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Introduction

The study of long time behaviour of solutions to nonlinear dissipative evolutionary equa-
tions has attracted the interest of many mathematicians for a long time. The research in
this field has been focused principally on two aspects. One is concerned with the asymp-
totic behaviour of families of global solutions for initial data starting from any bounded set
in certain Sobolev space with the aim to find a compact invariant set which absorbs these
solutions, that is, an attractor. We refer to Temam [Tem88|, Hale [Hal88], and Babin and

Vishik [BV92] for a comprehensive study of this subject.

Another important aspect is the study of the convergence to an equilibrium of global
bounded solutions as time goes to infinity. In the ODE case, the classical theory of Lya-
punov functions and La Salle’s invariance principle allow to prove convergence of global
bounded solutions to an equilibrium provided that the set of equilibrium points is finite
or discrete. This condition can be checked in many problems arising in applications. The
same technique can be used for PDEs, but in this case, it is not so easy to describe the
structure of the set of equilibrium points. Therefore one should look for new methods to

establish convergence to steady state for such problems.

For nonlinear dissipative evolutionary equations there exist some papers which de-
velop new techniques in different settings and provide positive results in this direction,
we refer to [Zel68, Mat78, Sim83, Lio84, HR92, HP92, BP97, Jen98, RH99]. A seminal
contribution was made by Simon [Sim83], who was the first to observe that in case of
analytic nonlinearities and under suitable growth conditions any global bounded solution

of a gradient-like evolution equation converges to an equilibrium. His idea relies on a



generalization of the so-called Y.ojasiewicz inequality for analytic functions defined in finite
dimensional space R™. Jendouby [Jen98] simplified Simon’s proof and obtained a cor-
responding convergence result for a class of hyperbolic evolution equations. Since then
the F.ojasiewicz-Simon inequality has been used by many authors to prove convergence to
steady state of bounded solutions of several types of evolution equations, see for example
[AFIR01, AF01, HT01, AP03, Chi03, FIRP04, WZ04, CF05, PW06].

Actually, the problems studied in the aforementioned papers are related to the first
order equation

u(t) + & (u(t)) =0, t >0, (0.0.1)
and the second order equation
i(t) +u(t) + & (u(t) =0, t >0, (0.0.2)

respectively, where the nonlinear term €’ is the Fréchet derivative of a functional & € C!(V),
and V is a Hilbert space which is densely and continuously embedded into another Hilbert
space H. The main assumption in all of the above papers to prove convergence to single
steady state is that the functional & satisfies the f.ojasiewicz-Simon inequality near some
point & € V in the w-limit set, that is, there exist constants 6 € (0,1/2], C > 0 and ¢ > 0

such that for all v e V with | v —9 |y < o, there holds
| EW) —E@®) M 0< ClE W) v,

where V' denotes the topological dual of V.
A typical functional &, which satisfies the Lojasiewicz-Simon inequality and often ap-

pears in applications, is given by
W) = za(v,v) +J D(x,v)dx, veV,

where Q is a bounded domain with smooth boundary in R™, «:V x V — R is a bilinear,
continuous, symmetric, and coercive form, and the nonlinear term @ (x, -) is a C?(V) function
with suitable growth conditions. We refer to Chill [Chi03] for a comprehensive study of

this subject.



As to nonlinear evolutionary equations with memory term there has been only some
progress concerning convergence to steady state. The reason for this lies essentially in
the fact that these problems do not generate in general a semi-flow in the natural phase
space. Another difficulty consists in finding Lyapunov functions for such problems which

are appropriate to investigate the asymptotic behaviour of global bounded solutions.

We will now describe some positive results in this direction. There are some papers
which deal with the equation
t
ii+Bgll+JO a(t—s)Bju(s)ds +&'(u) =0, t >0, (0.0.3)
where By and B; are closed, linear, self-adjoint, positive operators on a Hilbert space H.
The first positive result was obtained by Fasangové and Priiss in [FP99, FP01], where the
authors develop a method which combines techniques from nonlinear Volterra equations
in finite dimensions (cf. [GLS90]) and harmonic analysis of vector-valued functions (cf.
[Chi98]). The main problem of this approach is that in order to establish convergence to
an equilibrium one has to assume that the set of stationary points of (0.0.3) is discrete,
a condition that is not easy to verify and not fulfilled in general. Recently, Chill and
Fagangovéa [CF05], using ideas from Dafermos [Daf70] and [AF01], were able to prove that
under suitable conditions on the kernel a any global bounded solution u of (0.0.3) converges
to a steady state, provided that the functional & satisfies the Lojasiewicz-Simon inequality
near some ¥ € w(u). Note that the latter allows to avoid additional assumptions on the

set of equilibria.

A series of papers is concerned with non-conserved phase field models with memory of

the form

t

u + ¢y :L a(t—s)Au(s)ds +f, (0.0.4)

bt =Ad — @'(¢d) +u, (0.0.5)



complemented by Neumann boundary and initial conditions, and the corresponding vari-
ants in the conserved case. Concerning convergence to steady state, we refer to the pioneer-
ing works [AF01] and [AP03], in which the approach via the Lojasiewicz-Simon inequality
is used for the first time in the context of phase field models.

During the last years many papers have also addressed the problem of global existence
and dynamic properties such as existence of attractors for the model (0.0.4)-(0.0.5) (and
variants of it) in different settings. We refer to Giorgi et. al. [GGP99] and Grasselli et. al.
[GP04] and the references given therein.

Further, there exist some results for the system

t
ue + Gt zL ai(t —s)Au(s)ds + f1, (0.0.6)

t
b1 :L as(t —s)(Adp — @' () +u)(s)ds + fa, (0.0.7)

on [0,00) X Q, O C R™ a bounded domain, together with Neumann boundary and initial
conditions. This system was proposed by Rotstein et. al. in [RBNCNO1] as a phenomenolo-
gical model to describe phase transitions in the presence of a slowly relaxing internal
variable. Novick-Cohen [NCO02] obtained global well-posedness of it in a weak sense in the
case n < 3, by means of the Galerkin method and energy estimates, where ®(s) = (s —1)2,

the well-known double-well potential. In [GP04] existence of a uniform attractor is shown

for the system (0.0.6)-(0.0.7) with a quadratic potential.

The purpose of the present thesis is twofold. The first objective is to establish the
global strong well-posedness of (0.0.6)-(0.0.7) in the L,-setting in the case n < 3, as well

as of its conserved version, that is,

t
ug + ¢y =yAu +J ai(t —s)Au(s)ds + fq, (0.0.8)
0
t
" :_L a(t—s)A [Ad — O(§) +u] (s)ds + f. (0.0.9)

on [0,00) x Q, O C R™ (n £ 3) a bounded domain, together with Neumann boundary

condition for u, ¢, and A¢d as well as initial conditions.



The second and main goal of this thesis consists in proving convergence to steady
state for the conserved phase field model with memory (0.0.8)-(0.0.9). To achieve this,
it is crucial to understand a simplified model which in abstract form can be written as a

nonlinear evolutionary equation in a real Hilbert space H of the form

u(t) + E a(t—s)&(u(s)) ds = f(t), t > 0. (0.0.10)

Here &’ is the Fréchet derivative of a functional & € C'(V), where V is a Hilbert space
which densely and continuously injects into H. The scalar kernel a belongs to a certain

kernel class whose prototypical example is given by
alt)=Ce ™" %, t>0,

where C,w, & are positive constants with o € (0, 1).

Problems of the form (0.0.10) also arise in several other applications such as e.g. non-
linear heat conduction with memory and nonlinear viscoelasticity. For these reasons, a
separate section of this thesis is devoted to the study of convergence to steady state of

global bounded solutions of the abstract equation (0.0.10).

This thesis is organized as follows. In Chapter 1, we describe a theoretical framework
and tools to solve abstract linear problems of parabolic type in Banach spaces. The chapter
consists of two parts. The first part is devoted to the class of sectorial operators and
subclasses of it, which play an important role in the theory of maximal regularity. This
will be the subject of the second part, where we will recall fundamental results in the
context of maximal regularity, such as a version of the well-known Dore-Venni theorem
due to Priiss and Sohr [PS90], the operator-valued version of the famous Mikhlin Fourier
multiplier theorem due to Weis [Wei01], and a resent result in the theory of abstract
parabolic Volterra equations due to Zacher [Zac05]. These results will be used in Chapter
3 and 4 to obtain optimal regularity estimates for linearized versions of the phase field

models to be studied.



Chapter 2 gives an outline of the physical background of heat conduction in materials
with memory. On the basis of the discussion in [JF85, BFJ86] and [RBNCNO01] we propose
a conserved phase field model, which can be interpreted as a non-isothermal Cahn-Hilliard

equation with memory and relaxing chemical potential.

In Chapter 8 we prove the global strong well-posedness of the non-conserved phase field
system with memory (0.0.6)-(0.0.7) in an L,-setting. Assuming enough regularity of the
kernels a; and as, we apply a recent result in the theory of abstract parabolic Volterra
equations, which was proved in [Zac05], to obtain a local strong solution in the framework of
Bessel potential spaces. To solve (0.0.6)-(0.0.7), we first show that this system is equivalent
to a semilinear problem of Volterra type of the form

V—th(t—S)AV(S)dS-l—H(V)+f(t), (0.0.11)
0

where H(v) is a non-local nonlinear term. Maximal regularity of an appropriate lineariza-
tion and the contraction mapping principle then yield the local well-posedness of (0.0.11).
Finally, global well-posedness of (0.0.6)-(0.0.7) (in the case of trivial history) is obtained
by means of energy estimates and the Gagliardo-Nirenberg inequality. The main result of

this chapter is stated in Theorem 3.2.2.

Chapter 4 is concerned with the conserved phase field model (0.0.8)-(0.0.9). Our proof
of the local strong well-posedness is again based on linearization and the contraction map-
ping principle. However, our approach to obtain maximal regularity for the linearized
problem differs from that in the previous chapter. Using inversion of the convolution (cf.
[Prii93, Thm. 8.6]) we reformulate the linear version of the system (0.0.8)-(0.0.9) as an

abstract system

(B1 + A)v = —B1¢ + Bihy, (0.0.12)

(B2 +A%)@ = Av + Bohy, (0.0.13)

where the operator A is the canonical extension of the negative Laplacian in L,(Q) to



L, (R;L,(Q)), and the operators B; are the Volterra operators defined in (1.1.3) that corre-
spond to the kernels 1 x a; and 1 * ag, respectively. Further, if we assume that ¢ is known
in (0.0.12)-(0.0.13) then by the method of sums of operators, the unknown function v in

(0.0.12) can be represented as
v=—(B; +A) !B+ (By +A) " 'Bihy. (0.0.14)
Inserting this into equation (0.0.13) leads to the problem
(By + A2+ A(By +A) !By =h. (0.0.15)

If ¢ solves (0.0.15), then this together with (0.0.14) yields the solution of the system
(0.0.12)-(0.0.13).

As to (0.0.15), note that the method of sums is not applicable since the power angles
of the operators B;, i = 1,2, are in general greater than 7t/2 and therefore the parabolicity
condition is not satisfied. However, by imposing an extra assumption that roughly speaking
says that the imaginary parts of the Laplace transforms of 1 x a; and 1 x as have the same
sign, we are able to use the operator-valued version of the Mikhlin Fourier multiplier
theorem in one variable to obtain existence and uniqueness for (0.0.15).

Having solved (0.0.8)-(0.0.9) locally, global strong well-posedness (in the case of trivial
history), Theorem 4.3.1, is obtained in the same fashion as for the non-conserved model by

using energy estimates and the Gagliardo-Nirenberg inequality.

Finally, in Chapter 5 we investigate convergence to steady state for the abstract model
(0.0.10) and use the ideas from this first part to prove convergence to steady state for
the conserved phase field model (0.0.8)-(0.0.9). To achieve this, we construct appropriate
Lyapunov functions and employ the f.ojasiewicz-Simon inequality for the energy functional
associated with the corresponding stationary problem. In the case of the phase field model
considered, this inequality has already been verified and used in the literature, while in the

case of the abstract model (0.0.10) it constitutes an assumption.



We point out that due to the presence of the convolution term(s), the finding of suitable
Lyapunov functions in either case is a nontrivial task.

To describe how to tackle this problem, let us first consider the abstract models (0.0.1),
and (0.0.2) of first and second order, respectively. For the equation (0.0.1), a canonical

Lyapunov function is given by

while in the case of the second order equation (0.0.2),
1 .
Ta(t) = 3 [ (t) [y +E(uft)),

is a Lyapunov function. In the first case, Yi(t) is good enough for the approach via
Lojasiewicz-Simon inequality, whereas in the second case, one has to modify Ya(t), e.g. by
adding the term of mixed type & (u, €'(u)),,, where & > 0 is chosen sufficiently small.

Now, to find an appropriate Lyapunov function for the problem

1:L+Jt a(t—s)&’(u(s))ds =0, (0.0.16)
0

our first idea is to isolate the nonlinear term €’(-). To this purpose, we assume that there

exists a nonnegative, nonincreasing kernel k such that

t
J' a(t—s)k(s)ds =1, for all t > 0.
0

Then (0.0.16) can be written in equivalent form as

d . , B
2 (W) + €' (uft) =0, (0.0.17)

where the symbol * means the convolution of two functions supported in Ry. Observe
that (0.0.17) interpolates (0.0.1) and (0.0.2) in the sense that k = 1 leads to (0.0.1) while
k = 8g+1, &y denoting the Dirac delta, formally gives (0.0.2). The last observation suggests
to consider sums k = e +y1 x e with a constant v > 0 and e positive, decreasing. In this

case (0.0.17) becomes

%(e*u)(t)+y(e*u)(t)—|—8'(u(t)) =0, (0.0.18)



and it turns out that indeed one can find a proper Lyapunov function for (0.0.18), namely

Y(t) = = (ex [ W F)(t) + E(ult).

DNO| =

Similarly as in the case of second order, it is then possible to modify this function to
produce a new Lyapunov function which combined with the Lojasiewicz-Simon inequality
allows to prove convergence to single steady state in V for equation (0.0.18), provided that
the range of the solution u is relatively compact in V. This result can be extended to
the case where a function f(t) appears on the right-hand side of equation (0.0.10). The
assumption on such f to make this work is essentially the same as in Huang and Tak&c
[HTO1].

The main results obtained in this chapter are Theorem 5.2.4 (abstract model) and

Theorem 5.3.4 (phase field model).






Chapter 1

Mathematical Preliminaries

In this chapter we describe a general theoretical framework, which is necessary to under-
stand this thesis. We begin by fixing some of the notations used throughout this thesis,
recall some basic definitions and give references concerning function spaces.

By N, Z, R, C we denote the sets of natural numbers, integers, real and complex numbers
respectively. Let further Ry = [0,00), C. = {A € C: ReA > 0}. The capital letters X, Y,
Z will usually stand for Banach spaces; | - |x designates the norm of the Banach space X.
Also, we denote by X’ the topological dual space of X and by (-, ) the duality relation. The
norm in X’ is denoted by | - [x/, and is defined by | x’ |x:=sup{| (x’,x) |: x € X: |x|x=1}.

For a Hilbert space H we denote by (-, -} its scalar product. The symbol B(X, Y) means
the space of all bounded linear operators from X to Y, we write B(X) = B(X, X) for short.
If A is a linear operator in X, D(A), R(A), N(A) stand for domain, range, and null space of
A, respectively, while p(A), o(A) designate resolvent set and spectrum of A. For a closed
operator A we denote by DA the domain of A equipped with the graph norm.

If (Q, %, ) is a measure space then L,(Q, %, u;X), 1 < p < oo, denotes the space of all
Bochner-measurable functions f: Q — X such that | f(-) [P is integrable. This space is also

a well-known Banach space when endowed with the norm

1/p
£ = <JQ ol du(t)) ,

and functions equal a.e. are identified. Similarly, Lo (Q, X, u; X) denotes the space of

(equivalence classes of) Bochner-measurable essentially bounded functions f: Q — X, and

11



12

the norm is defined according to
| floo=esssup | f(t) .
teQ
For QO C R™ open, L the Lebesgue o-algebra, pu the Lebesgue measure, we abbreviate
Lp(Q, I, w3 X) to Ly (Q;X). In this case W' (Q;X) is the space of all functions f: Q — X
having distributional derivatives D*f € L,,(Q; X) of order | « |[< m; the norm in W (Q; X)

is given by
1/p

[ flwpx=| D_ ID*FIB for 1 <p < oo,

[o|<m
and

| Flwg(ax)= max | D | for p = oo

‘ ~

The spaces W (Q; X) are the well-known Sobolev spaces. Further, we define the Bessel

potential spaces H;™(Q; X), by means of complex interpolation, i.e.
HE™(Q;X) = [Lp(Q;X),W;,“(Q;X)L for s € (0,1).

We will also set Hi™(Q; X) = L, (Q;X) if s = 0, and HJ™(Q; X) = W (Q;X) if s = 1, and
we denote by oH;,(Q;X) the completion of C§°(Q;X) in H} (Q;X), where C§°(Q;X) is the
space of test functions (see [Tri92] for the scalar case and [Ama95] for the vector valued
case).

As usual, C**1)~ is the space of all C¥ functions whose k'™ derivative are locally
Lipschitz continuous.

In the sequel we denote by f and f the Laplace transform and the Fourier transform of
a function f, respectively. The symbol x means the convolution of two functions supported

on the half line, i.e. (a*b)(t) = [;a(t —s)b(s)ds.

1.1 Sectorial operators

Definition 1.1.1. Let X be a complex Banach space, and A be a closed linear operator in
X. We say that A is sectorial if D(A) =X, R(A) =X, N(A) ={0}, (—o00,0) C p(A), and

[t(t+A)" <K M t >0, for some constant M < co.

We denote the class of sectorial operators in X by S(X). Let further g C C stand for
the open sector with vertex 0, opening angle 20, which is symmetric with respect to the
positive halfaxis R, i.e.

Yo ={AeC\{0}: |argA|< 0]
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If A € S(X) then p(—A) D Zg, for some 6 > 0 and sup{| AN+ A)~! |:] argA |< 8} < oo.
Therefore, we may define the spectral angle ¢ of A € S(X) by

da =inf(dp: p(~A) D Zr g, sup |AA+A)"|< oo}
)\EZW,d,

We consider some important subclasses of S(X). A sectorial operator A in X is said to
admit bounded imaginary powers, if A'$ € B(X) for each s € R and there is a constant C > 0
such that | At |< C for | s [< 1. The class of such operators will be denoted by BIP(X) and
we will call

Oa :mmﬁmﬁlog | AlS |
the power angle of A. The class of operators that admit bounded imaginary powers was
introduced by Priiss and Sohr in [PS90]. An important application of the class BIP(X)

concerns the fractional power spaces
XOL = XA"‘ = (D(A“)y‘ : |<X)7 |X‘(x = ‘X| + |A“X|7 0 <a< 17

where A € S(X). If A belongs to BIP(X), a characterization of X, in terms of complex

interpolation spaces can be derived.

Theorem 1.1.2. Assume that A € BIP(X). Then
Xa=[X,Daly,x e (0,1),
the complex interpolation space between X and Da — X of order «.

For a proof we refer to Triebel [Tri78, pp. 103-104], or Yagi [Yag84].

Recall that for A € S(X), 1 < p < oo, and vy € (0,1), the real interpolation space
(X, DA)y,p defined e.g. by the K-method, coincides with the space DA (v, p) which is defined
by means of

DA(Y;D) = {X € X: [X]DA('y,p) < OO}:
where
(JY 1A+ A)Ix [xPd/dt) P, 1<p<oo
XIpa(y,p) = 1
supgso t¥ [ At +A) " “x [x, p = o0,
see e.g. [CGHOO, Prop. 3.

For ¢ € (0, 71] we define the space of holomorphic functions on Ly by H(Z4) ={f: Ly —

C holomorphic}, and

H*®(Zg) ={f: Ly — C holomorphic and bounded}.
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The space H*(Z4) with norm | f &= supf| f(A) |:] arg A |[< ¢} forms a Banach algebra. We
also set Ho(Z¢) = Ux,p<0Ha,p(Z¢), Where Hy pg(Zg) i={f € H(Zgy) : |f \27B< oo}, and

19 = sup | A*F(A) [+ sup | A"PF(A) |.
Tt A1

Given A € S(X), fix any ¢ € (ba,7] and let ' = (00,0]e*¥ U [0, 00)e ¥ with pa <P < .

Then
1
T 2mi

defines via @A (f) = f(A) a functional calculus @5 : Ho(Zg) — B(X) which is a bounded

f(A) Jr fAA—A)"rAN, feHo(Zy),

algebra homomorphism. We say that a sectorial operator A admits a bounded H*-calculus

if there are ¢ > ¢ and a constant K¢ > 0 such that
| f(A) [< Ky | 12, for all f € Ho(Zg)- (1.1.1)

The class of sectorial operators A which admit an H*-calculus will be denoted by H>(X)
and the H>-angle of A € H*®(X) is defined by

¢oX =inf{dp > pa: (1.1.1) is valid }.

If A € H*(X), the functional calculus for A on Hy(Zy) extends uniquely to H*®(Z4). See
[DHP03, Lemma 2.10].

We come now to R-sectorial operators. Let X, Y be complex Banach spaces. We recall
that a family of operators T C B(X,Y) is called R-bounded, if there is a constant C > 0 and
p € [1,00) such that for each N € N, T; € T, x; € X and for all independent, symmetric
{1, 1}-valued random variables ¢; on a probability space (£, M, u) the inequality

N N
D &Tyx D ex
j:l j:l

is valid. The smallest such C is called R-bound of T, we denote it by R(T). The concept

<C

Ly (Z3Y)

Ly (Z;X)

of R-bounded families of operators leads to the two important notions of R-bounded -
calculus and R-sectorial operators, replacing bounded with R-bounded in the definitions of

H*>®-calculus and sectorial operators.

Definition 1.1.3. Let X be a Banach space and suppose that A € H®(X). The operator A

1s said to admit an R-bounded H*>- calculus if
Jz{h(A) . heH®(Ze), |h[e< 1} <0

for some 8 > 0. We denote the class of such operators by RH>(X) and define the RH*-
angle d)if"’ of A as the infimum of such angles 9.
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Definition 1.1.4. Let X be a complex Banach space, and assume that A is a sectorial

operator in X. Then A is called R- sectorial if
Ra(0):=R{t(t+A)': t>0} < 0.
The R-angle % of A is defined by means of
dX =inf{8 € (0,71): Ra(m—0) < oo},

where
Ra(0) =R{AA+A)"": |argA|<0}.

The class of R-sectorial operators will be denoted by R8(X). The class of R-sectorial

operators was introduced by Clément and Priiss in [CP01], where the inclusion
BIP(X) C RS$(X),

and the inequality

dX < 0a

were obtained in the special case, when the space X is such that the Hilbert transform
defined by

(Hf)(t) = lim lj
e=0 T JeglsI</e

f(t— s)%, t e R,
is bounded in L, (R; X) for some p € (1,00). The class of spaces with this property will be
denoted by HT.

There is a well known theorem which says that the set of Banach spaces of class HT
coincides with the class of UMD spaces, where UMD stands for unconditional martingale
difference property. It is further known that HT-spaces are reflexive. Every Hilbert space
belongs to the class HT, and if (£, M, ) is a measure space and X € HT, then L, (Z, M, u; X)
is an HT-space for 1 < p < co. For all of these results see the survey article by Burkholder
[Bur86].

Summarizing, if X is a Banach space of class HT we have the inclusions
RH®(X) C H™(X) C BIP(X) C R8(X) C S(X),
and the corresponding inequalities
PA* = bR > 04 > X > ba > sup{largA |: A€ o(A)):

For a detailed study of the mentioned topics, see for instance [DHPO03|, and also
[DDH™*04].
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1.1.1 Examples
Volterra Operators

Definition 1.1.5. Let a € Ly 1oc(R4) be of subexponential growth and suppose a(A) # 0 for
all Re A > 0. a is called sectorial with angle 8 >0 (or merely 0-sectorial) if

[arg a(A) [< O
for all ReA > 0.

Definition 1.1.6. Let a € Ly 10c(Ry) be of subexponential growth and k € N. a(t) is called

k-regular, if there is a constant ¢ > 0 such that
Ata™@) I<ela® |
for allReA >0, and 1 <n < k.

It is not difficult to see that convolutions of k-regular kernels are again k-regular. Fur-
thermore, k-regularity is preserved by integration and differentiation, while sums and dif-
ferences of k-regular kernels need not be k-regular. However, if a and b are k-regular

and
|arg a(A) —arg b(A) < 6 < 7, ReA >0, (1.1.2)

then a + b is k-regular as well, see [Prii93, p.70].

Some important properties of 1-regular kernels are contained in the following lemma.
Lemma 1.1.7. Suppose a € Ly 10c(Ry) is of subexponential growth and I1-reqular. Then
(i) a(ip) :=limx_ip a(A) exists for each p # 0;
(ii) a(A) #0 for each ReA = 0;
(iil) a(i) € W%, (R\{0});
(iv) | pd’(ip) < c|alip) | for a.a. p € R;
(v) there is a constant ¢ > 0 such that

cla(Ir)I<la) I<c la(Al ], Rex>0, A#£0;

(vi) limy o G(re*®) =0 uniformly for | ¢ |< 5.

The following result expresses the fact that the inverse of an convolution operator
associated with a 1-regular and sectorial kernel belongs to the class BIP(L, (RR; X)), for each

Banach space X of class HT, and p € (1, 0c0).
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Theorem 1.1.8 ([Prii93]). Suppose X belongs to the class HT, p € (1,00), and let a €
Litoc(Ry) be of subexponential growth. Assume that a is 1-regular and 8-sectorial, where

8 < m. Then there is a unique operator B € S(L, (R; X)) such that

(Bff(p) = f(p), p e R, fe CFR\{0}X). (1.1.3)

1
a(ip)
Moreover, B has the following properties:

(i) B commutes with the group of translations;

(ii) (n+ B)*ILP(RHX) C Lp(Ry;5X) for each w> 0, i.e. B is causal;

(iii) B € BIP(L,(R; X)), and the power angle 6 = 04, where 64 = sup{| arga(A) |: ReA >
0};

(iv) o(B) ={1/a(ip): p € R\{0}}.

The next result provides information about the domain of the operator B in Theorem
1.1.8.

Proposition 1.1.9 ([Prii93]). Let the assumptions of Theorem 1.1.8 hold, let B be defined
by (1.1.3), and let o, > 0. Then

(i) limsup | a(p) | u* < oo implies D(B) — Hx(R;X);

p—00

(ii) liminf | a(w) | uP >0 and limiglf | a(w) |> 0 imply HE(R;X) — D(B).
n—

H—00
Elliptic Operators

Let E be a Banach space and A(&) denote a B(E)-valued polynomial on R™, which homo-
geneous of degree m € N, i.e.
AlE) = ) au &%, EERM,
x|=m

where we use multi-index notation, and ay € B(E).

Definition 1.1.10. The B(E)-valued polynomial A(&) is called parameter-elliptic if there is
an angle ¢ € [0,7) such that the spectrum o(A(E)) of A(E) in B(E) satisfies

o(A(&)) C Ly for allE e R™, [&|=1. (1.1.4)

We then call

ba=inf{d: (1.1.4) holds} = sup |argo(A(E)) |
[E]=1

angle of ellipticity of A.
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The following result shows that differential operators

AD)= )  axD%
la|=m
where D := —i(91,...,0n), with parameter-elliptic symbols A(E) = )|, _, ax&* admit a

bounded H>®-calculus.

Theorem 1.1.11 ([DHPO03]). Let E be a Banach space of class HT, n,m € N, and
1 <p < oo. Suppose A(D) = Z“x‘zm axD* with a, € B(E) is a homogeneous differential
operator of order m whose symbol is parameter-elliptic with angle of ellipticity . Let A
denotes its realization in X = Ly (R™; B) with domain D(A) = HT'(R™; E). Then A € H*(X)
with H®-angle ¢X < Gy, in particular A is R-sectorial with d)% < dy.

1.2 Operator-valued Fourier Multipliers

Let X be a Banach space and consider the spaces L, (R;X) for 1 < p < co. We denote by
D(R; X) the space of X-valued C*®-functions with compact support and we let D’(R; X) :=
B(D(R); X) denote the space of X-valued distributions. The X-valued Schwartz space 8(R; X)

and the space of X-valued temperate distributions 8’(R; X) are defined similarly. Let Y be

1
loc

another Banach space. Then, given M € Ly _(R;B(X,Y)), we may define an operator

Tm: T 'D(R; X) — 8/(R;Y) by means of
Tud = F 'MF, for all Fo € D(R; X), (1.2.1)

where F denotes the Fourier transform. Since F~1D(R;X) is dense in L, (R; X), we see that
Twm is well-defined and linear on a dense subset of Ly, (R; X).
The following theorem, which is due to Weis [Wei01], contains the operator-valued

version of the famous Mikhlin Fourier multiplier theorem in one variable.

Theorem 1.2.1. Suppose X and Y are Banach spaces of class HT and let 1 <p < co. Let
M e CHR\ {0} B(X,Y)) be such that the following conditions are satisfied.

(i) R{M(p): p € R\{0}} =k < o0;
(ii) R{pM'(p): p € R\{0}} :=k; < o0.
Then the operator Ty defined by (1.2.1) is bounded from L, (R;X) into L, (R;Y) with norm
| Tm I (L, (RyX):L, (RyY)) < ClKo + K1),

where C > 0 depends only on p, X, and Y.
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A rather short and elegant proof of this theorem is given in [DHPO03].
An important result due to Kalton and Weis [KWO01], which can be applied together
with Theorem 1.2.1, gives necessary conditions for the R-boundedness of the symbol of the

form M(p, A), which is often encountered in applications.

Theorem 1.2.2. Let X be a Banach space, A € RH*®(X) and suppose that {halaean C
H*®(Lg) is uniformly bounded, for some 0 > cbi“, where A is an arbitrary index set. Then
{ha(A): A € A} is R-bounded.

Actually, the strong condition A € RH*(X) in this result may not be easy to check in
a general Banach space X. However, if X =L, with 1 < p < co then from Kalton and Weis
[KWO01, Thm. 5.3], it follows that

RH®(X) = H®(X) and 3> = ¢

1.3 Sums of closed linear operators

The following result, which is an extension of the well-known Dore-Venni theorem [DV87],
is due to Priiss-Sohr [PS90].

Theorem 1.3.1. Suppose X belongs to the class HT, and assume A,B € BIP(X) commute

in the resolvent sense and satisfy the strong parabolicity condition 65 + 0g < 7. Then
(i) A+ B is closed and sectorial;
(ii) A+ B € BIP(X) with 0o,p < max({0a, Op);

(iii) there is a constant C > 0 such that

| Ax |+ |Bx|< C|Ax+Bx|, x € D(A) N D(B).

In particular, if A or B is invertible, then A + B is invertible as well.

The next result is known as the mixed derivative theorem and is due to Sobolevskii
[Sob64].

Theorem 1.3.2. Suppose A, B are sectorial operators in a Banach space X, commuting
in the resolvent sense. Assume that their spectral angles satisfy the parabolicity condition
ba + b < . Further suppose that A + uB with natural domain D(A + uB) = D(A)ND(B)
1s closed for each w> 0 and there is a constant M > 0 such that

| Ax |x 1| Bx [x< M | Ax + uBx |x, for all x e D(A)NnD(B), n> 0.
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Then there exists a constant C > 0 such that
| AXB1=%x |x< C | Ax + Bx |x, for all x € D(A)ND(B), « € [0,1].

In particular, if A or B is invertible, then A*B'="%(A 4+ B)~! is bounded in X, for each
e [0,1].

1.4 Abstract parabolic Volterra equations

In this section, the basic theory of an parabolic Volterra equation is stated. This is done
by making use of the monograph of Priiss [Prii93]. This section is divided into two parts.
The first one is devoted to the concept of the resolvent, which is central for the theory
of linear Volterra equations. In the second part, a recent result in the theory of maximal
L,-regularity for a parabolic Volterra equation due to Zacher [Zac05] is stated. Here we
will also cite a result due to Clément and Priiss [CP90], which is very useful to obtain
a-priori estimates.

We begin by giving the notions of solutions of abstract Volterra equations. Let X be a
complex Banach space, A a closed linear in general unbounded operator in X with dense
domain D(A), and a € L!__(R,) a scalar kernel. We consider the Volterra equation

loc

u(t)—i—J'; a(t—s)Au(s)ds =f(t), te], (1.4.1)

where f € C(J;X), ] =10, T].

1.4.1 Resolvent families

Definition 1.4.1. A family {S(t)}t>0 C B(X) of bounded linear operators in X is called a

resolvent for (1.4.1) if the following conditions are satisfied.
(S1) S(t) is strongly continuous on Ry and S(0) = 1;

(S2) S(t) commutes with A, which means that S(t)D(A) C D(A) and AS(t)x = S(t)Ax for
allx e D(A) and t > 0;

(S3) the resolvent equation holds
t

S(t)x = X+J a(t—s)AS(s)xds, for allx € D(A), t > 0.
0

Suppose S(t) is a resolvent for (1.4.1) and let u(t) be a mild solution of (1.4.1). If we
convole (1.4.1) with S(t), then from (S1)-(S3), it follows that

lxu=Sxf,
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i.e. S« f is continuously differentiable and

u(t) = (ftLtS(t—s)f(s)ds, tel. (1.4.2)

This is the variation of parameters formula for Volterra equation (1.4.1).
Definition 1.4.2. Equation (1.4.1) is called parabolic, if the following conditions hold.
(P1) a(A) #0, 1/a(A) € p(A) for all Re A > 0.

(P2) There is a constant M > 1 such that H(A) = (I + a(A\)A)~!/A satisfies

[HA) [ %, for all Re A > 0.

The notion of parabolicity yields to the following result Priiss [Pri93, Thm. 3.1].

Theorem 1.4.3. Let X be a Banach space, A a closed linear operator in X with dense
domain D(A), a € L%OC(RJr). Assume (1.4.1) is parabolic, and a(t) is k-regular, for some
k> 1.

Then there is a resolvent S € C¥~1(R,;B(X)) for (1.4.1), and there is a constant M > 0

such that the estimates

s (t) < M, forallt>0, n<k—1, (1.4.3)

[ tRstD(g) — kst (s) K M [t —s | [1 +log ], 0<s<t<oo, (1.4.4)

t—s

are valid.

Remark 1.4.1. If A € S(X) with spectral angle ¢ < 7 and the kernel a is 1-regular and
f-sectorial with 8 < 7, such that the condition of parabolicity 8 + ¢ < 7 holds, then there
is a resolvent operator S € C((0,+o00);B(X)) for (1.4.1), which is also uniformly bounded in
R,.

1.4.2 Maximal regularity in L,

The following definition introduced by Zacher [Zac05] collects the notions of sectoriality,

k-regularity and the conditions of Proposition 1.1.9.

Definition 1.4.4. Leta € L _(R.) be of subexponential growth, and assumer € N, 04 > 0,

loc
and o« > 0. Then a is said to belong to the class X" («,04) if

(X1) a is r-regular;

(X2) a is 04-sectorial;
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(X3) limsup | 4(u) | u* < oo, liminf | a(u) | u* >0, limigf | a(w) [> 0.
H—00 H—

H—00
Further, X®(«,04) :={a € L{OC(R+) :a€eX"(«,0q) for all r € N}. The kernel a is called
a K-kernel if there exist r € N, 04 >0, and o > 0, such that a € X" (x,04).

A typical example of a K-kernel is given by

ox—1
v = g

e "t t>0,

which belongs to the class X*(a, a%) for every o >0 and n > 0.
The concept of K-kernels is very useful when working with Bessel potential spaces, since
it connects the order of the kernels with the order of the Bessel potential spaces. The

following result due to Zacher [Zac05] expresses this fact.

Corollary 1.4.5. Let X be a Banach space of class HT, p € (1,00), and J = [0,T] or
] =R.. Suppose a € X'(«,0) with 0 < 7, and assume in addition a € L1(R.) in the case
J =Ry. Then the restriction B := Bl (y.x) of the operator B constructed in Theorem 1.1.8
to Ly(J; X) is well-defined. The operator B belongs to the class BIP(L,(J; X)) with power
angle 05 < 0 = 04 and is invertible satisfying B~'w = axw for allw € L, (J;X). Moreover
D(B) = (HE(J; X).

The next result gives necessary and sufficient conditions for the existence of a unique

solution u of (1.4.1) in the space
HE " (1;X) NHE(J; DA).

Theorem 1.4.6 (Zacher, [Zac05]). Let X be a Banach space of class HT, p € (1,00),
] = 10,T] or Ry, and A an R-sectorial operator in X with R-angle d)% Suppose that a
belongs to K'(x,04) with o € (0,2) and that in addition a € L1(R,) in the case ] = R,.
Further let k € [0,1/p) and « + k # {1/p,1 + 1/p}. Assume the parabolicity condition
0 + &X <. Then (1.4.1) has a unique solution in HX*%(]; X) N H5(J; DA) if only if the

function f satisfies the subsequent conditions:
(i) feHF™(;X);
(ii) f(0) € DA(l+ & — 35, p), if a+ x> 1/p;
(iif) f(0) eDA(l+E—L - p), ifatk>1+1/p.

The next result is due to Clément and Priiss [CP90].
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Theorem 1.4.7. Let X be a Banach space, 1 < p < 00, v € Ly 10c(Ry) nonnegative,

nonincreasing, and let By, be defined in L, (R4 ; X) by

(Bpw)(t) = S(veullt), t>0, weD(By)

with domain
D(Bp) ={u € Lp(R;X): veue oWp(Ry; X))
Then By, is m-accretive. In particular, if X =H is a Hilbert space, then

-
L (Bpu(t),u(t)) u P}TQ dt>0, T>0,

for each uw e D(By).

Remark 1.4.2. Let a be a 1-regular and 0-sectorial kernel with 6 < 7t. Let B be the operator

from Proposition 1.1.9 associated with a, and assume that there exists v € L 10¢(Ry)

nonnegative, and nonincreasing, such that a*v = 1. Then from Theorem 1.4.7, it follows
that (Bu)(t) = (Bpu)(t) = 4y xu(t), for each u € D(B) N D(By). In particular for p =2

dt
and D(B) = oH$(J, L2(Q)), it follows that

T T/d
J (Bu,u)dt:J <dtv*u,u>dt>0.

0 0






Chapter 2

Physical background

2.1 Heat conduction

In this section we discuss a mathematical model for the process of heat conduction in
materials with memory. We begin our discussion with a constitutive relation between the

heat flux q and the temperature u. A simple relation for it is given by
q=-AVu, (2.1.1)

where A > 0. (2.1.1) is well-know as Fourier’s law for the heat flux. Assuming that uy =

—divq then it follows from (2.1.1) the diffusion equation
uy —AAu =0, (2.1.2)

where A is the thermal diffusivity. The diffusion equation has the unphysical property
that if a sudden change of temperature is made at some point on the body, it will be felt
instantly everywhere, though with exponentially small amplitudes at distant points, i.e.
the diffusion gives rise to infinite speeds of propagations. The problem of infinite speeds
of propagation generated by diffusion were first discussed in the work of Cattaneo [Cat49].

Later [Catb8] proposed the equation

d
Taq+q——)\Vu (2.1.3)

for the heat flux (see also Maxwell [Max67]), where T > 0. From (2.1.3), we obtain a

telegraph equation

1
Uee + —Up = r2Au, (2.1.4)

25
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with 12 = A/1. Equation (2.1.4) is hyperbolic and it transmits waves of temperature with
speed r. The waves are attenuated as a result of relaxation, and steady heat flow may be
induced by temperature gradients. Equation (2.1.3) can be expressed as an integral over

the history of the temperature gradient,

t —
q(t,x) = —%J exp (—t S) Vu(s,x)ds.
A more general form for the heat flux is
t
q(t,x) = —J a(t —s)Vu(s, x)ds, (2.1.5)

where a(t) is a positive, decreasing relaxation function that tends to zero as t — oo.
Integral expressions like (2.1.5) are also used in Boltzmann’s theory of linear viscoelasticity
to express the present value of the stress in term of past values of the strain or strain of rate
(see Boltzmann [Bol76], Maxwell [Max67], and Volterra [Vol09a], [Vol09b], for the early
history of linear viscoelasticity).

Using Cattaneo-Maxwell’s equation (2.1.3) and the works of Coleman and collaborators
[CN60, Col64, CM66, CG67], Gurtin and Pipkin [GC68] give a general constitutive theory
for rigid heat conductors that propagate waves. They consider after linearization, the

expression for the internal energy and the heat flux q as follows
t
e(t,x) =c+vu(t,x) —I—J b(t —s)u(s,x)ds (2.1.6)
—00

and .
q(t,x) = fJ a(t —s)Vu(s, x)ds, (2.1.7)

where v #£ 0, a(t) and b(t) are positve, decreasing relaxation functions that tend to zero
as t — oo. By Coleman and Gurtin [CG67] we could also consider the heat flux as a

perturbation of Fourier’s law, that is
t
q(t,x) = nyufJ a(t—s)Vu(s, x)ds, (2.1.8)

where vy is a positive constant, which represent an instantaneous conductivity of heat.
Equations (2.1.6) and (2.1.8) yield the heat equation with memory:

viL+ Jt b(t —s)u(s)ds = yAu + Jt a(t—s)Au(s)ds. (2.1.9)

—0o0
The prototype of relaxation functions, that we consider throughout this work, is given

by
tOC—l

,(_)y( _
—r((x)e , and b(t) =0, t>0,

a(t) =
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where o > 0 and $ > 0. Observe that some of these kernels enjoy the property of having
a fast and slow relaxation (e.g. if o < 1). The fast relaxation at time t near to zero
corresponds to an instantaneous thermal conductivity. We refer the reader to [JP89, JP90,

JCVL96] for a modern discussion of these topics.

2.2 Phase field systems with memory

In this section we discuss a non-conserved as well as conserved phase field model with

memory. For the non-conserved phase field model with memory reads as

t
wek g = | @it siaulsids+ i, in J x Q (22.1)
0
‘ 20g L O 0P |
Tc])t:J as(t—s) [E Acl)-l—T-l—u ds+fy, in]J x Q; (2.2.2)
0
opu=0,¢ =0, on J x 0Q);
u(0,x) =up(x), ¢(0,%x) = do(x), in Q,
where
0
f1(t,x) :J ai(t—s)Au(s,x)ds, (t,x) € ] x Q;

43
¢ Tl(b +ul (s,x)ds, (t,x)e]xQ,

0
folt, %) :J as(t—s) [52A¢+

contains the history of the system; we refer to [RBNCNO1] for the physical background.

2.2.1 Conserved model

We denote by ¢ the concentration of one of the two components in the alloy, and by j the

concentration flux. The corresponding physical law at constant temperature u is given by
TP = —div j. (2.2.3)

Classical theory assumes j to be proportional to the gradient of the local chemical potential
u, i.e.,

j=-&vu (2.2.4)

The free-energy F,, at constant temperature u is assumed to be given by an expression

of the form

F _ E'Q 2 1 2
W(0)= | 5190 P +0(0) —pub - 51| dx.
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where p > 0 denotes an entropy coeflicient (see Caginalp-Fife [CF88]) and the term —pud
corresponds to the entropic contribution to the free-energy, due to the difference in the
entropy densities of the two components of the alloy. The functional derivative of F,, with

respect to ¢ is then given by

0Fu o foy
W— EAD + D' (P) — pu.
By Cahn-Hilliard [CH58], it follows that
5T
= ST;L = —E2Ad + D' () — pu. (2.2.5)

So, at time t, u is completely determined by the concentration ¢ and temperature u. In

the isothermal case equations (2.2.3)-(2.2.5) yield the standard Cahn-Hilliard equation
br = EA (LA + 0'(¢))

where ®'($) = k(¢p> — ¢), which represents a double-well potential.
If we assume that the temperature also varies in time and space (that is u = u(t, x)),
then the internal energy e of the system is given by

_ %%
du

Y

where the presence of ¢ is due to the fact that it may also be considered as a form of

energy. From the energy equation it follows that
ut + pdpy = —div q, (2.2.6)

where q is the heat flux in the alloy.
Equations (2.2.3)-(2.2.6) yield the non-isothermal Cahn-Hilliard equation

uy + ppe = —divq
b = A (A0 + D' () — pu) .
Using the argument given in [RBNCNO1], the relaxed chemical potential can be written as

o= jtm st =) (5)ds,
where ay denotes a history kernel. If we assume that p contains only a relaxing chemical
potential p |re1 and ag(0) is bounded, then there is no instantaneous contribution from
the history of the system to the chemical potential to u |re1 (0). This can be avoided by
considering relaxation functions of the form

t(xz—l

a2(t) — meiﬁt, t > 0,
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where oo > 0 and B > 0. This way, for as < 1 we have a fast and a slow relaxation. The
fast relaxation near t = 0+ responses to an instantaneous contribution of the concentration

history. Finally, equations (2.2.3) and (2.2.4) yield
Thy = E2AH lret - (2'2'7>

Finally, if the alloy is contained in a region Q C R™ equation (2.2.7) should be supple-

mented with boundary conditions on the boundary 0Q. These are usually of the form

Ond = 0ni lrer=0, (2-2.8)

where 9, means the normal derivative at 0Q. The physical meaning of the second of these
two conditions is that none of the mixture can pass through the wall of the container, while
the first means a neutral wall, which does not interact with the substances. In addition, a

usual boundary condition for u is given by
One = 0pu =20, (2.2.9)

which means an insulated wall.
Since 0, @'(p) = ©”($)dnd = 0, the boundary conditions (2.2.8) and (2.2.9) take the
equivalent form
Onu = 0nd = 0y (Ad) = 0.

With these boundary conditions, equation (2.2.7) truly ensures conservation of mass and
energy, as can be seen by the divergence theorem, integrating (2.2.3) and (2.2.6) over Q

Now we can write the equations of the conserved model

t
uy + pdy = yAu—l—J ai(t —s)Au(s)ds, inJx Q; (2.2.10)
t
Ty = —aQJ as(t— $)A [E2A — ©/(¢) + pu] (s)ds, in ] x Q; (2.2.11)
Opuw = 0nd = 0, (Ad) =0, on J x 0Q);
u(0,x) = up(x), P(0,x) = o (x), in Q.

Here J is an interval of the form [0, T] with T > 0, and Q is a smooth bounded domain in R™.
The constants p, T, and & are all positive and represent the latent heat, a relaxation time,
and a correlation length, respectively. The nonlinearity ® : R — R is a given potential,
which satisfies certain growth conditions. In particular, @ can be the double-well potential
®(s) = k(s2 —1)? (k > 0), which is considered frequently in the literature. The kernels a;
and ag are scalar kernels, which satisfy properties discussed bellow.

In the sequel, we will assume w.l.o.g. that all constants in the models (2.2.1)-(2.2.2)

and (2.2.10)-(2.2.11) are equal to one.






Chapter 3

A non-conserved phase field model

In this chapter we obtain the global well-posedness in the strong sense in the L,-setting

for a phase field model with memory

t
w+oby = J ai(t —s)Au(s)ds + fq, in] x Q; (3.0.1)
0
t
d)t:J as(t—s) [AdH—d)—d)?’-l—u} ds+fy, inJxQ; (3.0.2)
0
Ol =0 =0, on J x 0Q; (3.0.3)
w(0,%) = uo(x), $(0,%) = do(x), inQ, (3.0.4)
where
0
f1(t,x) :J ai(t —s)Au(s,x)ds, (t,x) €] x Q; (3.0.5)
0
fa(t, %) :J ax(t—s) [Ad + b —d® +u] (s,x)ds, (t,x) €] x Q, (3.0.6)

J] =10, T] is an interval on R, and Q a smooth bounded domain in R™.

3.1 Local well-posedness

This section is devoted to the local well-posedness of (3.0.1)-(3.0.4). To achieve this, we will
reduce the system (3.0.1)-(3.0.4) to a semilinear equation of Volterra type. Our strategy
to solve this semilinear equation consists of two steps. Firstly we solve the linear version of

it using maximal regularity tools (Theorem 1.4.6), and secondly we apply the contraction

31
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principle to solve nonlinear problem by means of linearization and results from first step
and the contraction mapping principle.
We would like to begin with some definitions. Let T > 0 be given and fixed and let Q

be a smooth bounded domain in R™. For 0 < & < T and 1 < p < oo, we define the spaces

Z(8) = HE([0,81;X) N HE([0,8]; D A);
Z(8) = HLFet<e([0, 8]; X) N HEH([0, 8]; DA);
Xi(8) = HX*4([0, 8); X);

Xi(8) = HyF*t<e([0, 8]; X),

fori=1,2, where «, «; >0, and k, k; > 0, and X :=L,(Q), and A is a closed linear operator
in X with dense domain D(A). The spaces ¢Z(6) and (Z;i(d) denote the corresponding
spaces Z(5) and Z;(8) resp., with zero trace at t = 0. A similar definition holds for X;(5)
and (X;(84). Whenever no confusion may arise, we shall simply write Z, Z;, etc., resp. ¢Z,
0Zi, etc. if 6 = T. Furthermore, in case that ki € [0,1/p) and «; + ki # 1/p, we define the

natural phase spaces for Z; by

i 1
Y! =(X;D ) ithy;i =1 fori=1,2;
P (X; A)‘yl,p; with vy +1+061 o) ori , 25
Ki 1 1

l+og 4oy pll+ay)

fori=1,2.

\7:, =(X;DA)oy,p, Withoj=1+

Let J = [0, T] be an interval on R, and let Q be a smooth bounded domain in R™. We

consider the system

uy + ¢y =ag x Au+fy, inJxQ; (3.1.1)
bt =@ x Ab+azx (d— %) +azxu+fy, inJx0Q; (3.1.2)
Opu =0 =0, on J x 0Q); (3.1.3)

u(0,x) =ug(x), &(0,%x) = do(x), in Q, (3.1.4)

where f; and fy are as in (3.0.5)-(3.0.6).

For the discussion of equations (3.1.1)-(3.1.4), we will assume that the kernels a; belong
to K!(ey,01), with 8; € (0, 7) and o € (0,1) for i = 1,2, and we will set A = —A equipped
with Neumann boundary condition in X.

If we consider ¢ as known then equation (3.1.1) is equivalent to the two problems

M uy =—ay xAu*+f;, in JxQ;
u*(O):uO, in Q,
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and
) wy=—ar *Aw—od¢, in ] xQ;
w(0) =0, in Q,

by means of the relation u = u* +w. Observe that Theorem 1.4.6 gives necessary and
sufficient conditions to obtain a strong solution of (I) and also for (II). Indeed, integrating

the equation (I) over [0, t], we have
u =—1xa; * Au*+1x*f +ug.

It is easy to show that a := 1xa; is a kernel that belongs to the class K'(14 a1, 01 + 7).
In addition, it is well-known that A = —A with Dirichlet- or Neumann- or Robin-boundary
conditions belongs to the class BIP(X) with power angle 64 = 0. Moreover, from [CP01] it
follows that A € R§(X) too, with R-angle c])§ = 0. Hence, (I) transforms into the equation
(1.4.1), with f = 1 % f; + ug. Therefore, we may apply Theorem 1.4.6. A similar argument
holds for (II).

Now we want to have a representation formula for the mild solution of (II). For this, we
take f = —1x bt and a =1xa; in (1.4.1). On the other hand, since A € S(X) with spectral
angle ¢4 = 0, it follows from Remark 1.4.1 that (1.4.1) admits a resolvent operator S.
Using this fact and the variation of parameters formula, it follows that the mild solution

w of equation (II) can be represented as

d

W:a

(=S %1% d) = —S * dy. (3.1.5)
Now substituting u =u* +w in (3.1.2) and using (3.1.5) it follows that
Gr=—asxAp+ag*(p—¢3)+ar*xu* —asxSxdy+fa, in Jx Q. (3.1.6)
Defining
glt) =1sap*u* +1xfy+ o and H(Pp) =1 xag = (b — ) — 1 xag xS % by
then (3.1.6) can be rewritten as

¢ =—-1xayxAd+H(p)+ g(t). (3.1.7)

Now we will establish the equivalence between system (3.1.1)-(3.1.4) and equation (3.1.7).
To do so, we will first assume that the functions in (3.1.1)-(3.1.4) and (3.1.7) enjoy enough

regularity (later, we will make precise this aspect).
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We begin assuming that u* as well as ¢ are known in (I) and (3.1.7), respectively. Using
¢ in equation (II) we obtain a function w, and by defining a new function uw =u* +w one
can show (after an easy computation) that the pair (u, ) is a solution of (3.1.1)-(3.1.4).
The converse direction is trivial.

We will now make precise the type of regularity which we will give to the solutions.

A natural choice for the regularity class of the solution (u, $) of (3.1.1)-(3.1.4) is deliv-
ered by Theorem 1.4.6, therefore we can assume that (u, ¢) belongs to Z; x Zs. In addition,
by applying the contraction mapping principle, we see that the solution ¢ of (3.1.7) belongs
to Zo, if and only if H($) + g(t) € Xo. From Corollary 1.4.5 we have that for each function
u* € Ly (J; X) (in particular in Z;) the function 1 ap*u* isin ¢Xg, hence g € Xg, provided
that u* € L (J; X) and 1 % fo + o € Xa.

From equation (II) and Theorem 1.4.6, it follows that the solution w of (II) belongs to
0Z2. Since u = u* +w is a solution of (3.1.1), we have u € Z;. On the other hand, since
u* € Z; and w € Zs, we have to impose a condition which relates the spaces Z; and Zy. In

fact, the embedding Zs < Z; is an admissible condition, which is equivalent to
X9 — ] = K1 — Ko and kKo > Ki. (318)

The following auxiliary results are needed to estimate the nonlinear term H(¢) in equa-
tion (3.1.7) in Xg. To this purpose we begin with an estimate for products of functions in

Bessel potential spaces.

Lemma 3.1.1. Let 0 <k <1, « >0, n € N. Suppose that p > § + % Then there is a
constant C >0 and an ¢ > 0 such that

[ uvw fpsre ) < Clulzf vz wiz (3.1.9)
1s valid for all u,v,w € Z.

Proof. Let pi >1 fori=1,...,4 such that
1 2 1 2
+

1

TP e P2 pd

which in particular mean that ps and p4 are greater than 2. Let ¢ > 0 such that 0 < k4¢ < 1,
then from the characterization of H§*¢ via differences (see [Tri92]) and with the aid of

Holder’s inequality, it follows that

‘ uvw \HSH(LU)S C | u |Hf$f(Lpp2]| A% |H§$§(Lpp4)| w |H§$§(Lpp4) . (3110)

Observe that (3.1.10) is valid for k = ¢ = 0 too.
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On the other hand, the mixed derivative theorem yields
1-0
Z s Hy 0o (120,
Then for completion of the proof, we have to check the validity of the Sobolev embeddings
1-0 1-6
Hp O S (H20) o HE T E (Lpp,) and Hy ™ @ TS (H20) s HEEE(Ly,p,).

Is easy to verify that the first embedding is valid for some 6 € (0,1), provided

an 1 1 1 oan 2 1 2
P2 o () e () maema () ae () G20

and the second one is valid for some 0 € (0, 1), provided

an 1 1 1
>_—(1-— -—. 1.
P> 5o ¢) <1 p4>+oc£ (1 p3> (3.1.12)

Taking p3 = ps = 3, (3.1.11) and (3.1.12) are equivalent to

oan 2
3(ax—¢) +3(cx—e)'

p>

Then the claim follows from the strict inequality

an 2 n 2

S(a—e)  3(a—e) 3 3

since ¢ > 0. O

Lemma 3.1.2. Let X be a Banach space of class HT, and let ] = [0,T], T > 0. Further
let b e X'(B,0), B > 1, 6 < m. Assume that the constants k > 0 and e € (0,1) are given
and suppose further that 1 < 4+« < 2. Then for all u € Hg“(I;X) there is a constant
c(T) >0, such that

‘ bxu | OHE+K(I§X)< C(T) | u |H;+E(I;X) . (3113)

Moreover, ¢c(T) — 0 as T — 0.

Proof. We begin by recalling the notion of fractional derivatives. Let o« > 0. The fractional

derivative of order o of a function f € oHJ(J; X) is defined by

m rt
X —
DEFY) = Jims | am-alt—s)fls)ds,
where m = [o € N, and gq(t) = IE?;I)

Observe that by Corollary 1.4.5 the operator D coincides with the operator given there,
if a € (0,2). Moreover, it defines an isometrical isomorphism from oH(J;X) to Ly (J; X).
On the other hand, since f € oHJ(J;X), it follows that

L ge 1 onggpa< (M ] g% (3.1.14)
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where ¢(T) > 0 and ¢(T) — 0 as T — 0. Indeed, observing that the operators DY and g, * -

commute in oHy(J; X), we have

[ ge * | gnagp0=I DT (ge * f) [, (5, =1 9e * DFF I (5;x) -

Using this and Young’s inequality the claim follows with ¢(T) :=| ge I, (y)-

Now, since b * g and b« g. are of order tP*¢ and tP+¢~! respectively, it follows that
the operator D{(b *-) : Hg“(]; X) — OHS+K(I; X) is well-defined, linear and bounded. On
the other hand, since ¢ <1 and the identity g. » Df = L is valid in oH(]; X), we obtain

|bxu | OHE+K(I;X):‘ ge *D{(bxu) | oHEFR(1:X) - (3.1.15)
Therefore, (3.1.13) follows from (3.1.14) and (3.1.15) with o« = B + «, since the operator
D§ (b -) is bounded in H5**(J; X). O

We can now estimate H(¢) in Xo.

Corollary 3.1.3. Let a1, a9 € (0,1) and k1, k2 € [0,1/p) such that the condition (3.1.8)
holds. Let a; € K'(«i,0;), with 0; < /2, fori = 1,2 and let S be the operator given in

(3.1.5). Suppose that p > % + m Then the map H:Zs — ¢Xo, defined as

H(dp)=1%ag* (b —d3) —1xag =S *dy

s continuous and bounded in Zo. Moreover, there is a constant K(T) > 0, with K(T) — 0
as T — 0, such that

[HO) [ oxo KT - [V, + vz, +1v=v(0) | ox,] - (3.1.16)
is valid for allv € Zs.

Proof. Let v € Z, then 1xvi € ¢Xo. From Lemma 3.1.2 with b=1x%as and f =1+ a9,
it follows that there is a constant ¢(T) > 0, such that

[ Txag x Sxvi | ox, < c(T) [ S ve [ yxose (3.1.17)
P

(Lp) ~
On the other hand, from the embedding Zs — H§>"® (¢ < az) and maximal regularity

of equation (II), we obtain the existence of a constant C > 0, such that
| S % vy \H;2+5(LD]<| S#vi |z, < C 1 1lxve | oxo=C-lv—=v(0) | yx, - (3.1.18)
Therefore, from (3.1.17) and (3.1.18), there exists a constant K(T) > 0 with
[1xag*S*ve | ox, < K(T)[v—=v(0) ] x, - (3.1.19)
Finally, Lemma 3.1.2, yields
[Txag*(v—v3)| x,<c(T) (| v |H;2+E(Lp) + V3 ‘H,?“(Lp)) ) (3.1.20)

Hence, using the embedding Zy «— Hy§>"*(L,) (¢ < ap) and Lemma 3.1.1, the proof is
complete. O
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3.1.1 Contraction mapping principle
In this section we solve the equation
b=—-1xazxAd+H(d)+g(t), te], (3.1.21)
in Zs, where the nonlinearity H(¢) and the function g(t) are defined by
H(p) =lxas*(p—¢3)—1xap*S*dy, te], and (3.1.22)
g(t) =1 x ag xu* + 1 % fo + o, te]. (3.1.23)
We begin with the linear version of (3.1.21), that is
vi=—l*xas*x Av* +g(t), te]. (3.1.24)
Theorem 1.4.6 allows us to define an operator L in Zy by
Lv=v+1xag*xAv, v € Zg,
which is an isomorphism between Zs and the space
E:= {g €Xa: g(0) e Yg and g¢(0) € \7%, if &g + ko > 11)}
Observe that the function g defined by (3.1.23) belongs to E, if and only if
(i) fi € X; for i=1,2,
(ii) ¢o €Yy,
(iii) f2(0) € Y2, if &g + ko > L.

On the other hand, from Corollary 3.1.3, it follows H(w) € Xa, for each w € Zy. Further-
more, it easy to check that H(w) € E too, actually H(w)(0) = d/dtH(w)(t)|t=o = 0. Now,
let v* € Zy denote the solution of Lv* = g and assume that in equation (3.1.21) ¢ € Zy is

known. By defining v = ¢ — v*, equation (3.1.21) is equivalent to a fix point problem
v=LT'"Hv+Vv) = Tvin oZs.

We have now the following result concerning the solution of equation (3.1.21).

Theorem 3.1.4. Let «; € (0,1), 0 < 8; < 7/2, ki € [0,1/p) for p > 1, and let a; €
K(q,0;) fori=1,2. Suppose that p > =+ m, o+ ki Z#1/p, 1=1,2 and that the
condition (3.1.8) holds. Then for some 0 < & < T, equation (3.1.21) has a unique local

solution in Z3(d), if conditions
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(i) fi e Xy fori=1,2,

(11> d)U € Y]Q:);

(ii) 2(0) € Y2, if og + kg > L,
are fulfilled.

Proof. Assume that the conditions (i)-(iii) are fulfilled. Defining g by (3.1.23), it follows

that g € E, and from Theorem 1.4.6 there is a unique solution v* in Zs of equation
v =g.

Since H(w) € E, for each w € Zy we have that equation (3.1.21) is equivalent to a
fix point problem. Consider the ball B.(0) C ¢Z2(8), where r > 0 is fixed, and define
T:B.(0) C 0Z2(8) — 0Z2(8) by Tv = L~ 'H(v* +v). Furthermore, let b := 1 % az. We first
show that T is a contraction by using Lemma 3.1.1 and Corollary 3.1.3.

[TV =T oz,(6)< | L7 ITHVE +9) = HOV + W) | xy(6)
<CIbx (v=—w) [V + W)+ (V' + V) (v + W) + (v + V)] | xa(5)
+CIb*S* (vi —wi) | oxy(5) TCIbx(v—w) | x,(5)
. 2
SCK) [v=w 1 z505) [21V" |zy(8) T I W1 gza8) T 1V gz508)]

+ ClbxSx(vi—wi) | (xy(5) TCKO) [v=w] z,(5)
Using the same argument as in the proof of Corollary 3.1.3, it follows that

[TV —TW | 2,(5)<SCK) [V—=W] yz,(5) [4(V" I2,(5) +7)% + C1]

(3.1.25)
<3 V=W 2,(5);
since K(8) — 0 as & — 0.
To show that TB.(0) C B(0), in a similar way we obtain that
[TV o zo) < TLETHITHO +9) Ixy(8)
<CK(9d) {\ v+ |Z2(5) + v 4V \?22(5) + v +v—v*(0) | 0X2(6)} (3 . 26)

SCK(8) [|v* Iz, (5) +2T+ (1V* Iz, 5) A7)+ 1V =V (0) | yx0(5)]

<,

provided & > 0 is small enough. Note that | v* |z,(5)— 0 as & — 0, since v* is a fixed
function.
Hence, the contraction mapping principle yields a unique fixed point v € B, (0) of T and

therefore, & = v* + v is the unique strong solution of (3.1.21) in [0, &8]. O
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Concerning continuation of the solution ¢, observe that by Theorem 3.1.4, there exists
a 0 > 0 and a unique solution ¢ = v +v* of (3.1.21) in Z3(3). On the other hand, from
the embedding Z5(5) — C([0, 6];\7%,) ﬂC([O,é];Y%) we have ¢(6) € Y% and ¢(8) € \7%. This
fact allows us to continue the solution. Indeed, let T be the map defined in the proof of

Theorem 3.1.4, and let v € ¢Z2(8) be its unique fixed point. For n > 0 consider the space
My ={ € 0Z2(8+m) : Plg,5) =V}

The set M,, is not empty and with the metric induced by Z»(6 +n), we have that (M,,, d)

is a complete metric space, where
d(f,g) :==[f—glz,(54n), for all f,g € M,.

Now we can apply the contraction mapping principle in M,,. From (3.1.25) and (3.1.26),
it is easy to show that T has a unique fixed point P € M,,, for some 6; € (8,5 +mn), provided
1 > 0 is chosen sufficiently small. Hence, the function ¢ := v* +1 is the unique solution of
(3.1.7) in Z5(81). Successive application of this argument yields a solution ¢ on a maximal

time interval [0, tinqx ), Which is characterized by the two equivalent conditions

lim | ¢(9) \Yg does not exist, or

—tmax

lim | $¢(8) \\73 does not exist, if as > 1/p,

—tmax
and

‘ d) |Z2(tmax): <.

As we already proved in this section, (3.1.21) and the system (3.1.1)-(3.1.2) are equiv-

alent. Therefore, we obtain the following result.

Theorem 3.1.5. Let «; € (0,1), 0 < 0; < m/2, ki € [0,1/p) for p > 1, and let a; €

K'(q,0;) fori=1,2. Suppose thatp > 5+ m, o+ ki # 1/p fori=1,2, and that

the condition (3.1.8) holds. Then for some 0 < § < tmax the system (3.1.1)-(3.1.4) has a
unique solution (u,d) € Z1(8) x Z2(8), if the data are subject to the following conditions.
(i) f1 € X1 and fy € Xo,

(i) up € Y} and ¢o € Y2,

cee e . 1 .
(iii) fi(0) € Yy, if & + ki > 5 fori=1,2.
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3.2 Global well-posedness

In this section we want to solve the nonlinear system

ut + :Jt ax(t —s)Au(s)ds, in J x Q; (3.2.1)
t

b :J as(t—s) [Ad) +¢ -3+ u] (s)ds, in ] x Q; (3.2.2)

Opu = 0pp =0, on J x 90Q); (3.2.3)

w(0,%) =up(x), $(0,%) = do(x), in 0, (3.2.4)

globally in time in the setting used in the previous section. We restrict ourselves to the

case where the system has trivial history, i.e.
u(t,x) = ¢(t,x) =0, (t,x) € (—00,0) x Q. (3.2.5)

For the sake of simplicity we also set kg = 0. In case kg # 0 the global existence result
remains true, but the calculation is more length. Observe that from (3.1.8) it follows that
a9 > o if kg = 0.

We now begin the discussion concerning global existence of (3.2.1)-(3.2.4). From (3.2.5)
and the definition of the operator B in Corollary 1.4.5, which is associated with the kernel
as, (3.2.1)-(3.2.4) can be written as follows

we + e :E ai(t—s)Au(s)ds,  inJxQ; (3.2.6)
Bdi =Ad + d — ¢3 +u, inJxQ; (3.2.7)
Onu =0 =0, on J x 90; (3.2.8)

u(0,x) =up(x), $(0,x) = do(x), in Q. (3.2.9)

The subsequent result gives an a-priori estimate in case that the kernels a; and as

satisfy the following conditions:

(P1) a1 € Ly,10c(Ry), such that

T
ReJ [a; *x P]l()P(t)dt > 0 for all P € 19((0,T);C),and T > 0.
0

(P2) as € Ly 1oc(Ry), and there exists v € Lj10c(R4) nonnegative, nonincreasing, such
that

t
J as(t—s)v(s)ds =1 for all t > 0.
0
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Observe that the condition (P1) corresponds to the definition of positive type and (P2)

corresponds to an particular case of the definition of completely positive type, see [Prii93].

Lemma 3.2.1. Let (u,$) € Z1(8) x Z2(8) be the solution of (3.2.6)-(3.2.9), with p > 2.
Assume that the conditions (P1) and (P2) are fulfilled. Then there is constant M > 0,

independent of 6, such that, the inequalities

1
M< sup {| w(8) ) + 1 0(8) g ) 2 1 618 I c0) — | 6] %Z(Q)}

0<d<tmax

tmax tmax
+2J (ar * Vu, Vu) dt+2J' (B, py) dt
0 0

<2|luo Ry 0 + 100 Bya) + 1 60 It 0]

hold.

Proof. We multiply (3.2.6) by u and (3.2.7) by ¢+, add the result and integrate by parts,
to obtain

DN =
&l

1
2 4 2 dx + = 4 gy — Qd}
{Jﬂlul X+L)\Vd>| X+2JQ\¢I X JQI(D\ x (3:2.10)
+ (a1 * Vu, Vu) + (B, de) = 0.

Integrating (3.2.10) over (0,8) (8 < tmax) one obtains

1
[ul, ) +1d K@(Q) D) [ ‘%4((1) —1¢ 1%,
5 5
+ QJ (B, dr) ds] + QJ (aj * Vu, Vu) ds (3.2.11)
0 0

<2 1o By +1 b0 By +1 00 0]

Note that the term fg (B, d) ds is positive, since B is accretive (see Theorem 1.4.7).
On the other hand, the parabola x* —2x? is bounded from below by —1. Therefore, taking
the supremum over (0, tyax) in (3.2.11), the proof is completed. O

We can now state our main result of this chapter.

Theorem 3.2.2. Let ; € (0,1), 0 < 0; < /2, and let a; € KM («y,0;) fori=1,2. Suppose
thatp > 2 andn < 3, ay Z1/p fori=1,2, and the condition xo > o1 holds. If

(i) the conditions (P1) and (P2) are fulfilled, and
(ii) Up € Y%, and ¢g € Y%,

then the system (3.2.6)-(3.2.9) has a unique global solution (u,d) € Z1 x Zs.
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Proof. Let 0 < 8 < tmax and let (u,d) € Z1(8) x Z2(6) be the unique local solution of
(3.2.6)-(3.2.9), given by Theorem 3.1.5. From Lemma 3.2.1 it follows that

$ € Loo([0, tmax); Le(€2)). (3.2.12)

If p € (1/4,1/3), then the inequality

n n n(l—p)
S Y e B S
3 p( p) 5

is valid for p > 2 and n < 3. Therefore, by the Gagliardo-Nirenberg inequality, it follows
that there is a constant C := C(Q) > 0, such that

[ 13 (@) < CLE P )| & hofo) - (3.2.13)

Furthermore, from (3.2.12) and (3.2.13) we obtain

3 3 3

PP

since p < 1/3. On the other hand, by maximal L,-regularity, there is a constant M :=
M(T) > 0, such that

Wiz (5) 1D 2y 60< ML+ 1?1 (10,6051,))-

Hence (3.2.14) yields
[ lzy00)< ML+ & 3 5))

with a different constant M, which is independent of 6§ < t;qx. Therefore,
| ¢) |ZQ(tmax)< 0.

This in turn yields the boundedness of u € Z;(tmax). Hence the global existence of (3.2.6)-
(3.2.7) follows. O



Chapter 4

A conserved phase field model

In this chapter we show the global well-posedness in the strong sense in the L,-setting for

the following system

t
ug + dy :yAu—l—J ai(t—s)Au(s)ds + fq, in]xQ; (4.0.1)
0
t
¢f:—Jaﬂt—ﬂAm¢—®%¢%+MBM5+ﬁ, in J x Q; (4.0.2)
0
Onu = 0nd = 0n(Ad) =0, on J x 9Q); (4.0.3)
u(0,%x) =up(x), $(0,x) = bo(x), in Q, (4.0.4)
where
0
f1(t) :J ai(t—s)Au(s)ds, in]xQ; (4.0.5)
0
fo(t) :—J az(t —s)AAD — @' (P) +ul(s)ds, in] x Q, (4.0.6)

J is an interval of the form [0, T] with T > 0, and Q is a smooth bounded domain in R™.

4.1 Main assumptions on the potential ® and on the kernels
The basic assumption on the potential function @ : R — R to obtain local existence is
® e C*(R). (4.1.1)

43
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Furthermore, for global existence we suppose that there are constants mi, mgo € R such
that
m]_ 2

D(s) > 5 §T - ma, for each s € R, and A; > my, (4.1.2)

where A; is the smallest nontrivial eigenvalue of the negative Laplacian on Q with homo-

geneous Neumann boundary conditions. Also, we will assume the growth condition
|0"(s) < C (1+]s°), seR, (4.1.3)

with some constants C,3 > 0 for n < 2, and in case n = 3 with the restriction < 3.

The main assumptions on the kernels a; and as are the following;:

(P0) a; € K(xi,0q,) with 64, < F, and ap > oy with o € (0,1) for i = 1,2. Further,
Im a;(ip) - Im az(ip) > 0, for all p € R\ {0}.

(P1) a1 € Ly,1oc(Ry), such that

.
ReJ ap *P(t)P(t)dt >0 for all P € Lo((0,T);C),and T > 0.
0

(P2) as € Ly 10c(Ry), and there exists v € Ly 10c(R4) nonnegative, nonincreasing, such
that

t
J as(t—s)v(s)ds =1 for all t > 0.
0

(PO) is the main condition to obtain local well-posedness, and (P1)-(P2) are needed addi-
tionally to obtain global well-posedness. Observe that the condition (P1) corresponds to
definition of positive type and (P2) corresponds to a particular case of the definition of
completely positive type, see [Prii93].

A typical example of kernels that satisfy the properties (P0)-(P2) is

tocfl -
alt) = g ntoot s,

for every o € (0,2) and n > 0.
Important properties of all these types of kernels are discussed in the monograph Priiss
[Prii93].

4.2 Local well-posedness

Let T > 0 be given and fixed and let Q be a smooth bounded domain in R™. For 0 <5 < T

and 1 < p < oo, we define the space

ZPi(8) = HB' (10, 8; X) N Ly ([0, 81; D),
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for i=1,2, where i > 0, and X :=L,(Q), and A is a closed linear operator in X with dense
domain D(A), and D i means the domain of A' equipped with the graph norm. The space
OZ{3 1(8) denotes the corresponding space Z{S 1(8) with zero traces at t = 0. Whenever no
confusion may arise, we shall simply write Zf’ i and OZ{3 Yif § = T. Furthermore, we will

assume that B; € {1/p, 1+ 1/p}, and define the natural phase spaces for Zf ! by

. 1 1
Y;(ﬁl) :(X;DAi)—Yi’p, with ’}/1‘,:1—7., if Bi>7, fOI'i:].,Q;
PR p
~ 1 1 1
Y:(Bi) =(X;Dai)oyp, Withoi=1———— ifpi>14+—,fori=1,2.
p(Bi) =(X;Dat)oip i B pp LB -
When no confusion can arise, we shall simply write | - |, 4 to designate the norm on

L, (J;Lq(Q)), and we write simply | - |, if p =q.

4.2.1 Fourier multipliers and auxiliary results

We begin our discussion assuming that the kernels a; are 1-regular and 64,-sectorial with

8q; € (0,%), for i =1,2. We consider the integrated version of model (4.0.1)-(4.0.4) which

reads
U+ b = by * Aut1xf1 +ug + bo, inJ xQ; (4.2.1)
G =—byxAlAG — @'(p) +ul + 153+ dp, inJx Q; (4.2.2)
Ot =0nd = AP =0, on J x 20Q); (4.2.3)
u(0,%) = uo(x), $(0,%) = Po(x), in Q, (4.2.4)

where the functions f; are as in (4.0.5)-(4.0.6) and the kernels b; and by are given by

t
bi(t)=v+ L ai(s)ds,
(4.2.5)

t
ba(t) := JO as(s)ds.

In order to apply Theorem 1.1.8, we have to show that the kernels b; are 0;-sectorial
with 0; < 7t and also 1-regular. From the sectoriality of ai, it follows immediately that
Tt
2

s

| arg bi(A) I<| 5

+arg ai(A) [< 0q, + = <, ReA > 0.
The 1-regularity of by follows from (1.1.2), i.e.
Y R T o
| argX —arglx*ap(A) < 5—1— | arg d1(A) |< 7t, ReA > 0.

The 1-regularity of by is trivial. Moreover, it is easy to show that by € K'(1,7/2+0,) for
v >0 and by € XK' (1 + g, 71/2 + 04,). In case that y =0, by € X' (1 + o1, 7/2 + 04, ).
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We concentrate first on the case of vanishing traces at t = 0 linear version of (4.2.1)-
(4.2.4), that is

u+d=—>byxAu+1x(fy —f1(0)), (4.2.6)
G =—byx A%p + by x Au+ 1 x (f — f2(0)), (4.2.7)
where A := —A with domain

D(A) :={ve H}(Q): d,v =0 on 3Q},
and
D(A?):={ve H (Q)ND(A): 3,Av =0 on dQ}.

To solve system (4.2.6)-(4.2.7), will first reformulate it in the following way. Let v(t) =
e Ctuft), o(t) = e “td(t), hi(t) = e” L (fi() — fi(0)), di(t) = e ¥'byi(t) for i = 1,2,
where w > 0 is fixed. Then (4.2.6)-(4.2.7) is equivalent to

v+ @ =—d; *Av+hy, (4.2.8)

@ =—dy xA%@ + dg * Av + hy. (4.2.9)

Observe that the kernels d; enjoy the same properties of regularity and sectoriality as by,
moreover, di € L1(Ry) fori=1,2.

Now we associate with the kernels d; the operators B; from Theorem 1.1.8 with domain

D(B;) for i = 1,2. So, the system (4.2.8)-(4.2.9) can be written in abstract form as follows:

(B1 + A)v =—B1¢@ + Bihy, (4.2.10)

(Bo +A%)@ = Av + Bohy, (4.2.11)

where (Alv)(t) := Alv(t) with domain D(A!) = L,(Ry,Dai), for i = 1,2. The operators

B; and A’ commute in the resolvent sense, and they belong to the class BIP(L, (R4; X))

with power angle g, = 0; and 8,; =0 (i,j =1, 2), respectively. Therefore, from Theorem

1.3.1 it follows that B; +.47 belongs to BIP(L, (R4; X)), moreover, it is invertible, since B; is

invertible. In particular, observe that the operator By (B; +.4) ! is bounded in Ly (R4; X).

Now assume that ¢ is known, then we can represent v in (4.2.10) as
v=—(B;+4) 'Bio+ (B; +A) 'Bihy. (4.2.12)
In this way, (4.2.10)-(4.2.11) can be associated with an operator G defined in L, (R4 ;X) by

G=By+ A%+ A(B; +A) By,
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with domain D(G) = D(Bs) N D(A?). Hence, a solution ¢ of the equation
Ge =h, (4.2.13)

with h = A(B; + A)"'Bihy + Bohy, combined with (4.2.12) yields a solution (v, @) €
(D(B1)ND(A)) x D(G) of (4.2.10)-(4.2.11). Furthermore, by using the formulation above,
we get a solution (u, ¢) of (4.2.6)-(4.2.7) in an interval J := [0, T], for each T > 0 with the
same regularity as (v, @).

One possibility to prove the existence and uniqueness of a strong solution ¢ of (4.2.13)
in D(G) is to show that the symbol of the operator G is invertible and its inverse fulfills

the assumptions of Theorem 1.2.1.

Theorem 4.2.1. Let X be a Banach space of class HT, and let A € RH™(X) with RH™-
angle d)ﬁ“’ <, and let A denote the canonical extension of A to L,(Ry;Da) forl <p < co.
Let d; be scalar kernels which are 1-reqular and 0i-sectorial with 8; < 7 fori=1,2. Let By
be the operator defined by (1.1.3), with di in place of G, for i =1,2. Furthermore, assume
that the following conditions hold:

(i) di € Li(Ry), fori=1,2;

(ii) for all p € R\ {0} it holds that Im d(ip) - Im da(ip) > 0;
(iii) D(B2) — D(B1);
(iv) cl)ioo < 552 with 0 :=max{01, 62}.

Then for each f € L, (Ry;X) there exists a unique solution @ € D(G) := D(B2) N D(A?) of
the equation
Go =f, (4.2.14)

where G = By + A% + A(By + A)"'By. In particular, if d; € K (B, 0i) with By > 0 for
i=1,2, then @ € gHE*(Ry;X)NL,(Ry;DAz) = 0Z52(Ry).

Proof. Define m;(ip) = 1/&j(ip) forj =1,2, and p € R\ {0}. Let e € (¢, (m—0)/2) and
define g(ip, ) = ma(ip) + u? + umy(ip) (n+ my(ip)) ~* for p € I, and p € R\ {0},

Let p € R\ {0} fixed and assume that Im d;(ip) < 0. Hence from condition (ii) and the
sectoriality of di, i = 1,2, it follows that Im da(ip) < 0, and

0 < arg(m;(ip)) < 85, j = 1,2.
Furthermore, the inequalities

—2¢ <arg (ma(ip) + pu?) < 02,
—2¢ <arg (umy (ip)(my(ip) +p) 1) < 04,
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hold for all p € X.. Since ¢ € (d)?i% (t— 0)/2), we obtain that
—2¢ < arg(g(ip,u)) < (2e + 0) < .
Analogously, we obtain that
—(2e + o) <arg(glip, u)) < 2,

if we assume that Im d;(ip) > 0. Therefore, g(ip,p) # 0 for all u € £, and p € R\ {0}.
Moreover, since dj € L;(Ry) and by the continuity of the function arg, it follows that
g(0,0) > 0. Therefore, (g(ip, )~ = M(ip, 1) is analytic in p and uniformly bounded for
all p € R\ {0}, and all u € Z¢, thus we have {M(ip,-)},cr\j0; € H*(Ze). Moreover, since
A € RH®(Lp (Ry; X)) with c[)?}f’o < cb%oo, it follows from Theorem 1.2.2 that

R{M(ip,A): p € R\{0}} < oo.

From the 1-regularity of d; and Kahane’s contraction principle (cf. [DHP03, Lemma 3.5]),
it follows that the set

{ipd1g(ip,A): p € R\ {0}
is also R-bounded. Since a product of R-bounded families is also R-bounded, we obtain
R{po1M(ip, A): p € R\ {0}} < co.
Therefore, by Theorem 1.2.1, the operator
Tuf = F ' M(-, A)Ff]

is a Fourier L,-multiplier in the sense of distributions. Hence, from the uniqueness of
Fourier transform, it follows that the function ¢ := Tyflg, is the unique solution of (4.2.14)
in D(G). Moreover, from Corollary 1.4.5, it follows that ¢ € OZSZ(R+). O

Corollary 4.2.2. Suppose that the conditions of Theorem 4.2.1 are satisfied. Furthermore,
we assume that di € K'(Bi,0;) fori=1,2, with By = B1. Then the system (4.2.8)-(4.2.9)
has a unique solution (v, @) € OZEI(RH X OZSZ(R+) if and only if

hi € oHEY(R,;X) fori=1,2.

Remark 4.2.1. The condition B2 > f1 in Corollary 4.2.2 ensures the existence of a unique
solution (v, @) with optimal regularity, whereas in case 2 < 31 we obtain also a unique

solution (v, @) with v+ ¢ € tol (R4) and v € L, (R4;DA), hence no optimal regularity.
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Now we consider the non-homogeneous version of (4.2.6)-(4.2.7) that is

ut+o=—>byxAu+1x1f] +ug+ by, (4.2.15)

G =—Dbax A%d + by x Au+ 1% fa + dy. (4.2.16)

Corollary 4.2.3. Suppose that the kernels ai fulfill the condition (P0), and assume that
oy # 1/p fori=1,2. In case that vy = 0 in (4.2.5), the system (4.2.15)-(4.2.16) has a

unique solution (u,d) € Z%J”Xl X Z%+°‘2 if and only if the following conditions hold:
(1) fi € Hgl(];X)} fOT’ i= ]-72;
(i) up € Yp(1+ o) and ¢o € YA(L+ a2);
(iii) we(0) € Y3(1+ 1) and ¢ (0) € Y2(1+ a), if oy > L, fori=1,2.

Proof. We begin with the necessity part. From the condition (P0), we have that ag > o;.
Hence, Z%Jr“? — Z%*“l therefore, u—uy+d —dbp+ by *xAu=1xf; € OH%J”’”(];X). In
addition, since Au € L (J;X), it follows from Corollary 1.4.5 that ba * Au € gH]lf‘x?(I; X).
Therefore, ¢ — g + by * A2p — bg * Au = 1% fy € oHp"*2(J;X). Hence, the condition (i)
is proved. The conditions (ii) and (iii) follow from the embeddings ZiH‘"i — Cl(I;\?]";(l +
aq)) N C(];Y}D(l + i), provided o > 1/p holds for i =1,2. If as > 1/p > x; then we set
ue(0) = 0; in this case HY' (J; X) = oHp' (J; X). Analogously, in the case, 1/p > ag > o, we
set uy(0) = ¢p¢(0) =0.

Now, we prove the sufficiency part. Firstly, we will discuss the non-homogenous version
of (4.2.15)-(4.2.16). For this we consider the problems

wi(t) =— (b * Awq)(t) + x1, (4.2.17)
wa(t) = — (bg * A%wg)(t) + xa. (4.2.18)

Moreover, if the kernels b; for i = 1,2 have more regularity we can also consider the

problems

z1(t) =— (by * Az1)(t) + tyu, (4.2.19)
25(t) = — (bg x A%z5)(t) + tys. (4.2.20)

Observe that from the variation of parameters formula (1.4.2) the mild solutions of
(4.2.17) and (4.2.18) are given by

wi(t) = Si(t)xq fori=1,2,

where S; corresponds to the resolvent operator of equation (4.2.17) and (4.2.18) respectively.

Analogously, we have that the solutions of (4.2.19) and (4.2.20) are given by

zi(t) = (1% S3)(t)yy for i =1,2.
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Since 14 o4 > 1/p for i =1,2, it follows from [Zac05, Thm. 3.2] that
if x; € Y3 (1 + o) then wy € Z} 7™ for i =1,2.

Similarly,
if ¢y >1/p and y; € \?;(1 + o) then z; € ZilJr"‘i fori=1,2.

We set y; = 1(0) — 2(0) and yo = f2(0) in (4.2.19)-(4.2.20) and define hy := 1 % (f; —
£1(0)) + bg % A%(wg + zo) and hy := 1% (fg — f2(0)) + bo x A(wy +z;) if oy > 1/p for i =1,2;
otherwise we set fi(0) = 0 for i = 1,2. In this case, it follows that z; = 0 for i = 1,2.
Clearly, hy € OH%,Jr“i(];X) for i = 1,2 since g > 1. Therefore, from Corollary 4.2.2
there exists a unique solution (v, @) € ¢Z1T%t x (Z5*%2 of (4.2.15)-(4.2.16). Hence, from
(4.2.17)-(4.2.18), it follows that the functions u:=v+wj +z; and ¢ := ¢ +wq + zy satisfy
the system

u+d=—>byx Au+1x*f; +x; + xo,
G =—box A2 + by x Au+ 1 % o + xo.

Moreover, if x; € Y} (1+0) fori=1,2 and y; € \?é(lJroq) fori=1,2, in case «; > 1/p, then
(u,0) € Z%J”Xl XZ%JF“?. On the other hand, from Z%J”x‘ — Cl(];\N(é(l—ﬁ—oq))ﬂC(];Yé(l—l—oci))
for i = 1,2, it follows that w(0) = x; = ug, u¢(0) = f1(0) — f2(0), ¢(0) = x2 = g, and
$(0) = f2(0). U

Remark 4.2.2. In case that y > 0, the result remains true if we set oy = 0 in this case only
second part of (iii).
4.2.2 Contraction mapping principle
Let (u*, ¢*) € Z%“L“l X Z%“L“? be the solution of the linear system
uw+¢* =—byx Au* + 1% +u*(0) + ¢*(0), (4.2.21)
" =—byx AZd* + by x Au" + 1% fy + $*(0), (4.2.22)
and assume that (u, ) € Zﬁ“l X Zé“‘? is known in the following semilinear system
ut+d=—byxAu+1xf +u*(0)+ ¢*(0), (4.2.23)
G =—baxA%D + by x Au—by x AD'(p) + 1 * fo + $*(0). (4.2.24)

Let u, = u—u* and ¢, = ¢ — *, then from (4.2.21)-(4.2.24), it follows that (., d.)

satisfies the equations
Uy + Gy =— by x Ay, (4.2.25)

$r =—box A%d, + by x Auy — b % AD/ (s + *). (4.2.26)
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Since og > 1, we have that ¢, € ()H]lf"‘l(l;X)7 therefore the function u, in (4.2.25) can
be represented as
u, = (By +A) " 'Bi .. (4.2.27)

Using this in (4.2.26) we obtain that ¢. is a solution of
Gy = —AD' (s + *). (4.2.28)

Therefore, by means of this formulation, the system (4.2.23)-(4.2.24) is equivalent to solving

equation (4.2.28) which in turn is equivalent to the fixed point problem
Ths = Tm(—AD (Py + ¢*)), (4.2.29)

where Ty is the L,-multiplier associated with the operator G. Observe that the map T
is well-defined in Z%“‘?, provided that —A®’(w) € L, (J;X) for all w € Z%“‘Z, and some
p>1.

We define the closed ball Bg(0) C OZ%“L"‘2 as the set of all ¢, € OZ%“L"‘2 such that
| by | oLt < R. Analogously, we define the shifted ball Bg(¢*) C Z%+°‘2 by means of

Br(¢*) i={we Z) ™ : w=d.+¢*, d.€Br(0).
In addition, we have the embedding
zyo < () Hy VPR Q) < e < ),
provided the condition p > n/4 +1/(1 + a2) holds. This way, all functions w € Bgr(¢p*) are
uniformly bounded. It follows that the same holds for ¢, € Bg(0).

Lemma 4.2.4. Let oy € [0,1) and n/4 +1/(1 4+ an) < p < 0. Let ® € C*(R), and
let d* € Z%”‘z be fized. Then the map T defined by (4.2.29) has a unique fized point
b € OZ;LOQ(E)) for some 0 < & < T. Furthermore, there exists a constant C(d) > 0 such
that

| Tw — Tz | OZ;+0(2(5)< C(8)|w—z]| ozLr (5); (4.2.30)
| Tw | OZ;+W2(5)< CO)Iw| ozt () T | " |Zé+a2(6)], (4.2.31)
hold for all w, z € Br(0). Moreover, C(8) — 0 as & — 0.
Proof. Observe that, in order to prove (4.2.30)-(4.2.31), it suffices to check that
| AD (1) — AD' (V) [p< c(8) [u—v IZ;MZ(&), (4.2.32)
[AD (W) [p< e(8) [ 1 ) (4.2.33)

are valid for all u, v € Br(¢d*), where c(d) enjoys the same properties as C(9).
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Since all functions in Bg(d*) are uniformly bounded, it follows from Holder’s inequality
that
| AD" (1) — AD'(v) |p < AU (1) — AVO"'(v) |y + || Vi [ @ (w)— | Vv 7 @™ (v) |
<|AU [y Q" (u) - 0”(v) lerp + 1 AU — Av [ " (v) lvrp
1 Vi Bap] @7 (W) = @ () [orp + 1| Vit 2 = [ V9 Ploy| ©"(v) lory
<M A frp| @7 (1) = @(V) oo + [ A — AV [1p] @7 (V) |oo
VU Byl @7 (W) = D" (V) oo + | VU > = [ YV Plop| @ (V) |oo,

where c(8) := max{él/rlp, §1/9P}. On the other hand, we have
vw e H1 ) (0, 8] HY' 0 (Q)) Loy (10, 8] x Q),
and
Aw € Hp2 (2210 5] 2920 (Q)) — 1, ([0, 8] x Q),
for some 01,09 € (0,1) and for all w € Bgr(¢p*), provided that r,c > 1 are chosen close

enough to 1. Therefore, we have

| AD (1) = AD'(v) [p < e(8) (R | & |rece ) [ 0= | 1oca

which yields (4.2.32). By using the arguments above, it follows that (4.2.33) holds too.
Therefore, we obtain (4.2.30)-(4.2.31) by setting u =w + ¢* and v = z+ ¢*. Furthermore,
note that | ¢* |Z;+cx2(6)
mapping principle yields a unique fixed point ¢, € Bg(0) of 7. O

— 0 as & — 0, since ¢* is a fixed function. Hence, the contraction

The lemma above delivers a unique fixed point ¢, € 02;*“2(6), for each function
d* € ZyT*2. If we choose (u*, ¢*) as the unique solution of (4.2.21)-(4.2.22) and w, as
n (4.2.27), then (u,¢) € ZH“l(é) X Zé“‘z(é) is the unique solution of (4.2.23)-(4.2.24),
where u:=u, + u* and ¢ := ¢, + ¢*. In addition, if o > 1/p then the embedding

Z572(8) — C1(10, 8]; V2(1 + az)) 1 C(10, 8]; Y2(1 + )

is valid. This fact allows us to continue the solution ¢. Indeed, let 11 > 0 and consider the
space
={b e 02,7254 M) : Wl = bl

The set My, is not empty and with the metric induced by ZH“Z(ZS + 1), we have that

(Mg, d) is a complete metric space, where

d(f7g) ::| f_g ‘Z;+°‘2(5+n)7 fig e Md)*
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We can now apply the contraction mapping principle to Mg,. From (4.2.30) and
(4.2.31), it is easy to show that T has a unique fixed point ¢, € M, for some &1 € (5,5+m),
provided 1 > 0 is chosen sufficiently small. Hence, the par (., ¢,), where 1, is obtained
by (4.2.27), allows us to define the functions ¢ := ¢, + ¢* and u = U, + u*, which are
the unique solution of (4.2.23)-(4.2.24) in Z%+°‘1(61) X Z%“L“z(él). A successive applica-
tion of this argument yields a solution ¢ on a maximal time interval [0, timqx), Which is

characterized by the two equivalent conditions

lim | $(d) |Y%(1+“2) does not exist, or

—tmax

lim | ¢(8) |\~(%(1+‘X2) does not exist, if as > 1/p,

max

and
(& Iy, )= 0
Actually, we have proved the following result, which corresponds to the main result of

this section.

Theorem 4.2.5. Let p € (1,00). Assume thaty =0 in (4.2.5), that the kernels a; fulfill
the condition (P0), and that ® € C*~(R). Furthermore, suppose thatp >n/4+1/(1 + «2)
and oy # 1/p fori=1,2. Then for some 0 < & < tmax, the system (4.2.1)-(4.2.4) has a
unique solution (u, ) € Z%”‘l (6) x Zé“‘?(é) if the data satisfy the following conditions:

(1) fi € Hgl([oaé]ax) fO’I"i: 1,2;
(ii) Uy € Y%,(l—l—oq) and ¢g € Y%(].‘i‘OCQ);
(iii) we(0) € YA(1+ 1) and bi(0) € Y2(1+ o) if o > & for i=1,2.

This result remains true if y > 0; in this case condition (iii) has to be modified as in
Remark 4.2.2.
The approach used in the sections above can be also applied to the classical Cahn-

Hilliard equation with temperature, that is,

Ui + br = Au, in J x Q: (4.2.34)
i =—AlAG —@'(p) +ul, in]xQ; (4.2.35)
dnlt = ud = A (Ad) =0, on ] x 9Q; (4.2.36)
u(0,%) = up(x), $(0,x) =do(x), in Q. (4.2.37)

Indeed, set by(t) = 1 for i = 1,2, f1(t) = f2(t) = 0 in (4.2.1)-(4.2.4) then (4.2.1)-(4.2.4)
reduces to the integral version of (4.2.34)-(4.2.37). With this setting, it is not difficult to

prove the following result.
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Theorem 4.2.6. Letp >n/4+1. Assume that ® € C*~(R). Then for some 0 < & < tmax,
the system (4.2.34)-(4.2.37) has a unique solution (u, ) € Z(8) x Z1(8) if the data satisfy

the following conditions:

wp € W2 2P(Q) and do € Wi VP (Q)

4.3 Global well-posedness

In this section we want to solve the nonlinear system

t

uy + ¢y :yAu—f—J ai(t—s)Au(s)ds, in]xQ; (4.3.1)
t

d)t:_J az(t—s)A [Ap — @'(dp) +u] (s)ds, in]xQ; (4.3.2)

dnlt = dndb = On(Ad) = 0, on J x 9Q); (4.3.3)

u(0,x) =ug(x), $(0,x) = do(x), in Q, (4.3.4)

globally in time in the setting considered in the previous sections. We restrict ourselves to

the case where the system has trivial history, i.e.
u(t,x) = ¢(t,x) =0, (t,x) € (—o0,0) x Q. (4.3.5)

In order to obtain an a-priori estimate for our system, we assume, for instance, that the
kernel ay is 1-regular and 04,-sectorial with 04, < 71/2. Let B be the operator from Theorem
1.1.8 associated with the kernel ay, and assume that condition (4.3.5) holds. In this way,
the system (4.3.1)-(4.3.4) can be written as

e + Gy =yAu+ ag * A, inJ x Q; (4.3.6)
By =—AlAG — @' (¢p) +ul, in]x0Q; (4.3.7)
Onu = On¢ = 0n(AP) =0, on J x 00); (4.3.8)

u(0,x) =up , $(0,%) = o, in Q. (4.3.9)

On the other hand, since [, u(t,x)dx and [, ¢(t,x)dx are conserved quantities, i.e.

J u(t, x)dx :J up(x)dx = const. and J
Q Q Q

o(t,x)dx = J do(x)dx = const.,

Q

we may, without loss of generality, assume that

JQ do(x)dx = JQ up(x)dx = 0.
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In fact, it suffices to replace the solution ¢ by & —c with ¢ = % J o do(x)dx, and to replace

Q
@’ by @{(s):=®'(s+c).
Denoting by v = —Aﬁlf the unique solution of the problem

—Av =f in Q,

o,v =0, on OQ,J vdx =0,
Q

where f € [3(Q) and [, fdx =0, we have that
—A'Bb =Ad — D'(d) +u (4.3.10)

is equivalent to (4.3.7). On the other hand, multiplying (4.3.6) by u and (4.3.10) by ¢x,
adding and integration by parts yields

E{J iy ve i+ L v 2 +oe)ax
dto 2 2 (4.3.11)
+ (ay * YV, Vu) + <B(7A§1/2¢t), 7A§1/2¢t> —0.

Here (-, -) denotes the usual scalar product in L(Q). Observe that the presence of the terms
(aj *-,-) and (B-,-) in the energy equality (4.3.11) forces us to impose extra conditions on
the kernels a; and ay in order to obtain an a-priori estimate. Assume that a; satisfies
condition (P1), and ay the condition (P2). Integrating (4.3.11) over [0,8] with & < timax
and using the condition (4.1.2) yields

1 1
(w4 I Vul) +5 (Ve —mil ¢ L)

N

5
—1/2

o
+J (a1 * Vi, Vi) ds—I—J <B(—A;1/2¢t),—AN ¢t> ds (4.3.12)

0 0

1 1
<| 100 Taxt G T B+ V60 3 malal.
Q

On the other hand, note that from the growth condition (4.1.3) it follows that

| @"(s) I<C(1+ | s [P, (4.3.13)
| ®/(s) |<C(14 | s [P+, (4.3.14)
| D(s) [KC(1+ | s [PT3). (4.3.15)

Hence, the left-hand side of (4.3.12) remains bounded from above, provided that ¢¢ €
Lg+3(Q), which can be ensured in case B < 3 and n < 3 by the embedding Wl — Lg .
Further, from Poincaré’s inequality it follows that (4.3.12) is also bounded from below by 0.
Now, we estimate the term A®’(¢) by using the Gagliardo-Nirenberg inequality. Observe
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that A®'(¢p) = ©"(d)AP + @' () | Vo . From (4.3.13), Hélder’s inequality, and the

Gagliardo-Nirenberg inequality, we obtain

| ©"($)Ad < Kllzp+ | b [fys P g P BT g g2 Al (4.3.16)
provided that

6
is satisfied for some p1, p2 € (0,1). Similarly, we estimate the term | V¢ |2 ®”/(¢$) obtaining

(92+(B+1)pl)(4—%+3)=2—5+ (B+2) (4.3.17)

(O ()| Vo Plp< Kllapt | & 1981 & 11, " P10 (5021 @ 1,7, (4.3.18)

provided the condition

(292+[391)(4—g+3):2—5+ (B +2) (4.3.19)

6

holds for some py, p2 € (0,1). Observe that the conditions (4.3.17) and (4.3.19) are satisfied
if, e.g., po+ (B +1)p1 < 1, and 2p2 + Bp1 < 1, and p > 2. Furthermore, if we choose p;, for
i =1,2 such that p,e € (1/p,1), where p := pa + (f + 1)p1 and € := 2p3 + Bp1, then from
(4.3.16)-(4.3.18) and Holder’s inequality we have

[ A (@) [p.p <Kol & 17 )| &I 07 ) + 10 [0 & 17 TE2)
IO, | & |£ij1;p 1L, wal \E;(;G)]

, (4.3.20)
<K1 H d) |p1+zx2 + ‘ Cb | Fiicxr) + | ¢) ‘;1+0¢2
2

()

+ | d) |Z;+tx2(6)]7

where Ky and K are positive constants, which depend only on Q. On the other hand, by

maximal L,-regularity, there is a constant M := M(T) > 0, such that
| u ‘Zi+zx1 +]d] 1+o¢2(5) (1+ | AD' () |p,p) . (4.3.21)
Hence, from (4.3.20) and (4.3.21) it follows that
| d) ‘Z;+°‘2(5)< M07
where the constant Mg is independent of & < t;qx. Therefore
b lpan 0 < o

This in turn yields the boundedness of u € Zﬁ“l (tmax). Hence the global existence for
(4.3.6)-(4.3.7) follows.
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We can now state our main result of this chapter.

Theorem 4.3.1. Letp > 2, n <3, andy =0. Assume that a; satisfies the condition (P0)
fori=1,2, and that the potential ® fulfils the conditions (4.1.1)-(4.1.3). Further, suppose
that the conditions (P1) and (P2) hold. Then the system (4.3.6)-(4.3.7) has a unique global

solution (u, d) € Z%”‘l X Z%“Q if the following conditions hold:
uy € Y%,(l + 1) and ¢g € Yg(l + o).

In case that vy > 0, the result remains true if we set o; = 0.
The arguments used above can be applied also to the classical Cahn-Hilliard equation
(4.2.34)-(4.2.35) to obtain a global solution.

Theorem 4.3.2. Let p > 2 and n < 3. Assume that the potential ® fulfils the conditions
(4.1.1)-(4.1.3). Then the system (4.2.34)-(4.2.35) has a unique global solution (u,¢) €

Z1 x ZL if the following conditions are satisfied:

ug € ngQ/p(Q) and ¢g € W§74/p((1).






Chapter 5

Convergence to steady state

In this chapter we study the asymptotic behavior of global bounded solutions of the semi-

linear evolutionary equation with memory
\')(t)—f—J a(t—s)&’(v(s))ds =1(t), t=0, (5.0.1)

on a real Hilbert space H. We suppose that the nonlinear term &’ is the Fréchet derivative
of a functional € € C!(V), where V is another Hilbert space which injects continuously and
densely into H. In order to prove the convergence to steady state of equation (5.0.1), we
assume that & satisfies the so-called L.ojasiewicz-Simon inequality. Examples of functionals
&, which satisfy the Lojasiewicz-Simon inequality can be found in Haraux and Jendoubi
[HJ99], Haraux, Jendoubi, and Kavian [HJKO03], and Chill [Chi03].

Under suitable conditions on the scalar kernel a and the function f, we show that the
equation (5.0.1) is dissipative and gradient-like in the sense that for every global bounded
solution v with relative compact range in V the w-limit set is contained in the set of
steady states of (5.0.1). For this we adopt ideas from Vergara and Zacher [VZ06], where a
Lyapunov function was constructed in the finite dimensional case and employed to prove

convergence to steady state in the framework of the Lojasiewicz inequality.

Using the ideas of this approach we prove also that any global bounded solution of a

conserved phase field model with memory converges to a steady state.

59
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5.1 Preliminaries and main assumptions

Let V and H be real Hilbert spaces (with inner product (-,-),, resp. (-,-);;) such that V is
densely and continuously embedded into H. We shall identify H with its dual H’, that is,
we have

Ve HaH — V.
The operator &’ is nonlinear and continuous from V into V’, and it is the Fréchet derivative

of a functional & € CH(V).

Definition 5.1.1. We say that the function & satisfies the Y.ojasiewicz-Simon inequality
near some point ¥ € V, if there exist constants © € (0,1/2], C >0, and o > 0 such that for
allveV with |v—19|y< o there holds

[ EV) = €@ 0K ClLE W) v

The number 0 will be called the F.ojasiewicz exponent. This exponent plays an important
role with regard to the rate of convergence to a stationary point.

We will assume that the kernel a is nonnegative and satisfies the following assumptions:

(A1) There is a nonnegative nonincreasing kernel k € L __(Ry) such that

Jt k(s)a(t—s)ds =1, t> 0.
0

(A2) There is a constant y > 0 such that the solution e of

t

e(t) +yJ0 e(s)ds =k(t), t >0, (5.1.1)

is nonnegative.
Remark 5.1.1. For each vy > 0 the unique solution of (5.1.1) is given by

ey(t) :==Kk(t) —yle Y xk)(t), t>0.

Hence, if condition (A2) holds, by decreasing y, we may assume that e is strictly positive
and strictly decreasing on (0, 00). Furthermore, e € L1(R) and limy_. e(t) = 0, therefore
Koo i=limy oo k() =7y [ e(s)ds > 0.

Remark 5.1.2. The conditions (A1)-(A2) imply that a € Li(Ry).

For the function f € 11(R4;H) we assume that %(k x f)(t) =: g(t) satisfies the condition

(B1) g € Li(Ry;H) NLa(Ry; H) is such that

J:O (JOO L g(T) [ m)é ds < oo.
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Lemma 5.1.2. Let H be a real Hilbert space. Let k € Li1oc(Ry) be a nonnegative and
nonincreasing kernel. Assume that there is a nonnegative kernel a € Ly 1oc(Ry) such that
kxa=1. Letv € Ly 10c(Ry;H) and suppose that kxv € OH%JOC(RJF; H). Then

D) 2 ¢ (g (oxv) (1), v(0)y dt > (kox [v ) (1) = (ko [v ) (s) + [ k(T) | v(r) [} d,
for allt >0 and a.a. s € (0,t).

(it) If in addition kx| v [} € oH] 1. (Ry) then

Sl v B + () (1)

d
2<dt(k*v) (t),v(t)>H >

for a.a. t > 0.

Proof. Firstly, let T > 0 be arbitrarily fixed and let k,, € H}([0, T]) be a nonnegative and

nonincreasing kernel. A simple computation yields the identity

t .
2<jt(k % v) (1), v(t)> jt(k [ v [H) (O +ke () [v(t) [} +J (—kp (1) | v(t)—v(t—T) [} dT.
H 0
Hence, since —l{u(t) > 0, t > 0, we obtain that
2 <§t (Ky V) (t),v(t)> > % (ke * [V ) (1) + K (t) V() [, t > 0; (5.1.2)
H

as well as its integral version, that is

t t
2L <;T (ky % V) (T),V(T)>H dt > (ke * [V IE) (1) — (ky * [VIF) (s) + J k(1) [v(T) [} dr,
(5.1.3)
for0<s<t«<T.
Next, we proceed by an approximation argument. Let B; be the operator defined in
Theorem 1.4.7 associated with the kernel k, that is

Biv:%k*v,izlﬂ,

with domain

D(By) = {ve Li(l0,T): k=v € oH{([0,TD};
= {v e La([0,TI;H) : kxv € oHA([0, T H)},

respectively. These operators are m-accretive on R respectively H. The Yosida approxima-
tion By, of By is defined by

Bi,u =Bi(l+ LLBi)il, u> 0.
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Denote by s, the solution of the 1-dimensional Volterra equation
s(t) + nwlaxs)(t)=1,t>0. (5.1.4)

Since by assumption a is a completely positive kernel, it follows from [Prii93, Prop. 4.5]
that the solution s, of (5.1.4) is positive and nonincreasing in (0, 00), for every u > 0. In
addition, it is not difficult to see by differentiating (5.1.4) that s, € H%([O, T]). Define then
a sequence of kernels k,, € H1([0, T]) by

1
ku(t) =—s (t),t>0,u:E,neN.

1
w

=

On the other hand, since k*a =1 we obtain that the Yosida approximation is given by

d (kp*#v),ve D(Byu),i=1,2.

Biv= at

Therefore, since 1 € D(B;) and by assumption v € D(B2), we have that

ko *v— kxvin oHL([0,TI;H), as u — 0; (5.1.5)
k. —k in L1([0,T]), as u — 0. (5.1.6)

In particular d/dt(k, *v) — d/dt(k *v) in La([0, T]; H), as well as

<§t(ku*v),v>H — <(;1t(k*v),v>H in Ly ([0, T]); (5.1.7)

Kok | V[ — kx| v [ in Ly ([0, T]). (5.1.8)

Hence, from (5.1.6) there is a subsequence p, — 0 as n — oo such that k,, — k for a.e.
(0,T), as well as from (5.1.8), we obtain that ky, * | v [, (s) — kx| v [ (s) a.a. s € (0,T).
Now, let t € (0,T) be arbitrary fixed and choose s € (0,t) such that

lim ko, [ v (s) =k | v} (s). (5.1.9)

n—oo
On the other hand, from (5.1.7) and by convergence dominated theorem we obtain that

nli_r)noo Jt <§t(kun *v),v>H (T)dt = Jt <§;c(k*v),v>H (t)dr. (5.1.10)

S S

Therefore, from Fatou’s lemma, (5.1.6), and (5.1.8)-(5.1.10) in (5.1.3) yield then (i).
Now, we assume that k* | v I%G OH%([O, T]); hence | v I%G D(B1). Therefore, by Yosida’s

approximation we obtain that

d d .
aku* v — ak* |v % in Ly([0,T]), as u— 0. (5.1.11)

Hence, the desired inequality in (ii) follows from (5.1.2) by passing to limit for a.e. t > 0. O
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The following proposition provides sufficient conditions on the kernel a and the function

v, such that all assumptions in Lemma 5.1.2 hold.
Proposition 5.1.3. Let Y be a Banach space of class HT. Let a € K («, 0) with o € (0,1)

and 6 < 1. Suppose that there exists a kernel k € Ly 10c(Ry) positive and nonincreasing in
(0,00) such that axk =1 holds. Ifv e oH$([0,T];Y) then

kxv € oHY([0,TI;Y) and kx| v |3 € oHi([0, T)).

Proof. Let B be the operator defined in Theorem 1.4.7 associated with the kernel k with
domain
D(B) ={v e Ly([0,TI;Y) : kv e oHL([0,T]; Y)).
Since a € X!(«, 0) we obtain from Corollary 1.4.5 that D(B) = oHF ([0, T];Y), hence k*v €
oH5([0, TJ; Y).
Next, let p € (1,min{2,1/(1 — «)}), from the characterization of H} via differences (see
[Tri92]), it follows that there exits a constant C(J) > 0 such that

v Rlg < CO) TV Rig vy

holds. Therefore, | v I%E oHy (J), hence kx| v I% € OH}Q([O,T]) — OH%([O,T]). O

5.2 The model equation

Let f € C(J; V') and & € CH(V) be as above, with J:= [0, T], T > 0. We consider the model
equation

v+ax&'(v)=1, te], (5.2.1)
where the scalar kernel a is locally integrable on R .

Remark 5.2.1. There is no existence result for solutions of the equation (5.2.1) under the
general hypotheses given above. In some concrete examples, however, existence of solutions
is known. Indeed, set H =15(Q) and V = H%(Q). Assume that the energy functional € is

of the form

2

where oc: V x V — R is a bounded coercive bilinear form on V and @ is a nonlinear term.

Ev) = 1oc(v,v) —|—J d(v)dx, (5.2.2)
Q

Then (5.2.1) can be written as a semilinear Volterra equation of variational type, that is

(w,v(t))y + E b(t—s)a(w,v(s))ds = (W, F(v,t))y v/, tE€], wWEV, (5.2.3)

where b = 1xa and (W, F(v, 1))y v = (W, L+ f)y = Lxax (w, ®'(v))y . By [Prii93, Thm.
7.3] (in its scalar version) we obtain that the linearized problem of equation (5.2.3) is well-

posedness. This together with the contraction mapping principle and a Lipschitz condition
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on F yields the local well-posedness of (5.2.3). Global well-posedness is obtained by using
the coercivity of the form « and assuming certain growth conditions on the nonlinear term
F.

Now, assuming the condition (A1) we rewrite equation (5.2.1) as

d ) ey
Fk=v) +e' W) =g, (5.2.4)

where g(t) = %(k * f)(t). In addition, from the condition (A2) equation (5.2.4) can be
written as

d . . Feon
a(e*v)+v(e*v)+8 (v) =g. (5.2.5)

The following definition gives a notion of solution of (5.2.5).
Definition 5.2.1. A function v € C(J;V) is called

(a) a weak solution of (5.2.5) if ve Hi(J; V)N C(J; V) and exv € oH3(J; V'), and (5.2.5)

holds a.e. on J;

(b) a mild solution of (5.2.5) if v.€ H3(J;H) N C(J; V) and e xv € gHi(J;H), and (5.2.5)

holds a.e. onJ;

(c¢) a global bounded weak (mild) solution of (5.2.5) if v is a weak (mild) solution on each
interval ] =1[0,T], T>0, and v € Loo(Ry; V).

In the sequel we will assume that v is a mild solution of (5.2.5).
Now, we will derive energy estimates. Let v be a mild solution of (5.2.5) and let

g € La(Ry; H). We multiply equation (5.2.5) by v to obtain

d N - d .
<dt(e *v),v>H +y(e*xv,V)y + a&(v) =(g,V)yy -
Assuming that ex | v [2,€ H}(]), then from Lemma 5.1.2 (ii) and Young’s inequality, it

follows that

d [1 . 1 (® 1 . .
Cu{Q(em&He(vHQeL gls) I ds}g—Q{(k(t)—envm Fyes [V}

Hence, for any global solution v of (5.2.4) the function ¥: R4 — R defined by

Y(t) == %(e* [V D) + E(v(t) + i f | g(s) [3 ds (5.2.6)

is differentiable almost everywhere and decreasing on R, provided that ke, > €.

Actually, we have proved the following result.
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Proposition 5.2.2. Let v be a mild solution of equation (5.2.5) such that ex | v [2,€ H1(]).
Assume (A1)-(A2) and g € Lao(Ry;H). Then the function ¥ : ] — R defined by (5.2.6) is

absolutely continuous and decreasing on J.

Remark 5.2.2. By using Lemma 5.1.2 (i) one can also show without the aid of the assump-
tion ex | v \,ﬂe H%(I), that the function ¥ is decreasing on R;. Hence, from [HS65, Thm.

17.12], we have that ¥ has a finite derivative a.e. on J, where ] C Ry is a compact interval.

For the next result we recall the notion of w-limit set. For every bounded solution v of
(5.2.5) the w-limit set is defined by

w(v) ={8 € V: there exists (t,,) / o0 s.t. v(t) — ¥ in V}.

Proposition 5.2.3. Let v be a global bounded mild solution of equation (5.2.5) such that
ex | Vv [{€ Hi 1, (Ry). Assume (A1)-(A2) and (B1), and that the set {v(t) : t > 0} is

relatively compact in V. Then

(i) v e La(Ry;H).

(ii) The potential & is constant on w(v) and lim_. E(v(t)) exists.
(iii) For every ® € w(v) one has £'(9) = 0.

Proof. Choose € > 0 small enough such that ky, > €, and define Koo := Koo — € > 0. Then
the function ¥ defined by (5.2.6) is such that

—i\y(t)> 112 [v(t) 2 +the(s) v(t—s) [} ds, t>0
dt = 2 00 H 2 0 H 9 9

holds. Therefore, v € Lo(R,;H) and ex | v |ae L1(R.). Since the solution v has relatively
compact range in V, it follows that the w(v) is nonempty, compact and connected. Let
¥ € w(v) and choose t,, /" oo such that v(t,) — ¥ in V. Since v € Ly(R; H) we obtain
tnts
v(tn +8) =v(tn) + J't v(t)dt — 9 in H, for every s € [0,1].

This, together with the relative compactness of the trajectory, implies that v(t, +s) — 9
in V for every s € [0,1]. Therefore, limn_o E(V(tn + 8)) = E(B) for every s € [0,1], and
thus, by the dominated convergence theorem,

1
EM) = lim J E(v(tn +s))ds.

n—oo 0

In addition, integrating ¥(t,, + ) defined in (5.2.6) over [0, 1], we obtain

th+1 1 1 [ 1
EM) + lim J [26 s |V (s) + —J | g(T) dT:| ds = lim J Y(t, +s)ds = Y.

n—oo i 2¢ s n—oo )
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From assumption (B1), it follows that lim, . ft:H I | g(t) B dtds = 0, and since
ex|v |$1€ Li(R4), we obtain that £(¥) = VY, that is € is constant on w(v). Further, as
a consequence of the above, we obtain that (ex | v \,ﬂ)(t) — 0 as t — oco. Indeed, if the
contrary was true then there would be € > 0 and a sequence t, — oo as n — oo such that
(ex |V [3)(tn) > € for all n € N. By compactness, there exists a subsequence tn, such that
E(v(tn,)) = Yo as k — oo, hence (ex | v I%)(tnk) — 0 as k — oo, a contradiction. Hence
(ex|v \,2_1)(’() — 0 as t — oo. Moreover, we see that lim .. E(v(t)) = Y. Hence the claim
(ii) is proved.

Next, since & € C!(V), we have that &' (v(tn +s)) — &'(d) in V’ for every s € [0, 1].

Further, using the dominated convergence theorem and equation (5.2.4) we obtain that

1
&’'(P) = lim J &' (v(tn +s))ds

n—oo 0
1 ntl
= lim_ {—L (;1t(]<>‘<\")(’tn—I—s)ds—l—Lthr g(s)ds} (5.2.7)
=— lim {(k*Vv)(tn +1) — (kxVv)(tn)} = 0.

n—oo

Indeed, since e € Ly (Ry) and e * | v |2, (t) — 0 as t — oo, it follows from Jensen’s inequality
that (e*v)(t) — 0 as t — oo in H. Furthermore, since e * | v I%le Li(Ry), it follows that
e*xVv € La(R4;H). Hence, using the definition of k in (5.2.7), we obtain that

thtl
&) =—y lim J (e xv)(s)ds = 0.

n—oo t
n

With this, our claims are proved. O
In order to state our main result, we firstly define (-,-)y,, by
<V7u>V’ = (Ril\);u)v,v’a u,v e Vl:

where R : V — V’ stands for the Riesz map and R™! : V/ — V its inverse, we will denote

this in the sequel as K.

Theorem 5.2.4. Let v be a global mild solution of equation (5.2.5) such that ex | v \,246
Hiloc(RJr), Suppose that

(i) the set {v(t): t = 0} is relatively compact in V;
(ii) (A1)-(A2) and (B1) hold;
(iii) & e C*(V);

(iv) for every v € V the operator Ko &”(v) € B(V) extends to an element of B(H), and

the mapping Ko " is continuous from V into B(H) equipped with the strong operator

topology;
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(v) & satisfies the Lojasiewicz-Simon inequality near each point ¥ € w(v) C V.
Then lim¢_,oo v(t) =9 in V, and 9 is a stationary solution, i.e. &'(9) =0.

Proof. From the assumptions (iii), (iv) and equation (5.2.5) we obtain

d ., L d
a <8 (V),C*V>v, —a

= (Ko &" (v}, ex v, + <e’(v), Le w)>

. d .
(KE&'(v), e *V>V7V, = (KE&'(v), e*v),,
V/

= (Ko &" ()b, e xv), — | £/(v) B +(E'(v), g —ye x¥)y,.

Since, Ko&”(v(t)) is uniformly bounded for t > 0 in H, it follows from the uniform bounded-

ness principle and Jensen’s inequality we have

(KoE”(v)v,e*v)H<M|V|H\e*v|H<?\v 2+

In addition,

. 1 .
(€M) g—vexv)y, <5 €M R+ lelex | v +1gfh
Hence,
d . M, . Mlel, . . 1
— 5 (B0 exv)y, > = VR = e [V =y el ex [V — g +5 1 €'0) R

Next, let 4 € w(v), and define a new energy function Y : R, — R by
Y(t)=W({t)—ED)+56 {<8’(v(t)), (ex \'))(t)>v, +J la(s) % ds} , t>0, (5.2.8)
t

for some & > 0 fixed, where the function ¥ is defined as in (5.2.6). Then the Y is differen-

tiable, and its derivative satisfies the estimate

d
- >
th(t) >

Koo | 9(t) [ +ex |V
M . M\eh
6{—2"12—1_ 2

+ o=

. 1 .
e*\v%+§\8’(v)l%/—v2|el1 e*VIQ—l}

>

=

> . 1 . d
(koo =8M) |V [y +5 v =8 ey (M+v*)ex |V [f +5 [ €(v) R

N[ =

Hence, if we choose & > 0 small enough, then there is a constant Cg > 0 such that

d . .
— V(0 >Co {9} +ex |V +1E'0M R} (5.2.9)

Therefore, the function Y(t) is decreasing, and by the proof of Proposition 5.2.3

lim Y(t) = 0.

t—o0
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In addition, we can assume that Y(t) > 0 for all t > 0. Since, if there is a t > 0 such
that Y(t) = 0 then Y(s) = 0 for all s > t, and in this case, from (5.2.9), it follows that
v(s) = &’(v(s)) =0 for all s > t, hence v(t) is a steady state.

Now, we will use our main assumption (v). Let & € w(v), since € is constant on w(v),
it follows from assumption (v) and compactness of the w-limit set that there is a open set
U C V such that w(v) C U, and there are constants 8 € (0,1/2] and C > 0 such that

| Ev(t)) — €M) "< CLE (L) v (5.2.10)

holds for every v(t) € U. Further, since limy_, dist(v(t), w(v)) =0 we have that there is a
t* > 0 such that v(t) € U for all t > t* and (5.2.10) holds. Next, we compute and estimate
the time derivative of Y(t)'=®. By (5.2.8) we obtain

Y1) <Cy {\ EW(t) — @) 1'% +(ex [V ) O+ [ €' (1) Iyl exv |y,

00 1-0
4 (J Lo(s) By ds) }
t

) Lo 0 12(1-0)
<C2 { E'v(t) lvr +(ex [V 2204 [exv [\ + (J [ g(s) I3y d8> }

t

Since, 2(1 —0) > 1 and (1 —0)/6 > 1 for all 8 € (0,1/2], it follows that

t

YO0 < ¢y {| E/(w(0) Iy +lex |9 B3+l ex Iy + (Jw Los) ds)z}

. (5.2.11)
00 3
< Cy {I ') v +(ex |V |%4)% + (J lg(s) I} dS) } .
t
Therefore, from (5.2.9) and (5.2.11) it follows that
_d o1 _ o—1 d
dt[Y(t) | =—-0Y(t) th(t)
0Co {I VI3 +ex |V +1€&'(v) 2}
= 1
Ca {1 €/v10)) s +ex 19 )% + ([ ofs) B ds)*
.12 - 12 / 2 /2 = © 2 5
> Cs {19 Ry tex |9 R+ 1 €70 B2 — &5 (J L as) B, ds)
t
1
_ o0 2
>Cef{lvin+lexvig+I1&W) v} —Cs (J lg(s) % ds) . (5.2.12)
t

This in turn implies that v € L1 ([t*, 00), H). Therefore lim{_,, v(t) exist in H, hence from

the relative compactness of v(t) in V, it follows our claim. O

Remark 5.2.3. Theorem 5.2.4 remains true if the assumption ex | v |2H€ H%,IOC(RJF) is
dropped. In fact, by Remark 5.2.2 the function Y in (5.2.8) is still nonincreasing and thus
differentiable a.e. on R;. In order, to deduce v € L;([t*,00); H) from (5.2.12) we apply
[HS65, Thm. 18.14] to the function —Y®.
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5.3 Long-time behaviour for a phase field model

Let J = [0, T] with T > 0 be an interval, and let Q be a smooth bounded domain in R3. We

consider the system

U+ ¢ = a; * Au, inJxQ; (5.3.1)
=& (¢) -, inJ x Q; (5.3.2)

¢ = as * Ap, inJxQ; (5.3.3)

Ot = 0np = dpp =0, on J x 9Q (5.3.4)
w(0,x) =up(x), $(0,x) = do(x), in Q, (5.3.5)

where the kernels a; are 1-regular and 0;-sectorial with 8; < 7t/2, i = 1,2. The nonlinear
term &’ is defined by
&' () = —Ad + ' (),

with @ satisfying the following growth conditions

(B2) ® € C*~(R) such that
| ®"(s)|< C (1+ I's |f5)  sER,

for some constants C, and some p € (0, 3);

(B3) there are constants mj, mg € R such that

D(s) > —%32 —my, for each s € R, and A\ > my,

where A\; > 0 is the smallest nontrivial eigenvalue of the negative Laplacian on Q

with homogeneous Neumann boundary conditions.

The system (5.3.1)-(5.3.5) is a conserved phase field model with memory and relaxed
chemical potential, which has been studied in Chapter 4, where the global well-posedness
was obtained (cf. Theorem 4.3.1).

We will assume in the sequel that we regard a global solution of (5.3.1)-(5.3.5) enjoys
the following regularity

(b, u) € H3(J; L2(Q) x L2(Q)) N L2(J; H3(Q) x H3(Q)).

On the other hand, since the solution u and ¢ of (5.3.1)-(5.3.5) are conserved quantities,

we can w.l.o.g. assume that

JQ u(t,x)dx = J d(t,x)dx =0,

Q
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for all t > 0. In fact, it suffice to replace u by u—1, ¢ by ¢ —d, and @(-) by @(-+¢), where
the bar means v := ﬁ J o vdx. In addition, the long-time behaviour is not affected by this
normalization. By means of this normalization we can rewrite the system (5.3.1)-(5.3.5) in

an abstract form in the L,-settings as follows

W+ d=—a *Au, inJxQ; (5.3.6)
n=&(¢p) —u, inJ x Q; (5.3.7)
¢ =—ag * APy, inJxQ; (5.3.8)
u(0,x) =ug(x), $(0,x) = do(x), inQ, (5.3.9)
where A := —A with domain
D(A):{WGH%(Q): op,w =0 on aQ}ﬁX, with X := {WELP(Q): J w(x)de},
Q

and P is the projection onto R(A) in L, (Q) defined by Pv:=v —¥v.
We set H =15(Q)NX and V = D(A/2) = H}(Q)NX, hence the operator A is self-adjoint,

invertible, positive definite, and coercive i.e.
(Aw, W) > A1 | w [3, for each w €V,

where A; > 0 is the smallest nontrivial eigenvalue of the negative Laplacian on Q with
homogeneous Neumann boundary conditions.
Next, assume that the kernels a; and a satisfy the condition (A1). Multiplying (5.3.6)

by u we obtain

1d ; d
|u|§+<¢>u>+<dt(k1 *Vl),vl>=0, (5.3.10)

where vy := a; * Al/2u = —A"1/2(1. 4 §). As to equation (5.3.8), we multiply by Pu, this
yields

<¢;PH>+<i(kz *Vz),vz> =0, (5.3.11)

where vy := ag* AY2Pu = —A~1/2¢. Using the definition of u and adding equation (5.3.10)
to (5.3.11) we obtain

% {; |3 +8(cl>)} + <c(11t(k1 *Vl),vl> + <<;1t(k2 *V2);V2> =0, (5.3.12)

where E(¢) = J"Q% | Vé |2 +®@(d)dx. Observe that, since the kernels a; are of positive
type, it follows from equation (5.3.12) that

—_

1
5 1ult) B+E@(1) < 5 [ uo B +E(do).
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In view of condition (B3), we then deduce, using the Poincaré-Wirtinger inequality, that
[u(t) L, + 1 (1) [y < Cluo, do), t>0. (5.3.13)

Moreover, since Q is a bounded domain in R?, this shows that ¢ € Ly (R, ;Lg(Q)), by
Sobolev embedding.
Next, we will discuss the integrability of the operator family {A*a * S(t)}¢>0, k € [0, 1),

where S(t) denotes the resolvent family associated to the Volterra equation
z4+axAz=", z(0) = zg. (5.3.14)

Observe that the mild solution of (5.3.14) can be written by means of the variation of

parameters formula as

z(t) = S(t)zo + (Sx f)(t), t > 0.

Lemma 5.3.1. Let Y be a Banach space, A € S(Y) be an invertible sectorial operator in
Y with spectral angle oA < . Assume that the kernel a € L1(Ry) in (5.3.14) satisfies the

following assumptions:
(i) a is 2-regqular and 04-sectorial such that @A + 04 < /2 holds;
. . 1 4
(ii) lima_oa(A) £ 0 and (ﬁ) eLi(—1,1).

Then there exists a uniform integrable resolvent family S for equation (5.3.14), that is
S e Li(Ry;B(Y)). Moreover, for each x € [0,1), Aa xS € L1(R,;B(Y)).

Proof. Firstly, the existence of a resolvent family S € C((0, 00); B(Y)) follows from assump-
tion (i) (see Remark 1.4.1). The uniform integrability of the resolvent follows from [Prii93,
Thm. 10.2 and Lem. 10.2].

Note that the uniform integrability of the resolvent together with the assumption a €
Li (R ) implies axS € L1 (R, ;B(H)), that is the last statement of lemma holds in case k = 0.
Let now k € (0,1). Observe that the Laplace transform of A*a * S is given by

A
a(n)

—1
AKa*S(A):AK( —|—A> = T(A), ReA > 0.

From the sectoriality of the operator A, the parabolicity condition @ + 04 < 71/2, and the

1-regularity of a, we can see that there is a constant M > 0 such that

M < M
(14 | ghg Do (A AN

[TAA) [Bv) < ReA >0
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holds. Moreover, from the 2-regularity of a we obtain

M
T'(A <5 A= 0 3.1
| ( )|B(Y] (1+|A‘)2,K7 Re 07 (53 5)
[ T”(A) | <t M paaso A#£0 (5.3.16)
PN TAT(Lw A= 07 27 >

Now, we define the inverse Fourier transformation of T in the distributional sense as

the operator R: R, — B(Y) given by

1 N
(RIx) = (T]| 5 1\}£an N e'Ptx(p)dp), for all x € C5°(0, c0). (5.3.17)

Next, we choose a C§(R)-function @(p) such that ¢(p) =1 for [p < M +1, ¢(p) =0 for
[p|>M+2,0< @ <1 elsewhere. Then for M > 0 arbitrarily fixed, after two integrations
by parts (5.3.17) becomes

00 1 N .
I = | (27[ Jim | ewt@(p)T(imdp) x(t)dt

0 272 NS

00 1 N .
—J ( lim j Nelpt[(l—@(p))mpn“dp) x(t)dt.

Since the integrands

1 N 1 N
I H ipt : I 1 ipt = . "
o Nhgg)oLN e o(p)T(ip)dp and o7 ]\}l_r)réoLNe (1= @(p))T(ip)]"dp
above are locally integrable functions on (0,00), hence from the estimate (5.3.16) we can

then represent the operator R by means of the formula
L= ipt ~ . 1 OO ipt ~ : "
R(t) = e (p)T(ip)dp — e (1 —o(p))T(ip)]"dp, a.a t >0
21 | o 2mt2 |

=Ry (t) + Ra(t).

In order to show that R; belongs to Li(R4;B(Y)), for i = 1,2, we proceed exactly as in the
proof of [Prii93, Thm. 10.1-10.2] with Ry in place of S;. We will not repeat it here. O

The following result states the global boundedness of the solution (¢, u) of the system
(5.3.6)-(5.3.9).

Theorem 5.3.2. Let a; € L1(R;). Assume that the kernels ai for i = 1,2, satisfy the
assumptions of Lemma 5.3.1. Further, suppose that the conditions (A1)-(A2) and (B2)-
(B3) hold. Assume that (po,ug) € D(A2)xD(A). Then the solution (p,u) of (5.3.6)-(5.3.9)
is globally bounded, that is (, 1) € Lo (R4 x Q)2, moreover this has relative compact range
mW:=V x H.
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Proof. Consider the Volterra equations

t
zi(t) +J ai(s)Alzi(t —s)ds = fi(t), t > 0, z1(0) = zg1, i = 1, 2. (5.3.18)
0

From Lemma 5.3.1 we have that there exists resolvent families S; € L1 (R, ;B(Y)) fori=1,2.

By means of the variation of parameters, the solutions of (5.3.18) are given by

zi(t) = Si(t)zoi + Lt Si(s)fi(t—s)ds, t > 0.

So, for q € [1,00], it is easy to see that if zg; € Y and f; € Lg(Ry;Y) then z; € Lg(R4;Y)
(see [Prii93, p. 257]).
Next, we rewrite the system (5.3.6)-(5.3.9) as follows:

e(t) + Jt ai(t—s)Ae(s)ds = Jt ai(t—s)Ad(s)ds, t >0, withe=u+ ¢; (5.3.19)
0 0
d(t) +J as(t—s)A%d(s)ds = —J az(t —s)A[D/(P(s)) + d(s) —e(s)lds, t > 0;  (5.3.20)
0 0

e(0) =eo =ug + o, $(0) = Po. (5.3.21)
The variation of parameters formula then yields the integral equations

e(t) =Si(t)eg + (A 2ay x Sy« AM2¢)(t), (5.3.22)
$(t) =S2(t)po — (Aag * So * [@' () + d —e])(t), t > 0. (5.3.23)

By assumptions (B2)-(B3) and the solution properties of the linear problems, this system
of integral equations can be solved locally by means of the contraction mapping principle,
say for any p > 2. Therefore, from the energy estimation (5.3.13), we have that there is

precisely one global bounded mild solution
(d,u) € C(Ry; W),

which depends continuously on the data.
Now, to prove that (¢, u) € Loo(Ry x Q) we proceed with a bootstrap argument. Set
po = 6 and r9 = 2. Suppose that we already know

b € Loo(Ry; HE (Q)) = Log(Ry5 Ly, (Q)), with — = — — 2.

Then from condition (B2) we obtain ®'(¢) € Lo(R4;L,, /(p+2)(Q)). On the other hand,
since A17%/2a; xSy € 11(R,;B(L,, (Q)), for each & € (0,1), by Lemma 5.3.1, it follows from
(5.3.22) that

1 1 6
e € Loo(R; HL?(Q)) = Loo(Ry; Ly, (Q)), with — = — + .
" tn Pn 3
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Note that

. 1 +2
O'()+ & € LufRis Ly, (512)(Q)) = LolRoi Ly () with — = B2,
n n

Moreover, since (A2)(1=8/2)aqy % Sy € L1 (Ry; B(Ls, (Q)) by Lemma 5.3.1, it follows that

b € Lol HE5(0)) o Log (R HY,, (Q)), with — = —— 4 10
" o Sn Tn+l 3
Hence,
2 1 1 2—-20
Pn Sn Pn+1 3
Inductively this yields
1 1 2-5 25
Lewer[b ] sk
N A (RS T] R TTaY

Since by assumption < 3, we may choose 0 < & < (3 — 3)/2 to get the bracket negative.

Then the iteration ends after finitely many steps. As a consequence we obtain
¢ € Lo(Ry x Q).

Moreover, since HZ ®(Q) and H} °(Q) are compactly embedded in H3(Q), and L»(Q)
respectively, it follows that {(¢(t), u(t));t > 0} is relative compact in W. O

Define a functional = on W by
(6w = | 5IVOP+O@) + 5wl dx=E(@)+5 uB,  (53.24)
Q
and define the w-limit set of the solution (¢, u) of (5.3.1)-(5.3.3) by
w(d,u) ={(¢,9) € W: there exits (tn) / 00 s.t., (b, u)(tn) — (¢,9) in W as n — oo}.

Our main results of this section read as follows.

Theorem 5.3.3. Let (¢, u) be a global bounded solution of (5.3.1)-(5.3.3). Assume that
the assumptions of Theorem 5.3.2 hold and that the kernels a; € X'(oy, 01) with «; € (0,1)
and 0; € (0,7/2). Further, suppose that the functional = defined in (5.3.24) satisfies the
Yojasiewicz-Simon inequality near some point ((,d) of w(d,u). Then limi_ o (Pp(t),u(t)) =
(¢, 9) in W, and ((,9) is a stationary solution, i.e. Z'((,d) = 0.

Proof. We begin computing the Frechét derivative of the functional =: W — R on W, it
is given by
(E/(d);u); (h7 k))W’,W = (el(d));h)V',V + <u7 k‘>H )
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hence
|2 (d,u) By=l ATV2PE/(0) B+ w3

Next, assume the condition (A2) for ki with i = 1,2 and define a Lyapunov function
Y R,y — R by

~ — 1
W(t) :=Z(p,u) + 3 (e1x vy 2 4e9 | vo \%) . (5.3.25)

Since a; € K'(«y,0;) we obtain from Corollary 1.4.5 that the functions v; defined in (5.3.10)

and (5.3.11) for i = 1,2, respectively satisfy the assumptions of Lemma 5.1.2. Hence, by

applying the inequality of Lemma 5.1.2 (ii) in (5.3.12) a simple computation shows that
d ~

1
— Y0 =5 (e[ 3 4K [v1 3 +y2eax | va 3 +k [ v2 13), (5.3.26)

2

where k§° = lim¢_, ki(t) > 0 for i =1, 2, which exist by Remark 5.1.1. Hence,
vi € La(Ry x Q) and ejx | vi [2€ Li(R;) N Co(l,00), for i=1,2.

By applying the arguments in the proof of Proposition 5.2.3, to the function ‘I’, it is not
hard to check that the functional Z(¢, u) is constant on w(db,u) and that for allw € w(d, u)
one has that Z/(w) = 0. Indeed, since v; € Ly(Ry x Q), it follows that ¢, € Ly(Ry; V'),
hence ¢(tn+s) — ¢in V’ for all s € [0, 1] and the same holds for u(ty +s). The compactness
of the range of (¢,u) in W yields the convergence in W for all s € [0,1]. The rest of the
arguments follow of the same way as the proof of Proposition 5.2.3.

As in the proof of Theorem 5.2.4, we must modify the Lyapunov function Y to prove

convergence in the desired space. Define Y R: — R by

Y1) == V(1) ~ 2(¢,9) — 81 (A7 2u(t), (er +v1)(1)) — 8 (ATPE (G(8)), A7z +va) (1)),
(5.3.27)

for some fixed &; >0, fori=1,2.

Next, we will check that Y(t) is a Lyapunov function. To this end, we begin with some
estimates.

From the definition of v; in (5.3.10), vo in (5.3.11), and the condition (A2) for ki, it
follows that
u= A*I/Q%(kl * V1),

and
d d .
— <61 *vl,A*1/2u> ={ —(ky *v1) —v1€1 *vl,Afl/Qu + <el *vl,A*1/2u>
dt dt
=ull -y <e1 *vl,A_1/2u> — (e1 *vi,v] —va)
holds. Hence, by Young’s inequality, it follows that

d _ 1
Fr <61 x V1, A 1/2u> > 5 [ u |§ —C [I Vi \% + v |§ +e1* | vy \%] , (5.3.28)
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with some constant ¢; > 0. In a similar way we have
d

T (ATIPE@), AT 2eg kv ) = (—vp + ATVZPO" (), e % v2 )
+ (ATIPE/ (), Pr— AT 2yzes 502 )
=— <\)2 + AT 2PO" ($)A %y, eo *V2>

+1AT2PE (@) f — (ATTPE/(¢),ut AT yzes kv )

Hence, using the Ly -bound for ¢, and Young’s inequality yield
d

1
m <A*1P8/(¢),A*1/2e2 *v2> > 5 |ATZPE (@) 5 —ca [l va 3 +eox [ va B + [ uf3],
(5.3.29)
for some constant co > 0.

Choosing 8; > 0 small and then 8 > 0 even smaller in (5.3.27), then we obtain from
the estimates (5.3.26), and (5.3.28)-(5.3.29) that

= (Vi B e v B+ [ va [ +eax | va B+ | wl + | A/2PE"(¢) ]
=c[lvi BB +erx|vi[3+1va 5 +eax [vo 3 +1Z"(d,u) ], (5.3.30)

for some constant ¢ > 0. Therefore, Y(t) is positive, decreasing, and since ei* | vi [3— 0,
we also have | ey * vi s— 0 as t — oo for i =1, 2, hence

lim Y(t) = lim Z(o(t),u(t)) — (¢, 9) = 0.

In a similar way as in the previous section we estimate Y (t)!~9 obtaining

Y0170 < C{IZ/ (@11, wlt) hwr +ers [vi ) + (ean vz F)F ).

(5.3.31)
as well as
d = 01 ave—1 45
dt[Y(t) | =—-0Y7(t) th(t)
- CO| vi 2 +erk [vi B4 v 3 +eax [vo 3412 (d,u) 3,
|Z/(d(1), ul(t)) wr +(erx [vi [2)2 + (exx | vo 2)
>Ci{lvile+Ivale+1Z(dt),ult)) lw}. (5.3.32)

Therefore, we obtain that

ATV2¢, ATV e L1 (Ry; La(Q)),

hence lim_oo A 1/2¢ and lim¢_o A 1/2u exist in Ly(Q)

. In addition, since (¢p(t),u(t))
has range relative compact in W, it follows that

lim (¢(t),u(t)) = (¢,9) in W.

t—o0
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Remark 5.3.1. Following the lines of the proof of [CFP06, Proposition 6.6] it holds that the
functional = defined in (5.3.24) satisfies the Lojasiewicz-Simon inequality near some point
(¢,9) of w(¢dp,u) in Theorem 5.3.3 is satisfied if for e.g. the potential @ is real analytic in
a neighborhood of the w-limit set of the solution (¢, u) and if the nonlinearity @ satisfies
the growth condition (B2).

Combining the results of Chapter 4 and 5 we obtain

Theorem 5.3.4. Let a; € Li(R4) be scalar kernels for j = 1,2. Assume that a; €
Kl(aj,(aaj), o5 € (0,1), @2 > o, forj = 1,2. In addition, we suppose that the subse-

quent conditions hold:
(i) the nonlinearity @ satisfies (B2)-(B3);

(il) ai is of positive type, that is

-
ReJ [a1 * P) ()P (t)dt = 0 for all P € Ly((0,T);C), and T > 0;
0

(iii) Tmas (ip) -Imda(ip) > 0, p € R\ {0);
(iv) aj satisfies the conditions (A1)-(A2), forj=1,2.

Then for each p = 2 the system (5.3.1)-(5.3.5) is globally well-posedness and the solution
(p,u) enjoy the following regularity

(d,w) € Hy 2 (J; Lp (Q)) N Ly (J; DIA?) x HyP 1 (J5 Ly (Q)) N Ly (J; D(A)),
provided the initial condition (dg,ug) € D(A?) x D(A). If in addition we assume that
(v) @ is real analytic in a neighborhood of the w-limit set of the solution ¢;

/
(vi) aj is 2-regular, limy_,o G;(N) # 0, and (L) e Li(—1,1) forj=1,2.

a;(i-)

Then lim oo (P (1), u(t)) = (¢, ) exists in H%(Q) x 12(Q) and (C,9) is a stationary solution
of the system (5.3.1)-(5.3.5), that is

9 = const., x € Q;
—ACL+ @' (C) — O = const., x € Q;
OnC =0, x € 0Q).
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5.4 Rate of convergence

In this section we show that the Lojasiewicz exponent 0 in the L.ojasiewicz-Simon inequality
determines the decay rate of the solution to the steady state.
First observe that for t > 0 large enough, from (5.3.30) and (5.3.31), we have that there
is a constant ¢ > 0 such that
d ~ ~
——Y(t) = cY(t)21-9)
ST > V()
holds. Since Y(t) > 0 for all t > to with tg > 0 large enough, we obtain from this inequality
that
-1 dz 1
oL ds 20 o <
1—26th(t) < c1f66<0,2>,
and
d ~ 1
a(logY(t)) <—cifb= 3
Hence, integrating these differential inequalities, we obtain that there is a constant C > 0

such that for large t > 0,

ifee (0,

DN =
~_

Ce™ct ife =

t
O
—_
+
=
|
T‘H
o
<
N = TN

In addition, since

d 1= .0 .
m [Y(t) } >Cyr|vile, fori=1,2

we obtain
o0

|¢M—CW<L|wmbm<cﬁm%

the same holds for the solution u, that is
o0

|um—sw<J vi(s) | ds < Co¥()°.

t

The same argument can be applied to obtain rate of convergence to steady state for the
abstract model (5.0.1) in case that f = 0. Actually, the argument in this section was first
used in [HJO01], and [HJKO3] in case without kernel and [CF05] for the equation (0.0.3).

However, note that no convergence rate are obtained in the energy space W =V x H.
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