2 MODEL SPECIFICATION

by the model or as the natural outcome of a well specified model that captures all source of
correlation over alternatives into representative utility, so that only white noise remains. Often
the researcher is unable to capture all source of correlation explicitly, so that the unobserved
options of utility are correlated and ITA does not hold. In this cases, a more general model
than standard logit is needed.

Generalized extreme value (GEV) models constitute a large class of models that exhibit a
variety of substitution patterns. The unifying attribute of these models is that the unobserved
portions of utility for all alternatives are jointly distributed as a generalized extreme value. This
distribution allows for correlations over alternatives and, as its name implies, is a generalization
of the univariate extreme value distribution, which is used for standard logit models. When all
correlations are zero, the GEV distribution becomes the product of independent extreme value
distribution and the GEV model becomes standard logit. The class therefore includes logit
but also includes a variety of other models. Hypothesis tests on the correlation within a GEV
model can be used to examine whether the correlations are zero, which is equivalent to testing
whether standard logit provides an accurate representation of the substitution patterns.

The most widely used member of the GEV family is called the nested logit model. This model
has been applied by many researchers in a variety of situations, including energy, transforma-
tion, housing, telecommunications, and a host of other fields; see, for example, (Ben-Akiva,
1975), (Train 1986) and (Train, et al. 1987), (Forinash and Koppelman 1995) and (Lee 1999).

The nested logit model has become an important tool for the empirical analysis of discrete
outcomes. It is attractive since it relaxes the strong assumptions of the multinomial (or condi-
tional) logit model. At the same time, it is computationally straightforward and fast compared
to the multinomial probit, mixed logit, or other even more flexible models due to the existence
of a closed-form expression for the likelihood function. There is some confusion about the spec-
ification of the outcome probabilities in the nested logit models. Two substantially different
formulas and many minor variations of them are presented and used in the empirical literature
and in textbooks. Many researchers are neither aware of this issue nor of which version is ac-
tually implemented by the software they use. This obscures the interpretation of their results.
This problem has been previously discussed by (Hensher and Greene 2002), Hunt, (2000),
(Koppelman and Wen 1998) and (Louviere, et al. 2000).

(McFadden 1978a), (McFadden 1981) has described a useful generalization of the MNL
model and a way to relax the restrictive ITA assumption, namely the Nested Multinomial Logit
model (NMNL) that uses a nested structure to estimate the probability of choosing a specific
alternative. Another more general type of MNL models that also relaxes ITA assumption is the
Mixed Multinomial Logit model (MMNL) introduced by (Boyed and Mellman 1980).

2.2.1 Two-Level Nested MNL Model

In this section we consider a two-level nested MNL model, which the J, alternatives (in a choice
set C.) are grouped into M subsets (nests), each consisting of J,,.;m = 1,2, ..., M alternatives:

Cmc - {a'lmca A2mcsy - - - 7aJmcmc}7
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2.2 Nested Multinomial Logit Model (NMNL)

so that:
M

Cc = U (Cmc; Cmcﬂ(cm’c = (ba Vm 7é m/7

m=1

where C,,. denotes the choice set, which includes the alternatives of nest m based on choice set
C. of size Jpe (J. = fozl Jme). In this situation, we face to two steps for choosing. First step,
choosing a nest with the highest utility and choosing an alternative with the highest utility, in
second step. For this propose we consider the utility related to choice alternative j and nest m
by individual i as follow (ignoring index 7):

g=1,2,..., Jne, Alternatives;

Ujmc == Umc + U]|mca { m = 1’ 27 o 7M Nests, (216)

where:
L. Une = Ume + €me; Ume = E(maxjec,,. Ujme),

2. Ujjme = Vjjme + Ejime; Vjjme = £ (@jme)B (Section
b /8 = (ﬁ?776£776£>T7 /6]@ = (ﬁk,la---7ﬁk,€;'~->ﬁk,Lk);

o f(ajme) = (f{[(ajmc), . ,fkT(ajmc), o ,f};(ajmc))T;

fk(ajmc) = (fkl (ajmc)a ey fkf(ajmc)a <. 7kak (ajmc))T>

so that e, have the same distribution (i.i.d) such as max;cc,,. Ujjme and ;e have EVD (Ben-
Akiva, 1973). In this situation we consider the variances of &,,. and €jjme With symbols o’
and o2 , respectively. In this model €jlme’s are correlated in the same nest, corr(€jime, €j/jme) =
pm; Vi # 7 € Cpe, but corr(eme, €mre) = 0;Vm # m/, also, €, and €y are independence then
we will have:

on + 0%, jg=j,m=m/
coV(Ujme, Ujrmre) = § (L= Aoz, + 0%, j# 5 ,m=m;
0, m #m’,

where \,, = /1 — p,,. Also, based on vector U, = (Ui, ..., Upne,---,Une)’, the variance-
covariance matrix of U, is calculated as below:

I 0 ... 0
V(U.) =%y, = 0 e XUme 0 ,
0 0 DUrte
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2 MODEL SPECIFICATION

where:
2 2 2 2 2 2
O'm_|_o' N pmo'm+0 e pmo'm+0'
2 2 2 2 2 2
EUmc = ,OmUm+0' Um+a me'm+O'
PmO2 + 0% oo ppoi +o? - ol 40P
Thus,

Yu,., = afn(l — )Ly, + (a?npm + UQ)JJm; YeelC, m=1,2,..., M,

where I, is 7 x r identity matrix and J, denotes a r x r matrix, which all of its elements are
one.

In this case, the observation variables to obtain choice probabilities in two-level NMNL models
are introduced as follow:

Y. _ 17 Uj\mc = MaX;/cCppe Uj’|mc; Y. — 17 Umc = maXy/ Um’c;
glme 0, otherwise. me 0, otherwise.

In this situation:
}/jmc = Y}\mc X Ymc = Djme = Pjime X Pme;

where pjye = P(Yjme = 1) and pre = P(Yine = 1) and pjjme = P(Yjjme = 1) have the famil-
iar functional form of simple marginal and conditional logit choice probabilities, respectively.

According to the definition of variables Y, we will have, E(Yj.) = pjme and:

DPjme (1 - pjmc)> j=j,m=m
COU(}/ij, }/j’m’c> - —DPjme " Pj'me; J 7é ],, m = m/;

/
—Pjme * Pj'm’c, m 7£ m.

According to the vector Y, = (Yie, ..., Yime, - - -, Yare) T we will have:

El,c Elr‘n,,c E17’n’,c ElM,c
Em,l,c ce Zm,c t Emm’,c o E'mIM,c
V(Ye) =2y, = :
Zm’l,(: c Em,"m,c t E'm/,(: t E111’]%,0
EMie 0 EMme 0 ZMmle XM
where:
Pime * (1 - plmc) T —Plmec " Pjme T —Plmec " PJmeme
Yim,e = —Pjmec " Plme ot Pjme (1 _pj'mc) —Pjmec * Pdmeme s m=1,2,..., M,
—PJpeme " Plme s —PJpmeme * Pime 0 PJpeme” (1 - mecmc)
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2.2 Nested Multinomial Logit Model (NMNL)

with:
—Plmec *Pim'c o —Pimec Pjm’c e —Plme p.]m/cm’c
— . A
Emm/,c = —Pjmec " Pim’c —Pjme *Pjm’c _pjmc'pjmlcm’c 5 m7ém =12,..., M.
—PJmeme " Pim/c o “PJmeme " Pjim/c e —PJmeme me/C'm’c

With regards to the generating function G.(z) (Subsection [2.1.1)), which is defined by the
dissimilarity parameter \,, of nest m as follow:

M Tme Am
Gc(zlly-"azj’ma"')lea-")ZJMM): E E ijc )

m=1 \j=1

where 2j,,. = exp(=3¢). Thus, according to Fiz(z) = exp(=Ge(211, -+ Zjms - - s 2105+ + -5 20y 1))
we will have:
M [ Jn . Am
Fyuni(g;A) = exp —mz::l (; exp( )\;m)> . (2.17)

Distribution (2.17)) is a type of GEV distribution . This distribution for unobserved components
of utility gives rise to following the choice probability for alternative ;7 and nest m based on
choice set C. (McFadden 1978a):

. - 5Dt
me j/|me me ’
’ Z;‘]’WQ eXP(vJ,\in ) Z%:l exP (A V)

where jjme = £7(ajme)B (Equation (2.16)) and according to:

E(Umc) = E(”mc‘i‘gmc)

Jmc
/l).
— vt —1 Z Zjlme
Ume + Uy n( exp( " ))

J=1

then vy, = pl,.+1n <Z‘J]’:"{ exp(vj'mc)), where p. . = E(Upe) —vl,... Now, suppose that u! . =0

Am
Vjlme

thus v,,. = In <Zj§{ e Am ) In hence, pjm. can be rewritten as follows:

P exp(H4=e) . (ZZ];”f eXP((QK—TT))ym | (2.18)

> exp((522)) S (ZEI;”{C eXp((lel_:,nf))yml

where ), is the so-called dissimilarity parameter of subset m. The parameter )\, is a measure
of the degree of independence in unobserved utility among the alternatives in nest m. A higher
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2 MODEL SPECIFICATION

value of )\, means greater independence and less correlation. The statistic 1 — ), is a measure
of correlation, in the sense that as \,, rises, indicating less correlation, this statistic drops.
As (McFadden 1978a), (McFadden 1978b) points out, the correlation is actually more complex
than 1—\,,, but 1 — )\, can be used as an indication of correlation. A value of \,, = 1 indicates
complete independence within nest m, that is, no correlation. When \,, for all m representing
independence among all the alternatives in all nests, the GEV distribution becomes the produce
of independent extreme value term, whose distribution is given in . In this case, the nested
logit model reduces to the standard logit model.

ITA and IIN Properties

We can use Equation to show that ITA holds within each nest of alternatives but not
across nest. Considering alternatives j € C,,. and j° € C,,. (based on choice set C.). Since
the denominator of is the same for all alternatives, the ratio of probabilities is the ratio
of numerators:

exp(-dlme ‘]Tfex vf\'mc .
pime _SPCE) (D exe((52)) 210

pj’m’c Vil lm/c Jm/c Vilm/c )‘m’
exp(“5ze) (3mpe exp((*422)) )

In this situation, if m = m’ (i.e., j and j’ are in the same nest) then we will have:

Pjime o eXp(UJ).\‘:C)
Pime  exp(4me)’

This ratio just depends on two alternatives j and 7’ and is independent of all other alternatives.
This means that the ITA property is hold in nest, each. But, for m # m/ (i.e., 7 and j" are in
the different nests), Equation denotes that this ratio dependents on all of alternatives in
nests m and m’ and is independent of all other alternatives. A form of ITA holds, therefore, even
for alternatives in different nests. This form of ITA can be loosely described as Independent
from Irrelevant Nests or IIN. Thus, with a nested logit model, IIA holds over alternatives in
each nest and IIN holds over alternatives in different nests.

Consistency with RUM

(McFadden 1981)) has shown that any set of the choice probabilities that satisfy the compati-
bility conditions (2.10)), (2.11)), (2.12) are consistent with RUM. In the case of the Nested logit
model only compatibility condition is restrictive.

(Daly and Zachary 1978), (McFadden 1978d), (McFadden 1978b) and (Williams 1977)
showed, independently and using different proofs, that the two-level nested logit model is con-
sistent with random utility maximization (RUM). Such that this the dissimilarity parameter
for the nested are restricted to lie within the unit interval:

A < 1L,Vm=1,2,... M,

h h

where m is index relative to m'" nest and )\,, is dissimilarity parameter associated to m'" nest.

26



2.2 Nested Multinomial Logit Model (NMNL)

(Borsch-Supan 1990) showed that the Daly, Zachary, McFadden(DZM) conditions of the va-
lidity of stochastic utility maximization in nested MNL model is unnecessarily strong. Therefore
it may be too often rejected NMNL model because of their large dissimilarity parameter, since
by noting to these conditions (DZM), \,, should be in unit interval, means, 0 < \,, < 1,m =
1,2,..., M, at really, it reveals that nested MNL models with large dissimilarity parameters
are only compatible with stochastic utility maximization are sufficiently large (Theorem .

Theorem 2.2. (Boirsch-Supan 1990): In two-level NMNL models, a necessary criterion for
the nonnegativity condition are sufficiently large marginal choice probabilities of the subsets of

similar alternatives (w.r.t Choice set C.):

Am — 1

m

Pme 2 ;vm:1,2,...,M.

(Herriges and Kling 1996) extended the results of Bérsch-Supan’s theorem and examining
the extent to which it is likely to expand the set of consistent NMNL models.

Theorem 2.3. (Herriges and Kling 1996): In two-level NMNL models, the following are nec-
essary conditions for consistency with stochastic utility mazimization (based on choice set C.).

Let 1, = ’\’/{1;1 then:

pchTm;m:1727"'7M (220>
(2(Tin = Pime)? + TmPme) = Tim; ¥Ym € My = {m|Jpe > 3} (2.21)

[6(pme — ) 4 Ton [2(Pme — 1) = Tin) (1 = pe)] > 0;¥m € My = {m|Jpne > 4}, (2.22)

where J,,,. is the number of alternatives in the m!* nest and Ms, M, denote the sets of nests,
which have at least three and four alternatives. To proof Theorem from the first, second
and third mixed partial derivations of Equation ({2.18]) have been used.

Corollary 2.3. In two-level NMNL models, consistency with stochastic utility mazimization

places the following necessary restrictions on dissimilarity coefficients:

Am <

=1,2,..., M 2.23
1_pmc7m ) Y Y Y ( )

4
3(1 = pune) + [(L+ TAw)(1 = An)]?
where the condition ([2.12)) is to be valid for all deterministic utility components v, € R7e.

Vm € My = {m|Jme > 3}, (2.24)

m =
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2 MODEL SPECIFICATION

Example 2.3. Suppose that there is a choice set with three alternatives, C = {ai., Gac, asc},
and due to alternatives ai. and as. have common properties, thus, we divide all of alternatives

into two nests, C; = {a11.(a1c), a21c(ag.)} and Coy = {aja.(as.)}. In this situation, generating
function is denoted by:

and we will have:

v, v, A1
(exp(Z5 ) e (21 ) )

v 1 v 1
exp(va12c|2c)+<exp<7‘1&1;' < ) +exp<7a2§fl C))

i plC: A1

exp(”algcpc)

v, 1 1 A1
Pty i)+ (exp (PR 4exp (“110) )

® Doc=

) .
L4 pj‘lC: Yaq1.]le Yagi.]le 7] € {a’llcua12c}7 palgc‘QC — 1
exp( e ) rexp (2 )
A1 A1

Let, Ay = A thus:

A—1

(eXp ( a11c\1c> 4 exp( a21c|16)) - exp ( a11cllc)

Paiicic = Pic * Pajiclle = , (225)
11c1 1 11c/1 (exp (Ua12c|26) X (exp( allc\lc) + eXp( amuc))x>
e Yajielle +e Vagylie\\ A1 e Vagyelle
pa21clc = Pic" pa216|lc = ( Lk ( ) P ( )) P ( A )\) > (226)
<exp (Ua120|2c) i (exp( auc\lc) + exp ( azmlc)) )
[§ Vaqac|2¢
Paiac2c = P2c * Pajacl2c = P ( 12]2 ) (227)

exp (Umzc\%) + (exp (Lc'lc) + exp ( a21c\lc)))\7

where pjme, Pjjme and pp,. denote the joint, conditional and marginal choice probabilities related
to choosing alternative j and nest m in choice set ¢. Since, J,,. < 2;m = 1,2 then Condition
(2.20) must be just considered In this case, the NMNL model , which has been denoted by

Equations ([2.25)), (2.26)) and (| - is consistent with RUM when /\ < ;= In this situation, if
A =1 then the NMNL model reduce to the MNL model, thus testing HO )\ =1lviaH: A#1
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2.2 Nested Multinomial Logit Model (NMNL)

can be interesting. According to the normalized log-likelihood function of the NMNL model,
which is defined as follow:

I M Jne

CC? /87 Z Z Z ywmc ngmc (2'28)

i=1 m=1 j=1

Let us, suppose that f(ai1.) = 1 and f(az.) = f(a1a.) = 0, where vjjme = £ (ajme)3;7 €
{a11¢, G21¢, a12:}, m = 1,2. According to Equations (2.25)), (2.26]) and (2.27) we will have:

(1+exp<§))>\71 cexp (£) (1+exp(§))>\71 - .

Paaele = (1+(1+exp(§))k> ) Paziele = (1+(1+exp<§))A) » Poazede = 1+(1+eXp(§>)x'
Let, 0 = g and Z; + Zy + Z3 = 7 (See Example thus:
08, N) =110 + (Ty + To)(A — 1) In(1 + exp (0)) — Z - In(1 + (1 + exp (6))*). (2.29)

Then, the maximum likelihood estimators for 4 and A are calculated as below:

2 7 { 1“(11;22)
0 =In(= A= ———, 2.30
n(12)7 1n<111_212> ( )

Based on the definition of the information matrix, we will have:

D20(5,\) PUBN) 0N
I(&A):—E(—aaa)\ )=—FE 825%%f) 85‘)5@) ‘

Suppose that:

. 155 I(;)\ 1 ]A)\ _[6)\
I(cS,A)—(]M ])\)\) = I\ = —I&S[/\/\ 7 (—Lu I )

With regards to the properties of the maximum likelihood estimator (MLE), we know:
A~ N TTHN),

where ~* denotes the asymptotically distribution and X\ = I ~1(\). According to asymptoti-
cally distribution of A, the rejection region for above hypothesis is obtained as follow:

rr = {;\|5\ > (1 + z%]_%()\)> or \< (1 - z%]_%(/\)>}

Since, I"1(6, \) is a function of unknown parameters (), §) then we use their estimators (X, 0)
to obtain the inverse of the information matrix (I7*(d, \)), so that:

%))

w\sz

ror= {5\|5\ > <1 —l—z%i},\> or A < (1
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2 MODEL SPECIFICATION

where >, = 0/2\ = ¢ with:

a = [(IA — (T1 + T2)(A = 1)) (1 + exp (8))> + (TA\2 exp (8) + TA — 2(Z1 + Ta)(A — 1)) (1 + exp (6)* — (T1 + To) (A — 1)]

x {1 + (1 +exp (5))A]

b = exp(8)(=T1 — o+ I)% (1 + exp (8))** + (—(ZTX — (T1 + T2) (X — 1)Z(In(1 + exp (8)))?
+2Z exp (8) M(—=Z1 — Tz + I) In(1 4 exp (8)) + exp (6) (—3Z1 — 3Tz + I)(=T1 — T2 + IT))((1 + exp (6))*)?

-2 {721()\ — 1)(In(1 4 exp (6)))2 4 exp (6) ZIn(1 + exp (8))\ + exp (8) (7311 — gl’z + I)}

x [(11 1 T3)(1 + exp (8))> + exp (6) (T +12)2} ‘
According to - A= (0, = — —_] is parameter space of \ then A must vary in A, thus;
o if (1 —24%,) <0< ﬁ <(1+2z2%) = rr= {)\|)\< ﬁ},

ZQE)\
(1+Z%i)\)’

i if0<(1+zgix)<ﬁ = 7“7”—{5\\(1+z%ﬁ3,\)<5\<ﬁ};p1>

o if0 < (1—2%2,\) < (1—1—2%29 < ﬁ = rr= {5\]5\ > (1 —1—2%20 orA < (1 — z%ih)},

¢ if0<(1-2s%) < 1 < (14238,) = rr= {qu —2e%y) > X}.

WALD’s Test-Statistic : \ has asymptotically normal distribution, thus;

W=M=NT(T'N)" (A=A (2.31)
has Chi-Square distribution asymptotically under null hypothesis, Hy : A = Ag, means that:
. I2 .
W=(\-X)" (IM - 1572) (A= Xo) ~* X7, (2.32)

where (I71(\)) ' = IA 166
Test statistic (| is called WALD'’s test statistic and if W > Xi,lﬁ Hy: A=)y =1 will be
rejected, else, Ho Will be accepted, means that the MNL model is true.

LRT’s Test-Statistic: The above hypothesis can be done by the LRT test statistic, also. In
A In( =Z3
this case, we assume that: L(0,\) = L <1n (%) 1<11—I+212>) is maximum likelihood function

n<11+12)
without restriction and L(g 5\) (ln (IQf%l) ,1> is likelihood restricted, thus:
L(6,\) )
LRT = —21In — | ~* XTo1)- 2.33
(L(é,A)) X(2-1) ( )
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2.2 Nested Multinomial Logit Model (NMNL)

Test statistic (2.33) also has Chi-square distribution asymptotically with 1 degree of freedom,

then: - -
LRT = 2T,1n 2 ) 4+ 927.1n 3 )Na 2,
: (IQ+13) : (I2+I3 .

Similarity, if LRT > sza Hy: A= )y =1 will be rejected, else, the MNL model is true.

Noting to , since 1_11%5 > 1 then it is possible that dm; \,, > 1. However, we can
construct a set like D(\) so that for all of points in this set the NMNL choice probabilities do
indeed represent a choice system compatible with stochastic utility maximization (See (Borsch-
Supan 1990))).

Totaly, suppose that there is a NMNL model by M nests. In this case if \,, = 1;Vm then

NMNL model reduces to MNL model. for this purpose we define the following hypothesis test:

{ Hy:A=1y

Hi:AN#£1y "’
A1 1

where A = :2 and 1, = 1 . To do this test, the Wald test can be considered. Thus
Ay 1

we suppose that A be the MLE for A, which has the properties of the MLE (asymptotically).
Now if ¥, is variance-covariance matrix related to all of the dissimilarity parameters then the
Wald statistic is as follow:

W = (A —Ag)ZHA — Ag)T.

This statistic under Hy has chi-square distribution with M degree of freedom. Now, according
to Ay = 1, we will have:

W=(A-1)S (A - 10)" ~ )

In this situation, if W > X?% » then null hypothesis will be rejected else it will be accepted.

2.2.2 Three-Level Nested MNL Model

The nested logit model (McFadden 1978a), (McFadden 1981) allows partial relaxation of the
assumption of independence of the stochastic components of utility of alternatives. In some
choice situations, the IIA property holds for some pairs of alternatives but not all. In these
situations, the nested logit model can be used if the set of alternatives faced by an individual
can be partitioned into subsets such that the IIA property holds within subsets but not across
subsets. In the nested logit model, the joint distribution of the errors is generalized extreme
value (GEV). This is a generalization of the type I extreme-value distribution that gives rise
to the conditional logit model. Note that all within each subset are correlated with each other.
Nested logit models can be described analytically following the notation of (McFadden 1981).
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2 MODEL SPECIFICATION

In subsection was told that if there are some alternatives, which are more similar than
the others, the alternatives of the choice set are divided into several sets which are called nests.
In this situation, we can divide alternatives in some nests to sub-nests if it is necessary (if ITA
be not hold in at least one nest). By dividing the alternatives of some (all) nests into sub-nests,
we will confront with a new model of logit family which is called three-level nested logit models,
due to there are three kind of choice probabilities.

We first introduce utility and observation variables to obtain the choice probabilities in the
three-level NMNL models. In this case, the utility related to choosing alternatives include three
component as follow (based on choice set C.):

J=1,2,..., Jyme, (alternative in sub-nest hm );
Uihme = Ume + Unjme + Ujjame; § h=1,2,...,Hy,, (sub-nest); (2.34)
m=1,2,...,M, (nest).
The alternatives are divided into M nests, with H,, sub-nests in nest m and Jj,,,. alternatives
in sub-nest hm. The choice can be considered as first choosing among the M nests, then among
the H,, sub-nests in the chosen nest m, and finally among the Jj,,. alternatives in the chosen
sub-nest Am so that:

Chmc = {alhmca @2hmey - - - )aJthmc}-

In this case, we define C,. a choice set, which includes .J,. alternatives, where .J. = Z%:l ZhH:1 Jhme-
The alternatives of the choice set C,. will be divided into M nests each with J,,. alternatives
while the choice set of nest m is denoted by C,,.. According to the definition of three-level
NMNL model, the alternatives of each nest(at least one of them) are divided to several sub-nests
each with J,,. alternatives (choice set Cp,y,.), where:

M Hp,
U (Cmc = (Cc; Cmc m (Cm’c = ¢ and U Chmc = (Cmca Chmc m Ch’mc = ¢
m=1 h=1

N e and e = 30 T
Also, Equation (2.34) can be rewritten by (ignoring index 7):

Consequently, J, = ZM

1. Umc = Ume + Eme

® Ume = E(Il’laXheHm Uh\mc)-

2. Uh|mc = Un|mec + Ehlme

b Uh|mc - E(manE(Cc Uj|hmc)‘

3. Uj|hmc = Vj|hme + Ejlhme

® Vjlhme = fT(ajhmc)/Ba f(a'jhmc) = (flT(a'jhmc)a cee afg(ajhmc)a cee 7f[7;(ajhmc))T;

£ (aime) = (fir (@inme), - - s Foe(@inme)s - - - s Frr (@jnme)) "
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2.2 Nested Multinomial Logit Model (NMNL)

where suppose that &, have EVD with variance o7,, and they are correlated in the same sub-
nest (phm = COTT (€ hme, €j/|hme) )s Enjme has distribution such as maxjcc,,.. Ujjhme (Chme denotes
a set of alternatives in sub-nest Am) and we use of symbol o2, to denote for its variance. Ehjme
are correlated in the same nest (pm, = corr(enjme; €njme))- Eme have (i.i.d) distribution such as
maxpep,, Unjme, With variance o2, where corr(epe, €me) = 0; m # m’ (for simplicity it has been
used three symbols o} 02 and o® instead of their variances). In this situation, &;nme, Eajme

m
and €,,. has been assumed that are independence. In this case we will have:

U%Lm+0'72n+0'27 j:j/7h:h,7m:m/;
2 2 2 . -/ / /
. . — phmahm+0m+07 j%]’h:h7m:m7
COU(UJhmm Uj th) - ,Omo-?n _|_g'2’ h 7& h/,m = m/;
0, m #m'.

Thus with respect to vector U, = (Uie, ..., Upe, - - -, Unze)? we will have:

¥ -+ 0 -~ 0
Yu, = Cov(Upe, Upre) = o --- X, --- 0
0o -~ 0 - Xy
Also, the variance-covariance matrix of the vector Unye = (Uime, - - - Unmes - - - Unt,me) . is cal-
culated as follow:
E1m e Elm,hm T E1m,h’m T Z1m,Hm
T
ST Yhm o Shmam  ShHm
2m = OOU<Uth7 Uh’mc) = : )
T T
Z1m,h/m T Ehm,h’m to Eh'm T Eh’m,Hmm
T T T
Elm,Hmm Ehm,Hmm Z:h’m,Hmm e ZHmm

where (Let r = Jpme):
Shm = Cov(Ujnme; Ujhme) =03 (L = o )le + (prm O + 0% + 0%) T,
Ehm,h’m = CO’U(Ujth, Uj’h’mc) :(pmo-?n + 02>Jr

where I, and J, have been defined in subsection [2.2.1
According to the Utility ([2.34) the observation variables can be introduced as below (ignoring
index 7):

eV . — ]-7 Umc = InaXy,/ Um’c;
me 0, otherwise.
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2 MODEL SPECIFICATION

oV _ 1, Uh\mc = MaXp'cH,y, Uh’\mc;
hime 0, otherwise.

[ ] 1| h = 1’ U]‘]’me = manle(Chmc U]/‘hm87
jlhme 0, otherwise.

With regards to independence between above three error terms (Equation ([2.34])) we will have:
thmc = Yj\hmc X Yh|mc X Yine.

Thus:
Pjihme = Pjlhme X Phlme X Pmes (235>

where Pihme = P(}/jhmc - 1)7 pj|hmc - P(Yﬂhmc - 1)7 ph|mc - P(Yh\mc - 1) and Pme = P<Ymc —
1) so that (McFadden 1981)):

() — eacp(umIVmc)
T 1 @D Vo)

6Ip( A Ithc)

Hm
H Ayt
Zh’Zl eXp( h mIVh’ms)

Hrm

® Dhlmec =

b

Yjlhme
) . — P Ahm,
p]‘hmc Jhme Yj'lhme ) *
Zj/,1 exp *n
- m

In the above choice probabilities, IV,,. and IV}, are the inclusive values of nest m and sub-nest
hm, respectively, where:

o Vs =FE (maXheHm UhImC) =In (Zh:ml xp (XL_;IthJ) ’
b Ithc =EB (maxje(chmc Uj|hmc) =In <Zji7{w exp (v&l::nm>>

and the parameters p,, and A, are the measures of the degree of independence in unobserved
utility among the sub-nests in nest, m, and the alternatives in sub-nest, hm, respectively.
Based on the definition of the observations variable (Y.) we will have:

Pjihme * (1 - pjhmc)a .] = j/7 h = h/7m = m,;

. -/ / ’.
Y. Y. o —DPjnme * Pj’hmes j#]7h:hvm:mv
COU( jhmes j’h’m’c) — h h/ _ /.
—DPjhme * Pj'h'me; 7£ y T =15
/
—Pjihme " Pj'h'm/c, m 7é m.
Thus the variance-covariance of the vector Y. = (Yi¢e, ..., Yine, - - - ,YMC)T:
Elc e 2lm,c e E1M,c
ZYC = COU(YmSa Ym’s) = Eml,c T ch T EmM,c s
ZMlc EMmc 2Mc

) )
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2.2 Nested Multinomial Logit Model (NMNL)

where based on vector Y, = (Yime, - - > Yimes - - - Yir,,me)© we will have:
Zl,mc ot Elh,mc Zjlh’,mc Zle,mc
Zhl,mc T Eh,mc Zth/,mc EhHm,mc
Emc = COU(Yhmw Yh’mc)= : ;
Zh’l,mc Z]h’h,mc T Eh’,mc Eh’Hm,mc
2Hml,mc 2Hmh,mc EHmh’,mc 2Hm,mc
2lm,lm’c Ehn,h’m’c 2lm,Hm/m’c
me’,c = Ehm,lm’c Zhm,h’m’c th,Hm/m’c )
EHmm,lm’c ZJHmm,h/m’c EHmeHm/m’c
Pihms - (1 - plhmc) —Pihme * Pjhme —Pinme * Py, hme
Zh,mc = —Pihme * Pjhme Pjnms * (1 - pjhmc) —Pjhrme * PJphme ;
—Pihme * PJpphme Piymbhms * (1 - thmhmc)
- mc mce - mc mc - mc ’ mc
Pihme * P1n/ Pihme " Pj'w Pihme " Py, b
,mc — —Pjhme * ms —Pjhme * Pj’h/mc —Pjhme / me )
Y Pihme * 1w/ Pihme * Dj'h Dihme * Dy, b/
—PJ,hme * P1h/ms —PJnhme * Pj'h'me —PJnmhme * th/mh’mc
—Pihme * Pin'm/c —Pihme " Pi'h'm’c —Pihme * p]h/m/h’m’c
Zhm,h’m’c =

—Pjhme " P1h'm/c —Pjhme * Pj'h'm/c —Pjhme * th/m/h’m’c

—PJy, hme * P1h/m/c —PJnphme * Pj'h/'m!c —PJ,, hme * th/m/h’m’c

Consistency with RUM in the Three-Level NMNL Models

According to RUM Conditions ([2.10)), (2.11]) and (2.12)), it has been showed that the following

conditions are necessary for consistency with random utility maximization.
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2 MODEL SPECIFICATION

Theorem 2.4. (Gil-Molton and Hole 2004): The necessary conditions for compatibility three
-level nested multinomail logit models with RUM are as follow (w.r.t Choice set C..):

umgl ,m=12,..., M, (2.36)
4
o, < -, Vm € M = {m|H,, > 3}, (2.37)
1
A < =— ,Vh, m (2.38)
4

A < ,Yh,m € Mg = {h, m|Jpme > 3}, (2.39)

1
Mim + 3ph\mc - 3&% + pmo)ph\mc + D>
with:

(1 + 7ph\mc>(1 - ph|mc) . 6(1 - pmc)(l - ph\mc)ph|mc
Him fim

D = (14 Tpme) (1 = Pime)Pijme +

Y

where M denotes a set of choice sets with at least three sub-nests in each nest and M is the set

of all choice sets with at least three alternatives in sub-nests.

Obtaining the above four conditions, it has been used of differentiation of equation .
The conditions ([2.36)) and (2.37)) correspond to the conditions in (Herriges and Kling 1996 and
the conditions and (2.39) are implied by the first and the second order mixed derivative
of according to vjpms for j° € Cppe, where j' # j. The above conditions are necessary
and sufficient for a model with three alternatives per sub-nest and three sub-nest per nest.

For a model with two alternatives per sub-nest and two sub-nest per nest the conditions
and are necessary and sufficient. The conditions are not sufficient when there
are more than three alternative per sub-nest, but in practical applications testing the first and
second-order conditions may be considered satisfactory.
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3 OPTIMAL DESIGN

The design of experiments is an important part of scientific research. Design involves speci-
fying all aspects of an experiment and choosing the values of variables that can be controlled
before the experiment starts. Control variables might include: Choosing which treatments to
study, defining the treatments precisely, choosing blocking factors, choosing how to randomize,
specifying the experimental unites to be used, specifying a length of time for the experiment to
be performed, choosing a sample size and choosing the proportion of observations to allocate
to each treatment. These are all relevant aspects in design.

When designing an experiment, decisions must be made before data collection, and data
collection is restricted by limited resources. Because information is usually available prior to
experimentation and, indeed, often motivates doing the experiment, Bayesian methods are
ideally suited to contributed to experimental design. Bayesian decision theory also motivates
precise specification of the reason the experiment is being conducted. Like most areas of
Bayesian statistics, Bayesian experimental design has gained popularity in the past two decades.
But also like many areas of Bayesian statistics, applications to actual experiments still lag
behind the theory. The basic idea in experimental design is that statistical inference about
the quantities of interest can be improved by appropriately selecting the values of the control
variables. In estimation problems, estimators with small variance are usually desirable. Control
variables should therefore be selected to achieve small variability for the estimator chosen.
Much depends however on what is to be estimated, and how it will be estimated. Specifying
the purpose of the experiment generates various criteria for the choice of a design. (Chaloner
and Verdinelli 1995) have addressed the fundamental principles of design by providing a general
Bayesian decision theoretic framework for a coherent approach.

In this chapter is presented the definition of various optimality and collected the correspond-
ing equivalence theorems (for linear and non-linear model) which are useful tools for checking
optimality. Collecting this chapter, we have used of various paper and books like (Fedorou
1972), (Silvey 1980), (Pukelsheim 1993), (Schwabe 1996) and others.

Design are represented by the measure & over X. If the design has trials at n distinct points

in X, we write;
Ty T2 -0 Tn —_
= €= 3.1
R P T (31)

where = = {¢[z; € X and )" w; = 1,0 < w; < 1;Vi}.

In this situation, X is design region and the first line gives the values of the factors (ex-
planatory variables) at the design points with the w; the associated design weights. Since & is
a measure then [, {(dx) = 1.

Now, if we wish to stress that a measure refers to an exact design, realizable in integers for
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3 OPTIMAL DESIGN

a specific N, the measure is written:

r1T o9 ... T —_ —_
&V:{ rnoor i }G:NC:, (32)
N N "7 N

where 7; is the integer number of trials at x; and ) r; = N. Obtaining the optimal design for
design and we need to have design criterion. The most important design criterion
in applications is that of D-optimality, in which the generalized variance, or its logarithm
—log(det(M(€))), is minimized (M(¢) is information matrix which is proportional with the
inverse of variance of parameters estimator). In this situation, according to F(Y|z) = 7 (x)8,
we will have:

M(¢) = /EXf(:c)fT(:zz)dz: or M(é‘):Zwif(wi)fT(xi).

Designs which maximize det(FTF) = det(M(.)) are called D-optimum (for determinant),
where (p is the number of parameters):

E(Y|x) =FT3, Var(Y) = 0?1,;
o F=(f(x1),....f(x,)", B=(B,...,5)7,
o f(z:) = (f(zi),. .., o)

(Atkinson, et al. 2007) showed that how different designs can be in the values the yield of
det(FTF), in the curve of d(z,&) = 1 (x)M~Y(&)f(z) over the design region X, and in the
maximum value of the variance over X'. An ideal design for these models would simultaneously
minimize the generalized variance of the parameter estimates and minimize d(zx,§) over X.
Usually a choice has to be made between these desiderate. Three possible design criteria which
relate to these properties are as follows;

e D-optimality: A design is D-optimum if, it maximizes the value of det(M(&)). The
generalized variance of the parameter estimates is minimized.

o G-optimality: A G-optimum design minimizes the maximum over the design region
X of the standardized variance d(z,§). This maximum value equals p (the number of
parameters). For continuous designs this optimum design measure £* will also be D-
optimum and mingez max,ex d(z;€) = p. Of course, can be showed that (by example)
this equivalence may not hold for exact designs. For an exact design, we may have
Minge= max,er d(z; €) > p.

o V-optimality: An alternative to G- optimality is V- optimality in which the average of
d(x,&) over X is minimized.

A design in which the distribution of trials over X is specified by a measure £, regardless of IV,
is called continuous or approximate. An approximate design can be rounded to an exact design
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without losing too much efficiency (Pukelsheim 1995). Without the relaxation to non-integer
designs, the design problem is that of a hard integer programming problem. (Majumdar 1988),
(Majumdar 1992) has derived Bayesian exact designs for a two way analysis of variance model
considering a special subclass of prior distributions. This is a particularly useful approach when
dealing with the constraints of incomplete blocks. (Toman 1994) has derived Bayes optimal
exact designs for two- and three level factorial experiments, with and without blocking. One of
the important problems she has solved is that of choosing a fraction of the full factorial design.

Already (Hoel 1958) noticed that the D- and G- optimum designs coincide in the model of
a one-dimensional polynomial regression, and (Kiefer and Wolfowitz 1959) proved that this is
true for every linear model and in general, only for continuous designs (design for a specified
number of trials are called exact). We must note that the designs depend on the number of
trials N, the number of factors, the design region, and the permitted number of factor levels.

In practice all designs are exact. For moderate N good exact designs can frequently be found
by integer approximation to the optimum continuous measure £*. Often for simple models with
p parameters, there will be p designs points with equal weight zla’ so that the exact design with
N = p trials is optimum. However, if the design weights are not rational, it will not be possible
to find an exact design which is identical with the continuous optimum design. Difficulties
in finding exact designs usually arise when N is close to the number of support points of the
optimum continuous design, leading to a poor approximation to £*. For example, for an N-
trials design the information matrix for 3 in the model E(Y|x) = F3 was defined as FTF,
where:

N
F'F =) f(z)f" (z)
i=1
and f7(z;) is the i row of F. For the continuous design &, the information matrix is (m(z) is
the information matrix in one point, x) ;

M(E) = [ mie)e(de) = [ f@f @s(dn) = 3O )t

which is summed over the n design points, because of the presence of the weights w;, becomes
a scaled version for the exact design &y e

T
Migy) = o

and for continuous designs the standardized variance of the predicted response is as follows:

d(x,€) = £ ()M~ ()f ().

= Var(Y(z)) = o7 (2)(FTF)f(z)

3.1 The General Equivalence Theorem

In the theory for continuous designs we consider minimization of the general measure of im-
precision W(M(€)) (a function of information matrix). Under very mild assumption, the most
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3 OPTIMAL DESIGN

important of which are the compactness of X and the convexity and differentiability of W,
designs which minimize W also satisfy a second criterion. One example is D-optimality, in
which U(M(£)) = Indet(M~1(£)) = — Indet(M(&)) so that the determinant of the information
matrix M() is maximized. It has been showed (Schwabe 1996) that compared to many other
criteria the D-criterion has the advantage that it is not affected by re-parameterizations of
the model. Continuous designs which are D-optimum are also G-optimum, they minimize the
maximum over X of the variance (White 1975).

The general equivalence theorem can be viewed as an application of the result that the
derivatives are zero at a minimum of a function. However, the function depends on the measure
¢ through the information matrix M(€). Let the measure £ put unit mass at the point z and
let the measure & be given by, £ = (1 — a)¢ + af then, we will have

M(£') = (1 — a)M(§) + aM(S),

where & = &, (& denotes a design for only one point). Accordingly, the derivative of ¥ in the
direction ¢ is (Fedorov 1972), pp.71:

bo.6:8) = lim L= IME) +aM(©) — ¥(M(E))

a—07F (%

(3.3)
The general equivalence theorem then states the equivalence of the following three conditions
on £

1. The design £* minimizes W(M(¢)).

2. The minimum of ¢(z,&*) > 0;Va € X.

3. The derivative mingcx ¢(z,£*) = 0 achieves its minimum at the points of the design.

Theorem 3.1. (Kiefer and Wolfowitz 1959) The following assertion are equivalence;

~

1. The design & mazimizes det(M(&)), ( minimizes det(Var(53))),
2. The design & minimizes maxzex A(z)d(z,§),

3. maxgey Az)d(z, &) = p,

where p is the number of parameters, A(z) is efficiency function (See (Fedorov 1972), pp.71-73)
and

M(§) = Z wz‘)\(%')f(%)fT(%)-

This theorem provides methods for the construction and checking of optimum designs. How-
ever, it says nothing about n, the number of support points of the design. The information
matrix of any design can be represented as a weighted sum of, at most, e+D) ipformation

- 2
matrices m(&;) where & puts unit weight at the design point x;.
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3.1 The General Equivalence Theorem

The bound an the number of design points depends on the linear structure of M(£) and
so holds for any criterion which is a function of a single information matrix. The general
equivalence theorem holds for continuous designs represented by the measure £. In general, it
does not hold for exact designs. For D-optimality the implication is that there may be some
values of N for which on design will be D-optimum and another G-optimum.

As it was told, for the linear model, a design measure £* is called G-optimum if d(z,£*),
which is proportional to the variance (for homoscedastic case) of the least squares estimator of
the response at x satisfies:

supd(z, &) = minsupd(z, §).

TEX £E€E zex
In order to formulate an analogue to the General Equivalence Theorem for the more general
model (non-linear model) an analogue of d(x, £) is needed. (White 1975) has taken the function:

d(z,&,0) =tr (I(z,0)M (¢, 0))

as this analogue, for non-linear models, whenever M (¢, 0) is nonsingular and I(x, 0) = M(¢,, 0)
is information matrix for only one point. Motivation for this choice is given below but it should
be noted that (i) it reduces to d(x, ) for the linear model with normally distributed errors, and
(ii) it is invariant under nonlinear transformation of Y, and of 8. Then, a design measure £* is
called G(0)-optimum if

supd(z, £, 0) = minsupd(x, &, 0) (3.4)

reX §€E zex

for O taking its true value. Let us consider:
D(6) = —Indet (M(£,0)), G(8) = M2)fT (2)M (£, 0)f(z)
thus analogue of Kiefer and Wolfowitz’s result becomes;
Theorem 3.2. (White 1973): The following conditions on a design measure £ are equivalent:
1. & is D(@)-optimum : D(£*,0) = mingez D(, 0)
2. & is G(0)-optimum tr (I(x,0)M~1(£*,0)) <p ;Vr e X
3. tr (I(z*,0)M~1(£,0)) =p
for 0 taking its true value.

Based on Theorem the third condition is necessary but it is not sufficient. That means
that, the first and second condition are equivalent and if those be hold the third condition is
hold, also. But, if the third condition be hold we can not say the two conditions first and
second are hold.
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3 OPTIMAL DESIGN

3.2 Other Optimality Criteria

It was told that the most important design criterion in applications is that of D-optimality
in which the generalized variance, or its logarithm —Indet(M(¢)), is minimized. But, there
exist other optimality criteria that we can check optimality by using them, like; A-optimality
which minimizes the average variance of the parameter estimates (trM~1(€)). It was defined
that ¢(z, ) is derivative of U(M(£)) = Indet(M~1(£)). Now in order to state the equivalence
theorems for D- and A-Optimality criterion it can be rewritten the derivative of ¥(M(¢)) as
(See Equation (3.3)));

ote.6) =tr (M. 50 ) — o), (35

where:
0¥ (M(¢))

With respect to (3.5) and (3.6) we will have (p is the number of parameters):

V(@€ =f'(2)

o if U(M(E) = In(det(M~1(£))) then:

OP(M(S)) — T ()M
e M (&) = ¢(z,8) =p — £ (x)M(Of()

o if U(M(E) =tr(M~1(€))) then:

U(M
N = M) = 6(.€) = (M)~ (M) (oM (6)
An advantage of D-optimality is that the optimum designs for quantitative factors do not
depend upon the scale of the variables. Linear transformations leave the D-optimum design
unchanged, which is not in general the case for A-optimum design. But, for designs with all
factors qualitative, such as block designs the problem of scale does not arise and A-optimum
design are frequently employed. Such that, D-optimum designs are more readily constructed for
experiments with quantitative factors. We now consider an useful extension to D-optimality.

D,-Optimality

D,-optimum designs are appropriate when interest is in estimating a subset of ¢ of the param-
eters as precisely as possible. Let the terms of the model be divided into two groups;

E(Y|z) =f1(2)0 = £ (2)0, + £] (2)0,,
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3.2 Other Optimality Criteria

where the 0, are the ¢ parameters of interest, the p — g parameters 0, are then treated as
nuisance parameters. On example is when 6, corresponds to the experimental factors and 6,
corresponds to the parameters for the blocking factors. In this situation, we will have;

C( Mu(©) M) L MU(E) M)
M(¢) = ( Moi(€) Ma(é) ) = M) = < M) MP2(€) >

where the covariance matrix for the least squares of 8; is M () which is showed by

MM (€) = (M (€) — Mia(§) My (MB(6)) (3.7)
The Dg-optimum design for 8; accordingly maximizes the determinant:
det(M
det (Mus(6) ~ MM OME(©) = 3o (3.5)

such that;
dy(z,€) = £ ()M (E)f (2) — £5 ()M (§)f2(2)
and for D, -optimum design &%, d,(z, &) < q.
These results follow from those for D 4-optimality by taking A = (I,,0), where I, is the ¢ x ¢
identity matrix (Atkinson, et al. 2007), pp.137.
(White 19753) has expanded D, -optimality for nonlinear model. She has assumed that if the
parameters 61,0,,...,60, (¢ < p) are the only parameters of interest, it can be partitioned

information matrix into:
_( Mu(£,0) Miy(¢,0)
M0 = (MCo) Moo ) 39

where My;(&,0) is an ¢ X ¢ sub-matrix and My (&, 0) is assumed nonsingular. Thus a design
measure * is called D,(0)-optimum if
detM(E', 0] det|M(&, 0)

det [Mgz (5*, 0)] I?GaEX det [MQ? (ga 0)]

for 0 taking its true value.

M(¢,0)

-1
) is the asymptotic generalized variance of the esti-
M22(£70)

Note 3.1: The quantity n! (

mators of 61,0, ...,0,.
In this situation, by noting to (3.4)) and (3.9 can be told that a design measure £* is called

G4(0)-optimum if sup,z dy(x,&*, 0) = mingez max,ex dy(z, €, @), where:
dQ('xa 57 0) =tr (I(%, 9)M71<£7 0)) —tr (122(1', 0)M521 (57 H))
and I(z, @) is partitioned in the same way as M(, 0). That means;

Iii(z,0) Iis(z,0)
I(z,0) = ( 17, (z,0) Iy(x,0) ) '

(White 1975) has also introduced based on Kiefer’s theorem (Kiefer 1961]) the following theorem
for the nonlinear models;
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3 OPTIMAL DESIGN

Theorem 3.3. (White 1973): The following conditions on a design measure & are equivalent

(for a subset of parameters):

1. £ is D,(0)-optimum,

2. & is G,(0) -optimum,

3. sup,ey dg(x,€5,0) = ¢

for @ taking its true value.

3.3 The General Properties of D-Optimal Designs

The general properties of D-optimum designs are as follows:

1.

2.

44

The D-optimum design £* maximizes det(M(€)) or, equivalently, minimizes det(M™!(£)).

The D-efficiency of an arbitrary design ¢ is defined as;

_((det(M() \ 7
2ur = (Geiiey)

where p is the number of parameters.

A generalized G-optimum design over the region R is one for which,

maxw(z)d(z,¢") = min maxw(z)d(z, §).

Here, usually R is taken as the design region X and w(x) = 1, when the equivalence of

D-and G-optimum designs results. Then, with d({) = max,ex d(z,§) the G-efficiency of

a design ¢ is defined by Gesp. = dcz((%) = %

The D-optimum design need not be unique. If £ and & are D-optimum designs, the
design; € = aéf + (1 — @)&5;0 < a < 1 is also D-optimum. Of course, M(.) is unique,
means that M(&;) = M(&) = M(E) (Atkinson, et al. 2007), pp.152.

The D-optimality criterion is model dependent. However, the design is invariant to non-
degenerate linear transformation of the model. Thus, a design D-optimum for the model
n = BT f(z) is also D-optimum for the model = yTg(z), if g(x) = Af(z) and det(A) # 0,
where 3 and -y are both p x 1 vectors of unknown parameters. (Schwabe 1996) has defined
that a design £ is invariant with respect to transformation group, G,if £&9 = &;Vg € G,
where a group G of transformations of X induces linear transformations of the regression



3.4 The Properties of Information Matrices

function f : X — R? if every g € G (g : X — X, one-one function) induces a linear
transformation of f. We know that a transformation g of X induces a linear transformation
of the regression function f : X — R? if there exists a p x p matrix Q, with f(g(z)) =
Q,f(z);Vx € X. In this case, it is defined that a design ¢ is information invariant with
respect to G and the linear regression function f, if QgM(&')QgT = M(&); Vg € G criterion
function ¥ : = — R is invariant with respect to G if ¥(¢9) = U({);V€ € =, Vg € G.
Based on previous descriptions (Schwabe 1996) has proved the following theorem;

Theorem 3.4. (Schwabe 1996): Let G induce linear transformation of f then;
e The D-criterion is invariant.

o If G is orthogonal for f, then every Wy-criterion, 0 < k < oo,((Atkinson, et al.
2007), pp.136) including A- and E-criterion, is invariant, where a group G is or-

thogonal for £ if for every g € G the transformation matriz Qg is orthogonal, i.e.

Q, =Q,"

3.4 The Properties of Information Matrices

The properties of information matrices are as follow :
Theorem 3.5. (Fedorov 1972), pp.66:

1. For any design & the information matriz M(§) is a symmetric positive-semi-definite ma-
triz; al Ma > 0;Va € RP.

2. The matriz M(§) is degenerate (det(M(&)) = 0), if the support points of the design &

contains less than p points.

3. The family of matrices M(§), corresponding to all possible normalized designs, is convex.
If the function f(x) and the efficiency function \(x) are continuous in the region X of
possible measurements, and X is compacted, then, the set of information matrices is

compacted.

4. For any design & the matrix M(E) can be represented in the form (A x;) denotes the

efficiency function based on x;):
M(€) = > wik(w;)F () f" (),
i=1

where n < (@) +1,0<w; <1,>77" w;=1.
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3 OPTIMAL DESIGN
3.5 Bayesian Optimal Design Theory

Design is more difficult when the model is not linear or when a nonlinear function of the co-
efficients of a linear model is of interest. Such problems are referred to as nonlinear design
problems. It will be shown that the design problem can be formulated as maximizing expected
utility but approximations must typically be used as the exact expected utility is often a com-
plicated integral. Designs can still be denoted by a probability measure £ over the design space
X and the set of all such measures be denoted =. The measures may be arbitrary probability
measures representing approximate, or continuous, designs, or measures corresponding to exact
designs which have mass % on n, not necessarily distinct, points.

The frequents’s strategy for designing a nonlinear model is to assume a best guess of the
parameter values. This approach leads to what are termed local optimal designs (obtaining
optimal design based on special values of parameters). A natural generalization is to use
a prior . (Chaloner and Larntz 1989) argued that under mild conditions, the joint posterior
distribution of parameters is approximately a multivariate normal distribution with mean equals
to the maximum likelihood estimate, and variance covariance matrix equals to the inverse of
the observed Fisher information matrix evaluated at the MLE’ s.

Further, the prior distribution of parameters can be used as the predictive distribution of
their MLE’s. If W is a convex functional of the Fisher information matrix M(, ), a Bayesian
optimality given by (Chaloner 1995) is;

V() = Ep (V(M(E,0))), (3.10)

where Ey denotes the expectation of W(M(¢, 8)) with respect to prior distribution of parameters.
Bayesian optimal design is a logical outgrowth of classical design for cases where the criterion
is a function of unknown parameters.

Following (Lindley, 1950) suggestion, several authors (Stone 1959d),(DeGroot, 1962), (De-
Groot, 1986) and (Bernardo, 1979) considered the expected gain in Shannon information given
by an experiment as a utility function (Shannon, 1948). These authors purposed choosing a
design that maximizes the expected gain in Shannon information or, equivalently, maximizes
the expected Kullback-Leibler distance (Kullback and Leibler 1951) between the posterior and
the prior distributions:

o
/@p o %p(’y, 01¢)dody.

(Zacks 1977) has considered problems where the data are to be sampled from an experimen-
tal family with known scale parameter and where some function of the mean is linear in an
explanatory variable. This class of generalized linear models includes quantal response models
and models for exponential lifetimes. The Fisher information matrix has a common form for
these models and (Zacks 1977) has considered designs that maximize the expected value of the
determinant of M (¢, 0), that is:

D(E) = | det(nM(c.0)]m(0)ao.
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3.5 Bayesian Optimal Design Theory

Also, (Atkinson, et al. 2007), (Chapter 18) have used the following design criterion to obtain
optimal design, for generalized linear models;

D) = [ {det(nM(& O]} (0)de,

where p is the number of parameters.

But, a crude approximation to expected utility would be to approximate the marginal dis-
tribution of @ by a one point distribution. The one point would represent a best guess. This
approach, known as local optimality, has been used extensively in nonlinear design and is due
to (Chernoff 1953). It is also used in the pioneering paper of (Box and Lucas 1959) where
the important issues in design for nonlinear regression were identified. Although they used
local optimality, (Box and Lucas 1959) suggested extending this by taking into account a prior
distribution on the parameter values. (White 1975), (White 1975) showed how results from
linear design theory can be adapted to apply to local optimality in nonlinear models and she
also derived locally optimal designs for binary regression experiments.

As local optimality is a very crude approximation to expected utility, it can be considered as
being approximately Bayesian although it is typically not justified in this way and is usually
used in a non-Bayesian framework. The experimenter is required to specify a best guess, 6
for the unknown parameters 6. Local D-optimality involves choosing the design £ maximizing
Dy, (€) = det (M(£, 6,)) or minimizing Dy, (¢) = In (det (M(€, 0,))) " for fixed value 6.

For local optimality there are several papers deriving closed form expressions for designs:
for example (White 1975), (Kitsos, et al. 1988), (Ford, et al. 1992) and (Wu 1988). For a
particular value of the unknown parameters the problem often reduces to an equivalent linear
problem. Finding optimal Bayesian designs algebraically is much hard and thus implementing
Bayesian design criteria requires that designs be found by numerical optimization. Exceptions
to this are simple special cases: these cases are not very useful in practice, but they give
insight into properties of the optimal designs for more realistic and practical situations. Exact,

algebraic results are quite difficult to derive as none of the tools from local optimality are very
helpful.

In (Chaloner 1995) for example, in a one parameter problem, with prior distributions with
only two support points, it is possible to examine exactly how the transition from a one point
optimal design to a two point optimal design occurs as the prior distribution is changed.
(Mukhopadhyay and Haines 1995), (Haines 1995), (Dette and Neugebauer 1996) and (Dette
and Neugebauer 1997) all considered some nonlinear regression problems involving an exponen-
tial mean function, and gave conditions under which the optimal design is of a particular form.
Loosely speaking these results can be generalized to say that if the prior distribution is not too
dispersed and does not have heavy tails then an optimal Bayesian design has the same number
of support points as there are unknown parameters. (Haines 1995) gave an insightful geometric
interpretation of this and demonstrated how, for a prior distribution with finite support, the
problem reduces to a particular convex programming problem.
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3.6 Support Points

In most non-Bayesian linear problem an upper bound on the number of support points in an
optimal design is available, see (Pukelsheim 1995), pp.188-189). The D-optimality criterion
in linear models (in univariate regression) leads to an optimal number of support points that
is the same as the number of unknown parameters and the design takes an equal number of
observations at each point (Silvey 1980).

The bound also applies to most local optimality criteria and Bayesian criteria for linear models
(Chernoff 1972), pp.27). In contrast for nonlinear models there is no such bound available on
the number of support points.

(Chaloner and Larntz 1989) have given the first examples of how the number of support
points in an optimal Bayesian design increases as the prior distribution becomes more dis-
persed. They found that for prior distributions that have supported over a very small region
the Bayesian optimal designs are almost the same as the locally optimal design and they have
the same number of support points as the number unknown parameters. For more dispersed
prior distributions there are more support points. This is a useful feature for a design as
if there are more support points than unknown parameters, the model assumptions can be
checked with data from the experiment. In locally D-optimal designs for various non-linear
models follow Caratheodory theorem (Fedorov 1972), pp.66) and (Silvey 1980),appendiz 2)
that for p-parameter nonlinear model, the number of support points is between p and @.
When we search for a D-optimal design, we only need to search for the optimal design in the
class of design measures with number of support points between p and ’@ for which the
information matrices are nonsingular.

A common tool for the construction of efficient designs in nonlinear regression models are
Bayesian or maximin criteria. Both optimality criteria require prior information regarding the
parameters which enter in the model nonlinearly. It was observed numerically by many authors
that the number of support points of Bayesian and maximin D-optimal designs is increasing with
the amount of uncertainty about the location of the nonlinear parameters. (Braess and Dette
2004) have established sufficient conditions for the nonlinear regression models under which the
number of support points of Bayesian and maximin D-optimal designs can become arbitrarily
large if the prior information regarding the unknown nonlinear parameters in the optimality
criterion is reduced. These conditions apply to many of the commonly used regression models
(in fact they did not find any model, where these conditions were not satisfied).

(Braess and Dette 2004)) restricted their investigations to one- and two parametric regres-
sion models, where at most one parameter appears nonlinearly in the model. However, their
approach is a general one and can also be applied to regression models with more nonlin-
ear parameters, where some of technicalities have to be adapted to the specific model under
consideration. For example, consider a nonlinear regression model with two parameters, say
0 = (01, 60); such that the local D-optimal design depends on both components of 6. (Braess
and Dette 2004)) have showed that the number of the support points of the standardized max-
imin D-optimal design becomes arbitrarily large provided that the sufficient conditions in their
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3.7 Optimal Design for Logit Models

theorem are satisfied. They have obtained a similar result which is also available for the
Bayesian D-optimality criterion. (Braess and Dette 2004) have considered several examples
which in all them the number of support points of the standardized maximin and Bayesian
D-optimal designs exceeds any given bound if the knowledge about the underlying parameter
space, which is incorporated in the optimality criteria, is diminished. This gives a rigorous
proof of a phenomenon which was conjectured in many nonlinear regression models for a long
time in the literature.

3.7 Optimal Design for Logit Models

Suppose that there are K attributes each with Ly;k =1,2,..., K levels. In this situation, we
will face to a population, which includes Hiil Ly = J possible alternatives. To analyze data,
we can consider C choice sets each with J, alternatives (See Section [2.1)). Obtaining optimal
design for logit models, experiments 7 /.J/S can be considered, where there are S choice sets,
Cy,...,C,, ..., Cg, each with J;; Vs € S alternatives. In this situation, S C C. This means that
there are S choice sets each with J;Vs € § alternatives and we suppose that J, = J;Vs € S,
also. In Section [2.1| was told that C includes 27 — (J + 1) choice sets each with J, > 1;Vec € C

alternatives, where:
J
Z J
Je

Jo=2
denotes the number of choice sets each with at least two alternatives and:

s=(7)

denotes a subset of C, which includes choice sets each with the same number of alternatives,
Js = J;¥s € §. Of course, to experiment the number S (p < § < 8) choice sets each with
Js; Vs € S alternatives can be considered, where p = Zszl Lj, — 1 is the number of parameters.

Now, according to the utility U;s = vj5 + €5 (Section , which consists the deterministic
component (v;,) and the probabilistic component (¢;5) we consider:

1. Obtaining the optimal design when J; = 2;Vs € S (Bradley-Terry type logistic model).

2. Obtaining the optimal design when J; > 2;Vs (MNL Models (Subsection [3.7.1)) and
NMNL Models (Chapters and [0])).

Obtaining the Optimal Design when J; = 2;Vs (Bradley-Terry type logistic Model)

In this sub-section, suppose that the error terms of the utility function have extreme value
distribution (type II). The preference for alternative j over alternative j’ can be expressed by

a binary variable
V.., — 1 Ujs > Uj/s
39" 7 0 otherwise.
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A classical approach to describe these preferences is given by the Bradley-Terry model (Bradley
and Terry 1952). Under EVD for error terms the probability of preference is as follow: (Mc-
Fadden 1974)

exp (vjs)
P(Yis —1) = .
M =) = 5 o) + exp (o70)

In the logistic model based on direct observations under the one-way layout situation with
L varieties a design ¢ is defined by its nonnegative weight w; on the settings from the set
{1,2,...,L}; Zle w; = 1. Then the information matrix results in (Grafhoff and Schwabe
2008):

M(,8) = Zw;-A(de (G)B)E()ET (5)

S
= Z ws'M((Csa ﬁ):
s=1

where 3 denotes the part-worth parameters, d related to design defined and S the number of
choice sets (Cy) each with two alternatives (J; = J = 2;Vs € S).

Example 3.1. Suppose that there are three attributes each comprised of two levels. In this

case, the alternatives are determined as follow:

alternative | attributel attribute2 attribute3
aq +1 +1 +1
) +1 +1 -1
as +1 -1 +1
ay +1 -1 -1 ,
as —1 +1 +1
ag —1 +1 —1
ay -1 —1 +1
as -1 -1 -1

where @; denotes the alternative j in choice set C = {ay, ..., a;,...,az} (Section 2.1)). In this

case, we will have:
8
s=(5)=a

This means that, there are S = 28 choice sets each with two alternatives. In this experiment,
there are three parameters (there are three attributes each with two levels) then we can consider
3 <S5 < 28. Now, let us consider S = 4. In this situation, four choice sets with their two
alternatives can be considered as follow:

+1 +1 +1}

+1 +1 -1
Cl_{—l -1 -1 }

CQ:[—l ~1 +1
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[+ -1 11 4 -1
C3_[—1 +1 —1]’ C“_{—l +1 11’

where f(ajs) = (fi(ajs), falajs), f3(ajs))” denotes the characterizes of three attributes related
to alternative j of choice set C, (Section. For example, fi(a11) =1, fa(an) =1, f3(an) =1
and fi(a21) = —1, fa(aa1) = —1, f3(as1) = —1 and so on. Now, based on the definition of the
information matrix of design &, which consists four above choice sets as follow:

§:{C1 Cy Gy C4}€E

w; W2 W3 W4

we will have:
Z Wg * 57

which is calculated by:

2;1 WsYs w1y1 + waye — (W33 + ways) w1y +wsyz — (way2 + ways)
4
M(,B8) = | wim1 +waye — (w33 + waya) D WeYs w1yt + ways — (way2 + w3y3)
w1y + wzys — (woye +ways) w1y +ways — (way2 + wsys) Zid Ws7's

with the corresponding determinant:

4 4 4
det(M(gv B)) =16 Z Z Z wﬁwmwnhﬂmn; thn = YeVYmVn,

/=1 m=1n=1
N——
f<m<n

where:

—2
ex

(= (B + B2+ B3)))
+exp ((=01 — B2 +ﬁ3)))_2;
+exp (=51 + B2 — )))_2

o vy = (exp( B3)) +exp ((=f1 + P2 + 53)))72

In this situation, 8 = (,81,,32,,6'3)T is the full parameters vector with B, = (f11,—B11)"
(related to the first attribute), 35 = (821, —f2.1) (related to the second attribute) and B; =
(B31,—031)" (related to the third attribute). This corresponds to type-effect coding leading to
Bia = =12, P21 = —P22 and P31 = —[3 2, then we are faced to the three parameters 3; 1, B2
and (5 instead of six. Now for the sake of simplicity, suppose that 81 = (1, f21 = B2 and
P51 = B3 (See Section .

In this situation, we must solve the optimization problem, max,, . ., det(M(, 8)) subject
to the natural constraints Zﬁzl ws = 1 by a multiplier 69 > 0 and the conditions ws >
0,s = 1,---,4 are imposed by the multipliers 01, do, 03,04 > 0, where ¥ (¢, 3) = det(M(¢, 3)
as local D-optimality criterion is considered. To obtain a solution wj, ws, w3, wj), the weights
must correspond to the existence of multipliers solving the equations based on the first order
conditions:

+ B2 + [33)
B+ Bo — Bs)
)

(B + exp
(

(81— B2 + s
(B

o 71 = (exp (
o v, = (exp(
o 73 = (exp(

)
)
)
)
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Figure 3.1: Partition of the (8, 32)-plane into regions, where different types of designs are

optimal, for different values of (3, for example, a) #3 =1, b) G5 = 0.5, and so on

wywyhigs + wiwihizs + wiwihigs + 01 = do,
wiwihi2a + wiwihisg + wiwjhasgs + 02 = do,
wiwyhizs + wiwshigs + wiwihesy + 03 = do,
wiwshiga + wiwihize + wiwihoss 4 64 = oo,
Zi:l (st: =0,

S we =1

Next consider the case in which three multipliers are equal to zero, 6y = d,, = 0, = 0, while
the other is positive, §, > 0. Thus, w} = 0 and the reduced system is solved by dy = hf% and
w; = w}, = w}; = 1, if the condition:

hémn > (hﬁmr + hﬁnr + hmnr)
hold out. The above is equivalent to:

Ye¥mVn > YVr(VeVm + Ye¥n + YmVn)-
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3.7 Optimal Design for Logit Models

In this Example [3.1] this notation &y, is used to denote a design including three support points
(choice sets) Cy, C,,, and C,, as follow:

Wy Wy Wy

gémn:{ (Cf (Cm (Cn }GEEmn7v£7ém7én7

where =y, C Z=.

Figure [3.1] exhibits the contours which separate the parameter regions for the optimal three-
point designs, with respect to parameter 3. When [3 is positive, it can be used for four
different designs &123, £104, €234 and &34 to obtain optimal design nevertheless when considering
different regions for 3, and 5. To obtain a locally optimal design based on the design &;93,
we must assume 5 > 0 and 7 < 0, while for the 8; > 0 and 5 > 0 design, &334 must be
used. Also, we compare design &34 with the negative values for both 3, 3, while based on
By > 0,32 < 0 the locally optimal design &334 can be obtained. Note that we must consider
condition YeVimYn > Ve (VeYm + VeVn + YmYn) in the all of the described cases. There is a similar
result when 5 is negative (Figure (d),(e),(f)). For B3 < 0 can be described in a similar
way based on the parameters spaces (for all of designs) with the difference that the regions
related to &193, 124 and &34, E234 Will be replaced respectively (Figure . In the other case,
let (33 tends to zero from the right. In this situation, to obtain a locally optimal design very
big positive values of 35 must be considered and very small negative values for 3;, based on
the design &103. In addition, very large positive values for (31, 32 must be considered in order
to obtain a locally optimal design based on design &»34. Now, if 35 tends to zero from left, the
large positive values of (31 and very low negative values for 5 must be considered to obtain a
locally optimal design based on the design &123. By Figure 3.1 we can observe all the different
conditions required to obtain a locally optimal design when (3 tends to zero from the right or
left. Note that the condition V¢V Yn > Y (VeVm + Ye¥n + Ymn) does not hold when 5 = 0.

For the next case, consider all of the multipliers are equal to zero, d; = 0y = 03 = d4 = O,

but with the assumption that $3 = 0. This situation will result in v, = 7o, 73 = 74 with the
Vi3 D?

system begging solved by &g = =D (o)) and:
* ok 73(’}/17(?_1)2) * ok 71D2
wy = wy = Wy =Wy =

2(mv3 — D*(ys —2m1)) Y15 — D%(y3 — 2m1)’

where 7,72 > D? and 7173 > D?(y3 — 2v;) with

D = —\/7+ vVnvs(n+93); D> 0.

In particular, let B, = 3. See Figure [3.2(c) denoting that wj = wj > 0 when |3;| < 3, but for
the values of 3; out of the interval (—3,3), it can be showed that w} = wj = 0. In this case,
the minimum of wj and the maximum of w} occurs for 4; = 0, naturally wj is always greater
than wj. But, when 8, = —f1, Figure [3.29(d) demonstrates that the maximum of w} and the
minimum value of wj occur for f; = 0 (See Figure [3.2fe), where two Figures [3.2(c) and [3.2(d)

have been overlapped).
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3.7 Optimal Design for Logit Models

Obtaining the Optimal design when J; > 2;Vs (MNL)

The design of a choice experiment comprises a select number of choice sets administered to each
respondent. The aim of a choice experiment is to estimate the importance of each attribute
and their levels based on the respondent’s preferences. The estimates are then used to mimic
real marketplace choices by making predictions about consumer future purchases. At present,
two design approaches are prevalent; (i) The Linear design approach and (ii) The Baysian
design approach.

Bayesian choice designs have so far been constructed for the Logit models. Since the Logit
models are nonlinear in the parameters, the quality of a given design depends on the unknown
parameter vector. The Bayesian design approach deals with this problem by assuming a prior
distribution of likely parameters. To date, most of the Bayesian research focus has been on
designs for main-effects models. (Sandor and Wedel 2001) were the first to introduce the
Bayesian design procedure in the choice design literature. They generated Bayesian designs
using the D-optimality criterion for the MNL model. This design criterion seeks to minimize the
determinate of the variance-covariance matrix of the parameter estimators. In the Bayesian
framework, it is referred to as the Dj,-optimality criterion.

Optimum design for nonlinear models depends on the values of the vector of unknown pa-
rameters 6. Of course, we can solve this problem by replacing 8, by a prior point estimate, 0,
use which yield locally optimum designs. Now, we want to the cases consider that there is a
prior distribution for 8, which may be either discrete or continuous.

An efficient algorithm for constructing Bayesian optimal choice designs conjoint choice ex-
periments or more succinctly, choice experiments, are widely used in marketing to measure how
the attributes of a product or service jointly affect consumer preferences.

As before was told the aim of a choice experiment is to estimate the importance of each
attribute and its levels based on the respondents preferences. The four optimality criteria in
the Bayesian context are labeled the Dy- ,Ay-,Gp- and Vy-optimality criteria. In this thesis, we
use D-optimality criterion, since, (Yu, et al. Preprint) have written that D-optimality criterion
is invariance to the scale or coding of the attributes. Also, the relative efficiency of the designs
does not change when different codings of the attributes are used (Goos 2002) and (Kessels,
et al. 2006b) have denoted that D-and A-optimal designs are nearly as good as the G-and
V-optimal designs in terms of prediction quality but much faster to compute compared to G-
and V-optimal designs.

The task of the analyst is to find a parameter estimate for 8 in pj. (choice probabilities,
Section that maximizes the Likelihood given the data. Under very general conditions, the
maximum likelihood estimator is consistent and asymptotically normal with covariance matrix
M~Y(C, B), the inverse of the information matrix.

The fact the information on the parameters depends on the unknown values of those pa-
rameters through the probabilities. Therefore, are adopted a Bayesian design strategy that
integrates the design criteria over a prior parameter distribution 7 (3). The multivariate normal
distribution N(83,, %) (part-worth parameters) was chosen for this purpose.

The D-and A-optimality criteria both are concerned with a precise estimation of the param-
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3 OPTIMAL DESIGN

eters B in the Multinomial logit models. But the G-and V-optimality criteria were developed
to make precise response predictions. In this situation the D-optimality criterion aims at
designs that minimize the determinant of the variance-covariance matrix of the parameters
estimators, while the A-optimality criterion aims at designs that minimize the trace of the
variance-covariance matrix. Thus, the criteria have distinguished related to; (i) The parameter
space and (ii) The predicted response. In this situation, the Baysian D-optimality criterion is
(Kessels, et al. 200060):

D, = W{det(M%fﬁ))}iw(ﬁ)dﬂ (3.11)

with the Dj-optimal design minimizing integral (3.11). A widely accepted one dimensional
measure of information is the determinant of the information matrix. It is motivated from the
confidence ellipsoid for 3 (MNL model) that equals:

{B:(B—B)"™™I(C,B)(B — B) < constant},

where B is the ML estimator of 3. Researchers usually employ the D,-error:
D, — error = det (M(C, B))_%

as a one dimensional measure of the efficiency of a design. Here, p is the dimensionality of the
parameter vector and the exponent serves to "adjust” the information for the dimensionality
of the parameter vector. The power % normalizes the determinate of the information matrix,

making it proportional to the number of respondents. But, the Ay,-optimal design minimizes:

A = / r(M(E ) m(B)aB: (3.12)

The G- and V-optimality criteria are also important, since predicting consumer responses is
the goal of choice experiments. In this situation, the G-optimal design minimizes the maximum
prediction variance over the design region X, while a V-optimal design minimizes the average
prediction variance over this region.

Adopting a Bayesitan approach to design construction, it is used the prior distribution of
the logit coefficients m(3) thus obtained to reflect subjective beliefs in the probabilities that
particular parameter values occur. For example, the optimal design is the one that minimizes
the Dy, criterion is, the expectation of the D,-error over the prior distribution of the parameter
values (3.11)).

We note that criterion (3.11]) is necessarily approximate, as it is based on an asymptotic
approximation to the posterior distribution. The expected information is approximated by
drawing R times from 7(3), and computing:

Dy(©) = 5 D det (MI(£, 8,)) 7 (3.13)
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3.7 Optimal Design for Logit Models

The main difficulty in the construction of a proper choice design is that the probabilistic choice
models are non-linear in the parameters, implying that the efficiency of the design depends on
the unknown parameter vector.

Consequently, researchers need to assume values for the parameters before deriving the ex-
perimental design. To circumvent this circular problem, three approaches have been introduced
that, (Kessels, et al. 20060) are discussed them for logit choice model, the best known of which
is the MNL model. The first approach is to use zero prior parameter values so that methods of
linear experimental design can be applied. It is implicitly assumed that the respondents prefer
all attribute levels and, thus, all alternatives equally (Grofimann, et al. 2002). The second
approach, attributed to the work of (Huber and Zwerina 1996) advocates the use of nonzero
prior values. The resulting locally Djy-optimal designs prove to be more efficient than the D-
optimal designs based on zero prior values to generate the D-optimal designs. Finally, the most
recent approach has been introduced by (Sandor and Wedel 2001) and consists of integrating
the associated uncertainty on the assumed parameter values by the use of Bayesian design
techniques if there is substantial uncertainty about the unknown parameters, the so-called
Bayesian Dy-optimal designs outperform the locally D,-optimal designs.

(Kessels, et al. 2006b) discussed the Dy-, Ap-, G- and Vi-optimality criteria for the multino-
mial logit model. After that, they described the approach to generate the optimal designs with
the modified Fedorov algorithm, because it is faster than the adjusted RSC algorithm (Huber
and Zwerina 1996]) in generating Bayesian optimal designs. They have also constructed Dy-,
Ap-, G- and Vi~ optimal designs of two class with the Bayesian Modified Fedorov choice
algorithm.

According to above explanations, it has been told that conjoint choice experiments are widely
used in marketing to measure how the attributes of a product or service jointly affect consumer
preferences. In a choice experiment, a product or service is characterized by a combination of
attribute levels called a profile or an alternative. Respondents then choose one from a group
of profiles called a choice set. They respect this task for several other choice sets presented
to them. All submitted choice sets make up the experimental design. Designing an efficient
choice experiment involves selecting those choice sets that result in an accurately estimated
model providing precise predictions. (Kessels, et al. 2006b) compared four different design
criteria based on the multinomial logit model to reach this goal. Because, the MNL model is
nonlinear in the parameters, the computation of the optimality criteria depends on the unknown
parameter vector. To solve this problem, (Kessels, et al. 2006a) adopted a Bayesian design
procedure as proposed by (Sandor and Wedel 2001). They approximated the design criteria
using a Monte Carlo sample (Monte Carlo sampling involves taking a large number of random
draws from a probability distribution as a surrogate for that distribution) from a multivariate
normal prior parameter distribution.

The most serious criticism of optimal design is typically, that with nonlinear models the
researcher must know the parameter values before deriving his or her design.

Optimal design addresses only the statistical aspects of the experimental design problem.
Yet, the placement of attributes and combinations of attributes that are presented in choice
sets can affect respondent behavior in ways that are not necessarily addressed in standard
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3 OPTIMAL DESIGN

choice models. For example, when alternatives within a choice set offer similar utility levels but
contain large attribute differences, respondents can have a hard time distinguishing among them
and identifying their most preferred. This might lead to heteroskedasticity among responses.
Because of, perhaps of most concern is feature of logit models that utility is a function only of
attribute level differences, so that the change in utility for a price change from 5 (Euro) to 15
(Euro), for example, is equivalent to price change from 50 (Euro) to 60 (Euro).

More efficient designs enable a reduction in the number of equations asked from a respondent
as well as a reduction in the number of respondents. We are interested in generating designs
for conjoint choice experiments. Complications in the construction of the these designs arise
from the analysis of the data from conjoint choice experiments with the multinomial logit
model (MNL) contrary to experimental design methods for linear regression, for the MNL
the consternation of an efficient experimental design requires knowledge of the values of the
parameters. This is so because the information on the parameters provided by the design is
dependent on the value of those parameters.

Unfortunately, the parameter values are unknown at the time the design is constructed,
and researchers need to assume values to enable a design to be generated. Often, researchers
construct designs by assuming that the parameters are zero. This construction can be motivated
by the argument that the design achieves optimality under the null hypothesis of no effect of
the attribute level in question.

(Huber and Zwerina 1996) have provided a first and important effort to construct designs
with improved efficiency when the parameters are assume to be nonzero. They have argued that
in practice, conjoint questionnaires are often pretested on small samples, the results of which
may provide reasonable priors for the construction of the design. Researchers must obtain
designs that take the uncertainty about the assumed parameter values into account.

3.7.1 Optimal Design in MNL Model

Suppose that there is a population including J possible alternatives. In Chapter [2| the choice
probability related to choosing alternative j by individual ¢, which has the highest utility have
been introduced. Based on the utility function U;s = v;s+¢;5 (for Choice set C,, which includes
Js = J;Vs € ) that its error terms have i.i.d extreme value distribution (type II), the model
(2.6)) was called the standard MNL model.

Theorem 3.6. According to the model (2.6|) and the likelihood function (2.13), the information

matriz for the choice set Cy is calculated as follows:

I(C,,8) = F{ (P, — p.p! )F.. (3.14)
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3.7 Optimal Design for Logit Models

Proof
2 J 2
IC.B) = -E (_a ol ) Z )
0B0B" = oBoB"
J
= Z [pjs (Zf ajs ij a]s ) — Vjs- (Z f<ajs pjs) (Zp]sz a]s >]
j=1 =1
J J
- <Z f(a]s>p]s a]s ) <Zf ajs pjs) (ijs CLJS >] ZpJS
j=1
= F'P,F, - F'p,p'F = FI(P, — p,p!)F,,
where E(Ys) = pjs, ijlpjs =1;Vs € S. Let us, ijl Bra =0 thus By r, = — Lk 1ﬁkl In

this situation, we can introduce the following elements of the information matrix:
o F, = (f(ay),...,f(ajs),...,f(az))T; flazs) = (filajs), ..., flajs), ..., frlazs))T;
fi.(ajs) = (fra(ajs), -, fre(ajs), s frrp—1(ajs)’,
e B=(B,....8 7/6K)T; By = (ﬂk,h o Brgy - ;ﬁk,Lk—l)Ta

® Ps = (Pisy- -y Djsy -, Dis) s Ps=diag(pis, - Djsy---1DJs),

C__entT()B) g
® Djs ST, exn(f (o, ﬁ),Vj 1,2,...,J.

According to the above descriptions, let us consider £y 1 = B, ..., Bk.Lc—1 = Bp and fi1(a;s) =
fi(ajs), -, [rre-1(a;s) = fp(ajs) then we will have:

. ﬁ:(ﬁl,...,ﬁh,...,ﬁp)T,
o f(ajs) = (filas), -, fulass), ..., fplazs))™.

Corollary 3.1. Based on above descriptions, the elements of the information matriz (3.14)
are calculated as follow:

Igig, -+ Igp, - Igp, - Ipg,
Isgy -+ g 0 lgsy 0 s,
I(CS7 6) — . . . . . ’
Iso0 -+ Ipus, 0 Ipusy 0 1sup
I o lgp, 0 Igp, 0 Ipg,
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o*0(Cs, ) _ .
where —E( 8&%5 ) = Ig,p,, and:

J
[Bhﬁh/ = (Z fh Qjs p]sfh’ Qjs ) (Z fh Qjs pjs) (Z fh’(ajs)pjs> .

Now, to introduce a design the experiments J/J/S are considered. This means that J
alternatives from a population with 7 possible alternatives will be selected, where S (p < S <
S) denotes the number of choice sets, which include J; = J; Vs alternatives, each. Based on
experiments J/J/S (selecting J alternatives from population with J possible alternatives),
the following design will be defined:

C, C - Cg -
e={ o es s 3.15)
where = = {5\0 <wg <1 Zle ws, =1 and C, € X}, X denotes the design space. In this
case, the information matrix of design (3.15]) is obtained by:

Z ws - M(Cs, B), (3.16)

where w; is the weight (frequency) of the choice set Cg, respectively. Moreover, M(Cy, 3)
denotes the information matrix of the choice set C, and the local D-criterion at 3 is denoted
by:

V(€ B) = det(M(¢, B)). (3.17)

Based on (3.17)), the £&* which maximizes the W(¢, 3) criterion is called locally D-optimal design,
where £* = arg maxeez V(, B,)) (true value of parameter), and

e-{oE R (3.18)

wl w2 PR wS

The MNL model is a model of the non-linear models family. In this kind of models, there is
any boundary for support points (to obtain optimal design), opposite linear models which their
support points must be in interval [p, (p +1) ] (See Caratheodory’s Theorem, (Silvey 1980), where
p denotes the number of the part- Worth parameters). In design (3.15]) choice sets have the role
of support points. In this case, to avoid singularity for the information matrix of design ,
consider S > p (S denotes the number of choice set which has been selected from population
to fit model). Based on the possible alternatives in population, J, and the random sample
alternatives, J, which will be selected from population, thus:

(%)

60



3.7 Optimal Design for Logit Models

is the total number of choice sets (each with J; = J; Vs alternatives) that can be considered to
define a design. In this chapter, we consider p < § < &§. In this case, it must be considered S
choice sets to analyze data. Moreover, based on the total number of choice sets (each with J

alternatives), we will face to:
S
NS - < S > )

where Ng denotes the number of classes, which make the designs each with S choice sets. In
this case, we consider S = p,p+ 1,...,S8, for example, when S = p we will face to ( i )

designs each with p choice sets (support points) and so on. Corresponding to the information
matrix (it depends on unknown parameters) two cases may be occurred: Firstly, obtaining D-
optimal design for different designs based on the same parameter space. In this case (the same
parameter space) we calculate locally D-optimal design (weight) for each design (the number
of support points are equal) as follow:

\IJ(&“ ﬁ) - det(M(§n7 /3))7

where:
f :{ (Cnl Cn2 CnS

Wn1 Wp2 -+ Wps

}EEn;n:1,2,...,Ns, (3.19)

where = = %, Z,..

Now, if In’ € Ng; V(&,3) > V(&,, 3) thus &, is the most suitable design with S support
points (choice sets) to fit model. But to compare two designs with different support points
relative efficiency can be used as a measure (Tekle, et al. 2008). In this case, suppose that &g
and &, denote two designs with S (S > p) and p support points, respectively. Then the relative
efficiency (RE) of £ compared to &, is given by:

p

RE(SS?&}??B) = § (

det(M(és,ﬁ)))’l’
det(M(fp’ ﬁ)) '

The concept of the RE(Es, ;) is equal to the relative combination of alternatives in extra choice
sets that must be taken under g to obtain the same efficiency as under the ,. Here, &, (a design
with the number of support points equal to the number of parameters) is arbitrarily selected as
a reference design to compare with the other designs. In the optimal design subject, a design
with the number of support point equal to the number of parameters is called a saturated
design, however, the saturated design may not always be the optimal design. Secondly, in this
case we do not able to compare two designs with together, because the optimal design will be
obtained based on the partitioned space of parameters. This means that the optimal design for
each design (with equality support points or not equality) can be obtained based on a special
part of parameters space (Example , for example, when a design with two support points in
a part of parameters space can be optimal, the other designs in the same region of parameters
space can not be optimal.
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Table 3.1: MNL Model: Discrete choice experiment with four choice sets, Cy, ..., C4 each with
three alternatives (J; = 3;Vs € §), there are two attributes each with two levels; a;, denotes

the j alternative of the choice set C,

Choice set | Alternatives(a;s) | Attribute(I) (fi(a;s)) | Attribute(Il) (fa(a;s))
a1s = a +1 +1
Cy Q94 = Q9 +1 —1
asq = Q3 —1 +1
a1z = ay +1 +1
Cy Qg = Qo +1 —1
O3y = i 1 1
a3 = a1 +1 +1
Cs (3 = {is 1 +1
a3z = Q4 -1 -1
ajl = Qo +1 -1
Cy a1 = a3 —1 +1
az; = Qy —1 -1

Example 3.2. Consider two attributes both of them with two levels, where J = Hi:l =
Ly x Ly =2x2; C={ay,as,as,a4}. In this situation, the experiments 2 X 2/3/S has been
considered, this means that there are S choice sets each with three alternatives (Table ,
where 2 < S < 4. Therefore, to obtain local D-optimal design with different support points the

following general design has been considered:
C, C C3 C
52{ 1 G G Gy } c
wy W2 W3 W4
The information matrix of above design is calculated by: M(&, 8) = Z§:1 ws + M(Cy, B),

where C,;s = 1,2,3,4 denote the choice sets with three alternatives. With regards to the
definition (3.14) to obtain the information matrix of the choice set Cy, will be (Table [3.1):

4(y11 + Y21) —4y1 ] l 4(7y22 + Y32) 499 }
M(C = M(C =
(C1.8) [ —4vn 4y +731) | (2. 8) 4729 4(y12 + 722)

[

4(713 + 723) 4793 } { 4(724 + 734) —4ry34 1
( » ) [ 423 4(723 + 733) ’ ( » ) —4ry34 4(’714 + 734) ’

where:

62



3.7 Optimal Design for Logit Models

Ay

| '514

z o i —

Figure 3.3: MNL Model: Partition of the (i, 32)-plane into regions, where different type

designs are optimal
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e B3=1(8,,8,)"; 8= (81, 3)T, where (w.r.t effect type codding):
3 = (51,1,51,2)T;51,2 = =11, bi1= 0,
° 3, = (52,1752,2)T;52,2 = —ba1, o1 = Do,

® Vi = Dis - Pas, Vas = Dis - P3s and y3g = Dag - P3s;

exp(f (a;5)B)
> -1 exp(fT (az,)B)

® Djs =

and the choice sets Cg; s = 1,2, 3,4 include the design matrix corresponding to each choice set
and its alternatives:

F{ = (f(a1,), f(as), £ass)); £azs) = (filazs), folaze))'s5 = 1,2,3.
For every design &, the determinant of M(&, 8) becomes:
det(M(, 8)) =Xzt Xnamir brntWintOn + iy brom
where:
bin =16(11(v21 +¥31) + 721731),

16(v12(722 + 732) + Y22732),

=
N
]

I

S
w
w

I

(1 ( ) )
(722 ) )
16(13(723 + 733) + 723733),
by =16(714(724 + V34) + V24734),

bia =16[(711 + Y21) (712 + Y22) + (711 + Y31) (Y22 + V32) + 2711722),

~—~

bis =16[(711 + v31) (713 + 723) + (v11 + v21) (723 + 733) + 2711723),
bis =16[y11 (714 + Y1) + Y21 (14 + ¥34) + 31 (724 + Y34)],
baz =16[v12(713 + 723) + Ye2(713 + 733) + V32(723 + ¥33)],
bas =16[(V12 + V22) (V24 + 34) + (V22 + V32) (14 + V34) + 2722734]

bss =16[(713 + Y23) (V14 + ¥34) + (Y23 + V33) (V2u + V34) + 2723Y34)-

To obtain a local D-optimality design for 3 the maximization problem maxdet(I(£, 3)) must
be solved. In this situation, we consider the following function:

G (X0, As,w) =det(M(€,8)) + 3oy Asws — Ao(3a_, ws — 1),
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3.7 Optimal Design for Logit Models

where 2;1:1 Asws = 0; Ay >0, wg > 0¥s = 1,2,3,4) and 221:1 we = 1.
Now, corresponding to the existence of multipliers (A5, Ag) and two above restrictions, we
consider the following first order conditions to obtain local D-optimality design:

biaws + bizws + bawy + 201wy + Ay = Ao,
b1aw1 + bazws + bagwy + 2baws + Ao = Ao,
13wy + bazwa + bagwy + 2bzzws + A3 = Ao,
14w + bagwa + b3aws + 2bggwy + Ay = Ao,
Z§:1 Asws = 0,

Z§:1 ws = 1.

For the case that A\y = A\, =0, A\, > 0, A\, > 0, we obtain w; = w; = 0 and:

by —2b
Py * im mm
We 2(berm —bee—bmm)”’
o wr — bem —2bge

m Q(bém_bzﬁ_bmm) ’

o )\ — Z(b?mﬂxbubmm s by = by i, 5 € {1,2,3,4}.

blm_bZZ _bmm) )

According to A, > 0, A\, > 0 two conditions:
1. (b?m - 4bﬁbmm) > b[n(bfm — 2bmm) + bmn<me - 2b€€)7
2. (b?m — 4bﬁbmm) > b[r<b8m — 2bmm) + bmr<bﬁm - 2b£€)

must be held. By comparing two quantities in the right of two above inequality, we can consider
one of them instead of both of them.
For the case that Ay = A\, = A\, = 0, A, > 0 (w} = 0), we obtain w; = %, wh = %”,

w = % and \g = % In this situation @)y is always positive (@ > 0). Thus with respect to

n

assumptions A\g > 0 and A, > 0 the following conditions must be held:
1.Q>0, Q>0, Qn>0, Qn,>0,
2. Qo — (burQn + byr Qo + b Qe) > 0,
where:
Q =4(beebmm + beebnn + bimmbnn) — 4(beebmn + brmben + bnnbem) — (bem — ben — by )* + 4ben b,
Qo =8botbmmbnn + 2bembenbmn — 2(beeb?,,, + brmb?, + bpnb? ),

QZ :4bmmbnn - 2(bmmbﬁn + bnnbfm) + bmn(bfm + bZn) - bg,m,
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Figure 3.4: MNL Model: Locally D-optimal design; (a); 5 = 0.5 and (b); 82 = —0.5, based on
three-point (&) optimal designs (w.r.t Example and Figure
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3.7 Optimal Design for Logit Models

Qm :4bZ£bnn - 2<b£€bmn + bnnbém) + b€n<b€m + bnm) - b?n,
Qn :4b€€bmm - z(bfébnm + bmmb€n> + me(bZn + bmn) - bgm

Figure denotes the contours which separate parameter regions for optimal two-and three-
point designs. In this Figure 3.3 regions were marked by &, denote that two-point designs
are optimal. Also, for parameter setting in regions marked by &, three-point designs are
optimal. It can be seen that the regions which two-point designs are locally D-optimal do not
have common regions, means that, there are regions for three-points designs between them.

Specially, let 5, = 0. In this situation we can find optimal design to estimate parameters
based on four two-point designs &9, &13, &4 and &34 as follow:

e For 0.0 < 31 <0.5:

* * * *
w; = ws = 0.5, wy; = wy; = 0.0,

o For —0.5< f; < 0.0:
w] =w; =0.0,w; =w; =05

e For 5, = 0.0:

* * * *
W] = Wy = Wy = wy = 0.25.

In particular, let B, = 0.5. We investigate this particulate case in order to denote locally
D-optimal solutions which are dependent on parameter ;. In this situation we consider two
three-point designs &3 and &194, where their optimal design conditions in interval (0,0.82)
(w.r.t, &123) and (—0.82,0) (w.r.t, &24) for parameter §; are hold (Figure [.3). By Figure
we have similar situation for two optimal designs. For example, wj and w; tend to % when [3;
tends to zero (both from right and left) while w} and wj tend to zero (Figure (a)). This
means that the optimal design ignores choice set Cj for low values (close to zero from right)
of 1 (with respect to design £193) and don’t use of choice set C4 to fit model (with respect
to design £124) when ) tends to zero from left. By Figure (a) has been showed that the
optimal weight for choice set C; increases as (3; increases and it is always greater than the two
others. In interval (0,0.25), w} decreases and wj increases as [, increases, but, the optimal
weight for choice set Cy is greater than the optimal wight of choice set C3. Also, it is seen that
at two points 3; = 0.24, 0.5 the two optimal weights w3 and wj are equal and for 3, > 0.5, w;
is greater than the optimal weight for choice set C3. Based on design £;o4, there exist similar
description about the optimal weights for choice sets C;, Cy and C4 (Figure |3.4] (a)).

To discuss about s = —0.5 and 3; € (—0.82,0.82) we consider two three-point designs &34
and &34 to obtain the optimal design (Figures [3.4b)).

In the other hand, let §; = 0 again. In this case, the equations p1s = p4 = pao = poa,
P11 = P13, P21 = P23, P11 = 1 — 2p9; will be held, where pjs is the choice probability related
to choosing alternative j from choice set s, so that 19 = Y14, Y22 = Y32 = Y24 = 734 and

67



3 OPTIMAL DESIGN

Y11 = Y13,Y21 = 723,731 = 733. Due to symmetry considerations we can derive an optimal

solution with wights w; = w3 and wy = wy, where wy = % — wq, thus:
C C, Cs Cy —
1 5~ W W 35— W

In this situation, the determinate of the the information matrix of the above design is calculated
by:

det(M({,,B)) = 16 (—w1 “p11+ 2 pr2 - wr +wy ']3112 —4-w '29122 —pi2+2 -p122) X

(w1 +4-pra-wy +wi - pri2 — 4wy pro® — 2 pra+ 2 - pro?)
where:
wi‘:l- (—4-pra-pu+3-pu—8-pio+1+8-pi’)pra
2 pid—2-pia-put+4-pi2-pu—pu—4-p?opu — 8 P12 2 pr2 +8-pi?

maximizes V(£,3) = det(M(,3)). In this result, wi can be written according to p;; =
exp(B1) exp(B1)
2-exp(—p1)+exp(S1) exp(—f1)+2-exp(f1)

= 1 (2-exp(2-51)+2—exp(=2-51)) (2 exp(=f) +exp (B1))°
P12 exp (4-51) +exp(2-f1) —exp(—4-51) —exp(=2- )
Hence, when 3; € (—o0,—0.503][J[0.503,400) the condition 0 < w} < 1 holds. In this

situation, wj decreases as (3; increases in each of these segments. It has been seen that wj = 0
for 4, € (—0.503,0) and w} = 3 for B; € (0,0.503).

as follow:

and P12 =

In Example [3.2, we introduced a MNL model with two attributes each with two levels. To
estimate parameters four choice sets has been considered, which each include three alternatives.
In the other case, we can consider six choice sets each with two alternatives to fit model (See

Table 3.2).
G-Optimality Criterion:
Based on Theorem the G-optimality criterion for Example [3.2| can be defined as follow:
tr(M(Cy, M (&}, 8)),  tr(M(Cy, B)M™H(&n: B)).

The above criteria for two-point (denoted by &, ) and three-point design (denoted by &gpny,) has
been defined, for example, based on the two-point design &5 we will have:

tr(M(Cy, )M (&]5,8)) =23 s = 1,2.

Thus it can be told, C; and C, in design &5 are support points. Also, for three-point design
&123 1t has been calculated:

tr(M(Cp, BIM ™ (€133, 8)) = 20 = 1,2

and with this order we can calculate the G-optimality criterion for the other choice sets and
the other designs, also.
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3.7 Optimal Design for Logit Models

Table 3.2: MNL model with two attributes each with two levels: Locally D-optimal design based on experi-
ments 2 x 2/3/4 (¥1(&1, 3), Four choice sets each with three alternatives) and 2 x 2/2/6 (V2(&2,3), Six choice
stes each with two alternatives) and locally D-optimal criterion ¥,.(¢,., 3) = (det M(&,., B))~!; 1=1,2

Bi | Bo | wi | wy | wiy | wi | Wi(§,80) | wy | wy | wy | wi | wg | wg | Wa(&3,Bo)
-1 .627 | .000 | .000 | .373 1.939 .140 | .140 | .000 | .440 | .140 | .140 2.920
-.8 .601 .000 | .000 | .399 1.835 .202 | .074 | .000 | .449 | .074 | .202 2.691
-1 425 | 102 | 473 | .000 1.770 .072 | .000 | .414 | .441 | .000 | .072 2.358
-1 0.0 | .268 | .268 | .232 | .232 1.788 .069 | .000 | .431 | .431 | .000 | .069 2.350
4 .000 | .573 | .000 | .427 1.725 131 | .000 | .459 | .278 | .000 | .131 2.458
1 .000 627 | 373 .000 1.939 .140 | .140 | .441 | .000 | .140 | .140 2.920
-1 .665 | .335 | .000 | .000 1.790 .050 | .220 | .000 | .460 | .220 | .050 2.608
-.8 .660 | .249 | .091 .000 1.611 .000 | .034 | .442 | .490 | .034 | .000 2.361
-1 465 | 232 | .303 | .000 1.400 .000 | .000 | .500 | .500 | .000 | .000 1.585
-7 1 0.0 | .368 | .368 | .132 | .132 1.410 .000 | .000 | .500 | .500 | .000 | .000 1.575
4 099 | 579 | .000 | .322 1.411 .000 | .000 | .500 | .500 | .000 | .000 1.744
1 335 | .665 | .000 | .000 1.790 .050 | .220 | .460 | .000 | .220 | .050 2.608
-1 268 | 232 | .268 | .232 1.788 .000 | .069 | .431 | .431 | .069 | .000 2.350
-8 | 326 | .174 | 326 | .174 1.519 .000 | .000 | .500 | .500 | .000 | .000 1.789
-.1 | .500 | .000 | .500 | .000 1.114 .000 | .000 | .500 | .500 | .000 | .000 1.010
0.0 | 0.0 | .250 | .250 | .250 | .250 1.125 .000 | .000 | .500 | .500 | .000 | .000 1.000
4 .000 | .500 | .000 | .500 1.178 .000 | .000 | .500 | .500 | .000 | .000 1.169
1 232 | 268 | .232 | .268 1.788 .000 | .069 | .431 | .431 | .069 | .000 2.350
-1 .000 | .000 | .573 | .427 1.725 .000 | .131 | .459 | .278 | .131 | .000 2.458
-8 | .032 | .000 | .587 | .381 1.500 .000 | .000 | .500 | .500 | .000 | .000 1.957
-.1 | .041 | .000 | .520 | .439 1.182 .000 | .000 | .500 | .500 | .000 | .000 1.179
4 0.0 | .000 | .000 | .500 | .500 1.178 .000 | .000 | .500 | .500 | .000 | .000 1.169
4 .000 | .221 221 D57 1.234 .000 | .000 | .500 | .500 | .000 | .000 1.337
1 .000 | .000 | .427 | .573 1.725 .000 | .131 | .278 | .459 | .131 | .000 2.458
-1 .000 | .373 | .627 | .000 1.939 .140 | .140 | .440 | .000 | .140 | .140 2.920
-.8 .000 | .399 | .601 .000 1.835 .202 | .074 | .450 | .000 | .074 | .202 2.691
-1 473 | .000 | .425 | .102 1.770 .073 | .000 | .441 | .414 | .000 | .073 2.358
1 0.0 | .232 | .232 | .268 | .268 1.788 .069 | .000 | .431 | .431 | .000 | .069 2.350
4 .000 | 427 | .000 | .573 1.725 131 | .000 | .278 | .459 | .000 | .131 2.458
1 373 | .000 | .000 | .627 1.939 .140 | .140 | .000 | .441 | .140 | .140 2.920
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3 OPTIMAL DESIGN

3.7.2 Maximin Efficient Designs

We know that a design, £, will be called locally W-optimal if it maximizes W(M(E, B)) for a
given B. (Melas 2000) has written that a design will be called maximin efficient W-optimal if

it maximizes: )

(M P

B \¥(M(£, B))

where 3 is a given set of possible values of the vector parameter, p is the number of parameters
and U(M(E, B)) = det(M(E, 3)). effﬁ(f) is the efficiency of the design ¢ with respect to a
locally W-optimal design for a least favorable value of 3 in parameter space. In this case,
maximin efficient means that how many more experiments will be needed under the design &
with respect to an ideal design to achieve the same accuracy of estimating in the worst case.
Therefore, maximin efficient designs can be considered to obtain optimal design equally well

for all possible parameter values.
Now, for our Example we can rewrite effﬁ(g ) as follow,

_ det(M(E,))
= det(M(&,8))

€2{61@263C4}65

w; W2 W3 W4

off'(¢, B)

where (Example [3.2):

Based on two-point optimal designs £}, we have:

_ b12(b12 — 20b22) (b1a — 2b11) + b11(b1a — 2b92)* + bag(b1a — 2b11)?

det(M(¢1, 8)) 4(b1z — b1y — bag)?

In this case, let §, = 0 and [3; tends to minus infinity, hence,

3
i,réf eff?(¢;8) < Z<w1 + ws3)? 4+ 3(wiwy + wiwy + Waws + wawy). (3.20)

Similarity we can obtain previous inequality for two-points optimal designs &3, £55 and &3, too.
Thus the right sid of previous inequality is maximized for w; = %, Wy = L, w3 = % and wy =

— E’ E
Since the optimal weights satisfy w; < ﬁ = %, equality is achieved (Kiefer and Wolfowitz
m

1959) and infﬁ eff?(¢; B) = 1. Then, design ¢ on all four points C;, Cy, C3 and C, with wights

wy = %, Wy = %, w3 = % and wy = % is maximin efficient.

Now, let B, = 0 but f; tends to plus infinity. In this case, with respect to four two-points
optimal design &7y, &1y, &35 and &3, we have:

3
i,réf eff?(¢,8) < Z(wg + wy)? + 3(wiws + wiwy + wows + wwy). (3.21)
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3.7 Optimal Design for Logit Models

In this case, the right side of previous inequality is maximized for w; = %, Wy = %, w3 = % and
Wy = %
Consequently, let S, = 0 and (; tends to infinity (minus and plus). Thus, according to

Equations (3.20) and (3.21)) we will have:

i%f eff?(¢,8) < zmin ((wz +wy)?, (wy + w3)2) + 3(wiwy + wywy + wows + wawy).  (3.22)
The right side of Equation is maximized when w; = wy = w3 = wy = 7, where
inf g eff?(¢, 8) = 0.9375.

In continuation, we can obtain maximin efficient for the vice versa of previous case. Then
let 51 = 0 and [, tends to minus infinity. In this case and based on four two-points optimal
designs &i5, £14, §53 and &5, we will have:

=

3
%f eff?(¢,8) < Zl(wl + wsy)? + 3(wiws + wiwy + Wows + wawy) (3.23)

and the right hand side is maximized for w; = wy = % and ws = wy = %, and based on these
optimal weights equality is achieved, inf 3 eft?(¢,8) = 1.
Now, let 4, = 0 and (35 tends to plus infinity. Similarity:

. 3
%f eff2(§a B) < Z(w?’ + w4)2 + 3(wyws + wiwy + waws + waty) (3.24)

with respect to four two-points designs i3, &5y, &5 and &,. According to weights wy = wy = 3
and w3 = wy = %, the right side of previous inequality will be maximized, inf 3 eff?(¢;8) = 1.

According to Equations and , we consider #; = 0 and [, tends to infinity. In
this situation, we will have:

3
%f eﬂﬂ(fa B) < 1 min ((ws +wy)?, (w1 + w2)2) + 3(wy w3 + wiwy + wows + wowy).  (3.25)

The right side of Equation (3.25) will be maximized when w; = wy = w3 = wy = 4117 where
inf g eff?(¢,8) = 0.9375.
In total, based on Equations (3.22)) and (3.25) the following inequality can be considered:

i%feffz(&ﬂ) < gmin (w1 + w3)?, (w2 + wa)?, (w1 + wa)?, (w3 + ws)?)

+3min((wyws + wiwyg + wows + wawy), (wiws + wiwg + waws + wowy)),

The previous inequality will be changed to equality, because of w} < %, means that:
3
ll%feﬂ2(§7ﬁ) = Zmln ((wl +w3)2,(1U2 +w4)2a(w1 +w2)27(w3 +w4)2)

+3 min((w1w2 -+ w1Wy =+ wo W3 -+ w3w4), (w1w3 -+ W1 W4 + WowWs —+ w2w4)),

for any design £. The uniform four point design £ with w} = w} = wj = w} = 1 maximizes

_ i
infﬁ eft?(¢, B) with eff(€, 3) = 0.9682 and is, hence, maximin efficient.
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3.7.3 Invariance

Based on linear model Y (z) = f7(2)3 + ¢ (E(Y|r) = FT3), where ¢ are homoscedastic with
var(e) = 02, E(¢) = 0 (uncorrelated) and according to the following design:

5 o T X9 oo Ip
- wy Wy - wp
the information matrix is calculated by M(E) = Y7 w;f(z;)f7 (x;). With regards to the

definition of the local D-optimality criterion, means that W(M(&)) = — In(det(M(€))), consider
the following definitions (Schwabe 1996));

1. i) A one-to-one mapping g : X — X is called a transformation of the design region X.

ii) A transformation g of X induces a linear transformation of the regression function
F : X — R? if there exists a p x p-matrix Q, with F(g(z)) = Q,F(x);Vx € X where
F(:Ij‘) = (f(x1>7 ce 7f<xn>)T

2. A group G of transformations of X’ induces linear transformation of the regression function
F: X — RP if every g € G induces a linear transformation of F.

3. A deign £ is invariant with respect to G if €9 = ¢; Vg € G.

4. A design ¢ is information invariant with respect to G and the linear regression function
F, if 3Q, € ®"7; QM(£)Q) = M(¢);Vg € G

5. For every design ¢ the symmetrization & = ﬁ > gec &7 is a design (the summarized design

of & with respect to (7). Moreover, every symmetrized design ¢ is invariant. Hence, a
design ¢ coincides with its symmetrization £ if £ is invariant. Also, if U : = — R is convex
and invariant with respect to G, then ¥(£) < W(£);VE € 2. The concept of invariant
is helpful if the transformations do not affect the value of the criterion function under

consideration.

6. A criterion function ¥ : = — R is invariant with respect to G if W(§9) = V(&); V¢ €
=VgeG

7. i) A group G is orthogonal for F if Vg € G the transformation matrix Q, is orthogonal
ie QZ = Q;l.

ii) A group G is uni-modal for F if Vg € G the transformation matrix Q, is uni-modal i.e
det(Q,) = 1.

iii) If G is orthogonal for F | then G is also uni-modal.

8. If 2 C Z is a class of invariant design, means that = = {¢'|¢/ = £9,Vg € G} and
there exists an invariant design in = as &* such that U(£*) < W(¢), V¢ € Z' then
(™) < ¥(E),VE € =
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3.7 Optimal Design for Logit Models

Now, suppose that G is a group of transformations g : X — X (one-to-one), then g is linear
transformation with respect to f(x) if:

1xp. _
3Q, € RV Ve € X f(g(x)) = Q' f(2).
We define the following design (by noting to group transformation):

gg:{ g(@1) glza) - g(xp) }

w1 Ws e wp

with information matrix:

M(&) = Z wif (g(z:)E (g(zs))

= Do wQf)f (#)Q
1=1

= QgM(OQg
In hence, V¥ is linear invariant for g (and f) if (Schwabe 1996

W(M(E7)) = W(M(E)).

Invariance D-Optimal Criterion for M NL Model

Obtaining D-optimal design for estimating parameters, a random sample with J size are selected

from a papulation with J alternatives (Subsection [3.7.1)). In this situation ( “z ) = & choice

sets each with J alternatives are considered. Now, based on experiments J/J/S (based on
p < S < § choice sets each with J alternatives) the following design is defined (Equation

(3.15)):
g:{Cl Cy - CS}EE,

wy Wy - Wg

where choice set C; includes the characterizes of K attributes as follow (Subsection [3.7.1)):

ff;(als) fgi(als) fffg(als) fra(ajs)
g, | Tl Bl Bl o | R e € o,
i (ass) f3(az) - filas) Jrri—1(ajs)

As previously stated, the information matrix corresponding to the design & (the MNL model)
has been calculated by:

S
M(¢) = > w,-FID,F,,

s=1
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where D, = P, — p,p! (Equation (3.14))).
Suppose that G is a group of transformations, where g : X — X (one-to-one). According to
this transformation group (G), the following design is considered:

o :{ g(F1) g(F2) --- g(Fs) }e =3

wl w2 DERIY wS

The information matrix of design &9 is calculated by (Let g(X;) = X9):

S
M(¢) = w, - FI'DIFY
s=1

where g : ff (a;5) — gr(f] (aj5));k = 1,2,..., K (gx induced by permutation of levels of an
attribute), DI = PY — p?p?? and :

gl(?; (a15)) gz(g(als)) gx(?g(als))
X9 = g(X,) = 91(12(@%)) 92(25(@29)) gk ( I(:(GZS))
gi(fx] (ass) 026 (as)) -+ gr(fi(ass))

is the design matrix of choice set CY. Now, if:
Ele € éR(Lk_l)X(Lk_l); Qk,gk = fg(ajs)Qg7ka(ajs)

then it can be written:

Q 0 - 0 f1(a13) f; (a25) T fl(ajs)
QgFT _ 0 Q -+ 0 fo(a1s) falazs) - falags)
00 o Qe ) \ el flan) - i)

for example, Q; which depends on grope GG may be a permutation matrix.
Consequently, if Q9 € RP*P:VF, € X;FIT = Q9FL; s =1,2,..., S, then:

S
M(&) = 3w, FYDIFY
s=1
S
= Y w,- QFIDIF,Q"
s=1

S
- (Zws-FngFs> Q"

s=1
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Now, if 8 = 0 then:

D:Z — Ds
1 1

In this situation, we will have:

S
M) = Q° (Z Ws + FEDSF5> QTg

s=1
= Q'M(§)Q",
where 23521 ws - FIDF, = M(£). According to the definition of the D-optimality criterion,
U(M(E)) = —In(det(M())), it can be told that U is linear invariant for g ( and X), if
U(M(£9)) = U(M(E)). In this case, we will have:
U(M(E)) = —In(det(M(£7)))
—In (det(Q"M(£)Q™))

= —2In(det(Q?)) — In (det(M(£))) .

In this result,| det(Q?)| = 1 (uni-modal) then W(M(&9)) = W(M(E)).
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4 OPTIMAL DESIGN IN TWO-LEVEL NMNL
MODELS

Conjoint analysis or more precisely, discrete choice experiments are widely used in marketing
to measure how the attributes of a product or service jointly affect consumer preferences.

In a choice experiment, a product or service is characterized by a profile or an alternative
which is combination of different attribute levels and respondents are asked to choose one of
these profiles from the choice set. This task is repeated several times for different choice sets.

The set of choice sets presented constitute the experimental design. The aim of a choice
experiment is to estimate the importance of each attribute and its levels based on the respon-
dent’s preferences. The estimates are then used to mimic real marketplace decisions by making
predictions about consumers’future purchasing behavior.

Designing an efficient choice experiment involves selecting those choice sets which result most
precise predictions in accurately estimated models.

Because conjoint choice experiments have become preferred tools for the collection of infor-
mation on consumers’ preference structures (Louviere and Woodworth 1983), the question of
how to improve the design of such experiments is of growing importance. More recently, there
is some progress in choice experiments that improve the efficiency of designs (see ( Burgess and
Street 2005); (Huber and Zwerina 1996); (Sandor and Wedel 2001), (Sandor and Wedel 2002);
besides others).

(Sandor and Wedel 2005) showed that the construction of heterogeneous designs is preferable,
because they produce more accurate estimates of conjoint choice parameters. Heterogeneous
designs consist of several sub-designs that are offered to different consumers and can be con-
structed with relative ease for a wide range of conjoint analysis models.

The chapter is organized as follows. Section discusses the model specifications of nested
multinomial logit (NMNL) models which has been discussed in subsection [2.2.1] previously.
Section presents the D-optimality criterion for two-level NMNL models (with M nests).

4.1 Model Specifications

The simplest model in conjoint analysis is called Multinomial Logit model (MNL, Section [3.7).
We will take a sample of Z consumers with the choice of J discrete alternatives in C choice
sets, each of them with J. (J. > 1;Vc € C) alternatives (Section [2.1)). The MNL model has the
property that pj. (2.9)) is Independence from Irrelevant Alternative(ITA) (Subsection [2.1.3).
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4 OPTIMAL DESIGN IN TWO-LEVEL NMNL MODELS

In this situation, to define a design and obtain optimal design we consider some experiments
which consist S C C choice sets each with J; = J;Vs € S alternatives (Section [3.7)).

As stated previously told, the MNL model has a restriction which is called ITA. The most
widely used relaxation of the independence assumption is the nested multinomial Logit (NMNL)
model (McFadden 1978a), (Williams 1977) and (Daly and Zachary 1978). A NMNL model
is appropriate when the set of alternatives faced by a decision maker can be partitioned into
subsets, called nests, in such a way that the following properties hold:

P(i/j\mczl)
P, =1)

3l |lme—

i 7,7 € Cpe) is independent of the attributes or existence of all other alternatives where
C,, is the set of alternatives in nest m. That is, ITA holds within each nest.

e For any two alternatives that are in the same nest, the ratio of probabilities (

P(Vjme=1) _ .
P(ij/lmlczn’] €

Cine, i € Cpye) can depend on the attributes of other alternatives in the two nests. ITA
does not hold in general for alternatives in different nests.

e For any two alternatives in different nests, the ratio of probabilities (

e For any two nests, the ratio of probabilities (%;m # m’) is independent of the
attributes of all other nests. Then a form of ITA hglas, therefore, even for alternatives in
different nests. This form of ITA can be loosely described as ” independent from irrelevant
nest” or IIN. Thus, with a nested logit model, ITA holds over alternatives in each nest

and IIN holds over alternatives in different nests.

As stated (Subsection D in the NMNL model, all possible alternatives (J = [[r—, L&)
are divided into groups which are called nests (m = 1,2,..., M), dividing these alternatives
into nests depends upon dissimilarly parameters, A = (A1,..., A, ..., Ayr)? (M-dimensional
vector) and part-worth parameter, 3 (p-dimensional vector, where pzzle(Lk — 1), Section
. In this case, we are considering the utility Ujme = Une + Ujjme (Uj|mC = Ujjme + Ejme and
Unme = Ume + Eme, Subsection [2.2.1)) related to choosing the alternative j in nest m (Train 2003),
where ;. and &,,. are independent and they have EVD.

4.2 Information Matrix for The NMNL Model

For the NMNL model, the local information matrix at 8 = (3, )T of the choice set C,, (for one
individual) is calculated by (Considering S choice sets each with Jg;Vs € S C C alternatives):

9?((C, 0)) < Iy Ig )
I C570 =227 = , 4.1
(C..6) ( 2006" I I (4.1
where
M Jms
f((CS, 0) == Z Zy]ms 1n<p]m8)
m= j=1
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4.2 Information Matrix for The NMNL Model

Figure 4.1: (a):The NMNL Model with M nests each with J,,, alternatives (w.r.t Choice Set
C,) and (b): when M = 2 (Lemma [4.1]

is the log-likelihood function for a nested MNL model with M nests and J,,, is the number of
alternatives in nest m of choice set s (Figure (a)) such that C, = Ule Cins,

(Cms frg {almsa e ,a/jm37 ... 7aJmsm5}7

where a;,,, denotes the j alternative of the m' nest. Based on the choice probability (2.18)
(for choice set C; and one individual) we will have:

An
Z Zyjms [aﬂ,m)ﬁ m B ln (Z exp< ayms)ﬁ)) Z (Z eXp ajns IB)> ] )
m=1 j=1 m n=1

As we know that to obtain the elements of the information matrix we must first calculate the
partial derivatives of degree two of the likelihood function, which are calculated as follow;

826 M yms m T 1) )\mpms L T L
aﬁhaﬁh/ =Y > Fn@ims)pjims Far (@gms) | = | D Falajms)Piims | | D Fur (@jms)Pjims

m=1 Jj=1 j=1 =1
Ims M Ims M Tms Tims
(Z Pms Z fh a]ms Pjlms ) (Z Pms(z fh/(lljms)pﬂms)) - Z Pms (Z fh(ajms)ijs) (Z fh’(aij)pjms) ,
m=1 j=1 m=1 — o1
628(@5’ 0) W fh(a ‘ms)(ymsp ms — Y 'ms) B (yms ()‘m - 1) + )\mpms) o o
TR _ Z j )\%:l i _ Phr e z_: f}%(ajms)pj\ms - (Z fh(ajms)pj\ms)2
7= j=1 j=1
J J 7 J
ns ms ms ms fT .ms
“Pms (Z Pns Z fh(ajns p]|n9 Z fh(ajms)pjms) ( ﬁh Z fh a]ms)p]\me - (Z exp <w))) ;
P = .
020 Cs,0 ms(Am — 1) — AmPms Jms Ims Ims
8()\2 ) - ’ ( /\4) ) ﬁT (Z f(aij)pjlmeT(aij) N (Z f(ajms)pjlms)(z pj|msz(a‘jms)) B

Jj=1

2
Ims fT ms Ims 2 T Ims
,Pms(l *pms) (ln (Z exp <(a>\3m)ﬁ>> ,BT Z (ajms)Pﬂms) + /\% Z fT(ajms)(yjms _ ymspﬂms)
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4 OPTIMAL DESIGN IN TWO-LEVEL NMNL MODELS

(92Z((Cs,9) PrsPom JIms fT(a]ms)ﬁ TJms
o = e a3 oo (S2) ) -0 2 f(amalpsim:

j=1

[ (£ on (7)) (S )

where Y = Yjjms X Yis (Subsection [2.2.1]) with ZJ 1 Yjims = 1 and Z%:l Yms = 1. The

elements of information matrix, I(Cs, @) are obtained by —E(ageg;}e)), where 8 = (3, \)7;

hd /8 = (Bla"'vﬁka"'?ﬁK)T; Bk = (ﬁk,l)"'7/3]6,[7"‘75]9,[%71)1—‘

m #m/,

and for simplicity we suppose that 511 = f1,...,BkLe—1=0p (p = Zszl Ly, — 1) then we can
rewrite:

/8: (ﬁlw“aﬁhv'”?ﬁp)T'

Corresponding to the part-worth parameters vector, 3, we denote the design matrix for alter-
native j by:

b f<ajms) = (fl(a’jms)v cet 7fk(ajm5)7 cet ’fK(aij))T;

fk(ajms) = (fkl(ajms)> R fkf(ajms)a S 7kak71<ajms))T-

Now, let us consider fi1(@jms) = fi(@jms); - - - frL—1(Cjms) = fp(@jms), thus we can write:
£(ajms) = (F1(@jms)s - s Ful(@ms)s - s fp(@ms))"
. In this situation based on dissimilarity parameters vector A = (A1, ..., Ay, ... Ayr)T, the full

parameters vector is

0= (B1,- - Bhr s By ALy ooy Ay -5 )

Theorem 4.1. According to Subsection (E(Yjims) = Djims; E(Yms) = Pms) and with
respect to the partial derivatives of degree two of the likelihood function (previous page), the
elements of information matriz (4.1) are calculated as follow:

Isipy 0 s, 0 Isis, 0 Isisy
Igper 0 dgps, 0 s, o Igpsy
— ) ) ) ) . g 2UCs 0N _
B = : . "L : : ’ 881,08,/ = BByt
Teyer o Apys, o Isys, o Isgaey
Iﬁpﬁl Iﬁpﬁh Iﬁpﬁh/ ]BPBP
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4.2 Information Matrix for The NMNL Model

Ingag I Am [>\1>\m, Ingaps
Doy Danam 0 D 0 vy
. . . _ , . g 24T 0N
A= : : - : : " T\ oamon,,, AmA e
Ikm/’\l o IA7YL/Am o I’\nL' Amt o I)\'m’)\l\/f
Ixprna Ixpam I*MA,,L/ NVENY:
Iﬁl)\l Iﬁlkm Iﬁl)‘hf
: : I 824(Cs, 0)
Igx = Tgpxy 0 gpam o a5 oo ) Igpam
IBpAI 15}))\771, IBZ)AJ\/I

Proof:

) M s Tms s
-E <w> = Pms [(Z fh(ajms)pj|m5fh’(ajms)) - (Z fh(ajms)pjms> (Z fh’(ajms)pjms):|

Bﬁhaﬁh' —1 Agn j=1 j=1 Jj=1

(Z Pms (Ji frlajms pﬂms)) (Z Pms (Ji T (@jms pjms>)

Jms Ims
+ Z Pms (Z fh(a]ms p]|ms) (Z fh’(ajms)pjms) .

Jj=1 j=1

2
826 (Cswe s Jnls Jms
—E( ( )) = —B};\I; (Z f}%(ajms)pﬂms - (Z fh(ajms)pj|ms> )
m j=1

0BROAm Jj=1
M JIn Ims Jms Jms £T (ams)B
+Pms Z Pn Z fh(ajns)pj\n — Z fh(ajms)pﬂms Z fn a]mc)pﬂms - Z exp (;7> 5
= j=1 j=1 Jj=1 "

82€((C5,9) Prms Ims Ims Ims
-E <T> = Y ﬂT Z f(ajms)pj\ms a]ms - Z £( ajms Pjlms Z pj\msz(ajms) B
m m j=1 j=1
Jms fT(a )ﬁ Jms 2
+pms(1 _pms) In Z exXp <)\J7’ms> - 7ﬁT Z f a]ms p]\ms )

=1 A

OAm O pt Pt

Imts )5 m/'s
( m/ ln(z exp (W>) (Z p]\mlsf jm’s)) ﬁ) ) m;’éml'
i=1 Am

QZ 5,0 msPm/ s Ims fT s Ims
-7 <w) = (Am In (Z P <W>> DY f(ajms)lems>
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4 OPTIMAL DESIGN IN TWO-LEVEL NMNL MODELS

Lemma 4.1. As stated previously was told, the NMNL model will be reduced to the MNL
model when \,, = 1;Ym = 1,2,..., M (Subsection . In this situation, according to the

elements of the information matriz (4.1) and Theorem the sub-information matriz Iz =

—iggb’g)) will be equal to the information matriz depend on the MNL model (Equation

(3.14) ) with the following elements:

J J
= (S o) (S ) (- o)

Proof: According to Theorem [£.1] and ), = 1;Vm we will have:

B <a2e(<c 0)

s Ims
8ﬁha‘;h/ ) = Z pms (Z fh ajms)pj\msfh’ Ajms ) Z pms (Z fh Ajms p]|ms> (Z fh’(ajms)pj|ms)

j=1
M [ JIms M [ Jms
- ( Z (Z fh(ajms)pjmspmS) ) ( Z (Z fh/(ajMS)pﬂmspms) )
m=1 \ j=1 m=1 \ j=1

J’VTLS
+ Z Pms (Z fh(ajms p]|ms> <Z fh’(a‘jms)pjms) .
j=1

m=1

In this situation, we can write:

m=1j=1 = =

M Jms M s
- (Z th(ajms)pjmspms) (Z :

m=1j=1

M Ims
+ Z Pms (Z fh(ajms)pjms) (
m=1 j=1

92((C,, 0) Mg M s o
-k () = Z Zfh(ajms)pj|mspmsfh/(ajms) - mes th(ajms)pj\ms th/(ajms)pﬂms
OBrOBw P
Im
Z fh’ (ajms)pﬂmspms)

fh’(ajms)pjms) .

Then:

92((C., 0 &
_E (W) = Z Z fh(a]‘ms)pj|mspmsfh’ (ajms)

m=1j—1
M Jps M Jms
- Z Z fh (ajms)pj\mspms Z Z fh’ (ajms)pj|mspms .
m=1j=1 m=1j=1

Now, we can write:

i Zm 1 ZJms J1(@jms)PjimsPms fr (Qjms) = z;']:1 fulags)pssfu(ajs),
o (S0 @i )pimepms) = X Falaio)pse
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4.3 D-Optimal Design for NMNL Model

<Zm 1 ZJMS fh’(aJmS)pJ\mspms> = Zjﬂ fh’(ajs)pjs

thus:

920(C,, 0 J
Iﬁhﬁzu =-L (aﬁ(haﬂh’)) (Z .fh Qjs pjsfh a]s ) (Z fh Qjs pjs) (; fh’(ajs)pjs) )

where J, = Zn]‘le Jms denotes the number of alternatives in choice set C; and (The MNL

model, Section :
exp (f7(ajs)8)

> exp (£ (ay)8)

Djs =

4.3 D-Optimal Design for NMNL Model

The information matrix of a design (£) with S choice sets, (Cy,...,Cs,...,Cg) is calculated by
(Equation (4.1))):

= i ws.I(Cy, 9), (4.2)

which depends on unknown parameters, €, where w; is the weight (frequency) of the choice
set Cs. Moreover, the local D-optimality criterion at 6 is W(£,0) = Indet (I(£,0)). In this
situation, the £* which maximizes the local D-optimality criterion:

¢" = argmax ¥(¢, 6)

is called locally D-optimal design where:
)G G o G
: _{wi‘ wy oo wj }
Thus, in this chapter also the local D-optimality criterion ¥ (¢, ) for true values of parameters
will be considered.

To do experiment based on the NMNL model, we select J, = J;Vs € S alternatives from
the population with J possible alternatives (S C C, See Section which have been divided
into M nests, where each nest consists of 7, alternatives, i.e Zmzl In =T (Tabl. In an
arbitrary choice set, the number of alternatives which are selected from each nest may vary.
The set of all choice sets of a given size J, = J;Vs € S, may be split up into N different classes,
which are characterlzed by the corresponding number J,,,, of alternatives coming from each
nest m, i.e. Z Jnms = Jns;n € N, s € §. Note that some of the numbers .J,,,s may be

equal to zero, Where Jums denotes the number of alternatives, which are selected from nest m
of size J,, in the n'" class (w.r.t choice set C,).
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4 OPTIMAL DESIGN IN TWO-LEVEL NMNL MODELS

Table 4.1: NMNL Model: The total number of alternatives has been divided into M nests

each with 7, alternatives; a;,, denotes alternative j in nest m

1t Nest ‘ ‘ m™ Nest ‘ ‘ Mt Nest
G, o, g G, Ao - A7 Gnar, o, gy
siz\erjl siz;f7m SiZ:J]V[

In order to obtain the optimal design, we first select the J,1s, ..., Jums, - - -, Jums alterna-
tives of the 1°¢,...,m!", ..., M nest in n'" class, in order where N is the number of classes,
which form the experiment (n = 1,2,...,N). The number S, of all possible choice sets
(Cpniy ..., Chs, ..., Cps,) in each class n is calculated by:

J 7 J S
S — L I mo) L M = o, 4.3
" < Jnls ) ( Jnms JnMs 71;[1 Jnms ( )

where Z Jums = Js = J;¥n € N, s € §,,. This means that the number of alternatives which

are selected from the population in each of class (n) and for each choice set (s) are equal. In

this situation, Jums = Jums; Vs # s € Sy, but Jms and J,,,e may or may not be equal.
According to Equation (4.3]) we can define the following designs (on class n):

gn = { (Cnl CnQ o (CnSn } S Ena (44)

Wp1 Wp2 - Wns,,

where = = Uivzl En.. Based on these designs (above), the information matrixes of designs &,
can be calculated as follows:

1(,,0) ans (Cps,0); Yn=1,2,...,N, (4.5)

where C,,, denotes choice set s, which has been created in the n'* class with J,s = Zi\le Jnms
alternatives (Jp,s is the number of alternatives in class n and the m* nest of choice set s).
Naturally in this chapter the same number of alternatives will be considered in each of the
choice sets, resulting in J,;s = J;Vn € N,Vs € §,,.

In Section was discussed about number S choice sets (p < S < §) for doing experiment
and obtaining optimal design. Here, we can consider a similar situation for NMNL models, for
example, considering .S, choice sets (p + M < S, < §,) based on class n to obtain optimal
design within class n, where p + M is the number of parameters. The design &, can not be
considered when attempting to obtain an optimal design if S,, < p + M or more generality its
information matric is singular (To obtain optimal design within class n).

In this situation, to obtain optimal design based on all of classes, &,;Vn € N must be
combined to produce a design. For example, consider the two following designs (N = 2):

5 _{ (Cll (C12 (ClSl } _{ C21 (CQQ C2SQ }
1 — 9 52_ .

w11 Wi2 -+ W1s, Wo1 Wo2 -+ W2s,
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4.3 D-Optimal Design for NMNL Model

Now, a new design can be defined by £ = a&; + (1 — a)&; 0 < o < 1 as follows:
¢ = { Cu G - Cyg Co Ca2 Cas, }

awyy awyy - awrs, (1—a)wy (I —a)wy -+ (1 —a)wss,

where 1(€,0) = aI(&1,0) + (1 — a)I(&,0). More general 1(€,0) = SN, 1(€,,, ), where:

N N
== {Zanfn| & €5m Y o =10, 20}
n=1 n=1

and with respect to local D-optimality criterion, where ¥'(£,0) = —In(det(I(¢,0))) there
will be convexity:

\I//<€’ 0) < Oé\I//(fl, 0) + (1 - O‘)\Iﬂ<€27 0)

In this case, we can say that:
& = argmin ¥'(¢, 0)

£e=

is locally D-optimal design for @ takes true values.

Lemma 4.2. Consider a NMNL with two nests (M = 2). The information matriz of a choice

set C; and each with Jis and Jos alternatives in the first and second nest, respectively, is given

by (Figure[4.1(b)):

Ills 1125 IlBs
)= oy Inas Iz

T
Lz, lazs  I33s

According to Section .2, and Theorem [4.1] we assume that:

824(C,, 0)

I(C,,0) = —FE
(C..0) ( 5006"

L4 Ams = ngp|msa m = 17 2a
L4 Bms = FQSPJmSFmS;)

® Dims = (p1|m57 <oy Pjlmsy - - - 7me5\ms)T7
L4 P|ms = diag[p1|ms7 <oy Djimsy - - - ames|ms]7
L4 Xms = (f(alms)a cee 7f(ajms)7 o Jf(aJmsms)>T7
° f(ajms) - (fl(ajms)7 ety fh(a’jms)7 ceey fp(ajms))T7
® Vs =1In (Z}]Zf exp (—fT(ajZS)ﬁ >>,
oo (1328 )
[} p]\ms == o (fT(alms),B> 3
127 exp | et
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4 OPTIMAL DESIGN IN TWO-LEVEL NMNL MODELS

Am
T
(st ex ( =)
® Dimms — 1 X2
J T (a J T (a
( 125 exp ( ( ﬁS)ﬁ>> +< 125 exp ( ( /@S)IB>>

Thus (with respect to the elements of information matric by Theorem 4. 1J)

[Ills]pxp (Bls AlSA{s) + p25 (B25 AQSA%;) + plsp2s(AlsA{s + AQSA%; - AISA%; - A2SA’{3)
Tios]px1 = — (Ble AlsA1Ts)/6 + %(AL@ — Ags)(Av1s — A1Ts/3)
[IISS]pXI = )\12); (B2s - A2sAgs)/6 + pl';\iim(AZS - Als)(>\2-7}25 - Agsﬂ)

[Ia2s]ix1 = B¢ 8" (Bis — A, AL)B + Bg (Ao — BT AL)(M\vis — ATB)

[I33s]1x1 = 5%

[T23s]1x1 = —rl,\?pupzs(/\l-vls — BT AL Mg, — ALB)

Here Fls, FZ, denote the p x Ji, and p x Jo,-design matrices with respect to the first and second
nest. p.|ls, pf% are 1 x Ji; and 1 x Jyg vectors, which consist of the probabilities related to
choosing alternatives for the first and second nest (See Subsection . Jis and Jo, are the
number of alternatives that have been selected from the first and second nest.
Proof: To proof Lemma we use Section [4.2]

The information matrix (Lemma [4.2)) was created for one choice set (C,) with Ji5 and Jog
alternatives selected from the two nests, each with J; and J5 alternatives. There are

(N J>
s=(5)-(%)

choice sets each with Jy, + Jo, alternatives, where Ji, + Jo, = J1g + Jog; Vs £ 8" € S.

T(Bas — A AL)B + %()\2-1}25 — BT Ass)(N2.v2s — AL B)

Corollary 4.1. For 8 = 0, the information matriz of choice set Cg (Lemma was calculated

as follows:

A A
L] =Gy P, — 751010, )F i)+ (552 (jfsxlz“z 5oy) [Fe (L, — ﬁlhslis)ﬂs]

A A
_(4(Jizf711{73;)2)( FF1,,10 Fio+ 55 FL1, 10, Fo — 55 -Fl1,, 10, Fou — 5 5-FL1, 17 Fiy)

Jas 2 Jp M 1n(J1 ) T 1 wT
[1123] (Jlﬁ/\1+J2 /\2) - Jl Fllelb - TstQSlJQS

[Tras = 22727 )

T 1 T
(J13A1+J25’\2)2 [J2 FQS]_J% o KFlSlJlS]

o J1 M M2 2
a7t e (1)
___ Ji M2
[I238]_ (J151A1+]223A2)2 ln(Jls) 1n(J25)7
— Jls‘)\lJ s>\2 2
sl = Sy e ({20,
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4.4 Example

Corollary 4.2. For 3 =0 and \; = \y = A, the information matriz of choice set Cs (Lemma
was calculated as follows:

A A
T =G sy Pl — 721000 )R wl (G mecrsg oy ) [Foe (L, — 710,17, )2l

A A
(A5 (LA, Foy 4 b FL1, 10, Fo -

T
 wny ey F1,15,17 Fo, —

T
TisJ2s Jz T1sdas J2 F291J2 1J1 Fls)

Jo M1 In(J1s) [ 1 T 1 T
[1125] (J A+J2S>\)2 KFllels - KF251J2S

_ 2 1M In(Ja) [ 1 /T 1wl
Ti3s]= [-Faln, — 5-Fi1,.]

(J15A+J25)‘)2
[1225] m(ln(ﬁs)),
[ags == 242255 (1) In(2)
- St 2
[Faas]= (J1:A+J225*)2 (n{/2:))%

Corollary 4.3. For 3 =0, \y = Ay = X and J15, = Jos = a the information matriz of choice
set Cq (Lemma was calculated as follows:

[Ius] =5 [FT, (L — 11,17) Fy, + FL (L, — 11,17) Fy,]

oz (FL,1,1TF 1, + F1,1,17F,, — FT1,17Fy, — F1,1,17F,)

[1123] n(a) [Fil - Fj1 ]

L5 =2 [FL1, — F1,1,]
[T224]=7 (In(a))?
[T235]=— 1 (In(a))?
[T335]= 4 (In(a))?

where I, and 1, denote the identity matrix with the dimensional » and a vector r X 1 when
all of its elements are one, respectively.

4.4 Example

Now consider subclasses, which are invariant with respect to a certain group of translations,
i.e. orbits of the group on the design region. Moving on, let us consider two nested logit models.
Consider one of them with the assumption 8 = 0 (Example {4.1)) and the other with 8 # 0

(Example [1.2)).

Example 4.1. There is a two-level NMNL model with two attributes (one attribute has three
levels and the other attribute contains two). The alternatives are divided into two nests, each

of them with three alternatives as follows:
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4 OPTIMAL DESIGN IN TWO-LEVEL NMNL MODELS

First Nest ‘ Second Nest
Alt. [ AL(D (1) AL (J2(0))  ACDfs@0) | Al | ALAD(Ai(ap) AL(12)(falaz) ALRD(fs(az)
aii “+1 0 “+1 aio +1 0 —1
a1 0 +1 +1 a2 0 +1 —1
asi -1 -1 +1 ass -1 -1 -1

where @, denotes the j™ alternative of the m™ nest. In above Table At.(k() shows the level
¢ of the attribute k, where £ =1,2,..., Ly — 1;Vk =1,2.

In this model, there are 15 choice sets of size J = 4 in three classes, where (Table )
In this situation, there are three cases (N = 3), where §; = 9,8, = 3,83 = 3 and Jy;5 =
2,J10s = 2;Vs € S; and Jo1gs = 3, ooy = 3;Vs € Sy and J31s = 3, J3s = 3;Vs € Sz, while
In1s + Jnas = J = 4;¥n € N, Vs S,, (Table , where a;nms denotes alternative j w.r.t class n
in the m'* nest of choice set C,). Therefore, according to Table the three different designs
and their information matrices are as follows:

0{12{ 11 12 19

w1; W2 -+ Wi9

} €=y I(&,0) = Z?Zl wys - 1(Cys, 0),

o _{Cm Cop Cys
g =

Wa1 Wo2 W23

} € =y I(&,0) = Zizl was - 1(Cys, 0),

Cs Cs C
o 53—{ 31 U2 Usg

W31 W32 W33

} € 537 I<§37 0) - Zg:l W3s - I((C3s7 0)7

where 0 = (8, A1, \2)" and B = (B1.1, 12, —B11 — Br2, P21, —F21)" and for the sake of clarity,
let it be assumed that: 8, = (11,82 = (12,83 = (2,1, based on the effects-type coding since
P13 =—P11— P12 and oo = —Ba1 thus it can be written as B = (31, B2, 33)7. Due to \; dose
not occur in design & then that is not identifiable, A5 is not also identifiable because that dose
not occur in design &; then the determinant of the information matrices I(&;, ), I(&3,0) will be
equal to zero. Now, we must combine the three designs &, & and &3 to obtain optimal design
in a new design as below:

5{ Cii Cyo Cig Cy Cgy Cyg Cg Czp Css }
—_ 1 1 / ! ! / ! ! !
Wi Wig -0 Wyg Wy Wyy Wyz Wz Wgzg Wgs

—_
—

—y

where wj, = a; - wis; s € S and w;w =y - wps;n =23, s€S, (g+ast+az=1, «a, >
0;Vn € S,). With respect to assumption 3 = 0, and the permutation consideration between
the levels of the first attribute we can consider equality between the weights of above design,
&, in the following two cases:

Firstly: Let us suppose that Ay = Ay = A. In this situation, we consider the following
equality between the weights of design ¢ (based on permutation considerations):

/ _ / _ / _ /
L wyy = wiy = wig = wy,
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4.4 Example

Table 4.2: NMNL Model with two nests and the Choice sets related to Example : There
are three (N = 3) classes , Ji1s = Jios = 2;Vs € Sy, Jogs = 1, Jogs = 3;Vs € Sy and J315 =
3, J32s = 1;Vs € S3 (ajnms denotes 4" alternative by class n from nest m w.r.t choice set s.)

([ Cys First Nest Second Nest

Cu | a1111 = 11, A2111 Q21 | A1121 = A12, A2121 = Q22

Cia | a1112 = a11, 2112 = Q21 | G1122 = Q12,2122 = A32
Ciz | a1z = 11, 2113 = Q21 | A1123 = A22, A2123 = 432

Cia | a1114 = 11, A2114 31 | Q1124 = A12,0A2124 = A22

First Class - . . -
Cis | a1115 = 11,2115 = A31 | Q1125 = 12, A2125 = (32
Ci6 | 1116 = Q11, a2116 a31 | A1126 = A22, 2126 = A32

Ci7 | a1n17 21, Q2117 = A31 | Q1127 = 12, A2127 = (22

Cis | a1118 = 21, 2118 = 31 | A1128 = A12, A2128 = (32

Cig | 1119 = Go1, Q2119 = Q31 | Q1129 = 22, Q2129 = G32

Cy, | First Nest Second Nest

Co1 | a1o11 = a11 | 1201 = 12, 2221 = A22, A3221 = 432
Second Class ~ . N .
Caz | a1212 = G291 | a1222 = 12, 2222 = A22, A3222 = A32

Caz | a1213 = G31 | Q1223 = 12, A2223 = A22, @3223 = A32

Cs, First Nest Second Nest

C31 1311 = Q11,2311 = Q21,3311 = A31 1321 = Q12
Third Class ’ ’

32 | A1312 = A11, 2312 = Q21, A3312 = A31 1322 = Q22

Csz | a1313 = 11, @2313 = 21, @3313 = 31 41323 = A32

! _ ! _ S — J— / I
2. wiy = Wiz = Wiy = Wig = Wip = Wig = Wy,

/ ’ ! / Vi

/ !
3. Wy = Woy = Wyg = Wy = W3y = W3z = W,

where 3-w] +6-wh+6-why=1,0<w] <3 and0<w < 3;Vi=2,3. Tableshows that
w* = 0.000 for all of values of A and wy" decreases as \ increases. Also, we can see that ws*
has an increasing trend when A increases.

Now, according to the obtained results of Table we define a new design so that:
1. wiy = wiy; = wiy = wj = 0.00,
2. Wiy = Wiz = Wiy = Wi = Wiy = Wiy = wh,

/ ’ ’ ’ !/ Vi

/
3. Wy = Wyy = Wy3 = Wy = Wgy = Wg3 = W;.
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4 OPTIMAL DESIGN IN TWO-LEVEL NMNL MODELS

Table 4.3:  NMNL model, 8 = 0, A\; = Ay = A (two nests) with two attributes, one of them
with three levels and the other with two: Locally D-optimal design for C,;;n=1,s =1,2,....,9
and C,s;n = 2,3, s = 1,2,3, where 3w] + 6w}, + 6w; = 1, with Local D-optimality criterion:
V(& 00) = In(det(I(,0y))) for Example (with initial value w} = 0.1,w) = 0.1,w§ = & so
that all of results converge), Here w}*, wy*, w; have been rounded to four digits.

A w wy wy
0.100 | 0.0000 0.0650 0.1020
0.200 | 0.0000 0.0630 0.1030
0.300 | 0.0000 0.0620 0.1050
0.400 | 0.0000 0.0610 0.1060
0.500 | 0.0000 0.0590 0.1070
0.600 | 0.0000 0.0580 0.1090
0.700 | 0.0000 0.0572 0.1093
0.800 | 0.0000 0.0565 0.1100
0.900 | 0.0000 0.0556 0.1111
1.000 | 0.0000 0.0556 0.1111

where 6 - wh + 6 - wy = 1 and 0 < w] < ¢;Vi = 2,3. In this situation, the determinant of the
information matrix:

3
I£,0)=w), Y  I(Cy,0)+u) (Z I(Cy,. 0) + Y I(Cs,, 0)) :
5€{2,3,4,6,7,8} s=1 s=1
will be calculated by:
det(I(€,8)) = (N - wh - w} (By - wh + By - uf),

where:

n? n(3)—21n 2 _ 2
° c(/\) — % . In*(3)(In(3)—21 g\i)) (p22(1—p22)) ’

[ J BQ = 3(/\2 + 4)7
o B3 = 16pa(A%(1 — pa) + 1)

and pog = pPogs = %; Vs € Sy, where pags denotes the marginal choice probability of the second
nest (m = 2) with respect to the second class (n = 2) in choice set Cas.

Now, the optimization problem can be solved max,; . In (det(I(§, 8))), subject to the natural
restrictions of 6-wj) +6-wf = 1, wh, ws > 0 by a multiplier 6 > 0 (Lagrange coefficient). Thus,
wIQ*, w;)* can be a solution for the weights, based on first order conditions
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4.4 Example
011 4
5 /
009

0,08 4

0,07 4

oosH e

0,054

Figure 4.2: NMNL Model (two nests), 8 =0, \; = Ay = A (0 < XA < 1): Optimal weights ws*
(dotted line) and ws* (solid).

1 2'B2 _ 6
° — 22—
'w/2* + Bg-w;*JrBng* )
2 2-B3
. 2B _§
wé* BQ~’u)/2*+B3~’LU:/3* ’
"% |
® Wy +Wsg = .

Thus this system is solved by (0 < A < 1):

e ) =275,
5 5 1 77B2+4B3+\/9B227163233+16B32
Bg<—732+433+\/9132 —16 BoB3+16 B3 ) —2-1 .
) w,* — i .
2 760 7B 2 2 ’
—7 Bo44 B3+14/9By2—-16 By B3+16 B3
P T e
o W L. 7 Bo—4 B3—\/9 B22—16 By B3+16 B3>
3 7 60 B2 B3 :

The model, which has been defined by Example [L.1, will be consistent with the Random
Utility Maximization dependent on the following conditions (Theorem and Corollary :

L. (A=2)2* <0,

2. A< (143,

3.0 < 4

1+33A +4/(+TN(1=N)
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4 OPTIMAL DESIGN IN TWO-LEVEL NMNL MODELS

In this case, the above conditions will hold up if A € (0,1). Figure denotes the optimal
weights based on design ¢, where wy* tends (decreases) to 0.055 as A tends (increases) to one.
Also, w'3* is always greater than wy':

wy' > wy; YA e (0,1).

Secondly: Let us suppose that A\; £ \s. In this situation, we consider the following equality
between the weights of design £ (permutation considerations):

! _ ! _ / J—
1. wy; = wiy = Wiy = wy,

! _ ! _ ! . ! _ ! _ / _
2. wiy = Wiz = Wiy = Wig = Wip = Wig = Wa,
3. wh = Why = Why = w3,

! _ ! _ / —

where 3w, + 6wy + 3wz + 3wy, =1, 0 < w; < %;‘v’i =1,3,4and 0 < wy < %. Table shows
that wj = 0.000 for all values of A;, Ao and we can observe different trends for w3, wj and wj
when \; is fixed and A; increases. In this situation we can say that (Table :

w3 > wy < A > Ao
Now, according to the obtained results of Table we define a new design so that:
1. wi;, = wiy; = wiy = wy = 0.00,
2. why = wiz = wiy = wig = Wiy = wig = wy,
3. wh = why = why = ws,
4w = wsy = why = wy

where 6w, + 3wz + 3wy, =1, 0 < w; < %;W =3,4and 0 < wy < %.
Similarly, the determinant of the information matrix (based on three weights ws, ws, wy):

3

3
I£,0)=w, Y  I(Cy,0)+ws» LCo,0)+wyy ICsy,0),
s=1

s€{2,3,4,6,7,8} s=1
is obtained by:
det(I(f, 0)) = C(Ah /\2) s W - W3+ Wy (AQ Wy — Ag W3 — A4 . w4)2 s

where:

. C()\b )\2) _ % ) 1n2(3)(1n(3)—21n(2))2p11~I;\24112'~>1\0§1~(1—p11)(1—p22)(1—p31)’
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4.4 Example

Table 4.4:  NMNL model, 3 = 0, \; # A2 (two nests) with two attributes, one of them with
three levels and the other with two: Locally D-optimal design for C,;;n =1,s =1,2,...,9 and
Chssn=2,3, s=1,2,3, where 3w; + 6wy + 3wz + 3w, = 1, with Locally D-optimal criterion:
U(¢, 89) = In(det(I(¢, By))) for Example[d. 1] (with initial value w; = 0.1,wy = &,
0.1 so that all of results are converge), Here wj, w3, w3, w; have been rounded to our digits.

W3 = 0.].,11)4 =

A= 0.050 A= 0.250
A wj w; w3 wy wy w; w3 wy

0.100 | 0.0000  0.0612  0.1344 0.0766 | 0.0000  0.0580  0.0736 0.1437
0.200 | 0.0000  0.0567  0.1507 0.0693 | 0.0000  0.0624  0.0927 0.1158
0.300 | 0.0000  0.0550  0.1555 0.0679 | 0.0000  0.0619  0.1144 0.0952
0.400 | 0.0000  0.0537  0.1585 0.0674 | 0.0000  0.0592  0.1304 0.0845
0.500 | 0.0000  0.0526  0.1610 0.0672 | 0.0000  0.0567  0.1410 0.0790
0.600 | 0.0000  0.0516  0.1631 0.0671 | 0.0000  0.0547  0.1481 0.0758
0.700 | 0.0000  0.0506  0.1651 0.0670 | 0.0000  0.0530  0.1533 0.0739
0.800 | 0.0000  0.0497  0.1670 0.0669 | 0.0000  0.0517  0.1574 0.0725
0.900 | 0.0000  0.0488  0.1688 0.0669 | 0.0000  0.0505  0.1608 0.0716
1.000 | 0.0000  0.0480  0.1706 0.0668 | 0.0000  0.0494  0.1637 0.0709

A= 0.550 A= 0.850

A wj w; w3 wy wy w; w3 wy
0.100 | 0.0000  0.0526  0.0684 0.1597 | 0.0000  0.0495  0.0676 0.1668
0.200 | 0.0000  0.0545  0.0735 0.1508 | 0.0000  0.0504  0.0702 0.1624
0.300 | 0.0000  0.0567  0.0816 0.1383 | 0.0000  0.0518  0.0742 0.1556
0.400 | 0.0000  0.0583  0.0917 0.1249 | 0.0000  0.0533  0.0796 0.1472
0.500 | 0.0000  0.0588  0.1024 0.1130 | 0.0000  0.0546  0.0859 0.1382
0.600 | 0.0000  0.0583  0.1131 0.1037 | 0.0000  0.0556  0.0928 0.1292
0.700 | 0.0000  0.0571  0.1223 0.0966 | 0.0000  0.0562  0.1000 0.1210
0.800 | 0.0000  0.0559  0.1302 0.0914 | 0.0000  0.0563  0.1071 0.1137
0.900 | 0.0000  0.0545  0.1368 0.0875 | 0.0000  0.0560  0.1138 0.1075

1.000 | 0.0000  0.0532 0.1424 0.0845 | 0.0000 0.0555 0.1200 0.1023
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4 OPTIMAL DESIGN IN TWO-LEVEL NMNL MODELS

o Ay =06[(1—pu)A —pir- A3 (14 (1 —pi)AD)],
o Az =4\ pyy (1 + (1 — pa2)A2),

o Ay =4X - ps (1+ (1 —ps1)A)),

! _3M 322
® Pl = oxigony P27 Ti3n P31 T oTghn
and ppms denotes the marginal choice probability of the m!™ nest, according to the n'* class in
choice set C,,5, where p11, = p11; Vs € S1, Pass = paa; Vs € Sy and p31s = pai; Vs € Ss.
We have to solve the optimization problem, maxy, . «, It (det(I(§, 8))) subject to the natural
restrictions 6wy +3ws+ 3wy = 1, wo, w3, ws > 0 by a multiplier > 0. Thus, it can be supposed
that w3, w;, wj is a solution for the weights based on first order conditions

1 2A5

o — _—
U); + Zg:2 Agw;* 657
1 2A3 _

& St T 4 s
wg t Dsmg Aswi 35’
1 2A4

o — _— =
wy * Y omn Asew} 30,

o Gw; + 3wz + 3wy = 1.

According to the inequality between the two dissimilarity parameters, A\; and Ao, the following
conditions must hold for consistency (Model) with RUM (Theorem [2.3] and Corollary [2.3):

oA - 2% < (20 42%) | Ny - 20 < (2N 2%,
2.0 < (14+3M), A < (1+3%),

. < 4(143*1) < 4(143%2) '
3 A s BH(143M)\/(147A) (1=X1) Az < 3+(143%2)/(1+7A2) (1-A2)

In this situation, if 0 < Ay < 1 and 0 < Ay < 1, the above six RUM conditions are satisfied.
The Locally D-optimal weights w3, w3, w; can be similar the first part obtained .

Example 4.2. For a NMNL model (two nests) with two attributes each with two levels as
follow:

First Nest ‘ Second Nest
Alternative | At.(1)(f1(aj1)) At.(2)(f2(a;1)) Alternative | At.(1)(f1(aj2)) At.(2)(f2(aj2))
a1 +1 +1 a2 +1 -1 ’
o 1 41 22 1 1

where aj,, denotes the j™ alternative of the m'™ nest. In above Table, At.(k) shows the
attribute £ = 1,2. In this situation, it has been considered experiments 2 x 2/3/4. Then there
are two classes, N = 2 each with two choice sets (Table [£.5):
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4.4 Example

Table 4.5: NMNL Model (two nests): There are two classes (N = 2), each class with two choice

sets (C,s;n = 1,2,s = 1,2) which include three alternatives in two nests, where a;,,s denote

the 7' alternative of the m!* nest in choice set s by class n

Choice set First Nest(I) Second Nest(II)
Cu apiin = an , G111 = dag a121 = A12
Ciz apiie = Ay , G112 = da1 a1122 = A2
Ca a1213 = a11 A1223 = 12 , (2223 = Q22
Coo a1214 = G21 @1223 = Q12 , (2223 = U2

Table 4.6: NMNL model (two nests), 82 = 0, A\; = A2 = A\: Locally D-optimal weights w}, w}, w} and wj,
according to local D-optimality criterion ¥(¢,0) = In(det(I(,0))) and w.r.t 81 € (=1,1), A € (0,1] (based on
RUM conditions), for design £ Example with initial values wq = wy = ws = 0.2, wy = 0.4 (all of results are

converge)
A=0.100 A=0.500 A=1.000
B wy w; w3 wy wy w; w3 wy wy w3 w3 w}
0.900 || 0.000  0.459  0.376 0.165 | 0.000  0.461  0.380 0.159 | 0.000  0.472  0.421 0.107
0.700 || 0.000  0.464  0.294 0.242 | 0.000  0.465  0.303 0.232 | 0.000  0.473  0.364 0.163
0.500 || 0.000 0.477 0.176  0.347 | 0.000 0.477 0.200 0.323 | 0.000 0.478 0.302 0.220
0.300 || 0.000 0.500 0.000 0.500 | 0.000 0.495 0.048 0.457 | 0.037 0.454 0.247 0.262
0.100 || 0.000  0.500  0.000 0.500 | 0.000  0.500  0.000 0.500 | 0.184  0.330  0.232 0.254
0.001 || 0.000  0.500  0.000 0.500 | 0.246  0.257  0.244 0.253 | 0.257  0.259  0.242 0.242
-0.001 || 0.500  0.000  0.500 0.000 | 0.257  0.245  0.253 0.245 | 0.258  0.258  0.242 0.242
-0.010 || 0.500 0.000 0.500 0.000 | 0.500 0.000 0.500 0.000 | 0.330 0.184 0.254 0.232
-0.300 || 0.500 0.000 0.500 0.000 | 0.495 0.000 0.457 0.048 | 0.454 0.037 0.262 0.247
-0.500 || 0.477  0.000  0.348 0.175 | 0.477  0.000  0.323 0.200 | 0.478  0.000  0.220 0.302
-0.700 || 0.464  0.000  0.243 0.293 | 0.465 0.000  0.232 0.303 | 0.473  0.000  0.163 0.364
-0.900 || 0.460 0.000 0.164 0.376 | 0.461 0.000 0.159 0.380 | 0.472 0.000 0.108 0.420
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4 OPTIMAL DESIGN IN TWO-LEVEL NMNL MODELS

Table 4.7: NMNL Model with two nests and the Choice sets related to Example : There
are two (N = 2) classes , Jiis = 2, Jios = 1;Vs € Sy, Jors = 1, Jags = 2;Vs € Sy (@jnms denotes
4 alternative by class n from nest m w.r.t choice set s).

Cys | First Nest (Ji15s = 2;Vs € &p) | Second Nest (Jip5 = 1;Vs € &)

First Class Cn ain = diy, G111 = A1 aie1 = a2
Cio ai112 = Q11,0112 = da1 Ag122 = Q22
Cys | First Nest (Jo1s = 1;Vs € Sy) | Second Nest (Jogs = 2;Vs € Sy)
Second Class ¢ Cy; a1211 = a1 A1221 = 12, G2221 = U22
Cy 2212 = A21 A1222 = 12, A2222 = U2

- (3)(1)
s (1)(2)

Now, according to above table and Table four choice sets Cy1, Cqa, Co1, Coy and their alter-
natives has been showed in Table L.t
In this Example the parameters are as follow:

® 0=(8,,8:M,2)"; B = (i1, —b11)", By = (B2, —far)”

Let us, suppose that 3,1 = 81 and 321 = (2 thus parameter vector can be rewritten as:
® 0= (1, F2, A1, \o)"

According to Table we can define:

&= { o } €Zy; I(&,0) = win - I(Ci1,0) + w1z - I(Cy2, 0)

W11 Wiz
° 62 = { Cﬂ (C22 } c Eg; 1(52,0) = W21 * I(Cgl, 0) + wog - I<(C22a 9)

W21 W22

Thus, we will have:
Ci G Cy Cyp

&= €=
/ / / / Y
{ Wip Wip Wy Woy }

where w! . = o, - wps;Vn € Nys € S, a1+ =1;,0< a, < land E, C =, Vn € N. In this
situation we will have:

I£,0) =) a, - 1(&,.0).
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4.4 Example

Now, for simplicity, we consider C;; = C;, C15 = Cy, Cy; = C3, Coy = C4 and wyq, we, w3, wy
instead of w},, wi,, wh, why, respectively. According to the new notations the following design

is defined:
5_{61 C G Q}ea

w; W2 W3 W4

where S; + S = p = 4 (Some locally D-optimal designs has been calculated in Table when
B2 =0, Ay = Ao = XA where 3; € (—1,1), A € (0,1] (based on RUM conditions)).

In particular, let us assume that G, = 0 and A; = Ay = \. In this situation based on Table ,
it will follow that p;; = prr3 and pro = pra, where p,,, denotes the marginal choice probability
related to choose nest m with respected to choice set C, (Subsection . Now, according to
the permutation of the levels of the second attribute, consider the following design:

, C C C C —
f:{ 112 314 }65, (4.6)

where =/ C Z and wy; = w3 = w, wy = wy = %—w; 0 <w< % In this case, the RUM
conditions are as follows (Theorem [2.3] Corollary [2.3):

1. XA-exp(fr) < (exp(ﬂﬁ + (exp(%) + eXp(_Tﬁl))A)’

2. A-exp(—r) < (exp(—pr) + (exp(3) + exp(£2))").

These inequations support, uphold 5; € (—1,1), A € (0,1]. In this case, w* decreases when [
(61 < 0) decreases, agreeing with the fixed values of A. The optimal weight, w* increases in
fixed amounts of A when 3, (§; > 0) increases. Furthermore, Table also denotes that the
optimal weight, w* is equal to 0.5 for low values of §; (—0.5 < 3; < —0.05) but that is equal
to 0.0 when f3; belongs to the interval (0.05,0.5]. Notwithstanding, these cases will occur with
low values of A (0.0 < A < 0.5). Then, as such a situation, two kind of optimal designs can be
considered as follows:

¢ G G G G ¢ G G G G
(-0.5<41<=0.05) — Y 0.5 0.0 0.5 0.0 7 5005</=05) T 0.0 0.5 0.0 0.5 [°

where 0.0 < A < 0.5 (Table[4.8). On the other hand, the optimal weight (w*) decreases (based
on the fixed negative values of 5, (81 < 0)) as A increases. But, for the positive fixed amounts
of 31, we can say that optimal weight, w*, increases when \ increases.

The other important note is about locally D-optimal design when 3; tends to zero and A = 1.
In this case, w* tends to value %1 as [ tends to zero (from both left and right) when A = 1.
As previously stated, the NMNL model collapse to the MNL model when \,, = 1;Vm. In this
situation, it has been achieved the same result as MNL model when A = 1 and 3; tends to zero,

means that (Table [3.2)):
« { C C G Cy }
f,\:1 = 1 1 1 1

1 1 1 1
as 31 tends to zero from both left and right.
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4 OPTIMAL DESIGN IN TWO-LEVEL NMNL MODELS

Table 4.8: NMNL model (two nests), f5 = 0, Ay = Ay = A: Locally optimal weight w*, w.r.t
local D-optimality criterion ¥ (&, 8) = In(det(I(&, 0))) for design (4.6), where 3; € (—1,1), A €
(0,1] (based on RUM conditions)

A
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 09 095 1.0

0.9 0.183 0.183 0.183 0.184 0.186 0.189 0.193 0.200 0.208 0.213 0.218
0.8 0.150 0.150 0.150 0.151 0.154 0.159 0.167 0.177 0.188 0.195 0.202
0.7 0.104 0.104 0.105 0.107 0.113 0.121 0.133 0.149 0.166 0.175 0.185
0.6 0.042 0.042 0.043 0.048 0.058 0.073 0.093 0.116 0.142 0.155 0.168
0.5 0.000 0.000 0.000 0.000 0.000 0.000 0.045 0.082 0.119 0.136 0.153
0.4 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.052 0.103 0.126 0.146
0.3 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.042 0.105 0.130 0.152
0.2 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.072 0.133 0.155 0.173
0.1 0.000 0.000 0.000 0.000 0.000 0.000 0.087 0.148 0.18 0.198 0.208
0.05 | 0.000 0.000 0.000 0.000 0.000 0.108 0.166 0.198 0.217 0.223 0.229
0.005 || 0.000 0.000 0.121 0.197 0.224 0.236 0.241 0.245 0.247 0.247 0.248
#y 0.001 || 0.000 0.161 0.224 0.239 0.245 0.247 0.248 0.249 0.249 0.249 0.249
-0.001 || 0.500 0.339 0.274 0.261 0.255 0.253 0.252 0.251 0.251 0.251 0.250
-0.005 | 0.500 0.500 0.379 0.303 0.276 0.264 0.259 0.253 0.253 0.253 0.252
-0.05 | 0.500 0.500 0.500 0.500 0.500 0.392 0.334 0.302 0.283 0.277 0.271
-0.1 || 0.500 0.500 0.500 0.500 0.500 0.500 0.413 0.352 0.315 0.302 0.292
-0.2 || 0.500 0.500 0.500 0.500 0.500 0.500 0.500 0.428 0.367 0.345 0.327
-0.3 | 0.500 0.500 0.500 0.500 0.500 0.500 0.500 0.458 0.395 0.367 0.348
-0.4 | 0.500 0.500 0.500 0.500 0.500 0.500 0.500 0.448 0.397 0.374 0.354
-0.5 | 0.500 0.500 0.500 0.500 0.500 0.488 0.455 0.418 0.381 0.364 0.347
-0.6 || 0.459 0.458 0.457 0452 0442 0427 0407 0.384 0.358 0.345 0.332
-0.7 1 0.396 0.396 0.395 0.393 0.387 0.379 0.367 0.351 0.334 0.325 0.315
-0.8 | 0.350 0.350 0.350 0.349 0.346 0.341 0.333 0.323 0.311 0.305 0.298
-09 | 0.316 0.316 0.316 0.316 0.314 0.311 0.307 0.300 0.292 0.287 0.282
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5 OPTIMAL DESIGN IN A THREE-LEVEL
NMNL MODEL

The multinomial logit (MNL) model is most widely used in discrete choice models due to
its closed-form choice probabilities and its consistency with the random utility maximization
(RUM). However, the MNL model suffers from restrictive independence from irrelevant alter-
natives (ITA) property, which states that the ratio of two choice probabilities is independent of
the other alternatives in the model. This implies that a change in an attribute of one alterna-
tive will have the same proportional impact on the probability of each of the other alternatives
being chosen. The NMNL model relaxes the IIA property by dividing the alternatives into
subsets or nests, allowing the ITA assumption to hold within each nest but not for alternatives
in different nests. Notwithstanding that there is the same IIA property for the nests that it
is the IIN (Independence from Irrelevant Nest). As opposed to the more flexible Multinomial
Probit and Mixed Logit models, the NMNL model has closed-form choice probabilities which
can be estimated without resorting to simulation methods. Due to its simplicity and allowing
for a variety of substitution patterns, the NMNL model remains the most common extension
of the MNL model in applied work. (Daly and Zachary 1978) and (McFadden 1978d) have
shown that the two-level NMNL model is consistent with RUM under the condition that the
dissimilarity parameters are constrained within the unit interval. In many practical applica-
tions, however, this condition has not been met. (Bdrsch-Supan 1990) argues that the DZM
(Daly, Zachary and McFadden) condition is unnecessarily strong given that the NMNL model
should be viewed as a local approximation. Based on the work of Bdérch-Supan, (Herriges
and Kling 1996) who derive the necessary conditions for local consistency with random utility
maximization for two-level NMNL models; the two-level NMNL model is consistent with RUM
when dissimilarity parameters vary in interval (0, 1] and when the dissimilarity parameters are
greater than one. Therefore, the two-level NMNL model is consistent for some range of the
characteristics of attributes with RUM. A two-level NMNL model is not consistent with RUM
when there is a dissimilarity parameter less than zero.

In some cases of two-level NMNL models, the ITA property may not hold within some or all
of the nests. In this situation, we can divide the alternatives of these nests into several sub-sets,
called sub-nests. This kind of Nested logit model is termed the three-level NMNL model, since
within it there are three kinds of choice probabilities that will be discussed in the section [5.1}

The rest of this chapter is structured as follows. Section [5.1|discusses the model specifications
of three-level NMNL models. Section presents the information matrix for a three-level
NMNL models (with two nests). We will introduce the D-optimal criterion by section [5.4]
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5 OPTIMAL DESIGN IN A THREE-LEVEL NMNL MODEL
5.1 Model Specifications

Following (Gil-Molton and Hole 2004), let us consider a sample of Z individuals with 7 discrete
possible alternatives (as in choice set C), produced by K attributes, each with Ly levels. In
this chapter, for a three-level NMNL model, the total number of alternatives is showed by
2%21 hH;”l Thm, where Jp,, is the number of alternatives in the sub-set h of nest m (Figure
5.1)). In this case, there are C choice sets each containing J,. alternatives to fit model, where if
C. is a choice set with J, alternatives then C = Ule C., where J. = Z%zl ZhH:1 Jhes Jmhe
denotes the number of alternatives in sub-nest of the nest m with respect to choice set C,
(Subsection . Certainly, in such a model, the total numbers of alternatives in choice set
C is denoted by Hle Ly, with regard to the attributes and their levels.

This model was obtained based on selection of an alternative with the highest utility. The
utility related to three-level nested logit model (w.r.t choice set C.), where the individual 4
is derived when choosing alternative j as denoted by Ujp.,s. This utility is partitioned into
systematic component, v;pm, and a random component, € p,. (¢ denotes the choice set C.), to
produce (ignoring index 4):

Ujhmc = Uj\hmc + Uh\mc + UmC7 (51)

where:
Uj\hmc = VUjlhme + €jlhme; Uh|mc = Uh|me + Eh|me; Ume = Ume + Emes (52)

where &;pms has EVD (extreme value distribution (type II)) with variance o7,, (They are
correlated in the same sub-nest, prn = corr(€jjhme; €7jhme)) and the distributions of eppm. is
such that variable maxjec,,,, Ujjhme with variance o2, (They are correlated in the same nest,
Pm = COTT(Enfme, Enme) ) and € is such that variable maxyep,, Upjme Will have EVD (type II)
with variance o2 (McFadden 19780), where corr(eme, €mre) = 0; m # m’. Naturally, these three
error terms are independent. Now, with consideration to utility observation variables as
follows (subsection can be introduced:

Y, R 17 Uj|hms = IMaXj/cCyne Uj’|hmc; Yh o 17 Uh\mc = MaXp/'cH,, Uh’|mc;
glhme 0, otherwise. ’ fme 0, otherwise.

Y. — { 17 Umc = IaX,y/ Um'c;
mc — 07

otherwise.

Thus, when the variables Yjme, Yijme and Yy, are independent:

Pjhme = Pjlhme X Phlme X Pmec; (53)

where P(A) denotes the probability of event A and pjjpme = P(Yjjhme = 1) is the conditional
probability of choosing alternative j, given that sub-nest A and nest m have been chosen,
Phime = P(Yhjme = 1) is the conditional probability of choosing sub-nest h when nest m is
chosen and p,,. = P(Y,,. = 1) is the marginal probability of choosing nest m (with respect to
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5.1 Model Specifications

'9.11111

Figure 5.1: NMNL Model: There are M nests each with H,,;m = 1,2,..., M sub-nests and

each sub-nest consists J3,, alternatives

choice set C.). Based on the distribution of the error terms of utility, these probabilities can
be calculated by (McFadden 1981)):

Vjlhme Ahm
exp (—j)\:m ) exXp (h_Ithc> exp (Mmlvmc>
Djlhme = y y Phlme = y Pme = M )
J,h’"f exp ( v, > Sy exp ( ) Vh/mc) 2 =1 XD (finr I Vi)
(5.4)

where IV, and IV, (Subsection [2.2.2)) are the inclusive values of nest m and sub-nest hm,
respectively and

(] [Vmc = F (HlaXheHm Uh|mc) = 1n ( P 1 exp ()\hm Ithc)) 7
[ J Ithc = E (mane(Ch"w Uj|hmc) e ln (Zjh'r:rfc eXp ( |::::L)> 7

® Vjime = 7 (Qjnme)B = Dy £ (Qjhme) Bi;

e B=8B1 -, Br - Bx);

® By = Brs- s Brts s Brr)”

o f(ajnme) = (Fi(@jume), - - f(@tmc), - -, Frc(@jnme)) T

o fi(@jnme) = (fi1(@nme)s - -, fue(@inme), -5 frri(@jnme))T

where f;(a;nm.) denotes the characteristics of the attribute k related to choosing alternative
j by individual i (ignored) in the sub-nest h of the nest m according to choice set C.. In
Subsection [2.2.2] it was demonstrated that the three-level nested logit model is consistent with
RUM (Theorem [2.4]), where it has been used the three RUM conditions (Subsection and
based on model -
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5 OPTIMAL DESIGN IN A THREE-LEVEL NMNL MODEL

In this chapter, to define design and obtain optimal design, S (S C C) choice sets each with
Js (Js = J;¥s € S) alternatives will be considered. As stated previously told, the number of

choice sets C are as follow:
J
- (7).

Je€J
where the number of alternatives .J. depend on the number of nests and sub-nests. In this
situation, the number of choice sets &, which is considered to define a design is as follows:

(1),

where J, = M S 7.

5.2 Information Matrix

As in the previous chapters, we use D-optimal criterion (a function of the determinant of
the information matrix) in order to obtain an optimal design. Thus, first we must obtain
the information matrix for a three-level nested logit model. In this situation, a log-likelihood
function is required, defined for the choice set C, and one individual as follow:

M Hp Jhme

Z Z Z jhms ln p]hms) 5

m=1 h=1 j=1

where Jp,,,s denotes the number of alternatives in sub-nest Am corresponding to choice set C,
and Yjpms as defined in Subsection (2.2.2)). In this situation, based on Equation (5.4)) and the
number choice sets & each with J, alternatives we can write:

M Hp Jhms v, \
m=1h=1 j=1 m m

M Hpy Jim Thme Vo H,, A M

Z Z Z ihms 1N Z exp (J/\hm‘> (Z exp ( p mIVh/ms)> (Z exp (um/IVm/5)> .

=1h=1 j=1 j'=1 =1 m/=1

Now, based on the definition of the information matrix (based on choice set Cy) and E(Yjpms) =
Pinms We will have:

Hyp Jn

826 d = _62 ln(pj\hms) _82 1n(ph|ms) _62 ln(pms)
E( 50067 ) ZZZ“'”S”’”S””( 96067 | 0606T 06067 )

m=1h=1 j=1

where
Is Is, Ipn
I(C,,0) = Igu I, I, (5.5)
Ig/\ IZ/\ I,

is the information matrix of choice set Cg and @ is the full parameters vector, so that:
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5.2 Information Matrix

_ [ 92ecs,0) _ aZe(cS,9)> _ [ 92ucs,0)
*ls= E(aBaBT)’ Lo = E(aﬁauT > Ion = E(aBaAT ’

- 924(C,,0) - 924(C,,0) o 924(C,,0)
o l=-F ( opop™ >’ Lin=—-£ ( PN )’ bh=-E ( OAON" >’

® 0:(/8al-'l’aA)T7

L4 /6:<1617 '7/8k7" HBK)T

o “:(H’l) -5 P, 7/J“M>T’
° A:(Al, .,)\mw' 7)‘M)T7

L4 )\m = ()\hna s 7)\hm7 ) )\Hmm)Ta

According to effect type coding (ZeLzl B = 0; Bre = — L’“fl Bre) we can write:
® Br=(Brir-- s Brer s Brpe—1)"
In this case, we suppose that 311 = 31,..., Bk Lx—1 = ¢1 then we will have:

e B3=01,..., B, By)".

This means that parameter (3, is related to the ¢ level of attribute k, ju,,, the dissimilarity
parameter of nest m and A, is the dissimilarity parameters vector of nest m, where A, denotes
the dissimilarity parameter of sub-nest hm in nest m, thus we will have:

Is, -+ g, - g,
B , 02¢c..0)\ _ ) 1., TFT
o Ip= Ig,p -+ Is, o Igp,, ; —B ( 96,08, ) — Is,, —
]ﬁqlﬂl o [Bqlﬂr o qul
Iﬁml T Iﬁwm to IﬁmM
_ ' ' . ' ) 0C,O\ _
o I, = Igopy - Ao - ABun ; —FE ( 3B, Ottm ) =18, 1>
Iﬁql 1231 T Iﬁql Hm e Iﬂql 12373
o Ipy= ( Ion o 0 Ioaw >%
Iﬁl)\lm T Iﬁl)\hm T Iﬁl)\Hmm
22%¢(c,,0
o Ipn, = | Igre. - I, o Lgow,. |3 —E (4657,(%”,3) =18 Aum>
Ig, a0 LBgdnm 0 LBy Amm
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5 OPTIMAL DESIGN IN A THREE-LEVEL NMNL MODEL

M1 H1m M1 g
: . : : /.
oI, =| I 0 T g (22U _ ) Ly A M
[ Hm b1 Hm Hm M ’ O Oyt I,um7 m = m/. ’
I#M,ul IALMMm IILZM
o I, = ( Lo, - Lo, oo I, );
IH1)\1m IH1>\}wn IMl/\Hmm
_ . 00(Cs,0) ) _
b I)u')\m - Iﬂm.kl'm I/"fvn)\hm o Ian)\H"L'm ) _E (aﬂma)\hm - Il‘qn)‘hm,’
I)U'J\l)\lvn T IIJ«M/\h,m T IHM)\Hmm
I)\l I/\l)\m IAIAIW
: - : : ,
824(C..,0) L., m#m,;
e = I, - Iy o I ;i B 57 | = " ;
,iL 1 .m 7rt M X ONT, I>\m7 m=m'.
I)\M)\l T I)\M)\m T I/\M
I/\hn e I)\lm Ah'm e I>\1m/\H7”m
— /.
oI, =| I I v I . —FE (4324(65,9) ), Damdcr = 0 F W
Am AhmA1m Ahm AhmAHpmm ) ONhmONp/m I, . h="h.
I)\Hmm)\lm T I)\Hmm)\hm, I)\H.mm
Doon,, 0 Daag,, I,\WAHm,m/
_ . 0%0(Cs,0) '\ _
e L, =1 D 0 Do o Dy e |5 —E (W = D s
L S F VA I)‘Hmm)‘Hm/m’

According to above descriptions, the number of parameters in three-level nested logit model
are as follows:

(L =1+ > Hy+M=q+aq+M,

1 m=1

K M
q:
k=

where ¢, is the number of part-worth parameters, ¢ is the number of the dissimilarity param-
eters of the sub-nests and M is the number of the dissimilarity parameters of the nests, hence,
the information matrix ([5.5)) is a symmetric positive semi definite ¢ X g-matrix.
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5.2 Information Matrix

In order to define a design based on the three-level NMNL model, let us consider the following

experiments:
M Hp

ZZJhm/JS/Sv (56)

m=1 h=1

where J = Zm 1 h’”l Jnm denotes the total number of alternatives in population and Jg =
Zm 1 ZhH Jnms denotes the number of alternatives in choice set s, selected from population,
J, randomly. In particular, suppose that J; = J; Vs then in this case, there will be § choice
sets each with J alternatives. However, based on , the ¢ < S < & choice sets can be
considered instead of S. Also, the number of alternatives, which will be selected from sub-
nests, may vary. Thus, there are different classes can be used in order to obtain a sample with
size J from the population by (as similar as Chapter {4)):

Ji JH11 Thm Jim JHyM Thm
Sn = ( Jnits )( JnHi1s )( Jnhms > < JniMs ) < JnHy Ms ) H H ( Jnhms )
(5.7)
where Z%zl ZhH:1 Junms = J;¥n € N,Vs € S, and §,, is the number of choice sets, each
including J, = J alternatives. Based on class n to create an experiment, J, can be rewrite as
Jns = M S T hms, Where Juo = J;V¥s € S,,¥n € N and Jupms = Junme; Vs # 8 € Sy
but Jupms and Jypms (for different class and different choice set) may be equal or not equal.
According to reduce the total number of choice sets (S) to a reasonable number (5), we reduce
S,, to S, in each class where ¢ < 5, < S,,;Vn € N (avoiding singular information matrix) then
consider an\f 1 h i jhm/J/Sn , ¢ <.S,; Vn € N instead of ( . This involves choosing S,
choice sets each of them with J alternatives in each class.

According to the type of experiment, it is possible that S,, < ¢;Vn € N. In this situation,
the information matrix of design &, (&, € Z,;Vn € N, where Z,, C Z), which consists of choice
sets Cp1,...,Chs, ..., C,s, may be singular. In such a case and in order to avoid a singularity
information matrix, we must combine them (&,,) together to create a new design. Although, to
obtain optimal design (totally) we must combine all of £,;Vn € N in a design as follow:

N
- Z angna
n=1

where the information matrix of design ¢ is calculated by:

N N
I6,60)=> ay - 1(§,0); Y an=1, an >0;Vn e N.
n=1 n=1

Calculating the information matrix I(¢,0), we must first calculate the information matrix of
each choice set, means that I(C,,, 8), because of I(€,,8) = 35" wy, - 1(C,s, 0). Therefore, to
obtain the information matrix related of choice set Cy for a special class (ignoring index n),
Equation (5.5 will be considered.
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5 OPTIMAL DESIGN IN A THREE-LEVEL NMNL MODEL

Firct Hest /\ Secorud Hest

1 #3

A

A
= .

y

o am111 A gy G121

a
A g, a2

Figure 5.2: NMNL model: There are two nests, the first nest includes two sub-nests (with Jy;

and Jo; alternatives) and the second does not have any sub-nest with 7, alternatives

Lemma 5.1. The information matriz is related to a three-level nested logit model (choice set
Cs) with two nests, the first nest has two sub-nests with Jyj1s and Jo1s alternatives and the
second, Jias alternatives (Table and Figure denote a population with Ji1 + Jo1 + J12
alternatives, where ajpm denotes the j™ alternative in sub-nest h of nest m) is calculated as

follows:

Ills Il2s Il3s Il4s Il5s
T
I125 [225 1235 [248 [253

00 Cs, 0
I((CS,O) = _E(W) = I{zs Ipss Iszs Isys Isss )
I, DLus Igs Lias ILiss

T
1155 ]258 1355 ]455 ]555

where (with respect to Information matrix (5.5))):

L4 Iﬂ = Illsa Iﬁul = Il?sa IﬂMQ = 11357 Iﬂ)\l = :[1487 Iﬁ)\z = 11587

I, =1y Lyu,=1
o L= o e ) Ly = Taas, Ty = Do,
g < Ly = Inzs Ly = I35 pA 24s) Lpuika 24

oI, — I, = Los Iy, = Luss
A Dure = Liss Dy =1Isse )

In this situation, 6 = (B, p1, po, A11, Ao1 )T . For simplicity, suppose that A\; = A1, Ao = Aoy then
0= (b,... ,5q1;N17M27>\1,)\2)T7 where go = 2 and M = 2.
Now, with respect to the following considerations:

° Bh|15 = F%—‘lsPJhlthls; h = 172,
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5.2 Information Matrix

B1|2s = F,{QSP.HQSFlQS = BQS;
Ah\ls = Fz;lsp.\hls; h = 17 27
A1|25 - F{Qsp.|l2s = A2sa

Fris = (f(ain1s), - - - flajns), - - - ,f(aJh15h13)>T; h=1,2,
f(ajms) = (fl(ajhls)a . 7fk(ajhls): e ;fK(ajhls))Ta
fr(ajnis) = (frr(@jnis)s - fre(@nis)s - s formt(@jnis))Ts o = gy L — 1,
Let fii(ajnis) = filajnis), - -5 frLe—1(ajn1s) = fq (ajn1s) then:

flajns) = (fr(ajns), - frlagns), -5 fa(ajns)™s h=1,2
Fios = (f(a112s)a . ,f(aj125)7 . 7f(aJ123128))T )

f(ajias) = (fi(@jizs), - Fol@jnne)s oo fon(ajn0s))”

P h1s = diag (Pijpiss - - - s Djjhiss - - - » Papanis) 5 b= 1,2,

P2 = diag (P1|123, <e s Djli2sy - - 7pJ123|123) )

P.h1s = (pl\ms, -+ s Djlp1ss - - - 7th15|h13)T; h=1,2,

T
P.i2s = (p1|1287 <o Pjl12sy - - - ;PJ123|125) )

bh|1s —1In (ZJhlls exp (fT(aJ;;lS)/B>) : h = 17 2’
T aj12s
bys = In (Z;}”f exp (—f ( L; ﬁ))

exp<fT(ajlls)/8)
Pjji1s = 3 =1,2,..., Jits,
Zlns eXp<f (alns) )
exp<fT(aj213)/3)
Djj21s = =1,2,..., Jors,
21213 exp<f (al2ls)/8)
ox fT(ajus)/B
p n2

Pjnzs = S eT ),6 ; j:1727"'7<]12su
Zl 12s exp< 21125 )

H2

AL Az
barjs = In ((zj“f exp (LB )7 (2 e (Hlegpalf)) )
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5 OPTIMAL DESIGN IN A THREE-LEVEL NMNL MODEL

Table 5.1: NMNL Model: There are two nests, the first nest includes two sub-nests (with Jy;
and J,; alternatives) and the second does not have any sub-nest with 7, alternatives, where
@jnm denotes the 5" alternative in sub-nest h of nest m.
First Nest(1) Second Nest(2)
Sub-Nest(1) Sub-Nest(2)

Q1115+ -+ 5 Q5115 -+« AF111 | A1215 - -+ Gj21, - - -, A 7521

Ay
(Zi—l (Zihis exp(W)) Ml)
2 )\7}1
S ) +(Ei—1 IS =) )

A1
J11s £ (a H1
e )

® Dijis = >, P2lis = L —pips

2 J T (aypp15) "1
Zhl( 1£1156Xp< lAhhlS IB))

the elements of the above information matrix, defined by Lemma [5.1] are as follow:

112y« -+ 5 Aj125 + - -, A T1512

® Dis = mr; D2s = 1 — pis,

Ii1s
= %%'pls'plus (Blus - A1|15A1T|15> +)\Lg'pls'p2|ls' (Bzus - A2|15Ag|13> +f%-p25- (st - AzsAg’S)—l—
Hl% *Pis - P1j1s * P2j1s * (Al\lsAﬂls + A2|13Ag|15 - Al\lsAguS - A2|13A?|15> + P1s - P2s -

(pils : A1\13A{|15 +p§‘18 : A2|15A2T|15 + A25A53> +Dis P2s P1j1s P2|1s (AmsAgils + A2|15AF1F|15) -
P1s * P2s - [(pms “Aqjs + Do - A2|ls) A+ Ay, (p1|1s : AlTHS + Pois Ag“15>i| )

Ly, | = /%? *P1s * P11s * P2J1s * (/\2 : 52\18 —Ar- b1|1s) (Ams - A2|ls) - i *Dis " P2s -

(/\1 “Pifis - bijis + A2 pajis - baps — - b21|15) (P1|1s “Adjis + Papis - Agjis — A2s) )

Il3s

= ! "D2s - (B25 - AQSA%;) /3 + P1s - P2s - (pl\ls ’ Al\ls +p2\18 ’ A2|1s - A2s) (H_12 ’ A’ZI‘SIB - b25> )

I

Il4s =
N (B — A AT L .. . (A — A M\ b — AT
33 D1sPijis 1)1s 1158 )16 B+ 57z P1s Pijis P2p1s ( 1]1s 2\13) 10115 1\13/6 +

13
%1 *P1s " P2s " P1f1s ° (pmsAms + D2j1s A2|15 - A2s) <)\1 : bms - Aﬂw@) )
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5.2 Information Matrix

L | =

_)\Lg'pls'pﬂls' (Bzus - A2|15A2T|13) B—Fﬁ'l’ls'pms']hus (Azus - A1|1s) ()\2 : 52\15 - A2T|136> +
,\% *P1s - P2s * P2|1s ° <p2\1s : A2\1s + Dij1s A1|1s - AQS) <>\2 : bzus - Ag|1513> )

= é *Pis * P1j1s * P2j1s ° (>\1 : bl|ls — A 52\1s)2 + ML% " Pis 'pQS()\l “Pijs - b1|ls + Ao “Pofis -
52|1s)2 - % “Pis - D2s - b21|1s()\1 “Pifis - 51\15 + A “Pojis - b2|ls) + D1s - Pas - bims,

= 1 *P1s " DP2s - (Nl : b21|15 -\ *Pij1s b1|1s - A “P2is - bz|1s)(A2Tsﬁ — M2 525)7

H1-p2

= ﬁ "Pis - P1j1s 'pz\ls()\l : b1|ls — Ay b2|1s) (Arﬂlsﬁ — A1+ b1|ls) + ﬁpls “P2s - P1jis -
()\1 “Pijs - b1|1s + A2 “Pofis - bz\ls — M1 b21|1s) (AlTusﬁ — At b1|ls> )

= ﬁ " DPis " P1j1s " P2j1s ° (A - baj1s — A1 - b1|15) (Aalsﬁ — g 52|1s) + ﬁpls " Das -

p2|1s(>\1 *Pijs - b1|ls + A2 “Po1s ¢ 52\13 — M1 521\15) (Agilsﬁ — Ao b2|15) )
= %2; “P2s - /BT (B25 - AZSAgs) /8 + 'L%% *Pi1s " P2s - (IBTAQS - M2 b28) (Agsﬁ — M2 b2s) )

I

= _ﬁ *Pis - P2s - Pijis - (IBTA2S — M2 st) <Aﬂlsﬁ —Ar- bl|ls> )

= _ﬁpls *D2s " P2|1s (/BTAQS — M2 b2s) (Agﬂs/@ — Ay a2\1s> )

= ,\%11 *Dis " D11s ° IBT <B1|ls - Al\lsAﬂls B+ ﬁ *Dis " D1j1s ° (pzus + M% “D2s -
p1|13) (BTA1|13 —Ar- bl|1s) (A1T|185 — A1 b1|ls> )

= _mpls *Pij1s - P2j1s - (1 — P2s - M%) (5TA1|15 — A1 b1|15) <A2T|15,3 — Ay b2\1s) )

= ,\_13 *D1s " P2f1s 'IBT <B2|1s - A2\13A§15> B+ Wlu%pls - Po1s(Pry1s + IR
p2|ls) (5TA2|15 — Ay b2|1s) <A2T|155 —Ag - b2|ls> .

Here, 11, is a ¢1 X ¢;-matrix and Iyo;, I3, I14s and 115, are ¢; X 1-matrix and the other elements,
which have been denoted by I ¢ are 1 x 1 matrix (scalar).
In this situation and with respect to class n we will have:

jll j21 le
Sn = ,V e N.
( Jnlls > < Jn21s ) ( Jn215 ) "
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5 OPTIMAL DESIGN IN A THREE-LEVEL NMNL MODEL

Corollary 5.1. When 3 = 0 then the above information matrix (Lemma, should be rewrit-

ten by (Considering a special class, we ignore index n):

o Bh|ls =1 (Fz;lsIJhlthls) ) h = 1727

Jn1s

L4 Ah\ls = L]:_“}Yljls]-Jhls; h = 1727

Jh,ls

e By, = -+ (F1,1,, Fis) = Bs,,

J12s

_ 1 T —
L4 A1|23 = TQSF1231J125 = Ay,

° Fhls == (f(alhls)7 L) 7f(ajhls)a cee 7f(aJh15hls))T ; h = 17 27
[ f(ajhls) = (fl(ajhls), . ,fr(a]’hls), ey fq1 (ajhls))T; h = 1, 2, j = 1, 2, ey Jhlsa
o Fiy, = (f(&112s)7 cee 7f(@j125), S 7f(aJ123125))T )

L4 fT(ajlzs) = (fl(aj12s>7 < fr(aj12s)a . >fq1(aj12s)) ;7 =1,2,..., Ji2s,

A\ Ao
b bl|ls =In (J115)7 bz\ls =In <J2ls)7 bys = In <J12s)7 521\15 =In ((Jns)H + (J21s)“?>7

>‘7h M1
(221@1&) "1 )

® Dis = A ) DP2s = 1 — D1s,
(st)“2+<2i1(Jhls)’“>
ST
I
® Dijis = LIA,” Poj1s = 1 — pujis-

S hoi(Jn1s) P
Thus we will have that:
= )\%pls " D1jis <B1|15 - A1|15Arip‘18> + )\%pls " D2j1s <B2|ls - A2|15A§F‘18> +
M%szs (st — AzsAgTs) + u%lpls “D1j1s - P2|1s (A1|15AF1F|15 + A2|15A2T|15 — AmsA%]lS — A2|13A1T‘15) +
Dis " P2s (pglls : A1|1sA1T‘1$ +p§‘1s : Az\lsAgils + AQsAQTS) + P1s - P2s " P1jis
P2j1s <A1|13A2T‘13 + A2\1SA{|15> — Pis -
D2 (P1|1 “Ajqjis + pois - Ao ) Al +A AT+ Al
s s s s s 2s 2s | P11s 1|1s P2j1s 2|1s )

= M_1? *DP1s * P1j1s - P2|1s ()\2 “baps — A1 b1|15) (A1|ls - A2\1s) - ;%1 *DP1s -
P2s (>\1 “Pijs - b1|15 + Ao "Pofis - 52\15 — M1 b21|15) (p1|1s : A1|1s + D2j1s A2\1s - Azs) )

= —bos *P1s * D2s (p1|ls : A1|1s +p2|1s ’ A2|ls - AZS) )
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5.3 D-Optimal Criterion

= Ml%'bms *Pis*Pij1s " P2|1s (A1|1s - A2|ls) +bl|1s *PisP2s*Pi|1s (pms : A1|1s + P2jis A2|ls - Azs) )

= ui% 'b2|ls *P1sP1j1s " D2|1s* (A2|1s - A1|15) +b2\ls'pls'p25'p2|ls ’ (pQ\ls ’ A2|1s + Pijs - Al|1s - AQS) )

= l%i *Pis - P1)1s * P2j1s * (/\1 : b1|1s TR 52\15)2 + #—1% *Pis 'p2s()\1 “Pijs - b1|1s + A “P2fis -
b2|15)2 - % *P1s - P2s - b21|1s()\1 “Pijs 51\15 + Ao *P2j1s b2|1s) + P1s - P2s bims,

= —i “bas + P1s * Pas - (,ul : b21|ls -\ “Pijs - b1|ls — A2 “P2js - b2|ls)7

= _ui? : 51\13 *Pis - D1jis 'P2|1s()\1 : bl|1s —Ag- bzus) - ,%1 : b1|ls *Pi1s " P2s -
Pij1s ()\1 “ P1jts * bijis + A2 - Pojis - bojrs — pa - b21\1s) )

= —l%% : 52\13 *P1s * Dij1s 'p2|1s()\2 : bQ|1s —Ar- blus) - #Ll : b2|ls *P1s * D2s 'p2|ls()\1 *P1jis -
bijis + A2 - Daj1s - bojrs — 1 - barjis),

= b3, - P1s - Pass

= —bas - bajis - P1s - P2s - Pipis,

= —bas - boj1s - P1s - P2s - Paj1s,

= “L% : bils “Pis - Pips - (Pops + 13 - Das “Difis)s

= —ui% : bl\ls : b2|ls *Pis - P1)1s - P2j1s ° (1 — Pa2s - M%),
= M% : b§|18 “Pis - Dopis - (P1ps + 13 - Pas “Da1s)s

where I, denotes an r x r-identity matrix and 1, is a r dimensional vector which all of its
elements are one.

5.3 D-Optimal Criterion
Taking into account (5.6) and ({5.7)), consider the following designs to fit the model, which was
introduced in Table 5.1k

gn = { (Cnl (C”Q o (C”Sn

Wp1 Wpo -+ Wps,

}eEn;nzl,Q,...,N. (5.8)
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5 OPTIMAL DESIGN IN A THREE-LEVEL NMNL MODEL

Table 5.2: NMNL Model: There are two nests, the first nest includes two sub-nest each with

two alternatives and the second nest does not sub-nest and contains two alternatives.

First nest(1) Second nest(2)
Sub-nest(1) | Sub-nest(2)
a1, G211 | G121 5 Qo2 a2, G212

The information matrix of the design (5.8]) is calculated as follows:

1(¢,,0) Z Wns - 1(Cyis, ), (5.9)

where w,; is the weight (frequency) of the choice set C, . Moreover, the local D-optimality
criterion at @ is considered by:

U(E,0) = (det(I(¢,0)) ",

where I(£,0)) = Zn 10 - 1(6, 0)); 25:1 a, =1, 0<a, <1;Vn e N. This case, in which
&* minimizes the local D-optimal criterion, is called the locally D-optimal design and will be
obtained by the solution:

&= argrgneill U, o), (5.10)

where Z,, C = and

Sn
Zn = {€n|zwns = 1,0 < wys < 1;s Gsn} .
s=1

5.4 Example

Here is a population with three attributes, each comprised of two levels. In this situation,
con81der a three- level NMNL model, which includes six possible alternatives in two nests (Ta-
ble Zm D ljhm =2+2+2=7J, where (1,1,1), (1,1,-1), (1,-1,1), (1,—-1,-1),
(-1, 1, 1) (—1,1, —1) characterize alternatives aji1, do11, G191, G221, G112 and dsq2, respectively).
In this situation, we consider experiments, which include six choice sets each with five alterna-
tives (Table Where a;jppms denotes 4" alternatives in class n of sub-nest h of the nest m in
choice set s), where there are three classes each with two choice sets as follow:

- (3) () (0)
- (3)(1)(3)
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5.4 Example

Table 5.3: NMNL Model (two nests, the first nest with two sub-nests and the second does not
sub-nest): There are three classes, N = 3, each with two choice sets (C,s = Cy;Vn € N,s €

Sn,8' =1,...,6), based on aj,ums, which denotes the j* alternative in class n of the sub-nest
h of the nest m in choice set s.
Choice Set (C,;) First Nest(1) Second Nest(2)
Sub-Nest(1) | Sub-Nest(2)

Cu=C (111111(&111), a21111(6~l211) G11211(C~L121)7 a21211(d221) a11121(d112)
C=0Cy a11112(&111), a21112(d211) a11212(&121)7 a21212(d221) (111122(51212)
Cy =Gy G12111(6~1111)7 022111(&211) a12211(d121) a12121(6112), (122121(&212)
Cy =Cy G12112(6~1111), a22112(&211) a12212(d221) G12122(56112), &22122(56212)
Cs =GCs aiz111(a@i11) @13211(&121), a23211(&221) a13121(&112), &23121(56212)
Cs2 = Co a13112(G211) | @13212(G121), G23212(G221) a13122(G112), A23122(G212)

(D (2)(2)

In this case, three classes (N = 3) we found to define the design and because of S,, < 7;Vn =
1,2,3, we have to combine them in order to define a suitable design. Thus there are six
choice sets (Table [5.3)) with their design matrixes, as shown by Table . In this situation,
0 = (B4, Ba, B3, j11, fi2, A1, \o)T is full parameters vector. In this case and keeping to RUM
conditions (Subsection [2.2.2)), we will encounter the two conditions as follows:

Lo figy < —2—m=1,2

1—pms’

p o
2.0 S Grapmaay v =12 and Vs € S,

where § = {81, Ss, S5}

For estimating the parameters of the model, which have been described on Table and based
on experiments 2 + 2 +2/5/6 (considering six choice sets each with five alternatives), consider
the following design:

52{ Cii G Gy Gy Cs Gy }GE. (5.11)

W11 Wiz W21 W2 W31 W32

The information matrix of design (5.11)) is calculated by 1(¢£,0) = 322 372w, - 1(Cys, 0).

Specifically, let 8 = 0. Now, according to Lemma [5.1] and Corollary [5.1] the following
assumptions are used to calculate the elements of the information matrix I(C,, );Vs € S,,, n =
1,2,3 (To adapt to Lemmawe consider C,,, = Cy; s'=1,2,..., 27]:7:1 Zf;l):

’ For C; = Cy;: ‘
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5 OPTIMAL DESIGN IN A THREE-LEVEL NMNL MODEL

Table 5.4: MNL Model (two nests, the first nest with two sub-nests and the second does not
sub-nest): The characterizes of three attributes each with two levels; considering six choice sets
each with five alternatives, C,, = Cy;Vn € N,s € S,,,s' =1....,6.

H Choice Set(©ns = Cs’) H (Fhms’) =Fiy ‘ (Fhms’) = Foy ‘ (Fms) = Fy,
+1 +1 +1 +1 -1 +1 - -
Cy; =C -1 +1 +1
b +1o4+1 -1 o1 1| LT T ]
1 +1 1 1 -1 1 r 1
Cpp = Cy +1 +1 + + + 141 1
+1 +1 -1 +1 -1 -1 L |
+1 +1 +1 r 1 -1 +1 +1
Cou=C +1 -1 41
i +1 41 -1 || L Pl -1 41 -1
+1 +1 +1 r 1 -1 +1 +1
wo +1 41 -1 || L Pl -1 41 -1
I 1 +1 -1 +1 -1 +1 +1
Cs1=C +1 +1 +1
e - Pl -1 41 1 41 -1
I 1 +1 -1 +1 -1 +1 +1
Csy=C +1 +1 -1
e T Pl -1 41 1 41 1
[ +1 [ +1 [ -1 +1 -1 -1
A= | +1 |, Apgu=| -1 |, Apy=| +1 |, Bu=| -1 +1 +1 |,
| 0 | 0 | +1 -1 +1 +1
[ +1 +1 0 +1 -1 0
B1\11: +1 +1 0 s B2|11: -1 +1 0 s b1|11:ln(2), b2|11:1n(2),
L 0 0 +1 0 0 +1
A Az A1
b21 :O, b21|11:1n (2“1 +2H1>’ pgl) —= ﬁ’ p1|11 —= >\71H1>\727
1+ <2u1 +2u1> 2H1 4241
p1|111:%7 p1\211:%-
’ For C2 :(Clgl ‘
—1 +1 -1 +1
A=Ay, Ayp=Agn, Ap=| +1 |, Buy=| -1 +1 -1,
—1 +1 -1 +1

Biji2 = Bijir, Bojio = Bojir,  bijiz = bijir,  bajniz = bajir, bao = 0,
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5.4 Example

_ _ _ _ _ 1
521|12 = 521|117 P12 = P1j11, P22 = P21, Piji11 = P1j211 = 5-

’FOI' CgIC21I‘
+1 —1 +1 -1 +1
Ajis=Aq, Agis=| -1 |, A= +1 |, Byz=| -1 +1 -1,
+1 0 +1 -1 +1
+1 -1 0
Bys=| -1 +1 0 |, Byiz =B, bijiz = by, bouz =0,
0 0 +1

A
bys = In(2), bsips = 1In (2“1 + 1) , P = Piiits Pies = 3

A1
P23 = %, P13 = iﬂ .
2M2+<2M1+1> 2K1 41
’ For C; = Cyy: ‘
+1
Ajy = A, Aguu= | —1 |, Ags= Ay, By =By,
—1
+1 -1 -1
Biiy =By, Bops=| -1 +1 +1 |, biyua =bip1, bopa =0,
-1 +1 +1

A
bas = bas, 521|14 =In (2"1 + 1) y  DPij114 = P1j111,  P1j24 = P1)23,

Ay

P14 = i y P24 = %

2081 41 2u2+<2u1+1>
’ For C5 = (Cgl ‘

[ +1

Ayis = | +1 |, Agnis = Agjr, Ags = Ags, Bas = Bags,
| +1
[ +1 +1 +1

Biyis=| +1 +1 +1 |, Bous =Bon1, bijis =0, bas = bas,
| +1 +1 +1
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5 OPTIMAL DESIGN IN A THREE-LEVEL NMNL MODEL

Table 5.5: NMNL Model, p; = 2\, us = 4\ (two nests, first nest with two sub-nests and
the second does not sub-nest): Locally D-optimal design when 0 < A < 0.25 (based on RUM
conditions) with initial values w; = 0.1, ws = w3 = 0.2 and w.r.t local D-optimality criterion
W(E",6y) = (det(I(€",0p))) "
A 0.01000 | 0.05000 | 0.10000 | 0.15000 | 0.17000 | 0.20000 | 0.25000
wi 0.30920 | 0.31200 | 0.31500 | 0.31800 | 0.31950 | 0.32100 | 0.32500
w; 0.09540 | 0.09400 | 0.09250 | 0.09100 | 0.09050 | 0.08990 | 0.08900
w3 0.09540 | 0.09400 | 0.09250 | 0.09100 | 0.09000 | 0.08910 | 0.08600
U(£",0y) || 0.00368 | 0.08985 | 0.35081 | 0.77476 | 0.98940 | 1.36021 | 2.11334

Ap
bojis = In(2), boijis = In <2“1 + 1) ;D115 = %7 D125 = P1)23,

o K2 . 1
P25 = ——7 >, ~\ry P = —x -
2#24-(2#14-1) 2K1 41

’ For Cg = Cso: ‘
[ +1
Ajis=| +1 |, Agpe = Agi, Ay = Ayz, Bos = Bos,
—1
[ +1 +1 -1
Biis= | +1 +1 =1 |, Bojus=Bou1, bijis =0, by = ass,
-1 -1 41

X
bapie = 211, baipe = In (2“1 + 1) , Pij216 = P1j215, P1j26 = P1j23,

_ 212 1
P26 = g Ty, Pl16 = Tx
2H2+<2H1+1> 201 41

According to the rule of permutation, the levels of third attribute in choice sets C; and Cy will
acquire permutation between these two choice sets. Also, a permutation between the two choice
sets C3 and C, exists with respect to the permutation of the levels of the third attribute. By
permutation, the levels of the third attribute, we will encounter permutation between the two
choice sets C; and Cg. Thus, we can define a new design to fit the model, already introduced
by Table [5.2] and according to Table [5.4] as follows:

SIZ{CQ (Cl <C4 (CS CG (C5}EE,,

(5.12)
w1 Wo2 W3 W4 Wy We

116



5.4 Example

Table 5.6: NMNL Model, p1 = 0.15, o = 0.25 and A; = 0.1 (two nests, first nest with two sub-
nests and the second does not sub-nest): Locally D-optimal design when 0 < Ay < 0.150 (based
on RUM conditions) with initial values w; = 0.1, ws = w3 = 0.2 and w.r.t local D-optimality
criterion W(€”,0y) = (det(I(£”,0,))) "
A2 0.01000 | 0.05000 | 0.06000 | 0.08000 | 0.10000 | 0.12000 | 0.15000
wj 0.33100 | 0.33380 | 0.32440 | 0.31330 | 0.30950 | 0.31030 | 0.31650
w; 0.00000 | 0.00010 | 0.02820 | 0.06570 | 0.09530 | 0.11830 | 0.14580
w3 0.16900 | 0.16610 | 0.14740 | 0.12100 | 0.09520 | 0.07140 | 0.03770
U(£",0y) || 0.05879 | 0.15900 | 0.17522 | 0.19926 | 0.21502 | 0.22534 | 0.23478

Table 5.7 NMNL Model, p; = pg = A\ = A2 = A (two nests, first nest with two sub-nests
and the second does not sub-nest): Locally D-optimal design when 0 < A <1 (based on RUM
conditions) with initial values w; = 0.1, ws = w3 = 0.2 and w.r.t local D-optimality criterion
U(E",09) = (det(I(€”,00))) "
A 0.05000 | 0.10000 | 0.15000 | 0.20000 | 0.30000 | 0.40000 | 0.50000 | 0.60000
wy 0.28890 | 0.29080 | 0.29260 | 0.29430 | 0.29790 | 0.30110 | 0.30400 | 0.30680
w; 0.10560 | 0.10460 | 0.10370 | 0.10290 | 0.10120 | 0.09980 | 0.09880 | 0.09820
w; 0.10550 | 0.10460 | 0.10370 | 0.10280 | 0.10090 | 0.09910 | 0.09710 | 0.09500
W(E",0y) || 0.02689 | 0.10466 | 0.22959 | 0.39868 | 0.86051 | 1.47810 | 2.24747 | 3.17183
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5 OPTIMAL DESIGN IN A THREE-LEVEL NMNL MODEL

where =/ C =, =/ = {§’| Zg,zl wy =1, wy > 0;Vs = 1,2,...,6}.
In this situation, in order to have an equation between the two designs & (5.11)) and &’ (5.12]),
the following design can be considered:

5,,:{(& C, C5 Cy G4 C6}€E.

wp W Wy W2 W3 Ws

(5.13)

Here wy +wy + w3 = %

For simplicity, suppose that A\; = Ay = A. Then, it is seen that ps; = paoa, Po3 = poy; Vs =
4,5,6. According to the RUM conditions and the six choice sets, C; to Cg, we will encounter
the following conditions:

1) gy < (14 2Mm),

2) puy - 22 < (202 + (14 201 ),

3) pig - 22T < (14 22,

4) 1o - (14 200 )91 < (202 4 (1 + 201 ),
B) ML+ 5) < pr - (1424,

6) A2 (1+ ) < pug - (2% + (14200 ).

Moreover, we know that A < p; and according to Table [5.2] it is to be expected that us >
(there is any sub-nest, it has been supposed that there are not the alternatives more similar
(there are not enough similarity) than the others to make sub-nests). According to above
conditions, let us consider p; = 2A and ps = 4\, thus det(I(&,0) will be changed to a more
function of A\, w; and wy where ws = % — (wy + w9). In this situation, the six above conditions
(RUM) will be upheld when 0 < A < 0.25. According to this condition for A, some locally
optimal design has been calculated in Table 5.5 Table |5.5] shows that w] increases as A
increases but w3 and wj decrease when A increases because of the combination of alternatives
(and attributes) in the two choice sets C; and C, are less similar than in the other choice sets.
According to Table [5.4] we can observe that two sub-nests of the first nest in the choice sets
C; and Cy are equal but there are two different alternatives in second nest. In this situation
because of equation between A\; and )., it is observed that w] increases as A increases. In choice
sets C3 and Cy, there are two different alternatives in second sub-nest of the first nest. We can
see a similar situation for choice sets C5 and Cg, naturally, there are two different alternatives
in the first sub-nest of the first nest (there is no change in the second nest for choice sets Cs to
Cg). With respect to the combination of the alternatives in the four choice sets Cz to Cg, then
a similar result for wj and wj will be obtained, so that these two weights are almost equal and
decrease as A increases (0 < A < 0.15). But, the decreasing trend of w} is faster than w} as
A > 0.17, then the combination of these attributes and their levels in the two C5 and Cg4 are
more similar than the choice sets C3 and Cy.
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Table 5.8: NMNL Model, p1 = 0.1, A\; = Ay = 0.08 (two nests, first nest with two sub-nests and
the second does not sub-nest): Locally D-optimal design when 0.1 < uy < 1 (based on RUM
conditions) with initial values w; = 0.1, ws = w3 = 0.2 and w.r.t local D-optimality criterion
W(E", 60) = (det(I(€",6,))) "
Lo 0.10000 | 0.15000 | 0.20000 | 0.25000 | 0.30000 | 0.40000 | 0.50000 | 0.70000
w 0.29640 | 0.30380 | 0.30740 | 0.30950 | 0.31100 | 0.31340 | 0.31520 | 0.31860
w; 0.10180 | 0.09810 | 0.09630 | 0.09530 | 0.09450 | 0.09330 | 0.09240 | 0.09070
w; 0.10180 | 0.09810 | 0.09630 | 0.09520 | 0.09450 | 0.09330 | 0.09240 | 0.09070
U(£",0y) || 0.09941 | 0.10191 | 0.10319 | 0.10409 | 0.10484 | 0.10619 | 0.10750 | 11025

Table 5.9: NMNL Model, gy = 0.5, A\ = 0.1, Ay = 0.2 (two nests, first nest with two sub-nests
and the second does not sub-nest): Locally D-optimal design when 0.2 < p; < 0.5 (based on
RUM conditions) with initial values w; = 0.1,wy = w3 = 0.2 and w.r.t local D-optimality
criterion W(£”,0) = (det(I(€”,0,)))".
pa | 0.20000 | 0.25000 | 0.30000 | 0.35000 | 0.40000 | 0.45000 | 0.50000 |
wi 0.33330 | 0.33470 | 0.33550 | 0.33600 | 0.33630 | 0.33640 | 0.33640
w3 0.16670 | 0.16530 | 0.16450 | 0.16400 | 0.16370 | 0.16360 | 0.16360
w; 0.00000 | 0.00000 | 0.00000 | 0.00000 | 0.00000 | 0.00000 | 0.00000
U(E",0y) | 0.39644 | 0.56598 | 0.75789 | 0.97082 | 1.20394 | 1.45688 | 1.72959

Now, suppose that u; = 0.15, pus = 0.25 and A\; = 0.1, then the RUM conditions hold if
0 < Ay <£0.15. In Table [5.6| several locally optimal designs based on Table were obtained.
In this situation, w} increases as Ay increases (Table but w3 decreases. That means the
alternatives in the second sub-nest (first nest) of choice sets Cs and Cg are much similar, but
the alternatives in choice sets C3 and C4 (w.r.t, second sub-nest) are much more dissimilar.

Another Table which includes was calculated some locally optimal designs based on
w1 = pe = A and 0 < A < 1. In this case, RUM conditions hold. Table denotes: wj
increases as A increases, but wj and wj; decrease. Noting the decreasing trend of wj and ws,
we can observe that the decreasing trend of w3 is faster than w3, because of more similarity
(alternatives) in the choice sets C5 and Cg in contrast of that between C3 and C,.

With respect to fixed amounts for g3 = 0.1 and A; = Ay = 0.08 (Table , w; and w; are
equal and they decrease as py increases, but wj increases. Then, the alternatives in the second
nest (choice sets C3 to Cg) are more similar than the alternatives in the second nest of the
choice sets C; and C,.

Suppose that us = 0.5, A1 = 0.1, Ay = 0.2. In this situation, RUM conditions hold if 0.2 <
i1 < 0.5. Table showed that w increases (almost as always, with a decreasing trend) as p;
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5 OPTIMAL DESIGN IN A THREE-LEVEL NMNL MODEL

increases. The third row of Table [5.9 denotes, w} decreases (with a very weak decreasing trend)
and wj is equal zero as p; increases. That means that the alternatives in the choice sets C5 and
Cg are much more similar than are the others. And we can say, if pus = 0.5, A\; = 0.1, Ay = 0.2
and 0.45 < pq, then:

5//* o Ol CQ 03 C{4 05 06
] 0.3364 0.3364 0.1636 0.1636 0 0

is a locally D-optimal design in =.

According to the results which were obtained in the different classes in Table to Table
5.9, we can say that the alternatives in the two choice sets C; and Cy are less dissimilar than
the others (because, the optimal weights of these two choice sets increase when dissimilarity
parameters increase, although, we had sometimes faced to decreasing trend) and the alternatives
in the choice sets Cs and Cg are more similar than the others (the optimal weights of these two
choice sets decrease when dissimilarity parameters increase).

Note: To obtain a locally D-optimal (¥(¢”,8,) = (det(I(€”,8,)))"") design (Tables to
, Maple has been used with the initial values wy; = 0.1 and wy = w3 = 0.2 (all of solutions are
converge). The sequential Quadratic Programming (SQP) method was also used and naturally
the number 1000 was implemented for the iteration limit.
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6 OPTIMAL DESIGN IN THE RANK-ORDER
TWO-LEVEL NMNL MODEL

A discrete choice experiment measures the importance of the features of a goods or service in
making a purchase decision. This is achieved by asking each respondent to choose his/her pre-
ferred alternative from a number of choice sets. In stated-preference experiments, respondents
may be asked to rank the alternatives instead of just identifying the one alternative that they
would choose. This ranking can be requested in a variety of ways. The respondents can be
asked to state which alternative they would choose and then, after they have made this choice,
can be asked which of the remaining alternatives they would choose, continuing through all the
alternatives. Instead, respondents can simply be asked to rank the alternatives from best to
worst. In any case, the data that the researcher obtains constitute a ranking of the alternatives
that presumably reflects the utility that the respondent obtains from each alternative.

A rank-order conjoint experiment measures the importance of the features of a goods or
service by asking the respondent to rank a certain number of alternatives within the choice
sets. Data from a rank-order experiment can be analyzed by the rank-ordered exploded Logit
(MNL, NMNL, ...) models (Beggs, et al. 1981), (Hausman and Ruud 1987).

The design of an experiment has a significant impact on the accuracy of the estimated
parameters of the fitted model. Choosing the appropriate alternatives and grouping them in
choice sets in the best possible way according to an optimality criterion, yields an optimal
design which guarantees precise parameter estimates and therefore an accurate view on the
preference of the customer.

In theory, when individuals are asked to rank the alternatives instead of only choosing the
most preferred option, the parameters of the choice model and hence the preferences can be
estimated more efficiently. However, in practice respondents may be unable to perform (part
of) the ranking task. This may be due to several reasons. First of all, respondents may not
be able to perform the task itself. In some cases there may be too many alternatives to rank.
Secondly, the respondent may not be able to distinguish between his less-preferred alternatives.
In any case, straightforwardly using reported rankings may lead to a substantial bias in the
parameter estimates in the rank-order logit model, see (Chapman and Staelin 1982). To solve
this issue, (Chapman and Staelin 1987) suggest to only use the first few ranks in the estimation.
They consider several rules to determine the appropriate number of ranks to use, in their words
"the explosion depth”. One of these rules is based on a pooling test for the equality of the
parameter estimates based on different rank information. (Hausman and Ruud 1987) proposed
an alternative method to test the number of ranks to use in the estimation. However, in both
approaches this number is assumed to be the same for all respondents. If ranking capabilities
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6 OPTIMAL DESIGN IN THE RANK-ORDER TWO-LEVEL NMNL MODEL

differ across individuals, this may lead to an efficiency loss.

(Vermeulen, et al. (2007) have proposed to use the D-optimality criterion which focuses on
the accuracy of the estimates of the rank-ordered MNL model (its parameters).

In this chapter we study the use of the D-optimality criterion to estimate a rank-ordered
NMNL model (full parameters). The central question is then whether the corresponding
Bayesian Dj-optimal ranking design results in significantly more precise estimates and pre-
dictions than commonly used design strategies in marketing.

In the next section , we review the rank-ordered multinomial logit model (Vermeulen, et

(2007), then in section we obtain the information matrix related to the rank-ordered
NMNL model and we define a special class of design and the method of obtaining locally
D-optimal design for that.

6.1 Rank-Order MNL (RO.MNL) Model

The Rank-Order Logit Model was introduced into literature by (Beggs, et al. 1981). The
model can be used to analyze the preferences of individuals over a set of alternatives,where the
preferences are partially observed through surveys or conjoint studies. Any rank order can be
regarded as a sequence of choices made by the respondent. This was used as the starting point
for the extension of the multinomial logit model to the rank-order multinomial logit model by
(Beggs, et al. 1981)) where the alternatives with lower ranking are considered. In this approach,
each ranking of a choice set is converted into a number of independent pseudo-choices. In this
way, each ranking of alternatives in a choice set is considered as a sequential and conditional
choice task. The alternative with the first rank is imagined as the preferred alternative (with
the highest utility in the classical method) of the entire choice set. The next ranked alternatives
are viewed as the preferred alternatives of the choice sets consisting of all alternatives except the
ones with a better ranking. In the resulting rank-ordered multinomial logit model, a ranking
of a set of J, alternatives is thus seen as a series of J. — 1 choices. In this situation as classical
MNL model there are J alternatives. Then we consider C choice sets each with J. > 1;Vc
alternatives (Section [2.1]).

The rank of an alternative is determined by its utility. The utility of the alternative j in
choice set C. experienced by respondent i is modeled as (by effects-type coding, Section ,

K Lp-1

Uje = fT(a']C )B+€je = Z Z Tee(aje) Bre +€jesj = 1,2, ..., Je, (6.1)

k=1 (=1

where:
o faj) = (fi(aje), ... frlas),. .. fx(a;));

fi(aje) = (fra(aje)s - -, frelaje), - -, kak_l(ajC))T (See Section
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6.1 Rank-Order MNL (RO.MNL) Model

is the characteristics of attributes (there are K attributes each with Ly;Vk = 1,2,..., K levels)
related to alternative j (Main-effects model), which is chosen by the individual 7 and:

e 3= (/31> s B 7/6K)T; By = (5k,1, ce 7ﬁk,€7 e 76k,Lk71)T

is p-dimensional vector of parameters (p = Y1, (Lx — 1)) where 35, Br = 0 and ¢, are error
terms which have i.i.d extreme value distribution (type II) (Section [2.1).

Now, suppose that Y1y, ..., Y;),..., Y[, denote the rank-alternative variables of a choice set
with J. alternatives. For example, Y(1) = r(1) means that alternative rq); (rqy € {1,2,...,J.})
has the first rank with the highest utility (U,n<1 = maxjec, Uje) and Y(9) = 7(2) means that
alternative 7(9) has the second rank, its utility is less than the utility of r(;) and greater than

the remaining alternatives (U, UJC and Uy, < Ur(l)c) or we can say, Y{g

T'(Q)C — ma‘XJGC

e(r(y
denotes an alternative with the second rank in orlglnal choice set. However, after removing
the alternative with the first rank, ¥(sy will be denoted an alternative with the first rank in the
new choice set (a choice set without first rank alternative). In this situation C.g;, denotes a
choice set (choice set ¢), which excludes alternative j. In this situation and to obtaln choice
probabilities, we can also define the observation variables as follows:

. Y o) Vi

T(Q)S -

Y. _ 1, Ur(l)c = maX;ec, ch;
rme 0, otherwise.

{ 17 U’I’(Q)C = manEC

0, otherwise.

and so on. Now, we can define the probabilities of rank-order alternatives as follows:

P(Yq)y=rm) =Prye = Zj,j:;(eXpagf(;zaz ))5); ar, € C,
o=t =P = g g e <G
P(Yg) = 1) = Py = Eaze:ii)(i()agg()fg)<aecW); trsy € Celry riny):
PV =700) = Pripe = 15 argy € Cotrayirggyrse—ny)

where P(A) denotes probability of an event A. In this model, we expect to obtain more infor-
mation about the preferences of respondents than in the classical conjoint choice experiment.
Also, if we use the same number choice sets (to compare with classical conjoint experiment)
then the parameters of model can be more accurately estimated. (Chapman and Staelin 1982)
have also attempted to achieve a desired degree of precision of the estimates, less choice sets
are required in a rank-order conjoint experiment.

This model may be better than the classical model but there are some problems in its
application, for example, the major disadvantage of using a rank-order conjoint experiment is
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6 OPTIMAL DESIGN IN THE RANK-ORDER TWO-LEVEL NMNL MODEL

the weak link with reality: in real life, respondents choose the alternative, which they like most
and hardly ever select a second best item and the other is the alternatives with lower ranking.

According to (Chapman and Staelin 1982), lower rankings are less reliable if the number of
alternatives to rank is high. Of course, we try to solve this problem by considering the number
of alternatives less than the total number of alternatives(in a choice set).

Now, consider a combination of alternatives like (ra1y,7e@),...,7u)): T(1):T@)-- 7)) €
{1,2,...,J.} to analyze data, means that the alternative r() has the first rank, alternative
7(2) has the second rank and so on (r¢;) # r¢r),Jj # 7' = 1,2,...,J.). Because there are J, cases
for r(;y and J.—1 cases for r(9) and at last there is just one case for 7(;,), we define the following
variable to introduce variable observations in rank-order MNL model:

Loif Yoy =ra, Yo =r@), -, Yu) = ru.;

y(Tu)T(z)---T(Jc)) - { 0, otherwzse (62)

where:

E(y(’“<1)7’<2)---mc>)) :Pru)c ' PT@)C' - PT(JL-)C'

As stated previously was told, we consider S (S C C) choice sets each with J; = J; Vs alterna-
tives to obtain optimal design. In this chapter, we act as similar previous Chapters (Chapters
Bl [ and [f)). Thus, according to the choice rank probabilities and Equation (6.2)), the Likelihood
function can be defined as follows:

J o J y( :
(C,B) = H H H ( OL ’”<2>8"'PT(J>S>

) 17"(2> 1 T‘(J) 1

TWFENR)F - FT()

and the log-likelihood function as:

J
' Z Yirayray-ri) 1 (Prms Prgys - P’"(J)S)

UCyB) = )

T)FT () FT ()

g J
Z Z Z Virayry-ron) (hl Prpys +InBrys+ ..+ In P?"(J)S) - (63)
rm=lre=l )=1

-~

T)FT(2) 7T ()

124



6.1 Rank-Order MNL (RO.MNL) Model

Lemma 6.1. The information matriz based on Log-Likelihood (6.3)) is obtained by:

J

IR(MNL)(CSMB) = IMNL 876 Z T(1)S IMNL( S(T(l))7ﬂ>

+ Z T(1)$ 7"(2) IMNL(CS(T<1),T<2))75)+

WFT(2)
J
+ e + Z Pr(l) P’I’(Q) e PT(J_Q) : IMNL((Cs(r(l)77’(2)7"'77“(‘]72))7 ﬁ>’
T()FET(2)F - FT(I-2)
Proof:
9%((C,, B8
Iroune)(Cs,B) = —E< 98087 )
B J J J 9? lnPr(l)s 0? lnPrmg 0? 1nPr(J)s
- Z Z Z P’(l)é' T(2)8 - Pm)é' - T -
e opop”  opop”T  opop”
T)FET(2) - FT()
J J J
0“In P, 0°InP, .
- 5 ()¢ S e 3 P ()
ray=1 = =1
J J J
0“InP, .
+ Z Z PT(U@' T(2)8 Z Pr(s)s <3ﬁaﬂ(3>> +...+
ray=lre=1 T3 =1
—_——
7"<1>¢7‘(2>
8?In P,
’I’(J 1)5
+ Z Z Z TS’ T<2>S" Pri;s_ 2)$ Z T(I-1)8 <_ Bﬁaﬁ >’
ray=1lr)=1 r—2)=1 r(—1)=1
T(1)FT(2) - FT(I—2)
where:

7 -0 InPryys\
° Z7“(1):1 PT(l)s < 8,68,BT ) - IMNL((CS7/6)7
J -02InPr . s
[ ] 27(2):1 P”"(Q)S . (—3/88/8’(1?) ) = IMNL(CS(T(l))7 /6),
J -0 1nP,~<3)S _
¢ Zr(:%):l PT(3)S ( 8,68,3T ) - IMNL(CS(T(l),T(z))a/B>7

7 821nPT(J71>5 -
b ZT(J_I):I PT(J—l)S (_ 8ﬁ6ﬁT - IMNL((CS(T(1> T(2)s+0s T(J— 2))713)
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6 OPTIMAL DESIGN IN THE RANK-ORDER TWO-LEVEL NMNL MODEL

where:

o Iyni(Cy,B) = FST(Ps — pspsT)FS: The information matrix of a discrete choice experi-
ment (classic) (3.14]) by choice set with size J (Sandor and Wedel 2001)),

o Luni(Cuy, B) = F(;)(Pugs) = Ps(iPag) Fsi;

e () denotes a choice set without alternative j.

® Dsij) = (Piss---Dj—15:Djst1ss - - - ,pys)T: is a (J — 1)-dimensional vector containing the
probabilities.

e P,): is a diagonal matrix with the elements of p,(;) on its diagonal.

o F ) = (f(ars), - f(aj—1s), £(aji1s), ..., flass))t: is the ((J — 1) x p) design matrix
containing all attribute levels of the profiles in choice set, except profile j.

The expression for the information matrix of a rank-order experiment proves that asking the
respondents to rank the alternatives in a choice set provides extra information. Because this
difference Ig,, (Cs, B) — L (Cy, B) is a nonnegative definite matrix, which ensures that the
amount of information in a ranking experiment is more extensive than in classical experiments
in a choice experiment. In other words, ranking is always better.

Similar to a discrete choice experiment which was used the criterion (Atkinson, et al. 2007):

V(g B) = In (det(Innr(€,8))) "

to obtain the local D-optimal criterion, in this case (rank-order M NL) is also used a similar
situation, means that:

V€, B) = In (det(Ipaarnry (&, 8)))

to obtain locally D-optimal design, where £ is a design which includes § choice sets, Cq,...,C,, ..., C,.

6.2 Rank-Order Two-Level Nested MNL (RO.NMNL)
Models

Suppose that there are J alternatives (in choice set C,), which have an upper ranking in
comparison to the others and which have been divided into M nests. In this case, the utility of
choosing an alternative j and nest m by individual 7 is calculated as follows (subsection ;
ignored index 17):

Ujms = Ujlms + Um57

where Ujjms = Vjims + €jjms and Upps = Ups + € (see Chapters [2f and .
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6.2 Rank-Order Two-Level Nested MNL (RO.NMNL) Models

Now, consider that (Y1), Z(1))---, (Yi), Z¢))s - --» (Yu.)s Z(4,)) denote the joint rank alterna-
tive variables of a choice set with J, alternatives, where variable Y(,y and Z(,) denote an alterna-
tive and a nest with rank r. For example, (Y1) = rq), Zn) = m()) means that the alternative

T € Cm<1)s from nest m;) € M have the first rank, where U, = MaXjecC,, ., Ujlmg)s and

lmas 1)s
Um(l)s = maX,en Unms, also (Y(g) =T1(),4@2) = m(g)) means that alternative r ) (ﬁ")om nest m(z)
have the second rank. Certainly in the original choice set, but in the new choice set (it is denoted
by (CS(T(U) after removing the alternative r(;)) alternative r(;) and nest m) will have the first
rank, where m ) may be the same as nest m;) or not. In this situation, if there is m) = myg)
then 7(;) and 7(9) selected from the same nest, then UT(Q)\m(Q)s = maxje(cm(z)s(r(l)) Uj|m(2)s, where
C,s(j) denotes the choice set of nest m, which excludes the alternative j.

We know that if corr(eﬂm(l)s,squ(l)s) = PmgysJ # 4" and corr(€j|m(2)s, Ej/‘m@)s) = pm(z);j,j’ -+
Jay then py, = Prm s if m(1) = m2). In this case, keeping to the relation between p and A
(Subsection , it can be written that Ay, = Ap, , where Ap, , and Ay, are dissimilar-
ity parameters related to nests, which include the first rank alternative and the second rank
alternative, respectively.

In this situation, we denote the choice probability related to choosing an alternative with the

rank 7 as follows (w.r.t the choice set Cy):

Brym P =14, Zir) = M)
= P =rplZe) =mw) - P(Ze) = m))

- P, Prgs:

(r)$

G)Imeys

Now, for alternative with the first rank we will have:

7 (ar,, )3 £ (0 Am ()
W (a;.)3
P ( A’"(ll) Z"J‘ecmms P Amﬂ(n

rmmuws T T

s £7(a;:)8 £7 (a ) Amay M £7 (ays) Am
Zj:l exp( Am1) > <Zj€CnL(1)s exp< \ B + Zﬂ”ﬁﬁm(l) (ZajGCms exp( A ﬁ))

m(1)

and C,,s denotes a choice set, which includes all of alternatives in nest m (subsection and
Cm<1)s denotes a set of all of alternatives in nest m ;) which has the first rank with respect to
choice set C,. Also, vector Xr(j)s denotes the characterizes of the attributes related to alternative
7(j), which has the rank r (w.r.t choice set Cy)

Similarly, the choice probabilities of the second rank alternative and nest are obtained by:

Proyme, = P2y =1@),Ze) = m)

= P(Y) =r@lZe =my)  P(Ze) =mq)

= P’I‘(Q)‘m@)S * Pm(2)87
where:
fT(flr(2)5)ﬁ

exp X

p (1)
r@)lmes T W TeB) ma) = M),
m(l)s ajg
mn e S)
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exp (fT(aT@)S)B)

Am
(2)
- Jm(g)s fT(ajS)B ’ m(l) ?A m(Q)
Zi=t P gy,

and

Am (1)

(1) Am (1)
Im{ys T (q;
(ij” exp( € <azs>,3> )

P g)s :( T m(1) = m(2),

) /\m<1) M A
Tm(iys T (a;5)8 s (a8 "™
PN exp< v + D (T e L

m=1
~——
(7n;ém(1>)

Tm (g)s T (a;)8)) @
<2j=1<2) exP< >\m]b >>
@)
= ; #
PAS AN T Ay Timon s T A M _— VRO
(z exp(xa:ww)) s D M R g )
1) @ =
~—~—
(m#m(1),m(2))

m(2),
where:
e J... denotes the number of alternatives in nest m of choice set C,.

° Jm(l)s is the number of alternatives in nest m;) which has the first rank, with respect to
choice set C,.

° Jm(z)s denotes the number of alternatives in nest m ;) which has the second rank based
on the original choice set and has the first rank with respect to a new choice set (after
removing alternative r)) so that if muy = mg) then Jm(2>s = Jm(l)s — 1.

° J,:nf(lf)s is the number of alternatives in nest m) after choosing alternative r(;) and remov-
ing it.

Also, the conditional choice probabilities related to the third rank alternative have been calcu-
lated by:

exp fT(ET(ZS)S)/B)
Amr)
PT(3)‘7TL(3)8 = (]7'(1)*7‘(2)S £T )IB ’ (3) = (2) = m(1)7
(1) s
Zj=1 exP( Am ) )
exp LT(QT@‘)S)’B
)
m(2)
= S ME) = M) F My,
T
m(2)s f (ajs)ﬂ
o1 exp gy
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6.2 Rank-Order Two-Level Nested MNL (RO.NMNL) Models

p(fT<ar(3)s>,3)
ex 7)\””’(1)
= —m m(s) = M) 7 M(2),

)
Im s a
Zj:l(l) exp <f ( JS)ﬂ)

Am )

fT(ar(3>s)/3>

Am(3)

exp

- Jm(?)S (fT(O«js)/B> m(3) % m(2) = m(l)

2=

Am(g)

exp

fT(ar(g)wB)

Am(3)

Ls=1 Am()

T (g)s <f (ajs)ﬂ> m(3) 7 m(2) 7 m1)

The marginal choice probabilities related to the third rank nest for difference cases are calculated

as follows:
DACNAL) T 3\ ) O
(Z] e exp(‘f A(m](i)) ))

P, — D Mgy = Moy =M
35 T ve P m(3) =m2) = M),
Tays f <a]g>,3 (” Toms T (a; )8\ ™
2_7:1 exp Am(1) m N Zj:l exp| —xL—
A
g
( HL(2)b Jé)ﬁ ) (2
X (2)
= o m =m 3& m(),
oo T oy e = me) # g
Tmi(g)s T (a ) I3y s T (a ) £T(ajs) m
(zjf” o S22 ) ( = meﬁ N e
A
my
(E NL(l)b )\ Jé)ﬁ ) (€Y
™1
=7 s @ ,3 B 5 mz)y =m(1) # M),
m(1)s jis) ™m(2)8 T(ajs) i (ajs) m
(5750 () " 25 !112) IR )
E“]""(S)S ;0B Am(g)
j=1 >\m(3)

P M(3) # M) = M2y,

T(1):7(2) Ay >
Tmros s £T (a;.) Xm(g) Im £ S T (ajg m
(Z] 1(3) o < :123)’8>> + 27:1(1) exp AZZU’B o E;‘ngd €xp #

T on s A
(zﬁw e, W))
: Am ()

T, s ¢T ﬁ )\""(3) J;(l) s . B )\WL(l) J:n R T l@ m(2) T (as )ﬁ Am
Z’v:1(3)- (a T (a;5)P +x _:rl(l)- ox A(a js) 4y 1(2) (a] ) yyM_ ZJ,M exp (;]s
J m(B) J 'm<1) Jj= m(2) m

m(z) # M) # M),

where m # m) (in the first row), m # m(), me) (in the second and third row), m #
m1y, M3y (in the forth row) and m # my, m2), ms) (in the last row). Also, to obtain the other

choice probabilities related to the alternatlves with lower ranking like P, wmy - Driymesy, We
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. . M . <l
act as similar way, where J; =" J,,s for each choice set, C,, and J7:7" denotes the number

of alternatives in nest m after removing the alternatives j and j’.
In this situation, we define the following observation variables to analyze the RO.NMNL
model:

v _ )L Yoy =raypZay =ma), -, Yy =1y, Zay =me);
((raysmqay)s(rey,may)y-(ren,men)) — 0, otherwise,

where:

E(y((r“),m(l)),(7‘<2>,m(2>),...,(T(J),m(J)))) = P’r(l)m(l)s : PT'(2)m(2)S st P’I‘(J)T)’L(J)S

and J = an‘il Jms 18 the number of alternatives in choice set C, so that:

Imay Imay  Imgg)
Z Z Z Z Z Z Frymeys " Proymeys -« Fripymgs = 1.
m(1> 1 mg)y= 1 my= 1 T(l) 1 T(2)= T(J)= 1
some nests maybe equal 1*(1)#7’(2)‘..767'(”

6.2.1 Information Matrix for RO.NMNL Model

In this subsection, we obtain the information matrix for the two-level RO.NMNL model. After-
wards, we define the local D-optimality criterion, which is a function based on the determinate
of the information matrix. As we know the information matrix is calculated by log-likelihood
function, where Likelihood function for RO.NMNL model is calculated as follows (w.r.t choice
set Cy):

Jm(l)s J’H’L(Q)S Jm(])s

N
H H H H H H < (1) m(1>8'Pr(z>m<2>5"‘PT<1)mu>8> ’

m<1) 1m(2) 1 J) 17‘(1) 17’(2) 1 T(J =1

ry AT e AT

where )’ = y((?"(n7m(1>),(7“(2)7m<2))7~~-7(7“(J),m<(1>))'
The log-likelihood function for the two-level RO.NMNL model and was based on the above

likelihood function is calculated by:

Jm<1) Jm(2)s Jm(f)
Z Z Z D2 e 2 VGt ma), (e me)s s () mn))
mu=lme =1 m=lrq=lrey=1  ry=1
some nests maybe equal T(1)FET(2) - FT(T)

(6.4)
where G, : C;, — R~ and:

GS ((7“(1), m(l)), (7‘(2), m(g)), ey (7‘(]), m(J))>) =1In PT(1)m(1)S + In Pr(2>m(2)8 +...+ In P (HM()S
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According to the number of attributes, K, each with Li;k = 1,2,..., K levels, we define
parameters vector and the characterizes of attributes as follow (Chapter [4)):

= (BN
e 3= (/817"'7/6k:7"'7BK)T;
e B, =Br1s- s Brts s Brr,-1)" (wr.t effect type codding, Zf:’“l Bre = 0),
e A= A )T

where A, have been introduced by symbol A, ,, which is the dissimilarity parameter related to
a nest with rank r (or it had rank r). In reality, parameters vector @ includes p+ M parameters,

where p = Zszl(Lk’ — 1) (see Chapter . Also:

_eT
® Uy meys = £ (Grgyme,s) B,

o £(argmys) = (B1l@rgmes)s oo Bel@rgmeys)s o B (@ mey )

o B(@rgymeys) = (i (@rgmeys)s o Suel@rgmeys)s - Fing=1(@rgme, )"

where fkg(a,,(J)WT s) denotes the characterize of the ¢ level of attribute k for alternative T(j)
(has the rank ) in nest m,y (with rank r).

Corresponding to Equation (6.4) and definition —F (8:;%2?)) for the local information

matrix, we obtain:

824(C N —PG(ray, @) Twy)
-5 () - Y N Y Y Y s 00 )

m(l) lm(2) 1 m(J) 17‘(1) 17’(2) 1 T(J):l

T‘(1>7£’I"(2)...7£T‘<J)

which is the information matrix of the two-level RO.NMNL model, where:

N\
EQ) = T(1>m<1>5 ’ P’“<2>m(2>s T P’”(J)WJ)S
2 2 2
—0°Gs(ray ) M Prgymgys ST Prgymegys 0 TP ymigg)s
0000" 0000" 0000" 0000"
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Lemma 6.2. According to above descriptions, the information matriz of RO.NMNL model is
calculated as follow:

J,

m 1y
Lrivmne)(Cs,0) = Inunip(C Z > Pryymay - Inunn(Cygryy), 0)
my=1ru=l1
M Imayerdmeys
+ Z Z Priymay  Proyma INMNL(Csgriy rzy), €) + -+

m1y,m@2)y=1 7r(1),r@2)=1

maybe equal  r(1)#T(2)

J J

M m(y_2)s

+ E § Pr(l)m(l) .. 'PT(J,2>m(J,2)INJWNL((Cs(r(l),...,ru,m)70)7

m(l) ..... ’n’L(J,2):1 ’r’(l),...,T‘(J,Z):l

m(g)Sr

maybe equal T()FFET(T—2)

Proof:
m(l)s a2
Taovmng)(Cs,0) = E(M() }: S P (é’lrlpw"m>
S’ N T (M) s T
0000 e 9000
M Im s Im s
E Em E 5(2) —0* I Py meays
+ P’l‘ m1)S Pr Moy s ° —_— 4+ -4
(1)1 (1) (2)™M(2) 8080T
may=1ra)=1 m2y=1r1(2)=1
Tmays Tmys Tmig_gys
+ Z Z Z 22 2 Pramus Prameys - Promi s
m(1y=1m)=1 m(y_2)y=1raq)=17r@o)=1 r—2)=1
T)FET(2) - FT(I-2)
J,
M1y )
" ( —PMP, m, 1)5>
Z Z T(I-1)M(J-1)8 T )
m—=1ry-1n=1 0006
where:

Jm s 8 lnP
) | ——wrwr )
Zm(l)_l Zr(l)_ T(1)M(1)S ( 8083 > == I]\f]\/”\;L((CS7 0),
JIm gy —2I Prmons
@ S Trerer ) o
Zm@)*l Z7"(2)* T(2)"(2)8 ( 0000" > INMNL(CS(T(1))7 0)7

Im s —-9?InP,
2 : 2 : (J-1) "J-n)™MJ-1)% —
b m(y_1)=1 r-1)=1 T(J 1)M(j—-1)S" ( 8080T ) - INMNL(Cs(r(l),...,r(J,g))7 0)

where C,(;) denotes a choice set without considering alternatives j. In this case, because of

B ymey = 1 then In P, |, ,, = 0. In this situation, for calculating:

o Inuni(Cy, 0) (full alternatives),
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6.2 Rank-Order Two-Level Nested MNL (RO.NMNL) Models

° INMNL((CS(,,(U),H) (without alternative am)),
® INunNL(Coiryiry), @) (Without alternatives (ay ), ary, ),
® INuNL(Cstrpy,iris_sy), @) (Without alternatives (rqy,...,7-2))

are used in Chapter [, Section[4.2] For example, according to a NMNL model with two nest each
with Ji, and Jy, alternatives, Lemma can be used to obtain above information matrices. In
this situation, the information matrix Inpn.(Cs, @) is calculated by Lemma , directly. But,
to obtain the information matrix Inpynr(Csjy, 0), Lemma will be considered as follows:

e é( y ) Ills(j) Il?s(j) Il3s(j)
LCs(j),0) = *E(W) = | Lo Lne) T |
IlT3S(j) Dozsiiy  I33s(5)

where I ;) and I ;) denote the elements of above information matrix without considering
alternative j and according to the following assumptions (Section [4.2)):

* Ansi) = Fruu()Pmsi)
* Brist) = Frs(y Pims() Fmsi),
o T
® D ms(j) = (pl\ms(j)a < Pi—1ims(5)s Pj+1|ms(5)s - - - 7meS(]-)|mS(j)) )
o P Jms(j) dzag[pﬂms(])y <oy Di—1ims(4)) Pj+1lms(5)s - - - 7me5(j)|mS(j)]7
[ ] Fms(]) = (f(alms), e ,f(aj,l’ms), f(CLjJerS), e ,f(a,J%Sms))T,

° f(aj’ms) = (fl(aj’ms)a cee ’fh<aj’ms>a sy fp(aj’ms))T;j/ 7é j’
® Ups(j) = In (Z‘I,"“‘l exp (—fT(ai:S)ﬁ))a
exp(f (aa’ms>’6>

DPj'\ms() = )
Jgns fT @ ms
zl exp ( ( l>\1 )IB>

Am
j T
(st oo (2525
Pms(j) = ; A1 j X2
g7 T (a g2 T (a
<Zz=1i exp ( (/GS)/B>> +<lei exp ( (/@S)/B>>

We will have:

[Ills(j)]pxp 1 2 (Bls(j)_Als(j)Als(j)) pz;éj) (BQS(j)_AQS(j)Ags(j))—"_plS(j)p?S(j)(Als(j)Aclrs(j)+A25(j)A§s(j)_
AlS(j)AQS(J) AZS( )Als(J))

P (Buy) — Avs() AT ()8 + PR (A ) — Azs(g)) (M1 vis(g) — AT ()B)

[Il2s(j)]p><1 = -
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6 OPTIMAL DESIGN IN THE RANK-ORDER TWO-LEVEL NMNL MODEL

Table 6.1: NMNL Model: There are two Nests each with J; and J> alternatives (Chapter {4))
nest(I) nest(1I)

all,...,ajl,...,ajll alg,...,ajg,...,aj22

Mizs(iylpx1 = —m;éj) (Bas(j) — Ans() Al ())B + PE2 0 (Agy () — Argy) (A2 - vas(y) — AL B)
[L225(y]1x1 = plﬁéj)ﬁT(Bls(j) - Als(j)AlTs(j))ﬁ + wo‘l “Uis(h) T 5TA18(J’))(>‘1 “Uis() T AlTs(j)ﬁ)

[133s(j)]1xl = p2,\séj)5T(B28(j) - A2S(J’)A2Ts(j))5 + pils(j,)\g%m (/\2 *V2s(5) — ﬁTAzs(j))(/\2 *V2s(5) — Ags(j)ﬁ)

[Toss())1x1 = =5 Prs)P2s() (M1 - v1s() — BT Avs()) (M2 - vas(s) — AZHB)

In above information matrix, all of notations with (j) will be calculated without alternative
j and Ji . denotes the number of alternatives in nest m of choice set s without alternative j,
such that JJ, = J,., — 1.

6.2.2 D-Optimal Design

Similar to the classical choice experiments, which have been used (Chapter [4)):

\Il(éa 0) = Indet (I;V%MNL(& 0))

to obtain the local D-optimal criterion, in the RO.NMNL is also used:

Un(€,0) = Indet (Tl (6.0))

to calculate the local D-optimal criterion, where £ is a design with choice sets Cy,...,C,, ..., Cgs.
In this case, £*, which minimizes Wg(€, ) for true value of 6 is called local D-optimality design,
where:

§" =arg lglizl Vr(S0)
SS)

for true value of parameters.

6.2.3 Example

Imagine that there is a two-level NMNL model with two nests such that one of them has J;
alternatives and the other includes 7, alternatives (Table , where J1+ L =J.

In this situation, we select three alternatives, J, = 3;Vs € S, from Table (It is assumed
that just three alternatives have suitable ranking). In this case, we will encounter two classes
(N = 2), where:

a-(4)+(4)
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6.2 Rank-Order Two-Level Nested MNL (RO.NMNL) Models

we(2)(%)

According to the dimension of parameters, 3 (p-dimensional)) and A (2-dimensional), there is
a (p + 2)-dimensional parameters vector. In most of non-Bayesian linear problems, an upper
bound on the number of support points in an optimal design is available, see (Pukelsheim 1993).
The D-optimality criterion in linear models typically leads to an optimal number of support
points that is the same number of unknown parameters and the design takes an equal number
of observations at each point (Silvey 1980). The bound also applies to most local optimality
criteria and Bayesian criteria for linear models (see, (Chernoff 1972)). In contrast for nonlinear
models, there is no such bound available on the number of support points. Thus we define the
following design based on two classes (Chapter [4)):

gn_{ 1 2 S

Wp1 Wp2 - Wps,

} €EZ;n=12. (6.5)

Similarity (Chapter [4), the information matrix corresponding to &, (6.5]) is calculated by:

Sn
IR(NMNL) (fm 9) = Z wnsIR(NMNL) (Cnsa 9)7

s=1

where the local D-optimality criterion is defined as follows:
Wn(€a, 0) = det (Tpfyynr (6. 0))

Now, with respect to &,;n = 1,2 and the combination of them, & = ZZ:I ané&,, we will have:

&= argrgréigl Ur(£,0) (6.6)

is locally D-optimal design in = (2 = (J>_, Z,), where (32 =1, o, > 0;n = 1,2):

2
R(ga 0) S Z an\IjR(gnv 0)
n=1

Lemma 6.3. The information matriz of a choice set which includes two nests, so that one of

them includes two alternatives and the other has one (Figure , 15 calculated by:

J
777,(1)5
(NMNL)(CS’H) INMNL Z Z Pr<1 m(1)$s INMNL((CS(T(l)) 0)

m()= 1 T(1)=

Ir
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6 OPTIMAL DESIGN IN THE RANK-ORDER TWO-LEVEL NMNL MODEL

215 ya, oy

Clase 2

Figure 6.1: NMNL Model: There are two nests(for choice set Cy), one of them with two
alternatives and one for another (a;,s denotes the 4t alternative of the m* nest from choice
set s)

where P jmiys = Frimeys © Pmys and
fT(ar(l)s),B
eXp W
Zf(cm s:{ar myss &jm s}
P = £T (ar 1\ s) Ty (1) mmays» Gima, 6.7
raylma)s exp # exp f;:fs>ﬁ , (6.7)
(1) (1)
1 if Congys = {argym st

( T Am )
£5 (ar {ys) T(a;
eXp | — Q) IB “+exp ; ;aJS)ﬁ
(1) (1)
Am
fT(ar g)/g T (q. 18 @
(1) (a‘]s) T
ex; ————— | +exp | —""— +exp (f1(a,
Pm(1>s = ( P ( )\m,(l) ) p( )\m(l) p( ( 3! )B)
exp (£ (ar, ) 0)

Am,
(exp (WB) +exp (W)) +exp (fT(ar<1>s),3)
(6.8)

with r1),5, " € Cs; ray # j # j' and m),m = 1,2 (two nests) and A, is the dissimilarity
parameter of a nest, which includes alternative with the highest utility (first rank). In Equations
(6.7) and (6.8)), notation Cinyys denotes the choice set with the first rank nest.

Now, consider a special case (Figure , Casel). In this case, Irvamnr)(Cs, 0) is calculated
as follows:

i Cingsys = rymeys: Gjmery s}

if Cngrys = {rymeyst

\
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[ Ills(O) I125(0) I133(0) | [ Ills(alls) Il2s(ans) 1135(a115) ]
0 T 0 0
I,{QS 0 [223(0) -[235(0) Ile(a s) ]228(a115) -[235(a113)
IR(NMNL) (CS7 0) = © T + Pausls OTH v v
T
:[138(0) [235(0) [335(0) I,{?)S(allg) 1233(0415) [338((1115)
L OT 0 0 | L OT 0 0 i
I118(61215) I123(CL215) 1138(0215) Ills(algs) 1128(a125) Il3s(a125)
0 0 0
IT sla: [ Ssla: [ sla IT I s(a I s(a
+Pa21515 2 (T21S) W—22 2215) W—’Zg 2215) + Pa12325 12s(a125) 2olonze) A23 E)/—’ms
0
T
1{35(@15) ]238(a21s) ]338(a21s) Il3s(a125) 1238(a12s) I33S(a1zs
| o7 0 0 ] | o7 0 0 |
where:
b Palls - P(}/V(l) = Q11s, Z(l) = ]-) = Paus\ls : P157

L4 Pamls = P(Y(l) = a21s, Z(l) = 1) = Pam\ls - P,

o P

a12s2s — P(Y'(l) = a12s, Z(l) = 2) = Palgs\Qs : P25

are calculated by and (6.8), where P, s has already been defined (See Subsection ,
Lowso) (Loer(0)) denote the ¢t vow and '™ column of the information matrix I (based on choice
set C,) with respect to all of alternatives in choice set Cy. But, Ipy(jy (Zr(;)) denotes the ¢
row and ¢ column of the information matrix I (based on choice set C,) without alternative
J. Moreover,

L4 Ills(j) = D1s(j )p2s(])(F 1s(j )Fls(]) + FQS(])FQS( i) F{S(]’)FQS(]') - ng(])FlS(j))’vj = A11s, A21s,
° Ills(mzs) - %%(Bls(amS) - A15(a12s)A{S(a1zs))
o 1128(a125) = _%?(Bls(aus) - A15(¢1125 A,{S a12 ))’8
° 1228(a125) = %%BT(BIS((HZS) - AlS(CLlZs A{s algs))/B
L= exp (17 (ay0,)3) cioal . % :
® Dis(j) = exp (fT(aj/S),B>+€Xp(fT(a1258)ﬁ)7‘7"7 € {a1157a215}a] 7£ J (See Section [6.2.1 5

where Fi,5(j), Pms(j) denote design matrix and the probability of choosing nest (in choice set
C,) when alternative j has been removed, also, B and A have same definition with the element
of the information matrix calculated in Lemma 4.2

137



6 OPTIMAL DESIGN IN THE RANK-ORDER TWO-LEVEL NMNL MODEL

Table 6.2: Two-level Nested MNL model: Four choice sets,Cy;s = 1,2, 3,4, each with three

alternatives (a;,,s denote the j* alternative of the nest m in choice set s)

Choice set (C,;) First nest(I) Second nest(1I)
C, aj;y = a1, Az11 = dgy a121 = Q12
C, a112 = Ay , Ao12 = Q21 (122 = Q22
Cs apiz = ay a123 = Q12 , U223 = (A2
Cy a114 = A1 A124 = Q12 , U224 = A2

Example 6.1. For a two-level RO.NMNL model, we have two attributes each with two lev-

els, where C = {ayy,as1,a12,a0}. Let us consider experiments, which include four choice

sets each with three alternatives (Table Figure , where B, = (B11,—5i1)", By =
(Ba1, —P21)" and for simplicity we consider By 1 = B1, B21 = P2 (Section thus we can write
0 = (B1, B2, M, \2)T. Also, according to Table the characterizes of the alternatives of choice

sets are as follow:

[ f(du) = [ +1 +1 ]T and f(dgl) = [ -1 +1 ]T

[ f(du) = [ +1 -1 }T and f(dgg) [ -1 -1 ]T

Thus we define the following general design (See Example [4.2)):

5:{61 G G C4}e£. (6.9)

W1 W W3 Wy

The information matrix of the design is calculated by:

4
Ir(vmnL) (€,0) = ZwsIR(NMNL)((CSa 6), (6.10)
s=1

where Ig ., v, (Cs, 8) for each of choice sets are calculated by (Lemma and Subsection
6.2.1):

For C;:
Loy Tz O] Lii@,) 0 O
IR(NMNL) (C1,0) = Ile(O) Ingi0) O | + Payyynn 0 0 0
o 0 0] 0 00
Litas;) O O [ Ti1(a1s) Di21(ais) O
+ P11 0 0 0 | + P2t | Li2iais) 1T22101021) O s
0 00 0 0 0
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6.2 Rank-Order Two-Level Nested MNL (RO.NMNL) Models

where

[ (1 U“+1— 1 )—1— 1
1111(0) :4p11(0) ( P1|11) ( P11(o ))( p1\11) ( p11(0))( p1|11)

—(1 - pn(o))(l - p1|11) (1 - pn(o))

(1 —P1|11) <— 3
_ (A=p110)) A1 In(1=p1j11)+2B1p1)11)
L A1

I121(0) *22911( 0)

281p111 (1=p11(0)) (M1 In(1—pyj11)+261p111)
3 + A1

I _Apyupn0-p110)8 | p11)(1=p110) M1 In(1—pyj11)+281p1)11)2
221(0) = Y, + 32

1 -1 0 0
Illl(alll) :4p11(a111)<1 _pll(aln)) |: _1 1 :| Y Illl(”‘le) :4p11(a211)<1 _pll(a211)) |: O 1 :|

I _ Apy1(Q—pyj11) Lo I 4p1)11 (1= Pyj11) ﬂl
111(a121) _T 0 0 » 4121(a121) = T
4p1111 (1=p1)11) 92 _ exp (—f1+062) _ exp (B1+p2)
Dor@a)="""31 B Plllem) = Gp(pitm)tes Gips) * P11@n1) = o (@it sa) bexp (B1=52)
(exp(ﬂ1+ﬂz) +exp( ﬁirﬁz)yl exp(51t52)

Pijin = < (2502 ) vexp (022

P11(o) = ( (ﬁ1+ﬁ2>+e p( ﬁ}\;rﬁ2>)>\1+exp (51*/32)’

Now, let 3 = 0, then the previous information matrix is calculated by:

[ 1 22M+1424M46.2M— 1)\1 +A24M 42 1 10271440 2M11n(2) 7]
2 M2 (1420)° 20 (142M)° (14221)°
1 1027171 4aM 5.2 447 22141 In(2)
2 A1)? A1)2 A1) 2
IR(NMNL)((Clae) = (1+2 1) (1+2 1> <1+2 1)
_ 2M1In(2) 22141 n(2) 221 (In(2))?
(14221)° (14221)° (14221)°
i 0 0 _
For C,:
Lizo) Tizz) O] L,y 0O
T
IR(NMNL) (CQ’ 9) = I122(0) [222(0) 0|+ Payis12 0 00
0 0 0 | 0 0 0
Lioas,) O O [ 11T12(a122) Li22(a1s) O
+Pa21212 0 0 O + Pa12222 :[122((1122) -[222((1122) O )
0 0 0 or 0 0
where
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6 OPTIMAL DESIGN IN THE RANK-ORDER TWO-LEVEL NMNL MODEL

1—
P11 ( f\g - (1- p12(0))>
P11 (1 = piago))

1 _
Lii2(0) =4p12(0) P ( P12(0)) ]

(1 - P12(0))

231 (1-py11) (1=p12(0)) (A1 In(1=p1j11)+261p111)
I __9 D111 33 + N
122(0) = 4P12(0) _ (A=p12¢0)) (A1 In(1=p1j11)+2B1p1)11)
A1

P12(0) (1=P12(0)) (A1 In(1=p1)11)+261p1)11)?

_4pyupi2) (1—p111) 83
+ 32

Ipz200) = X

0 0 11
1112(a112) :4]912((1112)(1 _pIQ(auz)) |: 0 1 :| ) 1112(61212) :4p12(a212)(1 _p12(a212)) [ 1 1 :|

I _4p1\11(1*p1|11) 10 I 4171\11 (1- P1|11) ﬁl
112((1122) - )\% O O ) 122((1122) )\3
4P1|11(1 —P111) _ exp (—f1+082) _ exp (B1+p2)
1222(‘1122) 61 1 P12(an12) = G (FB1+B)+exp (—B1—Fa) * P12(a212) = oxp (B1+B2)+exp (—B1—B2)
B1+8 B1+8 —B1+62\\ M
P = exp( - P12(0) = <exp< : 2>+exp< il 2)>
— 9 .
exp (51;2ﬁ2)+ex ( Bijﬁb) ( exp <61+62>+exp < Bir@ )) 1+exp (—B1—s)

When 8 = 0, then the information matrix (w.r.t Cy) is calculated as follows:

[ 1 2.27M1492.4 M 46.2M— 1,\1 +A124M 42 11020144 231 1n(2) 7]
- w1 ) () ()’
110271 4gqM 5.221 44 21421 In(2)
2 2 2 2
IR(NMNL)(C27 0) = (1+2>\1> <1+2A1) (H'QAI)
21 In(2) 2177 In(2) 2*1(In(2))?
(1-;—2*1)2 (1-5—2A1)2 (1-5—2A1)2
L 0 0 0 ]
For Csj:
Liso) 0 Iisso) | Liisans) 0 Tiss(ains)
IR(NMNL) (637 0) - TO 0 0 + Puyis13 . 0 0 0
I133(0) 0 Is33(0) J 1133(a113) 0 Is33(a113)
Ill3(a223) O 0 [ :[113(04123) 0 0
+P,,0403 0 0 0 | + Pys2s 0 0 01,
0 0 0 0 0 0
where

I113(0) 24(1 —p13(0)) [
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1133(0) :2(1 o p13(0)> P13(0) (A2 In(1—p3|23)+281p3)23)

A2

2681p3j23 |, P13(0) (A2 In(1—p3j23)+261P3)23)
[ (1 —p3|23) <— N + /\2 ) ]

I _4p3)23(1—p13(0)) (1—P3)23) 55 P13(0) (1—P13(0)) (A2 In(1—p3|25)+261p3)23)*
333(0) = A + p

A3

0 0 11
1113(a223) :4]913(@223)(1 _pl3(a223)) |: 0 1 :| ) 1113((1123) :4p13(a123)(]- _p13(a123)) [ 1 1 :|

I _ 4p3j23(1—p3j23) 10 I _ 4psj23(1-p3j23) ﬁl
113(0,213) - )\% O O ) 133(0,213)_ )\3

I 4p3|23(1—p3)23) 6 _ exp (B1+82) _ exp (B1+062)
333(a213) A3 1 P13(azes) = exp (Bi+82)texp (Bi—Ba) * P13(a128) = oxp (= B1—B2)+exp (Bi+52)

exp (B1+82)
exp (B1+062)+ <exp (ﬁl )+exp ( 51 B2 ))

P13(0) =

And with the assumption 8 = 0 thus:

[ 1 22!t 24247246.202— 1)\2 +A224*2+42 1 10.272714 42 _2221n(2) ]
2 o2 (142%2) 2 (142%2)° (14222)
1 10.2*2- 144> 5.222 4432 0 _ 21+221n(2)
5- 5 2 2
IR(NMNL) ((C3, 9) = <1+2A2) (1+2A2) (1+2A2)
0 0 0 0
_22In(2) _ 22 1n(2) 2*2(In(2))?
L (1-5—2A2)2 (1+2*2)2 (1+2*2)2
For C,:
Liiso) 0 Tisago) | Lisany 0 TDisagan)
IR(NMNL)(C47 0) = TO 0 0 + Payi14 . 0 0 0
I134(0) 0 Is34(0) J Il34(a114) 0 I334(a110)
Ill4(a224) 0 0 [ 1114(a124) 0 0
+FPyy0u24 0 0 0 | + P04 0 0 0
0 0 0 i 0 0 0
where

1—

|23
+ ) _
L) =4(1 = p1ao)) [ P3|23 ( \2 P3|23P14(0) D323P14(0) ]

—P3|23P14(0) P14(0)

_ P14(0) (A2 In(1—p3)23)+2B1p3|23)
A2

D33 (251(1*173\23) + P1a(0) (A2 ln(17p3|23)+2ﬂlp3|23)>
3
Liss0) =—2(1 — p1aco)) [ A3 " ]
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41?3\23(1 P14(0))(1—p3)23) 8% 4 P14(0) (1=P14(0)) (A2 In

(1—ps3j23)+281p3)23)?

I33400) = X

1 -1
1114(a224) :4p14(a224)<1 _p14(a224)) |: _1 1 :| ) Ill4(a124) :4p14(a124)(1 _p14(a124)) |:

I _ 4p3j23(1—p3j23)
114((1114) - )\%

exp (=f1+062)

A3

10
O O ) 1134((1114) )\g

_4p3)25(1—ps|23)

ﬁl I 4p3)23(1—p3)23)
334((1114) )\2

exp (—f1+0B2)

P14(azes) = exp (—f1+P2)+exp (B1—F2) P14(aroa) = exp (—f1+02)+exp (—f1—F2)
Prago) = exp (—B142) Dy = exp<ﬁ1 ﬁz)
= =, =
exp (—B1+062)+ (eXp (”@1 )Jrexp ( B}\;%)) 2 e ’32 )Jrexp (

When 8 = 0 we will have ;

00
01

|

517

[ 1 22" ego40e46.20 a2idptaho4s 1 102027 dd 22In(2) ]
2° Ao (1+2A2) PR _(1+2A2)5 <1+2A2)2
_1102%27 1442 5.222 4422 212 n(2)
2 Ag )2 o\ 2 2
IR(NMNL)<C47 0) = (1+2 2) (1+2 2) (1+2 2)
2721n0(2) _ 22 n(2) 22 (In(2))?
- (1"'2/\2)2 (1+2*2)2 (1+2/\2)2

where pj|,,s denotes the conditional probabilities and I

(j)» Pms(j) denote the elements of the

information matrix and marginal probabilities without considering alternative j, respectively.
We can see Table which includes some locally D-optimal design based on the RO.NMNL
model.

Table denotes some locally D-optimal designs for C.NMNL (Classical NMNL) model.
Based on Table and Table it is seen that:

\IJR(S*> 0) =

for all of values of the parameters (true values). Then, it can be argued that the Rank-Order
choice experiment is better than the classical choice experiment for estimating NMNL models.

Specially, let 5 =0 and \; = Ay = A. Now, based on the two choice sets C; and Cs, we will
have pij11 = pijas, P21 = Pojps (Marginal choice probabilities w.r.t all of alternatives in choice
sets Cy; s = 1,3, Chapter [4f) and p11 = po3, also there exist similar considerations for two others
choice sets C, and C4 so that piji2 = pij2a, P2ji2 = Pojpa and pra = pes. Due to the symmetry
considerations, we can derive an optimal solution with weights w; = w3 and wy = wy for the

design , where 2w, + 2wy = 1 or wy = % — w; as follows:

(det(Tpovarney (€7,0))) " < (det(Iymnr(67,0))) " = W(E,0)

(6.11)
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Table 6.3:  RO.NMNL model A\; = .6,\y = .4 (Two nests): Locally D-optimal design for
Design (6.9), where there are four choice sets each with three alternatives; w.r.t local D-optimal
criterion, Wg(&, 00) = (det(Tpvarnr) (€, 60))) "

6] B [ wi [wy [ wy [ wi [ V(€ 60)
-7 .489 | .000 | .297 | .214 1.370
-4 | .534 ] .000 | .466 | .000 1.233
-.8 1 0.0 | .500 | .000 | .500 | .000 1.164
3| 473 ] .000 | .527 | .000 1.183
.6 | .459 | .000 | .541 | .000 1.269
-7 .487 1 .019 | .494 | .000 1.383
-4 | .501 | .000 | .499 | .000 1.170
-.3 1 0.0 | .504 | .000 | .496 | .000 1.061
3] .505 | .000 | .495 | .000 1.096
.6 | .507 | .000 | .493 | .000 1.230
-7 .235 | .242 | .260 | .263 3.680
-4 ].249 | .248 | .252 | .251 2.974
0.0 ] 0.0|.273 | .260 | .235 | .232 2.702
3293 | .268 | .223 | .217 2.943
6 | .309 | .273 | .212 | .206 3.619
-7 1.000 | .528 | .232 | .240 1.183
-4 1.000 | .533 | .060 | .407 1.102
.6 10.0].000 | .509 | .000 | .491 1.069
3| .256 | .262 | .000 | .482 1.088
6 | 467 | .079 | .000 | .454 1.146
-7 1.000 | .465 | .360 | .175 1.551
-4 1 .000 | .496 | .119 | .385 1.493
9 10.0].124 | .369 | .000 | .507 1.447
3| .460 | .024 | .000 | .516 1.382
.6 | .521 ] .000 | .000 | .479 1.359
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6 OPTIMAL DESIGN IN THE RANK-ORDER TWO-LEVEL NMNL MODEL

Table 6.4:  C.NMNL model, A\; = .6,\s = .4 (two nests): Locally D-optimal design for
Design ([6.9), where there are four choice sets each with three alternatives; w.r.t local D-optimal
criterion, Ug(&, 0y) = (det(Irvamnr) (€, 60))) " (Comparing to Table (6.3

G| B | wi | wy | wy | wi | U 60)
-7 1 .500 | .000 | .500 | .000 | 2.099
-4 1 .500 | .000 | .500 | .000 1.829
-.8 1 0.0 | .500 | .000 | .500 | .000 1.716
.31 .500 | .000 | .500 | .000 1.785
.6 [ .500 | .000 | .500 | .000 | 2.004
-7 | .469 | .066 | .464 | .000 | 2.123
-4 | .486 | .028 | .486 | .000 1.756
-3 1 0.0 | .500 | .000 | .500 | .000 1.606
.3 .500 | .000 | .500 | .000 1.721
.6 [ .500 | .000 | .500 | .000 | 2.058
-7 272 | 272 | 228 | 228 | 4.769
-4 | 284 | .284 | 216 | .216 | 3.960
0.0 [ 0.0 .305|.305 | .195 | .195 | 3.762
3324 | 324 | 176 | 176 | 4.234
.6 | .341 | .341 | .159 | .159 | 5.345
-.7 1 .000 | .605 | .000 | .395 1.691
-4 | .000 | .574 | .000 | .426 1.495
.6 10.0].000 | .537 | .000 | .463 1.445
3 1 .000 | .521 | .000 | .479 1.550
.6 1.000 | .512 | .000 | .488 1.807
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6.2 Rank-Order Two-Level Nested MNL (RO.NMNL) Models

Table 6.5: RO.NMNL model, §; = 2 = 0.0 (two nests): Locally D-optimal design for De-
sign , where there are four choice sets each with three alternatives; w.r.t local D-optimal
criterion, Wg(&, 00) = (det(Irvamrnr) (€, 60))) "

A A | owy w; w} w; | VRr(E, )
0.1 |0.321 | 0.293 | 0.196 | 0.190 1.251
0.2 |1 0.367 | 0.325 | 0.158 | 0.150 1.341
0.3 10.376 | 0.331 | 0.151 | 0.143 1.358
0.4 ]0.378 | 0.332 | 0.149 | 0.140 1.366
0.1 0.51]0.379 | 0.333 | 0.148 | 0.140 1.371
0.6 | 0.380 | 0.333 | 0.148 | 0.139 1.356
0.7 1 0.380 | 0.332 | 0.149 | 0.139 1.381
0.8 | 0.380 | 0.332 | 0.149 | 0.139 1.386
0.9 ]0.379 | 0.332 | 0.150 | 0.139 1.392
0.1 | 0.220 | 0.218 | 0.281 | 0.280 1.493
0.2 | 0.247 | 0.239 | 0.258 | 0.255 2.018
0.4 0.3 1]0.286 | 0.268 | 0.226 | 0.220 2.306
0.510.336 | 0.306 | 0.182 | 0.175 2.539
0.8 | 0.358 | 0.321 | 0.164 | 0.156 2.649
1.0 | 0.363 | 0.324 | 0.161 | 0.152 2.693
0.1 ]0.214 | 0.213 | 0.286 | 0.286 1.526
0.2 | 0.221 | 0.219 | 0.280 | 0.279 2.121
0.8 10.31]0.234 | 0.229 | 0.269 | 0.268 2.529
0.5 | 0.268 | 0.257 | 0.239 | 0.236 3.031
0.8 | 0.309 | 0.291 | 0.202 | 0.197 3.368

145



6 OPTIMAL DESIGN IN THE RANK-ORDER TWO-LEVEL NMNL MODEL

In this case, wi = 0.5 when (3; < —0.05 (Table so that we can consider a locally D-optimal
design, when A = 0.1, as follows:

N . Cl CQ (C3 (C4
<005 =3 05 0.0 05 0.0 [°

But if ; is positive then w} first decreases (when 0 < 3; < 0.01, for too small values of ;)
then increases (when 0.05 < 1) as (1 increases (Table[6.6). For example, in comparison, when
wi(ﬁlzo.s) = 0.000, wy 5120.6) = 0.005, wT(ﬁ1:0.9) = 0.068 and wf(m:m) = 0.315, more cases were
calculated in Table (the Sequential Quadratic Programming method by MAPLE).

Let us consider A = 1.0. In this situation, Table[6.6]denotes that w} decreases as (; increases.
So that, we will face to (approximately) the following locally D-optimal design:

) G G G Cy
&= { 0.25 0.25 0.25 0.25 } ’
where (3; tend to zero from both right and left.
In the other cases we suppose that 3 = 0, A, = 0.1. Based on the combination of alternatives
in choice sets C; to Cy4, there will be permutation between the two choice sets C; and C,, by
permuting the levels of the first attribute in the second nest. Furthermore, by permutation,

the levels of the first attribute in the first nest will have permutation between the two nests Cs
and Cy. In this situation, we consider the following invariant design instead:

C, C, C C _
g:{ b s }e:. (6.12)

Based on design ((6.12)) and the assumptions 3 = 0, Ay = 0.1, the determinate of the information
matrix of design (6.12)) is calculated as follows:

Ap+1 _ A1 22 (A24-3)+4
det(Tr ) (65 0)) = {w[(;l—ﬂ)()‘l - 231+1) + A%(2*1(+11;r(2)q+2)] +100.5083608

—201.0167216 w}(—2.961797575 w2 — 1.997599657 w2*M1~ — 1.997599657 w21 1
—0.2583504347 (2*1)? — 0.5167008694 2* — 0.2583504347 + 0.5167008694 w(2*1)?

+0.5167008694 w) (V2R (L2 )

(27 +1)*

Table denote that w* increases as A\; decreases, when Ay = 0.1. For different values of A\; and
A2, optimal weight has been showed by Table (It has been used the Sequential Quadratic
Programming method by MAPLE). It can be seen that the optimal weight, w*, decreases when
A1 and A are equal and also increase (Table . Also, with respect to the fixed values for
the dissimilarity parameter Ay, Table denotes that the optimal weight, w*, decreases as \;
increases. That means that the alternatives of the two choice sets C;, C, are more similar than
the combination of the alternatives in the two other choice sets; C3, C4. But, based on fixed
amounts of A\; optimal weight, w*, has an increasing trend (expect when 0 < \; < 0.2) as Ay
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Table 6.6: RO.NMNL model, 55 =0, \; = Ay = A (two nests):
with respect to Design ((6.11))

6.2 Rank-Order Two-Level Nested MNL (RO.NMNL) Models

Locally D-optimal design, wj,

A
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.9 0.068 0.056 0.021 0.000 0.000 0.000 0.000 0.000 0.000 0.041
0.8 0.044 0.027 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.047
0.7 0.024 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.059
0.6 0.005 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.019 0.078
0.5 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.048 0.101
0.4 0.000  0.000 0.000 0.000 0.000 0.000 0.000 0.025 0.084 0.129
0.3 0.000  0.000 0.000 0.000 0.000 0.000 0.018 0.080 0.125 0.159
0.2 0.000  0.000 0.000 0.000 0.000 0.041 0.101 0.141 0.169 0.191
0.1 0.000 0.000 0.000 0.062 0.127 0.161 0.184 0.200 0.212 0.222
0.05 | 0.000 0.024 0.154 0.188 0.201 0.211 0.220 0.228 0.234 0.238
B1 0.001 | 0.263 0.257 0.257 0.257 0.257 0.257 0.256 0.256 0.255 0.255
-0.001 | 0.281 0.265 0.263 0.261 0.260 0.259 0.258 0.257 0.257 0.256
-0.05 || 0.500 0.500 0.500 0.424 0.356 0.322 0.303 0.290 0.281 0.275
-0.1 0.500  0.500 0.500 0.500 0.492 0.408 0.360 0.330 0.310 0.296
-0.2 0.500  0.500 0.500 0.500 0.500 0.500 0.498 0.425 0.377 0.343
-0.3 0.500  0.500  0.500 0.500 0.500 0.500 0.500 0.500 0.454 0.398
-0.4 0.500  0.500 0.500 0.500 0.500 0.500 0.500 0.500 0.500 0.458
-0.5 0.500  0.500  0.500  0.500 0.500 0.500 0.500  0.500 0.500 0.500
-0.6 0.500  0.500  0.500  0.500 0.500 0.500 0.500  0.500 0.500 0.500
-0.7 0.500  0.500  0.500 0.500 0.500 0.500 0.500  0.500 0.500 0.500
-0.8 0.500 0.500  0.500 0.500 0.500 0.500 0.500 0.500 0.500 0.500
-0.9 0.500  0.500 0.500 0.500 0.500 0.500 0.500 0.500 0.500 0.500
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6 OPTIMAL DESIGN IN THE RANK-ORDER TWO-LEVEL NMNL MODEL

Table 6.7: RO.NMNL model, 8 = 0: Locally D-optimal design, w*, with respect to Design

(6.12)

A1
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.1 0.307 0.243 0.225 0.219 0.217 0.215 0.214 0.214 0.213 0.213
0.2 | 0.346 0.306 0.265 0.243 0.232 0.226 0.223 0.220 0.219 0.217
03] 0353 0.335 0.305 0.277 0.257 0.245 0.237 0.232 0.228 0.225
041 0355 0.345 0.327 0.305 0.283 0.267 0.255 0.246 0.240 0.236
Ao 0.5 ] 0356  0.349 0.337  0.321 0.304 0.287 0.273 0.263 0.254 0.248
0.6 0356 0.351 0.342 0.331 0.317 0.303 0.289 0.278 0.269 0.261
0.7 0356 0352 0345 0.336 0.325 0.313 0.301 0.290 0.281 0.273
0.8 0.356 0.353 0.347 0.340 0.331 0.321 0.310 0.300 0.291 0.283
09 0.356 0353 0.348 0.342 0.334 0326 0.317 0.308 0.299 0.291
1.0 ] 0.355 0.353 0.349 0343 0.337 0.329 0321 0.313 0.305 0.298

increases. That means that the combination of the alternatives in the two choice sets Cs, C4 are
less similar than the alternatives in two choice sets C;, Cy. Table also denotes that for fixed
small values of \; (0 < A; < 0.2), the optimal weight first has an increasing then a decreasing
trend when Ay increases.
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7 DISCUSSION and EXTENSIONS

In this thesis, we have applied optimal design theory to the area of conjoint analysis, in
particular to find optimal combination of alternatives in the choice sets. We have used some
models from discrete choice models (MNL, NMNL) to analyze data. When the variance of
the MNL model for all of decision makers are as the same, then this model is also called
Homoscedastic MNL model (Section [2.1)). But, when the error terms in the utility function,
Uij = vije + €ije, are in fact heteroscedastic across decision makers, the general form of the
extreme value distribution suggests the use of the following distribution (w.r.t Choice C.):

F (€ic) = exp((— exp((—€ijepti))))-

Since in this distribution the variance of €;;. is 6”22 which can vary with <. In practice, y; can
take the form of a function of an independent variable that takes different values across decision

makers. Thus if p; > 0 ( for example, p; = €% 6) the choice probabilities from this distribution
can be derived in a simple manner analogous to weighted least squares in the linear model. In

the new heteroscedastic utility model, weight both sides of the equation with ;:
Uijelts = Vijelbi + Eijetbi,

where v;j.p; is new deterministic component and €;;.4; is new probabilistic component and z;
(which may or may not be part of x;;,) believed to influence the error variances. Then, the
new error terms will have a constant variance Z-, like the logit model and:

. ) . . exp(Vijeiti)
Pije = Pr(Uije > Uijie, Vi # j') = Pr (Uijepts > Usjrepti, Vi # §') = =7 - :
Z i1 €xXP(Vijrefli)

(7.1)

According to model ([7.1]) can be considered a specification test for heteroscedasticity model as

follow:

HO,UZILVZ or H0:5:0

Hy:p; #1; 3 Hi:0+#0
Since, the estimator of the heteroscedastic model is not difficult, the likelihood ratio test can
L(B,5:0>

has chi-square distribution (asymp-
Lh (/3’

be easily performed. In this case, LRT = —21In

totically) with degree of freedom, which is equal to the number of parameters in d, where Ly, is
the likelihood at convergence from the heteroscedastic logit model. Thus, if LRT > Xip, then
Hy will be rejected, else it is accepted, where p’ is dimension of parameter é.
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7 DISCUSSION and EXTENSIONS

7.1 Discuss about IIA

In the Chapter [2] it has been described the property of the MNL model, mean that ITA. As
has stated previously told, we can use the MNL model to analyze data if IIA be held. In
this situation, the statistical tests can be performed to test, which the ITA property hold a
particular application. When these tests show that the ITA holds the MNL model can be used.
For example, one way can be to test the IIA assumption by estimating (Two-way) interaction
effects.

The second way for testing ITA, the Corollary can be used, so that the MNL model
specification will test by comparing parameter estimates obtained from choice data from the
full choice set with estimates obtained from conditional choice data from a restricted choice
set.

Also, we can consider a generalization of the MNL model which is called the Nested Logit
model, which has been discussed about it in the Section [2.2]

A Test for ITA

As stated previously (Subsection [2.1.2)), the MNL model has a property that is called Indepen-
dence from Irrelevant Alternative, this mean that, if A be a subset of C, thus (Corollary :

exp(f'” (ai;e) B)
> eaexp(f (a0)B)
§=12,...,.J"

where f'7(a,.) denotes the characterizes of attributes in choice set A ([fi(aie)i_ys "5 C

[fk(a”c)]f;llg ””””””” dei=1,2,...,7; K' < K and J' < J,). In this situation, the Hausman’ test is
on the based on eliminating one or more alternatives from the choice set to see if underlying
choice behavior from the restricted choice set obeys the IIA property .

We estimate the unknown parameters from both the restricted and unrestricted choice sets.
If the parameter estimates are here approximately the same, then we do not reject the MNL
model specification, otherwise it will be rejected. In this case, we act as follow:

Suppose that i =1,2,...,7 be a random sample of individuals and f(a;;.) be the attractive
of the C, (choice set) for alternative j, and define y;;. = 1 if individual i chooses alternative
J (in choice set C.) and y;;c = 0 otherwise. In this case, the normalized log-likelihood of the

sample is showed by:

(7.2)

Pija =

T
E(Cca IB) = Z Z Yije ln(pij(cc)‘
i=1 jeC.
If we have:
ol(C,, B)

where 3 is the MLE (Maximum Likelihood Estimator) for 8, which is showed by B¢ (w.r.t
unrestricted model, means that there are all of alternatives in choice set, C,).
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7.1 Discuss about ITA

Note 7.1: We know that:

1. B(C is consistent asymptotically, means;
(Iﬂl—&—oo C)

2. BC has normal distribution asymptotically;

B(C ~* Np(ﬁaI_l(B)) ; (B(C - /3) ~* Np(071_1<5))

where notation ~%= denotes asymptotically distribution, I"*(3) is the inverse of the

P2UBiC.) P*uB:Ce)
) ap7 T 9p1908p
information matrix; I(8) = —F (%) =-F : ) : and p
2e(B;c.) 2uBic.)
95,00 0B

is the number of parameters.

3. Bc is efficiency asymptotically. This means that, if there exist other consistent estimators
with normal distribution asymptotically, for example B¢, in this case V(B¢) > V(8¢)

(V(Bc) — V(Bg) is p.s.d matrix).

Now, suppose that A C C. and the ITA property be hold. The likelihood function is defined
by:
T
(A, B) = Z Zyijc In(pija), (7.4)
i=1 jEA
where (Subsection [2.1.3)):
DijA = Pigce Vi€ A
Piac,

Here, some component of 3, such as the coefficients of alternative specific variables for ex-
cluded alternatives are not identified by choice from A. Thus, we suppose that f7(a;;.) =
(F"" (aize), £'" (aije)) be a partition of the explanatory variable into a vector 7 (a;;.), which
only varies outside A and a vector f/ T(aijc), which only varies within A, and let 87 = (7, 8%)
be a commensurate partition of the parameter vector, thus:

exp(f'" (i) 8)
> ieaexp(f’ (aijc)d)

In this situation, ¢(A, 3) can be rewritten as follow:

Dija = ) f//(aijc) = f//(aij’c>>vj7j/ € A

(A 8) = yijeIn(pija). (7.5)

i=1 jEA
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7 DISCUSSION and EXTENSIONS

By setting to zero %’5—) we can find (if there exist) & 4, which is the MLE of & in subset A.

The 84 includes all of properties in Note 7.1.

The specification test statistic is based on the parameter difference 8 = 3, — d¢, where
Bc = (v¢,0¢)! and B, = 84 when the regularity assumption hold and the MNL is true,
P(limz__., 8) = 0 conversely, when the MNL specification is false, the ITA property fails, and:

bijc 7& DijA-PiAC,,

that means, is not maximized in & 4.

Now, for testing the hypothesis Hy : @ = 0 or Hy : d4 — ¢ = 0 we need a suitable test
statistic. (McFadden and Hausman 1984) have demonstrated that the asymptotic covariance
matrix of VZ (5 A— 5@) is p = ¥4 — Xg;,,, the difference of the asymptotic covariance matrices

of 8,4 and SC, where:
Xc,, Xc
N = el v .
€ < 2%75 EC&S )
Thus the test statistic:

X=TZ.(84—6c) 0 (84— 8c),, ~ X2 (7.6)

has asymptotically distributed Chi-Square with degrees of freedom equal to the rank of ¢,
under the null hypothesis, where ¢~ is a generalized inverse of ¢.

Result:
X > Xi,p we reject Hy with significance level «,

iof
X < X(%z,p we accept Hy : § 4 = d¢ and the MNL is true.
Example 7.1. Let C. = {ay., asc, as.} (a choice set) and f(ar.) =1, f(ag.) = f(as.) = 0 (there
is an attribute with two levels one and zero), in this situation we assume that Ay = {ae, as.},

Ay = {aye, as.} and Az = {as., as.} are three subsets of choice set C... In this case, we are going
to test:

Hy:0c=04;r=1,23.

Based on all of alternatives in choice set C., the log-likelihood function is defined as follow

(Section [2.1)):
A
UCeB) =D wije In(pye,). (7.7)

i=1 jeC.

If, we assume 7 = 7, + Z, + Z3 are the number of individuals, where Z;; j = 1,2, 3 denote the
number of individuals, which selected the alternative j, thus we can rewrite ¢(C,, 3) as follows:

K(Cca :3) =1 1n<pa1<Cc) + 1, ln(pach) + 13 ln(pali(cc)'
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7.1 Discuss about ITA

According to Ujje = £7(aijc)B+e4je (here, £7(a;;.) has just one element to determine alternative
j) and with assumption the ITA we will have:

e =)
a1le (2—|—exp(ﬁ)) b a2Cc (2+eXp(/6>> a3zCe -

Hence, Equation ([7.7]) will be rewritten by:

UC.,B) =T:3 — Ti n(2 + exp(B)) — Zo In(2 + exp(B)) — Z3 In(2 + exp(p)).
By setting derivative ¢(C,, 3) with respect to 3 into zero will be:

A 21-1 2 p 2-,‘-7'.1
Since 3 has one dimension then, let us 8 = (¢:
7z A T
~(Be) = =Y = (Bc—fc)~"N(O )-

T\(T + I3) "T1(To + Z3)

Now, according to subset A; we can write:

A1,51 Z Z yUC ij1 1'151 —Il ln(l +661) —ZQ h’l(]_ +€61).

i=1 jeA;

Al 01)

Withe regards to 2 —0 = 01 =04 = ln(I—l) since d; has one dimension thus:

T+ 7T, Ty

I7Y64,) = =) =X, — 20y = o
( A1> 1-11-2 A = @1 Az Css 12(1'2_|_1'3)
and )
. . A R Ty +T. To(Zs + 1 "
X = (B, — BT s, — o) = (m (BB} BEEDBN) e g
27, Is

Hence if y® > X3,1 then we reject Hy : 01 — 3 = 0, else it will be accepted.
Similarity and based on subset A, we will have, 0y = 04, = ln(%), where:

_ I+ I
I7H(04,) = 111133 = X4, (7.9)
then:
< L4 Ts, LL+T)
2 = (04, — Bc) 05 (04, — fc) = (In 2213 5% ! 212 ) X;- (7.10)

Consequently, if Yy > Xil, Hy : 05 — 8 =0 will be rejected, else it will be accepted.

In this case, because of f”(as.) = f"(as.) = 0, then x® can not be calculated (dose not exist
any parameter). Hence, if either x*) or x(? are not significant, then the MNL model is true,
else the MNL is false and we shall not use this model to analyze data. In this situation, the
Nested logit model can be used to analyze data (Section .
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7 DISCUSSION and EXTENSIONS

7.2 More About NMNL Models

In Section have been described about the standard NMNL models. (Zeng 2000) has
proposed another particularity useful case of the heteroscedastic GEV model, which is the
heteroscedastic nested logit model. For example if there is a choice set with three alternatives
(C. = {a1c, age, as.}, ajc denotes alternative j in choice set ¢), which have been grouped in two
nests, so that first nest includes two alternative Ci. = {a11. = aac, @21 = asc}; Jie = 2 (Qjme
the alternative j of the nest m in choice set ¢) and the second nest includes remain alternative
Cae = {a12¢ = a1.}; Jo. = 1. Thus, we will have:

exp(via1|25ﬂi1)

o Pi2e = Vian|lcHi2 Vian|1lcHi3 )
exXP(Viay 2etit)+(exp(—22H2) poxp( ey

Viag|1cHi2 Viag|lchi3
zag\)\c )+6Xp( za3|>\c )))\

(exp(
L4 pils == CR 1cHi2
exp(Via; 2¢ti1)+(exp( mz‘; =)

exp(—eallely)27

where p;,. denotes the marginal choice probability related to nest m in choice set C. by indi-
vidual 7 and the conditional probabilities are as follow:
Vij|2cHij
exp(—~ T

exp( Viag \;cﬂiZ ) + eXp( Viag \;cﬂi3 )

Pij|2c = ;] = Gac, Age-
The standard nested logit model avoids the ITA restriction of the standard logit model. The
heteroscedastic nested logit model further relaxes the assumption of homoscedastic errors (in
nests) in the nested logit model, the achieving greater functional flexibility.

In general, estimation of the heteroscedastic GEV model can be carried out using standard
maximum likelihood techniques, similar to the heteroscedastic logit model.

Now, let 1;; be a function of observable variables that takes positive values only, for example:

Hij = exp((l + zjél + Ziéz)), (711)

or:
Hij = exp((zjél + Zi(sg)), (712)

where z; and z; can be vectors varying with choice alternatives and decision makers (individ-
uals), respectively. The Z variables can be part of the independent variables, X, that enter
the utility functions of the choice model or they can be other observable variables believed to
influence the error variances.

Here, we suppose that have sample data (Yijme, Xijme), where Y . = 1 if individual ¢ chooses
alternative j and nest m, Yjj,. = 0 otherwise, and Xjj,,. are the independent variables in the
utility functions. Then, the log-likelihood function is (based on one choice set, C,):

T M Jne

g(yijmcy Lijmes 0) = Z Z Z Yijme 1n(pijmc)7 (713)

i=1 m=1 j=1
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7.3 About Optimal Design

where 0 is the vector of all unknown parameters of p;;m. (8 and A), including the parameters 3
in V;jme (When, as usual, v;jm,. take the linear form xz;.|mc,8)7 din pij and A = (Mg, Aa, ..., Aur) 7.
In this situation, the maximum likelihood estimates for @ can then be obtained using standard
numerical maximization methods.

Also, specification test for heteroscedasticity in the GEV model amounts to the test of:

{ HO : {51 = 0} ﬂ{ég = 0}
Because, the restricted model is a parametric special case of the unrestricted model, classi-

cal test such as WALD, Likelihood Ratio and Lagrange Multiplier (LM) can be applied in a
straightforward manner, for example:

LRT =1 | LBA0 =0220)) X2
L(B7A751762)

where LRT denotes likelihood ratio statistic, which has asymptotically chi-square with degree
of freedom d; + ds (the dimension of parameters d; and ds, respectively) and:

o= ((4)-(3)) 5 ((4) - (3)) e

where according to the information matrix I(C., 8) we will have:

LﬁﬁT Lﬁ)\T LB(ST ) IﬁﬁT I,B)\T Iﬁ(;T
1(9) = L)\BT L)\)\T L)\(;T and 1™ (0) = I)\/BT I)\)\T I/\5T
L(;ﬂT LK;)\T L55T IgﬁT I\ I§6T

with
Issr = ( i‘w ?155 > .
5267 56T
In particular, the Lagrange Multiplier(LM) test does not require the estimation of the new
model, which can be convenient in the same case.

7.3 About Optimal Design

As we know, in the inference statistics we face to unknown parameters, which be estimated (if
those are identifiable). In this science subject we try to find the best estimator for parameters.
One of criteria that we can distinguish which kind of estimator (every function of random
sample) is better that the other is the variance of the estimator. In the optimal situation, this
criterion is proportional to the inverse of the information matrix. Therefore, and basis of the
Fisher information matrix some alphabet optimal criteria have been introduced to select the
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best elements of population in sample. One of these criteria which have been concentrated
in this thesis is D-optimal criterion that is a function of the determinant of the information
matrix. This criterion has some properties, which have been introduced in Chapter

As stated previously were told selecting an alternative with the highest utility is the basic
assumption to obtain the logit models. Then if we want to have the best selection, we must have
the optimal combination of the levels in attributes for creating alternatives and the optimal
combination of alternatives in choice sets. Thus, to define a design the choice sets are considered
as support points. Based on this philosophy a MNL model which includes two attributes each
with two levels have been considered (Chapter [3) and the design region for two-point and
three-point design have been achieved.

We know that the MNL model is useful to analyze data when the property ITA be upheld.
But, if there are some alternatives more similar than the others this property will not be hold.
Thus, it must be considered the others models like Nested logit model to analyze data.

In Chapter 4| have been discussed about the NMNL models which consist M nests and to
obtain optimal design we have considered Bayesian D-optimal criterion. But, since there is
no closed form for this quantity, we have used local D-optimality criterion for optimal design.
Opposite the MNL models, in this kind of logit models (NMNL) there are some extra parameters
(dissimilarity parameters) in addition part-worth parameters. In this situation, we encounter
more complex work than the MNL models to calculate optimal design.

To obtain optimal designs we could define designs with equal or not equal support points,
but in the some of them some parameters were not identifiable, thus we had to combine them
for creating a suitable new design with together. Of course, with respect to the total number
of parameters which were much more, we had to fixed some of them and discussed about the
remain of them.

According to similarity which exist between alternatives in the some nests, it may be used
the other models of the logit family to analyze data that one of them in Chapter [5 have been
considered.

As have been already told, the respondents choose just one alternative with the highest
utility. But, in most times, the alternatives with the lower utility may be considered, also. In
this situation, a model of the logit family have been applied, which is called Rank-Order (RO)
logit models. In the last Chapter [6] we have first introduced the choice probabilities for this
model and after defining optimal criterion the locally D-optimal design have been calculated.
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A NOMENCLATURE

A NOMENCLATURE

MNL Multinomial Logit
NMNL Nested Multinomial Logit
C Complete set of all choice sets
C. a choice set with J, alternatives
J number of all alternatives
B part-worth parameters vector
L, n-dimensional identity matrix
€ error term

Cov covariance between two random variables

by variance-covariance matrix
0 partial derivative
R set of real numbers
¢ empty set
p Correlation coefficient
1.0.d independent identically distribution
3 design
X design region
= set of designs
M(¢) information matrix of design &
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optimality criterion
the determinate of matrix A
efficiency function
the spermium of function f(z)
the trace of matrix A
the expectation of a random variable
prior distribution
a set, of choice sets with the same alternatives
the infimium of function f(x)
dimension of matrix A

a r-dimension vector with elements one
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