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Abstract

We identify Coy, M(24)" and the Monster group from their 3-local information.
Let G be a finite group and H; and Hy be two subgroups of GG such that H; is
the normalizer of a 3-central element in G and H, is the normalizer of a maximal
elementary abelian 3-group in G. In this thesis we show that if H; has shape
31112.2Suz : 2, Hy has shape 3° : Qg (3) and H; N Hy has shape 38.35.2U4(3) : 2, then
G is isomorphic to the Monster group. If H; has shape 3'71°.U5(2) : 2, H, has shape
37Q7(3) and Hy N Hy has shape 37.3%.U4(2) : 2, then G = M (24)’. If H; has shape
314.Sp4(3) : 2, Hy has shape 3% : 2My, and H; N Hy has shape 35.32.(G Ly (3) x 2),
then G = Co;. Also we identify the group M (24)" by the structure of the normalizer

of a 3-central element.
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Chapter 1
Introduction

The classification of the finite simple groups is announced around 1981. Let me give
some notations to state the classification theorem. Set K; := {Z,;p is a prime},
Ky :={A,;n > 5} (the alternating groups of degree at least 5) and let K3 be the set
of all simple groups of Lie type and K, be the set of all 26 sporadic simple groups.

Set K := U?:1 K;. Now we can state the classification theorem.

Theorem 1.1 (Classification Theorem) Each finite simple group is isomorphic to

one of the groups in K.

The first proof for theorem 1.1 was so complicated. So, soon after the classifica-
tion was announced, Gorenstein, Lyons and Solomon started a program whose aim
was to give a better proof for theorem above. We refer the reader to (|[GLS1]-[GLS6])
for more details of this program.

Let me give the following definition. In what follows p is a prime.

Definition 1.2 Let G be a finite group and let p be a prime.

i) O,(G) is the largest normal p-subgroup of G.

ii) We say that G has characteristic p if Ca(O,(G)) < Oy(G).

iii) A local p-subgroup of G is a subgroup of the form Ng(T') for some p-subgroup
1 # T of G. If each p-local subgroup of G has characteristic p we say that G has
local characteristic p.

iv) G is called K,-group if any simple section in any p-local of G is isomorphic

to one of the groups in K.



Many of the groups in K are of local characteristic p, for some prime p. For
example, each group of Lie type defined over a field of characteristic p is of local
characteristic p. There are also some examples of the groups in Ky, such as the
groups Jy, Moy and TH for p =2, Ly for p =5 and ON for p = 7. Also each group
A, is of local characteristic p and so there are some examples in the groups in K.
It seems that the classification of all finite Kp-groups of local characteristic p will
give a new proof for theorem 1.1. This is the main idea of a recent program led by
Meierfrankenfeld, Stellmacher and Stroth (see [MS] and [MSS]). The main idea of
this program is to classify the finite groups of local characteristic p, for p a prime,
and this thesis has application in this project. In the next sections of this chapter
we close to the classification of the finite groups of local characteristic p to see where

this thesis is applied.

1.1  Groups of local characteristic p and H-Structure

Theorem

In this section at first, we give some information about the classification of the
finite groups of local characteristic p, in general. Then we will state the H-structure
theorem where this thesis is applied. Our information in this section come from
[MSS] and [MS]. In what follows p is a prime.

Assumption *: G is a K,-group and each local subgroup of G which contains

a Sylow p-subgroup of G is of characteristic p.

In [MSS], they split the project into three major parts:

1) Modules.

2) Local Analysis.

3) Global Analysis.

To see the connection between these steps we invite the reader to see ([MS] and
[MSS], specially example 1.2 in [MSS]). In fact, the main results of the steps 1 and
2 for a finite group G which satisfies the assumption *, are the structures of some
p-locals of the group G (an amalgam for ), and in the next step (step 3 (global
analysis)) they need to identify the group G with these p-local information. This



thesis has application in the final step of this program (step 3) when the groups
M(24)', Co; and F) are appeared. In the remainder of this section we state the H-
theorem where this thesis is applied. We note that H-structure theorem is proved
in [MS].

To state the H-structure theorem precisely, we need more definitions, but here we
just give some definitions and we state the H-structure theorem to see an application
of this thesis. We recall that H-structure theorem is proved in [MS] and we invite
the reader to see [MS] for an exact exposition of H-structure theorem. In what

follows, p is a prime, G is a finite K,-group and S € Syl,(G).

Notations: 1) ¢(S) is the set of all subgroups X < G of characteristic p and
containing S.

2) For M € ((S), by (]MSS], lemma 2.0.1) we denote by Y3, the unique maximal
elementary abelian normal p-subgroup of M such that O,(M/Cy(Yar)) = 1.

3) C = Ng(1(Z(8))) and C € (S) with C < C and C is maximal. Set
Q= Op(é)-

4) Set = OP(F;(Cx(Yz))), where Fx(X) is the inverse image of F™*(X/0,(X)).

5) For M € {(S), set M° = (Q™) and My = M°S.

FE-uniqueness: If X is some p-local of G with £ < X, then X < C.

Assume that M € ¢(S) and we have E-uniqueness. Then by ([MSS], lemmas 2.4.1
and 2.4.2) we get that M = M°(M N C). Therefore M° determins the structure of
M. We recall that a subgroup P € ((S) is called minimal parabolic if S is contained
in a unique maximal subgroup of P and S is not normal in P. Now we can state

the H-structure theorem.

Theorem 1.3 (H-Structure Theorem)

Let G be a finite group which satisfies the assumption *. Assume that O,((X|X € £(S5))) =
1 and we have E-uniqueness. Let M € ¢(S) with M° be mazimal and Yy is not
contained in Q. Then one of the following holds.

(1) There is a subgroup H of G with My < H and O,(H) = 1, such that for
F*(H) the parabolics containing S are as in one of the folowing groups.

i) A group of Lie type in characteristic p and of rank at least three.

ii) p =2 and we have He, Cos, Coy, M(24), Jy, Suz, Fy, Fy or Uy(3).
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iii) p = 3 and we have Coy, M(24)" or F}.

(2) p =2 and M is an extension of an elementary abelian group of order 16 by
Ls(2), C is an extension of an extraspecial group of order 32 by S3 x Ss. Further
there are minimal parabolics Py and Py with P;/Oy(P)) = Py/Oy(Py) = S3 and
Oy ((Py, Py) = 1.

(3)p=3, M and C are as in Cos. There are two minimal parabolics Py and P,
with Py/O3(Py) = Ls(9), P2/O3(Py) = SLy(9) and O3((Py, Py) = 1.

(4) My is a minimal parabolic.

Let me look at the results of theorem 1.3, in details. In case (3) by [KPR] we
get that G = Cos and in case (2) it seems that by [As4] the group G is known and
F*(G) = G3(3). In case (1) of theorem 1.3 we have the structure of a subgroup H

of G and naturally the following question arises:
Question 1.4 Is H a proper subgroup of G¢.

Our attempt in this thesis is to give a negative answer to question 1.4 in case
(1)(iii). In fact in this case (case (1)(iii)), by theorem 1.3 we have the structures
of two 3-local subgroups of G and in this thesis we will identify the group G with
these two 3-locals of G. Cases (1)(i) and (1)(ii) are still under investigations. But
we heard from Professor Stroth in [OR] that for case (1)(i) and when p is odd, it

would be interesting to prove the following theorem:

Theorem 1.5 Let G be a finite K,-group containing a subgroup H which is a group
of Lie type in characteristic p and of rank at least three. If H is strongly p-embedded
(i1.e Ng(P) < H for each nontrivial p-subgroup P of H), then G = H

I heard that Professor Parker and Professor Stroth have recently proved the
theorem above. In the next sections we will state our main results and we will give

an outline of the proofs.

1.2 Main results

As we said in section 1.1, in this thesis we identify three finite known simple groups
Coy, M(24) and F from their 3-local information. Before we state our main theo-

rems we need some definitions.



Definition 1 Let G be a finite group and S € Syl3(G). We say that G is of Co-
type, if there are two subgroups Hy and Hy in G containing S such that;

i) H = Ng(Z(03(H,))), Os(Hy) is an extraspecial group of order 3°, Hy/O3(Hy) =
Sps(3) : 2 and Cyg,(Os(Hy)) = Z(0O3(Hy)) = (t).

ii) O3(Hy) is an elementary abelian group of order 3% and Hy/O3(Ha) = 2Ms.

iii) (Hy N Hy)/O3(Hs) is an extension of an elementary abelian group of order 9
by GLy(3) X Zs.

Definition 2 Let G be a finite group, T € G be of order three and Hy = Ng((T)).
We say that G is of M(24) -type, if

i) O3(H,) is extraspecial group of order 3'* and exponent 3, H,/O3(H;) = Us(2) :
2 and Cq(O3(H,y)) = Z(O3(Hy)).

i) Let U be an elementary abelian subgroup in O*(Hy) of order 16 such that
Ny, (U)O3(H,)/Os(Hy) is an extension of a special group of order 2% with center
UO3(Hy)/O3(Hy) by (3 x As).2. Then (1) is not weakly closed in Cyg,(A) with
respect to Cg(A) for some subgroup A of U of order 4 such that all involutions in

A are non 2-central involutions in O*(Hy).

Definition 3 Let G be a finite group and S € Syl3(G). We say that G is of
Monster-type if there are subgroups Hy and Hy in G containing S such that:

i) H = Ng(Z(03(H,))), Os(H,) is extraspecial group of order 3'3, H,/O3(H,) =
2S5uz : 2 and Cy, (O3(Hy)) = Z(0O3(Hy)).

i) O3(Hs) is an elementary abelian group of order 3% and Ho/Os(Hy) = Qg (3)
with the natural action.

iii) (Hy N Hy)/O3(Hy) is an extension of an elementary abelian group of order
36 by 2U4(3) 2 2.

In this thesis we shall prove theorems 4, 5 and 6.
Theorem 4 A group of Coy-type is isomorphic to Coy.

Theorem 5 A group of M(24)'-type is isomorphic to M (24)'.

Theorem 6 A group of Monster-type is isomorphic to the largest sporadic simple

group, the Monster.



Also we shall prove the following corollary.

Corollary 7 Let D be a finite group and S € Syls(G). Let Dy and Do be two
subgroups of D containing S such that:

i) D1 = Np(Z(03(Dy))), O3(Dy) is extraspecial group of order 3'' and exponent
3, D1/O5(Dy) =2 Us(2) : 2 and Cp,(O3(Dy)) = Z(O3(Dy)) = ().

ii) O3(Dy) is an elementary abelian group of order 37 and Dq/O3(Ds) = O7(3)
with natural action.

iii) (D1 N Dq)/O3(Dy) is an extension of an elementary abelian group of order
3% by Uy(2) : 2.

Then D is isomorphic to M(24)'.

Theorem 4 is proved in chapter 3, theorem 5 and corollary 7 are proved in chapter
4 and theorem 6 is proved in chapter 5. We note that we have used of theorem 4 and
corollary 7 in the proof of theorem 6 and corollary 7 is a consequence of theorem
5. In the next section we give an outline of the proofs. We note that the results
of chapters 3 and 4 are published in [Sal] and [Sa2], respectively. But the results
of chapter 5 still are not published elsewhere. Also we notice that, as a personal
interest we have identified the group M (24) from its 3-local information in [Sa3].

We follow [As3] for notations for Fischer’s groups. We have used the atlas [AT]
notations for group extensions and other simple groups except for orthogonal groups
and symplectic groups. By notations in [AT], we use of notations €2, (¢) and PSp,(q)
instead of Of(q) and S, (q), respectively. The other notations follow [Asl]. For a
finite group G, O(G) is the largest normal subgroup of G of odd order. We denote
by p 1+2n
group of order p
shape A.B.C.....Z when H has a normal series with factors of shape A, B,C, ..., Z.

14+2n m—+2n

(m > 2) an extraspecial group of order p and a special

m-+2n

and p
with center of order p™, respectively. We say that H has

1.3 An outline of the proofs

In this section we give an ouline of the proofs of our main theorems. We recall that

theorem 4 and corollary 7 are used in the proof of theorem 6.



1.3.1 Theorem 4

This theorem is proved in chapter 3. Assume that G is of Co;-type and we keep
the notations in definition 1. The main idea is to show that G has an involution z
such that the group G and the involution z satisfy the conditions of theorem 2.3.3,
then the theorem 4 holds. We start by the group H,. Lemma 2.4.2 will give us
more information about the group Hs. Set E = O3(H;). By 2.4.2; under the action
of Hy/E on P(E) (the set of the subgroups of order 3 in E) we have three orbits
L, I and J such that |L| = 12, |I| = 132 and |J| = 220. Also by the structure of
Hy; N Hy and 2.4.2 we have (t) € J and t = abc where (a), (b) and {(c) are in L and
(ab) and (ab~!') are in I. Set U = (a,b) < E. The major part of the proof is to find
the structure of the centralizer of each element of order three of U in the group G.

We explain the proof in four steps.

Setp 1: The structure of Cg(U)

Set M = Cg(U). Of course the structure of Ny ((t)) and Ny(E) are known.
This and lemma 2.4.4 will able us to select a suitable involution z € C)y(t) and
show that there is an element 1 # h ¢ U of order three in Cj/(z) such that h is
conjugate to t in Cy(z). Further Cg(z) is of order 81 and contains a Sylow 3-
subgroup of Cj/(z). From the structure of Hy we could find a suitable involution
a € Ng,(U) \ M such that Cy,ny(@) and Crynpr(or) will satisfy the conditions of
theorem 2.3.6. Then theorem 2.3.6 will give us that Cy(a) = Uy(2) and this will
help us to show that Y = Oy(Ch(t, 2))O2(Cusr(h, 2)) is an extraspecial group of
order 32. Then the structure of Ny (Y)/ (U, Y) = S3 x S3 will be known. We will
invoke theorem 2.3.8 to show that Ny (Y') = Cp/(2) and then theorem 2.3.5 will give
us that M /U = U,(3).

Step 2: The structure of Cg(a)

Of course, from step 1 we have the structure of Cg(U) = M and by lemma
2.4.2 we have the structure of Cg,(a) as well. Set C' = Cg(z,a) and W = Cg(z2)
(remember z from step 1). By lemma 2.4.2 we get that [P(W)NI| =4. Let u e W
be conjugate to a in C'N Hy and u ¢ (U, ¢). The structure of M and lemma 2.4.2
will able us to show that K = Os(Ce(u))O2(Ce(c)) is an extraspecial group of order
27 and then the structure of No(K)/ (a, K) = Uy(2) will be known. Again we will

10



invoke theorem 2.3.8 to show that N¢(K) = C and then theorem 2.3.4 will give us
that Cg(a) = 3Suz.

Step 3: The structure of Cg(ab)

Set s = ab. From the structure of Hy we are able to find an involution
a € (Ca(s) N Ny, (U)) \ (Cg(U)) such that Cy,(«, s)/ (s, ) and Cp,(s,a)/ (s, a)
satisfy the conditions of theorem 2.3.6. Then theorem 2.3.6 will give us that
Ca(s,a)/ (s,a) = Ug(2). This will be useful to show that Cg(U) is of index 2 in
Ce(s) and then Cg(s) is known. In fact Cg(s) = 3U4(3) : 2.

Final step:

Set D = Cg(z) (remember z from steps 1 and 2). From the structures of Cg(a),
H; and Cg(s) we will be able to show that @@ = O3(Cp(a))O2(Cp(s))O2(Cp(t))
is an extraspecial group of order 2° and then the srructure of Np(Q)/Q = QF (2)
will be known. Finally, we will invoke theorem 2.3.8 to show that D = Ng(Q) and

theorem 4 will follow from theorem 2.3.3.

1.3.2 Theorem 5 and Corollary 7

Theorem 5 and Corollary 7 are proved in chapter 4. Of course, Corollary 7 is a
consequence of theorem 5. Assume that G is of M (24)-type. The strategy is to
show that there is an elementary abelian subgroup M of order 2'! in G such that
G and M satisfy the conditions of theorem B in [Re]. Then the theorem will follow
from ([Rel, lemma 9) and ([As3], theorem 34.1). By notations in definition 2 we
shall show that Cy, (A) and C(A) satisfy the conditions of theorem 1 in [Pa]. Then
by ([Pal], theorem 1) we have that C(A)/A = Us(2). This and ([SD], theorem
3.1) will give us that Cg(z) = 2M(22) : 2 for each involution z € A. Of course,
the structure of Cg(2) shows that there is an elementary abelian subgroup M of
order 2'! containing z such that N, ) (M)/M = My : 2 and Cg(z, M) = M.
This and since all involutions of A are conjugate in G will able us to show that
Na(M)/M = My, and G and Ng(M) satisfy the conditions of theorem B in [Re] as

desired.
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1.3.3 Theorem 6

This theorem is proved in chapter 5 and so we could use of theorem 4 and corollary
7. Assume that G is of Monster-type and we keep the notations in definition 3. We
start by choosing an involution z € H; such that 2z03(H;) € Z(H,/O3(H;)). Our
attempt is to show that there is an involution ¢ € G, t # z such that Cg(z) and
Cq(t) satisfy the conditions of theorem 2.3.1. Then theorem 6 follows from theorem
2.3.1. Set (1) = Z(O3(Hy)).

Let (r) € (Os(Hy) N O3(H;)) be a non isotropic element under the action
of Hy/O3(Hy) on P(O3(Hs)). Then we shall show that Cy, (r)/ (r), Cu,(r)/ (r),
Ce(r)/ (r) and Cy,nm,(r)/ (r) satisfy the conditions of corollary 7. Thus by corol-
lary 7 we get that C(r) = 3M(24). Hence r is not conjugate to 7 in G.

The actions of z on O3(H,) and Os(H;) show that L = Co,m,)(2) = (7,€) is of
order 9. Also, in Cp,(z) we have that 7 is conjugate to € and 7e is conjugate to
7 'e. Further 7€ is conjugate to r in G. Set s = Te. Then Cg(s, z) and Chy, (z) will
able us to show that either Oy(Cq(z)) = (2) or O2(Cq(z)) is an extraspecial group
of order 2%. Set W = Cg(2)/02(Cq(2)). The next step is to show that W is of
Co;-type. Then by theorem 4 we will get that W = Co;.

From the structures of Cg(z,7) and Cp,(z) and orbit calculations we can
show that there is an elementary abelian subgroup E of order 3% in W such that
Ny#(E)/E = 2Mj5. To have that W is of Coo;-type, we need to find another 3-local
subgroup X in W such that Nyw(FE), X and X N Ny(E) satisfy the conditions of
definition 1. An easy observation shows that such a 3-local X of W is not contained
in any 3-local of W which is found up to now. So we need to generate such a
3-local subgroup X of W. This has been done by using of theorem 2.4.2 about the
structure of Ny-(E) and 3-local information of the group Cg(z,7) = 3Suz. Then
we have that W =2 Co; by theorem 4. This will give us that Cg(z) is as desired.
The next step is to find the involution ¢ and the structure of Cq(t).

The structure of C(s, z) will able us to select an involution ¢ in O2(Cg(z, s)) such
that Cg(z,t) and Cg(t) satisfy the conditions of theorem 2.3.2. Thus by theorem
2.3.2 we get that Cg(t) = 2F, and then theorem 6 follows from theorem 2.3.1.

12



1.4 Recent characterizations for the sporadic sim-
ple groups

As we said in the last sections, in the final stage of the classification of the finite
groups of local characteristic p, p a prime, they need to identify a K,-group G
from its p-local information. This is the idea behind of many recent identifications
for the sporadic simple groups, and here we will mention some of them. Ly and
the Monster are characterized from their 5-local information in [PR] and [PW1],
respectively. A 3-local identification for M (22) and Ug(2) has been done in [Pal.
Cos is characterized in [KPR] from two of its 3-local subgroups and in [PW2], the
Monster group is identified by its 7-local subgroups.
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Chapter 2
Preliminaries

In this chapter we give some preliminary lemmas and theorems which are required

in the next chapters.

2.1 Elementary definitions and results

Definition 2.1.1 Let G be a finite group and H be a subgroup of G. Let X C H.
Then X is said to be weakly closed in H with respect to G if X¢ N H = {X}.

Definition 2.1.2 Let p be a prime, a p-element x of a group G is called p-central,
if Cg(x) contains a Sylow p-subgroup of G. If Cg(x) does not contain a Sylow

p-subgroup of G, we say that x is non p-central.

Lemma 2.1.3 (Frattini Argument) Let H be a normal subgroup of G and P €
Syl,(H), for a prime p. Then G = Ng(P)H.

Proof: See ([Asl], 6.2).00

Lemma 2.1.4 (Three subgroup lemma) Let X, Y and Z be three subgroups of a
finite group G with [X,Y,Z] =1Y,Z,X|=1. Then [Z,X,Y] = 1.

Proof: See ([Asl], 8.7).0

Definition 2.1.5 Let 1 # T < Ty} < H be groups, then T is called strongly closed
in Ty with respect to H, if T"N'Ty < T for each h € H.

14



Definition 2.1.6 For a prime p, a subgroup 1 £ T of a group H is called strongly
p-embedded in H if p divides |T| and p does not divide |T NTY| for all g € H such
that g ¢ T.

2.2 p-Groups

Definition 2.2.1 Let G be a finite p-group, p a prime.

i) Let K(G) be the set of all elementary abelian subgroups of G of mazimal order.
Set J(G) = (K(GQ)). J(G) is called the Thompson subgroup of G.

i) W (G)=(geG;g?=1).

iii) ®(Q) is the intersection of all maximal subgroups of G. ®(Q) is called the
Frattini subgroup of G.

w) If Z(G) = [G,G] = ®(G), then G is called a special group.

v) G is called an extraspecial group if G is special and Z(G) is cyclic.

Theorem 2.2.2 Suppose that p is a prime, X is a finite group and P € Syl,(X).
Let x,y € Z(J(P)) be X-conjugate. Then x and y are Nx(J(P))-conjugate.

Proof: Let X be a finite group and P € Syl,(X). Let z,y € Z(J(P)) be X-
conjugate. Then J(P) < (Cx(z) N Cx(y)). Therefore there are T' € Syl,(Cx(x))
and R € Syl,(Cx(y)) such that J(P) € T'N R. By definition 2.2.1(i) we get that
J(P)=J(T) = J(R). We have T9 < Cx(y) for some g € X. Therefore by Sylow’s
theorem we get that 79 = R for some = € C'x(y). This gives us that

J(P)s® = J(T)9 = J(T9) = J(R) = J(P).

Hence z is conjugate to y in Nx(J(P)) and the lemma holds.[]

1+2n and

Theorem 2.2.3 Let p be odd and P be an extraspecial p-group of order p
exponent p. Then
i) P/Z(P) is a 2n-dimensional symplectic space over GF(p).

it) Aut(P)/Inn(P) = GSpa,(p) : 2.

Proof: ([GLS2], theorem 10.5).00
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Theorem 2.2.4 (Coprime action) Let G be a finite p-group and V' be a finite group
of order coprime to p. Assume that G acts on V' then

i)V =Cy(GQ)[V,G].

i) [V,G,G] =[V,G].

ii) Let N be a G-invariant normal subgroup of V', then Cy/n(G) = Cy(G)N/N.

iv) Let v be a prime divisor of |V |. Then there is a G-invariant Sylow r-subgroup
mn V.

v) If G is elementary abelian and noncyclic then V = <Cv(g)|g € Gﬁ>.

Proof: i), ii), iii), iv) follow from ([Asl], 24.4, 24.5, 18.7(1) and 18.7(4)) respec-
tively, and v) follows from ([BH], X.1.9).00

2.3 Some basic theorems

In this section we give some known theorems which are used in the next chapters.

We need the following theorem for identifying the Monster group in chapter 5.

Theorem 2.3.1 ([GMS]) Let G be a finite group containing two involutions z and
t such that F*(Ca(2)) = K is an extraspecial 2-group of order 2%°, Cq(2)/K = Co,
and Cq(t) = 2F,, where Fy is the baby monster group. Then G is the Monster
group.

We make use of the next theorem for identifying F5, the baby monster group

when we use of theorem 2.3.1.

Theorem 2.3.2 ([Bi/) Let G be a finite group and z be an involution in G such
that

1) F*(Cg(2)) is an extraspecial 2-group of width 11, and

2) Ca(2)/F*(Ca(z)) is isomorphic to the second conway group Cos.

Then one of the following holds:

a) G =0(G)Cq(z).

b) G is isomorphic to Fy, the baby monster group.

The next theorem identifies C'o; by the structure of the centralizer of a 2-central

involution. We will apply this theorem in chapter 3 for identiying Co;.
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Theorem 2.3.3 ([As2], lemma 49.15) Let G be a finite group containing an involu-
tion z such that F*(Cg(z)) = K is an extraspecial 2-group of order 2°, Cq(z)/K =
Q4 (2) and =z is not weakly closed in K with respect to G. Then G is isomorphic to
001.

In chapter 3 for identifying C'o; we need to determine the structures of the
centralizers of two non 3-central elements. Therefore we shall use of the following

two theorems for the groups Suz and Uy(3).

Theorem 2.3.4 ([As2], lemma 48.17) Let G be a finite group containing an involu-
tion z such that F*(Cg(z)) = K is an extraspecial 2-group of order 27, Cq(z)/K =
Q4 (2) and z is not weakly closed in K with respect to G. Then G is isomorphic to
Suz.

Theorem 2.3.5 ([Ph]) Let ty be an involution in Uy(3). Denote by Hy the central-
izer of to in Uy(3). Let G be a finite group with the following properties:

a) G has no subgroup of index 2.

b) G has an involution z such that H = Cg(z), the centralizer of z in G is
1somorphic to Hy.

Then G is isomorphic to Uy(3).

We shall use of the following theorem in chapter 3.

Theorem 2.3.6 ([Ha/) Suppose that X is isomorphic to the centralizer of a non-
trivial 3-central element in PSps(3) and that H is a group with an element d such
that Cy(d) = X. Let P € Syl3(Cy(d)) and Ey be the elementary abelian subgroup
of P of order 27. If Ey does not normalize any 3'-subgroup of H and d is not

H-conjugate to its inverse, then either H has a normal subgroup of index 3 or
H = PSpy(3).
The next theorem will be required when we apply the theorem 2.3.6.

Theorem 2.3.7 ([Paj,lemma 6) Suppose that X is a group such that O3(X) is an
extraspecial group of order 27 and exponent 3, X/O3(X) = SLs(3), Oz(X) = 1
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and that a Sylow 3-subgroup of X contains an elementary abelian subgroup of order
27. Then X is isomorphic to the centralizer of a non-trivial 3-central element in
PSpa(3).

The following theorem will play a crucial role in the final stage of the proof of

theorem 1.4. This theorem is due to Goldschmidt.

Theorem 2.3.8 (Goldschmidt’s theorem) Let G be a finite group, S € Syls(G) and
A be an abelian subgroup of S such that A is strongly closed in S with respect to G.
Set M = (A®). For X <G, define X = MO(M)/O(M). Then

i) A = 0,(M) (S).

ii) M is a central product of an abelian group and groups isomorphic to one of:
Ly(2™), n >3, Sz(2"), n > 1, U3(2"), n > 2, La(q) for ¢ = 3,5 (mod 8), Jy or a
group of Ree type (*G3(3"),n > 1).

Proof: See ([Gol, theorem A).O]

Theorem 2.3.9 ([Go/, theorem A and lemma 3.2) Let N be a finite simple group
isomorphic to La(2"), n > 3, Sz(2"™), n > 1 or U3(2"), n > 2. Let T € Syla(N)
and B = Nn(T), then there is an abelian subgroup A of T' such that A is strongly
closed in T with respect to N. Also we have

i) B is a semi-direct product TH where Cy(T) =1 and [T, H| =T.

i) If N =2 Lo(2"), then H is cyclic of order 2" —1, A=T and A is elementary
abelian.

i) If N = Sz(2"Y), then H is cyclic of order 2" — 1, A = Z(T), |A] = 2",
IT| = 2% and A is elementary abelian.

i) If N = U3(2"), then H is cyclic of order 2" — 1/d where d =1 if n is even
and d =3 if n is odd, A= Z(T), |A| = 2", |T| = 2°" and A is elementary abelian.

Theorem 2.3.10 (/Go/, theorem A and lemma 3.4) Let N be a finite simple group
isomorphic to Lao(q) for ¢ = 3,5 (mod 8), Ji or a group of Ree type. Let T €
Syly(N), then there is an abelian subgroup A of T such that A is strongly closed in
T with respect to N. Also we have

i) A=T.
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ii) If N = Lo(q), then |T| =4 and Ny(A) = Ay.
i) If N is isomorphic to Jy or a group of Ree type, then O(Cn(A)) = Z(Nn(A))
is cyclic and Ny(A)/Cn(A) is a Frobenius group of order 21.

2.4 Modules

Definition 2.4.1 i) Let V' be a vector space, P(V') is the set of 1-dimensional sub-
spaces of V.

it) Let H be a finite group, V a GF(p)H-module and A < H, then we say that
A acts cubic on V if [V, A, A, Al = 1.

Lemma 2.4.2 Let X = 2Mys and E be a faithful irreducible 6-dimensional
GF(3)X-module. Then X has three orbits L, I and J on P(E):

i) |L| = 12 and X is 5-transitive on L. For an element (x) of L, we have
Cx(xz) = My and Nx({x)) = 2 x M.

ii) |I| = 132 and for an element (x) of I, we have Nx({(x)) = As.2 X 2 and
x = yz where (y) and (z) are two distinct elements of L.

iii) |J| = 220 and for an element (z) of J, we have Nx((x)) is an extension of
an elementary abelian group of order 9 by GLy(3) X 2 and x = ryz where (r), (y)
and (z) are three distinct elements of L.

iv) Let (1) be an element of the orbit L and Uy be a Sylow 3-subgroup of Nx ((T)).
Then |Cg(Uy)| = 33, the action of Uy on E is cubic and [E,Uy] : Uy is a special
3-group of order 37 and exponent 3 with center of order 27.

v) Let © = xyxox3 where (xq), (x2) and (x3) are three distinct elements of L.
Then |O3(Cx(z1) N Cx(x))] =9 = |O5(Cx (x322) N Cx ()| and [E, X41] : Xy is the
unique extraspecial 3-group of order 3° in E : Cx(x) where X; = O3(Cx(x)). Also,
O3(Cx(x)) does not centralize any element of the orbit L and acts cubic on E.

vi) Let T € Syls(E : X), then E is a characteristic subgroup of T'.

vii) Let © € X and (x1x9) € I where (z1) and (xs) are two distinct elements of

L. If x centralizes x1x4, then x? centralizes each x;, i = 1, 2.

Proof: Let K and Y be two non conjugate subgroups in X isomorphic to My,
(see ([AT],page 32)). Then every subgroup of index at most 12 in X/Z(X) = M, is
conjugate to the image of either K or Y. Moreover X = (Y, K) and YNK = Ly(11).
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Let Z be one of the subgroups K, Y and K NY. By [JLPW] a faithful irreducible
G F(3)Z-module of dimension less or equal to 6 is 5-dimensional. This means that Z
normalizes in £ a 1-subspace or a 5-subspace. Suppose that E contains a 1-subspace
normalized by K and a 1-subspace normalized by Y. Then both these 1-spaces are
normalized by K N'Y and hence they are the same and so normalized by the whole
X = (K,Y), a contradiction to the irreducibility of £. Applying the same argument
we obtain that subspaces in F normalized by K and Y have different dimensions and
we can choose our notation such that ¥ normalizes a 1-space D and K normalizes
a 5-space H in E. Set L = {D*} and L, = {H*}. Then L is an orbit of X on
P(FE) of length 12 and L; is an orbit of X on hyperplanes in E of Length 12 and X
is b-transitive on both orbits L and L;. We note that for each element M € L; we
have that P(M)NL = @.

Let (x) and (y) be two distinct elements of L and M € Ly. Then (x,y) "M # 1.
Let F' = (zy) and C = (zy~'). Since P(M)N L = &, either F < M or C < M.
Since X is H-transitive on L;, we get that the intersection of any five elements of L,
is conjugate to either F' or C'. Let S be the set of all elements of L contaning F
and S; = L1\ S. Assume that |S| > 7, then by 5-transitivity of X on L; we get that
there is an element g € X such that [S9N.S| > 5 and 59 # S. This gives us that the
interection of the elements in S, S9 and S N SY all are equal to F', a contradiction
to S9 # S. Hence |S| < 6. A same argument shows that |S;| < 6. Therefore both
F and C are contained in exactly six elements of L;. Since X is 5-transitive on Ly
we get that F' is conjugate to C'. Hence X is transitive on the set I of all (x;xs)
where (z1) and (z,) are two distinct elements of L and |I] = 2(3?) = 132. Since X
is 3-transitive on L, the remaining (1?) = 220 elements are in another orbit J and
the normalizer of any element of J is an extension of an elementary abelian group of
order 3% by GLy(3) x 2 and the normalizer of any element of I is 2 X Ag.2. So i),ii)
and iii) hold. We note that as E is a faithful irreducible X-module, for involutions
x € Z(X) we have that = acts fixed point freely on F.

Let x € X and z centralize an element (§d;) from the orbit I where (§) and
(6;) are in the orbit L. Then (§6;)% = §%0% = 6;. It gives that 0 = 6d;(67)7L.
As § is not conjugate to d0; and §d102 in X for each do € L and dy ¢ {d1,0}, we
get that 22 centralizes § and §; and vii) holds. Let (r) € L, U; € Syl3(Cx(7))
and T = (1061) € J. Set Ny = Nx(T'), U = O3(N;) and let P € Syl3(N;). By i)
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and ([AT], page 18) we get that Cx(7,d;) is an extension of an elementary abelian
group of order 9 by a cyclic group of order 4. Hence by vi) and conjugations in
Cx(7) we may assume that (0,0;) < Cg(U;). Therefore (7,0,0,) < Cgr(U;) and
|ICr(Uy)| > 3% By ([AT],page 32) we get that Nx(P)/P is of order 8 and by iii)
we have that N; /U = GLy(3) x 2. Hence Nx(P) = Ny, (P). This and i),ii)and iii)
give us that Cp(P) = T. We have Cg(U;) is Nx(U;)-invariant and by ([AT], page
32) we get that Nx(U;)/U; = GLy(3) x 2. Therefore if |Cp(U;)| > 3%, we get that
|Ce(P)| > 9 which is a contradiction. Hence |Cg(U;)| < 3% This gives us that
Cg(Uy) is of order 27 and (7,9, d1) = Cg(U;). We assume that U is conjugate to U;
in X, then |Cg(U)| = 27. By iii) we have Ny = U(B; X Z,), where By = GLy(3).
Let x € Bj be of order three and (U,z) = P. Under the action of B; we have
Cp(U) =T @ E, where |Ej| = 32. Since E; is a natural B;-module, = centralizes
one element of order three in ;. But this is a contradiction to Cg(P) = T. This
contradiction shows that U and U; are not conjugate in X. As T is the only subgroup
of order three of E which is Bj-invariant, we have Cg(U) =T.

By ([AT],page 18), Ney(r)(Ur) = UiB where B = SDjg. By ([Ch], theorem
A) we get that U and U; do not act quadratically on E. Let i € Z(By) be an
involution. Then i is a 2-central involution in X. Let z € Z(B) be an involution.
Then by ([AT],page 18) Croy(r)(2) = GL2(3). As z is of determinant 1, either
}C’E/m(z)‘ = 3 or ‘C’E/m(z)’ = 3% By ([AT],page 18)Ncy(-)(7) is a subgroup
of My x 2 for each element 7 € E/ (1) of order three. As there is no subgroup
isomorphic to Cey (r)(2) in Mg x 2, we get that |Cr(y(2)| # 3 and then |Cp(z)| =
31. Since each involution z in Cx(7) is conjugate to ¢ in X and |Cg(z)| = 3%, we
have |Cp(i)| = 3%. Let E; and E be two subgroups of E such that Ey/T = Cg,r(U)
and E,/Cg(Ur) = Cg/cpw,)(Ur). Then E; is Bij-invariant and Es is B-invariant.
Therefore R = (E;,U) is an extraspecial group. So |E;| = 33. Since i acts fixed
point freely on E;/T and |Cg(i)| = 3*, we get that i acts trivially on E/E;. Let T
be an element in E/Fy, then T = 7 and [Z,u]* = [T,u] for each u € U . This gives
that [Z,u] = 1. Therefore [E,U] < E;. Hence [E,U,U| < [E;,U] =T. Obviously
[E,U] # T. So [E,U,U] =T and U acts cubic on E. Therefore R is the unique
extraspecial normal subgroup in EN; of order 3°. We have (7,4,6;) = Cg(U;). As
Cg(z,U;) is B-invariant and z € Z(B), by vi) we get that Cg(U;) < Cg(z). This
gives us that (E, U;) is a special group of order 37. Hence [E, U] is of order 3° and
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U, acts cubic on E.

Let ' = E : P then F € Syls(F : N;) . Let A be an elementary abelian
subgroup of P of order 32. Then |U N A| > 3. As for each element x; € U we have
|Ce(z1)] < 33, we get that [Cp(A)| < 33. So for each element y € P of order three
we have |Cg(y)| < 3% Hence E is the unique maximal abelian subgroup of F'. Now

iv),v),vi) hold and the lemma is proved. O
By 2.4.2 and ([AT],page 18) we have the following lemma.

Lemma 2.4.3 Let X = My, and E be a faithful irreducible 5-dimensional GF(3)X -
module. Then under the action of X on P(FE) we have two orbits J; and Jy:

i) |Ji| = 11, X is j-transitive on J; and for an element (x) € Jy, we have
Cx(z) = Ag and Nx({x)) = M.

i) |Jo| = 110. For an element (x) € Ja, we have Cx(x) = 3% : 4 and © = 1179

where (x1) and (z3) are two distinct elements of J.

The next lemma follows from ([AT],page 4) and 2.4.3.

Lemma 2.4.4 Let X = Ag and E be a faithful irreducible 4-dimensional GF(3)X -
module. Then under the action of X on P(E) we have three orbits Y1,Ys and Y3
such that:

i) |Y1| = 10 and for (z) € Y1 we have Cx(x) is an extension of an elementary
abelian group of order 9 by Zy. Further X is 3-transitive on 'Yy and Cx(x) has index
21in Nx((z)).

i) |Ya| = |Ys] = 15 and for (x) € Y; we have Cx(z) = Ay.

iii) Let T € Syls(E : X), then E is a characteristic subgroup of T

Lemma 2.4.5 Suppose that X = Sy and V' is a faithful 3-dimensional GF(3)X-
module. Then

i) There is a set of 1-dimensional subspaces 3 = {{v1),(va),(vs)} such that
X/O02(X) acts as S3 on B and each subspace in 3 is inverted by Oy(X).

ii) X has orbits of length 3,6 and 4 on P(V') with representatives (vy), (vy + va)

and (vy + vy + v3) Tespectively.
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Proof: Let Q = O5(X) and Q¥ = {q1,q2,q3}. Then, as V is a faithful irreducible
GF(3)X-module and X acts transitively on Q* by conjugation, we get that V =
Cv(q1) ® Cy(g2) ® Cv(gs) and that X permutes the subspaces {Cy(¢;)|1 < i < 3}
transitively. Setting (v;) = Cy(g;), we have that i) holds.

Obviously {(v;) |1 <1i <3} is an orbit of length 3 on P(V). The subspaces
(v1 £ vy £ v3) form an orbit of length 4 and the subspaces (v; £ v;) with i # j give
an orbit of length 6. This proves ii). [

The following lemma is well-known.

Lemma 2.4.6 Suppose that X is a group, V is an elementary abelian normal 2-
subgroup of X and x € X is an involution. Set C' := Cx(x). Then there is a one to
one correspondence between V C-orbits on the involutions in the coset Vx and the

C-orbits on the elements of Cy (x)/[V, z]. Furthermore, for vz an involution in Vz,

[(02) "] = [V, 2]) NIV, ]|

Proof: The map (vz)"? —— (v[V, z])¢, where vax € Vx is an involution, is the

required bijection.]

Lemma 2.4.7 Suppose that X = Qg (2) = PSp4(3) and V' is the natural GF(2)X -
module of dimension 6. Then

i) X has two classes of involutions. Let x € X be an involution, then 3 divides
|Cx ()]

it) X has two orbits Vi and Vo on P(V') such that |Vi| = 27, for (v) € Vi we
have that Cx(v) is an extension of an elementary abelian group of order 16 by As,
|Va| = 36 and for (v) € Vo we have that Cx(v) = S.

iti) Let x € X be an involution, then |Cy(x)| = 16 and ||V, z]| = 4.

iv) Suppose that A < X is of order 32, r € Z(A) and A contains an elementary
abelian group of order 16, then Cy(A) < [Cy(r), A].

v) Let Y < X be an elementary abelian subgroup of X. If |Y| = 16, then
|Cy(Y)| = 2. There is no elementary abelian group of order 8 in X all of whose
non trivial elements are non 2-central.

vi) Let x and y be two distinct 3-central elements in X and D < X be an ele-
mentary abelian group of order 27 containing (x,y). Then Cx(zy)/D is isomorphic

to a subgroup of Ds.
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vii) Let v € X be a 2-central involution, then Cx(r)/O2(Cx(r)) is an exten-
sion of an elementary abelian group of order 9 by a group of order 2, Oy(Cx(r))
is an extraspecial group of order 32 and Cx(r)/O«(Cx(r)) acts irreducibly on
O5(Cx(r))/ (ry. Let N € Syl3(Cx(r)), then any N -invariant nontrivial subgroup of
O2(Cn(1)) is isomorphic to Qs.

viii) Let N be the quasisimple group Sps(3). Then N has two classes of invo-
lutions. Let z and r be two involutions in N such that z is a 2-central involution
and r is a non 2-central involution, then Oy(Cn(r)) = Qs X Qs, Cn(r)/O2(Cn (1))
is an elementary abelian group of order 9 and z € Z(N). Let X1 € Syl3(Cn(r))
and Y < O9(Cy(r)) be Xi-invariant and |Y N Z(O9(Cn(r)))| = 2, then either
Y =Y NZ(0y(Cn(r))) is of order 2 or' Y = Qs.

Proof: Partsi), ii), iii), vii) and viii) follow from the atlas of finite groups (|AT],page
26) or by easy calculation. Part iv) follows from v) and so we just prove v) and
vi). Let Y < X be an elementary abelian 2-group, if |Y| = 16, then by ii) we get
that |Cy(Y)| = 2. We note that if |Y| = 16, then Nx(Y)/Y = A; and Nx(Y)
is a maximal subgroup of X ([AT],page 26). Let Y be of order 8 such that all of
whose non trivial elements are non 2-central . Let T' € Syly(X) which contains Y
and A <T be an elementary abelian group of order 16. By ([AT],page 26) we have
Nx(A)/A = As and the extension splits. Let F; = As be a subgroup of Nx(A),
F € Syly(Fy) and F < T, then F is an elementary abelian group of order four and
T = A: F. By ([AT],page 2) we have that all involutions in F' are conjugate. By
([AT],page 26) we get that Z(T') is of order 2 and hence Cy(f) is of order 4 for each
involution f € F. Now if Y is not a subgroup of A, then we get that Z(T) <Y NA
and this gives us that there is a 2-central involution in Y'which is a contradiction.
Hence Y < A. By ([AT],page 26) under the action of Nx(A)/A on P(A) we have two
orbits B and C' such that | B| = 5, the involutions in B are 2-central involutions in X,
|C'| = 10 and the involutions in C' are non 2-central involutions in X. Also Nx(A)/A
is 3-transitive on B. This gives us that B = {(x1), (z2), (z3), (x4) , (z1222324) } and
C = {(xiz;), (vizjx,) where it # j #r,i=1,.4,j=1,.4r=1,..,4 and (z;),
(x;) and (z,) are in B}. By the representations of the elements in the orbit C' we
get that P(Y) is not a subset of C' and v) is proved.

Let x and y be two 3-central elements in X and D an elementary abelian group

of order 27 in X containing (z,y). By ([AT], page 26) each element of order three
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in X is conjugate to an element of D and Nx(D)/D = S,. Also by ([AT],page 26)
we get that Nx(D)/D has three orbits Dy, Dy and D3 on P(D) such that |D;| = 3,
|Dy| =4 and |Ds| = 6. If Dy = {(x;),i =1,2,3}, then Dy = {(x; £ 29 £ x3)} and
D3 = {(x; £ x;) .7 # j, }. Since x and y are two 3-central elements , we get that (z)
and (y) are in the orbit Dy and we can see that (xy) is in D; U D3. By ([AT],page
26) we get that C'x(zy)/D is of order at most 4 and Cx(xy) = Cn,(p)(zy). Since
a Sylow 2-subgroup of Sy is isomorphic to Dg we have proved vi) and the lemma is

proved. [
The following lemma follows from the atlas ([AT],page 85) or by easy calculation.

Lemma 2.4.8 Suppose that X = QF(2) and V is the natural GF(2)X -module of
dimension 8. Then

i) Let x € X be an involution, then 3 divides the order of Cx(x). Further X has
5 classes 2A,2B,2C, 2D and 2F of involutions. If x is in one of the classes 2B, 2C'
or 2D, then |Cx(z)| = 2'°-3%-5, if x is in class 2A, then x is a 2-central involution
and 27 divides the order of Cx(z). If z is in class 2E, then |Cx(z)| = 2'° - 3.

it) X has two orbits Ny and Ny on P(V'), the elements of Ny are isotropic el-
ements and the elements of Ny are non isotropic elements. Let (v) € Nj;, then 3
divides the order of the stabilizer of (v) in X. Let (x) € Ny, then Cx(x) is an ex-
tenstion of an elementary abelian group of order 2° by Ag. For (y) € P(Oy(Cx(x)))
we have that either y is a 2-central involution or y is in class 2B.

iii) Let x € X be in one of the classes 2C,2D or 2E, then Cx(x) = [V, x].

iv) Let x € X be in one of the classes 2A or 2B, then |Cy(z)| = 64. If x is in
class 2A, then Cx(x) has 3 orbits of lengths 1,6 and 9 on Cy(x)/[V,z| and if x is
in class 2B, then 9 does not divide the lengths of orbits of Cx(z) on Cy(x)/[V,z].
Let x be in class 2B and T € Syla(Cx(x)), then Cy(T) < [Cy(x),T].

v) Let Y < X be an elementary abelian group of order 81, then any element of
order three of X is conjugate to an element of Y. Further Nx(Y)/Y is an extension
of an extraspecial group of order 32 by Ss3 and under the action of Nx(Y)/Y on
P(Y), we have 5 orbits L;, i = 1,2,...,5 such that |Li| = |Ls| = |Ls| = 4 and for
(x) € L1 U LyU L3, we have Cx(x) = 3 x Uy(2), |Ly4| = 16 and for (z) € Ly we have
|Cx ()] = 2335, |Ls| = 12 and for (x) € Ls we have |Cx(z)| = 23 -3%. Also for
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(r) € L;, 1 =1,2,3,4,5, we have that (x) is not conjugate to any element of L; in
X forj#i1andj=1,2,..5.

Proof: The lemma follows from the atlas ([AT],page 85) and the natural action
of X on V. Let z € X be an involution, then as |V| = 28, we have |Cy ()| > 2* and
[V, z]] > 22, Also it is known that dim([V,z]) + dim(Cy(z)) = dim(V) (identify
[V, z] by 1 —x). We remark that as V' is a natural module for X, we have |Cy (z)| =
22 for some 1 < o < 3. By ([AT],page 85) X has 5 classes 24,2B.2C,2D and 2F of
involutions and by using the notations in [AS] we have that the involutions in class
2A are in orthogonal Suzuki form as, the involutions in class 2B are in orthogonal
Suzuki form ¢y, the involutions in class 2C' are in orthogonal Suzuki form a4, the
involutions in class 2D are in orthogonal Suzuki form a/, and the involutions in class
2F are in orthogonal Suzuki form ¢,. In fact involutions in the classes 2C and 2D
are conjugate in Og (2) & X : 2. We just remind that if z € X is an invoution and

x is in orthogonal Suzuki form a;, a; or ¢, then | = dim[V, z]. O
The next lemma follows from ([AT], page 141).

Lemma 2.4.9 Let X = Qg (3) and V be a natural GF(3)X-module. Then X has
three orbits A, B and C'" on P(V') such that:

i) The elements in A are isotropic points and for (x) € A we have Nx({x)) is an
extension of an elementary abelian group of order 3% by 2U,(3) : 2. Further Cx(x)
is of index 2 in Nx((x)).

it) The elements in B and C' are non isotropic points and for (z) € BUC we
have Nx({z)) = Q7(3) : 2. Further Cx(x) is of index 2 in Nx({x)).
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Chapter 3
Characterization of Coq

In this chapter we prove theorem 4. So in this chapter G is a group of C'o;-type and
we keep the notations Hy, Hy and ¢ in definition 1. In 1.3.1 we gave an outline of the
proof for theorem 4. We said there that our strategy is to determine the structure
of the centralizer of a 2-central involution in the group G. We find an involution z
in G such that Cg(2) is an extension of an extraspecial 2-group of order 22 by Q7 (2)
and the main result will follow by applying the theorem 2.3.3.

Let me give a sketch of the proof and say how this chapter is organized. This
chapter has four sections. In section 3.1 we will select a suitable subgroup U = (a, b)
of order 9 in O3(Hs) and we shall show that Ng(U)/Cq(U) = Dg (lemma 3.1.4(i)).
Our first step is to find the structure of the centralizer of each element of order three
of O3(H,) in the group G. We note that by 2.4.2 and 2.2.2 the elements of order
three in O3(Hs) are from three conjugacy classes of the elements of order three in
G. Also by 2.4.2 we are allowed to assume that ¢ = abc and we have in H, that,
a, b and c are conjugate and ab and ab~! are conjugate. Further ¢ is not conjugate
to a or ab in G. We will start by Cg(U) in section 3.2. In section 3.2 we will find
the structure of Cq(U). We will prove that Co(U)/U = Uy(3) (theorem 3.2.14). In
section 3.2 theorems 2.3.8 and 2.3.5 have played a crucial role. In section 3.3 we will
give the structure of Cg(a), we show that Cg(a)/ (a) = Suz (theorem 3.3.14). Of
course in section 3.3 we have used of theorem 2.3.8 in the final stage when we will
show that Cg(a)/ (a) satisfies the conditions of theorem 2.3.3. Then 2.3.3 will give
us the structure of C(a) as desired. In section 3.4, at first we find the structure of

Cg(ab), then we will select an involution z in Cg(U) and we will give the structure
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of Cg(z). To determine the structure of C(ab) we will invoke Thompson’s transfer
lemma to show that Cg(U) is of index 2 in Cg(ab). Then the structure of Cg(ab)
will be known. In theorem 3.4.10 we shall prove that Cg(ab)/U = Uy(3) : 2. In
lemmas 3.4.18 and 3.4.19, by using of the structures Cg(a), Cq(s), Ce(U) and H,
we will show that there is an extraspecial group K of order 2 in Cg(z) which is
Cp, (2)-invariant. In lemma 3.4.22 we will determine the structure of Ng(K) and we
shall show that Ng(K)/K = QF (2). In lemma 3.4.26, theorem 2.3.8 is used to show
that Cg(z) = Ng(K) and then G and Cg(z) will satisfy the conditions of theorem
2.3.3. Then 2.3.3 will give us that G = C'o; and theorem 4 will be proved.

3.1 Some first steps

Notations: By our assumption Ho/O3(Hy) = 2M;5 and O3(H;) is a 6-dimensional
Hy/O5(Hs)-module, so we adopt the notations L, I and J in 2.4.2 for orbits
H,/O3(Hy) on O3(Hy). Then we have (t) € J. We now fix a, b and ¢ such that
t = abc where (b),(a) and (c) are in L. Set R = O3(H;) and E = O3(H3). Let U =
(b, a), then U is a subgroup of E of order 9 such that |P(U)NL| = |P(U)NI| = 2.
Set C, = Cg(a), we use the bar notation for C, = C,/ (a). Let Ry = O3(Ce(1)).

Lemma 3.1.1 i) |[ENO3(C, N Hy)| = 3°.

it) (CoNHy)/O3(CyMHy) = SLy(3) x Zy where O3(C, N Hy) is a special 3-group
of order 37 and exponent 3 with center of order 27.

iii) O3(C, N Hy) < O3(C, N Hy N Hy).

Proof: We note that R < H,. Assume that x = a or b or ¢ and x € R. Then
as ¥ ¢ Z(R), there is an element 1 # y € R such that [z,y] = ¢ or t~!. By this,
the representations of the elements in the orbits I, L, J in 2.4.2 and since t = abc,
we get that (z¥) € I U J, a contradiction. Therefore aR is an element of order
three in Hy/R = Spy(3) : 2. By 2.4.2(v), O5(C, N Hy N Hy) = EU; where U; is an
elementary abelian group of order 9. As |Cgr(a)| < 3%, |Cy,(a)|3 > |EU;| = 3% and
|Spa(3) : 2|3 = 3%, we get that aR is a 3-central element in H;/R and |Cg(a)| = 3.
The structure of the centralizer of a 3-central element in PSps(3) can be found
in ([AT],page 26). By ([AT],page 26) we get that (C, N Hy)/O3(C, N Hy) is an
extension of an element of order 2 by SLs(3), O3(C, N Hy) = Cr(a)R; where Ry is
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an extraspecial 3-group of order 27 and exponent 3 and |Cr(a)| = 3. Since a Sylow
2-subgroup of the normalizer of a Sylow 3-subgroup in Sp4(3) is a four-group, we
have (C, N Hy)/O3(C, N Hy) = SLy(3) X Zy. Since O3(C, N Hy) < O3(C, N Hy N Hy)
and by 2.4.2 C, N H; # C, N H; N Hy, we have |E N O3(C, N Hy)| = 3°. As U;
acts trivially on E/(E N O3(C, N Hy)) and by 2.4.2(iv) |[E,U;]| = 3°, we get that
[E,U;] = ENO3(C, N Hy). Now by 2.4.2(iv) we have O3(C, N Hy) is a special
3-group of order 37 and exponent 3 with center of order 27. [J

By 2.4.3, under the action of Cy,/p(a) = M;; on P(E), we have two orbits J;
and Jy such that J; is of length 11 and .J; is of length 110.

We have (t,a) < O3(C, N Hy) and by 3.1.1(iii) O3(C, N Hy) < O3(C, N Hy N Hy).
We note that by 2.4.2(i) for each four distinct elements (x;), i = 1,...,4, from the
orbit L we have that x4, ..., 4 are linear independent. So (a,b,c) < Z(O3(C, N Hy))
and by 3.1.1(ii) we get that (a,b,c) = Z(O3(C,NH;)) and P(Z(O3(C,NHy)))NL =
{(a), (b),(c)}. Since t = bac, if x € (C, N Hy), then x centralizes t as well. So
t € Z(C, N Hy) and then C, N H; = Cz(f). We have that Z(R;) = (b,¢) and
R < Og(CNa(E) (f)). This and 3.1.1(ii) give us that R; is a special 3-group of order
3%, So by 3.1.1 we get the following lemma.

Lemma 3.1.2 i) Ry is a special 3-group of order 3°.

it) Co(t) /Ry = SLa(3) X Zs.

iti) Z(Ry) = (b, ¢).

The following lemma follows from 3.1.2.

Lemma 3.1.3 Let x be an element of order three in E, (x) € J and x = x1173
where (x;) € L. Let y = xv;r; or x;'w;, i # j andi=1,2,3, j =1,2,3. Then

i) O3(Ce(z,y)) is a special 3-group of order 37.

ii) Ca(x,y)/O05(Calz,y)) = SLy(3) X Zs.

iii) Z(O3(Cq(z,y))) = (w1, T, X3).

Further notations: Set M = Cg(b) and M =DM/ (b). Then M = C(U)/U
(we recall that U = (b, a)).

Lemma 3.1.4 i) Ng(U)/Cs(U) = Ds.
it) There is an involution o € Hy such that a® = b and oF is a 2-central

involution in Hy/E.
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Proof: We have that Ng(U)/Cg(U) is isomorphic to a subgroup of GLs(3).
As by 2.2.2 (a) and (ab) are not conjugate in G, we get that Ng(U)/Cq(U) is
isomorphic to a subgroup of Ds. By ([GLS3], table 5.3b) we get that the preimage
of a 2-central involution in My is an involution in 2M;, and the preimage of a
non 2-central involution in Mi, is an element of order 4 in 2M;s. Let x € Hy be
an involution such that «F € Z(Hy/FE), then as E is a faithful irreducible H,/E-
module, we get that = acts fixed point freely on E. Since M, is a simple group and
L is an orbit of Hy/F, there are elements o and 3 in Hs such that « is of order 2 and
a® = band §is of order 4 and a” = b~! and b° = a. Now (a, 8) /Ca(U)N{a, B) = Dy

and the lemma is proved. [

3.2 Identifying U,(3)

In this section we shall find the structure of M. We will show that M = 3U,(3).
We recall our notations :

e Z(O3(Hy)) = (t), t = abc and C, = Cg(a) where (b), (a) and (c) are in L.

e We use the bar notation for C, = C,/ (a).

e We have that Ry = O3(Ce(1)) = O5(C, N Hy), t = bc and M = Ce(b), where
(c) and (b) are in the orbit J;.

e We have M = M/ (b) and Ry = O3(C5(1)).

By 2.4.3(1), we have M, /E 2 A = Q7 (3) where M, = M N (C, N H,). By 2.4.4
under the action of ]\Afl / E on P(E) we have three orbits Y7, Y5 and Y3 such that V)
has length 10 and Y5 and Y3 have lengths 15.

Lemma 3.2.1 i) C;(1)/ Ry 2 SLy(3).

i11) E is an extraspecial 3-group of order 3°.

Proof: By 3.1.2 Z(R;) = (¢,b) and Cz—() contains a subgroup X such that
X = (Q,y) where Q = Qs, § € E, X/R; = SLy(3) and X acts trivially on
Z(Ry). Therefore (MNCgq(%))/R; contains a subgroup isomorphic to SL»(3). Since
Carm; (f) contains an involution Z, such that b" =, we get that Ci7(Z(Ry)) /Ry =
SLy(3). Sincef = l_)E we get (MNCeq(1))/Ri = Cyp(Z(R1))/Ri = SLs(3). We have
that (M N Ce(1))/ (b) < Cy; (t). Let T (b) be an element in C(t) with T € M.
Since f = be, we have T € Ce(%)). Hence (M NCq())/ (b) = Cy;(t). As there is no
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subgroup isomorphic to A4 in CM(%V), we have <Z> €Y. By 3.1.2 we have that R; is
special 3-group of order 3% with Z(R;) = <6, l_)>. So R, = R,/ <5> is an extraspecial
3-group of order 3°. O

Further notations: Let Z € Cy(f) be an involution such that IR, €
2(Cy@)/Fr). Set

W= Cp(2), N = Cy_ (%), Cz = Ci(2).
We get the following lemma.

Lemma 3.2.2 i) |[R; N E| = 3.

i) [W| = 9.

iii) Let T € Syl:;(NM(E)), then E is a characteristic subgroup of T and T €
Syls(M).

Proof: From 3.1.1(i) we get that ]]/%I N E| = 33. Since % acts fixed point freely
on Ry/Z(Ry), ii) follows from i) and iii) follows from 2.4.2(iv). O

Lemma 3.2.3 i) N = N@(W) and N/W = Ds.
i) W € Syls(C).
i) P(W) = {<¥> , <E> , <l;1> , <l;2>} where <%> is conjugate to <}VL>, <%> is not

conjugate to <hl> mn CN’g, fori1=1,2, and <th> 1s not conjugate to <hNQ> m CN’g

Proof: By ([AT],page 4) we get that N/W = Dy, where Dy is a dihedral group
of order 8. As there is no subgroup isomorphic to Ds in Nz (<%>), there is another
element h € W of order three which is N ~conjugate to t. As by ([AT],page 4), Ag

has only one class of involutions , z centralizes some element from the orbits Y5 and
Y;. Let <hN1> € (YN P(W)) and <hNg> € (YN P(W)). By 2.2.2, we get that <IN1>

and <f;> are not M-conjugate for i = 1,2. As {@} : <E>} is the orbit of N@(W)
which contains <f>, we have [N@(W, <%>) : N@(W)] = 2. Since NN6 (@)(W) =

z

NN(W, (t)) and NK,(W, (t)) is of index 2 in N, we get N = N@(W) As W is a
characteristic subgroup of N and W e Sylg(]v), we have W € Sylg(/Cv'g) and the

lemma is proved. [
By 3.2.3 we have that
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P =00, (3). ()45}

where <Z> is conjugate to <71> and <%> is not conjugate to <f;> in /C’\; fori=1,2.
Further <l?1> is not conjugate to <l?2> in 6; In the next lemma we show that
N = N@;(<h2>) = N@(<h1>)-
Lemma 3.2.4 i) N = N5(<lf{2>)

i) N = N@(<li>).

Proof: We prove i) and the proof of ii) is similar. As N < N@(<@>), it is
enough for us to show that C@(ﬁé) is of index 2 in N. Let b # T € E be an element
of order three. Then as <l_)> € Ji, by 2.4.3 we get that either (Z) € Js or <fl_)> € Js.
Hence C;(Z (b)) is isomorphic to a subgroup of C/’(%(/F) for some element 7 such that
() is in the orbit .J,. We have the structure of Ce—(7) for each element (7) € Js.
Let h = c_1<5>, then hNQ = c_cl<l_)>, where ¢ € F is an element of order three. Let
E<l_7> € OCZ(E?) and z = §<l_)>, where Z,Z € M and Z is an involution, then as
@¢; is not conjugate to éegb in M, we have T € Ce(cen, z, b). Therefore C’@ (l?g) is
isomorphic to Cz-(ce1,%,b)/ (b). Let X = Cz(ccr). As by 2.4.3 @y is conjugate
to t in Cy, we get that X /O3(X) = SLy(3) x 2, O3(X) = R, is a special 3-group
of order 3% and Z(03(X)) = (¢,&1). As N < N5(<i;v2>), by 3.2.3(ii) we get that
W is a Sylow 3-subgroup of C@(f;) We have that Z € (Cg(¢) N Ce(c1)) and
W = (¢,¢1,b) is a subgroup of Cx(z). Since Cx((c,e1))/O03(X) = SLy(3), we have
zZ € O*(X) and Ox(2)/ (¢,e1) = SLy(3) x 2. Since (¢,¢7) is normal in Cx(%),we get
that 7 normalizes W. Therefore Ce (hs) is isomorphic to Ne 2 (W)/ (b) = W22,
Since Ne_z(W)/ (b) < N, we have Ce (hy) < N and the lemma holds. [

Lemma 3.2.5 Let K be a W-invariant 3'-subgroup of (7; Then
i) Bither K = (Z) or K is a 2-group and |K| < 2°.
it) Fither for each element T € W we have Cx(x) = () and then K = (Z) or

for T =1 or ¥ = h we have Cx(7) = Qs.

Proof: As K is W—invariant, by coprime action we have

K= <CI~<(’:E),5 € Wﬁ>.
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Assume that = 7, then K N Ce(z) = (%) or KN Ca () = 02(Ca (7)) = Qs by
3.2.1(ii). Suppose that 7 = hy or T = f:l, then by 3.2.4 K N C@(f) = (2).
Therefore either for each element 7 € W* we have C #(Z) = (Z) and then K = (3)
or for ¥ =t or 7 = h we have Cx(Z) = Qs. So Kisa 2-group. In the latter case by
Wielandt’s order formula ([BH],XI1.12.4) we get that ’I? ’ < 25 and hence the lemma

is proved. [J

Set

Y = (03(C. (1), 0:(Ce. ().
Then we get the following lemma.

Lemma 3.2.6 i) There is a subgroup X~ PSpy(3) in M containing z and w.
ii) Y is an extraspecial 2-group of order 2°.
i11) Y is the unique maximal W -invariant 3'-subgroup of /C’\f;
iv) N < Ng (V).
v) There is an involution o € Np,(U) congugate to z in Hy such that a® = b,

W < Cyi(a) and « centralizes Y (z is a pre-preimage of Z).

Proof: By 3.1.4(i) we have that Ng(U)/Cq(U) = Ng,(U)/Ch,(U) = Dsg, where
U = (a,b). We have that M; = Cy,(U), where M; is the pre-preimage of M.
By 2.4.3(1) My/E = M,/E = Aqs. By ([GLS3] table 5.3b) the preimage of each 2-
central involution in M, is a 2-central involution in 2Mi,. So there is an involution
a € Ny, (U) such that (aE, M, /E) = Sg, Cy, z(e) = Sy and a is conjugate to 2
(pre-preimage of Z) in Hy (there is such an involution in Mis). By 2.4.2(i) we have
that Ny, ({a))/E = Ng,({b))/E = 2 x My;. Since there is no subgroup isomorphic
to S¢ in Np,({(a))/E, we get that o normalizes neither (a) nor (b) and hence «
does not act fixed point freely on U. In fact « centralizes either ab or a~'b. By
2.4.2(i), Cp,(b)/E = My, and by 2.4.3(i) we get that ab and a~'b are conjugate
in Ny, (U). So we may assume that « centralizes ab. Since « is conjugate to z in
H,, we have |Cg(a)| = 3* and then |C(a)| = 27, as a ¢ Ce(U) and does not act
fixed point freely on U. Set V = Cy(a). Then E =V & (7), with (7) € P(E),
which is Cjz g (a)-invariant and then by 2.4.4 Ny 5((r)) = Si. So we get that
Cira(@) = Nyg p((r)). Therefore for an involution y € Oa(Cyz (@) /V) we have
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that |C(y)] = 3 and hence V is a faithful, irreducible C;- (o) /V-module. By 2.4.4
Cin a(r) = As. Now let & € Cpp () be an involution which inverts 7. Then
Cp(z) < V. Since 7 is conjugate to z in M;, we may assume that 2 € Cp; (a) and
W = Cy(z) < V. We recall that W = <E%> Let K; = C’CM(;)(Q), then since
W <V and by 3.2.1 Cy;(t)/R1 = SLy(3), we get that K;/O3(K1) = SLy(3). Now
as V < Cy;(t), we get that O3(K;) is an extraspecial 3-group of order 27. As V' is

elementary abelian of order 27, we get that IA(/l satisfies the conditions of 2.3.7. Set

Ky = CNM(E)(Q) and X = <}z,}z> Then O3(K;) = V and K, = Cx(t). Since
t € Vand Cg (V) =V, we have Cx(V) = V. By 2.4.5 under the action of Ky/V
on P(V') we have three orbits of lengths 3,4 and 6. As [N (V)/V'| = 6, we get that
<¥> is in the orbit of length 4. By 3.2.3 we have that <ﬁ;> and <f71> are in P(W)
and they are not conjugate to <¥> in M. Since W < ‘7, we have <f72> and <f71>
are in P(V). Therefore under the action of NX(V)/\N/ on P(V), <%> is in the orbit
of length 4. This gives us that |N)~((‘7)/‘7| =24. As K, < N;((?) and Ky/V = S,
we have Ky = NX(V)

Let ‘71 < V be of order 9. If ‘71 contains ?, then since there is no V-invariant
3/-subgroup in I?l, there is no V-invariant 3/-subgroup in C’;{(‘Z) Suppose that ‘71
does not have an element conjugate to t and let V; and V' be two subgroups of E
such that V/ (b) = V and V;/ (b) = V.. Since (b) is in the orbit J; , by 2.4.3 for
each element (b) # (%) € J; we have (xb) € Jo. As by 2.4.3(i) for each four distinct
elements (7;) € Ji, i = 1,...,4, we have that Zy,...,7; are linear independent, so
for each element (Z) € .J, such that T = Z1@3, where T; # b for i = 1,2, we have
<ﬁ> € J, as well. Therefore V] has an element Z conjugate to £ in C,. Let = T,
then by 3.1.2 Co(T)/ R’~5 Ly(3) x 2 where R,” is a special group of order 3¢ with
Z (Eg) = <E§, 5§>. Since [V| = 3%, we have that a V-invariant 3'-subgroup in C—(7)
is contained in Cz(E) and so centralizes V. Since K3V is faithful and irreducible
on V, no 3-subgroup of C)}(‘Z) is V-invariant. Let T € Sylg(lfa) containing V'
and y € N (T) which inverts 7. Then § normalizes V. We have that <¥> is in
the orbit of length 4 under the action of K5/V on P(V), so NI@(<%>) = Oz (1).
This gives us that y centralizes ¢, but vy inverts ¢, a contradiction. Therefore ¢ is

not conjugate to it’s invers in X. As there is no normal subgroup of index 3 in [?/2,
we get that X & PSps(3) by 2.3.6. Since both subgroups K, and K, are in M,
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i) holds. By ([AT],page 26) we have that Oy(C(2)) = O2(Cx(Z,h))02(Cx(3,1))
is a W-invariant 2-subgroup of M. Since 0y(C5(t,2)) = OQ(C@(?)) >~ s and

O, (C (~ h,z)) = 02(Cx (ﬁ)) >~ (05, we get that Y is an extraspecial 2-group of order
32 of plus type and for each element 7 € W of order three we have 02(Cg. (7)) < Y.
Therefore v) holds and by 3.2.5(i) we have that ii) and iii) hold. Further iv) follows
from iii) and 3.2.3(i). O

We are going to find the structure of Nz (}7) and then we will show that
Ng (Y) = C=. In this section we use of the notation * for the natural homomorphism

Cs — G5/ ().

Lemma 3.2.7 Let & € W be an element of order three. Then Ce(z) < Ne (V).

Proof: For 7 = ¢ and ¥ = h we have that Cz (7)/(r) = SLy(3), so Cz (7) =
<W, OQ(C@@))> and therefore Cg (7) < N@(?) For 7 = hy and & = hy , we get
by 3.2.4 that Cz (2) < N and so we get by 3.2.6 that Cea () < Na(?) O

Lemma 3.2.8 Ng (Y)/Y 2 (S5 x S3).

Proof: As no element of order three in W centralizes Y and by 3.2.3(ii), W e
Sylg(C’ ), we get that Cx ( ) is a 3'-group. As by 3.2.6(iii) Y is the unique maximal
W -invariant 3'-subgroup of Cs, we have C’~( ) = (u). Since by 3.2.6(ii) Y is an
extraspecial 2-group of order 2°, by ([GLS2],theorem 10.6) we get that N@( )Y is
isomorphic to a subgroup of OF (2). As NY /Y 2 (S5 x S5) and S5 x Sy is a maximal
subgroup of Of (2) of index 2, we have N~(~)/i/v' >~ S3x S3. O

By 3.2.8 we get that O%(Ng (Y)) = G1G2 where G; 2 SLy(3), G; < O*(Ng (V)
and G; N Gy = (). The following lemma follows from the structure of N, & (Y).

Lemma 3.2.9 i) Let 7*Y* ¢ N@(?)*/?* be an involution, then |Cy, (7*)| = 4.
If 8 divides the ordir of C;Ncg(?)*(r ) then a Sylow 3-subgroup of CNGE(?)*(T ) is
conjugate to either hy or hy in Cs .

ii) Y* = Oy(Cgr (1)) @ O5(Cpr ().

i) Let (7*) € (P(O2(Cqr(h*))) U P(OQ(CCﬁ*(tN*)))), then 3 divides the order

Tk "k

of Cy_ (f,)*(x ) and a Sylow 3-subgroup of C' _ (?)*(x ) is conjugate to h* in C*.
Cz Cz
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Let (x*) € P(Y*) and T* = 71"15", where <77{> € P(OQ(C@*(’;L*))) and (r3") €
P(OQ(C@*(?*))), then 3 does not divide the order of CNGE(?)*@*) and T* is a 2-
central involution in 6/’;*.

iv) Under the action of N@(f/)*/f/* on P(Y*) we have two orbits, one of them
is of length 6 and the other one has length 9.

v) Let ﬁ* be a Sylow 2-subgroup of N (57)*, then Y* is a characteristic subgroup
of fl*, Z(fl*) is of order 2 and fl* is a Sylow 2-subgroup of /C’;*.

vi) Let T € N@(EN/)* be an involution and T* ¢ Y* then Cy.(z*) = [Y*,7]. So

by 2.4.6 all involutions in TXY™* are conjugate.

Proof: Let 7™ € Ng (Y)* be an involution such that 7 ¢ Y* and 7 normalizes
W*. Then either 7 inverts £* and h* or <%v*>r* = <E*> In the first case by 3.2.1

we get that |C’OQ(C,€*@*))(T*))| =2 = |Cp,c .y (™))|. Therefore in this case
z Cz

|Cs, (%) = 4. If <tN*>?* = <ﬁ*>, then for each involution z* in OQ(Cg*(f*)) we have
7*(Z*)" is centralized by 7™*. Since Og(Cg*(ftv*)) is an elementary abelian group of
order 4, in this case |Cs., (7%)| = 4 as well. Part v) follows from i). The proof of the

other parts is easy and follows from the structure of N5 (Y)* in 3.2.8. O

We recall that if T < T7 < H be groups, then T is strongly closed in T} with
respect to H, if T" N'T; < T for each h € H. We are going to show that Y* is
strongly closed in Nz (}7)* with respect to C: .

Tk

Lemma 3.2.10 Let 7™ € Y* be an involution and §* € C: such that & = (™) €
N (Y)*. If 8 divides ]C’N@(?)*(g*)‘, then & € Y*.

Proof: Let 7 € Y* be an involution and §* € C: such that & = (7)7" €
Na(f/)*, e ¢ Y* and 3 divides |C’N5 )+ (€9)]. By 3.2.9(i) we have that a Sylow
3-subgroup of Cy_ .(€") is conjugate to either hi or hy in Cs . By 3.2.9(iii)

Cz
we have that either 3 divides the order of CN@ (;,)*('F*) and a Sylow 3-subgroup of
CN@ ()7)*(?*) is conjugate to h* in C* or 3 does not divide the order of CNEE(?)* (™)
and 7" is a 2-central involution in Cg*. Since h* is not conjugate to ljzvl* or },{2* in Cg*,
we get by 3.2.9(iii) that 7™ is a 2-central involution in 5;. By 3.2.3(i), no element

of order 2 in Ng (Y)* centralizes a Sylow 3-subgroup. So by 3.2.9(i) and 3.2.4 we

36



get that a Sylow 3-subgroup of Cz +(€*)/ (€*) is of order 3 and self centralizing. Let
(};;*)E* — hy and f* € N@(?)* be an involution such that & # f* ¢ Y* and
(l;l*)f* = l?l*. As IIQ* is not conjugate to li* in 6’;*, we deduce that €* is not
conjugate to ]7* in bvg*. Since e€* is conjugate to a 2-central involution of 6’;, by
3.2.9 (iii) #* is not conjugate to any involution of Y* in cs . By 3.1.4(i) there is a
subgroup X such that )?/Bg = Dy = Ny, (U)/Cy,(U) as U = (a,b) < E. Let 3 be
an element in X such that (i;;*)ﬂ = h, and (¢*)% = f*. This gives us that f* is a
2-central involution in 5; and so fv* is conjugate to some involutions of Y* in /C’\;*,

which is a contradiction. Hence the lemma is proved. [J

Lemma 3.2.11 Let 7* € N@j(i\}>* be an involution such that T ¢ Y* and
3HCN5 vy (@)]. Then |Cz+(z%)[z = 16. Further P = Ca+(x*)/ (%) contains

a nilpotent normal subgroup 73; such that ﬁ/ﬁ >~ Ss.

Proof: By 3.2.9(i) and vi) we have that X, = (Cy.(*),7%) is an elementary
abelian 2-group of order 8 and CNa () (f*)/jfvl* =~ S3. By 3.2.9(i) we may assume
that <i?;> € Syls(Cg+(z)), since <E*,}?;> = C’C-*(l:;2*). So a Sylow 3-subgroup
of P = Cg+(7*)/(z*) is of order 3 and it is self-centralizing. Now by Feit and
Thompson’s theorem [FT|, we get that P contains a nilpotent normal subgroup
P, such that ﬁ/j)\l = S3, A5 or L3(2). Let P < Cg+(7*) such that 7* € 2
and P = /Pvl*/ (7). Let further T* € Sylg(/ﬁ;*). Then there is a subgroup Py in
Cs+(z*) such that ?’;/f* =~ S5, A5 or L3(2). By 3.2.10 we have that (z*) is not
conjugate to any element of P(i/v'*), so * is not a 2-central involution. Therefore
16 < |Cxx(7)]2 < 32 and hy acts fixed point freely on T*/ (¥*). So either |T*| = 8
and /}\’;*/7:* >~ Sy or T* = (7*) and /}\’;*/f* >~ [4(2). Let f* € CN5 )+ (Z%) be an
involution such that f* ¢ Y* and <l;1*> € Sylg(C’a*(f*)). Then |<5*,f*>| =4
and <EE*,]7*> NY* = 1. Also, we have that f* is not conjugate to r* and as

3HCN5 (g)*(]?*)], we deduce that f* is not conjugate to any involution in Y* by

3.2.10. Therefore the case that E*/f* >~ [3(2) does not happen and hence the
lemma holds. U

Lemma 3.2.12 Y* is strongly closed in Né:(?)* with respect to Cs .
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Proof: Let 7 € Y* be an involution and let §* € C such that &* = ()9 €
N~( )*. If 3 divides the order of C, () .(¢%), then by 3.2.10 we get that & € Y*,

So assume that 3 does not divide the order of CN @y L(e%).
Assume 3||C (Y)*( *)|. As & inverts h* and t* we conclude that e* centralizes

some involution in Y* which is conjugate to 7™ in NV & (Y)*. Therefore we may assume
that & centralizes 7. Since (7*) is in the orbit of length 6 in P(Y*), we get that 7
is not a 2-central involution. Therefore a Sylow 2-subgroup of CCZ «(7) is of order
32 and there is a Sylow 2-subgroup X* of C’gg*(?*) which contains an elementary
abelian 2-group Y* of order 16 and contains the involution ¢*. We have that & € X )
¢ ¢ Y* and ¢ is conjugate to involution 7 € Y* in C: . Let & = €17 ey”, where for
i = 1,2, we have that 3||C),_ () L&), & ¢ Y* and [¢*,¢;*] = 1. By 3.2.10 we get
that €;* is not conjugate to ¢* in C’Z , € 1s not in any elementary abelian subgroup of
a* of order 16 and ¢;* is not conjugate to any involution in any elementary abelian
subgroup of order 16 in C’N (@ .(€*). Therefore a Sylow 2-subgroup of Cg +(e*) is
not isomorphic to a Sylow 2- Subgroup of C’~*( *). But this is a contradiction to €*
being conjugate to 7™ in C’g . Therefore this case does not happen.

So we have that 3 does not divide the order of C Ne (V) (7*) and therefore 7™ is a 2-
central involution in Cs . We have that Cy. (€*) = (r1") x (12") where (r;") € P(Y*)
such that (7;*) is not a 2-central involution in 6;, for i = 1,2, and (r;"r5") is a 2-
central involution in cN'f Set ¥ = r1"r5". Then by our assumption ¢* is conjugate to
inCs . Let X*bea Sylow 2-subgroup of C'z - (€*) which contains C'y () (e*) and
E(vl* < X* be an elementary abelian subgroup of order 16 in X*. Let ¢ : €1 ey with
&;* ¢ Y*fori = 1,2. Then we have that 3||N52(§N/)*(é§*)| and so (€;") is not conjugate
to an element of P(Y*) in C:. Soé&" ¢ X,". By 3.2.11 \C~*(N*)]2 = 16 and
P = ng*(évl*)/ (€1”) contains a nilpotent normal subgroup P, such that P/P1 Ss.
Since CN@(;,) /<el ,Cy. (€1 )> >~ S5 we have <Oy* ) >/ ) < P1 and
therefore (Cy.(61%),61%) = O(C (€17)). By a similar argument we can show
that <C)71*(6~1*),e~1*> = 0y(Cg.+(e1")). Therefore we have that ¢* € O +(€1") <
(Cy.(61%),€1"). This gives us that & € O5(Cg +(€17)) which is a contradiction to
our assumptions ;" ¢ Y*. So this case does not happen and hence Y* is strongly
closed in N@(?)* with respect to Cs . O
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Lemma 3.2.13 C; = N& ().

Proof: Set H* = <(l~/*)65*> Assume that 3 does not divide the order of H*.
Then as H* N N@(?)* is normal in N@(?)*, by the structure of N (Y) in 3.2.8 we
get that H* N Ne& (Y)* = Y*. Therefore Y* € Syly(H*) and so Y* < Z(Nﬁ*(ff*))
and Burnside’s p—complement theorem gives us that H* = O(ﬁ *)37* Now by the
Frattini argument c: = = O(H *)Ng ( )*. Since 3 does not divide the order of H*, we
get that O(H*) is a W*- invariant 3'-subgroup of c: , 50 by 3.2.5(i) either O(H*) = 1
or O(H*) = Y* and hence C: = N@(?)

Now assume 3||H*|. We recall that by 3.2.3 W is a Sylow 3-subgroup of C-.
If |f]*]3, = 3, then either some element conjugate to }’ng* or f?l* is in H* or some
element conjugate to ¢* is in H*. Let HQ* or fi* be in H*. Then by 3.2.4 and as
H*N N@(?)* is normal in N@(?)*, by the structure of Ng (Y) in 3.2.8 we get that
H* is a group whose Sylow 3-subgroup is of order three and it is self-centralizing.
Now by [FT] and as |[H*|y > 16, we get that Oo(H*) # 1. Since H* is normal in
C’Z*, we deduce that Oy(H*) is N*-invariant and therefore Oo(H*) = Y*. Hence
H* < Ng. (Y)* and by the Frattini argument we get that C; = N@(Y).

Let * € H*, then as by 3.2.3 #* is conjugate to h* in N@(W)* and by 3.2.6
N@(W)* < N@(?)* , we have W* = <lNz*,tN*> < H* and a Sylow 3-subgroup of
H* is of order 9. Let ﬁl* be a minimal normal subgroup of H*. As W* < FNI*,
by 3.2.6(iii) we have Oy (H*) is a subgroup of Y*. Let H, be a 3'-group. Then
E* < ng(ﬁ[*) < Y*and as W < ﬁ*, we get that Hvl* —Y*or [/171* is an elementary
abelian group of order 4. Therefore either C’~*(I§/1*) < Nj. (Y*) or Cy. (E*)/E*
is a group whose Sylow 3-subgroup is of order 3 and is self-centralizing. In the
first case by the Frattini argument we have that C: = N@(?) and so the lemma
holds. In the second case by [FT] we get that C~*(E*)/E* is isomorphic to Aj;
or L3(2). Since |Out(As)| = |Out(L3(2))| = 2 ([AT],pages 2,3), W* < H* and by
3.2.1 and 3.2.4 there is no subgroup isomorphic to As or L3(2) in the centralizer of
each element of order three of W*, this case does not happen. Hence 3 divides the
order of It-Ivl*. Since there is no section isomorphic to a non abelian simple group
in the centralizer of each element of W* of order three, E* is a simple group and
it is the unique minimal normal subgroup in H*. As H NN j» (17*) is normal in
Ng. (Y*), we have o ny* # 1. Now by 3.2.12, H, " satisfies the conditions of
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the Goldschmidt’s Theorem [Go]. By [Go] we get that ' is isomorphic to one
of the groups Lo(2") for n > 3, Sz(2"*1), for n > 1, U3(2"), for n > 2, La(q) for
g = 3,5 (mod 8), J; (the smallest Janko group) or a group of Ree type. By 2.3.9
and 2.3.10 and as |E*|3 =3 or 9 and ]E* N Y*| is of order 4 or 16, we get that
the only possibility for E* is to be isomorphic to Ls(4) = As. But as W < H*,
|Out(As)| = 2 ([AT],page 2) and by 3.2.4 and 3.2.1 there is no subgroup isomorphic
to As in the centralizer of some element of order three of W*, this case does not

happen and hence the lemma is proved. [
Theorem 3.2.14 M = 3U,(3).

Proof: We have that /C\; is isomorphic to the centralizer of an involution in
U4(3) ( we remark that the structure of the centralizer of an involution in Uy(3) has
completly determined in [Ph]). Let X be a subgroup of index 2 in M. We have that
M contains a perfect subgroup M; = NM(E) which by 2.4.3(i) M;/E = Ag and
by 3.2.2(iii) ]\Z contains the normalizer of a Sylow 3-subgroup of M. Now we have
that ]\7[/1 = J\ZI < M < X and by the Frattini argument we get that M = X. But
this is a contradiction to X being of index 2 in M. Hence there is no subgroup of
index 2 in M. Now the theorem follows from 2.3.5. O

3.3 Identifying Suz

In this section we shall find the structure of C,. We will show that C, = 3Suz. We
recall our notations:

e Z(O3(Hy)) = (t), t = abc and C, = Cg(a) where (a),(b) and (c) are in L.

e We use the bar notation for C, = C,/ (a) and M = Ce(D).

e We have J; of length 11 and J, of length 110 are the orbits of C'y,/g(a) on
P(E).

e Ri = 03(Cs(t)). By 3.1.2 R, is a special 3-group of order 3%, (b,¢) = Z(R;)
and = be, where (¢) and <l_7> are in the orbit J; and <7_f> is in the orbit J5.

e We have M = M/ (b) and z € C5(t) is an involution such that IR, €
2(Cyy @)/ F).

Further notations: By 3.1.2 we have that Co(f)/R; = SLa(3) x Zs. Let
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Z € Cg(1) be an involution such that z acts trivially on Z(R;). Then Z is the

preimage of z. Set
W = CE(E) and @ = Ccfa(z)
We have the following lemma.

Lemma 3.3.1 i) |R, N E| = 3*.

i) |W| = 217.

iii) Let () € (J1 N P(W)), then Ce—(T)/ (T) is an extension of an extraspecial
2-group of order 32 by (S35 x S3).

Proof: Part i) follows from the 3.1.1(i). Since Z is the preimage of z, ii) follows
from 3.2.2(ii). Part iii) follows from 3.2.14 and ([AT],page 52). O

Since (a) € L, by 2.4.2(i) we have that C, N Hy/E = M;;. Now the following
lemma follows from ([AT],page 18).

Lemma 3.3.2 Corp;(2) = WX where X = GLy(3).

By 2.4.5, under the action of Cerz(Z)/ (W, Z) on P(W) we have three orbits
N;, 1 =1,2,3 such that;

|N1| = 3, |N2’ =4 and ’Ng‘ = 0.

By 3.2.14 and ([AT],page 52), we have that |Ny;ne(W)/(W,Zz)| = 4, so (b) €
Ny or (b) € N;. By 3.1.2(ii) we get that ONG(W)@ z)/(W,z) is of order 2, so
(t) € N3. By 3.2.14 we get that ¢ and b are not conjugate in C,. Therefore (b) € Nj.
By 2.4.3(i) for each four distinct elements (7;) € Jy, i = 1,...,4, we have that 77,..., T
are linear independent. Since <l_)> € Ji, and by the representations of the elements
in the orbit Ny in 2.4.5 (for (Z) € N, we have T = T1Z323, where (Z;) € N; for
i =1,2,3) we get that N is the orbit of Nez(W)/W on P(W) containing (b) and
Ny C Jp. Hence |[Ne(W)/ (W, z) | = 24.

Lemma 3.3.3 Let Fy € Syls(Ceap (7)), then

i) Coam,(Z) = Nez(W).
i) W = J(F).
iii) Fy € Syl3(Cs).
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Proof: We have that |[Ne—(W)/(W,z) | = 24 and |Cerp;(2)/ (W, 2) | = 24.
Since Cqrp,(2)/ <W, 2> is a subgroup of N@(W) / <W, E>, we get that Co7,(Z) =
Ne=(W). We have Cqrp;(2)/ (W, Z) = X where X =2 Sy, Let 7 € X be an element
of order three. As (7,7V) = Alt(4) for some element 7 € X and W is a faithful,
irreducible X-module, we get |Cy#(Z)| < 3. Therefore W = J(F}) and ii) holds.

Part iii) follows from i) and ii). [J

We note that Ny C J;, N U N3 C Jy and <f> € Ns. Let () € J,n P(W)
and let Zz act trivially on Z(O3(Ce(7))). By 3.1.2 and as there is an involu-
tion a in Cgrg,(T) which does not act trivially on Z(Os(Cg(T))), we get that
Cor o\ Z(Os(Ci(2))))/O5(Cer (7)) = STa(3). Therefore Coe(7)/7(Os(Con (7)) =
SLy(3)%x2. Hence |NC@(5) (W)/(W,z) | = 2 and this gives us that (z) ¢ N,. There-
fore for (T) € Ny we have Z does not act trivially on Z(O3(Ce(7))).

Lemma 3.3.4 Let (T) be in the orbit Ny. Then
i) O3(Ce(T)) is an extraspecial 3-group of order 27.
i1) Ce(T)/O3(Ce(T)) = SLa(3) X Zy.
i11) O2(Ce(T)) = (Z).

iv) T is not conjugate to its inverse in Cs.

Proof: Let 7’ = where g € C,. Then by 3.1.2 Co(T) /Cra() = SLy(3) x Za. As
Ca(2) is normal in Ce(7), Z does not act trivially on Z (Eg) and W is a subgroup
of Ce=(T), we get that Cz(%) is an extraspecial 3-group of order 3% or 3°. By
3.3.3(iii) we get that the order of a Sylow 3-subgroup of C% is 3*. Therefore C’R—ly(E) is
an extraspecial 3-group of order 3* and hence i) and ii) hold. As CC@(§)<CR—1§(§)) =
(%), iii) holds. Let 7 € C; and 77 = T}, then 7 € N ({T)). Now by the structure
of Cz(T) in i) and ii) we get that NC@(E)<W> < N (Co@ ) (W). By i) and ii)

we have that [C—(Z) : No_@(W)] = 4. As [Ny = 4, we have Ny__z) (W) <
Ce(7) and hence N (Ce®7) W) < NC@@ (W). But this is a contradiction to
K

>(W) > Neog-@)(W). So iv) holds. [J

Lemma 3.3.5 Let K be a W-invariant 3'-subgroup of Cz. Then
i) K is a 2-group and |K| < 27.
it) For each element T € W* we have Cx(T) = (Z) or Cx(T) is an extraspecial

2-group.
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Proof: As K is W-invariant, by coprime action we have
K = <C§(f),f e Wﬁ>.

Let T = b, then by 3.3.1(iii), we have C=()/ (T) is an extension of an extraspecial
2-group of order 2° by (S5 x S3). Since (O2(Ce=(T)) N K)/ (Z) is W-invariant, either
KENCq(T) = (2) or KNCr(T) = 05(Ce(T)) or KN Crr(T) = Qs. Let T =1. We
have that Z acts trivially on Z(R;), Ce(%,%)/Z(R1) = SL»(3) x 2 and Ce(T,%)
contains an involution a such that 8" = . So K N Ce(T) = () or KN Ce(T) =
O5(Ce(T)) = Qs. Let (T) € Na, then by 3. 3 4 we have K N Ce(T) = (2).

Therefore either for each element 7 € TW* we have O =(T) = (Z) and then K = (%)
or O%(T) is an extraspecial 2-group. So K is a 2-group. In the latter case by
Wielandt’s order formula ([BH],X1.12.6) we get that |K/ (E)‘lgfl < (21)3%3(22)6%3,
Hence ‘F‘ < 27 and the lemma is proved. O

Let @ € W be an element of order three such that (u) € Ny and u ¢ (b, ¢). Set
K = Oy(Crm —(1))O02(Ce(1)), we are going to show that K is an extraspecial 2-group

of order 27.

Lemma 3.3.6 i) Oy(Ce () = O2(Ce(wW, b)) O2(Cez(u, ©))
ii) K = O3(Cez(b))02(Cez(0)) and K is an extraspecial 2-group of order 27.

Proof: By 3.3.1(iii) O2(Ce(7)) is an extraspecial 2-group of order 2°. We have that
O2(Ce=(1)) is an extraspecial 2-group of order 2* and Ce(u)/ (U, O2(Ce(u))) =
(S5 x S5). Since w ¢ (b,¢), we have (b,¢,u) = W. We have O5(Ce(f)) <
(OQ(C@(Z_))) N O2(Cx(?))) (we remark that O,(C5;(,7)) was a subgroup of Y =
O,(C3;(Z)) and % is the preimage of £.) and so Oa(Ce=(f)) N O2(C(W)) is a sub-
group of Ce(W) = (z). Hence Oy(Ce(?)) N O2(Ce(w)) = (2). As (b) and ()
are two 3-central elements in C—(u), so by 3.2.14 and ([AT],page 52)we get that
O2(Ce(T, b)) = 02(Ce=(w,0)) = Qs and O(Ce(w, b)) and O2(Ce(w, <)) both are
subgroups of Os(Ce=(w)). We have O5(Ce(u, b)) N Oz(Ce(u,©)) < O2(Ce(t)) N
0x(C(m) = (2) and hence [0x(Cor(m))| = [0(Cerl B)Ou(Cel2))| = 2.
Therefore Oy(Ce () = Oo( C(u, b))Oo(Cm —(u,¢)) and now i) holds.
We have O2(Ce(f)) < (02(Cez(0))N02(Ce(©))) and O2(Cez (1)) NO02(Ce (@) =

(2), s0 by i) we get that Oy(Ce()) normalizes Oy(Ce(t)) and then Oy(Ce (1)) O2(Ce(w))
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is an extraspecial 2-group of order 27. Also since Oa(Ce (1)) N O2(Cez () = (%), we
get that O3(Ce(b)) = O2(Cez(b, 1)) O2(Ce(t)) and O5(Ce(T

Now by i) we have that O2(Ce=(b))O2(Cez(€)) = O2(Ce(t))O2(Ce=(w)) and ii) holds.
U

We note that |N;| = 3 so Ny = {(b),(c),(w)}. By 3.3.6 we get that for each
() € Ny, O2(Ce()) is a subgroup of K. By the structures of the centralizers of the
elements of order three in W in 3.1.2, 3.3.1 and 3.3.4, we get that any W-invariant
3'-subgroup in Cs say X is a 2-group (see 3.3.5(i)) and it is generated by {X N
O5(Ce (7)), 7 € Wﬁ}. We remark that for (¥) € N3 we have Oy(Ce(T)) centralizes
Z(03(Ce(T))), Z(03(Ce(T))) contains some elements 7 and 7 such that () and
() are from the orbit Ny with T =77 and O(Ce(T)) < O2(C(¥)) N Oo(C(T))-
Also for (T) € N3 we have Co—(7)/O2(Cx(T)) is an elementary abelian group of
order 27.

Lemma 3.3.7 i) K is the unique mazimal W -invariant 3'-subgroup of Cx.

i) Neo ( ) < Neo (K)

iii) Let T € W be an element of order three, then Oy(Ce=(T)) < K.

i) Let Wi be a subgroup of W of order 9 such that |P(W;) N N3| = 3 and
PW) NN, =@, then K = <02( —(@)[F e >

Proof: By 3.3.5(i), K is a maximal W-invariant 3'-subgroup of Cz and a W-
invariant 3'-subgroup of C% is a 2-group. Let (T) € N, then by 3.3.4 Oy(Ce(T)) =
(z) and so O5(Ce(T)) is a subgroup of K. Let (T) € N3. Then O,(Ce(T)) cen-
tralizes Z(O03(C(7))). We have Z(O3(Ce(T))) contains some elements § and
7 such that (7) and (7) are from the orbit N} and T = 77 and Oy(Ce(T)) <
O3(Ce=(7)) N O2(Ce(7)). By 3.3.6 we have O5(Ce=(d)) < K for each element
(d) € Ny. Therefor i) and iii) hold and ii) follows from i).

Let W, be a subgroup of W of order 9 such that |P(W;) N N3| = 3 and P(W;)N
N; = @. We have |N3| = 6 and so N3 = {(t), (ub), (u"'b), (uc), (w'e), (c"'b)}.
This gives us that [P(W;) N No| = 1. Since W = (u,b,¢) and C’@(W) = (Z) (see
3.3.3), we get that Oy(Cez(y)) N O2(Ce(T)) = (Z) for (T) # (y) where (T) and ()
are from P(W;) N N3. Now since by 3.1.2 O(Ce(T)) = Qs for each (T) € Nj,
|K| = 27 and by iii) we get that K is generated by {O2(Ce(T)), T € Wln} and the

lemma is proved. [
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Lemma 3.3.8 Let T € W be an element of order three, then Ce—(T) < Ne(K).

Proof: Let () € N; U N3, then by 3.3.1(ii) and 3.1.1 we have Cq(7) <
O2(Ce(T))Ne=(W). Let (T) € Na, then there is a subgroup X < Cg(T) such
that X = Qs, <7, y> >~ SL,(3) with 7 € W is an element of order three and
Ce(T) = <7, Neg-@) (W)> Let 5 € X be an element of order 4 and W; =
W N O3(Ce(T)). IZBy the representation of an element in the orbit Ny (we re-
mark that |Ny| = 4 in 2.4.5 we may assume that T = wbc. Let f = 5% € Z(X),
then f is an involution which acts fixed point freely on O3(Ce(T))/ (Z), f nor-
malizes W and so f does not invert b or @ or ¢. As f acts fixed point freely on
O3(Ce(T))/ (Z), neither b or € nor u is in O3(Ce(T)). We have |No| = 4 and so
N, = {(eub), (u'be), <571@> ,{(¢7'bu)}. Since neither b or € nor @ is in W7, we
get that |[P(W;) N Ny| = 1, in fact P(W;) N Ny = (T). Therefore W is of order
9 and |P(Wy) N N3| = 3. Let 7 € O3(Ce(T)), then [5,7] = d € O3(Ce(T)). Let
g € O3(Ce(T)) such that 5d = gs. Since by 3.3.7(ii) Nez(W) < Ng(K) and
O3(Ce=(T)) < Ne(W), we get that K =K"=EK" =K. Therefore K is a
Wi-invariant 3'-subgroup of C. By 3.3.7(iii) for each element w of order three in W
we have Oy (Cz(w)) is a subgroup of K, so by 3.3.7(iv) we get that K° =K. Hence
5 € Neo(K) and therefore X < Ne—(K). As by 3.3.7(ii) we have Ne—(W) < Ne(K),

the lemma is proved. [J
We are going to show that Nec(K) = Cs.
Lemma 3.3.9 No(K)/K = PSp,(3).

Proof: By 3.3.7(ii) and i) we get that there is an elementary abelian sub-
group W of order 27 in Ne=(K)/K such that there is no W-invariant 3'-subgroup
in No—(K)/K. Let (T) be an element from the orbit Np. Then by 3.3.4 we get that
Ce(T)K /K satisfies the conditions of theorem 2.3.7 and 2.3.6(if we set TK /K =d
in 2.3.6, then d is not conjugate to its inverse in Cs by 3.3.4(iv) ). Therefore by
2.3.6 we have Ne—(K)/K = PSpy(3). We note that by the structure of Ne—(W) in
3.3.3(i) and 3.3.2 we get that there is no normal subgroup of index 3 in Ne(W) so
Ne=(K)/K has no normal subgroup of index 3. O
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We recall that for a prime p, a subgroup T of a group H is called strongly p-
embedded in H if p divides |T'| and p does not divide |T'NTY| for all g € H such
that g ¢ T.

Lemma 3.3.10 NC—?(F) is strongly 3-embedded in C.

Proof: Let T € Ng—(K) be an element of order three, then by ([AT],page 26),
r is conjugate to an element of W in N@(f) So we may assume that T € W
and then by 3.3.8 we have that Co—(7T) < Ng=(K). Now assume that 3 divides
|Ne=(K) N Ne=(K)?| for some g € Cs and let X; € Syls(Ne=(K) N Nez(K)7). Let
X, < Eo and E, be a 3-subgroup of NC—?(F) Then for some element T € X; of
order three we have Ey < Ce=(Z). So by 3.3.8, Ey < Ng(K)?. Therefore X, €
Syls(Nez(K)) N Syls(Neo(K)7). We may assume that W < X;. Then Ng—(X;) <
Ne=(W) < Ne(K) N Ne=(K)? follows from 3.3.7(ii). Now Sylow’s theorem gives
that Ng E(F) NC?(F)?, S0 g € N@(N@(K)) As K is a characteristic subgroup
of Ne=(K), we have g € Ng—(K) and hence Ne—(K) is strongly 3-embedded in C-.
U

We use of the notation * for the natural homomorphism Cs — Cz/ ().

Lemma 3.3.11 Let ™ € K be an involution and g* € Cs such that ()7 €
Ne=(K)* and (7%)7" ¢ K. Then 3 does not divide the order of C), (R (7).

Proof: Let 7 € K be an involution and g* € C5 such that (7%)7" e Ne(K)*,
(7)9" ¢ K" and 3 divides the order of CNi(g)*((?*)g*) By 2.4.7(ii) we get that 3
divides |Cy, (K)*( )|. Let P" e Syls(Cy__ —(®)" (™)) and P;" € Syls(C)y, (R (7).
Then as by 3 3 10 Ncg(K) is strongly 3- embedded inCy", wehave P™ € Sylg( — (7))
and P, € Syly(Cpe —((7%)7")). Since g* € C%", we have (P")7" ¢ Syls(C. (R ((7’ )9
and as by 3.3.10 ( Ne=(K)*)7 is strongly 3-embedded in Cs, we get that (P")7" e
Syls(Ce+((7)7")). Hence (P77 = P, for some g* € Ce+((7)7"). Now we have
P < Ne=(K)*N(Ne(K)*)7"9" and as by 3.3.10 Ne(K)* is strongly 3-embedded in
5, we get that g*gr* € Ne(K)*. Therefore (7*)9'9" € K. As gi* € Cer ((7)7),
we have (7)9" = (7)9'%" € K . But this is a contradiction to our assumption that
()7 ¢ K. Hence the lemma is proved. O

)
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Lemma 3.3.12 K is strongly closed in Ne=(K)* with respect to s

Proof: Let 7 € K be an involution and g* € C; such that (7)7" € Ne=(K)* and
(7)9" ¢ K. Then by 3.3.11, 2.4.6 and 2.4.7(iii) and ([AT],page 26) we get that
the only possibility is that (W)ﬁ*? is a non 2-central involution and then under
the action of CN@(?)*(<F*
lengths 4 and 12. Since (7)7 K is a non 2-central involution, by ([AT],page 26)
and 3.3.11 we get that ]C’N@(E*((Wﬁ*)\ — 245 Let S” be a Sylow 2-subgroup of
Ne(K), D" = (K")7" and T" be a Sylow 2-subgroup of Ng=(D)*, then (7)7" € D"
We may assume that Cg+((7*)7") is a subgroup of T". By 2.4.7(i)and ii)) we have
that (7)7 = Tk where 75 ¢ K, 1 # k € Cp((7)7) and 3 divides the order
of the centralizers of 7 and % in Ne(K)* . Let C((7*)?") be contained in
D". Then ((7)7") C+((7*)7") is contained in D" and so 7 € D". This gives
us that T* is conjugate to an involution in K" which is a contradiction to 3.3.11.
Hence Cp((7)7°) is not contained in D”. By ([AT],page 26) we get that the 2-

rank of PSp4(3) is 4. Since there is no elementary abelian group of order 8 in

)} on the involutions in (7*)" K" we have two orbits of

PSpy(3) all of whose non trivial elements are non 2-central (see 2.4.7(v)), we get
that Ce+ ((7)7)D" /D" is of order 2 or 4. Since |Cy_ ). (7)) = 24+, [D"| = 2°
and by 3.3.11 and 2.4.7(i) we have that Cg+((7*)7") Fﬁﬁ* = (K'nD" (7)), we
have |Cg+ ((7)9")D"| > 24+5+6-1 = 911,

Now set A" = Cg((7*)7)D", then A" is of index at most 2 in T". Let <

——* =k

Cer ((7)7") such that [V'| <4, V' ND =1and VD' /D" = C((7)7)D"/D".
We note that by 3.3.11, 2.4.6 and 2.4.7(iii) and ([AT],page 26) we get that f D
is a non 2-central involution in NC?(E)* /D" for each involution f~ € V"( we recall
that V' < K" and D" = (K")7"). Now let A" =T", then as V" D" /D" is a normal
subgroup of A"/D”, we get that Z(A"/D) NV 'D"/D" # 1. But this gives us
that there is an involution in V" say Tk such that ?ﬁ* is a 2-central involution
in Ne—(D)*/D" which is a contradiction. Therefore |[A"| = 2! and V" is of order
2. This gives us that <?* ND", (W)§*> is of order 16 and by 2.4.7(iii) we get that
Co () = <7 ND", (F*)§*>. As f D" is a non 2-central involution in NC?(E)* /D",
we have that A"/D" is a subgroup of order 2° of C Nee(D) /D" (f"D"). By the structure
of the centralizer of a non 2-central involuton in PSp4(3) ([AT],page 26) we get that

A" /D" contains an elementary abelian group of order 16 and Z(A"/D") = <7kﬁ*>.
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Thus by 2.4.7(v) we get the following contradiction.

* —%

() € Cp (1) < [Cp (7). 7] = [0 (7). Cs (71D
= (B nD){)7").Cs:(7)7)| = [K'n D" O (7)) <KD"

This contradiction shows that K is strongly closed in Ne=(K)* with respect to

%" and hence the lemma is proved. [
Lemma 3.3.13 C; = Ne—(K).

Proof: By 3.3.12, K" is strongly closed in NC—?(K)* with respect to Cs . So by
Goldschmidt’s theorem [Go| we have H = <(F)@*> contains no section isomor-
phic to Qg (2). Therefore Ne—(K)* N H =K. As Ne=(K)* = Ng (K7), we have
K" € Syly(H). Hence K < Z(Ng+(K")) and Burnside’s p-complement theorem
gives us that H = O(H )K" Now by the Frattini argument C5 = O(@*)NC—E(F)*.
Since by 3.3.10, N@(f)* contains a Sylow 3-subgroup of C3 , we conclude that

O(C%") is a W'~ invariant 3-subgroup of Cz . By 3.3.7(i), O(C5") = 1 and hence
T = No(R). O

Theorem 3.3.14 C, = 3Suz.

Proof: By 3.2.14 Cg (u) = 3U4(3) and by ([AT],page 52), Uy(3) has only one
class of involutions and so Z is not weakly closed in Oy(Ce(w)) with respect to
Cz-(w). Therefore Z is not weakly closed in K with respect to Cs. Now C, = Suz
follows from 3.3.13 and 2.3.4 and the theorem holds. [

3.4 2-central involution

In this section we try to find an ivolution z in the group G such that Cg(z) is
an extension of an extraspecial 2-group of order 2° by Qf(2). We recall our last
notations:

o R=0;(H), E=03(H,), Z(R) = (t);

ot =abc, C, = Cg(a) = 3Suz, U = (a,b) and Cy = C(U) where (a),(b) and

(c) are in L.

48



e Z is a 2-central involution in C, = C,/ (a) such that Cx(z) = (¢,b,7) is of
order 27.

e We have J; of length 11 and J;, of length 110 are the orbits of Cp,/p(a) on
P(E).

e We have M = Cz(b) and M = M/ {b).

e Z € Cy(?) is an involution such that iR € Z(CM(B/E) By 32.13 Y =
O,(C4;(2)) is an extraspecial group of order 32.

Further notations: Let s = ba and z be the preimage of Z of order 2, then
Cs = Cg(s) and C = Cq,(2).

o W = Cp(2) is the preimage of W, and Y = Oy(C¢,,(2)) is a Sylow 2-subgroup
of the pre-preimage of Y.

At first, we determine the structure of Cs. We shall show that C/U = Uy(3) : 2.

The following lemma follows from 3.2.14.

Lemma 3.4.1 i) O3(Cy) = U and Cy/U = Uy(3).
i) Y is an extraspecial group of order 32. FurtherY = O9(Cq(U, ¢, 2))O02(Cq(U, u, 2)).

Proof: i) follows from 3.2.14. We have ¥ = <OQ(O@(%)),OQ(O@(B)> =
O2(C3(2)). Hence Y = 05(Cq(U, ¢, 2))02(Ca(U,u,2)). By 3.2.6 we get that

Y is an extraspecial group of order 32 and the lemma is proved.l]

Lemma 3.4.2 4) |[W| = 3%

ii) W e Syls(C).

iii) No(W)/W = Dq.2.

iv) (c) is not normalized by Nc(W).

v) Under the action of Nenc, (W)/W on P(W), the orbit containing (c) is of
length 2.

Proof: As z is the preimage of z, by 3.3.1(ii), we get that W is of order 3* and
by 3.2.3(ii) we get that W € Syl3(C N Cy). We have that (a,b,¢) < W and as
t = abe, we get that Ce, (c) = Ce, (t). By 3.1.2 we have that Ce,, (t)/O3(Ce, (1)) =
SLy(3) where O3(Cc,(t)) is a special group of order 37 with center (a,b,c) =
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W N O3(Ce,(t)). Further z acts fixed point freely on O3(Cey, (t))/Z(O03(Cey, (1))
. Therefore Neg, o(e)(W)/W is of order 2. On the other hand by 3.2.3(i) we have
that Noyno(W)/W = Dg. Hence (c) is not normalized by Nenc, (W). So there is
an element u # ¢ in W conjugate to ¢ in Ng(W). By 2.4.2(i) for each five distinct
elements (z;), ¢ = 1,...,5, from the orbit L we have that x,..., x5 are linear inde-
pendent. As |[W| =81 = 3%, we have LN P(W) = {{a), (u), (b}, (c)}, and further as
s = ab, we get that W € Syl3(C) and {(c), (u)} is the orbit of No(W)/W on P(W)
which contains (c¢). Hence N¢, (W) is of index at most 2 in No(W). By 3.2.6(v)
there is an involution aw € Hy N C' such that a ¢ Cy. Since Hy N C' is a subgroup of
Ne(W) and o € Hy N C, we get that N, (W) is of index 2 in N¢(W). By 3.2.3(i)
Ne, (W)/W = Dg, so No(W)/W = Dsg.2 and the lemma is proved. [

We have that (a,b,c) < W and by 3.4.2(iv) (c¢) is not normalized by Nenc, (W).
So there is an element u # ¢ in W conjugate to ¢ in None, (W). By 2.4.2(i) for each
five distinct elements (z;), i = 1,...,5, from the orbit L we have that zi, ..., z5 are

linear independent, hence

LOPW) = {(a), (u), (), {c)}.

Let Ly = LN P(W), Ly = {(a 'beu), (ab~ cu), (ac™'bu) , (aucb)}, Ly =
{{abcu) , (a™'b7tcu), (a e bu) , (a7 uteb)}, Ly = {{x129w3) where (z1), () and
(x3) are three distinct elements of Ly} and Ls = {(x;x9) where (z1) and (z5) are
two distinct elements of Ly}. Then |L;| = |Lo| = |Ls| =4, |L4| = 16, |Ls| = 12 and
P(W) =J;_, Li. Now let F be a subgroup of W of order 27. Then we can see that
|P(F)N Ly| # 0 and if (z12923) € Ly is in P(F), then (z7'2s) or (z12) is in P(F).

In fact we have proved the following lemma.

Lemma 3.4.3 i) Let FF < W be of index 3. Then F contains elements from the

orbits I and J as well. ' contains elements x = x1xox3 and y where y = 51315172_1 or
Y = 172 and <xz> € {<C> ) <b> ) <u> ) <a>}7 fOT’ L= ]-7 27 3.
i) LN PW) = {{a),(u),(b),{c)}.

Lemma 3.4.4 i) Y is the unique mazximal W -invariant 3'-subgroup in C.
i1) No(W) < Ne(Y).

20



Proof: Let FF < W be a subgroup of order 27, then by 3.4.3(i) and 3.1.3 we
get that, Co(F) is a subgroup of a group X such that O3(X) is a special 3-group of
order 37, Z(03(X)) is of order 27, |P(Z(03(X)))NL| =3, Z(03(X)) = WNOs(X),
X/O3(X) = SLy(3) x 2 and 205(X) € Z(X/O3(X)). Let g € Cc(a) then as
s = ab, we have g € C¢(b). Hence g € (C' N Cy) and therefore Co(a) = Ce(b).
Since Ceo(a) = Ceo(b), |P(Z(03(X))) N L| = 3 and |P(W)) N L| = 4, we have
U < Z(03(X)). Since |P(Z(05(X))) N L| = 3 and U < Z(03(X)), we deduce
that Z(05(X)) = (a,b,c) or Z(03(X)) = (a,b,u). Since Ox(Cc(F)) is W-invariant
and Z(03(X)) < W, we get that only in the case of F' = Z(0O3(X)), we have
O2(Cc(F)) # (z). Therefore if Oo(Co(F)) # (z), then F = (U,c) or F = (U, u).
Now 3.4.1(ii) gives us that Oy(C¢(F)) < Y. This and coprime action give us that
the order of a maximal W-invariant 3’-subgroup in C' is 32 and is contained in Y.

So we have proved i) and ii) follows from i). [J

We note that Y = Oy(Cq(U, ¢, 2))O2(Cq(U, u, 2)) and ¢ and u are conjugate in
Neney, (W), By 3.4.1 we have Cy /U = Uy(3). Let Y7 <Y be normal in Ng, (Y),
then either V) =Y or Y] = (2).

Lemma 3.4.5 i) N¢ (Y)/(Cc,(Y),Y) = (S5 x S3).
ii) Co(Y)Y/ (Y,5) = Sy.

Proof: Since Z(Y) = (z), we have N¢,(Y) = No(Y). Let X = Co(Y)/ (2, s).
Since U < C¢(Y), we have 3||)/f| We have that W < C¢,(2) and Ce, (YY) N
W = Uf(see 3.2.1(i) and 3.2.4(ii),(i)). So by 3.4.2(ii) we have U € Syl3(Cc(Y)).
Hence |X|3 = 3 and (@) = U(2)/(z,s) € Syls(X). Let & € Cg(a) be a 3-
element then x € C' N Cy( z is a preimage of 7). Since Co,ne(Y) = (U, 2), we
have Cg(@) = (@). Now by [FT] we get that X/Os(X) = As, Ls(2), Z3 or Ss.
Since Oy (X) is W-invariant, by 3.4.4(i) we get that Oy(X) = 1. Let X = Aj
or L3(2). Since X is W-invariant, W normalizes X where X is the preimage of
X. Therefore W normalizes X' SLy(5), SLo(7) , A5 or Ls3(2). By (JAT], pages
2 and 3) we get that |Out(As)| = |Out(L3(2))] = 2. Therefore a subgroup of
order 27 in W say F' centralizes X’. By 3.4.3(i) and 3.1.1 we get that, Co(F)
is a subgroup of a group X; such that O3(X;) is a special group of order 3" and
X1/03(X7) = SLy(3) x2. So there is no section isomorphic to As or L3(2) in Co(F).
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Hence this case does not happen and X = Zs or Ss. Since by 3.2.6(v) there is an
involution o € C'N Hy, 2z # « which centralizes Y, we have X Ss. Since Y is an
extraspecial 2-group of order 2° (see 3.2.6(ii)), by (|GLS2],theorem 10.6) we get that
Ne(Y)/Ce(Y)Y is isomorphic to a subgroup of Of (2) = S3x S3. By 3.2.3(i) we have
that Ne,ne(W)/ (U, z) = S5 x S3. Since a € Cenp,(Y) and C' N Hy < No(W) by
3.4.2(iii), we get that No(W)Y/Co (Y)Y = S3xS3. As Ne(W)Y/Co (Y)Y = S3x 53
and O (2) = (S5 x S3).2, we have that No(Y)/Cc(Y)Y = (S5 x S3) and hence the
lemma holds. [

Lemma 3.4.6 i) There is an involution o in Ng(U) N Cs N Hy such that o is not
conjugate to an involution of Cy in Cs.

it) Cala, s)/ (o, s) = Uy(2) and Cg(a, s,z) < Ne, (V).

ii) Let T € Sylo(Ne,(Y)), then T € Syla(Cs).

Proof: By 3.1.4(i), Ng(U)/Cy = Ds. By 3.2.6(v), there is an involution « # z
in X = Ng(U) N Cys N Hy conjugate to z in Hy which centralizes Y and a® = b.
Since by 3.4.1 Cy /U = Uy(3) and « centralizes Y, by ([AT],page 52) we get that
Ceoyyu(e) =2 2 x Us(2). By ([AT],page 26) we get that [Us(2)]; = 3* and hence
|Cc.(a)]s > 3°. By 3.4.2(i),(ii) we have that for an involution f € Cy, |Cc,(f)|z =
3%. Hence « is not conjugate to an involution of Cyy in C and i) holds.

We have Cg(o,U)/ (s,a) = Uys(2) and by 3.2.6(v) (s,u,c) < C¢,(a). Since
t = sc, we get that t € Cg,(a). Since a is conjugate to z in Hs, by 3.4.2(i),
Cg(a) is of order 81. Set V = Cg(a), as E < Cy, we have V. < Cg(a,U).
We use the notation ™ for the natural homomorphism onto Cg(a,s)/ (s,a). We
have that V is an elementary abelian group of order 27, C’G/(OT U) = Uy(2) and
V< CG/@;U). So by ([AT], page 26) we get that NC@)(YA/)/V ~ G, and V is
a f?iithful Ncm)(V)/V—module. By 2.4.5, under the action of Ncm)(V)/V on
P(V') we have three orbits I;, i = 1, 2,3, such that |[;| = 3, |I5] = 4 and |I3] = 6. By
3.1.3 we get that Cg(t, s)/O5(Ca(t, s)) = SLa(3) x 2, O3(Cx(t, s) is a special group
of order 3", Z(03(Cq(t,5))) = (U, c), Cq(Z(03(Cq(t,s))))/0s(Cal(t,s)) = SLy(3)
and Co(Z(03(Cq(t,$))))/03(Ca(t, s)) is faithful on O3(Cq(t,s))/Z(03(Ca(t, s))).
Since |Cj(ﬁ)| = 3, MS V, |V] = 81, we get that igZ\Cg(Z(Og,(C’C;(t,S))))

and Cg(t,s,a)/O3(Ca(t, s,a)) = SLy(3). Further O3(Cq(t, s,«)) is an extraspe-
cial group of order 27. This gives us that |Cg(a,s)|s = 81 and Cg(a, U, t,s) =
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Co(ayt,s).

Set D = C’GEt\,a) and F = NCG/(Q\’S)(XA/). Let © € Neg(s,)(V). Then as
s = ab and by 2.4.2(i) for each four distinct elements (x;), ¢ = 1,...,4, from the
orbit L we have that zi,...,z4 are linear independent, we deduce that 2?2 € Cy.
Hence Negw,a)(V) is of index at most 2 in Neg(sa)(V) and as a ¢ Cy, we get
that F = NCG/((H])(XA/). Therefore F/V = S,. We note that by 3.3.14 we get
that Cg(c) = 3Suz and there is no section isomorphic to Cg(c) in Hy, so ¢ is not
conjugate to t in G. Let y € C, and suppose that t¥ = ¢, then as s = ab and
t = abe, we get that ¢/ = abc™!. But this and 2.4.2(iii) give us that c is conjugate
to ¢, which is a contradiction. So t is not inverted in Cs. In fact Cq(t, s) = Cqa(s, c).
From the structure of D we get that [N ﬁ(f})| =312, so <B is in the orbit of lenght 4
under that action of F/V on P(V) and hence <® € Ir. Let V; <V be of index 3. If
te \//\1, then from the structure of D we get that there is no V-invariant 3’ -subgroup
in Cc{(a\,s)(‘?l)‘ We recall that SB € I,.

Now assume that I, N P(V}) = @. We note that s = ab, t = sc and t is
in the orbit of length 4. So there are at least 4 elements conjugate to ¢ in V.
Since by 2.4.2(i) for each four distinct elements (x;), i = 1,...,4, from the orbit
L we have that zi,...,z4 are linear independent and V is of order 81, we have
IP(V) N L| = 4 and as P(V}) does not contain an element conjugate to 7, we
have |P(V1) N L| = 0. Let (g) and (r) be two elements of P(V) N L such that
P(V) ={{(g),(r),(c),(uy}. We remark that |P(U)N LN P(V)| =0. By 2.4.2(i)
for each five distinct elements (x;), i = 1,...,5, from the orbit L we have that
T1, ..., %5 are linear independent, so s = ab = clutlgTlrTl. As V is of order 81,
the same argument shows that V' = (c,u,g,7). Now as |[P(V1)NL| = 0, s =
ab = ctlutlgFlrt! and V; is of order 27, we can see that V; contains two elements
v = x]'wy and y = x179w3 where (x;) € (P(V)N L), for i = 1,2,3. Hence by
3.1.3 we get that C(V)) is a subgroup of X where X/O3(X) = SLy(3) x 2, O3(X)
is a special group of order 3", Z(O3(X)) = (1,72, 23), Ca(Z(03(X)))/03(X) =
C/O3(X) = SLy(3) and Ce(Z(03(X)))/05(X) is faithful on O3(X)/Z(03(X)).
Since « is trivial on Z(03(X)), we have a € Co(Z(03(X))). Hence there is X; < X
with Ce, (V1, @) < Xj and X1/Z(03(X)) = SLy(3) x 2. Since V < X3, V is of order
81 and Z(O5(X)) < V, there is no V-invariant 3'-subgroup in CCG/(O:S)(‘Z). So in any

case there is no V-invariant 3/-subgroup in CCG/(CTS)(YZ). By coprime action we get
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that there is no V-invariant 3'-subgroup in CG/(OXS). We have ]Cg/(o?sﬂ 3 = 81 and
Cm) = Uy(2). Since CJOTU) < C’@), |Us(2)]3 = 81 (see ([AT, page 26))
and there is no subgroup of index 3 in CJOT U), we get that there is no subgroup
of index 3 in C’G/(oﬁs). Now we can see that C’G/(oxs) satisfies the conditions of
2.3.6 (in 2.3.6 set: ¢ = d, H = CG/(CY\,S), V=FadD=X , we note that
as D = C’G(%, s) and C’J;U) >~ [7,(2), we get that D is isomorphic to the
centralizer of a non-trivial 3-central element in U4(2)). Now by 2.3.6 we get that
CG/<(;9) = Uy(2). This gives us that C’G/(OTU) = CG/(OTS). By 3.2.13 we have that
Ce(U,z) = Ne¢, (Y). As a centralizes Y and C’CY(;?U) = C’G/(Zs), we conclude that
Ce(s,z,a) < Ne, (YY) and ii) holds.

Let T' € Sylo(Ne(Y)), Th € Syla(Ney, (Y)) with Ty < T and o € T. Then by
lemmas 3.2.9(v) and 3.2.8 we have Y is a characteristic subgroup in 7 and |T}| = 27.
By 3.4.5(i), (ii) we get that T"is of order 2% and so T' = T} («). We remark that from
the structure of T in 3.2.9 and as |Cr ()| = 27 (by ii)), T = T} {(«) is of order 2% and
Cr(Y) = (a, z) is normal in T, we get that Zy(T') = Zy x Z; and (a, z) < Zo(T).
Therefore («, z) = Q1(Z2(T)) is a characteristic subgroup of T" and o¥ = «az for
some element y € T. Now let x € No(T') be a 2-element, then x normalizes («, z).
If x centralizes «, then by ii) we get that © € N (Y) and so z € T. If z does not
centralize o we get that a® = az and then xy centralizes . Now ii) gives us that
xy € T and as y € T, we get that z € T. Hence T € Syly(C) and the lemma holds.

O
Lemma 3.4.7 There is a subgroup H of index 2 in Cs containing Cy .

Proof: Let F' € Syly(Cy) and T € Syly(Cs) containing F. We recall that
U = (a,b), s = ab and so Cy < Cy. By 3.4.5(i),(ii) and 3.4.6(iii) we have |T'| = 28
and by 3.2.9(v) and 3.2.8 we get that |F| = 27. So F is a maximal subgroup of
T. By 3.4.6(i) there is an involution « in 7" such that « is not conjugate to any
involution of F' in Cs. Therefore Thompson’s transfer lemma ([BH], XII1.8.2) gives
us that C has a subgroup H of index 2. Now we have H N (Y is a normal subgroup
of Cy of index at most 2, as Cy/U = Uy(3)(3.4.1), we have Cy < H and the lemma
is proved. [

Further notations: By 3.4.7 there is a subgroup H of index 2 in (s containing

Cy, we fix the notation H for such a subgroup of index 2 in C. Set
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Hz = CH(Z> and D = NCU(Y)

Lemma 3.4.8 i) D = Ny(Y) = Ce,(2).
ii) Ng(W) < D.
i) Nig(W) = Ney, (W),
iv) D contains a Sylow 2-subgroup of H,.
v) [RNE| = 3.

Proof: By 3.2.13 we conclude that D = Cg(U, z) and by 3.2.8 D/(U,Y) =
Sy x S3. Since Cy is a subgroup of H, we have D < Ny (Y') and by 3.4.5(i).ii)) we
get that D is of index 2 in N¢(Y). As H is of index 2, by 3.4.5(i),(ii),(iil) we get
that D = Ny (Y) and i) holds. Since (Y,W) < Cy < H, by 3.4.4(i) we get that YV
is the unique maximal W-invariant 3’-subgroup in H. Therefore Ngy(W) < Ng(Y)
and by i) Ng(W) < D so ii) holds. Since D < Cy < H, by 3.2.6(iv) N¢, (W) < D
and by ii) Ng(W) < D, we get that Ng(W) = N¢,(W). Since D is of index 2
in Ne(Y) and H is of index 2 in C, by 3.4.5(iii) we get that D contains a Sylow
2-subgroup of H,. As RE < O3(H; N Hy) and the order of a maximal elementary
abelian subgroup of R is 3%, we have |[R N E| = 3% and the lemma is proved. U]

Remark: 1) Let N = Uy(2), then by ([AT],page 26) we get that N has two
classes of involutions. Let x € N be a 2-central involution, then Cy(x)/O2(Cy(z))
is an extension of an elementary abelian group of order 9 by a group of order 2
and Oy(Cy(z)) is an extraspecial group of order 32 (this gives us that the cen-
ter of a Sylow 2-subgroup of N is of order 2). Let V be a Sylow 3-subgroup of
Cn(z) then Co,cn@)(V) = (). Let y be a non 2-central involution in N, then
Cn(y)/O2(Cn(y)) = S5 and O5(Cn(y)) is an elementary abelian group of order 16.

2) Let y = x129x324 Or y = x12203 Where (x;) # (x;) for i # j and (x;) and (z;)
are in P(W)NL for j,i = 1,...,4. Then as by 2.4.3(i) for each four distinct elements
(), 1 =1,...,4, from the orbit J; we have that 77, ..., 74 are linear independent, we
get that y is conjugate to ¢t in C,. Let y = t9, F = R9 and N = H{ where g € C,,. By
3.1.2 we get that Cg(a,y)/O03(Ca(a,y)) = SLy(3) x 2 with O3(Cg(a,y)) is special
group of order 37. This gives us that |Cg(a,y)|3 = 37! = 38. Since a ¢ Z(F), we
have |Cr(a)| < 3% and by ([AT],page 26) |U4(2)|3 = 81 = 3. Since by the general
assumption N/F = 2U4(2) : 2 and |Cg(a,y)|s = 3%, we get that if a ¢ F, then aF

is a 3-central element in N/F.
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3) Let T be a Sylow 3-subgroup of Cy containing E. Then by 2.4.2(iv), E is a
characteristic subgroup of T and therefore T' € Syl;(Cs N Hs). Let © € Cp,(s), then
s = a®b* = s = ab, since (a) and (b) are in the orbit L and by 2.4.2(i) for each five
distinct elements (z;), i = 1, ..., 5, from the orbit L we have that xy, ..., z5 are linear

independent, we get that 22 € Cp. Therefore T < Cy.

We are going to show that Cy = H and then 3.4.1 will give us the structure of
H. In the following lemma we show that D/ (s) is strongly 3-embedded in H.,/ (s),
this will help us to prove that D = H,. Finally we will show that Cy is strongly
2-embedded in H and then by Bender’s theorem [Be|] we get that Cpy = H.

Lemma 3.4.9 D/ (s) is strongly 3-embedded in H./ (s).

Proof: Let (s) # (x) < D be of order three. Since by 3.4.2(ii), W € Syl3(C)
and W < D, we may assume that x € W. If x € U, then Cg(s,z) = Cy and so
Ce(s,x,z) < D. So we assume that = ¢ U, then by 3.2.3(iii), x is conjugate to an
element 3 € {yrly € U,r € {c,cu,c 'u}}. Since s = ab, we see that (s,z) contains
an element z1x9w3x4 or T T2x3 Where (x;) # (z;) for i # j and (z;) and (x;) are
in PW)NL, ji =1,..,4. Since by 2.4.2(i) for each five distinct elements (z;),
1 =1,...,5, from the orbit L we have that z,...,z5 are linear independent, we get
that (s, ) contains an element conjugate to t in Hy. Let y € (s, x) be conjugate to
t,y =19, F = R and N = H{ with g € Hy. Assume first that s ¢ F. Assume
further thst a ¢ F and b ¢ F. By the general assumption Cy(s, z,2)/Cp(s, 2, )
is isomorphic to a subgroup of 2U4(2). By 3.1.2 we get that aF and bF are two
3-central elements in N/F (|Cn/p(aF)|3 = |Cn/p(bF)|3 = |Us(2)]3 = 3%). As FE <
O3(N N H,) and the order of a maximal elementary abelian subgroup of F is 32,
we have |[FFN E| = 3% and hence EF/F is an elementary abelian group of order
27 containing aF' and bF. Since s = ab, by 2.4.7(vii) we get that sF' is a non 3-
central element in N/F and Cy(s,z)/O3(Cn(s,x)) is a 2-group. Since by 3.4.2(ii)
W e Syls3(C), we get that Cn (s, z,2) < No(W) (we remark that W < O3(Cn (s, 7))
and as by 3.4.2(ii) W € Syl3(C), we conclude that W = Co,(cp(s2))(2)). This gives
us that Cy_(x) < Ny (W). Since by 3.4.8(ii) Ng(W) < D, we get that Cp_(z) < D.
Now suppose that s ¢ F" and one of the elements @ or b are in F', as F' = O3(N) and
W e Syls(C), by 3.4.2(ii) we get that Cp(z,z) < W. Since s = ab, Cp(z,z) < W
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and by 2.4.2(i) for each five distinct elements (x;), i = 1,...,5, from the orbit L we
have that xy, ..., x5 are linear independent, we get that Cn(s,z, z) < Cg, (z,2) < D.

Suppose that s € F. As by the general assumption Cy(F) = (y), we get that
involutions rF' € Z(N/F') act fixed point freely on F'//Z(F). Therefore as (y,s) < C,
we have zF' ¢ Z(N/F). As Cy(y)/F = 2U4(2) and zF ¢ Z(N/F), by 2.4.7(viii) we
get that Cn (s, z, 2)/Cr(s,z, z) is an extension of a 2-group by an elementary abelian
group of order 9. Since W is of order 3%, W € Syl3(C) (3.4.2(i),(ii)) and 9 divides
the order of C/p(2), we get that Cp(2) = (z,s). Therefore Oy(Cn(s,z,2)) is W-
invariant and hence by 3.4.4(i), we have Os(Cn(s,x,2)) < Y. In fact Cy(s,z,2) <
(Y, No(W)), then by 3.4.4(ii) we have Cc(x) < Ne(Y) and then Cy, (x) < Ny (Y).
Now by 3.4.9(i) we conclude that Cy_(x) < D. Hence we have proved that for each
subgroup (s) # (z) < W of order three we have Cy, (z) < D.

Assume that h € H, and 3 divides |D/ (s)ND"/ (s) |. Let X; € Sylz(DND"). As
W € Syl3(C) and W is an elementary abelian group, we may asume that X; < .
Let X, be a normal subgroup of a 3-subgroup X, of D", then Z(X;) N Z(X,) # 1.
As for each € W we have Cp_ (s,z) < D, we get that Xo < D. Therefore
X, € Syl3(D) and we may assume that W = X (by 3.4.2(ii)) W € Syl3(C) and as
W < D < H,, we get that W € Syl3(H,) ). Hence we may assume that h € Ny_(WW)
and by 3.4.8(ii) we get that h € D. Therefore D is strongly 3-embedded in H, and

the lemma is proved. [

We recall that H is a subgroup of index 2 in Cy and Cy < H, so by 3.4.8(i)
D <H,.

Theorem 3.4.10 C,/U = Uy(3) : 2.

Proof: We begin by showing that D = H,. Denote by * be the natural homomor-
phism H, — H,/ (s,z). Then by 3.4.9 D* is strongly 3-embedded in H}. Let r* € Y*
be an involution and g* € H} such that (r*)9" € D*. Let T* be a Sylow 2-subgroup
of D*. Then as U < D, we get that 3 divides the order of Cp«(7™). Therefore 3
divides |Cp«(r*)| and 3 divides |Cp«((r*)9")| as well. Let P* € Syl3(Cp+(r*)) and
Py € Syls(Cp«((r*)7")). Then as by 3.4.9 D* is strongly 3-embedded in HY, we
have P* € Syl3(Cy:(r*)) and Py € Syls(Cy:((r*)?")). Since g* € HZ, we have

(P*)9" € Syls(Cprya (%)) and as by 3.4.9 (D*)?" is strongly 3-embedded in H,
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we have (P*)9" € Syl3(Cu:((r*)9")). Hence (P*)9"91 = P} for some g; € Ch+((1*)9").
Now we have Py < D* N (D*)9"91 and as by 3.4.9 D* is strongly 3-embedded in H,
we get that g*gf € D*. Therefore ()99 € Y*. As gf € Cpy:((r*)?"), we have
(r*)9" = (r*)9"91 € Y*. Hence Y* is strongly closed in D* with respect to H?.

Let X* = ((Y*)"2) and Z* = O(X*). Assume that 3 divides the order of Z*.
As Oz (Z7) is of odd order and Oz (Z*) is W*-invariant, we get that O3 (Z*) = 1 by
3.4.4(i). Hence F(Z*) = Z* N D* = U*. Since F(Z*) is normal in H}, F(Z*) = U*
and D* is strongly 3-embedded in H}, by 3.4.9, we get that H; < D* and hence
H* = D*.

Now assume that 3 does not divide the order of Z*. Then as Z* is of odd order
and Z* is W*-invariant, we get that Z* = 1 by 3.4.4(i). Let By = {Ly(2"), n > 3,
Sz(2"), n > 1, U3(2"), n > 2} and By = {Ls(q), ¢ = 3,5 (mod 8), J;, group of
Ree type }. Let Oo(X™*) = 1. Then since Y™* is strongly 2-closed in D* with respect
to HY, |Y*| = 16 and Z* = 1, we get with Goldschmidt’s theorem [Go] that either
X* € B;UB, or X™ is the central product of groups Py and Py where P* € B; U By,
1 = 1,2. We note that, if Q* is a quasisimple normal subgroup of X*, then, as
O(X*) =1 = Z*, we get that Z(Q*) = 1. First we assume that X* is the central
product of groups P and P € By U By, i = 1,2. Then since |Y*| = 16, we have
Y NP =4,7=1,2, and by 2.3.9 and 2.3.10 we get that 3 divides the order of
Pr i =1,2. Since W* € Syl;(H?) by 3.4.2(ii), W* < D*, by 3.4.9 D* is strongly 3-
embedded in A} and there is no section isomorphic to a non abelian simple group in
D* (see 3.2.13), we get that there is no section isomorphic to a non abelian simple
group in the centralizers of the elements of order three in H}. But this gives us
that 3 does not divide the order of P, i = 1,2 which is a contradiction. Therefore
X* € B;UB,. By 3.4.38(i),iv)) and 3.2.13 we get that D* = Ny:(Y™*) contains a
Sylow 2-subgroup of H}. So by 2.3.9 and 2.3.10, we get that X* = Ly(16) and
Y* € Sylo(X*). This gives us that 15 divide the order of Ny, (Y™) (see 2.3.9(ii)).
By 3.4.8(1) D* = Np:(Y™*) and by 3.2.13, 5 does not divide the order of D*. Hence
this case does not happen. Now we assume that Oy(X*) # 1. Then as O9(X™) is
W*-invariant, we get by 3.4.4(i) that Oy(X™*) < Y*. Since Oo(X™) is normal in H7,
we get that Oy(X*) = Y* and so H} < Ng:(Y™*). We note that D*/Y* = S5 x Sy
acts irreducibly on Y*. By 3.4.8(1) D* = Ny:(Y™), so H; < D* and hence H} = D*.

In fact as Cpy /U = Uy(3) by 3.4.1 and by ([AT],page 52) Uy (3) has just one class
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of involutions, we have proved that for each involution f € Cy, Cy(f) is a subgroup
of Cy. We will show that Cp is strongly 2-embedded in H. Let h € H such that
|Cu/ (s)NCE/ (s)| is even and let X; € Sylo(Cy N CE). Let X, be a 2-subgroup of
Ch such that X; < Xy. Then Z(X;) N Z(X,) # 1. As for each involution x € Cy,
Cy(z) < Cpy we get that Xy < Cpy. Therefore X; € Sylo(Cy) and we may assume
that h normalizes a Sylow 2-subgroup 7T of Cy. By conjugations in Cy if necessary
we may assume that Y < 7. Then by 3.2.9(v) we have that h € Ny (Y'). Therefore
h € D < Cy and we get that Cy is strongly 2-embedded in H.

Assume Cy < H. By 3.4.1 Cy/U = Uy(3) so H # O(H)H,. Since Cy is
strongly 2-embedded in H and H # O(H)H,, by Bender’s theorem [Be|] we get
that H/O(H) has a normal subgroup L/O(H) of odd index such that L/O(L) is
isomorphic to Sz(q), Ls(q) or Us(q), ¢ > 2, a power of 2. We have Cy; < C, and
by 3.3.14 C,/ (a) = Suz. As there is no subgroup isomorphic to 3 x Uy(3) in Suz
(see([AT],page 131)), we get that Cy is a non split extension of U by Uy(3) (see
3.4.1). Since L is of odd index in H, we have Cyy < L. By ([Gor], theorem 16.4) we
get that the centralizer of each involution in L/O(H) is 2-closed, but D = C¢,,(2) is
not 2-closed (see 3.2.13). Therefore Cy = H and then by 3.4.1 we have H/U = U,(3)

which proves the theorem. []
For the remainder of this chapter we denote by A the centralizer of z in G.

Lemma 3.4.11 i) C4(a)/ (a) is an extension of an extraspecial 2-group of order 27
by Q4 (2).

ii) O3(C) = U and C/U is an extension of an extraspecial 2-group of order 2°
by (S5 x S3).2.

iii) Let X be a W-invariant 3'-subgroup of C, then X < Y. In particular
05(C) =Y and C = N (V).

Proof: Since z is the preimage of z, i) follows from 3.3.13 and ii) follows from
3.2.13 and 3.4.10. We have Y is extraspecial with center (z), so N¢, (V) < C. Now
by ii) and 3.4.5 we get that C' = N¢ (Y). Then iii) follows from 3.4.4(i) and the
lemma holds. U

We note that each involution in Mj; is a 2-central involution in My and the

preimage of a 2-central involution in M, is an involution in 2Mj, ([GLS3] table
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5.3b). In fact, each involution in 2M;5 is 2-central.

Let N = My and r € N be a 2-central involution, then by ([AT],page 32)
we get that Cn(r)/O2(Cn(r)) = Ss, Oo(Cn(r)) is extraspecial of order 32 and
Cn(r)/O2(Cn(r)) acts faithfully on Os(Cn(r))/Z(O2(Cn(r))). By the general as-
sumption we have Hy/E = 2Mj, and E/U is an elementary abelian group of order
81. By 3.4.1 Cyy /U = U4(3), so by ([AT],page 52) we get that N¢, (E)/E = Ag and
hence (Hy N Cy)/E = Ag. Since z € HyNCy and (Hy N Cy)/E = Ag, we get that
2E ¢ Z(H,/F) and by ([AT],page 32) Cp,(z)/ (W, z) is an extension of a 2-group of
order 2° by Ss. By 3.3.3(i) and 3.3.2 we get that |[Nanc, (W)/W| = 2%-3. By 2.4.2(i)
we get that (C,NHy)/E = My and Ny, ((a))/E = My x2. Since Cp,(2) < Na(W),
z € C,N Hy, Ng,({a))/E = M;; x 2 and the centralizer of an involution in M,
is isomorphic to GLy(3) ([AT],page 18), we get that Nanm, (W, (a))/W is of order
25.3. As Nanc, (W) is of index at most 2 in N4(W, (a)), |Nanc, (W)/W| = 2*.3 and
Nanw, (W, (a)) /W is of order 2°-3, we get that Na(W, (a))/W is of order 2°-3. Since
|ILNP(W)| =4 (see 3.4.3(i1)), Cr,(2) < Na(W) and |Cp,(2)| = 4|Na(W, (a))]|, we
get that Cp,(2) = Na(W). Under the action of Na(W)/W on P(W) we see that
LN P(WW) is the orbit containing (a). We collect this in the following lemma.

Lemma 3.4.12 i) Ny(W) = Cg,(2) and |[Nas(W)/W|=27-3.
ii) Under the action of Na(W)/W on P(W) we have that LN P(W) is the orbit

containing (a).

Lemma 3.4.13 Let F' € Syl3(Ca(a)) such that W < F. Then
i)W = J(F).
ii) F € Syls(A).

Proof: By 3.3.2 and 3.3.3(i) Ne,ra(W)/ (W, 2) = X with X = S, and W/ (a)
a faithful, irreducible X-module. Let 7 € X be an element of order three. We have
that (Z,z7) = A, for some element § € X. By 3.4.2(i) we have that [W| = 81 = 3%,
Hence |Cw (Z)| < 9. Therefore W = J(F). Let F} be a 3-subgroup of A such that
F < Fy, then W< F;. Now by 3.4.12(i) we get that |Fy| < 3°. Hence F' = F; and the

lemma is proved. [

We remark that for an element = € W of order three, we have that Na(W, (x)) =
Npg,({x) ,W)N A as we have No(W) = Cp,(2) by 3.4.12(i). By the general assump-
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tion Cyy, (R) = (t). Hence for an involution rR € Z(H,;/R) we have that r acts fixed
point freely on R/Z(R).

Lemma 3.4.14 Under the action of Na(W)/ (W, z) on P(W) we have 5 orbits L,
Lo, L3, Ly and Ls such that Ly = LN P(W) and

i) |L1| = |La| = |L3| =4, |L4| = 16, |Ls| = 12.

ii) Ly = {{a™tbcu) , (ab~tcu) , {ac™ bu) , (au=1ch)}.

iii) Ly = {(abcu) , (a7 07 cu) , (a7 tc7bu) , (a= utch)}.

iv) Ly = {{(x), such that x = x1x9w3 and (x1), (xs) and (x3) are three distinct
elements of L1}.

v) Ly = {(x), such that x = x129 and (x1) and (xs) are two distinct elements of
Ly}

Proof: By 2.4.2(ii) we have Ng,({s))/E = My : 2 = A.22. We have E/U
is an elementary abelian group of order 81 and by 3.4.1 Cy/U = Uy(3). So
by ([AT],page 52) we get that N¢, (E)/E = Ag and hence (Hy N Cy)/E = As.
Since z € Hy N Cy and Npg,({s))/E = Ag.2% we get with ([AT],page 4) that
|(Ng,((s)) N A)/W| = 2°. As by 3.4.12(i) we have Ny(W) = Cy,(z), we get
that |[Na({s),W)/W| = 2°. Since by 3.4.12(i) |[No(W)/W| = 27 -3, we con-
clude that under the action of Nao(W)/W on P(W) the orbit containing (s) is
of length 12. Let Ly = L N P(W), then by 3.4.12(ii) L; is the orbit containing
(a) and |Ly| = 4. Set Ls = {(x), such that x = zy25 and (z1) and (xy) are
two distinct elements of L;}. Then |Ls| = 2(3) = 12. By 3.3.2 and 3.3.3(i) we
have Nanc, (W)/W = GLy(3) and W is a faithful, irreducible Naqc, (W)/ (W, 2)-
module. Now by 2.4.5 we get that Nanc, (W)/W acts 3-transitively on Ly \ {(a)}.
Let By = {(u), (c), (0)} = Li\{(a)}, B2 = {{cu™") , (cu) , (bu™") , (bu) , (bc™") , (bc) }
and By = {{(b~'cu), (c"'ub) , (u=teb)}. Then by 2.4.5 Nanc, (W) /W acts transitively
on By, i =1,2,3. Since Na(W)/W is transitive on By and L1, we get that all ele-
ments of Ly are conjugate in N4(W). Since (s) € Ls and the orbit containing (s)
is of length 12, we get that Ls is the orbit containing (s). By 3.1.2 we get that
W e Syls(Ca(t,a)). If z acts fixed point freely on R/Z(R), then zR € Z(H,/R).
As aR is a 3-central element in H;/R = 2U4(2) : 2 and |Uy(2)|3 = 3* ([AT],page
26), we get that |C4(t,a)|s = 3° which is a contradiction to W € Syl3(Ca(t,a))
and |W| = 3%(see 3.4.2(i)). Hence z does not act fixed point freely on R/Z(R) and
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so zR ¢ Z(H,/R). By 3.4.12(i) we have No(W,(t)) = Cu,nm,(z). By the general
assumption H; N Hy/E is an extenstion of an elementary abelian group of order 9
by GLs(3) x 2 and O3(H; N Hy/E) is the natutal module for Hy N Hy/O3(Hy N Hy).
Since Cy,nm,(7)/Os(Hy N He) = GLy(3), 2R ¢ Z(Hi/R) and z centralizes t, we get
that |Ng,na(W)/W| = 23-3. By 3.4.12(i) [Na(W)/W| = 27 - 3. This gives us that
the orbit containing (t) is of length 16. Set L, = {(x), such that x = x 2925 and
(x1), (x3) and (z3) are three distinct elements of L;}. Then |Ly| = 4(3) = 16. We
have N4(W)/W is transitive on L; and Bs, so all elements of L, are conjugate in
N4(W). Since (t) € Ly and the orbit containing (¢) is of length 16, we get that Ly is
the orbit containing (t). Now set Ly = {(a"tbcu) , (abtcu) , (ac™tbu) , (au~tch)} and
Ly = {{abcu) , {a 07 cu) , (a " c7ou) , (a u"teb)}. Then |Ls| = |Ly| = |Ly| = 4.
We note that by 3.3.4(iv) bcu and ¢ 'u='b~! are not conjugate in Nanc, (W) and
by 3.2.3(iii) cu and ¢ 'u are not conjugate in Nanc, (W). By 3.2.8 and 3.2.3(i)
Né;(?)/}7 = Ng (/V\V/)?/?, so by 3.2.9(i) there is an involution in Nane, (W) which
acts fixed point freely on W/U. Hence cu is conjugate to ¢ 'u™" in Nanec, (W). As
NAo(W)/W is transitive on Ly and Bs, all elements of Ly are conjugate in N4 (W)
and all elements of L3 are conjugate as well. Since |P(W)| = 40, we get that
|P(W)|—(|L1|4|La|+|Ls|) = 8 and so either Ly and Lj are two orbits or LyULg is an
orbit. Since by 2.4.2(i) for each five distinct elements (z;), i = 1,..., 5, from the orbit
L we have that xq, ..., x5 are linear independent, we get that the elements in Ly and
L3 are conjugate to (t) in Hy. Assume that Lo U L3 is an orbit of N4(W)/W. Then
for (z) € Ly U Ly we have |N4(W, (z))]o = 2%, as by 3.4.12(i), [No(W)/W| = 27 - 3.
We have x = 19 for some g € H,, and then by 3.4.12(i) Na({z) , W) = Cpsnp,(2).
By the general assumption we have (H{ N Hy)/O3(H{ NHy) = G Ly(3) x 2. Therefore
for each involution f € HY N Hy we have |Cponm,(f)]2 = 2° or 2°. Hence Ly U Lg
is not an orbit and hence Ly and L3 are two orbits of length 4 and the lemma is

proved. [

Further notation: For the remainder of this chapter we adopt the notations
Ly, Ly, L3, Ly and Ls from 3.4.14.

Remarks:1) By 2.4.2(i) for each five distinct elements (z;), ¢ = 1, ..., 5 from the
orbit L we have that xy, ..., x5 are linear independent, so (Ls U L3 U Ly) C J. By
2.4.2(ii) we get that Ly = INP(W). We recall that (t) € Ly, (s) € Ls and (a) € L.
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2) Let N = Uy(2) and X < N be an elementary abelian group of order 27. Then
by ([AT], page 26) Nn(X)/X =Sy, Ny(X) is a maximal subgroup of N and N has
just one class of subgroups isomorphic to X. By coprime action and the structure of
the centralizes of the elements of order three in N ([AT],page 26) we get that there

is no X-invariant 3’-subgroup in N.

Lemma 3.4.15 i) Let (x) € Ly U Ly. Then Cy(x)/(z,z) = Us(2). In particular
O3(Calx)) = (2).
ii) zR ¢ Z(H1/R).

Proof: Let () € Ly U Ly U Ly. Then as by 2.4.2(i) for each five distinct elements
(x;), © = 1,...,5 from the orbit L we have that xi,...,z5 are linear independent,
we get that x is conjugate to ¢t in Hy. Let x = t9, N = H{ and F = RY with
g € Hy. By 3.4.12(i) we have Nao(W, (x)) = Cnnm,(2). By the general assumption
NN H,/FE is an extenstion of an elementary abelian group of order 9 by G'L,(3) X 2.
If zF' ¢ Z(N/F), as z centralizes x, we get that |[Nyna(W)/W| = 23-3. This gives
us that the orbit containing () is of length 16 as by 3.4.12(i) [Na(W)/W| =27 - 3.
Now by 3.4.14(i) we get that (z) € L4. Therefore, if (z) € Ly U Ly we have
that zF' € Z(N/F) and zR ¢ Z(H,/R). Suppose that (z) € Ly U Ls. Then as
2F € Z(N/F) and Cn(F) = Z(F), we get that z acts fixed point freely on F'/Z(F)
and hence Cy(x)/ (z, z) = Uy(2). Now the lemma is proved. [

Lemma 3.4.16 Let (x) be in the orbit Ly. Then

i) O3(Ca(x)) is an extraspecial 3-group of order 27.

i1) Ca(x)/O3(Ca(x))) is an extension of Qs X Qg by an elementary abelian group
of order 9.

iii) O9(Ca(x)) = Qs.

iv) Let X be a W-invariant 3'-subgroup of Ca(x), then X < Oy(Ca(z)) and
either X = (z) or X = O9(Cx(x)).

Proof: We have (t) € L, and so we just prove the lemma for z = ¢. Since
|L4| = 16, we get that Nany, (W) has index 16 in Ny(W) and zR ¢ Z(Cq(t)/R)
by 3.4.15(ii). Therefore zR is a non 2-central involution in Cpy, (t)/R = 2U4(2) and
by 2.4.7(viiil) we get that C4(t)/Cr(z) is an extension of Qg x Qs by an elementary
abelian group of order 9. As Cy, (R) = Z(R), any involution 7R € Z(H/R) acts
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fixed point freely on R/Z(R). We have zR ¢ Z(H,/R) by 3.4.15(ii). If z acts
fixed point freely on R/Z(R), then rz centralizes R, which is a contradiction. By
coprime action we have R = Cg(z) [z, R]. As Cg(z) and [z, R] are C4(t)/Cr(2)-
invariant, O(C4(t)/Cr(z)) = Qs X Qs, |R/Z(R)| = 81 and by the general as-
sumption Cp, (R) = Z(R), we get that Cr(z) = [z, R] is an extraspecial group of
order 27. Since Cryz(r)(2) is of order 9, [O2(Ca(t)/Cr(2))|2 = 2° and Cg/z(r)(2)
is C4(t)/Cr(z)-invariant, we have O9(Ca(t)) > (z). We have Oy(C4(t)) central-
izes Cr(z) and so |O2(Ca(t))Cr(2)/Cr(z) N Z(O2(Ca(t)/Cr(2)))| = 2 (we remark
that rCgr(z) € Z(O2(Ca(t)/Cr(2)) and r acts fixed point freely on R/Z(R)). As
O2(C4(t)) is W-invariant, by 2.4.7(viii) either Oo(Ca(t)) = Qs or O2(Cyu(t)) =
Qs X Qg. If |O2(Ca(t))] = 29, then as [R/Z(R), 2] is of order 9 and [R/Z(R), 2] is
O3(C4(t))-invariant, we get that 2 divides the order of Co,c, 1)) ([ R, 2]), but then 2
divides the order of Cy, (R) which is a contradiction to the general assumption. So
O5(Ca(t)) =2 Qs. Now let X be a W-invariant 3’-subgroup of C4(t), then X/Cg(z) <
O2(Ca(t)/Cr(2)). As Cgr(z) is of order 27, [W| = 81 (by 3.4.2(i)) and |Cx(t)|3 = 3°,
we have [WNCg(2)| = 9. Since X is W-invariant, Cg(z) is an extraspecial group of
order 27 and |[W N Cr(z)| =9, we have X < Oo(Cy(t)). As O2(Cy(z)) = Qs and X
is W-invariant we get that either X = (z) or X = O9(C4(x)) = Qs and the lemma
is proved. [J

Lemma 3.4.17 Let K be a W -invariant 3'-subgroup of A. Then
i) K is a 2-group and |K| < 2°.
i) Ca(z) N K < 05(Cu(x)) for each element x € W of order three.
i) K = <f< N O0y(Cala))]z € Wﬂ>.

Proof: As K is W-invariant, by coprime action we have
K = (Cg(x),z € W*).

Suppose that © = a then by 3.4.11(i) we have Cs(z)/ (z) is an extension of an
extraspecial 2-group of order 27 by Uy(2). As IA(ﬂCg(x) is W-invariant, by 5.13 and
5.7 we get that K N Ca(z) < O2(Ca(x)) and by 5.5(ii) and coprime action we get
that K N Cy(z) = (z) or K N Ca(x) is an extraspecial 2-group and |K N Cy(z)| <
25, Assume that z = t, then (z) € L, and by 3.4.16(iv),(iii) we get that either
KN Ca(x) = (z) or KNCy(z) = 05(Calx)) = Qs.
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Suppose that = = s, then (z) € Ls and by 3.4.11(iii) we get that KNC4(z) < Y.
Since K N C 4(z) <Y is W-invariant, by 3.2.5(ii) and coprime action we get that
O05(Ca(z)) NK = Qs or KN Ca(z) = (z) or K NCy(x) = O5(Ca(x)). Assume that
(z) € Ly U Ly, then by 3.4.15 (i) K N Cg(z) = (2).
Hence either for each element x € W* we have C(z) = (z) and then K = (z) or
Cy(x) is an extraspecial 2-group. So by Wielandt’s order formula ([BH],XI.12.6) we
get that K is a 2-group and 2W! K [POI=1 < 10,(C 4 (a)) |11 0o (Ca ()] 131E31 | Oo (Cu (8)) 114 | 05 (C a (¢
|O9(C 4 (tu))|'™IEs]. Now by lemmas 3.4.14(i), 3.4.11(i),(ii), 3.4.16(iii), 3.4.2(i) and
3.4.15(i) and as |a| = |t| = [tu| = |tau| = |s| = 3, we conclude that |K| < 2° and

hence the lemma is proved. [J

We recall that U = (a,b) is a subgroup of W of order 9, u ¢ U and Y =
O2(C4(U)) = 02(Ca(U, ¢))Oo(Ca(U,u)). Set

K. = 0y(Ca(u))Y.

Lemma 3.4.18 i) O5(Ca(a)) = O2(Ca(u,a))Y and O(Ca(b)) = YO (Cs(u,b)).
i) K, = Oy(Ca(a))Os(C4(b)) and K, is an extraspecial 2-group of order 2°.
ii1) O3(Ca(c)) = O9(Calc,a))O2(Calc, b)) and Ox(Ca(u)) = Ox(Ca(u, a))Ox(Ca(u,b)).

Proof: As a, u, ¢ and b are conjugate in N4(W) by6.12(ii), we get that i) and iii)
follow from 3.3.6(ii). We recall that u and ¢ are conjugate in A N Cy and N4(W)
acts 2-transitively on L;. By 3.4.11(i) O2(Ca(a)) is an extraspecial 2-group of order
27, so by 3.4.12(ii) we get that Oy(Ca(z)) is an extraspecial 2-group of order 27 for
all (x) € LN P(W). By i) we have that Y < O9(Ca(b)) N O2(Cx(a)). By i) and
iii) and as O2(C4(u)) is an extraspecial 2-group, we get that K, is an extraspecial
2-group. We have O2(Ca(u))NY < O2(Ce,(u)) and as ub is conjugate to be in C, by
2.4.3(ii) we get with 3.1.2 that Oy(Cc, (u,b)) = Qs. Therefore |Ox(Ca(u)) NY| < 8.
Since both Oy(Cy(u)) and Y are W-invariant and K, is a 2-group, we get that K,
is a W-invariant 3'-subgroup of A. Hence by 3.4.17(i) we have that |K,| < 29. As
by 3.2.6(ii) [O2(Ca(u)) NY| <8, |Y] =25 and |O2(Ca(u))| = 27, we conclude that

K, is of order 2% and the lemma is proved. [J

Lemma 3.4.19 i) K, is the unique mazimal W -invariant 3'-subgroup of A.
it) Na(W) < Ny(K).
iii) For x € W* we have that Oy(Cx(z)) < K.
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Proof: By lemmas 3.4.17(i) and 3.4.18(ii), K. is a maximal W-invariant 3'-
subgroup of A and any W-invariant 3’-subgroup of A is a 2-group. Suppose that
(x) € Ly, then by 3.4.18(i),iii)) we have that Oo(C4(x)) is a subgroup of K,. Assume
that (z) € Lo N Ls. Then by 3.4.15(1) Oy(Ca(x)) = (2) is a subgroup of K,.
Suppose that = = s, then (z) € Ls and by 3.4.11(iii) O2(Ca(x)) = Y and hence
05(Ca(z)) < K,. Assume that (z) € L4, then by 3.4.16(iii) O2(Ca(z)) = Qs
and hence Oy(C4(x)) centralizes a subgroup of order 27 of W, as |Aut(Qs)|3 = 3.
Therefore by 3.4.3(i) there is an element (y) € L5 such that O2(Cy(z)) < Ca(y).
As (s) € Ls we may assume that y = s, then by 3.4.11(iii) and as Oy(C4(x)) is
W-invariant, we get that Os(Ca(x)) < Y and hence Oy(Ca(z)) < K,. Now iii)
holds, ii) follows from i) and i) follows from iii) and 3.4.17(ii). O

Lemma 3.4.20 Let V = (a,bcu, b~ u) and X be a V-invariant 3'-subgroup of A.
Then X < K,.

Proof: Let V = (a,bcu, b u), then P(V)N Ly = {(a)}, P(V) N Ly = {{a " bcu)},
P(V)NLs = {{abcu)}, P(V)NLy = {{bcu) , {acu™) , (abc™') , (auc™) , {abu™") , (acb™') , (aub™')}
and P(V)N Ly = {(b"'u), {c'b), (cu=")}. Let a« € Nao(W) be of order 2 and
[a, V] = 1, then [a,a] = 1. Since « centralizes each element of P(V) N Ly and L,
is a-invariant, we have [a, W] = 1 and hence a@ = z. Now let X be a V-invariant
3'-subgroup in A, then X N Ny(W) = (z). Let F' <V be of order 9, then either
P(V) C Ly or |P(F) N Ls| > 1. Let |P(F)NLs| > 1 and (y) € (P(F) N Ly),
then y = zv where (z) and (v) are from L; \ {(a)}. By 3.4.11(ii) we have that
Ca(y)/ (x,v) is an extension of an extraspecial group of order 32 by (S3 x S3)2. We
have V N (z,v) = (y), Ca(y)/O2(Caly)) is irreducible on O9(Ca(y))/Z(02(Ca(y))
and X N Na(W) = (z). As Ca(y)/O3(Ca(y)) is isomorphic to the centralizer of a
2-central involution in C/U = Uy(3) : 2, we get that X N C4(y) < O2(Ca(y)). Now
let P(F) C Ly and 1 # y € F, then by 3.4.16 we have O3(Cx(y)) is an extraspecial
3-group of order 27, C'4(y)/O3(Ca(y))) is an extension of Qg X Qg by an elementary
abelian group of order 9 and Oy(Ca(y)) = Qs. We note that as X N Ny(W) = (z),
we have (X N Ca(y))O25(Ca(y))/O23(Caly)) N Z(Caly)/O23(Caly))) = 1 and this
gives us that X N Cy(y) < O3(Ca(y)). Therefore Cx(F) < Oy(Ca(x)) for some
element x € V of order three. Now by coprime action and 3.4.19(iii) we get that
X < K, and the lemma is proved. [
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Lemma 3.4.21 Cy(a) < Na(K,).

Proof: As by 3.4.19(ii) N4(W) is a subgroup of N4(K), we have Ng, (W) <
Ny(K.). Set Q@ = O2(Ca(a)). By 3.3.4 we get that for x = bcu we have that
Ca(z,a)Q/ (a,Q) is a split extension of an extraspecial 3-group of order 27 by
SLy(3). As Z acts nontrivially on Z(03(Cs(T))), we get by 3.3.2 and 3.3.3(i)
that Cy(z,a) is not contained in Ne,na(W). Set X = Ca(z,a) and let P <
X be a 3-group such that PQ/Q = O3(XQ/Q). We have W < X and so by
3.4.13(i),(ii) we get that P < N4(W). Now 3.4.19(ii) gives us that P < Nu(K,).
Set V.= P N W, then we have that Z(P) = (a,z) and V is of order 27. Let
y € X be an element of order 4 such that ¥ = (y) Q/Q € XQ/Q is of or-
der 4. Then ? acts fixed point freely on P/Z(P) and y?> € Ns(W). We have
x = beu and 3? centralizes z, so * does not invert b, ¢ and u. Hence P(V)N Ly =
{{(a)}. Now by the representations of the elements in the orbits L; in 3.4.14 for
i=1,..,5 we get that P(V) N Ly = {{a"tbcu)}, P(V)N Ly = {{abcu)}, P(V)N
Ly = {{bcu) , {acu™t) , {abc™1) , {auc™) | (abu™t) , {acb™) , {(aub™')} and P(V)N L5 =
{7 ), (b)Y, (cu™)}. So V = (a,bcu,b~'c) and |P(V) N Ly| = |P(V) N Ly| =
|IP(V)NLs| =1, |P(V)N Ls| = 3 and |P(V)N Lyl = 7. Now let r € P, then
d=[y,r] € PQ. Let yd = gy for some g € PQ. By 3.4.19(ii),iii) we get that PQ is
a subgroup of N4(K,). Therefore we have that

Hence (K,)Y is V-invariant and therefore by 3.4.20 we get that (K,)Y = K,.
This gives us that y € Ns(K,) and so C4(a,z) normalizes K,. Since by 3.4.11(i),
Ca(a)Q/Q = 3 x Uy(2) and by 3.3.2 and 3.3.3(i), Nanc, (W)Q/Q is an extension of
an elementary abelian group of order 81 by Sy, by ([AT],page 26) N¢,na(W)Q/Q
is a maximal subgroup of C4(a)Q/Q. Therefore Cy(a) < N4(K,) and the lemma
holds. U

Lemma 3.4.22 N4 (K,)/K, = QZf(2).

Proof: We note that for N = U4(2) and F an elementary abelian group in N of
order 27, that by ([AT],page 26) each element of order three in N is conjugate to an
element of F. So by 3.4.11(i) and 3.4.13(ii) we get that each element of order three

67



of A is conjugate to an element of W in A. Now by 3.4.11(i),(ii), 3.4.15(i) and 3.4.16
we get that no element of order three in W centralizes K,. Further by 3.4.19(i) K, is
the unique maximal W-invariant 3’-subgroup of A. Therefore Cy(K,) = (z). Since
by 3.4.18(ii), K, is an extraspecial 2-group of order 2°, by ([GLS2],theorem 10.6)
Na(K.)/K, is isomorphic to a subgroup of Aut(K,)/Inn(K.) = Og (2). By ([AT],
page 85) the normalizer of an elementary abelian group of order 81 in Of (2) is
isomorphic to SzwrSy. Hence from the structure of N4 (W) in 3.4.12(i) we conclude
that N4(K.)/K, is not isomorphic to OgF (2). By 3.4.21 we have that Cy(a) <
Na(K,). As QF(2) is the unique simple subgroup of index 2 in Og (2), from the
structure of Cy(a) in 3.4.11(i) we get that Cy(a)K./K, is isomorphic to a subgroup
of OF(2). Let QF(2) @ N < Aut(K.)/Inn(K.). We have that Ca(a)K./K, is
isomorphic to a subgroup of N. By 3.4.19(ii), N4(W) < NA(K.). Suppose that
NA(W)K, /K. is isomorphic to a subgroup of N. Then N4(W)K, /K, is isomorphic
to a maximal subgroup of Qg (2) ([AT],page 85) and as C'4(a) is not a subgroup of
NA(W) by 3.4.11(i) and 3.4.12(i), we get that Na(K.)/K. = N = QF (2).

So it is enough for us to show that N,4(W)K,/K., is isomorphic to a subgroup
of N. Since N is of index 2 in Aut(K)/Inn(K), either No(W)K,/K. is isomor-
phic to a subgroup of N or N A(W)K. /K, has a subgroup F* of index 2 isomorphic
to a subgroup of N. We assume that N(W)K,/K. is not isomorphic to a sub-
group of N and hence N A(W)K, /K. has a subgroup F* of index 2 isomorphic to
a subgroup of N. We note that as F* is of index 2 in Na(W)K./K,, by 3.4.12(i)
and as Cx_ (W) = (z), we get that |F*| = 3°-2° By 3.3.2 and 3.3.3(i) we have
Nane, (W) (W,z) = S and as C4(a)K, /K. is isomorphic to a subgroup of N,
we deduce that Ng,na(W)K. /K, is isomorphic to a subgroup of F*. Let X<N
be an elementary abelian group of order 81, then by ([AT],page 85) we get that
N N()A( )/ X is an extension of an elementary abelian group of order 8 by S;. We note
that Z(OQ(NK,()?)/)?)) is of order 2 and NK,()?)/O&Q(NN()?)) acts faithfully on
O2(Ng(X)/X)/Z(05(Ng(X)/X))). From the structure of Ng(X)/X we get that
there is no subgroup of index 2 in N N()A( )/ X containing a section isomorphic to Sy.
But F* is isomorphic to a subgroup of index 2 of Nﬁ()?), Nanc, (W) (W, z) =2 Sy
and Nanc,(W)K,/K, is a subgroup of F*. This shows that N (W)K,/K, is iso-

morphic to a subgroup of N and the lemma is proved. [

Lemma 3.4.23 Let x € W be of order three, then Cy(z) < Na(K,).
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Proof: By 3.4.19(ii) we have N4(W) < N4(K.). So it is enough to prove the
lemma for just one element from each orbit L;, ¢ = 1,2,3,4,5. Let x = a, then
(r) € Ly and by 3.4.21 we have that C4(x) < Na(K,). Let x = s, then (x) € Ls
and by 3.4.11(ii),(iii) we have Cyu(s)/Y = (S3 x 55).2, so Ca(z) < (Y, Na(W)).
Now by 3.4.19(ii), we have Ca(x) < Na(K,). Let x = t then (z) € L,. We
have W < Nu(K.) and by 3.4.2(1) W is an elementary abelian group of order
81, so WK,/K, is an elementary abelian group of order 81. Since N4 (K,)/K, =
QF(2) by 3.4.22 and |Ly| = 16, by 2.4.8(v) we get that |Cn (k. k. (zK.)| = 2° - 3°.
On the other hand by 3.4.16 we get that |Ca(x)/O(Ca(x))| = 23 - 35. Since by
3.4.19(iil) O2(Ca(x)) < K. and |Ca(x)/02(Ca(x)))| = |Cnak.)/ k. (xK.)|, we have
|Cnax.)(x)| = |Ca(x)| and hence Cy(x) < Ny(K,). Let (x) € Ly U Lg, then by
3.4.15(1) Ca(x)/ (x,z) 2 Uy(2). Since |Ly| = |L3] =4 and Na(K,)/K, = Qf(2), by
2.4.8(v) we get that Cn,, (k) k. (¢ K.) = 3x Uy(2) and hence |Cn, (k) (z)| = |Ca(z)|.
This gives us that C4(2) < Na(K,) and the lemma is proved. [J

Set B = N4(K,). In what follows we use the notation * for the natural homo-
morphism A — A/ (z). We are going to show that B is strongly 3-embedded in A
and we will use this to show that A = B.

Lemma 3.4.24 B is strongly 3-embedded in A.

Proof: Let x € B be of order three, then by 3.4.22 and 2.4.8(v), x is conjugate
to an element of W in B. So we may assume that x € W and then by 3.4.23 we
have that Cy(z) < B. So we have Cy(x) < B for all 3-element x € B. Now assume
that 3 divides |B N BY| for some g € A and let X; € Syl3(B N BY). Let Ey be a
3-subgroup of BY with X; < Ey. Then for some element z € X; of order three we
have Fy < Cy(x). So Ey < B. Therefore X; € Syl3(B)NSyl3(BY). We may assume
that W < Xj, then W < Ny(KY). Now 3.4.19(i) gives us that K9 = K, hence
g € B and the lemma is proved. [J

Lemma 3.4.25 K7 is strongly closed in B* with respect to A*.

Proof: Let r* € K* be an involution and g* € A* such that (7*)9" € B* and
(r*)9" ¢ K*. By 2.4.8(ii) we get that 3 divides |Cp-(r*)|. By 2.4.8(1) B*/K? has 5
classes, 2A4,2B,2C,2D and 2F of involutions. Let (r*)9" K* be in class 24, then 27
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divides the order of Cp.((r*)9"). Now by 2.4.8(iv) and 2.4.6 we get that 3 divides
the order of each involution in (7*)9"K*. Let (r*)9 K* be in one of the classes 2C,
2B2D or 2E, then by 2.4.8(iii),(i),(iv) and 2.4.6 we get that 3 divides the order
of each involution in (r*)9" K*. Therefore 3 divides the order of Cp.((r*)?"). Let
P* € Syl3(Cp«(r*)) and Py € Syls(Cx((r*)9")). Then as by 3.4.24 B* is strongly
3-embedded in A*, we have P* € Syl3(Ca-(r*)) and Py € Syls(Ca-((r*)9")). Since
g* € A%, we have (P*)?" € Syl3(C(gae ((r*)?")) and as by 3.4.24 (B*)9 is strongly
3-embedded in A*, we get that (P*)9" € Syls(Ca-((r*)9")). Hence (P*)9'9% = Pf
for some gf € Cx+((r*)9"). Now we have Py < B*N (B*)9°9 and as by 3.4.24 B*
is strongly 3-embedded in A*, we get that g*gf € B*. Therefore (r*)9'9 € K*. As
gr € Cp-((1*)97), we have (r*)9" = (r*)9°91 € K*. But this is a contradiction to our
assumption that (r*)9" ¢ K*. Hence K is strongly closed in B* with respect to A*

and the lemma is proved. [
Lemma 3.4.26 A= B

Proof: By 3.4.25, K} is strongly closed in B* with respect to A*. So by Gold-
schmidt’s theorem [Go] we have H* = ((K7)*") contains no section isomorphic to
QF(2). Therefore B*N H* = K* and as B* = Na«(K}), we have K* € Syly(H*).
Hence K} < Z(Np+(K7})) and Burnside’s p-complement theorem gives us that
H* = O(H*)K}. Now by the Frattini argument A* = O(A*)B*. Since by 3.4.13, B*
contains a Sylow 3-subgroup of A*, we get that O(A*) is a W*-invariant 3’-subgroup
of A*. Now by 3.4.19(i), O(A*) = 1 and hence A = B. O

Now we can prove the Theorem 4.

Proof: As by ([AT],page 52) U4(3) has just one class of involutions and by 3.4.1
Cy /U = Uy(3) we get that z is not weakly closed in Y with respect to Cp;. Therefore

z is not weakly closed in K, with respect to G. Now the theorem follows from 3.4.26
and 2.3.3. U
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Chapter 4

Characterization of M (24)

In this chapter we will prove theorem 5 and corolarry 7. Therefore in this chapter
G is a group of M (24)'-type and we keep the notations G, H; and 7 as in definition
2. We gave a sketch of the proof for theorem 5 in 1.3.2.

This chapter has three sections. In section 4.1 we give some preliminary lemmas
which are needded in the next sections. In section 4.2 we will select a suitable non
2-central involution z in O%(H;) and we shall show that C(2) = 2M(22) : 2. Then
in section 4.3 we will select an elementary abelian subgroup M of order 2'! in Cg(2)
and we shall determine the structure of Ng(M). This will able us to use ([Re],
lemma 9) to find the structure of the centralizer of a 2-central involution in G and

the main result follows from ([As3], theorem 34.1).

4.1 Preliminaries
In this section we give some lemmas which are required in the next sections.

Remark: Let X = U;(2). By ([AT], page 73) if x € X is an element of order
three in class 34, then Nx({x)) = 3 x Uy(2). So z is not inverted in X. But z is
inverted in Aut(X) and Nauex)((x)) = (3 x Uy(2)) : 2. This and ([AT], page 73)
give us that Aut(X) has one class of subgroups isomorphic to (3 x Uy(2)) : 2.

Lemma 4.1.1 Let X = U;(2), then
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i) X has two classes 2A and 2B of involutions. For x € 2A, x is a 2-central
involution, O3(Cx(z)) = 1 and Cx(x) has shape 2'15.3172.S14(3). For x € 2B,
Cx(z) has shape 2*T* : 32.2,

it) There is an elementary abelian subgroup Y of order 16 in X such that
Nx(Y)/Oo(Nx(Y)) = 3x A5 and Oo(Nx(Y)) is a special group of order 2® with cen-
ter' Y. Under the action of Nx(Y)/O2(Nx(Y)) on P(Y) we have two orbits I, and
Iy such that |I;| = 5, |Is] = 10 and Nx(Y)/Oo(Nx(Y)) is 3-transitive on I,. The
elements of I, are 2-central and the elements of I are non 2-central. Furthermore
for an element (x) € I, we have Cx(x) = Cnyvy(x) and O3(Nx(Y)) = 1.

iii) Let Iy and Iy be as in 1) and (x) € Iy and x = 129, where (x1) and (z2)
are two distinct elements from the orbit I,. Then fori = 1,2, Cx(x,x;) is of index
2 in Cyp(z) and contains O93(Cx(x)).

i) Let Y, Iy and Iy be as in ii). Then there are some elementary abelian
subgroups A of order 4 in Y such that P(A) C L. If (zyz3) € I, N P(A),
where (x1) and (r3) are two distinct elements from the orbit I, then P(A) =
{{x129) , (w321) , (T322) }, where xy # x3 # x2 and (x3) € I, and Cx(A) =
Cx(z1,29,23) = Cx(Y,A). Further all such subgroups of Y are conjugate in
Nawx)(Y).

v) Let A be as in iv), then Oy(Cx(A)) = O2(Nx(Y)), Cx(A) < Nx(Y) and
Cx(A)/O2(Cx(A)) is of order three. Let X1 = Aut(X). Then Cx,(A)/O2(Cx(A)) =
Sy and O3(Cx, (A)/O2(Cx(A))) acts trivially on Z(O2(Cx(A))) and acts fized point
freely on O5(Cx(A))/Z(02(Cx (A))).

vi) Let Y be as in i) and X1 = Aut(X). Then there is a subgroup F = (3 X
Uy(2)) : 2 in Xy containing Y. Further X, has one class of subgroups isomorphic to
F.

vii) By notations in ii), there is no subgroup B of order 8 in'Y such that P(B) C
Is.

Proof: i) follows from ([AT], page 73). Let X = Us(2) and X; = X : 2 =
Us(2) : 2. By ([AT], pages 73) we get that X has an elementary abelian subgroup
Y of order 16 such that Oy(Nx(Y)) is a special group of order 2® with center Y,
Nx(Y)/O9(Nx(Y)) = 3 x A5 and the extension splits. Further Cx(Y")/Oy(Nx(Y))
is of order 3, Cx(Y)/O2(Nx(Y)) acts fixed point freely on Oy(Nx(Y))/Y and
Nx(Y)/Oo(Nx(Y)) = 3 x As. This gives us that Y centralizes an element u
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of order three in X and Cx(u) contains a subgroup isomorphic to Aj; as well.
Now by ([AT], page 73) we get that Cx(u) = 3 x Uy(2). Set F' = Cx(u), then
F contains Y. Also u is conjugate to u™' in X;. So by ([AT], page 73) we
get that X; has one class of subgroups isomorphic to Nx, ({(u)) = F : 2 and
Cx,(u) = F. We note that O3(Nx(Y)) = 1. Set K = Nx(Y)/Oy3(Ny(Y)).
By ([AT], page 73) K has two orbits I, and I, on P(Y) such that |I;| = 5,
|I,] = 10 and K is 3-transitive on I;. The elements of I; are 2-central and the
elements of I are non 2-central in X. We have I} = {(x1), (z2), (z3), (x4) , (x5)
where x5 = z12ox324} and I, = {(x;z;) where (z;) and (x;) are two distinct el-
ements from the orbit I1}. Now by the representations of the elements in the
orbits I; and I, we get that there is no subgroup 7' of order 8 in Y such that
P(T) C I,. Let A <Y be of order 4 such that P(A) = {(x122), (z321), (z322) }.
Then by the representations of the elements in the orbits I; and I, we get that
P(A) C I,. From the natural action of K on I; we get that Cg(z129,75) and
Ci (2129, 1) are of index 2 in Cy(x129). Therefore Cx(A) = Ci(x1, x2, x3). Since
by ([AT], page 73) Cx(z122) = Cny(vy(@122), we have Cx (1, 22, x3) = Cx(Y). By
([AT], page 73) Nx,(Y)/O2(Cx(Y)) = (3 x A5) : 2. So Nx,(Y)/Cx(Y) = S5 and
Cx, (1, 29,23)/O2(Cx(Y)) = S5. Let B <Y be of order 4 and P(B) C . Then
by the representations of the elements in the orbits I1 and I, we get that if z;2; € B
where (x;) and (z;) are two distinct elements from the orbit I; then B = (x;z;, z;x,)
where z; # x, # x; and (z,) € I;. Since Nx, (Y)/Cx(Y) = S5 acts 5-transitively on
I, we get that B is conjugate to A in Nx,(Y). Hence the lemma is proved.[

Lemma 4.1.2 Let X =2 Uy(2). Then there is an elementary abelian subgroup Y of
order 16 in X with Nx (Y)Y = As. Also, there is a subgroup A in'Y of order four
all of whose involutions are non 2-central in X and they are conjugate in Nx(Y).
We have Cau(x)(A) is an extenstion of Y by a group of order 2 and it is nonabelian.

Further X has one class of subgroups isomorphic to Nx(Y).

Proof: The lemma follows from ([AT], page 26). Let X = Uy(2) and X; =
Aut(X). By (JAT], page 26) X has an elementary abelian subgroup Y of order
16 with Nx(Y)/Y = A; and Ny, (Y)/Y = Ss5. Further by ([AT], page 26) we
conclude that Nx(Y') is a maximal subgroup in X and X has one class of subgroups
isomorphic to Nx(Y). By ([AT], page 26) Nx(Y)/Y has two orbits [; and Iy
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on P(Y) such that |[;| = 5, |Io] = 10 and Nx(Y)/Y is 3-transitive on I;. The
elements of I; are 2-central and the elements of I, are non 2-central in X. This
gives us that I} = {(x1), (z2), (x3), (x4) , (x1222324)} and L = {(w;z;), (vix;x,)
where i #j#r,i=1,..4,j=1,.4,r=1,..,4and (z;), (z;) and (z,) are in I }.
By the representations of the elements in the orbits I; and I, we get that there is
an elementary abelian subgroup A of order 4 in Y such that P(A) C I,. Further if
(r1m9) € IsN P(A), where (x71) and (x2) are two distinct elements from the orbit I3,
then P(A) = {(z122), (x;x1) , (x;m9) }, where x1 # x; # x5 and (z;) € I;. By ([AT],
page 26) Cx (2122) < Cnyvy(w122) and Cx, (z122) < Oy, (v) (z129). Therefore from
the natural action of Nx(Y)/Y and Nx,(Y)/Y on I; we get that Cx(A) =Y and
Cx,(A)/Y is of order 2 and the lemma holds.[]

Lemma 4.1.3 Let X = Q¢(3). Then X has 3 classes 2A, 2B and 2C' of involutions.
Further

i) If v € 2A then Cx(x) = 2U4(3) : 2.

i) If x € 2B then Cx(x) = (22 x Uy(2)) : 2.

iii) If v € 2C then Cx(z) = Sy x 2(Ay X Ay) 1 2.

iv) There is no elementary abelian subgroup A of order 4 in X such that Cx(A)
contains an elementary abelian group of order 16, |Cx(A)|ls = 32 and a Sylow 2-

subgroup of Cx(A) is nonabelian.

Proof: (i),(ii) and (iii) follow from ([AT], page 106). Let X = €;(3) and A =
(x,y) < X be an elementary abelian subgroup of order 4 such that Cx(A) contains
an elementary abelian group of order 16, |Cx(A)|> = 32 and a Sylow 2-subgroup of
Cx(A) is nonabelian. Assume that z € 24, then by i) W = Cx(z)/ (x) = Uy(3) : 2.
We note that by ([AT], pages 52, 53), we get that the order of a Sylow 2-subgroup
of the centralizer of each involution in Uy(3) : 2 is at least 32. So |Cx(A)]y > 26
and hence z ¢ 2A. Assume that x € 2C. Then by iii) Cx(x) = F X Y where
F=S;and Y = 2(A; x Ay) : 2. We note that x € Y. If AN F # 1 then we get
that |Cx(A)]s > 2% Hence ANF = 1. Let A <Y then F < Cx(A) and from the
structure of Y we get that |Cy(A)|]y > 23. This gives us that ANY = (z). Now
let y = fewhere 1l # f € Fand 1 # e €Y. Let T € Syly(Cx(x)) and A < T.
We note that by i), ii) and iii) we get that each involution of X is 2-central in X

and Z(T) is an elementary abelian group of order 4. Hence there is an involution
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a € Z(T) such that a € 2B. By iii), Cx(Z(T)) = Cp(Z(T)) x Y = Dy x Y.
Hence O*(Cx(Z(Y))) = O*(Y). On the other hand, by ii), ([AT], page 26) and
since a € 2B, we get that O?(Cx(Z(T))) = Ly * Ly, where L; & Ly & SLy(3) and
Ly % Ly is the central product of L; and Ly. Further, LY = Ly for some involution
w € Cx(Z(T)). This gives us that Cx(z) = (K * Ky x K3) (u,t), where (u,t) is
an elementary abelian group of order 4, K; & Ky & S1(3), K3 & Ay, K = Ko,
[K3,t] = 1 and K%K, is the central product of K; and K3. Now from the structures
of Frand Y we get that |Cr(f)| > 4 and |Cy(e)| > 16. This gives us that = ¢ 2C.
Assume that x € 2B. Then from the structure of Cx(z) in ii) and as the order of a
Sylow 2-subgroup of the centralizer of each involution in Uy(2) : 2 is at least 2° (see
[AT], pages 26, 27), we get that y ¢ Cx(z), a contradiction. So x ¢ 2B and the

lemma is proved.[]

Lemma 4.1.4 Let X = M(22). Then

i) There is an elementary abelian subgroup A of order 9 in X such that all of
whose elements of order three are 3-central elements in X.

ii) X has an elementary abelian subgroup N of order 2'° such that Nx(N)/N =
Mys. Further for T € Sylo(Nx(N)) we have N = J(T).

Proof: By ([As3], lemma 39.4) we get that there is an elementary abelian
subgroup Y of order 3° in X such that Nx(Y)/Y = Os5(3). By ([As3], lemmas
39.3(ii) and 39.6) we get that under the action of Nx(Y)/Y on P(Y) the singular
points are 3-central elements in X. Since there is a singular line in Y, we get that
there is a subgroup A of order 9 in X all of whose elements of order three are
3-central elements in X and i) is proved.

By ([As3], lemma 25.7) we get that X has an elementary abelian subgroup N
of order 2'9 such that Nx(N)/N = My,. Let t € N be a 3-transposition, then by
([As3], lemma 37.6) we get that Cx(t) = 2Us(2). Further by ([As3], 30.1, 30.3) we
get that Ney(N)/N = Ls(4) and for T' € Syly(Ney@y(N)) we have N = J(T).
Let P € Syls(Ney @) (N)), then by ([As3], lemma 22.2) we get that Cy(P) is of order
4. Let ke X /N be an involution. Then since My, has just one class of involutions
(see [AT], page 39) we may assume that & € Ney 1) (V). Since L3(4) has one class of
involutions and there is an involution in N¢y y(N)/N = L3(4) which inverts P, we
may assume that k inverts P. This gives us that |[k, N]| = 2* and so |Cx(k)| = 25.
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Now let S € Sylo(Nx(N)) which contain 7. Let E # N be an elementary abelian
subgroup in S of order 2'°. Then as |Cy (k)| = 2°, My, has one class of involutions
and the 2-rank of My, is 4, we conclude that |E N N| = 2. This gives us that there
is an elementary abelain subgroup K of order 16 in X = X/N such that Cy(K) is
of order 26. We may assume that k € K. Then EN N = Cy(k) and so contains ¢.

This gives us that N and F are two elementary abelian subgroups of order 2!9 in
Cx(t). So N = E by ([As3], 30.3) and the lemma is proved.[]

4.2 The centralizer of a non 2-central involution

In this section we select a non 2-central involution z in O%(H;) and we will determine
the structure of Cg(2).

Notations: We have O%(H;)/O3(H;) = Us(2). So by 4.1.1(ii) O%*(H;) contains
an elementary abelian subgroup U of order 16 such that Noz(g,)(U)O3(H,)/Os(H;)
is an extension of a special group of order 2% with center UO3(H;)/Os(H;) by (3 X
As). By 4.1.1(ii) U contains some 2-central involutions and some non 2-central
involutions of O?(H;). In fact by 4.1.1(ii) we get that if @ and d are two distinct
involutions in U such that d and a are two 2-central involutions in O%(H;) then ad
is a non 2-central involution in O%(H;). We keep these notations U, a and d in the
remainder of this chapter. Set z = ad and R = O3(H,).

We are going to show that Cg(z) = 2M(22) : 2. To do this we will select
a suitable involution ¢ € U and we shall show that Cg(z,t,7)/(z) satisfies the
conditions of theorem 1 in [Pa] and so Cg(z,t)/ (2,t) = Us(2) by ([Pa], theorem 1).
This will help us to invoke theorem 4.2.1 in [DS] to show that Cg(2) is as desired.
We remark that O?(H;) is a subgroup of Cg(7).

Lemma 4.2.1 i) Cg(z) is an extraspecial group of order 3.
i1) Cr(d) is an extraspecial group of order 27.
iii) Cr(U) = Z(R).

Proof: We have O?(H;)/R = Us(2). Set K = Noz2(my)/r(UR/R) and let P =
O5(K). Then by 4.1.1(ii) U = Z(P) and K/P =~ 3 x A;. Set X = K/P. By
4.1.1(ii) we get that X has two orbits I; and I on P(U) such that |I;| = 5, X
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is 3-transitive on I; and the elements in the orbit [; are 2-central in Cq(7)R/R,
|I5] = 10 and the elements in [, are non 2-central involutions in C(7)R/R. Let I} =
(@), (@), . @)}, U = (£1, %, T3, T4) and T5 = 7125737, Then I = {(ziz;), for
i#jandi,j=1,...,5}. Set W= (Ty,73,71) and R = R/Z(R). As X is 3-transitive
on [, there are 10 subgroups conjugate to W in U. Therefore X has two orbits L and
I on the set of hyperplanes in U such that |L| = 10, W € L and |I| = 5. By 2.2.3(i)
R is a 10-dimensional symplectic space. Let {v;,w;}, i = 1,...,5 be a symplectic
base for R. If [0;,7;] = 1 for some i = 1,...,5 and j = 1, ..., 5, then [w;,7;] = 1. So
|Cr(T;)| =3 a>0,j=1,..,5, |CH(U)] =327, v > 0 and \CE(W)] =3%,5>0.
Now by coprime action and as |L| = 10, we get that 3!° = |R| > (3%%)1°. This gives
us that |C’§(/VI7)] = 1 and at least iii) holds. Since |I| =5 and |C§(/V[7)\ =1, we get
that for Wy € I we have that |CR(W1)| = 27. We remark that if Cgr(71) = Z(R) then
717, centralizes R which is a contradiction. Therefore |Or(d)| > 27. Set T = [R, d].
Then T is Cp, jr(d)-invariant. Since dR is a 2-central involution in Hy/R, by 4.1.1(i),
we get that Cp,/r(d) has shape 2'76.3172.51,(3).2. But by ([AT],page 112), we get
that there is no subgroup isomorphic to Cy, r(d) in PSps(3) : 2 and GSpg(3).
Therefore |T| > 3%. This gives us that |Cr(d)| = 3% and ii) holds. By ([AT], page
73) Cu,/r(d) is a maximal subgroup of Hy/R. Therefore C7((Z1,72)) = 1. Now
by coprime action we have 3'° = |R| = |C5(2))||Cx(T2)||Cx(7172)| = 3*|Cx(T172)).

Hence |Cg(Z122)| = 3% and i) holds. Now the lemma is proved.(]

Lemma 4.2.2 i) O3(Cq,(2)) = Cr(z), O2(Cy,(2)/Cr(2)) is a special group of or-
der 28, Z(O9(C,(2)/Cr(2))) = UCR(2)/Cr(2) and C,(2)/O032(CHx, (2)) is an ezx-
tension of an elementary abelian group of order 9 by a group of order 4. Further
Cu,(2) contains a Sylow 3-subgroup of Cg(2).

ii) O32(Ca(T,d)) is an extension of an extraspecial group of order 27 by an
extraspecial group of order 27 and Cg(d,7)/032(Ca(T,d)) is an extension of an
extraspecial group of order 27 by SLy(3).

ii1) Oz (Ch,(2)) = (2).

Proof: We have H; = Ng((7)) and by 4.2.1(i)(ii) Cg(%) is an extraspecial group
of order 37 and Cg(d) is an extraspecial group of order 27. By 4.1.1(ii) we get that
Cr(z) = O3(Ch,(z)) and by 4.2.1(iii) we get that Cs(Cr(z)) = Z(R). So (1) is the

center of each Sylow 3-subgroup of Cy, (). Therefore Cy, (2) contains a Sylow 3-
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subgroup of C(z). Now since dR is a 2-central involution and zR is a non 2-central
involution in Cg(7)/R, i) and ii) follow from 4.1.1(i). By i) if (2) < O3(Ch,(2))
then |O2(Cy, (2)) NU| > 4. This gives us that there is a subgroup B in U of order
4 such that |Cr(B)| > 3". This and 4.2.1(i)(ii) give us that all involutions in B
are non 2-central in H;. Since by 4.1.1(ii) Cy,(2)R/R is a maximal subgroup of
Ny, (U)R/R, we get that Cr(z) < Cgr(U), a contradiction to 4.2.1(iii). Therefore
O3(Cy,(2)) = (2) and the lemma is proved.O

Further notations: By 4.1.1(iv) there is a subgroup A < U of order 4 contain-
ing z such that all involutions in A are non 2-central in O%*(H;). Further A = (z, ab)
where b is conjugate to d in Noz2(g,)(U) . We fix the notation A for such a subgroup
of U. Set t = ab.

Lemma 4.2.3 i) Cr(A) is an extraspecial group of order 3° and O3(Cy,(A)) =
Cgr(A).

ii) O2(Cr, (A)/ (Cr(A), A)) = Qs x Qs and Cp, (A)/O32(Ch, (A)) = Ss.

i11) Cy, (A) contains a Sylow 3-subgroup of Cq(A).

) O2(C, (A)) = A.

Proof: Set X = Oy, (A)R/R. Then by 4.1.1(ii),(v) we get that O3(X) = 1 and
O,(X)/A is a group of order 26 with center of order at least 4. Further by 4.1.1(v)
X/05(X) = S5 and O3(X /O,(X)) acts trivially on Z(O5(X)) and acts fixed point
freely on Oy(X)/Z(02(X)). Assume that Cr(A) is an extraspecial group of order
3°. By 4.1.1(v) we get that Oo(Cy, (A)R/R) is a special group with center UR/R.
So if O9(Cpy,(A)) # A then we get that A < Oy(Cq,(A)) N U. This gives us
that there is a subgroup B in U of order 8 such that |Cr(B)| > 3°. This and
4.2.1(i)(ii) give us that all involutions in B are non 2-central in H;, a contradiction
to 4.1.1(vii). So Oy(Cy,(A)) = A. Now as Cg(A) is an extraspecial group of
order 3°, by 2.2.3(ii) we get that Cy, (A)/Cr(A)A is isomorphic to a subgroup of
Sp4(3) : 2. This and as O(X)/A is a group of order 26 with the center of order at
least 4, X /O5(X) = S5 and acts fixed point freely on Oy(X)/Z(04(X)) give us that
O5(Ch (A)/ (Cr(A), A)) = Qs X Qs and the lemma is proved. So it is enough to
show that Cr(A) is an extraspecial group of order 3°.

By 4.2.1(i),(ii) Cg(2) is an extraspecial group of order 3" and Cg(d) is an ex-
traspecial group of order 27. Therefore as aR and bR are conjugate to dR in H/R,
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we get that Cr(a) and Cg(b) are two extraspecial group of order 27. Since dR # aR,
we have Cr(a) N Cg(d) = Z(R). Since z = ad, we get that Cg(d, z) and Cg(a, z)
are two subgroup of Cg(a,d). Hence Cg(d,z) = Cg(a,z) = Z(R). This gives us
that d and a act fixed point freely on Cr(z)/Z(R). Suppose that b acts fixed point
freely on Cr(z)/Z(R). Then we get that t centralizes Cr(z). Since z # t and as
C, (2)R/R is maximal in Ng, (U)R/R and tR is conjugate to zR in Ny, (U)R/R,
we get that Cr(z) is Ny, (U)R/R-invariant. This and 4.1.1(ii) give us that each non
2-central involution in U centralizes Cg(z) and so U centralizes Cr(z), a contradic-
tion to 4.2.1(iii). Therefore Cr(b) < Cgr(z). Since |Cr(b)| = 27 and |Cr(z)| = 37,
we have |Cr(z,t)| = 3°. Hence Cr(A) is an extraspecial group of order 3° and the

lemma is proved.l]
Lemma 4.2.4

Proof: Set X = Oy, (A)/A. By 4.2.3(i),(ii) X/032(X) = S3 and O35(X) is an
extension of ai) Cg(A)/A = Us(2) and the extension does not split.

ii) Cg(z) = 2Aut(M(22)). n extraspecial group of order 3° by Qg x Qg. By
4.2.3(iv) we have that Oy(X) = 1. By 4.1.1(v) we get that there is an element
r € Cg,(A) such that 22 € Cg,(U) and z does not act trivially on U. By this
and the structure of X we get that Z(0y(X/03(X))) is of order 2. Therefore
O5(X)/Z(03(X)) is an irreducible X /O3(X)-module. By 4.1.1(iv) each subgroup
of U of order 4 such that all of whose involutions are non 2-central involutions
in Hy, is conjugate to A in Hy. So 7 is not weakly closed in Cy,(A). Therefore
by 4.2.3(i),(ii),(iii) and ([Pa], theorem 1) we get that Cg(A)/A = Us(2). Since
O2(Ch, (A)/Cr(A)) is a special group of order 28, we have A < Cg(A)" and hence
Cs(A) is a quasisimple group and i) holds.

Set M = Cg(z)/ (2). By i) F*(C (1)) = 2Us(2). Assume that F*(M) is simple.
Then by ([DS], theorem 3.1) we get that M =2 M (22) or M = M(22) : 2. By 4.2.2(i)
Ch, (2) is the centralizer of a 3-central element in Cg(z). So by 4.2.2(i) and ([AT]
,page 163) we get that M is not isomorphic to M (22). Therefore M = M(22) : 2.
By 4.2.2(i) we get that z € Cg(2)'. Therefore Ci(z) = 2M(22) : 2 and the lemma
is proved. Hence it is enough to show that F *(M ) is a nonabelian simple group.

Let K be a minimal normal subgroup of F*(M). Assume that 3||K|. Then by
4.2.2(i) we get that 7 € K. Therefore by i) 7 € IN(OF*(C’M(%V)). Hence F*(C(t)) <
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K. This gives us that K is a nonabelian group and as F (O (1) < K, we get that
K = M(22). Therefore K = F*(M) and the lemma is proved in this case. Now
assume that 3 does not divide the order of K. Then we get that O (M) # 1. Set
N = M/Ogl(ﬂ). Then 3||N| and O (N) = 1. Hence 3||K,|, where K is a minimal
normal subgroup of N. It follows from the previous case that F*(N) = M(22).
By 4.1.4 there is an elementary abelian subgroup of order 9 in F*(N) all of whose
elements of order three are conjugate to 7. Now by 4.2.2(iii) and coprime action
we get that ng(ﬁ ) = 1, a contradiction. Hence this case does not happen and the

lemma is proved.l]

4.3 Proof of theorem 5 and corollary 7

In this section we shall prove the theorem 5 and corollary 7. First we recall our last
notations.

e R=03(H,). U < O*H,) is an elementary abelian group of order 16, a and d
are two distinct involutions in U such that d and a are two 2-central involutions in
O?(H,) and z = ad is a non 2-central involution in O?(Hy).

e A = (2,t) is a subgroup of U of order 4 such that all involutions in A are

conjugate in Ny, (U) and ¢t = ab, where b is conjugate to d in Ny, (U).

Lemma 4.3.1 There is an elementary abelian subgroup M of order 2! in Cq(z)
containing A and d such that Neg)(M)/M = My, : 2 and Co(M, z) = M.

Proof: By 4.2.4(ii) we have Cg(z) = 2M(22) : 2. By ([As3], 23.8), the preimage
of an involution of M (22) is an involution in 20 (22). By ([AT], page 163) we con-
clude that there is an elementary abelian subgroup of order 2'° in M (22). Therefore
by ([AT], page 163) we get that there is an elementary abelian subgroup M of order
21 in Cg(z) such that Neg ) (M)/M = M(22) : 2 and Ce(M, z) = M. By 4.2.4(i)
we have Cg(A)/A = Us(2). By ([AT],page 115) we get that Nea)(M)/M = L3(4)
and each involution of C(A) is conjugate to an involution of M in Cg(A). Therefore

we may assume that d € M and the lemma is proved.[]

Further notations: By 4.3.1 there is an elementary abelian subgroup M of
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order 2'' in Cg(z) containing A and d such that Ne,.)(M)/M = M,y : 2 and
Ce(z, M) = M. We fix the notation M for such a subgroup of Cg(2).

Lemma 4.3.2 i) Ng(M)/M = My,.

i1) Let S € Syly(Ng(M)), then M = J(5).

iii) Ng(M) contains a Sylow 2-subgroup of G.

iv) No(M)/M has two orbits of lengths 276 and 1771 on P(M). Further the
orbit containing (z) has length 276.

v) There is a subgroup D in Ng(M)/M isomorphic to My and containing
O*(Neg(z)(M)/M) such that under the action of D on P(M) we have that z and
t are conjugate and the orbit containing (z) is of length 23. In particular z is not

conjugate to zt under the action of D on P(M).

Proof: Since Cg(z, M) = 1, we have Cg(M) = 1. Therefore Ng(M)/M is
ismorphic to a subgroup of GLi1(2). We have Ne,)(M)/M = My @ 2. Set
X = Noy»(M)/M, F = O*(X) and Y = Ng(M)/M. By 4.2.4(ii) and ([AT],
page 163) we have N¢,(»)(A)/A = Us(2).2. So by 4.2.4(i) and ([AT], page 115)
Cx(A) = L3(4) and Ny (A) = L3(4) : 2. This gives us that ¢ and zt are conjugate
under the action of X and they are not conjugate under the action of F. In fact
under the action of ' on P(M) the orbit containing (¢) is of length 22. Let N, be the
orbit of F' on P(M) containing (t), then F acts 3-transitively on N,. Therefore F
has 7 orbits N;, i = 1,...,7, on P(M) such that |Ny| = |N7| = 22, |N3| = | Ng| = 231
and [Ny = [Ns| = 770 and N; = {(2)}. Further Ny = {<ﬁ>}, Ny = {<(tt1)f>,

where t; # t and (t1) € No}, Ny = {<(tt1t2)F>, where t; # t and (t;) € No,i = 1,2}
and Ng_; = {<(z3:)F>, where (r) € N;}, j = 2,3,4. We note that F acts 3-

transitively on Ny and N;. We note that ¢ and zt are conjugate under the action of
X. Hence as My, is a {2,3,5,7,11}-group, either X has five orbits L;, i = 1, ..., 5,
on P(M) such that L; = {(2)}, |Le| = 44, |Ls| = |L4| = 231 and |Ls| = 1540
or X has six orbits L;, i = 1,...,6, on P(M) such that L; = {(z)}, |Ls| = 44,
|L3| = |L4| = 231 and |Ls| = |Lg| = 770. Let S € Syly(Ney(2)(M)), then by ([As3],
lemma 31.1) we get that M = J(S). So as t is conjugate to z in Hy, we get by
2.2.2 that Y # X. We note that by 4.2.2(ii), 4.2.4(ii) and ([AT], page 163) we get
that d is not conjugate to z in G. So Y is not transitive on P(M). Since G'L1;(2)
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is a {2,3,5,7,11,17,23,31,73,89, 127}-group we conclude that the orbit of ¥ on
P(M) containing (z) has length 1+44 or 1+2314+44. Set I = {(2)7} Assume that
|I| = 45. We note that C=(A) < F. We have C5(A) = L3(4) and by ([As3], lemma
30.2) under the action of Cy-(A) on P(M/A) we have three orbits of lengths 21, 210
and 280. By this and the lengths of the orbits N;, i = 1,...,7, we get that Cy(A)
has 7 orbits V;, i = 1,...,7 on P(M) such that |Vj| = 21 = |V4| = |V§] = |V4],
V3] = 1 = |V4| = |V5| and other orbits of Cy(A) on P(M) have at least length
210. Since Ny(A) = L3(4) : 2 and all involutions in A are conjugate, we have
Ny(A)/Cy(A) = S5. Set B = {Vi, Vo, Vg, Vz}. Since |I| = 45, we get that [I NG| =
2. But I NG is Ny(A)/Cy(A)-invariant and hence |I N G| > 3, a contradiction.
This contradiction shows that the orbit of Y on P(M) containing (z) has length
1+2314+44=276 and hence |Y| = |My]|.

We have |I| = 276 and NoUN; C I. Also one of the orbits N3 or Ny is contained
in I. We note that 11 does not divide the order of G'Lg(2), so Cp(F) = (z). Since
|I| = 276, three of the orbits V;, i = 1,2,6,7 are contained in Ny U N; UN; C [
where N; is one of the orbits N3 or Ng. We may assume that V;, V5 and V7 are
contained in /. Let 7, and ¥, be two elements in Ny-(A) such that z¥%2 = ¢ and
297 =2ty € Cy(A), i = 2,7 and Ny(A) = C(A) (Y5, ;). Then as I is an orbit of
Y, we get that (7,,7,) acts on the set {Vi, V3, Vz}. This gives us that V> = V; and
Vj@1 =V}, i # j for some 4,5 = 1,2,7. We may choose notations such that Vf2 =V,
and VY7 = V4. At least one of the orbits V, or V7 is contained in Ny U N7. Assume
that Vi, € Ny U N7 where s = 2 or 7. Assume also that V, € N,. Set D = <F, %>
Then as Ny = V, U {(x)} where x = 2t if s = 2 and o = t if s = 7, we get that
Ny is D-invariant. We note that Cz(z) contains C5(A) = L3(4). Since |N,| = 22
we get that |D| = 22|Cy(x)|. We note that z is conjugate to z under the action
of Y, so C(x) & Mgy : 2. As 112 does not divide the order of Y and L3(4) is a
maximal subgroup in Msy (see [AT], page 39), we deduce that |Cy(z)| = |Ls(4)]
or |Ls(4) : 2| and so |D| < 2|My,|. This gives us that 7, normalizes I and so 7,
centralizes z, a contradiction. Therefore V; C N, where r = 2 or 7 and r # s.
Set W = {(2)} U N,. Then W is an orbit of D on P(M) of length 23. Further
Cy(2) = My acts 3-transitively on W — {(z)} = N, of length 22. Therefore D is
4-transitive on W and D = Mys. Since C(F) < X we get that C3(F) = 1. Since
Out(M,3) = 1 (see [AT], page 71), we have Ny=(D) = D. This gives us that Y is a
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transitive extension of D and hence Y = Ms,. Now i) holds and ii) follows from i)

and ([As3], lemma 22.1) and the lemma is proved.[]

Lemma 4.3.3 i) Ng(M) contains a Sylow 2-subgroup of G and Ng(M) controls
the fusion in M with respect to G. Thus z and d are not conjugate in G and d is a
2-central involution in G.

i) O2(Cq(d)) is an extraspecial group of order 2'3 and Cg(d)/Os(Cg(d)) =
3U4(3) : 2.

Proof: By 4.3.2(i) and 4.2.4(ii) we get that z is a non 2-central involution in G.
We recall that A = (z,t) is an elementary abelian group of order 4 and all involution
of A are conjugate in G. Let 1 # r € G be a 2-central involution. We may assume
that Cg(r) contains a Sylow 2-subgroup of Cg(z). By 4.2.4(i) and ([AT], page
115) we get that O(Cg(A,r)) = 1. Also by 4.2.4(ii) and ([AT], page 163) we get
that O(Cg(z,7)) = 1. This and coprime action give us that O(Cg(r)) = 1. We
note that 4.3.1 we have Cg(M, z) = M. Hence Cs(M) = M. Now by 4.3.2(i),(ii)
([Re], theorem B) we get that the groups G and Ng(M) satisfy the conditions of
theorem B in [Re|. Of course G # Ng(M) and so i) follows from ([Re], lemma 3
and the corollary after lemma 3). Also by ([Re], lemmas 4, 8 and 9) we get that
05(Cg(d)) is an extraspecial group of order 2'3, O(Cg(d)/O9(Cg(d))) is of order 3
and either Cg(d)/02(Ca(d)) = 3U4(3) : 2 or Cu(d)/O22/(Ce(d)) = Aut(Mae). Since
by 4.2.2(ii) |Cq(d)|3 > 37, we get that Oy(Cg(d)) is an extraspecial group of order
213 and Cg(d)/O2(Ca(d)) =2 3U4(3) : 2 and the lemma is proved. [J

Now we can prove the Theorem 5.

Proof: By 4.3.3(ii) 02(Cg(d)) is an extraspecial group of order 2'* and
Ce(d)/02(Cq(d)) = 3U4(3) : 2. By 4.2.4(ii) and ([AT], page 163) we get that
z € 03(Cg(d)) and hence a = zd € Oy(Cg(d)). Since a is conjugate to d in Hj,
we get that d is not weakly closed in Oy(Cq(d)) with respect to G. Now by ([As3],
theorem 34.1) we conclude that G = M (24)" and the theorem is proved.[]

The proof of Corollary 7.
Proof: We adopte the notations D, D, Dy and « as in corollary 7. Set
D12 = D1 N DQ and L = O3(D2) We have D12/03(D12) = U4(2) : 2. Since the
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order of a maximal elementary abelian subgroup in O3(D;) is 3% and L and O3(D;)
are two subgroups of O3(Ds2), we get that |Os(D;) N L| = 3% and Dy2/O3(D;) =
3 x Uy(2). By 4.1.1(vi),(ii) there is an elementary abelian subgroup U; of order
16 in O%(Dy3) such that Oy(Np,(U;)O3(D;)/O3(Dy)) is a special group of order
28 with center U;03(D;)/O3(D;) and Np, (Uy)O3(D1)/O3(D;) is an extension of
O5(Np, (U1)O3(D1)/O3(D1)) by (3 x As) : 2. By 4.1.1(iv) there are some elemen-
tary abelian subgroups V' < U; < Cp,,(«) of order 4 such that all involutions in
V' are non 2-central in D; and all such subgroups of U; are conjugate in D;. If we
show that (a) is not weakly closed in Cp, (V') with respect to Cp(V') then the corol-
lary follows from theorem 5. So it is enough to show that («) is not weakly closed
in Cp, (V) with respect to Cp(V). By 4.1.2(iii) we get that a Sylow 2-subgroup
of Cp,,(V)/CL(V) is an extension of an elementary abelian group of order 16 by
an element of order 2 and a Sylow 2-subgroup of Cp,,(V) is nonabelian. Now by
4.1.3(iv) we get that |Cp,, (V)| > 2°. Since CL(V) is Cp,(V)/Cr(V)-invariant,
|Cp,/(V)] > |Cpyuy(V)] and a € Cr(V), we get that () is not weakly closed in
Cp (V') with respect to Cp, (V). As L < Dy, we have shown that (a) is not weakly
close in Cp, (V) with respect to Cp(V) and the corollary holds.[]

Remark: In theorem 5 we could replace Hy/R = Us(2) : 2 by some 2-local
information about Us(2) : 2. In fact to prove theorem 5 we have just used of some

2-local information about H;/R. But we should remark that all 2-local information
which are used about H;/R identify Us(2) : 2.
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Chapter 5

Characterization of the Monster

group

In this chapter we will prove theorem 6. So in this chapter G is of Monster type and
we keep the notations S, H; and Hs in definition 3. We gave a sketch of the proof for
theorem 6 in 1.3.3. Our strategy for identifying the Monster group is to determine
the structures of the centralizers of involutions in G. We find two involutions z and
t in G such that Cg(z) is a faithful extension of an extraspecial 2-group of order 2%
by Co; and Cg(t) = 2F; where F; is the baby monster group . Then the main result
follows by applying theorem 2.3.1 which is proved by Griess, Meierfrankenfeld and
Segev.

5.1 The centralizer of a non 3-central element

In this section we select an element s of order three in the group GG and we shall
show that Cg(s) = 3M(24)". We make use of the following information about the
action of Hy/Os2(H;) = Suz : 2 on P(O3(Hy)/Z(0O3(Hy))) (see [AT], page 131).

Lemma 5.1.1 Set M = H;/Os5(H,). Then M has two orbits L and K on
P(Os(H1)/Z(05(Hy))). Moreover,

a) If X € L, then Cy(X) is an extension of an elementary abelian group of
order 3° by Zy x M.

b) If X € K, then Cy(X) =2 Us(2) : 2.
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Notations: Set Q = Og(Hg), Y = Og(Hl), H12 = H1 N H2 and let <T> = Z(Y)
Then by assumption @ is a natural Hy/Q-module. So we adopte the notations A,
B and C from 2.4.9 for the orbits of Hy/Q on P(Q). We remark that (1) € A.

Lemma 5.1.2 7)) [QNY| =37 and O3(Hy2) = QY.
i) PQNY)NB#@ and P(QNY)NC # @.
i11) Let z € Hy be an involution such that zY < Z(H1/Y). Then Cy(z) = Z(Y).

Proof: By the general assumption ) and Y are two subgroups of O3(H;s) and
|O3(Hy2)| = 3. Since Y is an extraspecial group of order 3!3, we have |QNY| < 37.
As |O3(Hyp)| = 3, we get that [Q NY| = 3" and O3(Hy2) = QY and i) holds.
Let z € H; be an involution such that 2Y < Z(H;/Y). Since by assumption
Co(Y)=Z(Y)and 2Y € Z(H,/Y), we get that z acts fixed point freely on Y/Z(Y")
and iii) holds. Now by iii) and coprime action we have that QNY = Z(Y)®[z, @QNY].
By assumption Hi5/QY = 2U(3) : 2 = 204 (3). Therefore [z,Q NY] is a natural
Hi3/QY-module. Hence P(QNY)NB # @ and P(QNY)NC # @ and ii) holds..d

Further notations: By 5.1.2(ii), let (s) € P(Q NY)\ A. Then by 2.4.9(ii),
Chy(5)/Q = Q7(3).

Theorem 5.1.3 Cq(s) = 3M(24)".

Proof: By our assumption (s) € P(QNY)\ A. So by 2.4.9(ii), Cp,(s)/Q =
7(3). We have Q/ (s) is a Cp,(s)/Q-module. Since Z(Y') € A and the elements in A
are isotropic elements, by ([AT], page 106) we get that C(s,7)/Q is an extension of
an elementary abelian group of order 3° by U,(2). This gives us that Cg, (s) contains
a section isomorphic to Uy(2). We remark that by 5.1.2(iii), involutions zY €
Z(H,/Y) act fixed point freely on Y/Z(Y). Since there is no section isomorphic
to Us(2) in My, (see [AT], page 18), by 5.1.1(i),(ii) we get that Cp,(s)/Cy(s) =
Us(2) : 2. Since Y is an extraspecial group of order 3'3 and s € Y, we deduce that
Cy(s)/ (s) is an extraspecial group of order 3. This gives us that Cy, (s) contains
a Sylow 3-subgroup of Cg(s). Set L = Cg(s)/(s), L; = Cy,(s)/ {s), i = 1,2, and
Ls = Cp,,(s)/ (s). Now we see that the groups L and L;, i = 1,2,3, satisfy the
conditions of corollary 7. Hence by corollary 7, L = M(24)" and the theorem is
proved.[]
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5.2 2-central involution

In this section we show that G has an involution z such that the centralizer of z in
G is a faithful extension of an extraspecial group of order 2% by Co;.

Further notations: Let z € H; be an involution such that 2Y < Z(H,/Y).
Set L = Cp(2).

Lemma 5.2.1 i) Cpy,(2) = 6Suz : 2.

ii) z acts fived point freely on 7/ (7).

i) Cay(2)/L = 2U4(3) : 2 and O, (2)/L = 2U4(3) : Dy.

iv) |L| = 9 and there is an element € in L such that € is conjugate to T in Cp,(2)
and € ¢ T+.

v) 77t and Te are non isotropic elements in L.

Proof: By 5.1.2(iii), Cg,(2) = 6Suz : 2 and i) holds. Since zY € Z(H,/Y),
we have zO3(Hyz) € Z(H12/O3(Hy2). By 5.1.2(i), we get that Hyo/Y = 6U(3) : 2.
Therefore by (i) and 5.1.2(i), L is of order 9 and Cy,,(2)/L = 2U4(3) : 2. This and
([AT], page 141) give us that Cp,(2)/L = 2U4(3) : Dg and iii) holds. By ([AT], page
128), we get that there is no subgroup isomorphic to Cp,(z) in H;. Hence there is
an element € € L conjugate to 7 in Cp,(2). Since His = Ng,(Z(Y)), we conclude
that 71/ (1) is a natural Hio/O3(H}3)-module. This gives us that z acts fixed point
freely on 74/ (7). Tehrefore € ¢ 7+. Since 7 and € are isotropic elements and € ¢ 7+,

we get that 77! and 7€ are non isotropic elements in L. Now the lemma holds.[]

Further notations: By 5.2.1(v), there are some non isotropic elements in L.
So by conjugations in G we may, and do, assume that s € L. By 5.2.1(iv), there
is an element € € L conjugate to 7 in Cp,(z) and € ¢ 7. So we may assume that

s = 1e. We keep these notations s and € in the remainder of this chapter.

Lemma 5.2.2 i) s and 7 ‘e are conjugate in Cy,(2).

ii) For t = s or 77'e we have Cg(t,z)/ (t) is an extension of an extraspecial
2-group of order 213 by 3U4(3) : 2. Further Oy(Cq(t,2))/(z) is an irreducible
Ca(t,2)/023(Ca(z,t))-module.

Proof: By 5.2.1(iii), Cp,(2)/L = 2U,(3) : Ds. By 5.1.3 and ([AT], page 200), we
get that there is no subgroup isomorphic to 2U4(3) : Dg or 2U4(3) : 22 in Cg(s).
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This and as L is normal in Cp,(z) give us that there is an element conjugate to
s in L. Since by 5.2.1(iv), L is of order 9, s is conjugate to 77 'e in Cg,(2). We
remark that by 5.1.3 and the structure of H; we get that s is not conjugate to 7
in G. Since Cy,(z,s) contains a section isomorphic to 3U4(3) : 2, by 5.1.3 and
([AT], page 200), we get that Cs(z,s)/ (s) is an extenstion of an extraspecial group
of order 2'% by 3U4(3) : 2. By ([As3], 29.9), O3(Cq(z,s))/(z) is an irreducible
Ce(t,2)/025(Ca(z, s))-module and the lemma is proved.[

Lemma 5.2.3 Let K = O4(C¢(z)). Then either K = (z) or is an extraspecial

group of order 225.

Proof: Set K = O4(Cg(z)). We recall that L = (7,s). By coprime action we
have that

K = (Ck(t);t € L¥).

We recall that by 5.2.1(iv) and 5.2.2(i), € is conjugate to 7 in Cp,(2) and s is
conjugate to 7 'e in Cy,(2). Assume that ¢ = 7. Then by 5.2.1(i), Cq(z,t) = 6Suz.
Since Cg(z,t) N K is normal in Cg(z,t), we get that Cx(t) = (z). Suppose that
t = s. Then by 5.2.2(ii), Ck(t) is isomorphic to a subgroup of Oy(Cx(t, 2)) which
is extraspecial of order 2'3. Therefore K is 2-group. Since by 5.2.2(ii), Cg(t, 2)/ (t)
acts irreducibly on Oy(Cg(t,2))/ (z), we get that |Cx(t)/(z)] = 2'2 or 1. Hence
either for all ¢ € L of order three we have Ck(t) = (z) and then K = (z) or for
both ¢ we have Ck(t) is extraspecial of order 2'3. In the later case by Wielandt’s
order formula ([BH],XI1.12.4) |K| = 2% and K = Ck(s)Ck(77'€). Therefore K is

an extraspecial group of order 2% and the lemma hold.[]
Further notations: Set W = Cg(z). We use the bar notation for W/Oq(W).

We are going to show that W is isomorphic to Co;. Since by 5.2.1(iii),(iv),
Ch,,(2) is an extension of an elementary abelian group of order 9 by 2U,(3) : 2, by
([AT], page 52) we get that there is an elementary abelian subgroup F of order 3°
in Cy,,(2).

Further notations: We keep the notation E for an elementary abelian subgroup

in Cp,,(2) of order 3°.
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Lemma 5.2.4 Ni(E)/E = 2M5 and the extension splits.

Proof: By 5.2.1(i) and ([AT], page 128), we get that Ny (E)/E = (2 x Mi).
On the other hand by 5.2.1(iii) and ([AT], page 52), we get that N (E)/E =
(2 x Ag)2%. Since there is no subgroup isomorphic to (2 x Ag)2? in 2 x My (see
[AT], page 18), we have Ny-(E) # N: ont (_)

Set X = NW(E)/E Then X has seven orbits Lo, Ly, Lo, L3, Ly, Ls, Lg on
P(E) such that Ly = {(7)} and |Li| = |Ls| = |L3| = 11 and |Ly| = |Ls| = |L¢| =
110. Further L, = {<')~( >} X acts 4-transitively on Ly, Ly = {(m)f(, where
(1) and (Z3) are two distinct elements from the orbit Ly}, Liy; = {(7Z)~, where
(T) € Li}, Loy = {(7 x>X, where (Z) € L;}, i = 1,4. We note that (5) € Ly and
(7) and (3) are conjugate to (¢) and (7€) in Hy N W, respectively. By 2.4.4(iii),
= J(F) where F € Syls(Hy N W). Therefore by 2.2.2, (7) is conjugate to (€) and
(s) is conjugate to (7'€) in NyAw(E). Hence under the action of Ny(E)/E on
P(E) we get that Ly and L; are in the same orbit and Ly and L3 are in the same

= 5

gl

orbit. We recall that by 5.1.3 and the structure of H;, we get that 7 is not conjugate
to s in GG. Thus, Ly and Ly or L3 are not in the same orbit. If M = Ly U L; and
one, two or three of Ly, Ls and Lg be in the same orbit, then 61, 29 or 19 divides
}NW(E)/EL respectively. But G'Lg(3) is a {2,3,5,7,11,13}-group. Therefore M
is an orbit of Ng7(E)/E of length 12 that the stabilizer of every element of M in
Ny(E)/E is 2 x My; and Ny-(E)/E is 5-transitive on M. Hence Ny(E)/E is
an extension of Mjs. As My does not have a faithful representation on GF'(3)
of dimension 6 ( see [JLPW]), Ny (E)/E is not isomorphic to 2 x Mj,. Hence
Ny (E)/E = 2M5. Let TE € Z(Nyw(E)/E) be an involution. Since a faithful,
irreducible, GF(3)Ny(E)/E-module has dimension at lease 6, we get that 7 acts
fixed point freely on E. Hence CNW(E) () = 2Mj5 and the extension splits. This
completes the proof.[]

Further notations: In the remainder of this chapter X is a fixed complement of
E in Ny (E). By 2.4.2, X has three orbits M, I and J on P(E) such that |[M| = 12,
|I| = 132 and |J| = 220. We keep these notations M, I and J for the orbits of X
on P(E). We recall that (7) and (€) are in M and (5) € I. Set T = (50), where
T#0#€and (6) € M. Then T € J. Set D = Cq(z,7) and Ny = N5(T).
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Lemma 5.2.5 i) O3(C(T)) is a special group with center (7,€,0), C5(T)/O3(Cx(T))
SLy(3) x 2 and the extension splits.

ii) Let By be a fized complement of O3(Cx(T)) in C5(T) and i € Z(O*(B1)) be
an involution. Then |Cz(i)| = 3.

iti) There is a subgroup By = (X1,k) = SLy(3) in C5(Z(03(N>))) such that
k € E is of order three and X, = Qs is a quaternion group.

Proof: We recall that L = (r,s). By 5.2.1(iii), Cy(L) contains a section
isomorphic to Uy(3). So by 5.2.1(i) and [Wi2] we get that C5(L)/L = Uy(3). Also
by 5.2.1(i), 2.4.2(iv), (Vii) and [Wi2] we get that O3(C5(T)) is a special group with
center (7,€,0), Cp(T)/O3(CH(T)) = SLa(3) x 2 and the extension splits. Now i)
holds. Let B; be a ﬁxed complement of O3(C5(T)) in C5(T) and i € Z(0O*(B,)) be
an involution. We remark that i acts fixed point freely on O3(C5(T))/Z(05(Cx(T)))
and O?(C5(T))/03(C5(T)) acts trivially on Z(03(CH(T))). Since i € Z(B;), we
have i normalizes E. By 2.4.2(i) and ([AT], page 18), we get that CDnX( 1) & GLy(3).
Therefore i is of determinat 1. Hence ‘C’E/ (¢ )‘ =3 or ’CE/ ‘ = 33. By 2.4.3,
Ney 7 ((7)) is a subgroup of Mg x 2 for each element 7" € E/ () of order three. As
()| # 3
and then ’Cf (7) ’ = 3% and ii) holds. By i) and ii) and since 7 acts fixed pomt freely on
03(C5(T))/Z(0s(Cp(T))), we get that there is a subgroup By = (X1,k) = SLs(3)
in C5(Z(03(N>))) such that k € E is of order three and X; = Qg is a quaternion

group. Now the lemma is proved.l]

there is no subgroup isomorphic to Cg~5(i) in Mg X 2, we get that

Further notations: By 5.2.5(iii), we keep the notation B; for a fixed comple-
ment of O3(C(T)) in C5(T) such that By = (X1, k) = SLy(3) in C5(Z(05(N2))),

where k € E is of order three and X; = Qg is a quaternion group.

Lemma 5.2.6 Ny#(T) is a faithful extension of an extraspecial group of order 3° by
Sp4(3) : 2 and contains a Sylow 3-subgroup of W.

Proof: Set N, = NNW(E)(T)7 U = O3(XNN)) and R = [E,U]U. By 2.4.2(iii),
N1/FE is an extension of U by GLy(3) x 2. By 2.4.2(v), R is the unique extraspecial
normal subgroup in N; of order 3°. We remark that By ([AT], page 32) N1 N X =
N%(U). Let K = Ny N Ny. Then K = E(K N Nx(U)). By 2.4.2(v), U is not a
subgroup of K. By 2.4.2(v)(i) and ([AT], page 18), K N N¢(U) contains a Sylow
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3-subgroup U; of C%(7). Since U; # U, we have |U N U, | = 3. Hence U, has index
at most 23 in K N N (U). We remark that by [Wi2], N, is a split extension of
O3(N3) by SLy(3) * Dg and O3(N>) is a special group of order 37 and exponent 3
with center of order 33. Let P € Syl3(K). Then by considering orders we have
P € Syl3(N,). Let F € Syl3(N;) containing P. Then as P is of index three in F),
we conclude that P < F and hence R < Ny(Z(P)). We have U < R and U is not
contained in P. Therefore F' = PR. By 2.4.2(vi), E is a characteristic subgroup
of F' and hence F € Syl3(W). We note that from the structure of Ny we get that
Z(P) = Z(0O3(Ny)). Since R < Ny (Z(03(N>))), we get that C5(Z(03(N9)))R is
a group. Set N3 = C5(Z(03(N3)))R. We are going to show that R < N3.

Lemma (5.2.6.1) There is an extraspecial normal subgroup R; of order 3° in
Ns.

Proof: We have N3/O3(Ny) = SLy(3) x (@) where @ is of order 3. So N3 =
O3(N3)B;. Let i be an involution in Z(B;). Then Coywsy) (i) = (Z(05(N>)), @)
where @ is a preimage of @. Therefore [X, Cp, ,)(7)] = 1. By coprime action we
have O3(N,) = Coywy (D, O3(N5)]. Set B, = Coy(w,) (@) As Co, v, (@) s B-
invariant, we deduce that [a,k] € E'NCp,,)(i). Let ¥ € Ey. Then by the three
subgroup lemma, [y, k] € F;. Therefore E; is Bj-invariant. On the other hand,
under the action of By on O3(N)/Z(03(N3)) we have O3(N1)/Z(05(N,)) = Vi@ Vs,
where ‘171‘ = ‘172‘ =32 Clearly E1 N Z(O3(Ny)) = Z(F) is of order three. If @ acts
trivially on O3(N3)/Z(03(N3)) then O3(N3)E/E is an abelian subgroup of order 3*
in F/E. As by ([AT], page 32), F'/E is an extraspecial group of order 3, we get
that @ does not act trivially on O3(N3)/Z(O3(N3)). Since Coy(W2))2(05 (W) (@) # 1
and @ does not act trivially on Os3(N3)/Z(O3(N2)), we get that |Eq| = 3% Let
Ey < E. Then ENO3(N,) = <Z(03(N2)),E1> and £ N O3(N,) is B-invariant.
Therefore there is a subgroup U; in O3(Nj) of order 32 such that ‘Ul HE‘ =1
and U1Z(03(N5))/Z(05(N3)) is Bj-invariant. Since [Uy,k] < E, we get that k
acts trivially on U;Z(O3(N3))/Z(03(Ny)). As F =Fkand @ =1 @ for each
Ty € U1Z(05(N3))/Z(03(Ny)) of order three, we get that [Uy,k] = 1. Therefore
(U1, k, Z(05(N>))) is an abelian subgroup of F of order 3% and this is a contradiction
to 2.4.2(v). Assume that E; is abelian. Let 7 € E; such that 7 ¢ E. Then
[k,7] € Ei, therefore [k,7,7] = 1. As [ENO3(N,),7] < Z(03(N3)), we have
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Eﬂ O3(N»),7, ﬂ = 1. Since F = <E,Fﬂ 03(N2)>, we deduce that [E, T, F] = 1.
As by Theorem A in [Ch] no element of order three in C(7) acts quadratically on
E., we have a contradiction. Hence E; is not abelian and then E; is an extraspecial
group of order 3%. Let u € Z(O3(N,)) such that 1 # [u,a] € Z(F). Set Ry =
(E1,u,@). Then Ry is an extraspecial group of order 3° and Z(R;) = Z(F).

We have O3(N3) = (O3(N»),@). Since @ normalizes Z(O3(N>)) and @ acts
quadratically on Os(N3)/Z(03(Ns)) so [Ri,03(N3)] < Z(O3(N2))E;. Let T €
O3(N,) and @@ = a@e, where € € E,Z(03(Ns)). Let f € E; x (u). Then 7=
fy € Ff, where § € E1Z(03(N>)). Therefore [7f,ae| € (Z(F),[y,a]). As Ff is
an extraspecial group with center Z(F), we conclude that [7,a@ € Z(F) and this
gives us that 7 € E, x (u) and then E; x (1) < F? N R,. Let @® = aem, where
ec By x(u), me Z(O3(N2)) and [m,a) ¢ Z(F). Then (@®)* = (am)® ¢ Z(F) and
this is a contradiction to Rl being an extraspecial group. Hence Tﬁ = R, and R, is
normal in O3(N3). By 2.4.2(v) [k,a,a,a) = 1. So [k,a] € (u,Z(F)). Now as R, is
X -invariant, we get that R, is normal in O3(N3)B; = N3.0

We are going to show that R is a subgroup of O3(N3). If not, let T € R with
7 ¢ O3(N3). Then we have RN Ry = <u Z( )> and [, B1] < RN Ry. as [T, By] is
not in Z(O3(Ns)), we have R < O3(N3).

Now we show that R; = R. We have Ry < N3 and N3 /El is an extension of an
extraspecial group of order 3% by SLs(3). Let Z(O3(N3/Ry)) = (dR;) where d €
Z(03(Ny)) and let iO3(N3) € Z(N3/O3(N3)) being an involution, then 7 normalizes
F. So by 2.4.2(vi), i normalizes E. As i centralizes T, we deduce that 7 € N;. Since
R is normal in Nl, we have R =R Let Z€ RNRdand T = df, where f ¢ R
(as d ¢ )and =7 Z( ). Since d' = d, we get that 77 = df . Now we have
T = f € R, so f € R and this is a contradiction. Therefore R N Ryd =
and hence R = R;.

Finally R is normal in N = (N1, N3). By 2.2.3(ii), Aut(R)/Inn(R) = Sps(3) : 2.
We note that Z(O3(N)) = (7,0,€), u € Z(O3(N>)), @ ¢ N3 and T = (70€). Now
as [a,u) € T, T € J, a € X and by the representations of the elements in the
orbits M, J and I in 2.4.2, we get that (u) € I. Therefore @ is conjugate to s
in W. Now by 5.2.2(ii), ([AT], page 52) and as Cyr(Z(03(Ns))) < Cr(T, 1), w

get that Cy(R) < Cy (T, U,w). Since Cy, (U) =T, we deduce that Cy(R) = T.
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Hence N/Z(R) is a subgroup of Aut(R). So N/R is isomorphic to a subgroup of
Sp4(3) : 2. Since N1 /R is a maximal subgroup of Sp,(3) : 2 ([AT], page 26), we get
that N/R =2 Sp,(3) : 2 and the lemma is proved.(]

Lemma 5.2.7 W = Co;.

Proof: By 5.2.4, 5.2.6 and definition 1, we get that W is of Co;-type. So by theorem
4 W = Co, and the lemma is proved.[]

Theorem 5.2.8 Cg(z) is a faithful extension of an extraspecial group of order 2%
by Coy.

Proof: By theorem 5.2.7, C5(z)/O2(Cg(z)) is isomorphic to Co;. By 5.2.3 K =
05(Cq(2)) = (2) or K is an extraspecial group of order 2%°. By 5.2.2(ii), Oy(Cq(s, 2))
is an extraspecial group of order 2'3 and Cg(s,2)/02(Ca(s, 2)) is an extension of
an elementary abelian group of order 3% by Uy(3) : 2. If K = (z), then Co; must
have a subgroup isomorphic to Cg(s, z)/ (z). But Co; does not have an elementary
abelian subgroup of order 2'? ([AT], page 180). Hence K is an extraspecial 2-group

of order 2% and the theorem is proved.[]

5.3 Proof of theorem 6

In this short section we prove the theorem 6. By ([As3] 34.13) there is an involution
t € Oy(Cq(s,z)) such that ¢ is not conjugate to z in Cg(s) and Cg(s,t)/ (s) =
IM(22) : 2. Set Wy = Cg(t)/ (t).

Lemma 5.3.1 Wl = Fh, the baby monster group.

Proof: As Cg(s,t)/(s) = 2M(22) : 2, by 5.2.7 and Lagrange theorem ¢t is not
conjugate to z in G. By 5.2.7 and ([AS2] lemmas 32.1 and 32.2) we get that W, =
Ccq(z,t)/ (t) is an extension of an extraspecial 2-group of order 22* by Co,. Now
applying 2.3.2 we have either W, = O(Wl)WQ or Wy = F. Since Ca(s,t)/ (s) =
2M(22) : 2, the case Wl = O(Wl)WQ does not happen. Hence Wl =~ [, and the

lemma is proved.[]

Now we can prove the Theorem 6:
Proof: It follows from 5.2.7, 5.3.1 and 2.3.1.0J
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